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z·E^_ROegT[FEHBoCFEHd¬ù�r�dfQ\E^]�d�v0EHv0E^uKE^Bo_RdfQ^��wxG�b�_eGfCZChJ'[PE^G�JMNFgT[�J'ORd�®¡NFdcQTJ'BPCoCFE^G�îª]�JU½
Â�_R]�J'ORE^B9�EHBFB!Q`BF_RdEî�~�I«J'BF@2y¯´��!µ�!0��@�CFEHGÇJ'OedÈG\E^_RBFE^GË®¡NFdfQ`J'BFC�uKE^q^EH_egT[FBPEHQ��O�9EHBFB
�(E^gT[Pd\E^O{b�_eGfL�NPBFv0E^B$]�_{Q4J'BPCFE^GfE^Bt³F[!r�df_eLUJ'OR_ed\gT[PE^BZù�r�dfQ`EH]�EHBtl'E^GfBhJ'gT[FOeS'd\df_ev'Q4bøE^Gª½
CPE^BUy«VX@0OevMQ�CF_eE»q^EH_RQ`OR_egT[FEºwxB!QÁb�_egTL}OeNFBPv)CFE^d�®¡NFdfQ`J'BFCFdcl0EHL}Q\@0G\d%CFE^G�q^E^_{QTJ'uP[hS'BFv0_Rv0E^B
ù�gT[FG�x�CF_eBPv0E^Gfv0OeEH_egT[}NFBFv

i
∂

∂t
|ψ(t)〉 = Ĥ |ψ(t)〉, ~�¥��R´Å�

bø@0uKE^_�CFE^G�±%JM]�_RORQ`@'BF@0³KE^G`JUQ`@0G
Ĥ

J'NPd\d\gT[POe_eE´¥0Oe_RgT[�l'@0B CFEHB IhG\EH_e[FEH_RQ\d\v0G\J'CFE^B�CFEHd
ù}r�dcQ`EH]�d�d\EHOeuFdcQ%JMuF[hS'BFvMQ��

I²WPGmb¯EHgT[Fd\EHORb�_eGfL'EHBFCFE4ù}r�dcQ`EH]�Exv0_RORQ¡ChJ'd�_eB¬CPE^G·ö�NhJ'B!Q`EHBF]�E^gT[hJ'BP_eL�VXNPBFChJ']�E^B�½
Q`J'OeEË©AGf_eBFqH_e³oCPE^G�s�B!Q\G\E^BPB�uFJ'G\LME^_RQ�~XCmü�wxdf³hJ'v0BhJUQ�y ´��"!'§!�p¨��(E^BFB�qHbøE^_ ù}r�dcQ`EH]�E
_eB
CPE^G ?AE^Gfv!J'BFv'E^BF[FEH_RQA]�_RQ\E^_eBFJ'BFCFEHG²_eB��(E^gT[Pd\E^O{b�_eGfL�NPBFvÈdcQTJ'BFCPE^BUy!_RdfQxEHd NPBF]¨x'v0Oe_RgT[Uy
EH_eBFEHd4CFE^G�uKE^_RCFE^B$ù�r�dfQ\E^]�E�CFNFG\gT[tE^_RBFE^BDEH_eBFqHE^OeBPE^B$®¡NFdfQ`J'BFCFdcl0EHL}Q\@0G�q^NDu�EHd\gT[FGfE^_ ½

´'´



¹�ï ðX�)¡Jñ ¡�ò�óYô2õ�¡��3ö2£��2¤Ð÷?¡�õ�÷
��ò�òz�ùøLúd¢��3û�¡��]ü�£
ú��l¢E¡��ý÷�þ2��ú�ÿ¶���
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ChJ'BFBt_eBtE^_RBFE^] l'E^G\dfgT[FG`SMBFL!Q`E^B¹®¡NPdfQTJMBFCUy«Cm�ý[m�«ChJ'd�y�EHd`J']ºQ`dfr�dcQ`E^]uy��fE^CF@�gT[ZBP_egT[!Q
CF_eE�wx_eBPq^E^ORdfr�dfQ\E^]�E�u�E�·hBFCFEHBZd\_RgT[$_RBDE^_eBPE^]þGfE^_RBFE^BZ®¡NFdfQ`J'BFCm�

wx_RBFE»b�_RgT[!Q`_ev'EÈ�@0BFd\E´�}NFE^BFqÇ_RdfQ�CF_eE»z�JMQ`d\J'gT[FE�y�ChJ'dfd%d\_RgT[ZEH_eBZ]�_RQ�dfE^_eBPE^G�s�]
½
v0E^uFNPBFvËb¯EHgT[Fd\EHORb�_RG\L'EHBFCFEHd�ù�r�dcQ`E^] BF_egT[!Q�_RB)E^_RBFE^] G\EH_eBFEHB�d\@0BPCFE^GfBt_RB)E^_RBFE^] v0E¾½
]�_Rd\gT[!Q`EHBZ®¡NPdfQTJMBFCDu�E�·hBFCFEpQ��«|È�ý[m�hChJ'd�ù�r�dcQ`E^]þLMJMBFBDB�NPG�CPNFG\gT[tE^_RBFE�?AE^GcQ`E^_ROeNFBPv
l0@0B$®¡NFdcQTS'BFCPE^BDu�EHd\gT[FGf_eEHu�EHBDbøE^GfCFE^B¡�«|%_eEX�(E^gT[Pd\E^O{b�_eGfL�NPBFv�]�_RQøCFEHG�s�]�v0E^uFNPBFv
VXWF[FGfQ%q^NoEH_eBFEH] ¿ÁBPVX@0G\]�JMQ\_e@0BFdcl0EHG\OeNPdfQ�½¯E^d%OÃS'dfdfQ�df_egT[oB}NFG�BF@�gT[�]�_{Q�EH_eBFEHGG�9J'[FGª½
d\gT[FEH_eBFOR_egT[FLME^_RQ

pi
l0@'G`J'NFdfd`J'v'E^BUy @'u d\_egT[�ChJMd
ù�r�dfQ\E^] _RB�E^_RBFE^] G\EH_eBFEHB�®¡NFdfQ`J'BFC

|ψi〉
uKE´·hBPCFEHQ^� |%_RE^d\EHG�§�u�EHG\v!J'BPv$l0@'B�E^_RBFE^]Íl0@'OeOedcQTS'BPCF_evDL'@'[hS'G\EHB!Q`E^B qHN�E^_RBFE^]

v0E^]�_edfgT[}Q\E^B�®¡NFdcQTJ'BPCËb�_eG\CËJ'Oed²|%E^LM@0[hS'GfE^BFq�uKE^q^EH_egT[FBPEHQ��0|%E^G ]�J'L}G\@'d\L'@'³F_edfgT[FE�w VÃ½
VXE^L!Q¬_edcQ¬ChJ'BPB¹uKE^dcQ`_R]�]ÈQ�CFNFGfgT[�CF_eEË_RBFL'@'[hS'G\EHB!Q`E�ù�NF]�]�EÈCFEHG�wAGcbkJMGfQ`NPBFv0dfbøE^GcQ`E
_eB CFEHB�]¶x0v0OR_egT[FEHB�®¡NFdcQTS'BFCPE^B�]ËNFO{Q`_e³POe_eqH_eEHGfQ�]�_RQËCPE^G��9J'[FG\dfgT[FE^_RBFOe_RgT[FL'EH_RQ
_R[FG\EHd
¸%NPViQ\G\EHQ\E^BFdH¨

< Â > (t) =

∞∑

i=0

pi〈ψi(t)|Â |ψi(t)〉.
~�¥���¥0�

wA_RB�ÄøE^_edf³F_eEHOhVXWFGAE^_eBPE^B�v'E^]�_ed\gT[!Q\E^BD®¡NFdcQTJ'BPC�dfQ\E^ORORQ CF_eE�Ä¯EHd\gT[FGfE^_RuFNFBFvËEH_eBFEHdøQ\[FE^Gª½
]�@�CPr�BhJ']�_edfgT[FE^B9ù�r�dfQ\E^]�dºChJMG(ymbøE^OegT[PE^dËdf_egT[¹_eB(�@0B!QTJML}Qº]�_RQ�E^_RBFE^] Æ�EHd\E^Gcl0@0_RG
CFE^G�z·E^]�³�EHG`JMQ\NFG

T
u�E�·hBFCFEpQ��K|%_RE��9J'[FGfd\gT[FEH_eBFOR_egT[FLME^_{Q`E^B

pi
d\_RBFC$CFJ'u�EH_�v0E^v'E^uKE^B

CFNFG\gT[tCF_RE�Ä¯@0ORQ\q^]�J'BFBPV�JML}Q\@0G\EHB

pi =
exp

(
− Ei
kBT

)

∞∑
j=0

exp
(
− Ej
kBT

) ,
~�¥���ú0�

]�_{QËCFEHG�wxBFEHG\v0_RE
Ei

CPE^d�®¡NFdfQ`J'BFCFd
i
NFBPC°CFEHG
Ä¯@0O{Q`q^]�J'BFBPL'@0BFdcQTJ'B!Q\E^B

kB
�xy�E¾½

]�_Rd\gT[!Q`E�ö�NhJ'B!Q\E^BFqHNFdfQ`S'BFCFE�L�x0BFBPE^B)S���NP_RlMJ'OeEHB!Qxq^N�E^_RBFE^]ÕwxBFdfE^]ËuPOeE4_eB
CFEHGAdfQTJUQ`_{½
d\gT[FEHBZL}OÃJ'dfd\_Rd\gT[FEHBoY$EHgT[hJ'BF_RL�]�_{QkEH_eBFEHG�|%_egT[!Q`Epl0EHGfQ`EH_eORNFBFv0dcVXNFBFL!Q`_R@0B$uKE^dfgT[FG\_RE^uKE^B
b¯EHG\CFEHBm�mwx_eBPEºEH_eBPV�J'gT[PEËù�NP]�]�EºCPE^G%uKEHQ\E^_ROe_evMQ`E^B$®¡NFdcQTS'BPCFEºVXWF[PGfQ�b¯EHv0E^BoCPE^d�ù�N�½
³�EHG\³K@0d\_{Q`_e@'BFd\³FGf_eBFqH_e³FdºCFE^G�ö�NhJ'B!Q\E^BF]�E^gT[hJMBF_eL�qHN°¿ÁB!Q\E^GfVXEHG\EHBFq^EHBUyxb¯EHOegT[FE��fE^CF@�gT[
_eBtE^_eBPE^] dfQ`JMQ`_RdfQ`_Rd\gT[FEHBowxBFdfE^]ËuFOREºl'@0B�®¡NFdcQTS'BFCPE^BoBF_RgT[!Q�EpÂ�_RdfQ`_RE^GfE^BZdf@0OeORE^Bm�Kwx_eBPE
L'@0]�³hJ'L!Q`E�ÄøE^d\gT[PG\E^_RuFNFBFv�l0@0BDv0EH]�_Rd\gT[!Q`EHBo®¡NPdfQTSMBFCFE^Btv0EHOe_eBPv'QkWFuKE^G4CPE^B$|%_egT[!Q`E¾½
@0³�EHG`JMQ\@0G

ρ̂ =

∞∑

i=0

pi|ψi〉〈ψi|,
~�¥��û¼!�
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bø@0uKE^_øCF_eE�NFBhJ'uP[hS'BFv0_Rv0E^B�®¡NFdfQ`S'BFCFE |ψi〉 (i = 1, 2, ...)

]�_{QºCPE^B�dcQTJMQ\_edfQ\_edfgT[FE^B
y¬EHb�_RgT[!Q`E^B

pi
BF_egT[!QÇBF@MQÁb¯EHBFCF_ev'E^GfbøE^_Rd\ED@0GcQ`[F@0BP@0G\]�J'OAq^NFEH_eBhJMBFCFE^GÇdfE^_RB ]ËWFd\dfE^Bm�

|�_eE���JM[FOAE^_eBPE^G�E^_RBFE^G�l0@0OROedcQTS'BFCP_ev0EHB9n�GcQ`[F@0BP@0G\]�J'OeuFJ'd\_Rd |φ1〉, |φ2〉, ...
_edfQºJ'OROeEHGc½

CP_eBFv0dkVXWPG�CP_eE»YZJMQ\G\_ ÂPCFJ'G\dcQ`E^OROeNFBPvÇCFE^d�|%_RgT[}Q\E^@0³KE^G\JMQ`@'G\d

ρ̂ =

∞∑

i,j=0

ρij|φi〉〈φj|.
~ ¥�� µ0�

BP@'QÁb¯EHBFCF_Rv?y¡uKE^_�CFE^G�CP_eEÇ|%_RgT[!Q`E^]�JMQ\G\_{Â
ρij

E^_RBFv0EpVXWF[FGfQ%b�NFG\CFEM��|%EHG¬wxGfb¯J'GfQ\NFBFv0dª½
bøE^GcQÈEH_eBFEHd���NFJ'B!Q`E^BP]�EHgT[hJ'BF_Rd\gT[FEHB�n¬³KE^G\JMQ`@'G\d

Â
u�EHG\E^gT[PBFEHQÈd\_egT[(J'NFd�CFEHGËù�³FNFGc½

@'³�EHG`JMQ\_e@0BDJ'N�V²ChJMd�©xGf@�CFNPL}Q�CFEHd�n�³KE^G\JMQ`@0Gfd4]�_{Q4CFEH] |%_egT[!Q\E^@0³KE^G\JMQ`@0G

< Â >= tr
(
Âρ̂
)
.

~ ¥���§!�
|%J'u�EH_«_edfQ qHN�uKE�J'gT[!Q`EHBUy�ChJ'd\døCFE^GøwxGfb¯J'GfQ\NFBFv0dcb¯EHGfQ4NPBhJ'uF[hSMBFv0_ev¬l'@0B�CFEHGøv'EHb¯S'[FO{½
Q\E^B9l'@0OeORdfQ`S'BFCF_Rv0E^B9n�GfQ`@'BF@0G\]�J'ORuhJ'd\_Rd�CFEHdÇ|%_egT[!Q\E^@0³KE^G\JMQ`@0GfdÈ_RdfQ��L�5_RG\C¹CFE^GÈ|%_egT[�½
Q\E^@0³KE^G\JMQ`@'Gt_RB5E^_eBPE^Gtu�EHdfQ`_R]�]ºQ`E^B+ÄkJMd\_edfChJ'GfdfQ`EHOeORNFBFv�CF_ÃJMv0@0BhJ'OR_edf_eE^GcQ�y [hJ'uKE^B+CF_eE
|�_ÃJ'v0@'BhJ'OeEHOeEH]�EHB}Q\E

ρij = δijρi
CF_RE
Ä¯E^CFEHNPQ`NPBFv$l'@0B]�9J'[FGfd\gT[FEH_eBFOR_egT[FLME^_RQ\E^BUy�C¡�û[m�

df_eE�d\_RBFC�GfE^EHOeOhNFBFC�³�@0df_RQ\_Rlly'bøE^d\[FJ'Oeu�CFE^Gø|%_egT[!Q\E^@0³KE^G\JMQ`@0G [FEHG\]�_RQ`EHd\gT[�NFBFC�³K@0df_RQ`_{l
CPE´·hBF_{Q4d\EH_eBD]ËNFdfd^�F¸�NFd4CFEHG�ù�gT[FG�x�CF_RBFv0E^Gfv0OeEH_egT[}NFBFvt~�¥��{´¶�øNFBFCDCFEHG�®¡E^GfOeE^v'NFBFvÇCFEHd
|�_egT[!Q`EH@0³�EHG`JMQ\@0G\d�_RB¹GfE^_RBFE�®¡NFdfQ`S'BFCFE ~ ¥��ý¼}�%OÃSMd\dfQ�df_egT[¹CF_eGfE^L!Q�CF_RE��ã_R@0NPl�_eOROeE¾½Àl0@'B�½
a�E^NF]�J'BFB�½cy¬OeE^_RgT[}NFBFv
J'uFORE^_{Q`E^B

˙̂ρ(t) = LH ρ̂(t) ≡ −i
[
Ĥ, ρ̂(t)

]
,

~ ¥��ù!0�
bøE^ORgT[FEoCF_REDq^E^_{Q`OR_egT[FEtwxB!QÁb�_egTL}OeNFBPv CFE^d�|%_egT[!Q`EH@0³KE^G`JUQ`@0Gfd�VXWFG�_edf@0Oe_RE^GfQ\Etù�r�dfQ\E^]�E
CFJ'G\dcQ`E^ORORQ^�m±�_RE^Gfu�EH_ _edcQ LH CFEHG�±%J']�_eO{Q`@0B�½E��_e@0N�l�_ROeOREp½cù�NF³�EHG\@0³KE^G\JMQ`@'G´yFCPE^G¬CF_REÇ±%JU½
]�_eO{Q`@0BË|�r�BhJ']�_eLË_R]Í��_e@0NPl�_ROeOeE¾½ªÆ�J'NF]>CFEHG¯|�_egT[!Q`EH@0³�EHG`JMQ\@0G\EHB�uKE^dfgT[FG\EH_euPQ^��¿Á] VX@'O{½
v'E^BFCFEHB$¸�uFd\gT[PBF_RQfQ�d\@0ORO¡EHQÁb¯J'd�BhS'[FEHG�J'NPV·CF_RE¬Ä¯E^[FJ'BFCFORNFBFvÇl0@0Bt@'õ�E^BFEHBÐ��NFJ'B!Q`E^B�½
]�E^gT[FJ'BF_edfgT[FE^BËù�r�dfQ\E^]�E^BUy¶CF_REx]�_{Q�_e[FGfE^Gãs�]�v0EHuFNFBFv�bøE^gT[FdfE^ORb�_RG\LME^BUyUE^_RBFv0E^v0J'BFv0EHB
bøE^GfCFE^B¡�
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ĤSu�EHd\gT[FGf_eE^uKE^BDb�_eGfCUyPdf@0OeO�ChJ'uKE^_mGfE^OeJMQ`_{l�v'E^G\_RBFvËdfE^_eB9yPbkSM[FG\EHBFC$CP_eE�CFNPG\gT[tCFE^BtÄkJ'C�½
±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G

ĤB

gT[hJ'G`JML}Q\E^Gf_ed\_RE^GcQ`E�s�]�v0E^uPNFBFv$J'NFd�d\EH[FG»l�_RE^OeEHB¹I«GfE^_R[FE^_{Q`dc½
v0G`J'CPE^B�u�EHdfQ\E^[FEHB°df@0OeO��²|%EHG�±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G�CFE^d�y¬E^d`JM]ÈQ`dcr�dcQ`EH]�d

Ĥtot
LUJ'BFB

ChJ'BFBtCFNFGfgT[

Ĥtot = ĤS + ĤB + ĤSB

~�¥�� @0�
J'NFd\v'E^CFGfWFgTL!Q¯bøE^G\CPE^BUy}b¯@'u�EH_

ĤSB

CF_RE �(E^gT[Pd\E^O{b�_eGfL�NPBFvÈqpb�_ed\gT[PE^B�©xG\_R]�SMG\dfr�dcQ`E^]
NFBFC�s�]�v0EHuFNFBFv9uFqHb��¯ÄkJ'C uKE^dfgT[FG\EH_euPQ^�k|%_RE$z·G\EHBFB}NFBFv�_eB-©AGf_e]�S'G\dcr�dfQ`EH] NFBFC
s�]�v0E^uFNPBFvº_RdfQøChJ'uKE^_«]�@'Q`_{l�_RE^GcQxCFNFGfgT[)CF_eE�z�JMQ`d\J'gT[FE�y�ChJ'dfd¯ORE^CF_Rv0Oe_RgT[ÇCF_eE�q^EH_RQ`OR_egT[FE
wAB!QÁb�_RgTL�ORNFBFvtCFE^d»@'õ�E^BFEHB9©xGf_e]�S'G\dcr�dcQ`EH]�d¬l0@'B9Ä¯EHCFE^N�Q`NFBFv$_edcQ���|%_RE�s�]�v0E^uFNPBFv
_edfQ·B}NFGãuKE^q^WPv0Oe_RgT[º_R[FG\EHd²wx_eBd;hNFd\dfE^d²J'NPVFCFJ'd·©AGf_e]�S'G\dcr�dfQ`EH]�l0@0Bº¿ÁB!Q`E^GfE^dfd\E�yUb¯EHd\[hJMOeu
d\_eE¬]�E^_RdfQ�_R]�³FOR_eqH_RQ CFNFGfgT[oJ'uFdcQ`G\J'L!Q`E»ÄkJ'CF]�@�CFE^BDuKE^d\gT[PG\_eEHu�EHB$b�_RG\C{{´�!dy^´�@�} �

I�WFG²CF_REø¸�uFOeEH_RQ\NFBFv%EH_eBFEHG Ä¯Epb¯EHv0NFBFv'd\v0ORE^_egT[}NFBPv�VXWFG²@'õ�E^BPE4ù�r�dfQ\E^]�Ekd\_RBFCË³FGf_eB�½
q^_e³P_eE^ORO�qpb¯EH_¬NFB!Q`EHG\d\gT[P_eE^CPOe_egT[PE�?A@'G\v0EH[FE^BFdcb¯EH_edfE^B#]¶x0v0OR_egT[m� wx_eBPE^G\dfE^_{Q`d�LUJ'BFB5CF_RE
Ä¯E^dfgT[FG\EH_euFNFBPv�CPE^d�y¬E^d\J']ÈQ`dcr�dfQ`EH]�dkJ'Oedø¸%NFdfv!J'BFv0df³FNFBFL!Q�v0EpbkSM[FORQkbøE^GfCFE^B9yPb¯@'u�EH_
J'BFd\gT[POe_eE´¥0E^BPC�CF_eE%I«GfE^_R[FE^_{Q`d\v'G`J'CFE�CFE^dkÄkJ'CFEHd4]�_{Q`[F_RORVXE4dfQ�x0G\NPBFv0dfQ\[FE^@'G\EHQ\_edfgT[FE^G�Ä¯E¾½
Q`G`JMgT[}Q\NFBFv0EHB CFE^G\J'GfQÈE^OR_e]�_eBF_RE^GfQ¬bøE^GfCFE^B9y ChJ'dfdËd\_RE�OeEHCF_ev'Oe_egT[¹J'ORdÇn�³KE^G`JUQ`@0GfE^B�CFEHd
±�_eORu�EHGfQ\G`J'NF]�E^d¯E^_eBPE^G4_e]�³FOR_eq^_{Q`EHB)ÄkJ'CPu�EHd\gT[FGfE^_euPNFBFv�BP@�gT[tE^_RBFE�Æ�@'OeOeE%d\³F_RE^OeEHBm�

¸�BFCFEHG\E^Gfd\EH_RQ`d�LUJ'BPB�J'NFdfv0E^[FEHBFC�l0@0B�CPE^G)GfE^CFNFqH_eEHGfQ`EHB+|�J'G\dcQ`EHOeOeNPBFv9CFEHdD©xG\_{½
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]�S'Gfdfr�dfQ\E^]�dºCF_RE¶�ã_R@0NPl�_eOROeE¾½Àl0@'B�½ªa�E^NF]�J'BFB�½ªy�ORE^_RgT[�NPBFv�CFNPG\gT[9³P[hS'BF@0]�E^BP@0Oe@0v'_ed\gT[
EHB!QÁb¯@0GcVXE^BFE�|�_ed\df_e³hJUQ`_e@'BFd\@0³KE^G\JMQ`@'G\E^BºE^Gcb¯EH_RQ`EHGfQ bøE^GfCFE^B9y'b¯@MVXWFG J'OROeEHG\CF_RBFv0dãv0EHb�_Rd\dfE
EH]�³P_eG\_Rd\gT[FE�¬E^BFB!Q\BF_edfd\E)CFEHdÇwx_eB2;FNFd\dfE^dËCFEHGÇs�]�v0EHuFNFBFvZJ'NPV4ChJMdÇ©xG\_e]�S'Gfdfr�dfQ\E^]
BP@'QÁb¯EHBFCF_Rvod\_RBFCm�ã¸%NPVku�EH_eCFE�Y$EHQ\[F@�CFE^B�df@0OeOxB}NFB9_e]ÍIh@0ORv0E^BFCPE^B9EpQÁbkJMdÈv0EHBhJ'NFEHG
EH_eBFv'E^v!J'BPv0E^B�bøE^G\CPE^Bm��Ä¯E^_xEH_eBFEHG�dfQ�x'G\NFBFv'dfQ`[PE^@0GfEHQ`_Rd\gT[FE�Ä¯EpQ`G`JMgT[}Q\NFBFvtb�_eG\C(y¬OeEH_{½
gT[}NFBPv�~ ¥�� @!�·d\@Åb�_eE�E^_RBFE4d\gT[!b¯J'gT[FE¬�@0³F³FORNFBFv¬qpb�_ed\gT[PE^B�ù}r�dcQ`EH]ÕNFBFC�ÄkJ'C
l0@0G\J'NFdc½
v'E^d\EpQ`qpQ��h|%_RE�®¡E^_{Q`EHB}QÁb�_RgTL}OeNFBFvÈCFE^d�y¬E^d\J']ÈQ`dcr�dfQ`EH]�d4_R]Í�9EHgT[Fd\EHORb�_eGfL}NFBFv0dfuF_eORC�_edfQ
v'E^v0EHu�EHB$CFNPG\gT[

∂

∂t
ρ̂I(t) = − i

~

[
ĤI
SB(t), ρ̂I(t)

]
,

~ ¥�� �!�
]�_RQkCFE^G4VX@0Gf]�J'ORE^B��Lx0dfNFBFv

ρ̂I(t) = ρ̂I(0)− i

~

∫ t

0

[
ĤI
SB(τ), ρ̂I(τ)

]
dτ.

~ ¥��{´Å¦!�
|�E^G¬G\EHCFNFqH_eE^GcQ`EÇ|�_egT[!Q`EH@0³�EHG`JMQ\@0G

ρ̂S
y¡CFEHG�ChJ'd�©xGf_e]�S'G\dcr�dcQ`EH] ùZuKE^dfgT[FG\EH_euPQ(y¡b�_eGfC

l'@0B
ρ̂
BhJ'gT[(ù�³FNPG\uF_ROeCFNFBPv)WFuKE^G�J'OROeEºI«GfE^_R[FE^_{Q`d\v'G`J'CFEºCFE^d¬NPB�uKE^@'uhJ'gT[!Q`EpQ`E^B9ÄkJ'CFEHd

v'EHbø@0BFBFEHBm�«¿Á]=�9EHgT[Fd\EHORb�_RG\L}NFBFv0dfuF_eORC$EHG\v0_RuPQ�d\_RgT[DChJ'[FEHG

ρ̂IS(t) = trB ρ̂
I(t)

~ ¥��{´0´¶�
NPBFC$BFJ'gT[Zwx_RBFd\EpQ`q^EHB$l'@0B ~ ¥��{´Å¦!�¯_RB ~�¥�� �0�

∂

∂t
ρ̂IS(t) =− i

~
trB

[
ĤI
SB(t), ρ̂I(0)

]

− 1

~2

∫ t

0

dτ trB

[
ĤI
SB(t),

[
ĤI
SB(τ), ρ̂I(τ)

]]
~ ¥��{´¶¥0�

JMOedAE^GfdfQ`E�Ä¯Epb¯EHv0NFBFv0dfv0OeEH_egT[}NFBFvÈCFE^d¯ù�r�dfQ\E^]�d^��|�J'uKE^_hb�NFGfCFE�l'@0B�CFEHGAv0G\NFBPCFOeEHv0E^B�½
CPE$¸�BFBhJ'[F]�EtJ'NFdfv0E^v!JMBFv0E^B9yxChJ'd\d�CF_REÐ�(E^gT[Pd\E^O{b�_eGfL�NPBFv9qpb�_ed\gT[PE^B5ù�r�dcQ`E^] NPBFC
Ä¯J'CDu�EH_

t = 0
E^_RBFv0E^dfgT[hJ'O{Q`EHQ4b�_RG\Cm�PI²WFG

t < 0
uKE^dcQ`E^[PE^BZLME^_RBFE^GfOeE^_¡�@0GfG\EHOÃJMQ\_e@0BFEHB

qpb�_edfgT[FE^B-ù�r�dfQ\E^] NFBPC°Ä¯J'CUy²df@�ChJ'dfdÇCFE^G
|%_RgT[!Q`E^@'³�EHG`JMQ\@0GÇCFE^d�y¬E^d\J']ÈQ\dfr�dfQ\E^]�d
JMOed4CF_RG\E^L!Q\E^d�©xG\@�CFNFL!Q

ρ̂(0) = ρ̂S(0)⊗ ρ̂B(0) = ρ̂I(0)
~ ¥��{´Åú!�

v'E^v0EHu�EHB(_RdfQ��¡s�] E^_eBPE^B�_eGfG\EHl'E^Gfd\_euPOeE^B¹©xG\@'q^E^dfd�q^N¹]�@�CFE^OROe_RE^G\EHBUy«]ËWFdfd\E^B�bøE^_RQ\E^GfE
ÄøE^CF_RBFv0NFBFv'E^B J'B(ChJ'd»NFB}u�EH@0uhJ'gT[!Q\EHQ`EDÄ¯J'C9v0EHdfQ\E^OeO{Q�b¯EHG\CFEHBm� |%_RE�v'G\@"¥0E�¸%BPq�J'[FO
CPE^GºÄkJ'CPVXGfE^_e[PE^_RQ\d\v0G\J'CFE
]�@'Q`_{l�_RE^GcQ¬q^N(CFE^G»¸%BFBFJ'[F]�E�yãChJ'dfdºCF_RE¶�(E^gT[Pd\E^O{b�_eGfL�NPBFv
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ú��l¢E¡��ý÷�þ2��ú�ÿ¶���
]�_{Q�CPE^]Ðù�r�dfQ`EH]ÐLME^_eBPE^BÇbkJM[FG\BFEH[F]ËuhJMG\E^B
w õ�E^L!Q J'NPV«CFJ'd ÄkJMCÇ[hJMQ��M|%EHGxwxBFE^Gfv0_eE¾½
NFBFCD©x[hJ'dfE^B!Q`G\J'BFdfVXEHGkl0@0] ù�r�dfQ\E^] JMNPVãChJ'd4Ä¯J'C)b�_eGfC)ChJ'[FEHG4J'NFgT[�qHN�L'EH_eBFEHG�®¡E^_RQ
J'NPVKChJ'døù�r�dfQ\E^]ÕqHNFG\WFgTL}WFuKE^GcQ`G\J'v0E^B
½ãChJ'dAÄ¯J'CÇl0E^GfuFOeEH_euPQA_R]2Q\[FE^Gf]�_Rd\gT[FEHB�y¬OeEH_egT[�½
v0EHb�_RgT[}Q^�
�9EHBFB)J'ORd\@�CFEHG¯wx_eBd;hNFd\d CFEHdkù�r�dcQ`E^]�døJ'NPVmCFJ'd¯Ä¯J'C�NPBFC�CF_RE��@0GfG\EHOÃJMQ\_e@M½
BFE^B�qHb�_edfgT[FE^B�u�EH_eCFEHB�_RBPVX@0ORv0E4CFE^GV�(E^gT[FdfE^O{b�_eG\L}NFBPvºl0EHG\BhJMgT[FOÃS'dfd\_Rv'QøbøE^GfCFE^B9y�OeS'd\dcQ
d\_egT[tCFEHG�|�_egT[!Q`EH@0³�EHG`JMQ\@0G4CFEHd�y¬E^d\J']ÈQ`dcr�dfQ`EH]�d�_R]A�(E^gT[FdfE^ORb�_RG\L}NFBFv'd\uF_ROeC$J'Oed

ρ̂I(t) = ρ̂IS(t)⊗ ρ̂B(0)
~�¥��R´^¼}�

d\gT[FGfE^_euKE^B¡�¡|%_RE^dfEËy¬OeEH_egT[}NFBFv�G\EH³FG`S'dfE^B!Q`_RE^GcQ�CF_RE»v'G\NFBFCPOeE^v'E^BFCFEº¸%BFBFJ'[F]�E�l'@0Bo¿ÁGª½
G\EHl'E^Gfd\_euP_eOe_{QTSMQ¯_eBDE^_RBFE^]þCF_edfd\_e³FJMQ`_{l0E^Bt©xG\@'q^E^dfd^�

|�_eExChJ'CPNFG\gT[¬l0EHG\BhJMgT[FOÃS'dfd\_Rv'Q`EHBÈ�@0G\GfE^OÃJUQ`_e@'BFd\Epõ¡EHL}Q\E L�x'BFBFE^B»B}NFB»]�_{Q`[F_RORVXEãd\NFL0½
q^E^dfd\_{l0E^G²a%S'[PE^G\NPBFv0E^BÈu�EH[hJ'BFCFEHORQ·b¯EHG\CFEHBm���(E^BPBËCFE^Gc�(E^gT[FdfE^ORb�_RG\L}NFBFv'dfQ`EHG\]

ĤSBv0OeEH_egT[
a�NPOeOP_RdfQ(y0v0_eu�QxE^dAL'EH_eBFE��@0G\GfE^OÃJUQ`_e@'BFE^BËqpb�_edfgT[FE^B)ù�r�dfQ`EH]ÕNFBFC�ÄkJ'C�NFBFC
CFEHG
|%_egT[!Q`EH@0³KE^G`JUQ`@0GºCFE^d
y¬E^d\J']ÈQ\dfr�dfQ\E^]�dË_edcQÈCFNPG\gT[+~ ¥��R´�¼!��v0EHv0E^uKE^B¡� Ä¯EH_ødfE^[FGËL}ORE^_{½
BFE^B1�(E^gT[FdfE^O{b�_eG\L}NFBPv0dfQ\E^G\]�E^BDLUJ'BFB�d\gT[FOR_eE(¥'Oe_egT[

ρ̂I(t) = ρ̂IS(t)⊗ ρ̂B(0) + ∆ρ̂
]�_RQ

CFE^]Õ�@0G\GfE^L!Q`NPGfQ`EHG\]
∆ρ̂

_eB
ChJ'dA¿ÁB!Q`EHv0G`JMOPl0@0B)y�ORE^_RgT[FB}NFBFv�~ ¥��R´¶¥'�²E^_eBPv0E^dfEHQ`qpQAb¯EHGc½
CFE^B]{{´Åµ�} �d�9EHBFBZuKE^_mCPE^G�J'BFdfgT[FOe_RE(¥0EHBFCFE^BZwxB}QÁb�_RgTL}OeNFBFv�CFEHd�¿ÁB!Q`EHv0G`JMOed4B}NFG�z�EHG\]�E
CFE^G�n�G\CFB}NFBPv

Ĥ2
SB

uKE^GfWFgTL}d\_egT[!Q\_ev'Q�b¯EHG\CFEHBUyhVXWF[FGcQ�CP_eE^d�JMNPV
∂

∂t
ρ̂IS(t) =− i

~
trB

[
ĤI
SB(t), ρ̂S(0)⊗ ρ̂B(0)

]

− 1

~2

∫ t

0

dτ trB

[
ĤI
SB(t),

[
ĤI
SB(τ), ρ̂IS(τ)⊗ ρ̂B(0)

]]
.

