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6 Appendix

Lemma 22 Let f be a nonnegative Lebesque-integrable function with a Lipschitz
continuous derivative. Then f and f' are bounded.

Proof.

(i) First we show that f is bounded.
Let C be the Lipschitz constant of f’ and A := [ f(u)du. Let a := V8A2C,

B = —vV8AC? and v := {/53.

We will show that sup,p f(y) < o

The idea of the proof is as follows: assuming that f(yy) = « for some
yo € IR, we show that f has to lie above some function g on [yo, yo + 7],
since otherwise we have f(yo+) < 0 because of the Lipschitz continuity of
f’. On the other hand is fyyooﬂg(u)du > A implying [ f(u)du > A which
is a contradiction to the assumptions.

I t
Yo Yo+
Figure 38: ¢g(y)

Define, for all y € [yo, yo + 7],

g(y) = a+ By —yo) + %(y — o).

Notice that g(yo) = «, ¢'(yo) = 5 and

C
gy +7v) = a+57+572

= V/8A20 — v/64A2C + V8A2(C
- 0.

Also
yo+vy yo+y
/ g(w)du = / (a + B(u — yo) + %(u — yO)Q) du

Yo
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6 APPENDIX

Assume f(yo) = a. Then f(y) > g(y) for all y € [yo,yo + ~y]. This is seen
as follows: If there is some y1 € (yo,yo + ) with f(y1) < g(y1) then there

is yo < yo < y1 with f(y2) < g(y2) and f'(y2) < g'(y2).

But then is

yo+y
fwo+) = flw)+ / () du

IN
pag
S5

+

IN

g(y2) +

which contradicts the assumption f(y) > 0 for all y € IR. It follows that
f(y) = g(y) on [yo,yo + ~]. This implies fyioﬂ f(u)du > A and hence
[ f(u)du > A. Since this also contradicts the assumptions, there is no

yo € IR with f(yo) = a. Hence f(y) < « for all y € IR.

(ii) Now we show that f’ is bounded.

Let B = sup,cp f(y). Then, because of the Lipschitz continuity of f/, we

have for all y € IR,

fy+v) = f(y)+/07f’(y+U)du
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and, because of 0 < f < B,

Fo) = =2 =507
Likewise 1
Fy+7) = f) + )y =567
and hence B 1
fly) < B + 507-

The following lemma is a generalization of Minkowski’s inequality.

Lemma 23 Let [ : IR?> — IR be Lebesque integrable and p > 1. Then

(/’/fxudu d:c) g/(/|f:cu|pdx) du.

Proof.

(i) Let first f(x,-) be a step function for every x € IR, ie. f(z,u) :=
Yopy fu(x)La, (u), where Up_ A, = IR and Ay NA; = 0 for k # j
k,7€{1,...,n}. Then, for all y € IR,

/ P u)du =3 ful@)A(AL)

where ) is the Lebesgue measure. Further

(/ /ﬂx,u)du"dz);
g

( / | fr(x)N(AR)|P dx) ’ by Minkowski’s inequality

3=

IA

=1
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- nl( |”dx)l)\(Ak)
_ /n (/|fk |pdx> 14, (u) du

_ /< ka ﬂAk(u)pdx> du

_ /(/|f(x,u)|pd:p);du,

where the second last equality is true because the Ay are disjoint.

B =

(ii) Let now f(x,u) be a positive Lebesgue integrable function. Then there is,
for all fixed = € IR, a sequence of isotone step functions (f,(x,u)),c With

fTL(x’u) = f:nl fn,k<x>]114k<u> and f(:c,u) = Supneﬂ\/ fn(ﬂf,lb) Then7 by
definition,

f(z,u)du := sup /fn(x,u)du

nelN

(/| s )
= ([ f 5o )
- p (| e as)
o [ (/ ‘f"@“)"’dx)%d“ b
-/ )
_ /(/|f(x,u)|pdx)pdu.

iii) Let finally f(x,u) be an arbitrary Lebesgue integrable function. Then

</’/f(:c,u)dupdx>% |
(o)

for all z € IR and

IA

sup fn (7, u)
nelN
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/"(/Lﬂxﬂgwdx)%du by (ii).

|

Lemma 24 Assume that L : IR — IR has two Lipschitz continuous derivatives,
is nonnegative, symmetric, supported by (—g,q) for some g € R* and strongly
unimodal on its support, i.e. L' is positive on (—g,0). Let further L” have a
finite number of Z€T0S 0N ( g g). Consider an arbitrary distribution function G

and let hi(y) == [ L'(y dG(u). Then
f@@w:/L%wGw—uwu

Proof. '
Let k; == —g + 22 for i € {0,...,n}. Then

Q/U@—uMGW)

- E&EZ min Ly =) (Gl — ki) — Gl — k)