~ ¥��R´¶µ'�

|%_eEHd%_edcQ%EH_eBFEÈÄ¯EHbøE^v'NFBFv0dfv0OeEH_egT[}NFBFv�EH_eBFEHd�@'õ�E^BFEHB�ù�r�dfQ\E^]�d�uF_ed�q^Noqpb¯EH_RQ\E^G�n�G\C�½
B�NPBFv�_eB�CFE^GU�(E^gT[Pd\E^O{b�_eGfL�NPBFv�]�_RQmCFE^dfd\E^BÈs�]�v0E^uPNFBFvF��¿ÁBºy¬OeEH_egT[}NFBFv»~�¥��R´Åµ0�¡[hS'BFvMQ
CFE^G%®¡NFdfQ`J'BFC$CFE^d%ù�r�dfQ\E^]�d�l0@'BoCFE^dfd\EHBZ?A@0G\v'E^d\gT[P_egT[!Q`EÈJ'uUyhbkJMd%CFNFGfgT[ZCFEHBoz·E^G\]
ρ̂IS(τ)

_R]þ¿ÁB!Q`EHv0G`J'O�qHNF] ¸�NFd\CFGfNFgTLDL'@0]�]ÈQ^�hY$_{Q�CFE^G�YZJ'GfL'@Ål!½Á¸�BFBhJ'[F]�E

ρ̂IS(τ)→ ρ̂IS(t)
~�¥��R´�§!�

b¯EHG\CFEHB¹CP_eE^dfE
y¬E^ChS'gT[!Q\BF_edfEHõ�E^L!Q`EËl'E^G\BFJ'gT[FOÃSMd\d\_Rv'Q%½kCF_eEË®¡E^_RQ\E^B!QÁb�_egTL}ORNFBFv�CFEHd�ù�r!½
dfQ`EH]�d ∂

∂t
ρ̂IS(t)

[hS'BFv'QøChJ'BPB)B}NFG¯BF@�gT[�l'@0] v0E^v'E^B!bkSMGfQ`_Rv0E^B�®¡NFdfQ`J'BFC�CPE^d4ù}r�dcQ`EH]�d
ρ̂IS(t)

J'u¡�4|%_eEÐîcwxG\_RBFBFE^GfNFBFv0dcV�S'[F_Rv0L'EH_RQYîZCFEHdtù�r�dfQ\E^]�d�_edfQ�J'OeORv0E^]�E^_RB°B}NFG�_RBFBFE^Gª½
[hJ'Oeu�l'@0B�®¡EH_RQ`_RB!Q`E^GclMJ'OeORE^B)_RB$CFEHG�y�Gzx"¥0E^BP@0G\CFB}NFBPv�CFEHG%�@0G\GfE^OeJMQ`_R@0BFd\qHE^_{Q4v0E^v'E^uKE^B
{{´¶µf} �!¸�Oed �@0GfG\EHOÃJMQ\_e@0BFdfq^EH_RQxb�_eEHCFE^GfNF] b�_eGfC�CFJ'dk®¡EH_RQ\_eB!Q`EHGflMJ'OeO�u�EHq^EH_egT[FBFEpQ�y�_eB�CFE^]
d\_egT[�CFJ'd4ÄkJ'CDJMB�CF_eE��9EHgT[Fd\EHORb�_eGfL}NFBFv
]�_{Q¯CPE^] ù}r�dcQ`EH]ZîªEHG\_eBPBFE^GfB�î%LMJMBFBm�F|�_eE^dfE
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y�J'd4uKE^dfgT[FG\_RE^uKE^BUyh[hJUQ�CF_eE��@0G\GfE^OÃJUQ`_e@'BFd\qHE^_RQøQÁr�³F_edfgT[FE^Gcb¯EH_ed\E»CF_RE»y�Gzx"¥0E^BP@0G\CFB}NFBPv
CPE^G�]�_RQfQ`OeEHG\EHBo®¡EH_RQ�qHb�_edfgT[FE^B�qpb¯EH_Aù�Q�x�¥0E^BoEH_eBFEHd�y�J'dfQ\E^_eORgT[FE^BPd^��|%_eEËuKE^_·CFEHG¬Ä¯Ep½
dfgT[FG\EH_euFNPBFv�CPE^G�|�r�BhJ']�_eL�E^_eBPE^d�@'õ�E^BFEHBoù�r�dcQ`E^]�d�_eB!Q`EHG\EHd\d\_RE^GfE^BFCFEÈ®¡E^_{Q`dfLMJMOÃJ2y�CF_eE
uKE^_Rd\³F_RE^ORdfbøE^_edfEËCFNFGfgT[(CP_eE
®¡EHGfV�J'OROed\G\JMQ`E»l0@0Gfv0E^v'E^uKE^B�_edcQ�y¡NPB}Q\E^Gfd\gT[FEH_eCFEpQÈdf_egT[�WFuFOR_{½
gT[PE^GfbøE^_Rd\E»l0@0B$CFE^G��@'G\G\EHOÃJMQ\_e@0BPd\q^EH_RQ4CPE^d�ÄkJ'CFEHd^�K|%_eEºYZJMG\L'@Ål!½ªa�S'[FEHG\NFBFv�u�EHd\_{Q`qHQ
_R]�]�E^G�CFJ'BFBÇy¬WFO{Q`_ev'L'E^_{Q�y^bøE^BPBËCF_eE gT[hJ'G\J'L!Q`EHG\_edcQ`_Rd\gT[FEk®¡E^_RQ\d\LUJ'OeJ�CPE^dxù}r�dcQ`EH]�d�d\E^[PG
l�_RE^O«v0G�x�¥0E^GA_edcQøJ'OedxCF_RE��@0GfG\E^OeJMQ`_R@0BFdfq^E^_{QACFE^d¯ÄkJ'CFEHd^��Y$_{Q¯JMBFCFE^GfE^B¶�9@0GcQ`EHBm¨
�9EHBFB
CP_eE
®¡EH_RQ�_RBoCFEHG�E^_RBFEËd\_Rv0BF_ ·hLUJ'B!Q`E$#�BFCFE^GfNFBFvDCFEHd»ù�r�dfQ`EH]�qHNFdfQ`J'BFCFEHd�E^GfVX@'Oev'Q%d\E^[PG
l�_RE^O¯v'G�x"¥0EHGÈ_RdfQ
J'ORdÈCF_RE�®¡EH_RQ�y·CF_RE)ChJ'dÇÄ¯J'C�VXWFGËEH_eB Æ�WFgTL}L'EH[FG�_RB�CFEHB�y�ORE^_egT[Pv0Ep½
b�_RgT[!Q`d\qHNFdfQ`J'BFCouKE^B2x'Q`_Rv'Q�y�d\@�_edfQ�CP_eE»YZJ'GfL'@Ål!½Á¸�BFBhJ'[F]�E�v0E^GfE^gT[!Q\VXEHGfQ\_ev'Q^�

|%_REk±�E^G\ORE^_{Q`NFBFv�E^_RBFE^G²J'OeORv0E^]�E^_RBFE^GfE^B»Ih@0G\] JMOed²y�ORE^_egT[}NFBPvÇ~ ¥��R´¶µ'��VXWFG·CFEHGx®¡E^_{Qf½
EHB!QÁb�_egTL}OeNFBPvÇE^_eBPE^dk@'õ�E^BPE^Btù�r�dfQ\E^]�dkE^Gf]¨x'v0Oe_RgT[}QøCFEHG4wx_eBFd\JMQ`q�v0E^EH_ev0BFEpQ`EHGk©xG\@��fEHL0½
Q\_e@0BPd\@0³KE^G\JMQ`@0GfE^BtVXWFG%CF_REÈÆ�E^CPNFL!Q`_e@'BoJ'NPVACFJ'd�©xG\_R]�SMG\dfr�dcQ`E^] { ´��2y`¥'¦�}��¡ù�@)OÃJ'dfd\EHB
df_egT[�J'NFgT[#y�ORE^_RgT[�NPBFv0E^B5_RB�[?x0[FEHG\E^G$n�G\CPB�NPBFv ù}Q�x0GfNFBFv0dcQ`[FEH@0G\_RE�E^G\[FJ'ORQ\E^Bm��ù�@0O{½
gT[PE¬Ä¯EHbøE^v'NFBFv0dfv0OeEH_egT[}NFBFv0EHB)VXWFG CFE^B�GfE^CFNFqH_eEHGfQ`EHB�|%_RgT[}Q\E^@0³KE^G\JMQ`@'GøbøE^G\CPE^B�_eB�CFEHG
��_{Q`E^G\JMQ`NPGxJ'Oed�l0E^G\J'OeORv0E^]�E^_RBFE^GcQ`EkYZJ'dfQ\E^Gfv0OeEH_egT[}NFBFv0EHB�uKE^qHE^_RgT[FBFEHQh{ ´¶µ�}��!wx_eBFE4JMOeOev'Ep½
]�E^_RBFv0WFO{Q`_Rv0EJ�Lx0dfNFBFv�CP_eE^dfE^G�¿ÁB!Q`E^v'G\@�CF_Rõ�E^GfE^B!Q`_eJ'Oev0ORE^_RgT[�NPBFvÇEpÂ�_edcQ`_RE^GfQ�uF_Rd\[FEHG�BF_egT[!Q��
I�WFG�CF_REÈ]�E^_edcQ`EHB�©xG\@0uFORE^]�dfQ\E^OeORNFBFv0EHBoE^GcVX@0G\CPE^GfQ�u�EHG\E^_{Q`d�CF_eEËB}NF]�E^Gf_edfgT[FE��Lx0d\NFBPv
CPE^Gãl0E^G\J'OeORv0E^]�E^_RBFE^GcQ`EHBËYZJMdfQ`EHG\v0ORE^_RgT[�NPBFv�_eBÈYZJ'GfL'@Ål!½ªa�S'[FE^GfNFBFv?y¶VXWFG·CF_eE WFuFOR_egT[FEHGc½
bøE^_Rd\E
CFEHG¬z�EHG\]�_eB}NFd»YZJ'dcQ`EHG\v0ORE^_egT[}NFBPvDl'E^Gcb¯EHBFCFEHQ»b�_eGfC {�¥'¦�}�y�E^_eBPE^B�E^Gf[FE^uFOR_egT[FEHB
Æ�E^gT[PE^BhJ'N�VibkJ'BPC {�¥�´(} �

|%_RE»Æ�EHC2·hE^ORC�½Áz4[PE^@0Gf_eE�{û¥0¥dyT¥Mú�}�_edcQ�E^_RBFE�CFE^G�uKE^LUJ'BFB!Q`EHdfQ\E^BZ?AEHGfV�J'[FGfE^Btq^NFG��LxM½
dfNFBFvºCFE^GøYZJ'dcQ`EHG\v0ORE^_egT[}NFBPvF��ù�_eE4l0EHG\uF_RBFCFEpQ¯CF_RE�z�EHgT[FBF_eLÇCPE^G ©xG\@��fEHL}Q\_e@0BPd\@0³KE^G\JMQ`@M½
GfE^B/{û¥M¼�}¡]�_{QøCPE^G�ù�Q�x0G\NFBPv0dfQ\[FE^@0Gf_eE�y�NF] q^NDEH_eBFEHG¯]�_eL}G\@0dfL'@0³P_ed\gT[PE^BtÄ¯E^dfgT[FG\EH_euFNPBFv
CPE^G²ù�r�dfQ`EH]
½ÁÄkJ'C�½Á�@0³P³FOeNFBPv�qHNÈv0EHOÃJ'BPv0E^Bm�¶|�_eEøÆ�EHC2·hE^ORC�½ªÄøEHbøE^v0NFBPv0d\v0ORE^_RgT[�NPBFv�VXWFG
CP_eE»YZJMQ\G\_ ÂPORE^ORE^]�E^B!Q`E�CPE^d�G\EHCFNFq^_RE^GcQ`E^B$|%_RgT[}Q\E^@0³KE^G\JMQ`@'G\d�_eB�CFEHG�ÄkJ'd\_Rd4CFE^G�wx_ev'E^B�½
VXNPBFL!Q`_e@'BFE^BtCFE^d�ù�r�dcQ`E^]�d�OÃJ'NPQ\EHQ^¨

ρ̇ij(t) = −i ωijρij(t) +
∑

kl

Rij,klρkl(t)
~ ¥��{´f!0�

bø@0uKE^_
ωij = Ei−Ej

CF_REJ§�u�EHG\v!J'BPv0dfVXGfE(�}NFE^BPq»qpb�_edfgT[FE^BDCFEHBt®¡NFdfQ`S'BFCFEHB
i
NFBFC

jCFJ'G\dcQ`E^ORORQ^�k|%EHGZÆ�E^C2·FE^OeC�½Áz·E^BFdf@0G Rij,kl
_edcQDE^_RBFE(YZJMQ`Gf_{ÂýykCF_RE¸�}NhJ'CFG\JMQ`_Rd\gT[5l0@0]

Æ�J'BFv-CFE^G�|%_RgT[!Q`E^]�JMQ\G\_{Â
ρij

_edcQ���|�_eE�¸�NFdfbøE^GcQ`NFBFv5CFEHG�E^_RBFq^EHOeBFEHB;YZJMQ`Gf_{Â�E^OREp½
]�E^B!Q\E�E^GfOÃJ'NFu�Q4E^_RBFE¬¬OÃJ'dfd\_ ·hLUJMQ`_R@0B�CP_ed\df_e³hJUQ`_Rl'E^G4©xGf@0q^EHd\d\E¶{ ´��2y`¥0µ�}��P|%_RE¬Æ�E^C2·hEHOeC�½
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y�ORE^_egT[}NFBPvoLUJ'BFB�J'NFgT[ qHN BF_egT[!QÇ³K@0df_RQ`_{l!½ÁCFE�·hBF_RQ\E^B |�_egT[!Q`EH]�JMQ\G\_Rq^E^B(VXWF[FG\EHBUy²b�_RE
u�EH_ed\³P_eE^ORdfbøE^_Rd\E u�EH_e];jkJ'ORCFE^_RG`JU½��ãEHv0v0EpQf½cYt@�CFEHOeO�{û¥'§�}��U|�J%CF_RE¯wx_Rv0E^B!bøE^GfQ\EkCFEHdx|%_egT[�½
Q`E^@'³�EHG`JMQ\@0G\d)³PG\_eBPq^_e³P_eE^ORO�J'Oed¶��J'[PG\d\gT[PE^_eBPOe_egT[PL'E^_{Q`EHB+_RB!Q`E^Gf³FG\EpQ`_RE^G\uFJ'G�dfE^_eB5df@0OeORE^BUy
uF_eEpQ`EHQ�CP_eE»Æ�EHC2·hEHOeC�½ªy�ORE^_egT[}NFBPv�CFJ'[FE^G�LME^_eBPEËy�J'G`JMB}Q\_eE%VXWPG�CP_eE�³F[!r�d\_eLUJ'OR_edfgT[FE»Æ�E¾½
OeEHlMJ'BPqËCFE^G»Æ�E^dfNFORQ`JMQ`EM�mwx_eBFEËl'@0OeORdfQ`S'BFCF_Rv0EË©·@0d\_{Q`_Rl�_{QTSMQ%LMJMBFB�_ �ûJP�¡EHG\dfQ»CFNPG\gT[¹E^_eBPE
b¯EH_RQ`EHG\E»a%SM[FE^GfNFBFv?yhCFEHG�d\@0vF�Kù�S'L}NFOÃJ'G\J'³F³FGf@�ÂP_R]�JUQ`_e@'B�d\_RgT[FE^Gfv0E^dcQ`EHOeORQ4bøE^GfCFE^B¡�¡|�J¶½
u�EH_ b�_eG\C�CF_RE�ù�NF]�]�JMQ\_e@0BZ_eB9y�ORE^_egT[}NFBPv9~�¥��{´f!0��J'NPVøCF_RE�z·E^Gf]�E
uKE^dfgT[FG`S'BPL}Q(y·VXWPG
b¯EHOegT[FEøCF_eE E^B!Q`df³FG\EHgT[FE^BPCFE^B�wx_ev0EHBFE^BPE^G\v'_eE^BºCFE^G²Ä¯E^CP_eBFv0NPBFv

Ei−Ej−Ek+El = 0v0E^B}WFv0EHB«{ ´¶µ�}��
¿Á] Ih@0G\]�J'Oe_Rd\]ËNPd»CPE^GËCPr�BhJM]�_Rd\gT[FEHB°±�J'OeuPv0G\NF³P³�EHB�b�_eG\C9CF_eE)GfE^CFNPq^_eEHGfQ\EDù�r!½

dfQ`EH]�CFJ'G\dcQ`E^OROeNFBPv-J'ORdD¸%NFdfv!J'BFv0df³FNFBFL!Q�v'EHb¯S'[FORQ^��|%_eE(Ä¯EHbøE^v'NFBFv0dfv0OeEH_egT[}NFBFv�CFEHd
G\E^CPNFq^_RE^GfQ\E^BÇ|�_egT[!Q`EH@0³�EHG`JMQ\@0G\d²_edfQ²ChJ'BFBÈCFNFG\gT[ÇCP_eE CF_edfd\_e³FJMQ`_{l0EÚ��_R@0NPl�_eOROeEp½ l0@0B�½ªa�EHN�½
]�J'BPB�½cy¬OeEH_egT[}NFBFv

˙̂ρS(t) = Lρ̂S(t) = −i
[
ĤS, ρ̂S

]
+ LD(ρ̂S(t))

~�¥��R´�@!�
v0E^v0EHu�EHBm�·|�J'uKE^_Ab�_eGfC(CFEHG���_e@'NPl�_eOeOREp½ªù�NF³KE^G\@'³�EHG`JMQ\@0G L _eB¹CF_eE�ù�NF³KE^Gf@0³KE^G`JUQ`@0GfE^B
LH

J'NPd ~�¥�� !0��NFBPC LD q^NFG�Ä¯EHd\gT[FGfE^_RuFNFBFvDCFEHG¬CF_edfd\_e³FJMQ`_{l0EÇ|�r�BhJM]�_RL$dfE^³hJ'Gf_eEHGfQ��
|�JÇu�EH_�CF_eEHd\E^G�YtEHQ`[P@�CFE�df@¶bø@0[FOãCF_RE�wxG\[hJ'O{Q`NFBPvÇCFE^G�©�@'d\_RQ\_Rl�_RQ`SMQ¯l'@0B

ρ̂S
J'ORd�J'NFgT[

CF_eE»YZJMG\L'@Ål!½ªa�S'[FEHG\NFBFv�l0@0G\J'NFd\v'E^d\EpQ`qpQ�b�_RG\C]{�¥"!�yT¥�@�}�yh]ËWFdfd\EHB$VXWFG�CF_RE»Y$E^BFv'EºCFEHG
¸%uFuF_ROeCFNPBFv0E^B

Λt

yhCF_eE¬CP_eE»®¡E^_{Q`EHB}QÁb�_RgTL}OeNFBFv
ρ̂S(t) = Λtρ̂S(0)

~�¥��R´��!�
u�EHd\gT[FGfE^_euKE^B9yøv0Epb�_edfd\EoÄøE^CF_RBFv0NFBFv'E^B-EHGfVXWFORORQ�d\EH_eBm� |%_REon�³KE^G\JMQ`@0GfE^B

Λt

df_eBFC°_e]
J'OeORv0E^]�E^_RBFE^B(BF_egT[!QÇ_RB}l'E^GcQ`_eEHG\uhJMG(y²NP] E^_RBFE)_RG\G\Epl0EHG\d\_RuFOeE�®¡E^_RQ\E^B!QÁb�_egTL}ORNFBFv�d\_RgT[FE^Gª½
q^NFdcQ`E^OROeEHBm�4¸%N?¥'E^G\CPE^] ]ËNFdfdZJMNPVXv0G\NPBFC�CPE^G$YZJ'GfL'@Ål!½Á¸%BPBhJ'[F]�E(CP_eE¹Ä¯E^CP_eBFv0NPBFv
ΛtΛs = Λt+s

VXWFG%J'OeORE»®¡E^_RQ\E^B
t, s > 0

E^GcVXWFOeO{Q�dfE^_RBm�«¸%uFuF_ROeCFNPBFv0E^B$]�_{Q�CF_eEHd\E^BowA_ ½
v0E^BFdfgT[hJMViQ\E^BDb¯EHG\CFEHBZ_eB�CPE^G�YZJMQ\[FE^]�JMQ\_eL�J'Oed4±�J'OeuPv0G\NF³P³�EHB�u�EHq^E^_RgT[FBFEpQ�yFbø@0BhJ'gT[
CF_eEHd\E%Y$EHQ\[F@�CPE�J'NFgT[�u�EHBhJ'BFB!Q¯b�NPG\CFEM�Pwx_eBPE�v0EHE^_Rv0BFEHQ\E%]�JMQ`[PE^]�JMQ`_Rd\gT[FE�Ih@0G\] VXWPG
LD

_eB+y¬OeE^_RgT[}NFBFv+~ ¥��R´�@0��y¯VXWFG)bøE^ORgT[FE�CF_eE�@P�ûvF�kÄ¯E^CF_RBFv0NFBPv0E^B5VXWFG�CF_RE�®¡E^_{Q`E^B!Qc½
b�_egTL}OeNFBPv)CFE^d%G\E^CPNFq^_RE^GfQ\E^B�|�_egT[!Q`EH@0³�EHG`JMQ\@0G\d%E^GfVXWPOeORQ�df_eBFCUyK_edcQ�CF_REºdf@0vF�ý��_eBFCFuPOÃJ'C�½
I«@'G\]w{û¥"!�}�¨

LDρ̂S =
∑

j

(
Ĉj ρ̂SĈ

+
j −

1

2

[
Ĉ+
j Ĉj, ρ̂S

]
+

)
.

~ ¥�� ¥'¦0�

|%_eEÈù�NF]�]�JUQ`_e@'B)b�_eG\C$ChJ'uKE^_ãWFuKE^G%J'OeORE¬]¨x0v'Oe_egT[PE^B$|%_edfd\_e³FJMQ`_R@0BFd\LUJ'BFS'OeE¬CFNPG\gT[Fv0E¾½
VXWF[FGfQ^�m|%_RE
Y$@�CFE^OROe_RE^G\NPBFv)CFEHG¬|%_edfd\_R³hJMQ`_R@0BoEHGfVX@0ORv'Q�_RB¹y�ORE^_egT[}NFBPv�~ ¥���¥'¦!��]�_{Q`[F_RORVXE
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CPE^GS��_eBFCPuFOÃJ'C�½cn�³�EHG`JMQ\@0G\EHB
Ĉj
y0CF_REkq^NPG ¸%ORv0E^uFG\J�CFE^G²u�EHd\gT[FG\S'BFL!Q`EHB�Oe_RBFE�JMG\E^BÇn¬³KEp½

G\JMQ`@'G\E^BDv0EH[?x0GfE^BZNPBFC$_R] ±�_eOeuKE^GcQ`G\J'NF] CFE^d�©xG\_R]�S'Gfdfr�dfQ\E^]�d4b�_eG\LME^Bm�«|�_eE^dfEºn¬³KEp½
G\JMQ`@'G\E^B-]ËWFd\dfE^B5³F[hSMBF@0]�E^BF@0OR@0v0_Rd\gT[�u�EHdfQ`_R]�]ºQ�bøE^GfCFE^Bm�k|%_eEt?AE^GfbøE^BPCFNFBFv�CFEHG
��_RBFCFuFOeJ'C�½cYtEHQ`[P@�CFEÈuF_eEpQ`EHQ�d\_egT[�ChJM[FE^G�VXWFG�©xGf@0uFOeEH]�EËJ'BUy¡uKE^_²CFE^BFEHB(EH]�³P_eG\_Rd\gT[FE
¬EHBFB!Q`BF_Rd\d\E�CFE^G°�9EHgT[Fd\EHORb�_eGfL}NFBFv�qHb�_Rd\gT[FEHB�ù�r�dfQ\E^] NFBFC s�]�v0EHuFNFBFv$l0@0GfOe_eEHv0E^B
NPBFC�CF_eE�Ä¯E^[hJMBFCFOeNPBFv�]�_{QËEH_eBFEH] v0EHE^_Rv0BFEHQ\E^B ]�_eL}G\@'d\L'@'³F_edfgT[FE^B°Y$@�CFE^ORO VXWPGËCF_eE
ù}r�dcQ`EH]
½ÁÄkJ'C�½Á�@0³F³POeNFBFv
BF_RgT[!Q�qHbøE^gTL}]�S�¥0_ev�E^Gfd\gT[FEH_eB!Q��

¸�uFuF_ROeCFNFBPv�¥��R´0¨hY$EHQ\[F@�CPE^BZqHNFG�Ä¯E^dfgT[FG\EH_euFNPBFv�@Mõ¡EHBFE^G�ö�NhJ'B!Q`EHBFdfr�dcQ`E^]�E

|%_REDNFB!Q`E^Gfd\gT[F_RE^CFOR_egT[FEHB��@'BFq^EH³PQ`Etq^NFG�Ä¯EH[hJ'BFCFORNFBFv¹CFE^G�G\EHCFNFqH_eE^GcQ`EHB-|�r�BhJ¶½
]�_eLÇEH_eBFEHdk@'õ�E^BFEHB$ù�r�dfQ`EH]�d¯d\_eBPC�_eB)¸�uFum�h¥��R´�BP@�gT[F]�J'ORdø_ROeOeNPdfQ`Gf_eEHGfQ��}|%J'u�EH_¡_RdfQkqHN
uKE�JMgT[}Q\E^BUy·ChJ'dfd�E^_eBPE�Æ�E^CPNFL!Q`_e@'B(CFEHG»Æ�EHC2·hE^ORC�½cy¬OeEH_egT[}NFBFvtJ'N�VkE^_RBFE�Ä¯EHbøE^v'NFBFv0dª½
v'OeE^_RgT[}NFBFvZ_RB���_eBPCFuFOÃJMC�½ªIh@0Gf] B}NFGºNFB!Q`E^GÈ¸%BFBhJM[F]�E�CFEHGÈE^GcbkSM[FB!Q`E^B�ù�S'L}NFOÃJ'G\J'³�½
³PG\@�Â�_e]�JMQ`_R@0B)]¶x0v0Oe_RgT[�_edcQ°{{´¶µ�y^´���}��

�5_REÈ_eB$�J'³F_{Q`E^O�¥��{´0�{´ÈChJMG\v0EHOeE^vMQ�y«LUJ'BFBoCF_REÈ|�r�BFJ']�_RL�@'õ�E^BFEHG¬ù�r�dfQ\E^]�EËBF_RgT[}Q
CPNFG\gT[ËGfE^_RBFEk®¡NPdfQTSMBFCFE¯uKE^dfgT[FG\_RE^uKE^BÈbøE^GfCFE^B¡�0|%_RE l'@0G\v0EHdfQ\E^OeO{Q`EHBÇY$EpQ`[F@�CFE^BºVXWF[FG\EHB
CFJ'[FE^G¯J'NFgT[�JMNPVãÄ¯Epb¯EHv0NFBFv0dfv0OeEH_egT[}NFBFv'E^BUyPbøE^ORgT[FE�CFNPG\gT[)EH_eBFE%J'NPVibøE^BFCF_Rv0E�©AGf@0³hJU½
v0JMQ`_R@0BËCFEHdA|%_egT[!Q`EH@0³KE^G`JUQ`@0GfdxuFqHb��!CFEHGA|%_egT[!Q\E^]�JMQ`Gf_{ÂÈv0E^O<x0dfQ�b¯EHG\CFEHB�]ËWPd\d\EHBm�}|�JU½
uKE^_«dfLMJMOe_eEHGfQ CFEHG¯B}NF]�E^G\_Rd\gT[FE�¸%NPVib¯J'BFC�]�_{Q

N2 y}b¯EHBFB)]�_RQ N CF_eE�|%_e]�E^BPd\_e@'B�CFEHd
ù}r�dcQ`EH]
½Á±�_eORu�EHGfQ\G`J'NF]�E^d
uKE^qHE^_egT[PBFEHQ)b�_RG\Cm�øY$@MQ`_Rl�_RE^GfQ�CFNPG\gT[ CF_REo®¡EHG\ORE^v0NFBPv9CFEHd
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|%_egT[!Q`EH@0³KE^G`JUQ`@0Gfd»_RB�G\E^_RBFE�®¡NFdcQTS'BFCPE ~ ¥��û¼}�%df_eBFC(J'NFgT[¹_eBPCF_eGfE^L!Q`E�Y$EpQ`[F@�CFEHB(qHNFG
�cx'd\NFBFvºCFE^GøÄ¯Epb¯EHv0NFBFv0dfv0OeEH_egT[}NFBFvÈ]¨x0v'Oe_egT[9y'uKE^_«CFE^BPE^B��(E^OROeE^BP³hJ'L'EpQ`E�³FG\@'³hJ'v0_RE^GfQ
b¯EHG\CFEHBm� |%_RE^dfE�b¯EH_edfE^B E^_RB(l'@0GfQ\E^_eOR[hJMViQ\E^G\EHdÇù�LUJ'OR_eEHG\NFBFv'dfl0EHG\[hJMORQ`EHB�J'ORdÈCF_RE�CP_eG\EHL0½
Q`E^B(Y$EpQ`[F@�CFEHB9J'N�VEymd\@0OeJ'BFv0EÇCP_eEË¸�BFq�J'[POxCFE^G¬qHN(³FGf@0³hJ'v'_eE^GfE^BFCPE^B¸�9EHOeORE^BF³hJML'EHQ\E
L�ORE^_RB�v'E^v0EHB

N
_edcQ��!wxd EpÂ�_edcQ`_eEHG\EHB�E^_RBFE4?�_RE^Oeq^J'[FOFdf@0OegT[PE^G _eBFCF_RG\EHL}Q\E^B��9EHOeORE^BF³hJML'EHQc½
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bøE^GfCFE^B9y·_RBob¯EHOegT[FEHG�CF_eE
YtEHQ`[P@�CFE
EHG\dfQ\]�JMOe_ev)J'BFv0Epb¯EHBFCFEHQ�b�NFGfCFE'�ã|%J'u�EH_ b�NFG\CPE
CP_eE)CF_Rd\df_e³hJMQ\_Rl'E�|�r�BhJ']�_eL¹E^_RBFE^dÇ¸4CFdf@0G\uFJMQ`EHd�JMB�EH_eBFEHG
Y$EpQTJ'OROe@0uKE^GY;«S'gT[FE�NFB!Q\E^Gc½
dfNFgT[!Q��h|�_eE^dfE^G4©xGf@0q^EHd\d4LUJ'BFB)CPNFG\gT[DCF_RE%|�r�BhJM]�_RL�EH_eBFEHd4©xG\_R]�S'Gfdfr�dfQ\E^]�d(y}b¯EHOegT[FEHd
OR_eBFE^J'G�J'B�E^_RB�ÄkJ'C5J'NPd)NFBhJ'uP[hS'BFv0_Rv0E^B-[hJ'G\]�@0BF_Rd\gT[FEHB+n�d\q^_ROeOeJMQ`@0GfE^B°v0E^LM@0³F³KE^ORQ
_RdfQ(y¡]�@�CFEHOeOR_eE^GcQ4b¯EHG\CFEHBm�ã|�J'd�©xGf_e]�S'G\dcr�dcQ`EH]÷b�_RG\C�CFNFGfgT[�CFE^B�EH_eBFCF_R]�EHBFd\_R@0BhJ'ORE^B
ù}r�dcQ`EH]
½Á±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G

ĤS = T̂ + VS(R̂)
~ ¥���¥�´¶�

uKE^dfgT[FG\_RE^uKE^BUy¶bø@0u�EH_
T̂ = P̂ 2/2m

NFBPC
VS
CF_eE n�³KE^G`JUQ`@0GfE^B�VXWFGãCF_eEAL}_eBFEpQ`_Rd\gT[FE uFqHb��

³K@'Q\E^B!Q`_RE^OeORE�wxBFEHG\v0_RE¬ChJ'G\dcQ`EHOeOeEHBm�F|�E^G�ÄkJ'C�½ª±%JM]�_RORQ`@'BF@0³KE^G`JUQ`@0GA_edcQ4_eB�CPE^G�|�J'GfdfQ\E^O{½
ORNFBFv
CFEHG�qpb¯EH_RQ\E^BZö¬NFJ'B!Q`_edf_eEHG\NFBFv
qHE^G\ORE^v'Q�_RBDE^_eBPE¬NFBFE^BPCFOe_RgT[FEºù�NF]�]�E

ĤB =
∑

j

εj b̂
†
j b̂j

~ ¥���¥0¥0�

]�_RQ»CFEH] ÄøE^d\EpQ`qHNFBFv0dfq�J'[FOR@0³KE^G`JUQ`@0G
n̂j = b̂†j b̂j

NFBFC CPE^GËwxBFEHG\v0_RE�CFEHG
j
Q`EHB ÄkJ'C�½

]�@�CFE
εj
�«|%_eEºn�³�EHG`JMQ\@0G\EHB

b̂†j
NFBPC

b̂j
d\_RBFCZwxGfq^E^NPv0NFBFv0dª½kuPqHb��h?AE^GfBF_egT[!Q`NPBFv0d\@'³�E¾½

G\JMQ`@'G\E^B¹CFEHGÈJ'uPdfQ`G\J'L!Q`EHB�ÄkJ'CP]�@�CFE
j
ymb¯EHOegT[FE�CF_eEÇ?AE^GcQTJ'NPd\gT[}NFBFv0dfG\EHOÃJMQ\_e@0BFEHB(VXWFG

Äø@0d\@0BPE^BoEHGfVXWFOROeE^B¡��|�_eEË�@0³F³FORNFBFv�qHb�_edfgT[FE^B¹ù}r�dcQ`EH] NFBPC�ÄkJ'C$b�_RG\CZl'E^GfE^_eB�V�J'gT[!Q
CPNFG\gT[$E^_eBPE^Bt_eBDCFE^BZÄkJ'CFLM@�@'G\CF_RBhJMQ`EHB$OR_eBFE^J'G\EHB1�9EHgT[Fd\EHORb�_RG\L}NFBFv0dcQ`EHG\] u�EHd\gT[FGf_eE¾½
uKE^B9yFbkJ'd�q^NtE^_RBFE^]þ±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G CFE^G�Ih@0G\]

ĤSB = f(R̂)
∑

j

Vj

(
b̂†j + b̂j

) ~ ¥���¥'ú!�
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VXWF[FGfQ^�m|%_REµ�(E^gT[FdfE^ORb�_RG\L}NFBFvD_RdfQ¬gT[hJMG`J'L!Q`EHG\_Rd\_eEHGfQ¬CPNFG\gT[�CF_REÈCF_R]�EHBFd\_R@0BFd\OR@0d\Eºv0E^@U½
]�EpQ`G\_Rd\gT[FE��@0³F³FORNFBFv0dcVXNFBFL!Q`_R@0B

f(R̂)
NFBPC�CF_RE��@0³F³FORNFBFv0dfL'@0BPdfQTJMB}Q\E

Vj
�}|%J'dø®¡_eE^O

u�EHdfQ`EH[!Q¬B}NFBo_eB$CFE^G��@'BFdfQ\G\NFL!Q`_R@0BoEH_eBFEHd�J'NFd�E^_RBFE^G�E^BFCPOe_egT[PE^Bo¸�BFq�J'[PO·l'@0B�ÄkJ'C�½
]�@�CFE^BZu�EHdfQ`EH[FE^BPCFE^B9±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G\d´yFb¯EHOegT[FEHG¬]¨x0v'Oe_egT[PdfQ�v0E^BhJMN¹CP_eEË|�r�BFJU½
]�_RL�E^_eBPE^d»ù�r�dfQ\E^]�d�NFB!Q`EHG¬CFE^] wx_eB2;hNPd\d�EH_eBFEHd�NFBFEHBFCFOe_RgT[�½ÁCP_e]�E^BFdf_e@0BhJMOeE^BZÄkJ'CFEHd
VXWFGÇE^_RBFEDE^BFCFOR_egT[FE$®¡EH_RQÇuKE^dfgT[FG\EH_euPQ^�øs�] CF_RE^d
q^N�E^GfG\E^_RgT[FE^B9yAb�_RG\C�ChJ'd�³F[!r�d\_RLMJ¶½
Oe_edfgT[�LM@0G\GfE^L!Q4uKE^d\gT[PG\_eEHu�EHBFE¬Ä¯@'d\@0BFEHB�½ªÄ¯J'C)_eB�E^_RB�l0EHG\EH_eBPV�J'gT[!Q\E^d(y7îªE^BPCFOe_RgT[FE^d�î¬Ä¯J'C
Q`G`JMBFdfVX@0Gf]�_RE^GcQ��x¸%NPd\v!J'BPv0d\³FNPBFL!Q)VXWFG�CP_eE$Ä¯E^dfgT[FG\EH_euFNFBPv�CPE^G)|�r�BFJ']�_RL d\_RBFC CF_RE
±�E^_Rd\EHB�uKE^GfvM½ªÄøEHbøE^v0NFBPv0d\v0ORE^_RgT[�NPBFv0E^BtVXWFG�ChJ'd�©xG\_R]�S'Gfdfr�dfQ\E^]uyPbøE^OegT[PE»CPNFG\gT[

d

dt
R̂ =

P̂

m
,

d

dt
P̂ = − d

dR̂
VS(R̂)− d

dR̂
f(R̂)

∑

j

Vj

(
b̂†j + b̂j

)
.
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v0E^v0EHu�EHBZdf_eBFCm��®¡NFBFS'gT[FdfQ�b�_eGfC$B}NFB$l0@0B$E^_eBPE^] ÄkJ'Ct]�_RQ�E^_RBFE^G�NFBFEHBFCFOR_egT[FEHBZ¸%B�½
q�J'[FO�l0@0BtÄkJ'CP]�@�CFE^BtJ'NPd\v0EHv!J'BFv0EHBm�hI²WPG4CF_eEHd\E^BtI«J'ORO¡LUJ'BFBDCF_RE�ù�NF]�]�E%_eB¹~ ¥�� ¥M¼!�
CFNFG\gT[tE^_RBD¿ÁB}Q\E^v0G\J'O�y ∑

j −→
∫

dερ(ε)
y«E^Gfd\EHQ\qHQ�bøE^G\CPE^BoNFBPC$EHd�VX@'Oev'Q

∑

j

Vj

(
b̂†j + b̂j

)
=

∫
dερ(ε)

√
J(ε)

(
â†(ε) + â(ε)

)
.

~ ¥�� ¥0µ'�

b¯@0uKE^_·CF_REË®¡NFdcQTJ'BPCFd\CF_RgT[!Q`E
ρ(ε)

NFBPCoCF_eEÈù�³KE^L!Q`G\J'OeCP_egT[!Q`E
J(ε)

CFEHd¬ÄkJ'CPE^d%EH_eBFv'Ep½
VXWF[FGfQ¬b�NPG\CFEHBm�·|%E^G»wxG\qHE^NFv0NPBFv0d\@'³�EHG`JMQ\@0G

â†(ε)
E^_RBFE^don¶��+p
����q&V���r*��d�������hsX�������2�

_edfQ�CPE´·hBF_RE^GcQ�CFNFG\gT[

â†(ε) =
1√
J(ε)

∑

j

Vj b̂
†
jδ(ε− εj) .
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wA_RB�J'BhJMOe@0v0EHG�®¡NFd`J']�]�E^BF[hJMBFv�uKE^dcQ`E^[!Q¬VXWFG�CFE^B�EHB!Q`d\³PG\E^gT[PE^BFCFEHB(?AEHG\BF_RgT[}Q\NFBFv0dª½
@0³�EHG`JMQ\@0G

â(ε)
�m|%_eE�ù�³KE^L!Q\G`J'ORCF_egT[!Q`E

J(ε)
CP_eE^B!Q¬_RB�CFE^B(y¬OeE^_RgT[}NFBFv0EHB-~�¥���¥0µ0��NFBPC

~ ¥���¥'§!�¬J'ORdÈa�@0G\]�_eEHG\NFBFv'dfV�J'L!Q`@'G^�·Ä¯E^_ E^_RBFE^] ?AEHG\v0ORE^_RgT[(l0EHG\dfgT[F_eEHCFE^BFEHG�Y$EHQ\[F@�CPE^B
]ËNFd\d��fEHCF@�gT[¹uKE^d\@'BFCFE^GfdÈJMNPV¯CP_eE
|�J'GfdfQ\E^OeORNFBFvDCF_RE^d\EHG»ù�³KE^L!Q`G\J'OeCF_RgT[!Q`E
v0E�JMgT[}Q\EHQ\EHQ
b¯EHG\CFEHBUy�CFJtLME^_eBPE�EH_eBF[FEH_RQ\Oe_egT[PEÇ|%E´·FBF_RQ\_e@0B�VXWFG�CF_eEHd\E�y¬G�x"¥0E
E¾ÂP_RdfQ\_eE^GcQ��U�(E^BFB(d\_RE
CF_eE»®¡NFdcQTJ'BPCFd\CF_RgT[!Q`E»u�EH_eBF[hJMORQ`EHB�d\@0OROV{ûµM¼�}�yFb�_eG\CDdf_eE¬CFNFGfgT[

J(ε) =
∑

j

|Vj|2ρ(ε)δ(ε− εj) .
~ ¥�� ¥"!'�
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J(ε)
VXE^dfQ\v0E^ORE^v'Q^�

|�JMdÈJ'NPdÈù}r�dcQ`EH]ÍNFBFC(ÄkJ'C�u�EHdfQ\E^[FEHBFCFE�y¬E^d\J']ÈQ\dfr�dfQ\E^]ÍLUJ'BFB¹B}NFB(]�_RQ�CFE^]
BPE^NtL'@0BFdcQ`GfNF_eEHGfQ`EHB(ÿ����������
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Ĥsurr = T̂ + VS(R̂) +

∫
dερ(ε) ε â†(ε)â(ε)

+ f(R̂)

∫
dερ(ε)

√
J(ε)

(
â†(ε) + â(ε)

)
.
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±�J']�_eORQ\@0BF@0³KE^G\JMQ`@'GøLM@0G\GfE^L!Q�b�_RE^CFEHG\v0EHv0E^uKE^B¡�

I²WPG²CF_RE¯�@0BFdfQ\G\NFL!Q\_e@0BËEH_eBFEHd²EHBFCFOe_RgT[FE^BËÄkJ'CFEHd u�EHdfQ\E^[FEHBFC�J'NFd
N
n�d\qH_eOeOeJMQ`@'G\E^B

]ÈNFd\dxl0@'G`J'NFdfv0E^dfEHQ\qHQ b¯EHG\CFEHBUy�CFJ'd\dACF_RE4v0E^v0EHu�EHBFE�ù�³KE^L!Q`G\J'OeCF_RgT[!Q`E�CFE^dALM@0]�³POeEHQfQ`EHB
Ä¯J'CFE^d
l0@'B E^BFCPOe_egT[PE^G
¸%NFdfCFE^[PB�NPBFv _edcQ��A|È�ý[m�AE^d�EpÂ�_edcQ`_eEHGfQ�E^_RB-wxBFEHG\v0_RE^_RB}Q\E^Gcl'JMOeO
[ε0, εc]

J'N?¥'E^G\[FJ'OeuoCPE^d\dfE^B�CF_RE
ù�³KE^L!Q`G\J'OeCF_RgT[!Q`EÇa�NFOeO·_edcQ���ù�_eEºb�_RG\CoCFJ'BFB�CFNFGfgT[
NwxBFEHG\v0_RE^³FNPBFL!Q`E

εi
y
i = 0, . . . , N −1

_eBFBPE^G\[FJ'Oeu
CFEHd¯¿ÁB!Q`EHGflMJ'OeORd
[ε0, εc]

ChJMG\v0EHdfQ`EHOeO{Q��
I�WFG¯CF_RE^dfE�wxBFE^Gfv0_eEHB)d\_RBFC)uK@0d\@'BF_edfgT[FE�wxG\qHE^NFv'E^G

â†i = â†(εi)
NFBFC�?AEHG\BF_RgT[}Q\E^G

âi =

â(εi)
CFE�·hBF_eEHGfQDNFBPC�CF_RE�®¡NFdcQTJ'BFCPd\CF_RgT[}Q\E

ρ(εi) ≈ (εi+1 − εi)−1 CFEHdtCP_ed\L}GfEHQ`EHB
Ä¯J'CFE^d�uKE^dcQ`_e]�]ÈQ4]�_RQkCFE^G�Ä¯EHq^_eEH[}NFBFv

viâ
†
iρ(εi) =

√
J(εi)â

†(εi),
~ ¥���¥��!�

CP_eEÇEHõ�E^L!Q\_Rl0E�ù�r�dfQ\E^]Ç½ªÄkJMC�½3�(E^gT[FdfE^O{b�_eG\L}NFBPvF�·|%_eE��@'³F³FOeNPBFv0d\LM@0BFdcQTJ'B!Q`E
vi
ymbøE^O{½

gT[PEkCF_eE¯ù�Q`S'G\LME¯CFEHGO�(E^gT[FdfE^ORb�_RG\L}NFBFv¬qpb�_edfgT[FE^BÇCFEHG ÄkJMCF]�@�CFE
i
NFBPCËCFE^];©xG\_R]�SMGc½

dcr�dfQ`EH] u�EHd\gT[FGfE^_RuPQ�y«_edcQ�ChJ'BFBtCFNFGfgT[

vi =
√
J(εi)/ρ(εi)

~ ¥��ûú0¦!�
VXEHdfQ\v0E^ORE^v'Q^�ãa%J'gT[¹E^GcVX@0Oev'Q\E^G�|%_Rd\L}G\EpQ`_Rd\_eEHG\NFBPvtVX@0ORv'Q¬dfgT[FOe_RE(¥0OR_egT[�VXWFG¬CFEHB°ÿ����������
	���
��	���������������	��h¨

Ĥsurr = T̂ + VS(R̂) +

N−1∑

i=0

εiâ
†
i âi + f(R̂)

N−1∑

i=0

vi

(
â†i + âi

)
.

~ ¥��ûúP´¶�

|�_eE^dfE^G�±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0GÇu�EHd\gT[FGfE^_RuPQ)CF_REZLM@0G\GfE^OeOR_eEHGfQ`E$ù�r�dcQ`E^]Ç½ªÄ¯J'C�|�r�BhJ']�_eL«�
¿ÁB�CP_eE^dfE^G4Ih@0Gf] _edfQkd\E^_RBFE�¸�B}bøE^BPCFNFBFv
VXWFG¯B}NF]�E^Gf_edfgT[FE»ù�Q`NPCF_eEHB��fE^CF@�gT[�d\EH[FG�J'NPVÃ½
b¯S'BFCP_ev?y�bøE^df[hJ'Oeu»E^_RBFExb¯EH_RQ\E^G\E ¸%³P³FG\@�Â�_e]�JMQ`_R@0B¬E^GcVX@0G\CPE^G\OR_egT[�_edcQ��Å|�_eE^dfEøuFJ'd\_RE^GfQ·JMNPV
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CFE^G ¸%BFBFJ'[F]�E%E^_RBFE^G d\EH[FG¯BP_eE^CPG\_ev'E^B�ÄkJ'CPQ\E^]�³�EHG`JMQ\NFG(y}d\@ºChJ'dfd¯B}NFG¯CPE^G4y¬G\NPBFCFq^N�½
dfQTJMBFCÇd\@Åb�_eE¯CFE^GxEHG\dfQ\E4J'BFv'E^G\EHv'Q`E�®¡NPdfQTJMBFCÇCFE^G²[hJ'G\]�@0BF_Rd\gT[FEHB�n�d\q^_ROeOeJMQ`@0GfE^B»d\_Rv0BF_{½
·hLUJ'B!Qãu�EHd\EHQ\qHQ�d\_RBFCm�Å|�JMd�JMNFd

N
n¬dfq^_ROeOÃJUQ`@0GfE^B�uKE^dcQ`E^[PE^BFCFE [hJ'Gf]�@'BF_edfgT[FEAÄkJ'C�LUJ'BFB

CFE^]�E^B!Q`df³FG\EHgT[FE^BPCZCFNFGfgT[$EH_eB$ù�³F_RB�½ªÄ¯J'C�u�EHdfQ\E^[FEHBFCZJMNFd
N
®�b¯EH_{½ª®¡NFdfQ`J'BFC�½ªù�r�dfQ`E¾½

]�EHB(EHG\d\EpQ`qpQºbøE^GfCFE^Bm��|%_RE^d\EHG°§�uKE^G\v0J'BFvt_eBPVX@0ORv0EËCFEHGºz4_REHViQ\E^]�³�EHG`JMQ\NFGc½À¸%BFBhJM[F]�E
_edfQ�_eBÈ¸%uFum�'¥���¥%J'BFdfgT[hJ'NFOR_egT[ËCFJ'G\v0EHdfQ\E^OeO{Q��U|%_REkÄ¯@0df@0BFEHB�½cn�³KE^G`JUQ`@0GfE^BÇL�x'BFBFE^BÇCFJ'BFB
CFNFG\gT[Zù�³F_RB�½cn�³KE^G\JMQ`@0GfE^BDE^Gfd\EpQ`qHQ�bøE^G\CPE^Bm¨

â†i → σ̂†i ,

âi → σ̂i .

~ ¥���ú!¥'�

¸%uFuF_ROeCFNPBFvt¥���¥�¨ãY$@�CFE^ORO E^_RBFE^dº®�®�ù}½ÁÄkJ'CFEHd»J'Oed�z4_REHViQ\E^]�³�EHG`JMQ\NFGc½Áa%S'[FEHG\NFBPvtEH_eBFEHd
[hJ'G\]�@0BF_Rd\gT[FEHBtÄkJ'CFEHd

|�E^Gø|%E´·hBP_RQ`_R@0BFdfu�EHG\E^_RgT[�CFEHdøBFJ'gT[Dù�NFuPdfQ`_{Q`NPQ\_e@0BÇl'@0B�~�¥���ú0¥0� _eBZ~ ¥��ûúP´¶�²EHG\[hJ'O{Q`E¾½
BFE^B�±�J']�_RORQ\@0BF@0³KE^G\JMQ`@0G

ĤSurr

_edfQ%CFE^G%©xG\@�CFNFL!Q`G\J'NF] HS ⊗HB

yKbø@0uKE^_²]�_RQ HSNFBFC HB

CF_eEk±�_eORu�EHGfQ\G`S'NF]�E CFE^dA©xG\_R]�SMG\dfr�dcQ`E^]�d uFqpb��0CFEHdøÄ¯J'CFE^dxuKE^qHE^_RgT[FBFEHQxbøE^Gª½
CFE^Bm�K|%_RE»ÄkJ'd\_Rd�CFE^d�ÄkJ'C�½Á±�_ROeuKE^GfQ\G`J'NP]�EHd HB

uF_ROeCFEHB�ÿ"�l�����	t��!½ NFBPC(ÿ"�l��������� &V�'½
®¡NFdfQ`S'BFCFE�yUCP_eEU�fEHbøE^_eORd�EH_eBÈJ'BFv0EHG\E^vMQ`E^d�uFqHb��UBF_RgT[}Qc½ªJ'BPv0E^GfE^v'Q\E^d²®�®�ù»dfr�]ËuK@0OR_ed\_RE^GfE^Bm�
wA_RBºEH_eBFqHE^ORBFE^d²®�®�ù�df³hJ'BFB!Q²CFE^]�BhJ'gT[ºE^_eBPE^BÈqpb¯EH_eCF_R]�EHBFd\_R@0BhJ'ORE^B»±�_ROeuKE^GcQ`G`JMNF]>J'NPVª�
¸%NPVXv0GfNFBFC�CFEHG¬]¨x'v0Oe_RgT[FE^B��@0]ËuF_RBhJMQ\_e@0B$CFE^G¬qpb¯EH_AÄkJ'd\_Rd\qHNFdfQ`S'BFCFE�J'OROeE^G

N
ÄkJMC�½

]�@�CFE^B
uKEHQ\G`S'v'QACP_eE�|%_R]�EHBFd\_R@0BÇCFE^døÄkJ'C�½ª±�_ROeuKE^GcQ`G`JMNF]�EHd
2N
�}|%_RE�|%_e]�E^BFdf_e@0B
CFEHd

©AGf@�CPNFL}G`J'NF]�E^d�_RdfQ�ChJ'BPB$CFNPG\gT[

dim(HS ⊗HB) = 2N dim(HS)
~ ¥���ú0ú0�

v0E^v0EHu�EHBm���5_RG\CÇChJ'dA©xGf_e]�S'G\dcr�dcQ`EH]ÐCFNFGfgT[�EH_eBFEÚ�(E^OROeEHBPVXNFBFL!Q`_R@0BËGfE^³FG\S'd\EHB}Q\_eEHGfQ�y'd\@
LMJMBFB�CFE^G¬®¡NFdfQ`J'BFC�CFE^d¬y�EHd`J']ÈQ\dfr�dfQ\E^]�d¬CFE^]�q^N�VX@0Oev0Eº]�_{Q�EH_eBFEH] ù�³P_eBF@0G%J'NFd

2N�9EHOeOeEHBPVXNFBFL!Q\_e@0BFEHB�u�EHd\gT[FGf_eEHu�EHB$bøE^G\CPE^Bm�
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ØÚÙ�ØÚÙ3Ø 
 ÞEÝ ßÚàJäåÝ�2ÞEædç?èGÝ ÜhÝu�3vEÞEædÞEÝ�?àGßXâ
s�] E^_RBFE�EHõ�E^L!Q`_{l0E�B}NF]�E^G\_Rd\gT[FE�¿Á]�³FOeEH]�EHB}Q`JMQ`_R@0BËCFEHGøv'E^d`JM]ÈQ`EHB)ù�r�dcQ`E^]Ç½ªÄ¯J'C�|�r!½
BFJ']�_RL�q^N�v!J'G\J'B!Q`_eEHG\EHBUy²]ËWPd\d\EHB°CP_eE

2N
ù�³F_eBP@0G\LM@0]�³K@0BFEHB!Q`E^B�uF_{QÁb¯EH_edfE�d\@0GcQ`_eEHGfQ

l'@0G\OR_eEHv0E^Bm�P�@0BPL�GfEHQ�uKE^CFEHNPQ`EpQ�CP_eE^d´yFChJ'dfd4CF_eE
j
½ Q`E¬�@0]�³K@0BFEHB!Q`E¬E^_RBFE»ù�³F_RBhJ'BF@'G\C�½

B}NFBPvºGfE^³FG\S'd\EHB}Q\_eEHGfQ�y}CF_RE4CFNFGfgT[�CF_RE�Ä¯_eBhSMG\ChJ'GfdfQ\E^OeORNFBFv%l'@0B
j
v0E^v'E^uKE^B�_edfQ^��ù�@¬b�_eGfC

uKE^_Rd\³F_RE^ORdfbøE^_edfE�CFNFG\gT[�CF_eE�µ���ù�³P_eBF@0GfL'@0]�³K@0BFE^B!Q\EË~�Ä¯_RQ\ChJ'G\dcQ`EHOeOeNPBFvF¨
5 = 20 + 22 →

101
�ãE^_RBFE�ù�³F_RBhJ'BF@'G\CFB}NFBFv%CFE^dAÄkJMCFE^dxChJMG\v0EHdfQ`EHOeO{Q�y¶u�EH_PCFEHG d\_RgT[ÇB}NFGxChJ'dG�������·NFBFC

CFJ'dJ���������E¯®�®�ùÇ_eB�E^_RBFE^] JMBFv0E^GfE^v'Q\E^BD®¡NPdfQTJMBFC�uKE´·hBPCFE^Bm�P|�J'uKE^_hbøE^G\CPE^B�CF_RE�Äø_RQ`d
l'@0B¹G\E^gT[!Q\dÈBhJ'gT[¹Oe_RBFL}d¬v0E^q^S'[FO{Q�NFBFC¹CF_eE�®�bøE^_{½ª®¡NFdfQ`J'BFC�½ªù�r�dfQ\E^]�EÇ]ËWFd\dfE^B(_eB�v0Ep½
EH_ev0BPEHQ`EHGG�(E^_Rd\EËCFNPG\gT[FB}NF]�]�EHG\_RE^GfQ%d\EH_eBm��|%_eEËù�³F_RB�½cn�³KE^G`JUQ`@0GfE^BZEH_eBFEHd¬J'NFd%E^_eBPE^]
EH_eBFqHE^ORBFE^BZ®�®�ù)u�EHdfQ`EH[FE^BPCFE^BZÄkJ'CFEHdË~

N = 1 , dim(HB) = 2
�

σ̂† =

(
0 0

1 0

)
, σ̂ =

(
0 1

0 0

) ~ ¥��ûú'¼}�
uP_eOeCPE^B)CF_RE�ÄkJMd\_edøq^NFGk�@0BFdcQ`GfNFL!Q`_e@'B�[?x0[FEHG\CF_R]�EHBFd\_R@0BhJ'ORE^G wxG\q^EHNFv0NFBPv0dc½ NFBPC)?AE^Gc½
BP_egT[!Q`NFBPv0d\@0³KE^G\JMQ`@'G\E^B¡�M|�_eEA_e];ÿ��d�������
	��ES��	��������E������	���E^B!Q\[hJ'ORQ\E^BFEHBËÄkJMCF@0³KE^G`JUQ`@M½
GfE^B)L�x0BFBFEHB�ChJ'BFB�d\NFL}qHE^d\df_Rl)J'NFd¯CPE^BDù�³P_eBF@0³KE^G\JMQ`@'G\E^BZ~ ¥���ú'¼!� J'N�VXv0E^uhJMNPQøbøE^GfCFE^B¡�
wx_RBFEºCPEHQTJM_eOe_RE^GcQ`E¬Ä¯EHd\gT[FGfE^_RuFNFBFv�CF_RE^dfE^G��@0BFdcQ`GfNFL!Q`_e@'B$CFEHG�ÄkJMCF@0³KE^G`JUQ`@0GfE^BÐ·hBFCFEpQ
df_egT[t_eB{ûµ0µ�}��

Y$_{Q¬CFEHGºÄøE^d\gT[PG\E^_RuFNFBFvtCFEHd»ù�r�dfQ`EH]
½ÁÄkJ'C(®¡NFdcQTJ'BFCPE^d�CFNFGfgT[
2N

�9EHOeOeEHBPVXNFBFL0½
Q\_e@0BPE^B�b¯EHG\CFEHB�J'OROeE�]¶x0v0OR_egT[FEHBtù�r�dfQ`EH]
½ÁÄkJ'C�½Á�@0GfG\EHOÃJMQ\_e@0BFEHB�u�EHG\WFgTL}df_egT[!Q`_Rv'Q��KI²WFG
EH_eBFED]¶x0v0OR_egT[FdcQÇL'@0GfG\EHL}Q\EZÄ¯J'CFuKE^d\gT[PG\E^_RuFNFBFv9_edfQ
EHd��fEHCF@�gT[°BF_RgT[!Q�_RB¸�fEHCFE^] IKJMOeO
qpb�_eBFv'E^BFCoEHGfVX@0GfCFE^GfOe_RgT[Uy¡JMOeOeE�]¶x0v0OR_egT[FEHBZ�@0]ËuF_RBhJMQ`_R@0BFEHB$CFEHG�ÄkJMd\_edfq^NFdcQTS'BPCFEËCFEHG
N
ÄkJ'CF]�@�CFE^BoqHNouKE�J'gT[!Q`EHBm��|�JMBFB�_edcQ�E^d%qHbøE^gTL}]�S�¥0_ev?yKCF_REÈ¸%BPq�J'[FO�CFE^G%E^G\OeJ'NFu�½

Q\E^B(d\_e]ÈNFORQ`J'BFE^B�¸�BFG\EHv0NFBFv0EHB(l'@0B�ÄkJMCF]�@�CFEHB¹qHN9uKE^dfgT[FG`S'BPL'E^B¡�²¿Á] w²Â�Q`G\EH]�V�JMOeO
L�x0BFBFEHB�B}NFG¬wx_eBPV�JMgT[hJ'BFGfE^v0NFBPv0E^B�_R] ÄkJ'CoqHNFv0E^OeJ'd\dfE^BobøE^GfCFE^BUy�b¯@�CFNFGfgT[�CF_eEÈ|%_{½
]�E^BPd\_e@'B°l0@'B HB

l0@0B
2N

J'NPV
N + 1

G\EHCFNFqH_eE^GcQ�b�_RG\Cm�ø|%_eEHd\EHG1§�uKE^Gfv!J'BFv(l0@0B
EH_eBFEHGÇEpÂ�³K@0BFE^B!Q\_eE^OROeEHB q^N�E^_RBFE^GËOR_eBFE^J'G\EHB�ù�LUJ'Oe_RE^GfNFBFvouKE^qHWFv0Oe_RgT[ CFE^GÇ¸�BFq�JM[FOkCFEHG
Ä¯J'CF]�@�CFEHBºl'E^G\Gf_eBFv'E^GfQ²CFE^BÈB�NP]�EHG\_edfgT[FE^BÇ¸�NPVib¯J'BFCË]¶x0v0OR_egT[FEHG·¸�B!b¯EHBFCFNFBFv'd\G\EHgT[�½
B}NFBPv0E^BDE^Gf[FE^uPOe_egT[¡�P|%NPG\gT[DE^_RBFE^BD�@0B!l0E^Gfv0E^BPqHQ`EHdfQ�u�EH_�dfNFL}q^EHd\d\_{l0EHG%wxG\[2x0[}NFBFvÇCFEHG
EHG\OeJ'NFuPQ\E^B9ù�_e]ËNPORQTJMBhJ'BFGfE^v0NFBPv0E^B�l0@'B�ÄkJ'CP]�@�CFE^B¹LUJ'BFB¹CF_eE
¸�³F³FG\@�Â�_e]�JMQ\_e@0BoVXWFG
CP_eE¦�fEHbøE^_ROe_Rv0E�ù�_R]ËNFOÃJUQ`_e@'B)v0EHQ\E^dcQ`EHQ�bøE^GfCFE^Bm�

¸�NPVKS'[FBFOR_egT[FEV�(E^_Rd\E¯LUJ'BPBÈCF_REkö�NhJ'OR_RQ`SMQ�CFEHG a%SM[FE^GfNFBFv%CPNFG\gT[ÇEH_eBFEHB�ÿ����������
	���
��	���������������	��ÇL'@0B!Q`Gf@0OeOR_eEHGfQ b¯EHG\CFEHBm�?�5_eE�u�EHG\E^_{Q`dkCFJ'G\v0EHOeEHv'Q�y�_edcQ4_e] y¬G\E^BPqHbøE^GfQ�EH_{½
BPE^GANFBFEHBFCFOe_RgT[FE^B�¸%BFq^J'[FOFl'@0B)ÄkJMCF]�@�CFEHBUy

N →∞ y'CFE^G4ÿ����������
	��� ��	���������������	��
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_eCFEHB}Q\_edfgT[�]�_RQ CFE^]ÕNPG\³FGfWFBFv0OR_egT[FEHBUy
îÀbkJM[FG\EHB�î%±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G²CPE^d�y¬E^d\J']ÈQ`dcr!½
dfQ`EH]�dH� |%NPG\gT[�E^_RBFE�wxG\[?x'[�NPBFv�l0@0B

N
LUJ'BPB d\@0]�_RQÈ³FG\_RBFq^_R³F_eEHOeOxCF_RE��@0B!l'E^G\v'E^BFq

CFE^G�Y$EpQ`[F@�CFE�v0EHQ\E^dcQ`EHQ�bøE^G\CPE^Bm�
|�_eEt¸%BFq^J'[FO�CFE^G�E^GcVX@0G\CFEHG\OR_egT[FEHB ÄkJ'CP]�@�CFE^B�_eB�E^_RBFE^G�ù�_R]ËNFOÃJUQ`_e@'B _edfQ�ChJMu�EH_

J'uF[hS'BPv0_ev�l0@'B°CFEHB�®¡EH_RQ`dfLUJ'OeEHB�CPE^d�ù�r�dfQ`EH]�d´yøCPE^d�ÄkJ'CFEHd�NFBPC-E^_RBFE^d
]¶x0v0OR_egT[FEHB
S'N?¥0EHG\E^BDIhEHOeCFEHd^�h|%_RE^dfE�wA_Rv0E^BPd\gT[hJMViQkCFE^G�ù�NPG\G\@'v!JMQ`E�±%J']�_eO{Q`@0BF_eJ'B�Y$EHQ\[F@�CFE¬LUJ'BFB
]�_{Q�CFE^GÈwABPE^G\v'_eEp½ª®¡E^_{QÈs�BFd\gT[FS'GfVXEHG\E^OeJMQ`_R@0B9uKE^v'G\WFBFCPEHQÈbøE^GfCFE^B+~Xd\_RE^[FE�¸%uFum�²¥��ûú!�p�
¿ÁBÇE^_eBPE^]ÐEHBFCFOR_egT[FEHB�ÄøEHQ`G\J'gT[!Q`NFBPv0d\qHE^_RQ\G`J'NP] LUJ'BFBÇChJ'dAwxBFEHG\v0_RE^df³�EHL}Q\G\NF]ÐCFE^dAÄkJ¶½
CFE^d�BF_egT[!Q�uKE^Oe_RE^uF_RvÇv0E^BFJ'NZJMNPVXv0E^O<x0dfQ�bøE^GfCFE^Bm�K¿ÁBFBFEHG\[hJMOeutCF_eEHd\E^d%®¡E^_{Q`_RB}Q\E^Gcl'JMOeOedø_edcQ
ChJ'[FEHG E^_RBFEkCF_Rd\L}G\EpQ`E�ÄkJ'CPu�EHd\gT[FGfE^_euPNFBFv»]�_{Q²EH_eBFEHG E^BFCPOe_egT[PE^BÇ¸%BPq�J'[FO�l0@0B�ÄkJ'CP]�@M½
CFE^B¹l0@0OROeL'@']�]�E^B�L'@'G\G\EHL!Q���|%_eE�®¡NFdcQTJ'BFCPd\CF_RgT[}Q\E�CFEHdºCP_ed\L}GfEHQ`EHB ÄkJ'CPE^d»_edfQ»ChJMu�EH_
NF]�v'E^L'EH[FGfQ�³FGf@0³K@0GfQ\_e@0BhJMO¡q^NP] v0EHb¯S'[FO{Q`EHBo®¡EH_RQ`_RB!Q`E^GclMJ'OeO��

} {

¸%uFuF_ROeCFNPBFv�¥��ûúP¨ã¿ÁB�EH_eBFEH] uKE^dcQ`_R]�]ÈQ\E^B�®¡E^_RQ\_eB!Q`EHGflMJ'OROxLMJMBFB�CF_RE)®¡NFdcQTJ'BPCFd\CF_RgT[!Q`E
CFE^G�ÄkJ'CPE^BFEHG\v0_RE^BDBF_egT[!Q�uKE^Oe_RE^uF_RvÇv0E^BFJ'NtJ'NPVXv0EHO�x0dcQ4b¯EHG\CFEHBm�

¸�NFdËCF_RE^dfE^GÈ¸�G\v0NP]�EHB}Q`JMQ`_R@0B9L�x0BFBFEHB�VX@0Oev'E^BFCFE
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u�EHd\gT[FGf_eE^uKE^B¡�!wx_eBFEøE^OeEHL!Q`G\@'BF_edfgT[FEk¸%BPG\E^v'NFBFv¬CFEHd ù�r�dfQ`EH]�d�b�_eG\CÇEHG\qHE^NFv'Q uFqHb��Mq^E^Gª½
dfQ�x'GfQãCFNFGfgT[ÈEH_eBFE ?AEHG\BF_RgT[}Q\NFBFv�uFqHb��¶wxGfq^E^NPv0NFBFv�E^_eBPE^GãÄkJ'CP]�@�CFE'��|%_eEA�@0³F³FORNFBFv0dª½
L'@0BFdcQTJ'B!Q\E

deri
LMJMBFBoChJ'uKE^_·E^B!QÁbøE^CFEHG�J'BhJ'OR@0v�q^N�~�¥��û¼P´¶��JMNFd%CFEHG%EHB}Q\d\³FGfE^gT[FEHBFCFEHB

ù�³�EHL!Q`G`JMOeCF_RgT[}Q\E¯@�CFE^G·CF_RG\E^L!Q J'NFd²EH_eBFEH]2]�_eL}Gf@0d\LM@0³F_edfgT[FE^BÇY$@�CPE^OeO!VXWFG�CF_eE¯ù�r�dfQ\E^]Ç½
ÄkJ'C�½��9EHgT[Fd\EHORb�_eGfL}NFBFvZ~�d\_RE^[FE»�J'³F_{Q`EHO�úP�ûúP�û¼!�¯J'uFv0EHOeEH_RQ`EpQ4b¯EHG\CFEHBm�

|�E^Gø©AGf@0q^EHd\d CFE^Gø|%EH³F[hJ'df_eE^GfNFBFv»b�_eG\C
CFNPG\gT[�EH_eBFE�EHOÃJ'dcQ`_edfgT[FE��9EHgT[Fd\EHORb�_RG\L}NFBFv
qHb�_edfgT[FE^B�ù}r�dcQ`EH]2NFBPCÇÄkJ'CÈl'E^GfNFG\d\J'gT[!Q��!|�JMu�EH_�b�_RG\CÈqpbkJMG²CF_RE¯©x[hJ'dfEkCFEHdxù�r�dfQ\E^]Ç½
q^NFdcQTJ'BFCPE^d%BP_egT[!QQ�fE^CF@�gT[ZCF_RE»ÄkJ'CFEHBFE^Gfv0_eE¬l0EHG`S'BPCFE^GcQ��K¿ÁB$CFEHG�ù�NFG\Gf@0v!JMQ\Eº±�J']�_eORQ\@M½
BF_ÃJ'B)Y$EHQ\[F@�CFE�LUJ'BFB�CF_RE%|�E^³hJ'df_eEHG\NFBFvÇ]�_RQøE^_RBFE^] EHOÃJ'dcQ`_edfgT[FE^BDwxBFEHG\v0_RE�J'NPdfQTJMNFd\gT[
qHb�_edfgT[FE^B+qHbøE^_�Ä¯J'CF]�@�CFEHB�]�@�CFEHOeOe_RE^GcQ�bøE^GfCFE^B¡��|�_eE^d)VXWP[FGfQ�qHN�z·E^Gf]�EHB5[?x0[FE¾½
G\E^G�n�G\CFB}NFBFv�uKE^qHWFv0OR_egT[oCFEHG¬wxG\qHE^NFv0NPBFv0dc½4NFBFCo?AE^GfBF_egT[!Q\NFBFv0df@0³�EHG`JMQ\@0G\EHB�_eBoCPE^B
�9EHgT[Fd\EHORb�_eGfL}NFBFv0df[hJ']�_eORQ\@0BF@0³KE^G\JMQ`@'G\E^B

Ĥnd
SB

NFBFC
Ĥed
SB

�0|%_eEkCP_ed\df_e³hJUQ`_Rl'E^B
©xG\@'q^E^dª½
d\E�CFEHG4Æ�E^OÃJ¶ÂFJUQ`_e@'B�NFBFC�CPE^G4|%EH³F[hJ'df_eEHG\NFBFv
df_eBFC)v'G\NFBFCPd`SMQ\q^Oe_RgT[)l0EHG\d\gT[P_eE^CPE^Bm�«I²WPG
CF_eE�Y$@�CFEHOeOe_RE^GfNFBFv�CFEHG Æ�EHOÃJUÂPJMQ\_e@0BË_RdfQAEH_eB
]¨x'v0Oe_RgT[FdfQ²uFG\EH_RQ`EHdøù�³�EHL!Q`G\NP]Ðl0@0B�ÄkJ'C�½
]�@�CFE^B°VXWFG�CF_REZEpõ¡EHL}Q\_Rl'E�wABPE^G\v'_eE�JMuFd\@0Gf³PQ`_R@0B-l'@0] ù}r�dcQ`EH] E^dfd\E^BPq^_eEHOeO��¯Ä¯EH_%CFEHG
|%E^³F[FJ'd\_RE^G\NPBFvÇ]ËWFdfd\E^B�CFJ'v0E^v'E^B)CF_RE%wxBFEHG\v0_RE^qHNFdfQ`S'BFCFE¬CFEHd4ÄkJ'CPE^d��}NhJMd\_{½ÀE^B!QTJMGfQ`EpQ
d\E^_RBUy0NF]ÐCFE^B�wxBFE^Gfv0_eE^J'NFdfQ`J'NFdfgT[�qHb�_Rd\gT[FEHB�CFEHB�Ä¯J'CF]�@�CFEHB
q^N
]�@�CFEHOeOe_RE^GfE^Bm�M|%_eEHd
u�EHCF_eBFvMQ¬J'NFgT[9y¡ChJ'dfd�VXWFG�EH_eBFEºd\_e]ÈNFORQ`J'BFEÇYt@�CFEHOeOR_eE^GfNFBFv�u�EH_eCFEHG�CF_Rd\d\_R³hJMQ\_Rl0EHG�©xG\@U½
q^E^dfd\EDqHbøE^_¯NFB!Q`E^Gfd\gT[F_RE^CFOR_egT[FE�¸�GfQ\E^B CFEHG
ÄkJ'CFuKE^dfgT[FG\EH_euFNFBPv0E^B�E^GcVX@0G\CPE^G\OR_egT[ df_eBFCm�
¸%N?¥0EHG\CFEH] ]ËNPd\d¬b¯EHv0E^B¹CFEHG¬E^OÃJMdfQ`_Rd\gT[FEHB(ù�r�dfQ`EH]
½ÁÄkJ'C�½��9EHgT[Fd\EHORb�_RG\L}NFBFvDuKE^_ CFEHG
ù�_e]ËNPOÃJMQ\_e@0BtCFE^G�|%E^³F[FJ'd\_RE^G\NPBFvDE^_eBPEÇ_eBF_{Q`_ÃJMOeE¬¸%BPG\E^v'NFBFvDCFE^G�Ä¯J'CF]�@�CFEHBZl0@'G`J'NFdª½
v0E^dfEHQ`qpQxb¯EHG\CFEHBm�!wx_eBPE4J'NFdcVXWF[FG\OR_egT[FEkÄ¯E^[hJMBFCFOeNPBFv¬CFE^G |%E^³F[FJ'd\_RE^G\NPBFv�]�_{Q²CFEHG ù�NFGª½
G\@0v!JUQ`E�±%JM]�_RORQ`@'BF_ÃJ'B�Y$EpQ`[F@�CFE»d\@Åb�_eE»Ä¯EH_e³F_RE^OeGfE^gT[FB}NFBPv0E^BÐ·hBFCFEHB$df_egT[t_eB{ûµ0µ�}��

È¶É�� ��@QÒÐÏzMJG(Ó�D°Î Ï MÐÎ�@�� ÎWG�G´Î ÏJ�uÓ��µÎÚÔ5M1Ö1ÏÐÓ°× =H�
I²WFG)CF_REo]�@0OeEHL�NPOÃJ'GfCPr�BhJ']�_ed\gT[PEoÄ¯EHd\gT[FGfE^_euPNFBFv�gT[FE^]�_edfgT[FE^GDwxOeEH]�EHB!QTJ'Gf³FG\@0qHE^dfd\E
]ËNFd\d�d\@Åbø@0[FO·CF_eEº¬E^G\B�½4J'ORd%JMNFgT[oCF_REÈwxOeEHL!Q`G\@'BFE^B}uKEHbøE^v0NFBPv�CFE^d�qHNouKEHQ`G\J'gT[!Q`EHB�½
CFE^B�?%_eEHORQ`EH_eORgT[FE^BFdcr�dfQ`EH] uKE^GfWFgTL}d\_RgT[}Q\_ev'Q¯b¯EHG\CFEHBm�P¸�NPVXv0G\NPBFC�CFE^Gø_e]Õ?AE^Gfv0OeEH_egT[�q^N
CFE^B��EHG\BFEHB)NF] l�_eEHGøuP_edAVXWFBPVãy¬G�x�¥0E^BF@'G\CFNFBPv0E^B�L�ORE^_RBFE^GfE^B)wxORE^L!Q`Gf@0BFE^BP]�J'dfd\E�u�E¾½
b¯EHv0E^B�df_egT[�CF_REËwxOeEHL}Q\G\@0BPE^BodfE^[FG%l�_RE^O·d\gT[FBFEHOeORE^G¬J'ORd�CP_eEË¬EHG\BFEËNPBFC�L�x0BPBFE^B�df_egT[
d\@0]�_RQ�V�JMdfQ�NFBF]�_RQfQ`EHOeuhJ'G%CFE^G¦�fEpb¯EH_eOe_Rv0E^B¹¬E^GfBFL'@'B2·hv0NFG\JMQ`_R@0B¹J'BF³hJMd\d\EHBm�·|%_eEHd�u�E¾½
v0G\WFBPCFEHQ4CP_eE�¸�BFBhJ'[F]�E�yPChJ'd\d4CP_eE¬¬E^GfB}u�Epb¯EHv0NFBFv
l0@0BDCFEHG4wxOeEHL}Q\G\@0BPE^B}u�Epb¯EHv0NFBFv
d\E^³FJ'G\_RE^GfQ²b¯EHG\CFEHB�LUJ'BFB9y'bkJMdxCFE^GxuKE^LUJ'BFB!Q\E^B�Ä¯@0G\B�½cn�³F³KE^BF[FEH_e]�E^Gª½ªa%SM[FE^GfNFBFv�EHB}Qc½
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df³FG\_RgT[!Qµ{ûµ�@�}��hwxd4b�_eGfCtB}NFBtq^NPBhS'gT[FdcQ%CF_RE¬d\gT[FBPE^OeORE�Ä¯EHbøE^v'NFBFv�CPE^G�wxOeE^L!Q\G\@0BFEHB$_R]
IhEHOeCZVXEHdfQ`v'E^[hJ'O{Q`EHBFE^G¬¬EHG\BFEËuKEHQ\G`J'gT[!Q\EHQ��m|%_eEµ�cx'd\NFBFv�CPE^G�dcQTJMQ\_e@0BhSMG\E^BZE^OeEHL!Q`G\@'BF_{½
dfgT[FE^B�ù�gT[FG�x�CF_eBPv0E^Gfv0OeEH_egT[}NFBFv�VXWFG·l�_RE^OeEAl0EHG\dfgT[F_eEHCFE^BFE�¬EHG\BFLM@0B2·hv0NPG`JMQ\_e@0BFEHBÈOR_eEHVXEHGfQ
CFJ'BFB wx_ev'E^BFEHBFE^Gfv0_eEHBUy�CP_eE�³hJ'G`JM]�EpQ`G\_Rd\gT[¹l0@0B CFEHB ¬E^GfBFL'@�@0G\CP_eBhJMQ\E^B9J'uF[hS'BPv0E^Bm�
s�B!Q`E^G�wx_RB�uKE^qH_eEH[�NPBFv
CFE^G�j¯@0NPOe@0]Ëu�½3�(E^gT[FdfE^ORb�_RG\L}NFBFv
CFEHG�¬E^G\BPE¬E^G\v'_euPQ4df_egT[DJ'NPd
CP_eE^dfE^B wx_Rv0E^BFEHBFE^Gfv0_eEHB�E^_RBFE�©�@'Q\E^B!Q`_eJ'O<;«SMgT[FE�yãb¯EHOegT[FE�CF_eE)y�GfNFBFCFOeJ'v0EÇVXWFGÈCP_eE�ù�_{½
]ÈNFOÃJMQ\_e@0B�CFE^G�¬E^GfB�uKEHbøE^v'NFBFv�CFJ'G\dcQ`E^ORORQ^�

|%_RE¹�EHG\B}uKEHbøE^v0NFBPv LUJ'BFB+d\@Åb¯@'[FO�L�OeJ'd\df_edfgT[#J'ORdDJ'NFgT[|��NFJ'B!Q`E^BP]�EHgT[hJ'BF_Rd\gT[
uKE^[FJ'BFCFEHORQDb¯EHG\CFEHBm��¿ÁB#CFEHGoY$@'OeE^L}NFOeJ'G\C�r�BFJ']�_RL>~�YZ|¬�)b¯EHG\CFEHB�CF_eE¹¬E^GfBFE(J'Oed
L}OeJ'd\df_ed\gT[PE�YZJ'dfd\E^BP³FNFBFL!Q`E¬uKEHQ\G`J'gT[!Q\EHQ�y�CFE^GfE^BD®¡EH_RQfl0E^GfOÃJ'N�V�d\_RgT[)CFNFGfgT[)CF_eEX�Lx0d\NFBPv
CPE^GÈL}OeJ'd\df_ed\gT[PE^B�a�Epb4Q`@0BPd\gT[FEHB°ÄøEHbøE^v0NFBPv0d\v0ORE^_RgT[�NPBFvoVXWFGÈCFJ'dÈuKEHQ\G`J'gT[!Q`EpQ`E)EHOeEHL!½
Q\G\@0BP_ed\gT[PE$©·@'Q`EHB!Q`_ÃJMOkE^Gfv0_euPQ^�²¸�NPVXv0G\NPBFC°CPE^G�YZJ'dfd\EHBF³FNFBFL!Q\u�EHd\gT[FGfE^_euPNFBFv _edcQÇCFEHG
B}NF]�E^Gf_edfgT[FE(¸�NPVib¯J'BFC#df@0OegT[PE^GDz�G\Jf�fE^L!Q\@0G\_RE^BFGfE^gT[FB}NFBFv'E^B>d\EH[FGtv0E^Gf_eBFv?yøb¯EHd\[hJ'ORu
]�_RQø]�@0OeEHL�NPOÃJ'GfCPr�BhJ']�_ed\gT[PE^BDù�_R]ËNFOeJMQ`_R@0BFE^B�J'NFgT[�?%_eE^O{Q`EH_eOegT[PE^BFdcr�dcQ`EH]�E�]�_RQøE^_RBFE^G
v'G\@"¥0EHB�¸%BFq^J'[FOKl0@0B�¸kQ\@0]�EHB