€ly—kiy—ki—1]

= lim min  L'(v) (Gly — ki—1) — G(y — k;))

n—00 vElki—1,ki)
=1

- JLH;O;G(:U—]{?Z‘)( min  L'(v) — min L'(v))

Ue[k‘i,kﬁi+1} Ue[k‘i_hk‘i}

+G(y+9)L'(—g) — Gy — 9)L'(9))

5 n 2g
— 1 _kz 7 . L/ . . L/ L 2d
Jim, > Gly = kg (pin )= _pin, 10)) -2

n—1

29
= 1 Gly — k)L"(k;) - == 12
Tg&%?(y L (k) - = (12)
n—1 2g
= Jim 3Gy~ k) min L'()- (13)

= /L”(u)G(y — u)du.
(12) is seen as follows: If L”(k;) > 0 then, for sufficient large n,

. L/ _ . L/ — L/ k:l _L/ k}i_ :
fin L) = min | L(0) = L'(k) = L'(ki)
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and with the mean value theorem and the Lipschitz continuity of L’ and L”, we
get

2g 1
L'(k;) — L' (ki—) = =L"(k; — .
(k) = Llh) = 2270 +o (1)
For L < 0 we get a similar result. Since
1
min  L'(v) — min L'(v)=0 <—) :
Ue[ki,ki+1} UE[kZ',l,ki} n

the finite number of cases with L”(k;) = 0 is negligible.
(13) follows from the Lipschitz continuity of L” and the fact that L"(—g) = 0.0

Lemma 25 Let ¢(u) be a monotone, odd and bounded function having a bounded
and Lipschitz continuous derivative ' (u) and let G be an arbitrary distribution
function. Let further B := lim, . ¢ (y). Define hiy(y — m(z)) == [¢(u—y+
m(z))dG(u). Then

bty = m(a) = B~ [ W/(u =y + m()Glu)du (14
Proof.
As in Lemma 24, it can be shown that, for arbitrary large [ and k; :== —[ + %,
1=0,...,n,

l
/_ = )dG()
= lim > W(kiz) (Glki — y) — G(kiz — )
k=1

— i 3" Gk — ) (Wlker) — (k)
(k) G (ko — 9) + 6 (k) G (s 1)
— i 37 Gk — ) (W) — (k)
DG (- (G- y)
= —Jin;OiG(ki —y)¢' (ki) %l
DG () G-y
- Z Glhi =) fuin, W)

(=) G (~l—y)+v ()G —y)
_ —/_w’(u)G(u—y)du—w(—l)G(—l—y)+¢(Z)G<l_y)

2l
n

l
l
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As [ becomes large, the last two terms of the sum converge to 0 resp. B, and,
with y — m(z) instead of y, the claim follows. O

Lemma 26 Let

= { (0o B)avelegen

0 else,

where a 1= \/g and b := Z—?’g. Then
(i) q-(y) is continuously differentiable on IR
(ii) q-(y) is szschztz continuous in IR

(1i1) qi(c) =

o) f aluds

Proof.

(i) It is sufficient to regard the points ¢ — 1/(2b) and ¢+ 3/(2b), because ¢.(y)
is a polynomial on IR\ {¢ —1/(2b),c+ 3/(2b)}.

and

Also, since

0 = (1= (m-3)¥) (2o 5)7)

we have

and
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(ii) The Lipschitz continuity follows from the fact that ¢.(y) has a bounded
derivative since ¢.(y) is continuous and has bounded support.

(iii)
(~(3) ) ()

K
o~
]
—~
9
S~—
I
=~
=)
S
(V)

M 3N W
Q
S

(iv) Set

e::c+%.

Then

() = a(l—(y—e’1?)
= a (1 — 2 + 2b%ey — €2b2)2
= aby* — dab’ey® + (4ab4e2 — 2ab* + 2ab462) y?
+ (4ab26 — 4ab463) y + a — 2ab*e? + ab’e!
= aby* — dab’ey® + (—2ab2 + 6ab462) y?
+ (4&626 — 4ab463) y + a — 2ab’e® + ab*e’.

Hence

[ awan - [ )

1
b

1 2
= gab4u5 — ab*eu® + <—§ab2 + 2ab462) u’

e+%
+ (2ab26 — 2ab4e3) u? + (a — 2ab%e? + ab4e4) U

-
1, et e 1 4 e e

2 49 e? 1
+ (—gab + 2ab”e ) <63 + QE
1
+ (2ab26 — 26Lb463) (4%) + (a — 2ab%e® + ab4e4) <25)

2
= 2ab’e* + dabe® + g% — 8abe* — 8abe?



4
—4abe® — 5% + 12ab%e* + 4abe® + 8abe® — 8ab>e?

+2% — 4abe® + 2ab3e?
16 a

150
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