(N ∼ 101 . . . 106)
u�EH[hJ'BFCPE^ORQøb¯EHG\CFEHB$L�x0BFBFEHB{�µ���} �

¸�OeORE^G\CP_eBFv0døL�x0BPBFE^Bt]�_{QkEH_eBFEHG4L�OeJ'd\df_edfgT[FE^B$Ä¯E^[FJ'BFCFORNFBFv
CFE^G�¬EHG\BFCPr�BhJM]�_RL�]¶x0vM½
OR_egT[FEtö�NhJMB}Q\E^BFEpõ¡EHL!Q`EtBF_egT[!Q�u�EHG\WFgTL}df_egT[!Q`_Rv'Q
b¯EHG\CFEHBm� |�JMVXWFG
]ËWFdfd\EHB°CF_RED¬E^G\BPE
_RB�E^_RBFE^Gµ��NFJ'B!Q`E^BPCPr�BhJ']�_ed\gT[PE^B-ù�_e]ËNPOÃJMQ\_e@0B¹CFNFGfgT[©�(E^OROeEHBPVXNFBFL!Q`_R@0BFEHB�u�EHd\gT[FGf_eE¾½
uKE^BobøE^GfCFE^B¡�ã|%E^G¬B}NF]�E^Gf_ed\gT[PEË¸%NPVib¯J'BFC�_RdfQ�CFJ'u�EH_xJ'NPVXv'G\NFBFCZCFE^G�J'NPd\v0EHCFE^[FB!Q\E^B
ù}Q`G\NPL}Q\NFGÈCPE^G��9EHOeOeEHBPVXNFBFL!Q\_e@0B�d\EH[FGºl�_RE^OAv0G�x�¥0E^G»J'ORd»_RB(CPE^GÈY$@0OeEHL}NFOÃJ'GfCPr�BhJ']�_eL�y
bøE^df[hJ'ORu«�}NhJ'B!Q`EHBFCPr�BhJ']�_edfgT[FEDù�_R]ËNFOeJMQ`_R@0BFE^B�JMNPV¯?%_eE^O{Q`EH_egT[FEHBFdfr�dfQ\E^]�E^B(]�_{Q¬b¯E¾½
BP_ev0EHBt¸kQ\@0]�E^B

(N ∼ 100)
uKE^dfgT[FG`SMBFL!Q�d\_RBFCm�

¿Á] BhSMgT[FdfQ\E^B-¸�uFd\gT[PBF_RQfQ�df@0OeOkB}NFB°q^NFBFS'gT[FdfQ�CF_REZ®¡EH_RQ\E^B!QÁb�_egTL}OeNPBFv(CPE^G��9EHO{½
ORE^BPVXNPBFL!Q`_e@'B�EHG\OÃSMNPQ`EHGfQAb¯EHG\CFEHBUy�u�Epl0@0G¯J'BFd\gT[POe_eE´¥0E^BPC�CF_RE�B}NF]�E^Gf_edfgT[FE�|�JMG\dfQ\E^OROeNFBFv
CPE^G��9EHOeORE^BPVXNFBPL}Q\_e@0BPE^BDNFBFCtCFE^G�n�³KE^G`JUQ`@0GfE^BDu�EHd\gT[FGf_eEHu�EHB$b�_eGfCm�

ØÚÙ�, ÙzÛ 
 ÞEÝP�� ��� �Sâ3�QédÞ � ß áXÝ�~} ÝuvkvEÝLß�Q�àXß|��édÞ � ß
|�_eEËqHE^_RQ\Oe_RgT[FEËwxB!QÁb�_egTL}OeNPBFv$CPE^G¬¬E^GfB!b¯EHOeOeEHBPVXNFBFL!Q\_e@0B

Ψ(R̂, t)
G\EHd\NFO{Q`_RE^GfQ¬J'NFd�CFEHG

�Lx0dfNFBFv�CFE^G�qHE^_RQ`J'uF[hSMBFv0_ev'E^Btù�gT[FGzx�CP_eBFv0EHG\v0ORE^_RgT[�NPBFv

i
∂

∂t
Ψ(R̂, t) = Ĥ Ψ(R̂, t) ,

~ ¥��ý¼!ú!�

bø@0uKE^_�CFE^G¯±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G
Ĥ = T̂ +V (R̂)

CF_RE¬ù�NP]�]�E%JMNFd¯CFEH] L}_RBFEHQ\_ed\gT[PE^B
wxBFEHG\v0_RE^@0³KE^G\JMQ`@'G

T̂
NPBFC�CFEHG¯EHOeE^L!Q\G\@0BF_Rd\gT[FEHB�©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FE

V (R̂)
JMOedøI«NPBFL!Q`_e@'B
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ú��l¢E¡��ý÷�þ2��ú�ÿ¶���
CFE^G�¬E^GfBFL'@�@0GfCF_eBhJUQ`E^B

R̂
_RdfQ��¡|%_eEHd\E�y¬OeEH_egT[}NFBFv�LUJ'BFB�VX@0Gf]�JMO�CFNPG\gT[�CF_eEÈ¸%B!b¯EHB�½

CFNFBFv�CFE^d�®¡EH_RQ`EHB!QÁb�_egTL}OeNFBPv0d\@0³KE^G\JMQ`@'G\d

Û(t) = exp(−iĤt) ~ ¥��û¼0¼!�
J'NPV�CF_eE¬qHE^_RQ`J'uF[hSMBFv0_ev'EX�9EHOeORE^BPVXNFBPL}Q\_e@0B

Ψ(R̂, t0 + dt) = Û(dt)Ψ(R̂, t0)
~ ¥��û¼}µ'�

v0E^O<x0dfQAbøE^G\CPE^Bm��|%_eE%y¬G�x"¥0E�CFEHd4®¡EH_RQ`dfgT[FG\_{Q\Q\d
dt
_edfQ ChJMu�EH_KuKE^OR_eEHuF_ev¬b¯S'[FOeuFJ'G(y0bøE^BFB

CFE^GÈ±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G
Ĥ
qHE^_{Q`NFBhJMuF[hS'BFv'_evt_edfQ^�·Ä¯E^_ CFE^GÈÄ¯E^[FJ'BFCFORNFBFvZEH_eBFEHdËS'N�½

¥0E^GfE^B�I«EHOeCFEHdD_edfQDCFJ'v0E^v'E^B+CFE^G$®¡E^_{Q`dfgT[FG\_{Q\QD[F_RBFG\EH_egT[FEHBFC�L}ORE^_eB5qHN+b¯S'[FORE^BUy4NF]
CF_eEZ®¡E^_{QTJ'uF[FS'BFv0_Rv0L'EH_RQ
CFEHd)±%JM]�_RORQ`@'BF@0³KE^G`JUQ`@0GfdÇJ'uFqHNFuF_eORCFE^B¡�ø|�E^G�VX@'G\]�J'OeEt®¡EH_RQf½
E^B!QÁb�_egTL}OeNPBFv0d\@'³�EHG`JMQ\@0GxLUJ'BFB
CFNFGfgT[�l'E^G\dfgT[F_eEHCFE^BPE%©xG\@'³hJ'v!JMQ\@0G\EHB
ChJ'G\v'E^dfQ\E^ORORQ²bøE^Gª½
CFE^Bq{û§'¦f��§!¥�}��¯¿ÁB+CFEHGDl'@0G\OR_eEHv0E^BFCPE^B5¸%Gfu�EH_RQ�bøE^G\CPE^B#qpb¯EH_�CF_eEHd\E^Gt©xG\@'³hJ'v!JMQ\@0G\EHB
l0E^Gcb¯EHBFCFEpQ�yKCF_eE¬_R] VX@0ORv0E^BFCPE^BDL}NFG\q�l0@0Gfv0E^dcQ`EHOeORQ4bøE^GfCFE^B$d\@0OROeEHBm�

wxd�Oe_RE^v'Q�J'N�V CFEHG%±�J'BFCUy«CFEHB�®¡E^_{Q`EHB}QÁb�_RgTL}OeNFBFv'd\@0³KE^G\JMQ`@0G�_RBoy¬OeEH_egT[}NFBFv$~ ¥��û¼0¼!�
CFNFG\gT[ZE^_eBPEºÆ�E^_R[FE^BPE^B!QÁb�_egTL}OeNPBFv)uKE^q^WPv0Oe_RgT[$dfE^_eBPE^G�¸%B!b¯EHBFCFNFBPvDJ'NPV EH_eBFE��(E^OeORE^B�½
VXNFBFL!Q`_R@0BDChJ'G\qHNFdfQ\E^OROeE^B¡�hwx_eBFE¬df_e]�³FOeE�z�J�r�Oe@0GfE^B!QÁb�_egTL}OeNPBFv�EHGfbøE^_RdfQ�d\_RgT[��fEHCF@�gT[$J'ORd
B�NP]�EHG\_edfgT[5_eBFdcQTJ'uF_RO�y ChJ ChJ'BFB+CF_RE�®¡E^_{Q`NF]�L'EH[FG\dcr�]�]�EHQ`Gf_eEoCPE^GDq^EH_RQTJMuF[hS'BFv'_ev0EHB
ù�gT[FG�x�CF_RBFv0E^Gfv0OeEH_egT[}NFBFv l'E^G\OREHQ\qHQDb�_eGfCë{ý§P´(}��4|%EHGoj¯[FEHu!r�gT[PEHl�³FG\@'³hJ'v!JMQ\@0GZuKE^GfNF[!Q
E^uKE^BPV�J'OROed4JMNPV²EH_eBFEHG�Æ�EH_e[FEHBFE^B!QÁb�_egTL}ORNFBFv�CFE^d%®¡E^_{Q`E^B!QÁb�_RgTL�ORNFBFv0df@0³KE^G`JUQ`@0Gfd

Û(t) ≈
N∑

n=0

anΦn(−iĤt) , ~ ¥��û¼!§0�

b¯@0uKE^_��fE^CP@�gT[ÈJ'Oed·ÄkJ'df_ed·L'@0]�³FOREpÂ�E4j¯[FEHu!r�gT[PEHl�³�@'ORr�BF@0]�E
Φn

v0EHb¯S'[FO{Q�bøE^GfCFE^BÐ{ý§P´"y
§0ú�}���|%_eEHd\EÇ@0GcQ`[F@'v0@0BhJ'ORE^B�©·@0ORr�BF@0]�EÇd\_RBFC�_e]÷¿ÁB!Q`E^GclMJ'OeO

[−i, i] CFE´·FBF_eEHGfQ��ã|%JDCPE^G±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G
Ĥ
¸�G\v0NP]�EHB}Q�CFEHG�©�@0O{r�BP@0]�E¬_RdfQ(yP]ËNFdfd�d\E^_RBZwx_Rv0E^B!bøE^GfQ\d\³KE^L0½

Q`G\NP]þ_eBDChJMd4¿ÁB}Q\E^Gcl'JMOeO
[−1, 1]

l'E^Gfd\gT[F@0uKE^Btb¯EHG\CFEHBm�K|%_eEHd4b�_eG\CDCFNPG\gT[tCF_eE�Æ�E^BF@'Gc½
]�_RE^G\NPBFv

Ĥnorm = 2 · Ĥ − � ´ · (1
2
∆E + Vmin)

∆E
.

~ ¥��û¼7!'�
NF]�v'E^d\EpQ`qpQ��A|�J'uKE^_kb�_RG\C�]�_{Q

Vmin
CP_eE�]�_eBF_R]�J'ORE�³K@'Q\E^B!Q`_RE^OeORE�wxBFE^Gfv0_eE�uKE^qHE^_RgT[�½

BFEHQ^�²|%EHGËwxBFEHG\v0_RE^uKE^G\EH_egT[
∆E

CFE^dÈ±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G\d�b�_RG\C�JMNFdÈCFEHGË|%_{õ¡EHG\EHBFq
qHb�_edfgT[FE^BZCFE^] v0Gzx"¥'Q\E^BtNFBFCZCPE^] L}OeEH_eBFdcQ`E^B$wxBFE^Gfv0_eEHE^GcbkJ'GcQ`NFBPv0dfbøE^GcQ¬u�EHG\EHgT[FBFEHQ^�
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�5_RG\CDCF_REJ�9EHOeOeEHBPVXNFBFL!Q\_e@0BDB}NFG�J'NPV²E^_eBPE^G4E^ORE^L!Q`Gf@0BF_Rd\gT[FEHBo©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FE�³FGf@0³hJU½
v'_eE^GcQ�yFdf@
G\E^dfNFORQ\_eEHGfQ�CFEHG�wxBFEHG\v0_RE^uKE^GfE^_egT[

∆E = Tmax + Vmax − Vmin
~ ¥��ý¼
@!�

JMNFd
CFE^GÇ]�JUÂ�_e]�J'OeEHB�L}_eBFEpQ`_Rd\gT[FEHB-wxBFEHG\v0_RE
Tmax

NFBFC�CFE^B�]�JUÂ�_e]�J'OeEHB9NFBFC�]�_{½
BP_e]�J'OeEHB+³K@'Q\E^B!Q`_RE^OeORE^B�wxBFE^Gfv0_eEHB

(Vmin, Vmax)
��¿ÁB#CFE^G$_e] BhJ'gT[�VX@0Oev0EHBFCFEHB�¸%u�½

dfgT[FBF_{Q\QËl'@0G\v0EHdfQ\E^OeO{Q`EHB�CF_edfL}G\EHQ\E^B�y¬_RQfQ`E^GfChJ'GfdfQ`EHOeORNFBFvtCFE^dÇ©x[hJMd\E^BPG`J'NF]�E^dÈL�x0BFBPE^B
CP_eE^dfE�y¬G�x"¥0EHB>EpÂ�³FOR_eq^_{QoJMBFv0E^v'E^uKE^B>b¯EHG\CFEHBm�¬|%EHG�L}_eBFEpQ`_edfgT[FE ¸%B!Q\E^_eOºCFE^Goa�NFORO{½
³PNFBFL!Q`dfE^BFEHG\v0_RE

Tmin
b�NFG\CFE»_eBty¬OeEH_egT[}NFBFv$~�¥��û¼"@!�øl0EHG\BhJ'gT[POÃS'dfd\_evMQ��

�(E^BFB�CPE^G)±�J']�_eORQ\@0BF@0³KE^G\JMQ`@'GG�fE^CF@�gT[ ]�E^[FGfE^G\EZE^OeEHL!Q`G\@'BF_edfgT[FEo©·@'Q`EHB}Q\_ÃJ'O ;«SU½
gT[PE^B df@¶b�_REoJ'N2¥0E^GfCF_ÃJ'v'@0BhJ'OREtYZJMQ`Gf_{Â�E^ORE^]�E^B!Q`Et_eB�CFEHG�E^ORE^L!Q`Gf@0BF_Rd\gT[FEHB�ÄkJ'df_ed\CFJ'Gc½
dcQ`EHOeOeNPBFv�E^B!Q`[FS'ORQ(y¡]ËNFdfd¬CFE^G�wxBFEHG\v0_RE^uKE^GfE^_egT[

∆E
B}NF]�E^G\_Rd\gT[�uKE^dfQ\_e]�]ÈQ%bøE^GfCFE^B¡�

|%J'u�EH_x_edcQ¬BF_egT[!Q»NFB}uKE^CF_RBFv'Q�E^_RBFEËl0@'OeOedcQTS'BPCF_ev0EÈ|%_ÃJMv0@0BhJ'OR_edf_eE^GfNFBFv�CFE^d»±%JM]�_RORQ`@'B�½
@'³�EHG`JMQ\@0G\dkEHGfVX@0GfCFE^GfOe_RgT[UyPChJÇORE^CF_Rv0Oe_RgT[�CFEHG4L�ORE^_RBFdfQ\E¬NFBFCDCFE^G4v'G�x"¥'Q\E�wxBFE^Gfv0_eEHE^_ev'E^B�½
bøE^GcQ uKE^B?xMQ`_evMQ�b¯EHG\CFEHBm�0wx_eB»B}NF]�E^G\_Rd\gT[FEHd�?AEHGfV�J'[FGfE^Bºq^NFG�Ä¯E^dcQ`_R]�]ËNPBFv�CPE^G·u�EH_eCFEHB
E¾Â�Q`G\EH]�JMOeE^BtwxBFEHG\v0_RE^E^_Rv0E^B!bøE^GcQ`E�b�_eG\CD_RB$Æ�EHVª�U{�µ0µf}ãu�EHd\gT[FGf_eE^uKE^B¡�

|%_REºù�NFuFdcQ`_RQ\NPQ`_R@0B�l0@0Boy�ORE^_RgT[�NPBFv$~ ¥��ý¼7!0�¯_RB9~�¥��ý¼!§!�¯Oe_REHVXEHGfQ4ChJMBFBtVXWPG�CP_eE»®¡E^_{Qf½
EHB!QÁb�_egTL}OeNFBPv�CFEHG��9EHOeOeEHBPVXNFBFL!Q\_e@0B

Ψ(t) ≈ exp

(
−i
(

1

2
∆E + Vmin

)
t

) N∑

n=0

an(α)Φn(−iĤnorm)Ψ(0)
~ ¥��û¼
�0�

]�_RQ»CFEH] ©²J'G\J']�EpQ`EHG
α = ∆Et/2

�·¸%NPdÈCFEHGÇn�GfQ\[F@0BF@0Gf]�JMOe_RQ`SMQ`dfG\EHOÃJMQ\_e@0BZVXWPGºCF_RE
LM@0]�³FOeE¾ÂPEHBoj¯[PE^u!r�gT[FEHl�³K@0ORr�BF@0]�EºVX@'Oev0EHB�CF_eE�wxB!QÁb�_egTL}OeNPBFv0d\LM@�E�³�q^_eEHB!Q`E^B

an(α) =

∫ i

−i
dx

exp (iαx) Φn(x)√
1− x2

= 2Jn(α)
~ ¥���µ'¦!�

JMOedËÄøE^d\dfE^O{VXNFBFL!Q`_R@0BFE^B�EHG\dfQ\E^GË¸�GfQ
Jn(α)

�²|%_RE�LM@0]�³POeEpÂ�EHB-j¯[PE^u!r�gT[FEHl�³K@0ORr�BF@0]�E
dfE^ORuFdfQ�bøE^G\CPE^BZ]�_RQkE^_eBPE^G�Æ�E^L}NFG\df_e@0BPdfVX@0Gf]�EHO�u�EHG\E^gT[PBFEHQ^¨

Φn+1(x) = 2xΦn(x)− Φn−1(x) ,

Φ0(x) ≡ 1 , Φ1(x) = x .

~ ¥���µ�´¶�

I�WFGxCF_eE��@0B!l0EHG\v0EHBFq�CPE^G wxB}QÁb�_RgTL}OeNFBFv�b�_eGfC
CF_eE�wx_ev'E^BFdfgT[hJMViQ CFE^GAÄøE^d\dfE^O{VXNFBFL!Q`_R@0B
JMNFd\v0EHB}NPQ`qpQ�y«ChJ'dfd�CFEHG\EHBoIhNFBFL!Q`_R@0BFdcb¯EHGfQ�VXWFG�n¬GfCFB}NFBFv0EHB

n
v0Gzx"¥0E^G�J'ORd4CFE^G�©�J'G`JU½

]�EHQ\E^G
α
EpÂ�³K@0BFE^B!Q\_eE^ORO�]�_{Q�dfQ\E^_ev'E^BFCFEH]

n
JMuFBF_e]�]ÈQ^�F|%_RE»¸�BFq�JM[FOãCFE^G�E^GcVX@0G\CFEHG\OR_{½

gT[PE^B9z·E^Gf]�E
_RB¹CPE^Gºj¯[FE^u!r�gT[FEpl0E^B!QÁb�_RgTL�ORNFBFv¹_edcQ�CFE^df[hJ'Oeu¹CFNFGfgT[9CFEHB9©�J'G`JM]�EpQ`E^G
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α
NPBFC9ChJM]�_{Q¬CFNFGfgT[�CF_eE�®¡EH_RQ`dfgT[FG\_{Q\Q\v0G�x"¥'E

t
NFBFC(CFE^B�ù�³KE^L!Q`G\J'OeuKE^GfE^_egT[

∆E
CPE^d

±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G\dAVXE^dcQ`v0EHOeE^vMQ��
|�_eE¹ù�_R]ËNFOÃJUQ`_e@'B°CFEHGt®¡E^_{Q`E^B!QÁb�_RgTL�ORNFBFv�]�_RQ)CPE^] j¯[PE^u!r�gT[FEHl�³FGf@0³hJ'v!JUQ`@0Gt_edcQ

J'Oedf@�v0EHL'EHBFBFq^EH_egT[FBPEHQ¬l0@'BoE^_RBFE^G�_RQ\E^G`JUQ`_Rl'E^B$¸%B!b¯EHBFCFNFBPv�CFE^d¬±�J']�_eORQ\@0BF@0³KE^G\JMQ`@'G\d
J'NPV CP_eE��9EHOeOeEHBPVXNFBFL!Q\_e@0Bm�«|%J'u�EH_ã[hJ'BFCFEHORQ�E^d�d\_egT[$NF] E^_RBFEºJ'OeORv0E^]�E^_RBFv0WFO{Q`_ev'E�y}B}N�½
]�EHG\_edfgT[ÇEpÂPJ'L!Q`E�wxB!QÁb�_egTL}OeNPBFvºCPE^d ®¡E^_{Q`EHB}QÁb�_RgTL}OeNFBFv'd\@0³KE^G\JMQ`@0Gfd(y0CP_eEkLME^_eBPE4d\³KE^q^_RE^O ½
OeE^B�¸%BPVX@'G\CFEHG\NFBFv'E^B�J'B�CF_eE%ù�Q\G\NFL!Q`NPG¯CFEHGk±%JM]�_RORQ`@'BF@0³KE^G`JUQ`_e@'BËdfQ\E^OeO{Q���|%_RE�¸�BFq�J'[PO
CFE^G�BP@'QÁb¯EHBFCF_Rv0E^B�¿ÀQ\E^G`JUQ`_e@'BFd\dfgT[FG\_{Q\Q`EÈ_edfQ%ChJ'uKE^_�³FG\@0³K@0GcQ`_e@'BhJ'Oãq^NF] wxBFE^Gfv0_eE¾½c®¡E^_{Qf½
©A[FJ'd\EHBFG`J'NP]Èl0@0ORNF]�E^B

∆E∆t
�!|�JMd uKE^CPE^NPQ\EHQ J'NFgT[9y!ChJ'd\dxuKE^_PE^_eBPE^G ?AE^Gfv0G�x�¥0E^GfNFBFv

CFE^d�®¡E^_{Q`dfgT[FG\_{Q\Q`d
∆t

qHb¯J'GãCF_RE ¸%BFq^J'[FO!CFEHG�E^GcVX@0G\CFEHG\OR_egT[FEHB»z·E^Gf]�Ex_RB¬CFE^G·j¯[PE^u!r�gT[FEp½
l0E^B!QÁb�_RgTL�ORNFBFv»dfQ\E^_evMQ�y��fEHCF@�gT[
CF_RE�y�EHBhJ'NF_Rv0L'EH_RQxCPE^G Y$EpQ`[F@�CFE�BF_egT[!QAEH_eBFv0EHd\gT[FG\S'BFL!Q
b�_eG\C¡�m|%EHGÈj¯[PE^u!r�gT[FEHl�³FGf@0³hJ'v!JUQ`@0G»_edcQ¬ChJ'[FEHG¬u�EHd\@0BPCFE^Gfd»VXWFG�©AGf@0³hJ'v0JMQ`_R@0BFE^B�]�_RQ
d\E^[PG�v'G\@"¥0EHB$®¡E^_RQ\d\gT[FGf_RQfQ`E^Btv0EHE^_ev'BFEHQ^�

¿Á] y¬E^v'E^BFd\JMQ`q�q^NF] j¯[FEHu!r�gT[PEHl�³FG\@'³hJ'v!JMQ\@0GË]ËNPd\d»CF_eE�ù�Q`GfNFL!Q`NFG»CFEHdË±%JM]�_RO{½
Q`@0BF@'³�EHG`JMQ\@0G\d¬uKE^_xCFEHGºz·E^gT[PBF_eL�CFEHdËù�³FOe_{Q`³FGf@0³hJ'v!JUQ`@0Gfd�u�EHdfQ\_e]�]ÈQ`EÇÄøE^CF_RBFv0NFBFv'E^B
E^GfVXWPOeOeEHBm�U|%E^G ù�³FOR_RQ`³PG\@0³hJMv!JMQ`@'G·uFJ'd\_RE^GfQ²J'NPV«EH_eBFEH] dfr�]�]�EHQ\G\_Rd\gT[FEHBÇz�EH_eOeEHBÈCFEHdx±%J¶½
]�_RORQ`@'BF@0³KE^G`JUQ`@0Gfdø_RB�CF_eE»n�³KE^G`JUQ`@0GfE^B�CFEHG�L}_RBFEHQ\_ed\gT[PE^BtNFBFCD³�@MQ`E^B!Q\_eE^OROeEHB�wxBFE^Gfv0_eEM�
|%_eE
w²Â�³�@'BFE^B!Q`_eJ'ORVXNPBFL!Q`_e@'B�CFE^dº®¡E^_{Q`EHB}QÁb�_RgTL}OeNFBFv'd\@0³KE^G\JMQ`@0Gfd¬_eB(y¬OeE^_RgT[}NFBFv¹~ ¥��û¼0¼!�
b�_eG\CDChJMBFB$CPNFG\gT[

exp(−iĤ∆t) ≈ exp

(
− i

2
T̂∆t

)
exp

(
−iV̂∆t

)
exp

(
− i

2
T̂∆t

) ~ ¥�� µ0¥'�
J'BFv0EHBhS'[FEHGfQÐ{ý§'¼�}�� |%_RE^dfE)¸%³F³PG\@�Â�_e]�JMQ`_R@0B9_RdfQÇuF_RdÈqHNFGÇqHbøE^_{Q`E^B°n�G\CPNFBFv�_e] ®¡EH_RQf½
d\gT[FGf_RQ\Q

∆t
EpÂPJ'L!Q^��|%E^G�IhEH[FOeEHG�u�EHG\NF[!Q»J'N�VACFE^G�?AEHG\BhJ'gT[POÃS'dfd\_ev'NFBFv�CFEHG�a�_egT[!Qfl0E^Gª½

QTJ'NFdfgT[}uhJ'G\LME^_{Q%CFEHG�n¬³KE^G\JMQ`@'G\E^B�VXWFG4CP_eE�L}_eBFEpQ`_edfgT[FE�NFBFCt³�@MQ`E^B!Q\_eE^OROeE¬wxBFEHG\v0_RE'�
|�_eE�¸%B!bøE^BFCFNPBFvÇCFE^G E^_RBFq^EHOeBFEHB�w²Â�³K@0BFE^B!Q\_ÃJ'O{Q`E^Gf]�E�_RBZ~�¥���µ0¥0�xJ'NPV¡CF_eE��(E^OeORE^B�½

VXNFBFL!Q`_R@0B�E^GcVX@0Oev'Q%B}NFB�_eB�CFEHG�ÄkJ'd\_Rd\ChJMG\dfQ\E^OROeNFBFv2y¡_eB$b¯EHOegT[FEHG»CPE^G¬L}_eBFEpQ`_Rd\gT[FE
uFqpb��
³�@'Q\E^B!Q`_RE^OROeE wxBFE^Gfv0_eEH@0³�EHG`JMQ\@0G |�_ÃJ'v0@'BhJ'Oev'E^dfQ`J'ORQãuKE^df_RQ\qHQ��f�5_eGfCËCF_RE¦�(E^OeORE^BPVXNPBFL!Q`_e@'B
q^NF] Ä¯E^_Rd\³F_RE^OAB}NFGËEH_eBFCF_R]�EHBFd\_R@0BhJ'Ox]�_RQºE^_RBFE^GºLUJ'GfQ\E^d\_Rd\gT[FEHB ¸%uFdcQTJ'BPCFL'@�@0G\CP_eBhJMQ\E
ChJ'G\v'E^dfQ\E^ORORQ�yU_edcQ CFEHGxL}_eBFEpQ`_edfgT[FE�wxBFE^Gfv0_eEH@0³KE^G`JUQ`@0G�_e];¿Á]�³FNPOed\G\J'NF];NFBFCÇCFEHGx³�@MQ`E^B�½
Q`_eEHOeORE
wABPE^G\v'_eE^@'³�EHG`JMQ\@0GÈ_R] n¬GcQ`dfG`J'NF] CF_eJ'v0@0BFJ'O ��|�_eE¨�5_RG\L}NFBFvZCFE^dËL}_RBFEHQ\_ed\gT[PE^B
uFqHb��k³K@'Q\E^B!Q`_RE^OeORE^B-w Â�³K@0BFEHB}Q\_ÃJ'O{Q`EHG\]�d�_eB>~ ¥���µ0¥0�
E^GfVX@'Oev'Q�ChJ'BFB�]�_RQfQ`E^ORd�?AEHL!Q`@0Gª½
?AE^L!Q`@0Gª½cY$NPORQ`_R³FOe_RLUJMQ`_R@0BÈ]�_RQ CFEHG+�(E^OROeE^B�VXNFBFL!Q`_R@0B�_RB�¿Á]�³FNFORdc½�uFqpb��Fn�GfQ\d\G\J'NF]�ChJ'Gc½
dfQ`EHOeORNFBFvF�·I²WFG»CF_RE�©xG\@'³hJ'v!JMQ\_e@0B(WFuKE^GÈEH_eBFEHB�®¡E^_{Q`dfgT[FG\_{Q\Qº_edfQÈJ'ORd\@ZEH_eBFE�±�_RB�½%NFBFC
Æ�WFgTL!Q\G`J'BFdcVX@0G\]�JMQ\_e@0B�CFEHG¨�(E^OeORE^BPVXNPBFL!Q`_e@'B�qpb�_edfgT[FE^B�CFEHB uKE^_eCPE^B Ä¯J'd\_Rd\ChJ'GfdfQ\E^O{½
OeNFBFv'E^B»BF@'QÁbøE^BFCF_RvF�Uwx_eBFEAB}NF]�E^G\_Rd\gT[ºE´³�q^_RE^B!Q`E ¸%B!bøE^BFCFNPBFv�CFEHdxù�³FOR_RQ\³FG\@0³FJ'v!JMQ\@0G\d
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JMNPVãCF_eEG�9EHOeOeEHBPVXNFBFL!Q\_e@0B�NFB!Q`E^Gø?AE^GfbøE^BPCFNFBFv
l0@0B�LM@0G\GfE^df³�@0BPCF_eEHG\E^BPCFE^B$ÄkJ'df_ed\CFJ'Gc½
dcQ`EHOeOeNPBFv0E^B�b�_eGfC CFNFGfgT[�³Fd\EHNFCF@0df³�EHL}Q\G`J'OREo¸%ORv0@0Gf_RQ`[P]�EHB�b�_REZuKE^_edf³F_eEHOedcb¯EH_ed\EtCFEHG
Ih@0NPG\_eEHGc½ªY$EHQ\[F@�CPE%G\E^J'Oe_Rd\_RE^GfQG{ý§P´"y\§!µ�}��P|%_RE�_eB�CFE^Gøl0@0GfOe_eEHv0E^BPCFE^B�¸�G\uKE^_RQøl0EHGfbøE^BFCFE¾½
Q\E^B ³FdfE^NFCP@0d\³KE^L!Q`G\J'OeEHB�¸%Oev'@0G\_{Q`[F]�E^B�b¯EHG\CFEHB�q^NFd\J']�]�E^B9]�_{QÈCFEHGËB}NF]�E^G\_Rd\gT[FEHB
|%J'G\dcQ`E^OROeNFBPv�CPE^G��9EHOeORE^BPVXNFBPL}Q\_e@0B�_R]þBhJMgT[PVX@0Oev'E^BFCFEHB$¸�uFd\gT[PBF_RQfQ�EHG\OeS'NPQ`EHGfQ^�

|%EHG�ù�³FOR_RQ`³PG\@0³hJMv!JMQ`@'Gx_edfQkS'N?¥0EHG\dcQ4E´³�q^_RE^B!Q�y�ChJËCFEHGkB}NF]�EHG\_Rd\gT[FE�¸�NPVib¯J'BFC�CFEHG
©xGf@0³hJ'v!JUQ`_e@'B+³PG\@-®¡E^_RQ\d\gT[FGf_RQfQD_eCFEHB}Q\_edfgT[�]�_RQDCFEHGDE^_eBP]�J'OR_ev0EHB�¸%B!bøE^BFCFNPBFv CFEHd
±�J']�_eORQ\@0BF@0³KE^G\JMQ`@'G\dºJ'NPV�CF_eE1�(E^OROeE^B�VXNFBFL!Q`_R@0B _edcQ�� ¿Á] ?AEHG\v0ORE^_RgT[ ChJ'q^N�]ËNFdfd
EHQf½
b¯J�u�EH_e] j¯[FE^u!r�gT[FEpl�³PG\@0³hJMv!JMQ`@'G�VXWFGËJ'OeORE

N
z·E^Gf]�E�CFEHG
wxB}QÁb�_RgTL}OeNFBFv�CF_RE)¸%B�½

bøE^BPCFNFBFv¹CFE^dË±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G\d»J'NPV�CF_RE��(E^OeORE^BPVXNPBFL!Q`_e@'B9uKE^G\EHgT[FBFEpQ�bøE^GfCFE^B¡�
Æ�E^OeJMQ`_{l�_eE^GcQ
b�_eG\C-CF_eEHd°�fE^CF@�gT[�CFNFGfgT[�CF_eE$z²JUQ`d`JMgT[FE�ykCFJ'd\d�CFEHG�ù�³POe_RQ\³FG\@'³hJ'v!JMQ\@0G
[P_eBFGfE^_egT[PE^BFC�L}ORE^_eBPE�®¡E^_{Q`dfgT[FG\_{Q\Q`E

∆t
E^GfVX@'G\CFEHGfQ�{ý§0¦�}��·¿ÁB�CF_eEHd\EHGÇ|%_edfd\EHGfQTJUQ`_e@'B]·hB�½

CPEHQºCFE^GÈù�³FOR_RQ`³PG\@0³hJMv!JMQ`@'G�_eB¹CFE^B9J'NPV¯CFE^G»dfQ\@�gT[hJMdfQ`_Rd\gT[FEHB«�(E^OeORE^BF³FJ'L'EpQ`]�EHQ`[P@�CFE
uKE^GfNF[FEHBFCFE^B$ù�_R]ËNFOeJMQ`_R@0BFE^B�¸%B!bøE^BFCPNFBFvF�h¸�NPVXv0G\NPBFC�CFE^G4ù�Q`GfNFL!Q`NFGkCPE^d�ÿ����������
	���
��	���������������	��$EHGfVX@0ORv'Q�J'BFdf@0BFdcQ`E^B(CF_eEÇqHE^_{Q`Oe_RgT[FE
wxB!QÁb�_egTL}OeNFBPvZCFEHG��(E^OROeEHBPVXNFBFL!Q`_R@M½
BPE^Bt]�_{Q4CFE^] j¯[FE^u!r�gT[FEHl�³FGf@0³hJ'v0JMQ`@0GË~�df_eE^[PEº�J'³P_RQ`EHOãµ0�¾�

ØÚÙ�, Ù3Ø 
 ÞEÝ ßÚàJäåÝ�2ÞEædç?èGÝ8�]ÝLè��+ßGá�vEàXßGâÍáXÝ�~} ÝuvkvYÝLß�Q�àXß|��édÞ � ß
ÄøE^_¬CFEHGoù�_R]ËNFOeJMQ`_R@0B CFEHdZ©xG\@'q^E^dfd\EHdZCFEHGtOeJ'd\EHG\_RBFCFNFqH_eE^GcQ`EHB#|%EHd\@0Gf³PQ`_R@0B+d\@0ORO�CF_eE
|�r�BFJ']�_RL9JMCFd\@0GfuF_eEHGfQ\E^G
Y$@'OeE^L}WFORE)uF_RdËq^NFG
|�E^d\@'G\³PQ\_e@0B�]�@�CFEHOeOR_eE^GcQ�b¯EHG\CFEHBm�A|%_eE
l'@0G\OR_eEHv0E^BFCPE4¸%G\uKE^_{QxuKEHV�J'dfdfQ d\_RgT[�]�_RQ²E^_eBPE^Gxd\@'OegT[FEHB)ù�_R]ËNFOeJMQ`_R@0BÈE¾ÂPEH]�³POÃJ'Gf_ed\gT[ÇVXWFG
CPE^B�I«J'OROFE^_RBFE^d¯a�n�½cY$@'OeE^L}WFORd(y0bøE^ORgT[FE^d4JMB�E^_RBFE�a�_in
~ª´Å¦0¦!�À½cn�u�EHGz;«SMgT[FE�J'CFd\@'G\uF_RE^GfQ
_RdfQ^�0|�J'uKE^_Pd\@0ORO�CF_RE^dfE^dxqHbøE^_eJMQ`@']�_Rv0E4Y$@'OeE^L}WFO�CFNFGfgT[�CFGfE^_PI«GfE^_R[FE^_{Q`d\v'G`J'CFEøu�EHd\gT[FGf_eE¾½
uKE^BDbøE^G\CPE^BUyhbøE^OegT[PEº_RBt¸�uFum�K¥���µÈl0EHG`J'BFdfgT[hJ'NFOR_egT[!Q�d\_eBPCm�

I²WPG¯E^_RBFE%E�³�q^_eEHB!Q`E¬B}NF]�E^G\_Rd\gT[FE�Ä¯E^dfgT[FG\EH_euFNFBPvÇCFE^G4|�r�BFJ']�_RL
CFE^dkqpb¯EH_ÃJMQ\@0]�_{½
v'E^BFB�Y$@0ORE^L}WFOedxuP_eEHQ\EHQAdf_egT[
E^_RBFE�|%_edfL}G\EHQ\_edf_eE^GfNFBFv�CFEHdø©x[hJMd\E^BPG`J'NF]�E^døJ'Bu{ý§P´(}��!|%_eE
LM@0]�³FOeE¾ÂPE+�9EHOeORE^BPVXNFBPL}Q\_e@0B�b�_eGfCÈ_R];n¬GcQ`dfG`J'NF];J'N�VhE^_RBFE^]2y¬_RQ\Q\E^GãChJ'Gfv0E^dcQ`EHOeORQ(yÅb¯@M½
CPNFG\gT[tE^_RBtCP_ed\L}GfEHQ`EHG�±�_ROeuKE^GfQ\G`J'NP] LM@0BFdfQ\G\NF_RE^GcQ4b�_eG\C¡�h|%_eE�?AEHGfQ\E^_eORNFBFvËCPE^G�CF_edfL}G\Ep½
Q\E^BZy�_{Q\Q\E^G\³PNFBFL!Q`E¬b�_eGfC�b¯EHd\E^B!Q\Oe_egT[$CFNFGfgT[ZCF_RE»ù�Q`GfNFL!Q`NFG�CFEHd%±�J']�_RORQ\@0BF@0³KE^G\JMQ`@0Gfd
uKE^EH_eB2;FNFd\dcQ���Y$_RQAv'E^E^_Rv0BFEpQ`E^B�³Fd\EHNFCF@0df³�EHL!Q`G`JMOeE^B�¸%ORv0@0G\_{Q`[F]�E^BËb�_RG\C
ChJ'BPB�EH_eBFE�EHVÃ½
VXEHL!Q`_Rl'E¬z�G\J'BFdcVX@0G\]�JMQ`_R@0B)qpb�_ed\gT[PE^BZCPE^BDL'@0GfG\EHd\³K@0BFCF_RE^G\EHBFCFEHBoÄkJ'df_edfChJ'G\dcQ`EHOeOeNPBFv0E^B
v'EHb¯S'[FG\ORE^_RdfQ`EpQ�y«b¯@�CFNFGfgT[�CF_eEº¸%B!b¯EHBFCFNFBPv$CFEHd¬±%JM]�_RORQ`@'BF@0³KE^G`JUQ`@0Gfd�JMNPVACF_eE°�9EHO{½
ORE^BPVXNPBFL!Q`_e@'B�G\E�JMOe_edf_eEHGfQ%b�_RG\Cm�m|%E^G¬CFGfE^_RCF_e]�E^BFdf_e@0BFJ'OeEº±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G(y«CFEHG¬CF_eE
|�r�BFJ']�_RLºEH_eBFEHdxqHbøE^_eJMQ`@0]�_ev'E^B
Y$@'OeE^L}WFORd ]�_RQ�CFE^B
¸kQ`@']�EHB�CPE^GAYZJMd\d\EHB

MA

uFqHb��
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MB

uKE^dfgT[FG\EH_euPQ(yKOeJ'NPQ\EHQ�¨

Ĥ = T̂trans + T̂rot + V̂

= − 1

2M

∂2

∂Z2
− 1

2µd2

(
1

sinϑ

∂

∂ϑ
sinϑ

∂

∂ϑ
+

1

sin2ϑ

∂2

∂ϕ2

)
+ V (Z, ϑ).

~ ¥�� µ'ú0�

|�J'uKE^_Fb�_eGfC
]�_{Q
d
CPE^G ¸%uFdcQTJ'BFC�qHb�_Rd\gT[FEHB�CFEHB�uKE^_RCFE^B
¸kQ`@']�EHB�CFEHd J'CFd\@'G\uF_RE^GfQ\E^B

Y$@0OeEHL}WFOed�u�EHq^EH_egT[FBFEpQ���|�_eE»L�_RBFEHQ\_edfgT[FEÇwxBFE^Gfv0_eEºCFE^d¬Y$@0OeEHL}WFOed�d\EHQ\qHQ¬df_egT[�JMNFd%CFEHG
z�G\J'BFd\OeJMQ`_R@0BFdfE^BFEHG\v0_RE

T̂trans
CFE^GËù�gT[!b¯EHG\³FNPBFL!Q`d\uKEHbøE^v'NFBFv�]�_RQ»CFEHGÇy¬E^d`JM]ÈQ`]�J'dc½

d\E
M = MA + MB

NFBPC(CFEHG»Æ�@'Q`JMQ`_R@0BFdfE^BFEHG\v0_RE
T̂rot

CPE^G»Æ�EHOÃJMQ\_Rl�uKEHbøE^v0NFBPvt]�_RQ
CFE^G4GfE^CFNFqH_eEHGfQ`EHB$YZJ'd\dfE

µ = MAMB/(MA +MB)
qHNFd`JM]�]�E^Bm�P|�JÇCF_eE»n�³KE^G\JMQ`@M½

G\E^B
T̂trans

NFBFC
T̂rot

LME^_RBFE^Bov'E^]�E^_eBPd`J']�E^BoùPJMQ`q»l0@0B�wx_Rv0E^BPVXNPBFL!Q`_e@'BFE^BouKE^df_RQ\q^E^B9y
]ËWFd\dfE^BoVXWFG�CF_eEºB}NF]�EHG\_Rd\gT[FEÈÄ¯E^[hJMBFCFOeNPBFv)CFEHG�LUJ'GfQ\E^d\_Rd\gT[FEHB�¸%uFdcQTJ'BPCFL'@�@0G\CP_eBhJMQ\E
Z
NFBPCZCFEHG��5_RBFL'EHOeL'@�@0GfCF_eBhJUQ`E^B

(ϑ, ϕ)
NPB}Q\E^Gfd\gT[F_RE^CFOR_egT[FEº³Fd\EHNFCF@0df³�EHL}Q\G`J'OREº¸�Oev0@U½

G\_RQ\[F]�E^BDJ'BFv'EHbøE^BFCFEpQ�bøE^GfCFE^B¡�

O O

N

O

Ni

ϕ

ϑ

O O

N

O

NiO O

N

O

Ni

Z

¸%uFuF_ROeCFNPBFv�¥���µ�¨�|�J'GfdfQ`EHOeORNFBFv�CPE^G�uKEHQ\G`J'gT[!Q`EpQ`EHB(�@�@'G\CF_RBhJMQ`EHBZqHNFG�Ä¯EHd\gT[FGfE^_RuFNFBFv
CFE^dxJMCFd\@0GfuF_eEHGfQ\E^B
Y$@'OeE^L}WFORd^¨UCFE^G�¸%uFdcQTJ'BPCÇCFE^dAù�gT[}bøE^Gf³FNFBFL!Q\E^d CFE^d qpb¯EH_ÃJMQ\@0]�_ev0EHB
Y$@0OeEHL}WFOedËqHNFG�n�u�EHGz;«SMgT[FE

Z
y CFEHG
©�@0OeJ'Gfb�_RBFL'EHO

ϑ
qHb�_Rd\gT[FEHB�Y$@'OeE^L}WFOeJ'gT[FdfE�NFBFC

n¬uKE^GY;«S'gT[FEHBFBF@0Gf]�JMOeE¬NFBFCtCFEHG�¸�q^_R]ËNPQÁb�_eBPL'E^O
ϕ
�

I�WFGÈCF_RE)�@0BFdfQ\G\NFL!Q\_e@0B CFEHd
n�GfQ\d\G`JMNF]�v'_RQ\Q\E^Gfdº_RB�CFE^GÈ¸%uFdcQTJ'BFCPL'@�@0G\CF_RBhJMQ\E
Zb�_eG\C�EH_eBFEtS��}NF_RCF_edcQTJ'B!Q`E�?AEHGfQ`EH_eORNFBFv�l0@0B

NZ
y¬_RQfQ`EHG\³FNFBPL}Q\E^B

Zj
JMNPV%EH_eBFEHG�y�E¾½

d`J']ÈQ\OÃS'BPv0E
L
J'BPv0E^BF@']�]�E^Bm�m|%_eE��(E^OeORE^BPVXNPBFL!Q`_e@'B¹LUJ'BPB(ChJMBFB9JM] ©xNFBFL!Q

Zj
_RB

E^_eBPE�ÄkJMd\_ed {gk(Z)} JMNFd NZ

@0GcQ`[F@0v'@0BhJ'ORE^B(I«NPBFL!Q`_e@'BFE^B�EHB!QÁb�_egTL'EHORQËbøE^GfCFE^B¡�²¿ÁB
CFE^G�Ih@0NFGf_eE^Gª½cY$EpQ`[F@�CFE�{ý§P´(}¡b�_eG\CtE^_RBFE�ÄkJ'df_ed�J'NPd�EHu�EHBFE^Bu�9EHOeORE^B

Ψ(Zj) =

NZ/2∑

k=−NZ/2+1

akgk(Zj) =

NZ/2∑

k=−NZ/2+1

ak exp

(
i2π

kZj
L

) ~ ¥�� µM¼!�

J'Oed�@0GfQ\[F@0v0@'BhJ'OeEHd�IhNFBFL!Q\_e@0BFEHBFdfr�dcQ`E^] v0EHb¯S'[FO{Q���|%_eEHd\E
Ih@0NFGf_eEHG\E^B!QÁb�_RgTL�ORNFBFv)dcQ`EHOeORQ
E^_eBPE^B�ù�³KE^qH_ÃJ'O{V�J'OeO²E^_eBPE^GºwAB!QÁb�_RgTL�ORNFBFv�_RB9E^_RBFE^] ùPJUQ`q�@'GfQ`[P@0v0@0BhJMOeE^G»IhNFBFL!Q\_e@0BFEHB



ï��q�A��õ�£��ý÷
 �ú�¤2¡�� ÷?¡�õ���¡� � )¡��
øUú���¡�¢E÷�þ2��ú�ÿ¶��� �)�
CFJ'G(y}b¯EH_eO�CFE^G4|�E´·hBF_{Q`_R@0BFd\uKE^GfE^_RgT[)CFE^GkÄkJ'd\_RdfVXNFBPL}Q\_e@0BPE^B)BF_RgT[!Q4L'@0B!Q\_eB}NF_eEHG\OR_egT[�NPBFC
NPB�uKE^dfgT[FG`SMBFL!Q�yKd\@0BFCPE^G\BtCF_Rd\L}G\EpQ�NFBFCtu�EHd\gT[FG\S'BFL!Q%_RdfQ^�h|%_eE�wxB!QÁb�_egTL}ORNFBFv0dfL'@�E´³�q^_ ½
EHB!Q`E^B

ak =
1

NZ

NZ∑

j=1

Ψ(Zj) exp

(
−i2πkZj

L

) ~ ¥���µ0µ0�

EHB!Q`d\³PG\E^gT[PE^B CFEHG
CF_edfL�GfEHQ\E^B°I«@'NFG\_RE^Gc½Àz�G\J'BFdcVX@0G\]�_eEHGfQ`EHB9CFEHG��9EHOeOeEHBPVXNFBFL!Q\_e@0B�NPBFC
dcQ`EHOeOeEHB ChJ']�_RQ�CF_REZ¸%]�³FOR_RQ`NPCFE$CPE^G��(E^OROeE^B�VXNFBFL!Q`_R@0B-_R] ¿Á]�³FNFORd\G\J'NF] ChJ'GH�¯|�JMd
CFJ'CFNFGfgT[ZE^Gfq^EHNFv'Q`E»CF_Rd\L}G\EpQ`E»¿Á]�³FNPOed\G\J'NF]�v0_RQfQ`EHG¯_edcQ�E^uKE^BPV�J'OROed4S���NP_eCF_RdfQTJMB}Q�]�_RQ4EH_{½
BPE^] y¬_RQfQ`EHG`J'uFdcQTJ'BPC

∆p = 2π/L
�²¸�BFCFE^GfE^Gfd\E^_{Q`d
[hS'BPv'Q�J'NPVXv0GfNFBFC�CFEHG
I«@'NFG\_RE^Gc½

z·G`JMBFdfVX@0Gf]�JUQ`_e@'BÈJ'NPgT[ÇCFE^G�¸%uFdcQTJ'BFCÇCPE^Gxy¬_RQfQ`EHG\³FNFBPL}Q\E¯_R]Ðn�GcQ`d\G\J'NF] WFuKE^G
∆Z =

π/pmax
CF_eGfE^L!Q
]�_RQËCPE^] ]�JUÂ�_e]�J'OeEHB�¿Á]�³FNFOedÈCFE^G
z·G`J'BFdfOÃJMQ\_e@0BPd\uKEHbøE^v0NFBPv

pmaxqHNFd`JM]�]�E^Bm�
¿ÁB°CF_eEHd\E^G�CF_Rd\L}G\EpQ`E^B°¿Á]�³PNFOedfG`J'NF]�ChJ'GfdfQ\E^OeORNFBFv�CFEHG¶�(E^OROeEHBPVXNFBFL!Q`_R@0B�u�EHd\_{Q`q^EHB

n�³KE^G\JMQ`@0GfE^BUy¡CF_eEË]�_RQ%CFE^] ¿Á]�³FNPOed\@'³�EHG`JMQ\@0G
p̂ = −i ∂

∂Z

LM@0]�]ÈNPQ`_RE^G\EHBUymEH_eBFEËCP_ÃJU½
v'@0BhJ'ORE�YZJMQ`Gf_{Â�ChJ'GfdfQ\E^OeORNFBFvF�'|%_eEHdxQ`G\_{õ�Q _eBFdfu�EHd\@0BFCPE^G\E�J'NFgT[�J'NPV�CFE^B�n�³�EHG`JMQ\@0GxCFEHG
z·G`JMBFd\OeJMQ`_R@0BFd\EHBFE^Gfv0_eE

T̂trans
J'NFd¬y�ORE^_egT[}NFBPv�~ ¥�� µ'ú0��q^N¡�m|%_RE^d\EHG¬LUJ'BFB�J'ORd\@)_R] ¿Á]
½

³PNFOedfG`J'NF]Õ]ÈNFORQ\_e³FOR_eLUJMQ`_{lºJ'NPV�CF_RE��9EHOeOeEHBPVXNFBFL!Q\_e@0B�J'BFv0EpbkJMBFCPQ¯bøE^GfCFE^B¡�Fs�] EH_eBFEHB
B}NF]�E^Gf_edfgT[ÈE´³�qH_eE^B!Q\E^B��(E^gT[Pd\E^O�qHb�_Rd\gT[FEHBËCFEHBÈuKE^_eCPE^B»L'@0GfG\E^df³�@'BFCF_eEHG\EHBFCFE^BËÄkJ'd\_Rdc½
CFJ'G\dcQ`E^OROeNFBPv0E^BoCPE^GX�(E^OROeE^B�VXNFBFL!Q`_R@0BZqHN�G\E�JMOe_edf_eEHG\E^B9yKuP_eEHQ\EHQ%d\_egT[�CP_eEº?AEHGfbøE^BFCPNFBFv
l'@0B d\gT[PBFE^OROeE^B�I«@'NFG\_RE^GfQ\G`J'BPdfVX@0Gf]�JMQ\_e@0BPE^B°~�I I�z��ºJ'Bm��|%_RE^d\E�b¯EH_ed\EHB E^_RBFE�dfE^]�_eOe_ ½
BPE�J'GfE�ù�LUJ'OR_eEHG\NFBFv

NZ log(NZ)
u�EHq^WFv'Oe_egT[�CFEHG l'E^GfbøE^BPCFEHQ\E^B$y�_{Q\Q\E^G\³PNFBFL!Q`q^J'[FO

NZJMNPVª�
|%_RE��5_RG\L}NFBFv�l0@0B

T̂trans
J'NPVxCP_eE»CF_edfL�GfEHQ\E��(E^OeORE^BPVXNPBFL!Q`_e@'B

Ψ(Zj)
b�_RG\CoJMOed\@

BFJ'gT[

T̂transΨ(Zj) = ZFFT
p2
j

2M
Z†FFTΨ(Zj)

~ ¥���µ'§!�
b�_RE¬VX@0Oev'Qku�EHG\E^gT[PBFEHQ^¨¡|%NPG\gT[oEH_eBFE»Ih@0NFGf_eE^GcQ`G\J'BFdfVX@'G\]�JMQ`_R@0B�_RB$CFEHG�¸%uFdcQTJ'BFCPd\L'@�@0Gª½
CP_eBhJMQ\E

Z†FFT
BhJMgT[ y¬OeEH_egT[}NFBFv°~ ¥�� µ0µ'�ºb�_eG\C�CF_RE1�9EHOeORE^BPVXNFBPL}Q\_e@0B

Ψ(Zj)
_eB�CFEHB

¿Á]�³FNFORd\G\J'NF] Q`G\J'BFdcVXE^G\_RE^GcQ�yAb¯@�df_eEZJ'BFd\gT[POe_eE´¥0E^BPC�J'B/�fEHCFE^] y¬_RQ\Q\E^Gf³FNFBFL!Q
pj
_R]

¿Á]�³FNFORd\G\J'NF]�v0_RQfQ`E^G ]�_RQøCFE^]þwA_Rv0E^B!bøE^GcQ`d\³KE^L!Q\G\NF]þl'@0B
T̂trans

]ËNFO{Q`_R³FOe_Rq^_eEHGfQxb�_RG\Cm�
a�J'gT[�CFE^G�J'uFd\gT[POe_eE´¥0E^BPCFE^B�_RB}l'E^Gfd\E^B(Ih@0NFGf_eE^GcQ`G\J'BFdfVX@'G\]�JMQ`_R@0B

ZFFT
_RBoCFE^B¹n�GcQ`dc½

G\J'NF] _edcQ�CF_REÈÄøE^G\EHgT[FB}NFBFvtCFE^G��5_eGfL�NPBFv�l0@'B
T̂trans

J'NPVACP_eE��(E^OROeEHBPVXNFBFL!Q`_R@0BZ_R]
n�GcQ`d\G\J'NF]

Ψ(Zj)
JMuFv0E^dfgT[FOe@'d\d\EHBm�«|%_REX�5_eGfL�NPBFvÇCFE^d�n�³KE^G`JUQ`@0GfdkCFE^G¯³�@'Q\E^B!Q`_RE^OROeE^B

wxBFEHG\v0_REÇu�EHdfQ\E^[!QËJMNPVXv0G\NPBFC(CPE^G�|%_eJ'v0@0BhJMOe_RQ`SMQ�CFE^dÈn�³�EHG`JMQ\@0G\d¬_R]Ín�GfQ\d\G`JMNF] J'NPd
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)〈Ψ(t, τj)|Â|Ψ(t, τj)〉∑M

j=1 exp(− τj
τ

)

~�ú�� ¥0�

JMNFdÈCFEHGÈ_RBFL'@0[FS'G\EHB}Q\E^B�ù�NF]�]�E�CFE^GºwxGfb¯J'GfQ\NFBFv0dcb¯EHGfQ`E�CPE^GÈEH_eBFqHE^ORBFE^B�z·G`J��fE^L!Q`@M½
Gf_eEHBUy�bøE^ORgT[FEÇBhJ'gT[�CFEH] EpÂ�³K@0BFEHB}Q\_eEHOeOeEHB�®¡E^GcV�J'OeORd\v0EHd\EpQ`qÈv'EHb�_egT[!Q\EHQ�d\_RBFCm�¡|%_eEÇÆ�Ep½
df@0BhJ'BPq^OeEHu�EHBFd\CFJ'NFE^G

τ
CFE^dºJ'BFv0EHG\EHv'Q`EHB ®¡NFdcQTJ'BFCPE^d»v0E^[!Q»ChJ'uKE^_AJ'ORd�L'@�@0G\CF_RBhJMQ\E^B�½

NPBhJ'uF[hSMBFv0_ev'E^Gk©�J'G`JM]�EpQ`E^G¯_eB�CF_RE�Y$_RQfQ`EHOeNFBFvºE^_RBm�F|%_RE�_e] ?AE^Gfv0OeEH_egT[)qHNFG�Yoj¦�+I·½
YtEHQ`[P@�CFE�u�EHd\dfE^G\EHB��@0B!l'E^G\v'E^BFqHE^_ev'E^BFdfgT[hJMViQ`EHB°L�x0BFBFEHB�CFNFGfgT[ CF_eE
z�JMQ`d\J'gT[FE)uKEp½
v'G\WFBFCPEHQ¯bøE^GfCFE^B9yPChJ'dfdkCF_RE�z·G`Jf�fEHL!Q`@0Gf_eE^B�]�_{QøCPE^B)v0Gzx"¥'Q\E^B1��EHu�EHBFd\ChJMNFE^GfBt_R]ÕJ'B�½
v'E^G\EHv'Q`EHB$®¡NFdfQ`J'BFC)VXWFG4CF_RE�|%EHd\@0Gf³PQ`_R@0BDCF_eE%v0G�x"¥MQ`E�ÄøE^CFEHNPQ`NFBPv�[hJMu�EHBm�F¸%N�VXv0G\NFBPC
CPE^dAa�@'G\]Èl'E^G\ORNFdfQ\L}G\_RQ\E^Gf_eNF]�d�VXWFG²CFE^B�§�u�EHG\v!J'BPv�l0@0]ÐJ'BFv0EHG\E^vMQ`E^B�®¡NFdcQTJ'BPCÇ_eBËCFEHB
y¬G\NPBFCFq^NPdfQTJMBFC9LM@0]�]�E^B¹v0EHG`J'CFE�CF_RE^d\E�z·G`Jf�fEHL}Q\@0G\_RE^B¹u�EH_ACFE^GÈYoj¦�+I·½ªY$EHQ\[F@�CPE
dfE^[FGAdfE^ORQ\E^B
l0@0GH�0¿ÁB�CFE^G ù�z·¸�½ªY$EHQ\[F@�CFE�v0E^[FEHB�CFJ'v0E^v'E^B�J'OeORE¯]¶x0v0Oe_RgT[FE^B
Æ�E^df_eCFEHBFqp½
ORE^uKE^BFdfChJ'NFEHG\Bt]�_{Q4v0ORE^_egT[PE^GÚ�9J'[FG\dfgT[FE^_RBFOe_RgT[FL'EH_RQ�_RBtCP_eE»Y$_{Q\Q`EHOeNFBPv0d\³FGf@0q^EHCFNFG4EH_eBUy
_RBDCFE^G�d\_RE¬d\gT[FOR_eE´¥0Oe_RgT[�EpÂ�³�@'BFE^B!Q`_RE^ORO�v0EHb�_RgT[}Q\EHQ�bøE^G\CPE^Bm�

I²WPG�CFE^B�I«J'ORO�EH_eBFEHG%LM@�@0GfCF_eBFJMQ`EHB�NPBhJ'uF[hSMBFv0_ev'E^B¹®¡E^GcV�J'OeORd\G\JMQ`E»dfQ\E^OeO{Q%CP_eE
ù�z·¸�½
YtEHQ`[P@�CFEÈE^_eBPEËE´³�q^_RE^B!Q`EÈ¸%ORQ\E^GfBhJMQ`_{l0Eºq^NFG�YZj¦�+I·½cY$EpQ`[F@�CFEÇChJMG(yKChJ�uKE^_eCPE
Y$Ep½
Q\[F@�CFE^B$ChJ'BFB$d\@Åb¯@'[FO²B}NF]�E^Gf_ed\gT[«{{´Å¥�}�J'Oed�J'NFgT[oJ'BhJ'O{r�Q\_edfgT[«{ @"��}�S��}NF_{l'JMOeE^B!Q�d\_RBFCm�
|�_eE4ù�z�¸�½cY$EpQ`[F@�CFEkqHNFGxÄ¯EHd\gT[FGfE^_euPNFBFv¬l0@0B
|�¿ªwAz¯½Á©xG\@0qHE^d\dfE^B�_edcQ ChJ'[PE^G EH_eB
ù�³KE^qH_{½
JMORV�J'ORO�E^_eBPE^G�d\gT[FBFEHOeO�L'@0B!l0EHG\v0_RE^GfE^BFCFEHB(dcQ`@�gT[hJ'dcQ`_edfgT[FE^B �(E^OROeEHBF³hJ'LMEHQ`]�EHQ\[F@�CFE�yKCF_eE
S���NP_RlMJ'OeEHB!Q²qHNÇE^_eBPE^G²E¾ÂPJ'L!Q`E^BÇB}NF]�E^Gf_edfgT[FE^B¶�Lx0d\NPBFv�CFEHGV��_e@0NPl�_ROeOeE¾½Àl'@0B�½ªa�E^NF]�J'BFB�½
y¬OeEH_egT[}NFBFv
_RBÐ�ã_RBFCFuFOeJ'C�½ÁI«@'G\]ÕVXWFG�@'õ�E^BFEºù�r�dfQ\E^]�E�]�_{Q4B}NFG�E^_eBPE^] |�_ed\df_e³hJUQ`_e@'BFdc½
LUJ'BFJ'O�~�|%¿ªwxz¯½cYtE^gT[hJ'BP_ed\]ÈNFdT�ø_RdfQ^�Pù�_eE�LMJMBFB�CFEH]�EHB!Q`d\³PG\E^gT[PE^BFCDq^NPGøQ`[PE^@0GfEHQ`_Rd\gT[FEHB
ÄøE^d\gT[PG\E^_RuFNFBFvtCFEHG�YZJ'GfL'@ÅlKüûdfgT[FE^B Æ�E^OeJUÂPJMQ`_R@0BZ_RBFBFEHG\[hJ'ORu�E^_RBFE^d�OeJ'd\EHG\_RBFCFNFqH_eE^GcQ`EHB
|�E^d\@'G\³PQ\_e@0BFdf³FG\@'q^E^dfd\EHdAl'E^Gcb¯EHBFCFEHQAbøE^GfCFE^BUyMb¯EHd\[hJ'ORuÇd\_REkJ'NFgT[Ç_RBÈCFEHG²l0@'G\Oe_RE^v0EHBFCFEHB



!
B I&ú�ò�¡�õ��<�ý÷l£)§´��¡�õ�¢E¡Xð°¡�ò�jfõ�øQ¢��¨jf�u©�Dª�¬«7DG���$�¹�º"ºH®
¸%G\uKE^_{Q�¸%B!bøE^BFCFNPBFv¨·hBPCFEHQ^�

ö�NhJMB}Q\E^BF]�E^gT[FJ'BF_edfgT[odfQ\E^ORORQ�CFE^G%Æ�EHOÃJUÂPJMQ\_e@0BPd\³FGf@0q^EHd\d�E^_eBPE^BZLM@0B!Q`_RB�NP_eE^GfOe_RgT[FE^BUy
L'@0[hSMG\E^B!Q\E^B5©�@'³FNFOÃJUQ`_e@'BFdfQ\G`J'BFdcVXE^G
l0@0] J'BPv0E^GfE^v'Q\E^B5®¡NFdcQTJ'BPC _eB�CFE^B+y¬G\NPBFCFq^N�½
dfQTJMBFC9ChJMG^�ã¿ÁB�CFEHB�dfQ\@�gT[hJMdfQ`_Rd\gT[FEHB«�(E^OeORE^BF³FJ'L'EpQ`]�EHQ`[P@�CFEHB9bøE^G\CPE^Bu�fEHCF@�gT[(l0E^Gª½
d\gT[F_RE^CFEHBFE�ö¬NFJ'B!Q`E^B!Q\G`Jf�fEHL}Q\@0G\_RE^B�_eBPL'@0[hSMG\E^B!Q¬v'E^]�_RQ\Q\E^O{Q�y«Cm�ý[m�m¿ÁB!Q`EHGfVXE^GfE^BFqHE^B¹qHb�_ ½
d\gT[FEHB)l0E^Gfd\gT[F_RE^CFEHBFE^B�z·G`J��fE^L!Q`@0Gf_eEHB�b¯EHG\CFEHB�J'NFdfv0E^dfgT[FOe@'d\d\EHBm�h|�JMu�EH_K_RdfQø_eBFdfu�EHd\@0B�½
CFE^GfE)q^N�uKE�JMgT[}Q\E^BUy²ChJ'd\dÈCF_eE��ãEHu�EHBFd\CFJ'NFE^GËJ'BFv0EHG\E^vMQ`E^GÇ®¡NFdfQ`S'BFCFE�u�EH_k|%EHd\@0Gf³PQ`_ ½
@0BFd\³PG\@0qHE^d\dfE^B JMNPV4n�Â�_eCP@0u�EHGz;«SMgT[FE^B9J'Oed¬dfE^[FG»L}OeE^_RB�_e] ÄøE^G\EH_egT[

τ ≈ 20 . . . 30
VXd

J'BFv0EHBF@0]�]�EHBÈb�_eGfCÐ{ûú�}��0I�WFG d\@'OegT[FE4NFO{Q`G\J'd\gT[FBPE^OeORE^B
©xG\@'q^E^dfd\E�_edcQxE^_RBFEk_RBFL'@0[FS'G\EHB}Q\E
Ä¯E^[hJMBFCFOeNPBFv
BF_egT[!Q�OeEH_egT[!Q�q^NDGfE^gT[!Q\VXEHGfQ`_Rv0E^B9yhq^NF]�J'OmJMBFCFE^GfE�_eBFLM@0[hS'GfE^B!Q`E�@0³PQ\_edfgT[FE
©A[FS'BF@0]�E^BFE b�_eEøEHQÁb¯J�CF_eEøI²OeNP@0G\EHd\q^EHBFq4J'N�V�®¡E^_RQ\d\LUJ'ORE^B»_e];a%J'BP@0d\EHL�NPBFCFE^B}uKE^GfE^_egT[
J'uFOÃJMNPVXE^B{ �!¥�}��

wx_RBFE�LM@0[hS'GfE^B!Q`E�ÄøE^d\gT[PG\E^_RuFNFBFv�CPE^dË©·@0³FNFOeJMQ`_R@0BFdcQ`G`JMBFdfVXEHG\d»_eBPVX@0ORv0E
CFE^GÈÆ�EHOÃJU½
ÂFJUQ`_e@'Btv'E^OÃJMBFv�JMBtl'E^G\dfgT[F_eEHCFE^BPE^B(ù�r�dfQ\E^]�E^BoCFNPG\gT[ZEH_eBFE»d\_R]ËNFO{QTJ'BFE�©xGf@0³hJ'v!JUQ`_e@'B
l0@0B �(E^OROeEHBF³hJ'LMEHQ`EHB�J'NPV CF_ÃJ'uFJMQ`_Rd\gT[Zv'E^L'@'³F³�EHORQ\E^B�©·@'Q`EHB}Q\_ÃJ'O ;«S'gT[FEHB { �'¼?y��0µ�} �KI²WPG
ChJ'd�ù�r�dfQ\E^] a%±

3

¯0j¯N°LM@0BFB!Q`EHB CFNFGfgT[-CF_REDL'@0[hSMG\E^B!Q\EZÄ¯EHd\gT[FGfE^_RuFNFBFv�CPE^G�Æ�EHOÃJU½
ÂFJUQ`_e@'B�CF_eE¬Æ�E^dfNFORQ`JMQ`E�JMNFd4CFE^Bt_eBPL'@0[hSMG\E^B!Q\E^BZù�_e]ËNPOÃJMQ\_e@0BFEHB��}NhJ'OR_RQ`JMQ`_{l
u�EHdfQTSUQ`_evMQ
b¯EHG\CFEHB/{ª�'¼�} ��z�Gf@'Q`qHCFE^]Õb�_RG\C�CP_eE�IhG\J'v0E�CFE^d¯wA_RB2;hNFdfd\EHd4CFE^Gø_eBFLM@0[hS'GfE^B!Q`EHBDY$_RQfQ`E¾½
OeNFBFv�J'N�V CF_RE»ù�_e]ËNPOÃJMQ\_e@0BFdfE^Gfv0E^uFBP_ed\dfE¬u�EH_�dfQ\@�gT[hJMdfQ`_Rd\gT[FEHB �(E^OeORE^BF³FJ'L'EpQ`]�EHQ`[P@�CFEHB
S'[FBFOR_egT[)LM@0B!Q`G\@Ål'E^G\d�CF_Rd\L}NPQ`_RE^GcQ¯b�_eE%CF_eE�NPBF]�_{Q\Q\E^OeuFJ'GøCFJ']�_{QkqHNFd`J']�]�E^BF[hSMBFv0E^BPCFE
³F[!r�df_eLUJ'OR_ed\gT[PEk¿ÁB!Q`E^Gf³FG\EpQ`_RE^G\uFJ'G\LME^_RQACPE^dAIhG`J'BPgTL!½ªj¯@0BFCF@'B�½ªJ'GcQ`_Rv0E^B�§�u�EHG\v!JMBFv0d EH_eBFEHG
ö¬NFJ'B!Q`E^B!Q\G`Jf�fEHL}Q\@0G\_RE�_eBDCFE^BZy¬G\NFBFCPq^NFdcQTJ'BFC�~ÁÀ(�2	��������Ä%����X�P�J{ûú0µdy��P´�y��'¼�}��

�+SM[FG\EHBFC9]�_RQ¬CPE^GÈù�z�¸�½cY$EpQ`[F@�CFE�_ �ûJP�mORE^CF_Rv0Oe_RgT[�CF_eE�Æ�E^OÃJ¶ÂFJUQ`_e@'B�WFu�EHG�E^_eBPE^B
VXE^dfQ\v0E^ORE^v'Q\E^B�|%_edfd\_R³hJMQ`_R@0BFdfLMJMBhJ'Oh]�@�CFEHOeOR_eE^GcQ²b�_RG\CUy!_RdfQ CF_eE�YZj¦�+I·½cY$EpQ`[F@�CFE%J'NFgT[
J'OeORv0E^]�E^_RBFE^G J'B!bøE^BFCFuFJ'G^�Kù�_RE�LUJ'BFBDuKE^_edf³F_eEHOedcb¯EH_ed\E%q^NFG�ù�_R]ËNFOeJMQ`_R@0B�l'@0Bt|%¿cYZwxz¯½
©AGf@0q^EHd\dfE^B�[FE^G\J'BFv0EHq^@0v'E^BZbøE^GfCFE^BUy¡ChJ�E^_RBFEºwAGcb¯EH_RQ\E^G\NPBFv�u�EHq^WFv'Oe_egT[$E^_RBFE^G�d\_e]ÈNFO{½
QTJ'BFEHB�Ä¯EH[hJ'BFCPOeNFBFv°]�EH[FG\EHG\EHGo|%_Rd\d\_R³hJMQ\_e@0BFdfLUJ'BhS'ORE�d\@Åb�_eE¹E^_RBFE^GtEpÂ�³FOR_eq^_{Q`EHB�Ä¯E¾½
d\gT[FGfE^_euPNFBFv)CFEHGJ�ãJ'dfE^G`JMBFG\EHv0NFBFv)]¶x0v0OR_egT[D_edcQ�{ ´¶¥�}��KÄ¯E^_·CFEHG�wxGfbøE^_{Q`E^GfNFBFv)]�_RQ�S'N�½
¥0E^GfE^B�IhE^OeCPE^G\BÇqHNFGxÄ¯EHd\gT[FGfE^_RuFNFBFv»CFE^GxEHOeEHL}Q\G\@0BP_ed\gT[PE^B
¸%BFGfE^v0NPBFv�_edfQ q^N
u�E^J'gT[!Q`EHBUy
ChJ'd\d¯u�EH_�dcQ`@�gT[hJ'dfQ\_edfgT[FE^B��(E^OeORE^BF³FJ'L'EpQ`]�EHQ`[P@�CFEHB�CF_eE�YZJ'GfL'@Ål!½ªa%SM[FE^GfNFBFvËl0@'G`J'NFdª½
v0E^dfEHQ`qpQËb�_eGfCm�·|%_eEHdÈuKE^CF_RBFv'Q(y�ChJMd\dËCF_RE)®¡EH_RQ\d\LUJ'OeEHB9CFEHdÇS'N?¥'E^G\EHB IhE^ORCFE^dºNFBFC�CFEHG
Æ�EHOÃJUÂPJMQ\_e@0B
BF_RgT[}Qøl0@0B�CPE^G¯v'OeE^_RgT[FE^B)y�Gzx"¥0EHBF@0G\CPB�NPBFvÈdfE^_eB�CFWFGfVXEHB¸{ ´¶µ�}���|�_eE^dfE¬Ä¯E¾½
CF_eBFv'NFBFvo_RdfQÇuKE^_R] ©xGf@0q^EHd\d
CFE^GÈOÃJ'dfE^G\_RBFCFNFqH_eEHGfQ`EHB�|%E^df@0G\³�Q`_e@'B _ �ûJP��BP_egT[!QÇE^GcVXWFOeO{Q�y
ChJ�b�_eEËuKE^GfE^_{Q`d�EHGfb¯S'[FB!Q�CF_eE��ãEHu�EHBFd\CFJ'NFE^G¬CPE^d¬E^ORE^L!Q`Gf@0BF_Rd\gT[¹J'BFv0EHG\EHv'Q`EHB�¸4CFd\@0Gª½



�0� ï5K&ôý¡Hjfõ�¡�¢���ò�óYôý¡Jñ�¡�ò�óYô?õ�¡���ö2£��d¤ !:"
uFJMQf½ªù�NFuFdcQ`G`JUQf½ª�@0]�³FOeE¾ÂPEHd²JMNPVXv0G\NPBFCËCFEHGO�(E^gT[FdfE^ORb�_RG\L}NFBFv¬]�_RQ�wxOeEHL!Q`G\@'BFE^B�½���@�gT[�½
©�J0J'GfE^B9uPqHb���©A[P@0BF@0BFEHB9_RB(CFEHGºn¬uKE^GY;«S'gT[FE�J'Oed�dfE^[FG»L}OeE^_RB9JMBFv0E^BP@0]�]�E^B�b�_RG\Cm�
|�_eE^dºQ`G\_{õ�QÈ_eBFdfu�EHd\@0BPCFE^GfE�J'NPV�ChJ'dÇù�r�dfQ`EH] a%n°¯Ma�_in
~ª´Å¦0¦!�¬q^NUy�u�EH_¯CFEH] CF_RE1��Ep½
uKE^BPd\ChJ'NPE^GÈCPE^d»¿ÁB}Q\E^Gf]�EHCF_ÃJMQ\d»J'NPV

τ ≈ 15 . . . 25
VXdºJ'uFv'E^d\gT[FSMQ`qpQÈb�NFGfCFE { @P´"y��0§�}�y

b¯J'd�_eB»CFE^G y�Gzx"¥0E^BP@0G\CFB}NFBPv%]�_RQãCFEHG ®¡EH_RQ`dfLUJ'OÃJ�CFE^d�¸%BFGfE^v0NPBFv0d\OeJ'd\EHG\d·l0E^Gfv0OeEH_egT[}uhJ'G
_RdfQº~Xd\_eEH[FE»�J'³F_RQ\E^O�ú��R´¶�¾�

�5_RE�_RB9�J'³P_RQ`EHOA¥��{´�uKE^GfE^_{Q`d�E^GfOÃS'NPQ\E^GcQ�ym_RdfQ»CF_eE�Ä¯EH[hJ'BFCPOeNFBFvtCFEHG`J'GcQ`_ev'E^G�©xG\@M½
qHE^dfd\EÇ_e] Æ�J'[F]�E^B$CFE^G�z4[FE^@'G\_eE»@'õ�E^BFEHG¬ö�NhJ'B!Q\E^BFdcr�dcQ`EH]�EÇBF_RgT[!Q�v!J'BPqÈNFBF³PG\@0uFOREp½
]�JMQ\_ed\gT[¡�F¸%NPVXv'G\NFBFCtCFEHG�a�_egT[!Q\d\E^³FJ'G\_RE^G\uFJ'G\LME^_RQ�CFEHG�®¡E^_RQ\d\LUJ'ORE^B)VXWFG4CF_RE¬¸%BFGfE^v0NPBFv
NPBFC�CF_eEZÆ�EHOÃJUÂPJMQ\_e@0B°d\³F_RE^ORE^B�a�_egT[!Qf½ªYZJ'G\LM@Ål�üýd\gT[PE(w õ�E^L!Q`E�]¶x0v0OR_egT[FEHGfbøE^_Rd\EZEH_eBFE
EHB!Q`d\gT[PE^_eCPE^BFCFE�Æ�@0OeORE'�«|%_REÈL}NFGfq^E���E^uKE^BFdfChJ'NFEHG¬CFE^d%¿ÁB}Q\E^Gf]�EHCF_ÃJMQ\d%CFEHNPQ`EpQ�J'NPVAEH_{½
BPEodfQ`J'G\LME �9EHgT[FE^O{b�_eG\L}NFBPv�qpb�_edfgT[FE^B�ù�r�dfQ\E^] NPBFC5s�]�v0E^uPNFBFv uFqpb��4ÄkJ'C [P_eBm�
ÄøE^_AdfQ�x0G\NFBPv0dfQ\[FE^@0GfEHQ\_ed\gT[PE^B�Y$EpQ`[F@�CFEHB9b�_eE
uKE^_edf³F_eEHORbøE^_Rd\E
CFE^GºÆ�E^C2·hEHOeC�½Àz4[FE^@'G\_eE
b�_RG\CDE^_RBFE�d\gT[!b¯J'gT[FE
ù�r�dcQ`E^]Ç½ªÄ¯J'C�½ª�@0³F³FORNFBFv�J'BFv'E^BF@0]�]�E^BUyPbøE^df[hJ'ORuZd\_RE¬VXWFG4CF_eE
ÄøE^d\gT[PG\E^_RuFNFBFv¹OÃJMd\E^Gf_eBFCPNFq^_RE^GfQ\E^GÈ|%E^df@0G\³PQ\_e@0BPd\³FGf@0q^EHd\d\Et³FG\J'L!Q`_edfgT[�BF_egT[!QÇ_RB�I«G\J'v0E
LM@0]�]�EHBm��y�EHv0E^B+CF_RE�Ä¯E^[hJMBFCFOeNPBFv°]�_RQ�©xV�JMCF_eB!Q`EHv0G`JMO{½cYtEHQ`[P@�CFEHB5d\³FGfE^gT[FEHB�CF_eE
l'E^Gfv0OeEH_egT[Fdcb¯EH_ed\E�Q`_REHVXEHB�z�EH]�³KE^G\JMQ`NFGfE^BUyhCPE^G�J'BF[FJ'G\]�@0BF_Rd\gT[FE»j¯[hJMG`J'L!Q`EHG�CFE^G�s�]
½
v'E^uFNFBPv�~�wxORE^L!Q`Gf@0B�½E��@�gT[�½ª©�J0J'GfE»_RBDCFE^G%n�u�EHGz;«S'gT[PEÅ��NPBFCtl'@0G�J'OeORE^]þCP_eE�EpÂ�³FOR_eq^_{Q`E
®¡EH_RQ`J'uF[hS'BPv0_ev0LME^_{Q�CPE^d¬±�J']�_RORQ\@0BF@0³KE^G\JMQ`@0Gfd¯VXWFG�CF_eEÈÄ¯E^dfgT[FG\EH_euFNFBPv�CFE^G�E^OeEHL!Q`G\@'BF_{½
dfgT[FE^B$¸%BFGfE^v0NPBFvF�

|%_REøE¾Â�³FOe_Rq^_RQ\E Ä¯E^[hJMBFCFOeNPBFv%CFEHd²¸�BFG\EHv0NFBFv0dª½ªÆ�E^OeJUÂPJMQ`_R@0BFd\qpr�L�ORNFd^ü¶uKE^_}CFEHG-�}NhJ'B�½
Q\E^BFC�r�BFJ']�_Rd\gT[FEHB�ÄøE^d\gT[PG\E^_RuFNFBFv»OÃJMd\E^Gf_eBFCPNFq^_RE^GfQ\E^Gx|�E^d\@'G\³PQ\_e@0BFdf³FG\@'q^E^dfd\E�dfQ`EHOeO{Q ChJU½
[PE^GkEH_eBFE�u�EHd\@0BFCPE^G\E�±�E^G\J'NFdfVX@'G\CFEHG\NFBFv
ChJMG^��I²WFGkChJMd�ù�r�dfQ\E^] a%n�¯'© Q¶~c´'´0´¶�xL'@0BFB�½
Q\EºCPE^G%v'E^d`JM]ÈQ`Eº|%E^df@0G\³�Q`_e@'BFd\]�E^gT[hJMBF_edf]ËNFd�_eBZEH_eBFEHG%|�_egT[!Q`EH]�JMQ\G\_ Â�VX@'G\]ËNFOR_eEHG\NFBFv2y
C¡�û[m�^E^_eBPE^G�CF_RG\E^L!Q\E^B°�Lx0d\NFBPv�CPE^G�q^NPv0E^[?x'G\_ev'E^B°��_e@0NPl�_ROeOeE¾½Àl'@0B�½ªa�E^NF]�J'BFB�½cy¬OeE^_RgT[}NFBFv
_RB1��_eBPCFuFOÃJMC�½ªIh@0Gf]5yMu�EHd\gT[FGf_eE^uKE^B�bøE^GfCFE^B/{ �2y��"!��d�"��}��}¿ÁB)CF_RE^d\EHB)¸%Gfu�EH_RQ\E^B)EHGfVX@0ORv'Q`E
CP_eE�Ä¯EHd\gT[FGfE^_euPNFBFv�CFE^G�dfNFuFdfQ\G`JMQfl0EHG\]�_RQ\Q\E^O{Q`E^B¬�ãJ'dfE^G`JMBFG\EHv0NFBFv�CFNFGfgT[�EH_eB�®�b¯EH_{½
z·E^]�³KE^G`JUQ`NFGª½cY$@�CFE^ORO�y}b¯EHOegT[FEHd%JMOeOev'E^]�E^_eB�VXWFG4CF_RE»Y$@�CPE^OeOR_eEHG\NFBFvºl0@0BD¸%BPG\E^v'NFBFv0dª½
³PG\@0qHE^d\dfE^Bol'@0Bo¸4CFdf@0G\uhJUQ`E^BoJ'NPV Y$EpQTJ'OROe@0uKE^GY;«S'gT[FEHB$v'E^E^_Rv0BFEpQ%_RdfQµ{{´0´´} �«¸%N�VXv0G\NFBPC
CPE^d»_eBFCF_RG\EHL}Q\E^B�¸%BPG\E^v'NFBFv0dfd\q^EHBhJ'Gf_e@0d»_eB�CF_RE^d\EH] ®�bøE^_{½Àz�EH]�³KE^G\JMQ`NPGc½cYt@�CFEHOeO�Oe_eEHv'Q
CP_eED®¡EH_RQ`dfLUJ'OÃJZCPE^GÇ¸%BPG\E^v'NFBFv�_eB EH_eBFEH] Ä¯EHG\EH_egT[Uyx_RB�CFE^] CF_eE)_RB CFE^G���_RBFCFuFOeJ'C�½
z4[PE^@0Gf_eEx_eBP[hS'G\EHB!Q`E YZJ'GfL'@Ål!½Á¸�BFBhJ'[F]�Exq^NP]�_RBFCFE^dcQ�Q`EH_eORbøE^_Rd\E v'E^G\EHgT[!Q\VXE^GcQ`_Rv'Qãd\gT[FEH_eB!Q��
®¡NPCFE^] _RdfQxCP_eE�©xG\@0³FJ'v!JMQ\_e@0BËCPE^GS�}NhJ'CFG\JMQ`_Rd\gT[
]�_{QxCFEHG ù�r�dfQ`EH]�CFJ'G\dcQ`E^OROeNFBPv»dfLUJ'Oe_REp½
GfE^BFCPE^B�|%_RgT[}Q\E^]�JMQ`Gf_eqHE^BoB}NF]�E^Gf_ed\gT[Zd\E^[PG¬J'NPVib¯S'BFCF_Rv?y«b¯EHd\[hJ'ORuod\_RgT[�CF_eEº|�J'GfdfQ\E^O{½



!�� I&ú�ò�¡�õ��<�ý÷l£)§´��¡�õ�¢E¡Xð°¡�ò�jfõ�øQ¢��¨jf�u©�Dª�¬«7DG���$�¹�º"ºH®
OeNFBFvDCFEHG�CFE^df@0G\uF_RE^GfE^BFCFEHB Y$@'OeE^L}WFOREÇ_eB�CFEHB(v0EHBhJ'BFB!Q\E^B ù}Q`NFCF_RE^B¹]�EH_edcQ�J'NPV¯E^_eBPE
|%_e]�E^BFdf_e@0B�uKE^dfgT[FG`SMBFL!Q��

wx_RBFE4J'O{Q`E^GfBhJMQ\_Rl0E¯Ä¯E^dfgT[FG\EH_euFNPBFv�CFE^GxCF_Rd\df_e³hJMQ\_Rl'E^B
ö�NhJ'B!Q\E^BFCPr�BhJM]�_RLºuKE^_h©x[F@U½
Q`@�CFE^df@0G\³PQ\_e@0BPd\³FGf@0q^EHd\d\EHB9NFB!Q\E^G�?AE^GfbøE^BPCFNFBFvoCPE^G»_eB¹�J'³F_RQ\E^OA¥�� ¥�u�EHd\gT[FGf_eEHu�EHBFE^B
ù�NFG\Gf@0v!JMQ\E�±%J']�_eO{Q`@0BP_ÃJ'B�Y$EHQ\[F@�CFE�L'@0BFB!Q\EºL}WFGfq^Oe_RgT[DCFNFG\gT[$�@�gT[tEHQ�J'O��FG\E^J'Oe_Rd\_eEHGfQ
b¯EHG\CFEHB {{´�¼2yTµ0µdyH´Å¦0¦�}��ã|%_RE�df_e]ËNFO{QTJ'BPE�NPBFC J'uFdf@0OeN�QÈv0ORE^_RgT[}bøE^GcQ`_Rv0E�©AGf@0q^EHd\df_eE^GfNFBFv
CFE^G �ãJ'dfE^G`JMBFG\EHv0NFBFv�NFBFCDCFEHG�Æ�E^OeJUÂPJMQ`_R@0B)_RBPVX@0Oev'E%CFEHG �(E^gT[Pd\E^O{b�_eGfL�NPBFv�qpb�_edfgT[FE^B
¸4CFd\@0GfuhJMQ�NFBPC9ù�NFuFdfQ\G`JMQ�v'E^OÃJMBFv�]�_{Q`[F_RORVXE�E^_RBFE^G¬]�_eL}Gf@0d\LM@0³F_edfgT[FE^B¹Ä¯EHd\gT[FGfE^_RuFNFBFv
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gT[FE^B$IhG`J'BFgTL0½ªj¯@0BFCF@0B�½Á¸%BPG\E^v'NFBFv$~�I·j4�kCFE^d�¸4CFdf@0G\uFJMQ`EHd�_RdfQ�_RB�¸%uFum�FúP�û¼$~XG\E^gT[!Q\dT�
[FE^Gcl0@0Gfv0E^[F@'u�EHBm��|%_eE�z·@0³K@0Oe@'v0_eE$CFE^Gt©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FE�qHE^_evMQ�ykChJMd\dDE^_RB+df@�J'BFv0E¾½
G\E^vMQ`E^d�a%n�½cY$@0ORE^L}WFO�ChJ'BFB�q^N�L}OeEH_eBFEHG\EHB�©�@0OeJ'Gfb�_RBFL'EHOeB

ϑ
NFBPC�q^N�L}OeE^_RBFE^GfE^B�¸%u�½

dfQTSMBFCFE^B
Z
[F_RB$uKE^dfgT[FOeEHNFBF_Rv'Q�b�_RG\Cm����EpQ`qHQ\E^GfE^d%CPE^NPQ\EHQ¬JMNPV EH_eBFE»¸%BFqH_eEH[�NPBFv0d\L}G\JMViQ



�0� ï5K&ôý¡Hjfõ�¡�¢���ò�óYôý¡Jñ�¡�ò�óYô?õ�¡���ö2£��d¤ B"¹

qpb�_edfgT[FE^B�ù�NPuFdfQ\G`JMQºNFBFC JMBFv0E^GfE^v'Q\E^]Í¸4CFdf@0G\uFJMQË[F_RBUy�b¯EHOegT[FE�J'NPV4CP_eE�j¯@0NFOR@0]Ëu�½
�(E^gT[Pd\E^O{b�_eGfL�NPBFvÈqpb�_ed\gT[PE^B�CPE^]Õa%n − ½Á¿ÁB!Q`EHG\]�E^CF_eJMQxNFBFC�CFEH] ³�@'d\_RQ\_RlÈv0E^OeJ'CFE^BPE^]
j¯ORNFdfQ\E^GAq^NPG\WFgTL}q^N�VXWF[FG\EHB)_edcQ��!ÄøE^_F?AE^Gcb¯EHBFCFNFBPvÈCF_RE^d\EHGA©�@'Q\E^B!Q`_eJ'O<;hS'gT[FE^B�LUJ'BFB
CFEHG
|�E^d\@'G\³PQ\_e@0BFdf³FG\@'q^E^dfdkCFEH]�BhJMgT[�CFNFGfgT[)CFEHB)¸%B!Q`@'BF_eEpb�_eg^q¾½cY$EHgT[hJ'BF_Rd\]ËNPd¯_eOROeNFdcQ`Gf_eE^GcQ
bøE^GfCFE^B�~�df_eE^[PEº�J'³P_RQ`EHO�úP��¥��{´¶�p�

Ä¯EH_ãBFE^NFEHG\EHB�s�B!Q`EHG\dfNFgT[}NFBFv0EHBol0@0BoY$E^[FCFJ'@0NF_ãEHQ%J'O��FL'@0BPB}Q\EºBPE^uKE^BZCPE^] J'B�½
v'E^G\EHv'Q`EHBDa�n − ½ÁJ'GfQ\_ev0EHB�®¡NFdcQTJ'BFCDJMNFgT[�CFE^G4y�GfNFBFCFqHNFdfQ`J'BFCDCFE^d4ù�r�dfQ`EH]�d4]�_RQ\[F_eO{VXE
l'@0B�	
������������� j¯OeNPdfQ`EHG\GfE^gT[FB}NFBFv'E^BÇL'@'BFdfQ\G\NF_RE^GfQ·bøE^G\CPE^B�{ ´Å¦'¼?yH´Å¦!µ�}��Å¸%NPgT[ËCF_eEHd\Eø©�@M½
Q\E^B!Q`_eJ'O<;hS'gT[FE^B�·hBPCFE^B�_eBFBFEHG\[hJMOeuÇCFEHGAl'@0G\OR_eEHv0E^BFCPE^B�¸%G\uKE^_{QAu�EH_FCFEHG+�}NhJMB}Q\E^BFC�r�BFJU½
]�_edfgT[FE^B�ù�_R]ËNFOÃJUQ`_e@'BÈCFEHdø|�E^d\@'G\³PQ\_e@0BFdf³FG\@'q^E^dfd\EHdk¸%B!bøE^BFCFNPBFvÈNFBPC�df@0OeORE^B
CFE^df[hJ'ORu
_R] VX@0Oev'E^BFCFEHB)L}NFG\q%u�EHd\gT[FGf_eE^uKE^B)bøE^GfCFE^B¡�F¿ÁB�CFE^B�ù�Q`NFCP_eE^B�b�NFG\CFEHBDq^NFBhSMgT[FdfQ4CPG\E^_
IhGfE^_e[PE^_RQ\d\v0G\J'CFE�CFEHdZa%n�½cY$@0ORE^L}WFORdtuKE^GfWFgTL}d\_RgT[}Q\_ev'Q^¨�CF_eE¹|%EHd\@0Gf³PQ`_R@0BFd\LM@�@'G\CF_RBhJMQ`E
Z
y bøE^ORgT[FEob�_eEHCFE^GfNF] CFE^B�¸�uFdfQ`J'BFC�CFEHdDY$@0ORE^L}WFOedfgT[!b¯EHG\³FNFBPL}Q\E^dtq^NFG)n�u�EHGz;«SU½

gT[PE�ChJ'GfdfQ\E^OeO{Q�ymCP_eE¨�·JUQ`E^G\J'OeLM@�@'G\CF_RBhJMQ`E
X
q^NPGÈÄ¯EHd\gT[FGfE^_RuFNFBFvoCPE^GºÄ¯EHbøE^v0NPBFvoCFEHd

Yt@0OeEHL�WPOed\gT[!bøE^Gf³FNFBFL!Q`EHdÇE^B!Q`OeJ'BFvDCFEHGºCF_eJ'v0@0BFJ'OeEHBo?AE^G\uP_eBFCFNPBFv0d`JMgT[Fd\E�qHbøE^_eEHGÈa�_{½
gTLME^OeJMQ`@0]�E¬_eBDCFEHG�n¬uKE^GY;«S'gT[FE»d\@Åb�_RE»CPE^G�©�@'OÃJ'Gcb�_eBFLME^O

ϑ
qHb�_Rd\gT[FEHB�Y$@'OeE^L}WFOeJ'gT[FdfE

NPBFCon�uKE^GY;«S'gT[FEHBFBF@0Gf]�J'ORE'�

¸�uFuF_ROeCFNFBPvZúP��µ�¨·¥'| ©�@'Q\E^B!Q`_eJ'O<;hS'gT[FE�CFE^dÈy�GfNFBFCFqHNFdfQ`J'BFCFEHdD~�OR_eBFL}d`�¬NPBFC9CFEHd��ãJU½
CPNFBFv0dcQ`G`JMBFdfVXEHG\q^NPdfQTJMBFCFE^dt~XG\EHgT[}Q\dT�»J'] ù�r�dfQ\E^] a�n�¯'a�_in
~c´�¦0¦!��y�b¯@0uKE^_ACF_RE¶�·JUQ`Ep½
G\J'OeLM@�@'G\CF_RBhJMQ`E�J'NPV�CFEHG�y¬OeEH_egT[Fv'EHb�_egT[!Q\d\L'@'B2·hv0NFG\JMQ`_R@0B _e] y¬G\NFBFCPq^NFdcQTJ'BFC#~

X =

1.02
J��ûNm����VXE^dfQ\v0E^[FJ'ORQ\E^B(b�NPG\CFE {{´Å¦M¼�} ��¸�NFgT[�[F_RE^G»_edcQºCFJ'dºv'Oe@0uhJMOeE�Y$_RBF_e]ËNP] _e]

y¬G\NPBFCFq^NPdfQTJMBFC�NFBFC#CFE^G$IhG`J'BFgTL0½ªj¯@0BFCF@0B�½ª©xNFBFL!Qo_R] J'BFv'E^G\EHv'Q`EHB ®¡NFdcQTJ'BFC�v0Ep½
LME^BFBPq^E^_RgT[FBFEpQ��



Bfï I&ú�ò�¡�õ��<�ý÷l£)§´��¡�õ�¢E¡Xð°¡�ò�jfõ�øQ¢��¨jf�u©�Dª�¬«7DG���$�¹�º"ºH®
|�E^G�E^OeEHL!Q`G\@'BF_edfgT[FEoy¬G\NPBFCFq^NPdfQTJMBFC°b�NFGfCFEt]�_{Q\Q`EHOed��}NhJ'B!Q\E^BFgT[FEH]�_Rd\gT[FEHG�Y$E¾½

Q`[F@�CFE^B _RB�j¯¸¬ùPùFjkI·½p~�w¦���ÇÆO���d�z	��������ÈµX�����É(��ÿU�� Ê��gw¦���2������������|¶S���� �Å�z¯0j¯¸¬ù�©Az�¥Å½
~ªÿU������l�������z����Ë² ��������(��	��������í��p�������±��	�����¬��� �Ép��wIµ�ÿhÿ5w¥¶ ��¨Ê������9��Ì&+	)(�
Ê��d�9�����������Á½Áa%S'[FEHG\NFBPv�uKE^GfE^gT[FBPEHQ��%|%_eE(Y$@�CFEHOeOe_RE^GfNFBFv CFEHGZa�_in
~c´Å¦'¦!�Á½ªn¬uKE^GY;«S'gT[FE
E^GfVX@'Oev'Q\ExChJ'uKE^_}CFNFGfgT[ËE^_RBFE^Bºa�_Ãn

5
Y$v 18+

13

½ªj¯OeNFdcQ`E^G´yÅb¯EHOegT[FEHG�l0@'BÈE^_RBFE^] JMNFd\v0EHCFE^[PB�½
Q`E^B9©S�·I�NF]�v'E^uKE^B9_RdfQ^��|�_eE�d\@ZEHG\[hJMORQ`EHBFE�¸4CFd\@0Gf³PQ`_R@0BFdfE^BFEHG\v0_RE�l0@'B ¦P�ûú"�$EÀ? _edcQ
L�ORE^_RBFE^GøJ'OedACFEHG¯E¾ÂP³KE^Gf_e]�E^B!Q`EHOeORE��(E^GcQøl'@0B

0.57± 0.04
EÀ?Í{ý§"��}���|�_eE%¸4CPd\@0Gf³PQ`_R@0BFdc½

v0E^@0]�EHQ\G\_RE dfQ\_e]�]ÈQ�ChJ'v'E^v0EHBºGfE^gT[!Q²v'NPQã]�_{Q�CFEHBÈEpÂ�³KE^Gf_e]�E^B!Q`EHOeOeEHB�s�B!Q`EHG\dfNFgT[}NFBFv0EHB
WFu�EHG\EH_eBm¨��5_eEº_eBo¸�uFum�mú�� µo~XOe_RBFL}dT�4E^G\df_egT[!Q`OR_egT[Uy�J'CFdf@0G\uP_eE^GcQ�ChJMd¬a�n�½cYt@0OeEHL�WPO�ChJ¶½
BhJ'gT[�]�_{QÈEH_eBFEH] �5_RBFL'EHO¯l0@'B

ϑ = 60o
NFBFC�E^_RBFE^] ù�gT[!b¯EHG\³FNPBFL!Q`d`JMuFdfQ`J'BFC qHNFG

n¬uKE^GY;«S'gT[FEtl0@0B
Z = 4.3

JP�ýNm�<yAbø@0u�EH_�CPE^G�OeJMQ`EHG`J'ORED¸%uFdcQTJ'BFC-qHb�_edfgT[FE^B�EH_eBFEH]
a�_egTLME^OeJMQ`@0]þCFE^G%n�u�EHGz;«S'gT[PEÈNFBFC$CFE^] Y$@'OeE^L}WFORd\gT[!bøE^G\³PNFBFL!Q

X = 1.02
JP�ýNm�«uKEp½

Q`G`SMv'Q��ø|�J'G\J'NFd)VX@0ORv'Q�b�_RE^CFEHG\NF]uy¯CFJ'd\d�df_egT[5ChJ'dDa4½Á¸kQ`@'] CFEHdtY$@0ORE^L}WFOed�_eB CFEHG
y�ORE^_egT[Pv0EHb�_RgT[}Q\L'@0Bd·hv0NFG\JMQ`_R@0BÇCF_eGfE^L!Q WFuKE^GxE^_RBFE^] a�_egTLME^OeJMQ`@0]2CFE^Gøn�uKE^Gz;hS'gT[FE�u�E¾½
·hBFCFEpQ�yFbø@0u�EH_�CFE^G�¸�uFdfQ`J'BFCZqpb�_edfgT[FE^B$u�EH_eCFEHBt¸kQ\@0]�E^B$úP� @0¥
J��ûNm�Pu�EpQ`G`SMv'Q��

|�_eE�CFG\EH_eCF_R]�EHBFd\_R@0BhJ'OREÇ©�@'Q\E^B!Q`_eJ'O<;hS'gT[FE�CFE^dÈJ'BFv0EHG\E^vMQ`E^B��·JMCFNFBFv0dcQ`G\J'BFdfVXEHG\qHN�½
dfQTJMBFCFE^d�b�NFG\CFEËb�_RE^CFEHG\NF]÷]�_RQ�CFE^G�? J'OeEHBFqp½ªj¯¿ ½cY$EpQ`[F@�CFEÈuKE^GfE^gT[FBPEHQ��ã|%J'd�v0OR@0uhJU½
OeE�Y$_eBF_R]ËNF] _RdfQºChJ'uKE^_ABhS'[PE^GËJMB9CFEHGËa�_Ãn
~c´Å¦0¦0�Á½cn�uKE^GY;«S'gT[FE
Oe@'LMJMOe_edf_eEHGfQ�J'ORdºCFJ'd
CFE^dty¬G\NFBPCFq^NFdcQTJ'BPCF³�@MQ`E^B!Q\_ÃJ'ORd(ykdf@�CFJ'd\d�CFEHGD|%E^df@0G\³�Q`_e@'BFd\³FGf@0q^EHd\dtE^GfBFE^NPQDCPNFG\gT[
E^_eBPE^B>¸%B!Q\@0BF_eEpb�_egHqp½cù�q^E^BFJ'G\_R@ l0E^G\J'BFdfgT[hJ'NFOR_egT[!Q�b¯EHG\CFEHB2LUJ'BFB¡�¬|%_eEHd�_edcQ¨�fE^CF@�gT[
BF_egT[!QÇBF@MQÁb¯EHBFCF_ev'E^GfbøE^_Rd\E�qHNPQ`GfEHõ�E^BFCUy bøE^BPB�CP_eE)|�_e]�E^BFdf_e@0BhJMOe_RQ`SMQ�CFEHd
©AGf@0uFORE^]�d
G\E^CPNFq^_RE^GfQ¯b�_eG\C¡�P¸%uPum�húP��µ)~�GfE^gT[!Q`d`�kq^E^_Rv'Q4CF_RE¬¥'| ©·@'Q`EHB}Q\_ÃJ'O ;«S'gT[FE%CFE^d�J'BPv0E^GfE^v'Q\E^B
®¡NFdfQ`J'BFCFEHd$VXWFGtE^_RBFE9JMNPVÇCFEHGoy¬OeEH_egT[Fv0Epb�_egT[!Q`dfL'@0Bd·hv0NFG\JMQ`_R@0B#_R] y�GfNFBFCFqHNFdfQ`J'BFC
~
X = 1.02

JP�ýNm� �ÇVXE^dcQ`v0EH[hJ'ORQ\E^BFE �·JUQ`E^G\J'OeLM@�@'G\CF_RBhJMQ`EM� Ä¯E^_�CF_eEHd\E^B+¥M|�½cù�gT[PBF_RQfQ`E^B
CFE^G�ú0|�½ª©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FEHB�[hJMQ¬B}NFB�ChJ'd�©·@'Q`EHB!Q`_ÃJMOe]�_eBF_R]ËNF] CFEHd�J'BFv0EHG\EHv'Q`EHB9®¡N�½
dfQTJMBFCFE^d4EH_eBFEHBDv0G�x"¥'E^G\EHB�¸%uFdcQTJ'BPCtqHNFG�n�uKE^Gz;hS'gT[FE»J'OedøChJ'd4v0OR@0uhJ'ORE�Yt_eBF]ËNP] CFEHd
y�GfNFBFCFqHNFdfQ`J'BFCF³K@'Q`EHB!Q`_ÃJMOed¬~Xd\_RE^[FE�¸%uFum�PúP��µ0�p��|%_eEHd¯_RdfQkuKE^df@0BFCFEHG\dkEHGfb¯S'[FBFEHBFdfbøE^GcQ�y
b¯EH_eOKCF_eE�_eB)�J'³P_RQ`EHOmµ�l0@0Gfv0E^dcQ`E^ORORQ\E^B1�}NhJ'B!Q\E^BFCPr�BhJM]�_Rd\gT[FEHB$Æ�E^gT[PB�NPBFv0E^BtNm�ûJP��J'NPV
CFE^B�_eB�¸%uPum�AúP��µ�ChJMG\v0EHdfQ`EHOeO{Q`E^B�qpb¯EH_eCF_R]�EHBFd\_R@0BhJ'ORE^B�©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FEHB°CFNPG\gT[Fv0E¾½
VXWF[FGfQ4b�NPG\CFEHBm�

¿Á]+VX@0Oev'E^BFCFEHB»»JM³F_RQ\E^O'df@0OeO'EpÂ�³FOe_Rq^_{QmE^GfOÃS'N�Q`E^GcQmbøE^G\CPE^BUyÅb�_eEx_RB¬CFE^G�l'@0G\OR_eE^v'E^BFCFEHB
¸%G\uKE^_{Q
CFE^G�|%EHd\@0Gf³PQ`_R@0BFd\³PG\@0qHE^d\d�u�EHdfQ\E^[FEHBFC5J'NFd
CFEH] ¸%BFGfE^v0NFBPv0d\]�E^gT[hJMBF_edf]ËNFd
NFBFCtCFE^] CFJ'G`J'N�V�VX@0ORv0E^BPCFE^BtÆ�E^OÃJ¶ÂFJUQ`_e@'BFd\³FGf@0q^EHd\d�d\_R]ËNFOR_eE^GcQ¯bøE^GfCFE^B$d\@0ORO �



�0�q�$lÌj�÷?¡� < ��)¡�õ�£��2¤�ÿ¨��¢S÷?¡�õGM9£�õ�õgj�¤�ú2¢�¡XFJú�ÿ¶�� �¢kjf�?� ú��¤l/¡f¢�ôÍjd÷2¡ B �
�¨ÉÎ� K B�M�ÎWG�GH=�Î�@QÒÐÏJD × =�Ô MÐÎ�@ ?¨ÒA@¥@¥B'D�Ó�ÔcÎ FÁÓ°× =HG�ÔIB7Ï

ÏJ=(Ó°Ï K ÎÚÔ5LzB�M�Î
|�E^Gã±%JM]�_RORQ`@'BF@0³KE^G`JUQ`@0G«VXWFGmChJMdãJ'NFdãJ'CFdf@0G\uP_eE^GcQ`EH]�a�n�½ªY$@0OeEHL}WFO0NFBFC�CFEHGãa�_Ãn�~ª´Å¦0¦!�À½
n�uKE^GY;«S'gT[FE»u�EHdfQ\E^[FEHBFCFEÈy�EHd`J']ÈQ\dfr�dfQ\E^] _RdfQ�CFNFGfgT[

Ĥ = ĤS + ĤSF (t) + ĤB + ĤSB + ĤBF (t)
~�úP��ú0�

v'E^v0EHu�EHBm�k|%EHGDù�r�dfQ\E^]Ç½ª±�J']�_RORQ\@0BF@0³KE^G\JMQ`@0G
ĤS

uKE^d\gT[PG\E^_RuPQ�EH_eB�J'N�V�E^_eBPE^] E^BFC�½
OR_egT[FEHB9z·E^_ROxCFE^GÈa�_egTLME^OR@ÅÂ�_RCF@0uKE^Gz;hS'gT[FE)JMCFd\@0GfuF_eEHGfQ\E^dºa�n�½cY$@'OeE^L}WFO�ymbkSM[FG\EHBFC�CFEHG
l'E^GfuFOeEH_euKE^BFCFE»z·E^_eO�CPE^G�ù�NFuFdcQ`G\JMQ`@0uKE^GY;«S'gT[FEÈJ'Oed�s�]�v0EHuFNFBFv�uFqpb���Ä¯J'C�~

ĤB

�4]�@M½
CPE^OeOR_eEHGfQ�b¯EHG\CFEHB�d\@0ORO �K|%E^G�±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G

ĤSB

uKE^d\gT[PG\E^_RuPQ¬CFEHB�CF_edfd\_R³hJMQ`_{l0EHB
wx_RB2;hNFdfd¬CFE^G�s�]�v0EHuFNFBFvDJMNPV ChJ'd¬©xG\_R]�SMG\dfr�dcQ`E^]t��ù�@¶bø@0[FO²ChJ'd»ù�r�dfQ\E^]ÍJMOed�JMNFgT[
CFJ'd%Ä¯J'CZL�x0BFBFEHBZVXE^GfBFE^G�]�_{Q�CFE^] q^EH_RQ`J'uF[hS'BPv0_ev0EHBDE^OeEHL!Q`G\_Rd\gT[FEHB�IhE^ORC$CFEHdJ�ãJ'dfE^Gc½
³PNFOedfE^dãb¯EHgT[Fd\EHORb�_eGfL'EHBUyUb¯J'd·CFNFGfgT[ÈCF_REA±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G\EHB

ĤSF (t)
uFqpb��

ĤBF (t)gT[FJ'G`J'L!Q\E^G\_Rd\_RE^GfQ4b�_RG\Cm�
|%_REÇù�Q\G\NFL!Q\NFG�CFEHG�E^_RBFq^EHOeBFEHB�±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G\EHB�b�_eG\CZCFNFG\gT[�CP_eEÇù�NFG\Gf@0v!JU½

Q\E»±%J']�_eO{Q`@0BF_eJ'B�YtEHQ`[P@�CFE»uKE^dfQ\_e]�]ÈQ4NFBPCtb�NFGfCFE»_eBDCFE^G�|%_Rd\d\EHGfQ`JMQ`_R@0B�l0@0B$�@�gT[
uKE^dfgT[FG\_RE^uKE^B«{�µ0µf} �h¿Á]þVX@'Oev0EHBFCFE^BDdf@0OeORE^BDB}NFB$CP_eE^dfE»±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G\EHBUy�CP_eE¬q^NPG
Yt@�CFEHOeOR_eE^GfNFBFv¬CFEHGA¸%BFGfE^v0NFBPvÈNFBFC�Æ�E^OÃJ¶ÂFJUQ`_e@'BÇu�EH_e]Õ|%EHd\@0Gf³PQ`_R@0BFdf³FG\@0qHE^dfdkJ'] ù}r}½
dcQ`EH] a�n�¯'a�_in
~c´Å¦'¦!��BF@MQÁb¯EHBFCF_ev�df_eBFCUy¯EpÂ�³FOe_Rq^_{Q�l0@'G\v0EHdfQ`EHOeO{Q)b¯EHG\CFEHBm��|%E^G�BFJ'gT[
y¬OeEH_egT[}NFBFv�~�úP�ûú!��qHNFd`JM]�]�E^BFv'E^d\EpQ`qpQ`E
±%JM]�_RORQ`@'BF@0³KE^G`JUQ`@0G4EHG\OÃJMNFuPQ�CFJ'BFB�CF_REË©xG\@M½
³FJ'v!JMQ\_e@0BDE^_RBFE^GÚ�(E^OROeEHBPVXNFBFL!Q`_R@0BDq^NFG�Ä¯EHd\gT[FGfE^_euPNFBFv�CPE^G�|�r�BhJ']�_eL�CPE^d%v'E^d`JM]ÈQ`EHB
¸4CPd\@0GfuhJMQf½ªù�NFuFdcQ`G\JMQf½ªù�r�dfQ`EH]�dH�

, Ù�, ÙzÛ 
��Sæx��?ÞYäåì�?æ0��æ7édÝcä
|�_eE �}NhJMB}Q\E^BFC�r�BFJ']�_Rd\gT[FE�ÄøE^d\gT[PG\E^_RuFNFBFv CPE^G)¬EHG\B}u�Epb¯EHv0NFBFv�CFEHd�J'CFdf@0G\uP_eE^GcQ`EHB
Yt@0OeEHL�WPOed¯EHGfVX@0ORv'Q E^B!Q`df³FG\EHgT[FE^BPC$CFEHdk_eB��J'³F_RQ\E^O�¥��ûúºl0@'G\v0EHdfQ`EHOeO{Q`E^B)�@0BFqHE^³PQ\E^d4JMNPV
qpb¯EH_ºEHOeEHL}Q\G\@0BP_ed\gT[PE^B>®¡NPdfQTSMBFCFE^B9y�bøE^ORgT[FE¹CFNFG\gT[#CF_eE¹©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FEHB+VXWFGDCFEHB
y¬G\NPBFCFq^NPdfQTJMBFC¹~

Vg
� NPBFC)CFEHB�J'BFv0EHG\EHv'Q`EHB�a�n − ½ÁJ'GfQ\_ev0EHB)®¡NFdcQTJ'BPC�~ Ve �xG\EH³FG`SMd\E^B�½Q\_eEHGfQ4bøE^G\CPE^Bm�

wxd4b¯EHG\CFEHB$qpb¯EH_�IhG\EH_e[FEH_RQ`dfv0G`JMCFE�CFEHG�Y$@0OeEHL}WFOeuKEHbøE^v0NPBFvÇu�EHG\WFgTL}df_egT[!Q`_Rv'Q4½xCFEHG
ù�gT[}bøE^Gf³FNFBFL!Q`J'uFdfQ`J'BFC�qHNFG�ù�NFuFdcQ`G\JMQ`@0uKE^GY;«S'gT[FE

Z
NFBFCDCFEHG�©·@0OÃJMGfb�_eBPL'E^O

ϑ
~�d\_RE^[FE

¸�uFum�·¥���µ0�¾��|%_eE�©·@'Q`EHB}Q\_ÃJ'OREËb¯EHG\CFEHB9ChJMu�EH_AJ'Oed¬LM@0BFdfQ`J'B!QÈuKE^qHWFv0OR_egT[�CFE^d�¸�q^_e]ÈNPQf½
b�_RBFL'EHOed

ϕ
J'BPv0E^BF@']�]�E^Bm� |%_REtÄ¯E^dfgT[FG\EH_euFNFBPv CFE^G��9EHOeORE^BPVXNFBPL}Q\_e@0B�_eB�CFEHG�¸%qH_{½
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]ËNPQÁb�_eBPL'E^ORL'@�@0G\CP_eBhJMQ\EËLUJ'BFB¹CFE^df[hJ'ORu(JMNPVkEH_eB(y�_{Q\Q\E^G\³PNFBFL!Q�u�EHd\gT[FG\S'BFL!Q»b¯EHG\CFEHBm�
|%_eEHd\E^G�_RdfQ�E^B!Q\d\³FGfE^gT[FEHBFCoCFEHG%Yt_eBF_R]�J'ORL'@0Bd·hv0NFG\JMQ`_R@0B�OR@0LUJ'Oe_Rd\_eEHGfQ(y�uKE^_mbøE^ORgT[FE^G�CF_RE
Y$@0OeEHL}WFOÃJ'gT[Pd\E�E^B!Q`OeJ'BFvDCFE^G»CF_eJ'v0@0BhJMOeE^Bo?AEHG\uF_RBFCFNFBPv0d`J'gT[Pd\E�qpb¯EH_eEHGÈa�_egTL'EHOÃJMQ\@0]�E
_eB�CFE^G�n�u�EHGz;«S'gT[PEoJ'NFdfv0E^Gf_egT[!Q`EpQ�_RdfQ^�øÄøE^_�E^_RBFE^] VXEHdfQ`v'E^[hJ'O{Q`EHBFE^B°¸%q^_R]ËNPQÁb�_RBFL'EHO
b�_eG\CtCF_REÈ|%GfE^[}uKEHbøE^v0NFBPv�CFE^G�Y$@0OeEHL}WFOÃJ'gT[Pd\E�VX@0Oev0OR_egT[DE^_RBFCF_R]�EHBFd\_R@0BhJ'OmCPNFG\gT[oCPE^B
©�@0OeJ'Gfb�_RBFL'EHO

ϑ
uKE^dfgT[FG\_RE^uKE^BUyFbøE^df[hJ'OeuDCF_RE¬©xG\@��fEHL!Q`_e@'BtCPE^d�|%GfE^[F_R]�³FNPOed\EHd�J'NPV·CF_RE

n¬uKE^GY;«S'gT[FEHBFBF@0Gf]�JMOeEoJMOed�ö�NhJMB}Q\_edf_eE^GfNFBFv0d\J'gT[FdfE�E^_eBPE�Ä¯EHbøE^v'NFBFv0dfL'@0BFdcQTJ'B!Q\E(qHNFG
ö¬NFJ'B!Q`E^BPq�J'[FO¯]AÐ¬¦Z_RdfQ��²wxdÇ[hJ'BFCFEHORQÇdf_egT[�J'ORd\@ov'E^BhJ'NPv0E^BF@']�]�E^B NF] E^_RBFE�CFGfE^_{½
CF_e]�E^BFdf_e@0BFJ'OeE4ÄøE^d\gT[PG\E^_RuFNFBFvºCFE^G¯Y$@0ORE^L}WFORu�Epb¯EHv0NFBFvº]�_{Qx_edf@'Q`Gf@0³�EHB�©·@'Q`EHB!Q`_ÃJMO<;«SU½
gT[FE^B$_eB�CFEHG�¸�q^_R]ËNPQÁb�_eBPL'E^ORL'@�@0G\CP_eBhJMQ\E'�

|�E^G�±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G CFE^d%ù�r�dfQ\E^]�d�LUJ'BPBtVX@0ORv0Oe_RgT[)CFNFGfgT[

ĤS =

(
T̂ + Vg(Z, ϑ) 0

0 T̂ + Ve(Z, ϑ)

)
.

~�úP�û¼!�

ChJ'G\v'E^dfQ\E^ORORQ�b¯EHG\CFEHBm�ã|�J'uKE^_·b�_eG\CZ]�_{Q
T̂
CFE^G¬n¬³KE^G\JMQ`@'G%CFEHG�L}_eBFEpQ`_edfgT[FE^B¹wxBFEHG\v0_RE

u�EHq^E^_RgT[FBFEpQ�y²bøE^ORgT[FE^G
d\_RgT[�J'NFdÇCFEHG
ù�NF]�]�E
T̂ = T̂trans + T̂rot

CPE^G�n�³�EHG`JMQ\@0G\EHB
VXWFG�CP_eEtz�G\J'BFd\OeJMQ`_R@0BFdfE^BFEHG\v0_RE9~

T̂trans
�ÇNFBFC CF_REtÆ�@'Q`JMQ`_R@0BFdfE^BFEHG\v0_RE9~

T̂rot
�
EHG\v0_RuPQ��

|%_eEÇ¸�B}bøE^BPCFNFBFvoCPE^G¬l0EHG\d\gT[P_eE^CPE^BFEHB wxBFE^Gfv0_eEH@0³�EHG`JMQ\@0G\EHB9JMNPV¯CP_eE��(E^OeORE^BPVXNPBFL!Q`_{½
@0BDE^GfVX@'Oev'Q�]�_RQ4CPE^BtE^B!Q`df³FG\EHgT[FE^BFCPE^B�³Fd\EHNFCF@0df³�EHL!Q`G`JMOeE^B$¸%ORv0@0G\_{Q`[F]�E^B9y�bøE^ORgT[FEº_RB
»JM³F_RQ\E^O�¥���úP��¥Èl0@0Gfv0E^dcQ`EHOeORQ4b�NPG\CFEHBm�

,�Ù�, Ù3Ø 
 Ý�ÒÑ±ß�2ÝLâSàXßXâSæ �  � �ýÝLædæ
¿ÁB�»JM³F_RQ\E^O ú��R´Èb�NPG\CFE
uKE^G\EH_RQ\d¬J'NPV CF_REË¿ÁB!Q`E^Gf³FG\EpQTJMQ\_e@0B�CPE^G�E¾ÂP³KE^Gf_e]�E^B!Q`EHOeORE^B�Ä¯E¾½
@0uhJ'gT[!Q`NPBFv0E^B�uKE^qHWFv0OR_egT[-CPE^d)@0³�Q`_edfgT[FE^B-¸%BFGfE^v0NFBPv0d\³FGf@0q^EHd\dfE^dDE^_RBFv0E^v0J'BFv0EHBm�ø¿ÁB�½
VX@0Oev0EHCFE^dfd\EHB�b�NFGfCFE¹VXWPGtCPE^B�©xGf_e]�S'G\dfgT[FG\_{Q\Q�CFEHGZ©x[F@MQ`@�CFE^df@0G\³PQ\_e@0B�J'] ù}r�dcQ`EH]
a�n�¯'a�_Ãn
~c´Å¦0¦0��EH_eB�Oe@'LMJMOe_edf_eEHGfQ`EHGX�ãJ'CPNFBFv0dcQ`G`JMBFdfVXEHG�J'NPV ChJ'd¬¸4CFdf@0G\uFJMQ�_eBPVX@'Oev0EºE^_{½
BFE^G¬CF_RG\EHL}Q\E^B¹@0³PQ\_ed\gT[PE^B¹¸%BFGfE^v0NFBPv$_RBFBFE^Gf[hJ'ORu�CFE^d�¸4CFdf@0G\uhJUQf½cù�NFuFdfQ\G`JMQc½ª�@0]�³POeEp½
ÂPEHdkJ'BPv0E^BF@']�]�E^Bm�!¿ÁB�CFE^G l0@0GfOe_RE^v0EHBFCFE^B�¸%Gfu�EH_RQød\@0OROhChJ'[FEHG¯JMNFgT[)CFEHGø¸�BFG\EHv0NFBFv0dª½
³FG\@0qHE^dfdºCFNPG\gT[9EH_eBFEÇCP_eG\EHL!Q`E��9EHgT[Fd\EHORb�_eGfL}NFBFvtqHb�_edfgT[FE^B9E^OeEHL!Q`G\_Rd\gT[FEH]Á�ãJ'd\EHGfVXE^ORC
NFBFC�©xG\_R]�S'Gfdfr�dfQ\E^]÷d\_R]ËNFOe_RE^GcQ�bøE^GfCFE^BUy�b¯EHd\[hJ'ORu�CFE^G¬±�J']�_eORQ\@0BF@0³KE^G\JMQ`@'G

ĤBF (t)_eBty¬OeE^_RgT[}NFBFv$~�úP�ûú!�øl'E^G\BFJ'gT[hS'dfd\_evMQ�bøE^GfCFE^B$LMJMBFBm�
s�B!Q`E^Gm?AEHGfbøE^BFCPNFBFvX�}NhJMB}Q\E^BFgT[PE^]�_ed\gT[PE^G�	
�������������²Æ�E^gT[FB}NFBFv'E^BÈLM@0BFB!Q`EHBºCPNFG\gT[

�ORWFBFEHG¯CF_RE%l0EHGfQ`_RLUJ'OeEHB�¸%BFGfE^v0NFBPv0d\EHBFE^Gfv0_eEHBDl'E^Gfd\gT[F_RE^CFEHBFE^G�a�n − ½ÁJ'GfQ\_ev0EHGk®¡NFdcQTS'B�½
CFEZCFEHdDù�r�dfQ\E^]�dDa�n�¯'a�_in
~c´Å¦'¦!�ÇJ'uFv0EHd\gT[hSMQ\qHQ)bøE^GfCFE^B { @0¦�}��¯|%J'u�EH_�qHE^_Rv'Q`E$d\_egT[9y
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CFJ'd\dDuKE^_�CFEHGt©A[P@'Q`@�CFE^df@0G\³�Q`_e@'B�JMB+CP_eE^dfE^] ù}r�dcQ`EH] G\EHOÃJMQ\_Rl�l�_RE^OREoE^ORE^L!Q`Gf@0BF_edfgT[
JMBFv0E^GfE^v'Q\Eº®¡NFdfQ`S'BFCFE�]�_RQkdfE^[FG�S'[PBFOe_RgT[FE^G4z·@0³K@0Oe@0v'_eE%_R] Ä¯EHG\EH_egT[tCFE^G4E¾ÂP³KE^Gf_e]�E^B�½
Q\E^OROeE^B»¸%BPG\E^v'NFBFv0dfE^BFEHG\v0_RE¯CFEHdV�ãJ'd\EHG\³FNFORd\EHd²Oe@'LMJMOe_edf_eEHGfQ�df_eBFCm�U|�JM[FE^G�_edfQ�CF_REø¸�BFBhJ'[�½
]�E�E^_RBFE^d�CFNFGfgT[oCFE^B �ãJ'd\EHG\³FNFORd�l'E^GfNFG\d\J'gT[!Q`E^B�GfE^df@0BhJ'B!Q`EHB¸§�uKE^Gfv!J'BFv'E^d�J'NFd�CFE^]
y¬G\NPBFCFq^NPdfQTJMBFC(v'E^G\EHgT[!Q\VXE^GcQ`_Rv'Q��ãI²WPG¬CF_eE
Yt@�CFEHOeOR_eE^GfNFBFv)CPE^d»¸%BFGfE^v0NFBPv0d\³FGf@0q^EHd\dfE^d
LUJ'BPB$VX@0ORv0Oe_RgT[)E^_RBZa%n − ½ªJ'GcQ`_ev'E^G�®¡NFdcQTJ'BFCZJ'Oed4GfE^³FG\S'd\EHB!QTJMQ\_RltJ'NFdfv0EHb¯S'[FO{Q�bøE^GfCFE^B9y
CPE^GDCFNFGfgT[#E^_RBFE�CFE^GD_R] l0@'G\_ev'E^B+�J'³F_RQ\E^O�uKE^dfgT[FG\_RE^uKE^BFEHB>©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FEHB+VXWFG
CPE^B J'BPv0E^GfE^v'Q\E^B ®¡NPdfQTJMBFC�ChJ'Gfv0E^dcQ`EHOeORQ�b�_RG\Cm�L�(E^_RQ\E^Gf[F_eB¹LUJ'BFB9CP_eE
l0E^GcQ`_RLMJMOeE
¸%B�½
GfE^v0NPBFv0d\EHBFE^Gfv0_eE%CFE^d�®¡NFdcQTJ'BPCFE^d4JMOedkS���NP_RlMJ'OeEHB!Qk]�_RQøCFE^G4wxBFEHG\v0_RE%CFEHd �ãJ'd\EHG\³FNFORd\EHd
JMBFv0E^BP@0]�]�E^B�bøE^GfCFE^Bm�

Ä¯EH_«E^_eBPE^GxCF_RG\E^L!Q\E^B�@'³PQ`_Rd\gT[FEHB�¸�BFG\EHv0NFBFvºCFE^d ¸4CFd\@'G\uhJMQc½cù�NPuFdfQ\G`JMQc½ª�@']�³FOREpÂ�E^d
VXWP[FGfQ�CF_RE��(E^gT[Pd\E^O{b�_eGfL�NPBFv)CFEHd�ù�r�dcQ`E^]�d�]�_{Q�CFE^] EHOeE^L!Q\G\_edfgT[FE^BZIhE^OeCtCFEHdX�ãJ'dfE^Gc½
³PNFOedfE^d

ĤSF (t) =

(
0 E(t)µ̂tr(Z)

E∗(t)µ̂tr(Z) 0

)
.

~�ú�� µ0�

qHN E^_RBFE^] EHOeE^L!Q\G\@0BF_Rd\gT[FEHB §�uKE^Gfv!J'BFv?y CFEHG�CFNFGfgT[�CFE^B §�u�EHG\v!JMBFv0d\CP_e³K@0Oe]�@0]�E^B!Q
µ̂tr(Z)

uKE^dfQ\_e]�]ÈQ _RdfQ^�0|%_REk¸%uF[FS'BFv0_Rv0L'EH_RQ CPE^dS§�uKE^Gfv!J'BFv'd\CF_R³�@0OR]�@']�EHB}Q\E^d·l0@0BÇCFEHG
n�dfq^_eOROÃJMQ\@0G\dcQTS'GfL'E

f
b�NFGfCFE»_eB]	
�������������¬Æ�E^gT[PB�NPBFv0E^BZCFNFG\gT[

f =
2

3
Efi|µfi|2

~�ú���§!�

uKE^dcQ`_R]�]ÈQ�{ @0¦2y�@�´(} ��I²WFGºCF_eE�n�d\qH_eOeOeJMQ`@'G\dfQ`S'G\LME�V�NPBFC CF_eE�§�uKE^Gfv!J'BFv0dfE^BFEHG\v0_RE
EfiEHG\v!JMu9d\_RgT[�ChJ'uKE^_ BhS'[PE^G\NPBFv0dfbøE^_Rd\E

f = exp(−Z)
uFqpb��

Efi = 4
EÀ?�Ð¬¦P�{´¶µ$J��ûNm�

|%J']�_{Q4LUJ'BFBtCFE^G�§�u�EHG\v!J'BPv0d\CF_R³�@'Oe]�@0]�EHB!QkCFNFGfgT[

µtr(Z) =

√
3

2

exp(−Z)

0.15
.

~�ú��ù!0�
JMNFd\v0EHCFG\WPgTL}Q�bøE^G\CPE^Bm�

|�JMdtEHOeEHL}Q\G\_Rd\gT[FE/�ãJ'dfE^GfVXEHOeC
E(t)

b�_RG\C�d\EH]�_RL}OÃJ'dfd\_edfgT[5u�EHd\gT[FGf_eE^uKE^B9y4ChJ�CFE^dª½
dfE^B5G`SMNF]�OR_egT[FE$¸%uF[FS'BFv0_Rv0L'EH_RQ)l'E^G\BFJ'gT[FOÃSMd\d\_Rv'Q)b�_RG\Cm�¯I²WFG)CF_REo¸%NPd\uFGfE^_RQ\NFBFv�CFEHd
�ãJ'dfE^Gf³FNFOedfE^d�b�_RG\C�J'ORd\@)CF_REËv0EH@0]�EpQ`Gf_ed\gT[�½Á@0³PQ\_edfgT[FEËa�S'[FE^GfNFBFvtJ'BFv'E^BF@0]�]�E^Bm��|%_eE
qHE^_{Q`Oe_RgT[FE¬¸%uP[hS'BFv0_Rv0L'EH_RQ4CPE^dG�·JMd\E^GcVXE^ORCFE^d�_edcQ�CFNFGfgT[

E(t) = E0 exp

(
−(t− tmax)2

2σ2
P

)
exp (iωLt) .

~�ú�� @!�
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u�EHdfQ`_R]�]ºQ�yãb¯@0uKE^_øVXWFGÇCF_eE)wA_RBF[}WFOeORE^BFCPE)CFE^d��ãJ'dfE^Gf³FNFOedfE^d
E^_RBFEDy�J'N?¥'VX@'G\] J'BFv0E¾½
BF@0]�]�EHBtb�NFGfCFE'��¸%NPVXv'G\NFBFC$CFE^G�@0uKE^BouKE^dfgT[FG\_RE^uKE^BFEHB�¸%BFBhJM[F]�EºE^_RBFE^d�G\EHd\@0BhJMB�½
Q`E^B §�uKE^G\v0J'BFv0EHd¬J'NFd�CPE^] y�GfNFBFCFqHNFdfQ`J'BFC�_edcQ%CP_eE��ãJ'dfE^GcVXG\E(�}NFEHBFq

ωL
S���NP_RlMJ'OeEHB!Q

q^NFG
|%_{õ¡EHG\EHBFq�qHb�_Rd\gT[FEHB
Ve

NFBFC
Vg

JM] Y$_RBF_e]ËNP] CPE^d�y�GfNFBFCFqHNFdfQ`J'BFCF³K@'Q\E^B!Q`_ ½
J'Oed

Vg
��|%_RE¹ù�QTJ'BPChJ'G\CFJ'u!b¯EH_egT[}NFBFv

σP
LUJ'BFB+J'NPgT[�CFNPG\gT[#CP_eE�±%JMOeu!b¯EHGfQ\d\uFGfE^_RQ\E

τP
WFu�EHG

τP = 2σP
√

2 ln 2
u�EHd\gT[FGf_eEHu�EHB b¯EHG\CFEHBm�k|%EHG1�ãJ'dfE^G\³PNFOed
b�_eGfC J'ORd\@¹_eB

CFE^B�ù�_e]ÈNFOÃJMQ\_e@0BPE^BËCFNPG\gT[�CPG\E^_K©�J'G`J']�EHQ\E^GxgT[hJMG`J'L!Q`EHG\_Rd\_eEHGfQ^¨!CFE^G IhG\E´��NPE^BFq
ωL
y!CFEHG

YZJUÂ�_e]�J'OÃJM]�³FOR_RQ\NFCFE
E0

NFBFC�CFE^G¯±%J'ORu}bøE^GcQ`dfuFG\EH_RQ`E
τP
��wxB!Q`df³FG\EHgT[FE^BFCtCFEHB�_eB�CPE^B

w Â�³KE^Gf_e]�E^B!Q`EHBÈl0EHGfbøE^BFCFEpQ`EHB¨�ãJ'dfE^Gf³FNFOedfE^B�{ª!"!dy�!���}}b�_eGfCÈuKE^_}CFEHBÇs�B!Q`EHG\dfNFgT[}NFBFv0EHB
_eB�CF_RE^d\EHG�¸%G\uKE^_{Q�E^_RBFE°�·JMd\E^GfE^BFEHG\v0_RE¬l0@0B

ωL = 3.7
EÀ?2J'BFv0EHBF@0]�]�EHBm�
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 ÞEÝ äåÞ��� � æ0� ��� ÞEæ�ç?èXÝÓ�o�Sá|�µÝLæ�ç?è�2ÝLÞ��JàXßGâ
I²WFG�CF_eE»Ä¯EH[hJ'BFCPOeNFBFv�CF_Rd\d\_R³hJMQ\_Rl0EHG�w õ¡EHL}Q\EÈuKE^_R] ©x[F@'Q`@�CFEHd\@0Gf³PQ`_R@0BFd\³PG\@0qHE^d\d�]�_{Qf½
Q`E^ORd�CPE^G¬ù�NFG\Gf@0v!JMQ\EË±%JM]�_RORQ`@'BF_ÃJ'B�Y$EHQ\[F@�CPEË_edcQ%EH_eBFE»_e]�³FOe_Rq^_{Q`E¬ÄkJMCFu�EHd\gT[FGfE^_RuFNFBFv
CFNFG\gT[+®�bøE^_ ½c®¡NFdcQTJ'BPC�½cù�r�dcQ`E^]�E ~�®�®�ùF�ÇBF@'QÁbøE^BFCF_RvF�¯¸�] ù�r�dfQ`EH] a%n°¯Ma�_in
~ª´Å¦0¦!�
VXWF[FGfQ�E^_RBod\EH[FG%L}NFGfq^ORE^uF_Rv0E^GX�·JMCFNFBFv0dcQ`G\J'BFdfVXEHG\qHNFdfQ`J'BFC�q^NP] |%EHd\@0Gf³PQ`_R@0BFdfE^G\EH_ev0BP_ed(y
ChJ»CP_eE���E^uKE^BFdfChJ'NFEHG¯CFEHd¯¿ÁB!Q`EHG\]�E^CF_eJMQ`dAqHb�_Rd\gT[FEHBo´¶µ¬NFBFC)¥0µ¬VXdøJ'uFv'E^d\gT[FSMQ`qpQ¯b�NFGª½
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ĤB

CPNFG\gT[
E^_eBPE�ÄkJ'CP]�JMQ\G\_ Â
_eB)CPE^GkEHGfb¯S'[FB!Q`EHB$Äø_RQ`CFJ'G\dcQ`E^OROeNFBPvÈJ'NPd\v0EHCFG\WFgTL!Q^�h|%_eE%�@0BPdfQ`GfNFL0½
Q`_e@'BtCP_eE^dfE^G�ÄkJ'CF]�JMQ\G\_{Â)E^GcVX@0Oev'Q�dfNFL}q^E^dfd\_{lýyKb¯@'u�EH_·CP_eEºù�³F_RBF@0³KE^G`JUQ`@0GfE^B9~ ¥��ûú'¼}�4J'ORd
ÄkJ'd\_Rd�l'E^GfbøE^BPCFEHQ»b¯EHG\CFEHB°~�d\_RE^[FEË»JM³F_RQ\E^O²¥�� ¥�� ¥0�¾�m|%_REËÄkJMCF]�@�CFEHBo]ËWFdfd\E^B�ChJMu�EH_
_eB�v0E^EH_ev0BPEHQ`EHG°�(E^_Rd\E
CFNFGfgT[FB}NF]�]�EHG\_eEHGfQ»d\EH_eBm�·|%_RE
¿ÁBFCFEpÂ�_RE^G\NPBFvZCFEHGË®�®�ù�_eB�CFEHG
a�_in�½ªn¬uKE^GY;«S'gT[FE¬_RdfQ�_R]þ¸%BP[hJ'BFv�j+uKE^dfgT[FG\_RE^uKE^Bm�

ÄøEHQ`G\S'v'Q»CF_REÇ¸%BFq^J'[FOACFE^GºÄkJ'CP]�@�CFE^B
N = 7

y�d\@tBF_R]�]ÈQ�CF_eE�ÄkJ'CP]�JMQ\G\_ Âo_R]
±�_eORu�EHGfQ\G`J'NF] HB

VX@0Oev0EHBFCFE»y¬E^dcQTJ'O{Q�J'Bm¨
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|�_eE�E^G\dcQ`E�YZJMQ`Gf_{Â�q^EH_eOREkl0@0B
ĤB

EHB!Q`[hS'O{Q ChJ'[FEHG¯L'EH_eBFE�a�_RgT[!Q`B}NFOeORE^ORE^]�E^B!Q`E�y0b¯EH_eO«CF_eE
EHG\dcQ`E�ù�³F_eBF@'G\L'@']�³K@0BFEHB}Q\E�LME^_RBFE)ÄkJMCFE^BFEHG\v0_RE�uKE^df_RQ\qHQ���Ä¯EH_ ¸�B!b¯EHBFCFNFBFv�l'@0B

ĤBJMNPV�CF_RE�qHbøE^_{Q`EZù�³F_eBP@0G\LM@0]�³K@0BFEHB!Q`E�b�_eGfC°CF_RE^dfEtBFJ'gT[>~�úP�R´�¦!�Èq^NFBFS'gT[FdfQ�]�_{QÇCFEHG
¸�BFG\EHv0NFBFv'd\E^BPE^G\v'_eE

ε
]ËNFO{Q`_e³POe_eqH_eEHGfQ��«¸�BFd\gT[FOR_eE´¥0E^BFC¹b�_eGfC(BF@�gT[9CFJ'dÈ©xGf@�CFNPL}QºJ'NPd

CPE^GS�9EHgT[Fd\EHORb�_eGfL}NFBFv0dfdfQTSMG\L'E¬NPBFC�CFEHGøuKE^BFJ'gT[}uhJ'GfQ\E^B�CFGf_RQfQ`E^B�ù�³F_RBF@0GfL'@0]�³�@'BFE^B!Q`E
CFJ'q^NhJMCFCF_eEHGfQºNFdfb���|�J'uKE^_Ab�NFGfCFE�CF_RE�z�JMQ\d`J'gT[FE�J'NFdfv0E^B}NPQ\qHQ�y·ChJ'dfdËJ'N�VXv0G\NFBPC9CFEHG
@'u�EHB u�EHd\gT[FGf_eE^uKE^BPE^B°Ä¯E^dfgT[FG`S'BPL�NPBFv¹J'NPV�wx_eBPV�J'gT[FJ'BFG\EHv0NFBFv�CPE^GÇÄkJMCF]�@�CFEHB�CF_eE
ù�³F_eBF@'G\L'@']�³K@0BFEHB}Q\E^B

2 . . .N + 1
�fEHbøE^_ROed�CFEHB ®¡NFdcQTJ'BFC(G\EH³FG`S'dfE^B!Q`_RE^GfE^BUyã_eB¹CFEH]

df_egT[�B}NFG4EH_eBFE�uKE^dcQ`_R]�]ÈQ\E�y�CFNFGfgT[tCP_eE%¿ÁBPCFEpÂ�_eEHG\NFBPv
VXEHdfQ\v0E^ORE^v'Q\E�yFÄ¯J'CF]�@�CFE�_e] J'B�½
v'E^G\EHv'Q`EHBo®¡NPdfQTJMBFC$uKE´·FBFCFEHQ^�

¸�uFuF_ROeCFNFBPv�úP�û§P¨A¿ÁOeORNFdfQ\G`JMQ\_e@0B�CFEHG�ù�r�dfQ\E^]Ç½ªÄkJMC�Ä¯E^dfgT[FG\EH_euFNPBFvF�k|�_eEÐ�9EHgT[FE^O{b�_eGc½
L}NFBPv9CFEHG�|�_e³K@0OeE�_RdfQ
CFNFGfgT[-EH_eBF_Rv0E�G\EH³FG`S'dfE^B!QTJUQ`_Rl'E$v'E^dfQ\G\_RgT[FE^O{Q`Et© VXE^_eORE�v0E^LME^BFB�½
qHE^_RgT[FBFEHQ^�h|%_RE�ù�r�dfQ\E^]Ç½ªÄkJ'C�½3�(E^gT[FdfE^ORb�_RG\L}NFBFv$~X[FE^OROeuFOeJ'N«� b�_eG\C�CPNFG\gT[DE^_RBFE¬|%_R³�@'O{½
|�_e³K@0O{½��9EHgT[Fd\EHORb�_eGfL}NFBFv�qHb�_Rd\gT[FEHB(CPE^]Íù}r�dcQ`EH]
½�§�uKE^G\v0J'BFv0dfCF_e³K@0O4~XG\@'QT��NFBFC�CFEHB
³FJ'G`J'OROeEHO�q^NFG�n�uKE^GY;«S'gT[FEHBFBF@0Gf]�J'OREºv'E^G\_RgT[!Q`EHQ\E^B�ÄkJMCFCF_e³K@0ORE^B9~�d\gT[!b¯J'G\q��%u�EHd\gT[FGf_eE¾½
uKE^B¡��¸�N?¥0E^GfCFE^] df_eBFC�CF_eE¹|%_R³�@0ORE�E^_eBPE^G5�·JMv0E�]�_{Q$_R[FG\EHB �fEpb¯EH_eOR_ev0EHB�BhSMgT[FdfQ\E^B
a�J'gT[}uhJ'GfB ~�a%a��%LM@0G\GfE^OR_eE^GcQ�~�v'G\WFB«�¾��|%_RE��9EHgT[Fd\EHORb�_eGfL}NFBFvZqpb�_edfgT[FE^B¹CFE^B¹E^_RBFq^EHO{½
BPE^B5�·JMv0E^BDb�_eGfCtEHu�EHBPV�J'OROedkuKE^GfWFgTL}d\_egT[!Q\_ev'QË~�uFG\J'NFB«�¾�

¿ÁB¹CFE^G¬uP_ed\[PE^G\_Rv0E^B¹Ä¯EHd\gT[FGfE^_RuFNFBFvDb¯EHG\CFEHB9ORE^CF_Rv0Oe_RgT[�wxOeE^L!Q\G\@0B�½���@�gT[�½Á©²J0JMG\EÇ_eB
CPE^G�@'u�EHG\dfQ\E^B �ãJ'v'EZCFEHG�ù�NFuPdfQ`G\JMQ`@'u�EHGz;«S'gT[PEou�EHG\WFgTL}df_egT[!Q`_Rv'Q��øI²WFG�E^_eBPE$LM@0B!l0E^Gª½



"�º I&ú�ò�¡�õ��<�ý÷l£)§´��¡�õ�¢E¡Xð°¡�ò�jfõ�øQ¢��¨jf�u©�Dª�¬«7DG���$�¹�º"ºH®
v0E^B!Q`E�Ä¯EHd\gT[FGfE^_RuFNFBFvºCFE^G ù�r�dcQ`E^]Ç½ªÄ¯J'C�|�r�BFJ']�_RLÈ_RdfQAE^d9�fEHCF@�gT[�E^GcVX@0G\CPE^G\OR_egT[Uy0J'NFgT[
E^_eBPE^B�l'E^GfQ\_eLUJ'ORE^B)¸�BFG\EHv0NFBFv0dcQ`G\J'BFd\³K@0GcQ4_eB)CP_eE¬n�uKE^GY;«S'gT[FE�qHNFq^NPOÃJ'dfd\E^B¡�h|%_eEHd¯b�_eGfC
CFNFG\gT[�E^_eBPE�Ä¯EHd\gT[FGfE^_euPNFBFvÈl'E^G\dfgT[F_eEHCFE^BPE^G �ãJ'v0EHB�l0@0B)ÄkJ'CF]�@�CPE^B�EHG\]¶x0v0OR_egT[!Q��Z»'E¾½
CFE��ãJ'v0EÈb�_RG\CoCFJ'u�EH_²CFNPG\gT[�E^_RBod\EH³hJ'G`JUQ`E^d�Ä¯J'C�BhJ'gT[(y¬OeE^_RgT[}NFBFv�~�úP� �0��uKE^d\gT[PG\_eE¾½
u�EHBm�}¸%BhJ'OR@0v�q^NFGS�(E^gT[FdfE^ORb�_RG\L}NFBFvºu�EHBhJ'gT[}uhJ'GcQ`EHGkÄkJ'CP]�@�CFE^B�_eBZ~�ú�� �!�²b�_RG\C�J'NFgT[
CF_eE��@0³F³FORNFBFv
u�EHBhJ'gT[}uhJ'GcQ`EHGX�ãJ'v0EHBD_eBDCFE^G�Y$@�CFEHOeOe_RE^GfNFBFvÇuKEHQ`G\J'gT[!Q`EpQ��K|%_eE»ù}QTS'Gª½
L'E»CF_eEHd\E^G �(E^gT[FdfE^ORb�_RG\L}NFBFv�_edfQ�ChJMu�EH_�CFNFG\gT[ZCF_eE°�ãJ'v0EHB�½ª�@0³F³FORNFBFv0dfL'@0BFdcQTJ'B!Q\E

ηLVXE^dfQ\v0E^ORE^v'Q^�
|�_eEøwAORE^L!Q`Gf@0B�½��ã@�gT[�½Á©²J0J'GfE¯_RBºCFEHGxù�NPuFdfQ\G`JMQ\@0u�EHGz;«SMgT[FEkL�x'BFBFE^B
JMOed�|%_e³K@0OeE J'N�VÃ½

v0EHV�J'dfdfQ�b¯EHG\CFEHBUy�bøE^ORgT[FEË]�_RQ�CFE^B�CPNFG\gT[oCP_eE��ãJ'dfE^G\J'BFG\EHv0NFBFv�_e]÷ù�r�dfQ\E^]÷E^Gfq^E^NPvM½
Q`E^B�§�u�EHG\v!JMBFv0d\CP_e³K@0O�bøE^gT[Pd\E^O{b�_eGfL'E^B¡��|�NFG\gT[
CF_RE^d\E�|�_e³K@0O{½Á|%_e³K@0O{½��9EHgT[Fd\EHORb�_RG\L}NFBFv
b�_eG\C+B}NFB�CF_RE�E^OeEHL!Q`G\@'BF_edfgT[FE9Æ�E^OeJUÂPJMQ`_R@0B5CFE^dZ©xG\_e]�S'Gfdfr�dfQ\E^]�dt]�@�CFE^OROe_eEHGfQ^�k|%_RE
�9EHgT[Fd\EHORb�_eGfL}NFBFv»CFE^G ÄkJ'CPCF_e³K@0OeE¯NFB!Q`E^GfE^_RBhJ'BFCFEHGxb�_eG\C
CFNPG\gT[�CFE^B�E^GfOÃS'NPQ\E^GcQ`E^B
[F@U½
G\_eqH@0B!QTJ'ORE^B(NFBFC�l0EHGfQ\_eLUJ'OeEHB9¸�BFG\EHv0NFBFv0dcQ`G\J'BFd\³K@0GcQÇqHb�_Rd\gT[FEHB�uKE^BFJ'gT[}uhJ'GfQ\E^B�ÄkJ'C�½
]�@�CFE^B�uFqpb��2�ãJ'v0EHB�uKE^dfgT[FG\_RE^uKE^Bm��¿ÁB)¸�uFum��úP�û§»df_eBFC�CF_eE4l0EHG\dfgT[F_eEHCFE^BFEHBt|%_e³K@0OeE4_RB
CFE^G�ù}r�dcQ`EH]
½ÁÄkJ'C¹Ä¯E^dfgT[FG\EH_euFNPBFvDChJ'G\v'E^dfQ\E^ORORQ��¡|%_eE��9EHgT[FE^O{b�_eG\L}NFBPv0E^B�CFEHG�|%_e³K@0OeE
NFB!Q`E^GfE^_RBhJ'BFCFEHG�d\_eBPC$CFNPG\gT[Dl0E^Gfd\gT[F_RE^CFEHBPV�J'GfuF_ev0E»v0EHdfQ`Gf_egT[FEHORQ\Eº© VXEH_eOeE%_eOeORNFdfQ\G\_RE^GfQ^�

,�Ù�, Ù�Ô } ÝLç2èXæ�Ýuvk�©Þ����àXßGâÂ�m�©ÞYæ�ç?èGÝLßÕ���Úæ7édÝcä àGßXá��o�Sá
|%_eE»E^ORE^L!Q`Gf@0BF_edfgT[FE��(E^gT[Pd\E^O{b�_eGfL�NPBFv�qHb�_Rd\gT[FEHB¹ù�r�dfQ`EH] NPBFC�ÄkJ'C$b�_eG\C$BhJ'gT[oCPE^B
¸%NFdcVXWF[FG\NPBFv0E^B$_eBt�J'³F_{Q`E^Om¥���¥ÇCPNFG\gT[$CFE^B$±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G

ĤSB =

(
0 1

1 0

)
⊗
∑

i

V̂i(σ̂
+
i + σ̂i) .

~�ú��R´0´Å�

ChJ'G\v'E^dfQ\E^ORORQ��U|�JMdQ�9EHgT[Fd\EHORb�_eGfL}NFBFv0df³�@'Q\E^B!Q`_eJ'O
V̂i
b�_RG\CÇB}NFB
J'NFdxCPE^];ChJ'G\v'E^dfQ\E^ORORQ`EHB

]�_RL�Gf@0d\LM@0³F_Rd\gT[FEHB�ÄkJ'CF]�@�CFE^ORO�JMuFv0E^ORE^_{Q`EHQ^�h¿ÁB�CF_eEHd\EH] Yt@�CFEHOeOãb¯EHG\CFEHB�CF_eEÈ�@0GfG\E¾½
OÃJMQ\_e@0BFEHB�qHb�_Rd\gT[FEHB�ù�r�dfQ\E^] NFBFCZÄkJ'CtCFNFG\gT[ZCF_eE��(E^gT[FdfE^ORb�_RG\L}NFBFv�CFE^G�wxOeEHL}Q\G\@0B�½
�ã@�gT[�½Á©²J0J'GfEk_eBÈCFE^G ù�NPuFdfQ\G`JMQ\@0u�EHGz;«SMgT[FE�]�_{Q²CFEH] a%n − ½ªJ'GcQ`_ev'E^BË¿ÁB!Q`EHG\]�E^CF_eJMQ gT[FJU½
G`J'L!Q`EHG\_Rd\_eEHGfQ^��|%_eEHd\EÇb�_eGfC9JMOed�|%_R³�@0O ½ª|%_R³�@'O{½3�(E^gT[Pd\E^O{b�_eGfL�NPBFv�BhJMgT[9CFEHB�y¬E^dfEHQ`qHE^B
CFE^G�L}OÃJMd\d\_Rd\gT[FEHB+wAORE^L!Q`Gf@�C�r�BFJ']�_RL°uKE^dfgT[FG\_RE^uKE^Bm��|�E^G�CFNFGfgT[�CPE^B¬�ãJ'd\EHG\³FNFORd�_e]
ù�r�dfQ`EH]ÍJ'BFv'E^G\EHv'Q`E�§�u�EHG\v!JMBFv0d\CP_e³K@0O²_RdfQ¬ChJMu�EH_ qHb�_Rd\gT[FEHB9E^_RBFE^] a�_RgTL'E^OeJMQ`@'] CFEHG
n¬uKE^GY;«S'gT[FE NFBFCºCFE^];ù�gT[}bøE^Gf³FNFBFL!QxCPE^d a%n�½cY$@0ORE^L}WFORd�Oe@0LUJ'OR_ed\_RE^GcQ��H|%_eE ÄkJ'CPCF_e³K@0OeE
d\_eBPC¨�fEHbøE^_eORd¬qHb�_Rd\gT[FEHB(EH_eBFEH] a�_RgTL'EHO{½�NFBFC�EH_eBFEH]ÍùPJ'NPE^G\dcQ`@'õ¡JMQ\@0] CFEHd»ù�NFuFdcQ`G\JU½
Q`E^d�_RB9Æ�_egT[!Q`NPBFv$CPE^d»a�_RgTL'E^OeJMQ`@']�d»J'NFdfv0E^Gf_egT[!Q`EpQ�~�d\_RE^[FE�¸%uPum�ãúP� !0�p�ãwxd�b�_eG\C¹J'B�½
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v'E^BF@0]�]�E^BUyFCFJ'd\d�d\_RgT[$CFEHG�ù�r�dfQ`EH]�CP_e³K@0OmBF_RgT[}Q�]�E^[FG�_R] a%JM[PVXE^ORCtCPE^G�ÄkJ'CFCF_R³�@'OeE
uKE´·FBFCFEHQ^�K|�J'd �9EHgT[Fd\EHORb�_eGfL}NFBFv0df³�@'Q\E^B!Q`_eJ'O·_eB$y�ORE^_RgT[�NPBFvo~�úP�{´0´¶�¯LUJ'BFBtCFE^]�q^N�VX@0O{½
v'E¬J'NFdkCPE^]þù�LUJ'OÃJ'Gf³FG\@�CFNFL!Q¯qHb�_edfgT[FE^BDCFEH] ù}r�dcQ`EH]
½�§�uKE^G\v0J'BFv0dfCF_e³K@0Oe]�@0]�E^B!Q

~̂µSNPBFC$CPE^] EHOeE^L!Q\G\_edfgT[FE^BZIhE^OeCDCFEHG�ÄkJ'CFCF_R³�@'OeE ~Ei BhJ'gT[

V̂i = ~̂µS · ~Ei =
~̂µS · ~̂µi
|~̂ri|3

− 3
(~̂µS · ~̂ri)(~̂µi · ~̂ri)

|~̂ri|5
.

~�úP�{´¶¥0�
uKE^GfE^gT[FBPEHQ%bøE^GfCFE^B¡�¡|�JMd�|�_e³K@0Oe]�@0]�E^B!Q4CFEHG

i
Q`EHBoÄkJ'CP]�@�CFE�b�_eGfC$]�_RQ

~µi
yhCFEHd\dfE^B

¸�uFdfQ`J'BFC¹q^NF] ù}r�dcQ`EH]�CF_R³�@'O ]�_{Q |~̂ri| uKE^q^EH_egT[FBPEHQ��ã¿ÁB¹¸%uFu¡�ãúP�ù!)df_eBFC¹CF_eEÇv'E^@0]�Ep½Q\G\_Rd\gT[FEHBt?AEHG\[hS'O{Q`BF_Rd\dfE»CPE^G�|%_e³K@0O ½ª|%_R³�@0O ½3�(E^gT[FEHORb�_RG\L}NFBFvºJ'NPVXv0EHq^EH_egT[FBFEpQ��

¸�uFuF_ROeCFNFBPvËúP� !�¨F|%J'G\dcQ`E^OROeNFBPvÈCFEHG�y�EH@0]�EHQ`Gf_eE�CFE^G4ù�r�dfQ`EH]
½ÁÄkJ'C�½��9EHgT[Fd\EHORb�_RG\L}NFBFvF�
wx_eBPEDbøE^_{Q`EHG\ED¸%NFdcb¯EHGfQ\NFBFv9CPE^G�ù�LUJ'OÃJMG\³FGf@�CFNPL}Q\E�_eB°y¬OeE^_RgT[}NFBFv�~�ú��R´¶¥'�ºVXWF[FGfQ

NPB}Q\E^GÇ?AE^Gcb¯EHBFCFNFBPv9CFEHd�]�_RQÇy�ORE^_RgT[�NPBFv�~�úP� !0�ºuKE^dfgT[FG\_RE^uKE^BFEHB±§�u�EHG\v!J'BPv0d\CF_R³�@'O{½
]�@0]�E^B!Q`EHd

µtr
J'NPV

Vi(Z) = ± qa0µtr(Z)
((

1
2
(Z + a0) +ma0

)2
+ n2a2

0

)3/2

∓3
qa0µtr(Z)Z2

((
1
2
(Z + a0) +ma0

)2
+ n2a2

0

)5/2
,

~�úP�{´Åú!�

bø@0uKE^_�]�_{Q
a0

CPE^Gk¸�uFdfQ`J'BFC)qpb�_ed\gT[PE^BDE^_RBFE^] a�_RgTL'EHO{½²NFBFC�E^_RBFE^] ùPJMNFE^GfdfQ`@MõmJMQ\@0]
_RBÈCFEHGxn�uKE^Gz;hS'gT[FE¯uKE^qHE^_RgT[FBFEHQ²b�_eG\C¡�M|�_eE ¿ÁBFCF_eqHE^d

n,m ∈ Ö CF_eEHBFE^BËCPE^G wxGcV�J'd\dfNFBFv
CPE^G ÄkJ'CFCP_e³K@0OeEM�0|�J'uKE^_Fb�_RG\C
]�_RQ

m
CF_eE �ãJ'v0E4NPBFC�]�_RQ

n
CPE^Gøn�GfQAE^_RBFE^G ÄkJMCF]�@�CFE

_RBFBFEHG\[hJ'ORu E^_RBFE^G��ãJ'v0E�E^B!Q`df³FG\EHgT[FE^BFC�CPE^GÇ_eB ¸�BF[hJ'BPv9jÕl0@0Gfv0E^dcQ`EHOeORQ\E^B�¿ÁBFCFE¾Â�_eEp½
GfNFBFvËv'E^L'EHBFBFqHE^_egT[PBFEHQ^�«I²WFG¯CFJ'dk|%_R³�@'Oe]�@0]�EHB!QøCPE^GkÄ¯J'CF]�@�CFEHB�b�NFGfCFE |~µi| = qa0
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J'BFv0EHBF@0]�]�EHBm�K|%_eEÇ|�_e³K@0OeOeJ'CFNFBFv

q
_edfQ�ChJ']�_RQ�CFE^G%E^_eBPq^_ev'EË©²JMG`J']�EHQ\E^G�_RBFBFE^Gf[hJ'ORu

CFE^d�±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G\d
ĤSB

�«wxG�u�EHd\gT[FGfE^_RuPQ%CP_eE¬?A@0OeORdfQ`S'BFCF_Rv0L'EH_RQ4CFEHdX�ãJ'CPNFBFv0dª½
Q`G`JMBFdfVXEHG\d
qHb�_Rd\gT[FEHB°CFEH] a�_RgTL'EHO{½»NFBFC�CFEH] ùPJ'NPE^G\dcQ`@'õ¡JMQ\@0] ~

0 ≤ q ≤ 1
�ÈNFBFC

u�EHdfQ`_R]�]ºQ4ChJ']�_RQøb¯EHd\E^B!Q\Oe_egT[$CF_eE»ù}QTS'GfL'E»CFE^G�ù�r�dfQ\E^]Ç½ªÄkJMC�½3�(E^gT[FdfE^O{b�_eG\L}NFBPvF�
|�_eE�E^OeEHL!Q`G\@'BF_edfgT[FE�ù�Q\G\NFL!Q\NFGÈCFEHdÇù�NPuFdfQ\G`JMQ\E^dºb�_RG\C9J'Oedf@$_RB(CFEHGºl'@0G\OR_eE^v'E^BFCFEHB

ù�r�dfQ`EH]
½ÁÄkJ'C�Y$@�CPE^OeOR_eEHG\NFBFv�CPNFG\gT[�CP_eEÇl�_eE^Gº©²JMG`J']�EHQ\E^G
ε
y
η
y
ηL

NFBPC
q
gT[hJ'G\J'L0½

Q`E^Gf_edf_eE^GcQ�ykbøE^ORgT[FE(CP_eE(ÄkJ'BFCFORWFgTL'E�y�CP_eE¹Ä¯G\EH_RQ\E¹CPE^dowxBFEHG\v0_RE^uhJMBFCFE^d´y�CP_eE�ãJ'v0E^B�½
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ĤSB

þ�ü�(³ï:çéî ù>��ú�î��{è
Ψ

ú�ëÎì�çéú î»M�î�(<�{èÁûNþ�ìÁú��{î:ëÁþ)ü:ë�ì+þ)ü:ë��+í
�4"Ãú�ë��+í:çéîÛï:çéî}�{çHèÁë��+í�ú�çéï�çéî:çHî�+3è��	�éçHëÁë��{èÁçHîËî��)ìK" çéî�ï:ú���2

æ�ú ç.+�è��'�éçéëÎëÁú çéèÁü�î��Aï:çHè7ù{�ZëÎìÁçéû����þ�ï>�Ïáoç��+í:ëÎçéý*"Ãú�è�80ü:î��Aï:ü:è��+í�ï:ú�çªò,�ÍçHèrþ�ìÁú��{î
ĤSBΨ

8 þ)î:îJþ)ü>(<�{èÁü:î�ïAï:çéè;A:êmçéèÁëÎú��+í;ìrý ú��+í:çHîzùZìÁèÁü�8;ìrü�è�ï:çéëOá ç%�+í:ëÁçHý9"Ãú è�80ü:î��{ë�H�þ��
û�ú�ýºì��{î��	�ÍçHèrþ�ì��{èÁë
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ĤSBΨ
ú�ë�ìcûD=	�{ý�ú9�+í:çéè "¬çHú�ëÎç¬û�ú ì¥ï:çéè��)çéèÁú î��{çHî�+¥çHè �

(<�{èÁûNþ)î��Hç�ï:ú�çHëÁçHè$�{ý��{ê:þ)ý�çHî�/y�{û�û$ü:î�ú�8 þ�ìrú9�{î:ëÎè��{ü�ìÁú�î:çHî$þ)ü>(�ù�5?+B��ù{�ZëÎìÁçéû�çéî-�éü�çéè�
8Zý�
)èÁçHîÉ¶*�	� � ¸�2

æ�ú�çO5ÛçHí:è��éþ)í:ý;ï:çHèÍ�{ç��{çHî�"q
)è�ìrú9�q�{çéè (<A��{ê\þ�èÁçéî²Hy�{�+í:ý çéú�ë�ìrü:î��{ëÁèÎç��+í:î:çHèIëÁú�î�ï0x¬ý ü>�
ëÎìrçHè þ)ü:ë�ù�5?+B�/7î��)ìÁçéî@Pcït2 í@2¥ëÁú çE"¬çHú�ëÎçéî�ï:ú�çNú�îxõ�ê�ê@2Bu�2*�Jï\þ)è��{çéë�ìrçHý�ý ìÁçbHp��ê�èÁú�ï{�
õ�è��+í�ú ìrç%8;ìrü:èÌþ)ü>(2ñæ�ú ç~ó|ç%�+í:î0ü:î��{çHîeï:çHèw�	�{èÎý�ú ç��{çHî:ï:çéî8õ�èÁêmçéú ì?"Ãü:èÁï:çHîÈ�Hü8çéú*�
î:çéû�" çéëÎçéî;ìrý ú��+í:çHî�ô¥çHú�ýIþ)ü>(cï:çHû Ñ��@�4�4�����4���p�����'���Ï�4�kù{�ZëÎìÁçéû ï:çHë�óÃç��+í:çHî��éçHî;ìrèÁü�ûNë
ï:çéèD5ËþÙR{�K+�ýÿþ)î���8	�F�çHëÁçéý ý�ë��+í\þG(Éì-F�þ)è��+í:ú î�� ï:ü:è��+í��{ç4(<A:í:èÎì�P$"¬çHý��+í:çHë¤þ)ü�ëDØ	ýÌù�5?+B�
/�î��)ìrçHî êmçéë�ìrçHí0ì�2nÌ)çéï:çHè\/�î��)ìrçHî��)çéè (<A��)ì\A:êmçéè�1�Ø6�p��ü��4�%�'�+�è��	�HçéëÎë��{èÎçéî ûNúºì.�	231
F\Hµ��ô¥þ'8;ì�(¨èÁç%0ü:çéî��G2&M�îJõ�ê:êt2�u�2f�$ëÁú î:ïAï:ú ç�J�è��{çHê:î:ú�ëÎëÁçñï�çéèpãIþ)ü�(<�Hçéú ìrþ)î\þ)ý*�ZëÁçéîAþ)ü�(
ï:çéû�ù���ë�ìrçHû ï\þ)è��)çéëÎìÁçéý ý ìz2

á�ú ç�êmçéèÁçHú ìÁëb�{êmçéî�ï:ú ë�80ü�ìrú çéè�ìE"Ãü:èÎï:ç'P)8 þ)î:î�ï�ú�çËü�î��'�{èÎìÁçéú ý�í\þG(ÉìÁç»/y�)ûNû$ü�î:ú*�
8�þ ìrú��)î:ëÁç4C-�Hú�çHî���ï:çHè�èÁçéþ)ý�ëÎú�çHèÎìrçHî}5?+$M��KM�ûD�:ý çéû�çéî;ì+þ�ìÁú��{îNþ)ü�(Iï�çéûâHµ�Zê:èÁú ï>��ù���ë�ìrçHû
ü@2 þ>2Zû�ú ì3ï�çéè;(<A�è ï:ú çñù�5?+B�/7î��)ìÁçéîAî:ú9�+í;ì��	��ìrú�ûNþ)ý çéî�û¤þ�ëÁëÁú*�{�\þ)èrþ�ý�ý�çHý�çHî�+3è��	�{èÁþ)û��
ûNú çéèÁë�ìrèÎü�8;ìrü:è|êÍç%�{è�A�î:ï:çHì¹"¬çHèÁï:çHî@2�ðBA�è�çéú î:çEç%�Íç�8;ìrú*�{çéèÎç�ù>8 þ)ý ú�çéèÎü:î��¤þ)ü�(ÎHp��ê�èÁú�ï{�



¡�¼�¡qs>ÆG£G¥9§�¦�¤�©'ª�«�¨utÙ¦�¤�Ä�£G¥�Å¦�ª é& 

ù���ë�ìrçHûNçHîJú�ëÎì ï:çHëÁí\þ)ý êAçéú îE�{çHûNú ë��+í;ìrçHë)+�è��	�)èrþ)û�ûNú çéèÎû-�Zï:çéý ý>�HüJêÍç4�	�{è��éü��)çéî@P{"��G�
êmçéúuï�ú�ç�/y�)ûNû$ü�î:ú�8 þ�ìÁú��{îAú î:î:çHèÁí\þ)ý êzçéú�î�çéëµ/7î��)ìrçHî:ëÃï:ü:è��+íËçéú î:ç.�nb��'����±-�E�4�E���k�k�
+¥þ)èrþ�ý�ý�çHý�ú ëÁú�çHèÁü:î��'û�ú ì�ò,�ÍçHî�5?+~ü:î:ïzï:ú�ç¹/y�{û�û$ü:î�ú�8 þ�ìrú9�{îD�%"Ãú�ë��+í:çéîzï:çHî�/�î��)ìrçHî
ï�ü:è��+í ï\þ)ë��E�������:�{�µÑ������4���{�./y�{î��éç���ì��	�{î�5?+$M�èÎçÇþ)ý ú�ëÎú�çéè�ìy"Ãú èÁï@2�æ�ú�çHëÁçéë\5���ï:çHý�ý
ú ëÎìBçÎçHï��>�+í û�ú ìWçHú�î:çHû çéî��)èÁû�çéî�+�è��	�{èÁþ)û�ûNú çéèrþ�ü�(�"�þ�î:ïb�{çHèÁê:ü:î�ï:çéî ¶·� ø{÷�¸�2

õ�ê:ê:ú ý�ï:ü:î��bu�2f��¬uù>8 þ)ý ú�çHèÁü:î��)ë��{çHèÁí\þ�ý ìrçHîÌþ)ü�(³çéú î:çéû~Hµ�Zê:èÎú�ï>�kù{�ZëÎìrçHû62tãuú�î�80ë�¬n�KÑ&���4�
±'�:Ñ6(<A:è7çéú î:ç��{ý��)ê\þ)ý�ç0+�è��{ê:ý çéûD�{è�='Q{ç²�'�{î

nα,g = 512
�<�{ç��:ü�î�8;ìrçHì�!ñê��%"�2

nα,g =

1024
�<�{çéë�ìrèÎú��+í:çHý ìk!k2 óÃç��+í;ìrë%¬��:���'����±)�KÑ&����±'�ÙÑµ(<A:èuï:ú ç�ý��	8 þ)ý ç�+�è��)ê:ý�çHû-�{è�=	Q{ç

nα,l = 4
2

æñþ�ëñù>8 þ)ý ú�çHèÁü:î��)ë��{çHèÁí\þ�ý ìrçHîÛûªü:ëÁë�çÎçéï��{�+í�þ�ü��+íËû�ú ìWï�çéîËî�ú��+í;ì¹�'��ìrú û¤þ)ý çéî}ãIþ��
ë�ìrçHî\þ)ü:ë��{ý�çHú��+í³� ������±-°��'�*�'�t�4���{�:!³ï:çHèWü:û-�)çéëÁç�ì���ìrçéî6+Cþ�èrþ)ý ý�çéý ú�ëÎú�çéèÎü:î��{ëÎëÎìÁèrþ�ìÁç��{ú ç|êmç4�
�)è�A:î:ï�çHì�" çéèÁï�çéî@2Iæ�çHè�/y�{û�û$ü:î�ú�8 þ�ìrú9�{î:ëÁþ)ü�(�"¬þ)î:ïËêmçéúCï:çéè7õ�î�" çéî�ï:ü:î��}�	�{î
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� çéí\þ)î�ï:ý�ü:î��7êÍçHèÁçéúºìrë�èÎç��:è���ï:ü��éú�çHèÎì�" çéèÎï:çéî-8'={î�î:çéî@P;ëÎú�î:ï.(<A�ècï:çHìrþ)ú�ý ý�ú çéèÎìÁçéèÎçéè5õ�î\þ��
ý*�ZëÁçéîE�'(Éì³û$ü:ý ìÁú�ï:ú ûNçHî:ëÁú9�{î\þ)ý çWù�ú û$ü:ý�þ�ìrú9�{î:çéî î��)ìK"¬çHî:ï:ú9�b¶ � P��	1>P�� ø'uG¸�2Zæ�çHë�" çéú ìÁçéèÎçéî
ûªü:ëÁë7þ�ü�(3ï:ú�ç'ëÁú9�{î:ú97�8�þ�î0ìÁçªõ�ê:í&
)î��)ú��	8�çéú ì�ï:çéèñó|çHëÁü:ýºì+þ�ìÁç²�	�)î ï:çéèñôn�	�s�{ý��'�{ú�ç�ï:çHè
+n�)ìrçHî;ìrúÿþ�ý���
'�+í�çéî í:ú�î��)ç%"Ãú�çHëÁçHî�" çéèÎï:çéî�¶*� øGu'¸�2

õ�ê:ê:ú ý�ï:ü:î��Ôý>2*�	�	¬yF7çéë��+í�"Ãú î:ï:ú9�	8)çHú ìrë �{çHèÎìrçHú�ý ü:î��{çHî (<A:è ï:çéîÄæ�èÁçHí:ú�ûD�:ü:ý ë
j = 2�¨ý�ú î�80ë�!'ê��4"�2

j = 4
�¨èÁç%�+í0ìÁë�! ï:çéè î0ü:ý ý ìÁçéî�ù>�:ú î��{è�8'�{ûD�v�)î:çéî;ìrç¤î\þ'�+í�çéú�î�çéè�+�è����

�:þ'�;þ�ìÁú��{îb�'�{îË÷9a�2e�.(¨ëÃú�û�þ)î��{çHèÁç%�)ìrçHîw� ü:ë�ì+þ)î�ï@2

�|ûåï:ú�çD�|èÁërþG�+í:çNï�çéè�ê:ú�ûD�Zï\þ)ý�çHîÌùZìÁèÁü�8;ìrü�è'ï:çHè²F�çHë��+í�"Ãú�î:ï�ú��	8�çéú ìÁë��)çéèÎìÁçéú ý�ü:î>�
�)çéîE�Hü¤ü:î;ìÁçéèÁëÎü��+í:çHî@P:ú�ë�ì³ú�î�õ�ê:ê@2�ý>2*�	�|ï:ú�çyF7çéë��+í�"Ãú î:ï:ú��'8)çéúºìrë �{çéè�ìrçHú�ý�ü�î��ªï:çHè¬î0ü:ý ý*�
ìÁçéî�ù>�:ú�î��{è�8G�{û-�s�{î:çHî;ìrç�(<A:èp�%" çéú¥æ�èÁçHí:ú�ûD�:ü:ý ë�0ü\þ)î;ìrçHî��Çþ�í:ý�çHî

j
î\þ'�+íÛçéú î:çéèµ+�è��G�

�:þ'�;þ�ìÁú��{î:ë��éçHú ì\�	�{î~÷Da>2e�6(¨ë$þ)ü�(Ãï:çHè�+N�)ìÁçéî;ìrú�þ)ý��&
'�+í:çAï:çHë�þ)î��{çHèÁç%�)ìrçHîI� ü:ëÎìrþ)î:ï:çHë
ï:þ)è��{çHëÎìÁçéý�ýºìz2��¬çHèÁçHú ìrë|ú�î ï:çHèñæ�ú ëÁëÁçHèÎìrþ�ìrú9�{î��'�{î»/7ý�A�î:çéèµ�éçHú��)ìÁçéîËï�ú�ç²F�çHë��+í�"Ãú�î�ï:ú��G�
8�çéúºìrë��)çéè�ìrçéú ý�ü:î��{çéî�î\þ'�+íÓ+3è��	�\þ'�{þ�ìrú9�{î~þ)ü�(�ï:çéû2þ�î��{çéèÎç��)ìÁçéîÓ� ü:ëÎìrþ)î:ï�çéú î:ç þ)ü:ë �
�)ç��:è�
'�)ìrç-�¬ú û-�Zï\þ)ý ú ì�
 ì.¶��{øG¸�2Iæ�ú�çHëÁç�"Ãü:èÁï�çAþ)ü�(¬çéú î:çNû�ú ì�ï�çéèEôN�	�s�{ý9�	�{ú�çªï:çéè²+N�G�
ìÁçéî;ìrú�þ)ý��&
'�+í:çb�Hü�êmç��)è�A:î:ï�çéî:ï:ç}� ú9(¨ü:è�8�þ ìrú��)îÈï:çéë.áoçéý ý�çHî��\þ'8�çHìrçHë��éü:è�A���8��{ç%(<A�í:èÎì�2
æ�ú�çéëÎç¹� ú9(¨ü:è�8�þ ìrú��)î0"Ãü:èÁï�ç�ë��+í:ý�ú ç�Q{ý ú��+í�þ)ü��+íNþ)ý�ëÎ�|èÁëÁþ'�+í:ç|ï:çéè³ê:ú�ûD�Zï\þ)ý�çHî�ùZìÁèÁü�8;ìrü�è
ï�çéèy×3çHèÎìÁçéú�ý ü:î��{çHîËï:çHèñï:çHë��{èÎê:ú�çHèÁçéî�ï:çéîÉ56�)ý�ç�8�A:ý ç'ú î;ìrçéè��:èÁç�ìrú çéèÎì�2 æ�þAþ)ü��+í�ú îËï:çHî
í�ú�çéèµ�	�{è��{çéë�ìrçHý�ý ìÁçéîÌùZú�û$ü:ý�þ�ìrú9�{î:çHî û�ú ì�çéú î:çéû ���{�k�������'�K�\à��'�������K���&���'�Jï:ú�ç²�¬ú*(¨ü:è �
8 þ�ìÁú��{îËï:ü:è��+í çéú î:ç þ)ü�ë��{ç%�:è�
'��ìrç�æ�ç4(<�{èÁûNþ�ìrú9�{î�ï:çHèEòñèÎìrëÎèrþ)ü�û0"¬çHý�ý çéî�(¨ü:î�80ìÁú��{î ú û



½9<	Ú ��©	£GªsÅ¦�ªs¿9��ª�£GúD§�¨4Ã Äs¦�s>§9úU©'¥r£�Å�§<ùÙªv¦�ª

þ)î��{çHèÁç���ìrçéî�� ü:ë�ì+þ)î:ïoçéè�8)çéî�îZê:þ)è²"¬þ)è�P#8 þ)î:î ï:ú çéëÁç�õ�è��{ü:û�çéî;ì+þ ìrú��)î ûNúºì�ï:çéîoêÍçk�
èÁç��+í�î:çHìÁçéî F7çéë��+í�"Ãú î:ï:ú9�	8)çHú ìrë �{çHèÎìrçHú�ý ü:î��{çHî�þ)ü:ë�õ�ê:ê@2;ý>2*�	�}�:èÁú î��éú9�:ú�çHý�ý³êÍçHëÎì�
 ìrú���ì
"¬çHèÁï:çHî@2#Ì)çéï��>�+íÌú�ë�ì7ï:ú çªê:ú û-�Zï\þ)ý ç$ùZìÁèÁü�8;ìÁü:èñï:çHè\F�çHë��+í�"Ãú�î:ï�ú��	8�çéú ìÁë��)çéèÎìÁçéú ý�ü:î��)çéî
ï:çéècï�çéë��)èÁê:ú çéèÁçHî:ï:çHîE5��{ý�ç%8{A�ý�çq�'�Íçéî�ëÁú��+í;ìÁý�ú��+í²�	�{î�ï:çHî çéè�"�
)í:î;ìÁçéî¤ùZì�A���8�çéý êÍçHè��	�{ë�
�éú�ý ýÿþ�ìÁú��{î�çéî�A:êmçéèÁý�þ'�{çHèÎìzP	ë��7ï\þ)ëÁëCëÁú�ç ú�î'õ�ê:ê@2	ý>2*� ø�î0ü:ècî��{�+íªìÁçéî:ï:çHî��éú çéý ý�çéè�8)çHî:î0ê\þ)è
ú�ëÎì�2

õ�ê:ê:ú ý�ï:ü�î��bý{29�ÙØ{¬Íóp�)ìrþ�ìrú9�{î:ë��)çéè�ìrçéú ý�ü:î���ï�çéè�ï�çéë��)èÁê:ú çéèÁçHî:ï:çHî�56�{ý ç�8�A:ý�çEî\þ'�+í6�{çéè�
ë��+í:ú çéï:çHî:çéî?+3è��	�\þ'�{þ�ìrú9�{î:ë��HçéúºìrçéîJì�2

ðNA:è�çéú�î�" çéú ìÁçéè (<A:í:èÁçHî:ï:çHë²×3çéèÎëÎì�
)î:ï:î:ú ë�ï:çéè'æy�Zî\þ)û�ú�8�êmçéú�ï�çéè�á çHý�ý�çHî��\þ'8�çHì �
�:è��	�:þ'�;þ�ìÁú��{îaûNúºìËçHú�î:çHû ���{�k�������'�K��à��'�������K���&���'�Ô"Ãü:èÎï:ç~þ)ü�Q{çHèÁï:çHû ï:ú ç � çHú ì��
þ)ê:í&
)î��{ú��	8�çéúºì'çHú�î:ú9�{çéèªòñê:ëÁçHè���þ)ê:ý çéîÈï�çéë þ)ë �Zû-��ì��)ìrú ë��+í:çHî�áoçéý�ý çéî��:þ'8)ç�ìrçéëªü:î;ìrçéè�
ëÁü��+í;ìz23æ�ú�çz:�î:ï:çéèÎü:î�� ï:çéè�óp�)ìrþ�ìrú9�{î:ë��)çéè�ìrçéú ý�ü:î���ûNúºì.�Hü:î:çéí�ûNçHî:ï:çéèD+�è��'�\þ'�;þ�ìÁú*�
�{î:ë��Hçéúºì'ú ëÎì�ú î õ�ê:ê@2ný>2*�ÙØAï\þ)è��{çéë�ìrçHý�ý ì�2Iò¹� çHî:ëÁú9�+í;ìrý�ú9�+íÌï:çéë��{èÁê:ú çéèÎçéî ï�ú�çD56�{ý ç�8�A:ý ç
ûNúºì�í��{í:çéè�óµ��ì+þ�ìÁú��{î:ëÁþ)î:èÎç��{ü:î��E�éü�çéèÁë�ìz2 ö�þ)í:ç%�éüÌþ)ý ý�ç²56�{ý ç�8�A:ý çªû�ú ì

j ≤ 23
ëÎú�î:ï

êÍçHèÁçéúºìrëWî\þG�+í çHú�î:çHèp+�è��	�\þG�;þ�ìrú9�{î:ë��éçéúºì��'�{î
t = 3.9

�:ëWï�çéë��)èÁê:ú çéèÎì�2\æñþ'�)ç��{çHîÛû.A�ë �
ëÁçéîÌï:ú ç²áoçéý ý�çéî��\þ'8)ç�ìrç$ê�ú�ë

t = 14.6
�:ë¹�:è��	�:þ'�{ú�çHèÎìy"¬çHèÁï:çHî@Puü:û ï:ú�çªæ�çéë��{è���ìÁú��{î

�	�{îÔ56�{ý�ç%8�A:ý�çHîÒû�ú ì�80ý�çHú�î:çHû
j

�	�)ý�ý�ë�ì�
)î�ï:ú����éüÒêÍçHë��+í:èÎçéú êÍçHî@2ÎM�îÞï:çHîÔ�{çéû�ú�ë��+í;ì
Zü:þ)î;ìrçéî�ûNç%�+í\þ)î:ú ë��+í>�Ï8Zý�þ)ëÁëÎú�ë��+í:çéîÛù�ú û$ü:ýÿþ ìrú��)î:çéî�8'�)î:î;ìrç¹(<A:è ï:ú�ç�óp�)ì+þ�ìÁú��{î�ë��{çHèÎìÁçéú*�
ý�ü:î��)çéî�ï:çHèñêmçéú�ï�çéî ü:î;ìrçHèÁë��+í:ú�çHï:ý�ú9�+í:çéî æ�çHë��{è���ìrú9�{î:ë�8 þ)î�
)ý�ç'çéú�î�þ)î\þ)ý9�	�{çéëµ×3çéèÎí\þ)ý*�
ìrçéî êmç��{ê\þG�+í0ìÁçHìp" çéèÁï�çéî ¶��	1G¸�2

� ü�û�õ�ê:ë��+í:ý ü:ëÁë�ï:ú çéëÎçéë�/�þ'�:úºìrçHý�ë�ú ëÎì�î��>�+í�û¤þ)ý ëy(¨çHëÎì��Hü:í\þ)ýºìrçHî@P ï\þ�ëÁë7ï:ú çq:�í:î{�



Ç�¼�¡�ÂnÄv¦�¤�úD§�¨4Ã Äs¦ÄÃFÅÍ¦�ÆsÅ¦ ½9<� 

ý ú��+í�8�çéúºìrçéîÛï:çéè�óÃçéëÁü�ý ì+þ ìrçEú�î ï:çéî�ù�ú�û$ü�ýÿþ�ìÁú��{î:çHîJî\þ'�+í�ï�çéè�ù�ü:èÁè��	�;þ�ìÁç0H�þ)û�ú�ý ì��{î:ú·�
þ�îÕ5ÛçHìÁí��Zï:çAê��4"�2Cï:çHè�ù�ô5õµ� 5 çHìrí���ï:ç¤ï:çéü�ìÁý�ú9�+íÈþ)ü�(<�)ç��éçHú��)ì²"Ãü:èÁï�çéî@2ná çHî:îxï:ú�ç
� çéëÁç�ì��Hü:î��Èü:î�ïÞï:çHèE� çHè�(�þ)ý ý�ï:çHë¤þ)î��{çéèÎç��)ìÁçéî � ü�ëÎì+þ�î:ï:çéë¤þ)ü�(�ü:î;ìrçéèÎë��+í:ú çéï:ý ú��+í:çHî
� çHú ìÁë�8 þ)ý�çHîaë�ì+þ�ìÎì�7\î�ï:çéî@Py8'�{î�î0ìÁçéî�û�ú ì êmçéú�ï�çéî 5 çHìrí���ï:çHîPë��:";�{í:ý\�{çéè��{ý�çHú��+í0ê\þ��
èÎçJæ�çHë��{è���ìrú9�{î:ë�"¬þ)í:èÎë��+í:çHú�î:ý ú��+í�8�çéúºìrçéî�þ)ý ëªþ�ü��+íÕ
)í:î:ý ú��+íÕF7çéë��+í�"Ãú�î:ï:ú9�	8)çHú ìÁë �7ü�î:ï
óp�)ìrþ�ìrú9�{î:ë��)çéè�ìrçéú ý�ü:î��{çéîxçHèÁí\þ)ýºìrçHîÕ" çéèÎï:çéît23æñþ)êmçéúWú�ë�ì��éü�êmçÇþ'�+í;ìrçHî@P�ï\þ)ëÎë�ú�îxï:çHè
ùZô¥õp� 5Ûç�ìrí��Zï:ç çéú î:ç08G�>�)èÁï:ú î\þ�ìrçHî0ü:î\þ)ê:í�
)î��{ú9�{ç�� çéè (�þ)ý�ý ëÁèÁþ�ìrçEþ)î��)çéî��{û�û�çéî?"Ãú èÁï@P
"�
)í:èÎçéî:ïÞï:çéèE� çéè (�þ)ý�ýWú îÒï:çHèAùZü:èÁè��	�;þ�ìÁç?H�þ)ûNú ý ì��{î:úÿþ�îÕ5ÛçHìÁí��Zï:çÛï�ü:è��+í�ï�ú�çÛæ�ú*�
�s�{ý·�kæ�ú9�v�{ý·�Ïáoç��+í:ëÎçéý*"Ãú�è�80ü:î����%"Ãú ë��+í:çHî�ù{�Zë�ìrçéû ü�î:ï®��þ)ï �{çHèÁü:èÎërþ'�+í;ì?"Ãú èÁï@P ï:ú�ç
çHú�î:çÛþ)ü:ë��{ç���è�
'�)ìÁç�òñè�ìrërþ�ê:í&
)î��)ú��	8�çéú ì�þ�ü�(�"¬çHú�ë�ìz2³æ�ú�ç ë��mç��Hú97\ë��+í:ç»x¬í:þ)èrþ'8;ìÁçéèÁú ëÎìÁú�8
ï�çéë�óÃçéýÿþÙR:þ ìrú��)î:ë��:è��	�éçHëÁëÎçéë�ë��+í:çHú�î;ì�ï\þ)í�çéè�8)çHú�î:çHîÌëÁú��)î:ú97&8 þ)î;ìÁçéî�J�ú�î6�:ü:ëÁë�þ)ü>(¬çkR{�
�mçéèÎú�û�çéî;ìrçHý�ýmûNçHëÁëÎê\þ)èÁç�F�è�=	Q{çéîU�HüJí\þ)êmçéî@2���î;ìrçHèWï:çéè¬õ�î:î\þ�í:ûNçy�	�{îJëÎç��\þ)èÎú�çHèÎìrçHî
� çHú ìÁë�8 þ)ý�çHî�ï:çéèzêmçHìÁçéú�ý ú��)ìÁçéî +�è��	�éçHëÁëÁç³8'�{î�î0ìÁçÌú�î�ï:çéèU�'�{èÁý ú�ç��)çéî:ï:çHî�õ�èÁêmçéúºìJï\þ��
í�çéè¬ï�ú�ç|õ�î�"¬çHî:ï:ü:î���ï�çéèWùZô¥õp� 5Ûç�ìrí��Zï:ç¹�Hü:è)�¬çHë��+í:èÎçéú ê:ü:î��$ï�çéè¬ý�þ)ëÁçHèÁú î:ï:ü��Hú�çéè�ìrçHî
æ�çéë��)è���ìÁú��{îÉ�{çéèÎç��+í;ì�(¨çHèÎìÁú��)ì\"¬çHèÁï:çHî@2NJ3èÎëÎì\"¬çHî:îÈï:ú ç-� çéú ìÁë�8 þ)ý çéîÌï:çéëEõ�î�èÁç��)ü:î��{ë�
ü�î:ï ó|çHýÿþ�R�þ�ìÁú��{î:ë��:è��'�éçéëÎëÁçHë��)çéè��{ý�çHú��+í0ê\þ)è," çéèÎï:çéî@Puü�î0ìÁçéèÎë��+í:çHú�ï:çHî ëÁú9�+íÌú�î:ëÎêÍçHë��{î>�
ï�çéèÁç�ï:ú ç�óµ��ì+þ�ìÁú��{î:ë �{çHèÎìrçHú�ý ü:î��{çHî ï�çéü�ìÁý�ú��+íU�'�{î:çéú î\þ)î:ï�çéè²��ëÎú�çéí�çEõ�ê:ê@2sý>2 ÷�!k2

��TKS Æ hU]qZÇ� iu�#g$hU]ÉÈMÊ�])l�j#]

´ �Ë����� NQ��2KU��&RTP�()()RT#KU$U��"2%')(+*
æ�çéè,J�ú î6�\ü:ëÎëñï:çéèñòñêÍçHè���
'�+í�çéî;ìrçHû-�mçéèÁþ�ìrü:èñþ)ü�(�ï:ú çªóÃçéëÎü:ý ìrþ�ìrçEï:çHè�ù�ú�ûªü:ýÿþ�ìÁú��{î�çéî
ë��{ý�ý ûNúºìWçéú î:çéèWú î�8'�{í�
)èÁçHî0ìÁçéî6���{ýºì��éûNþ)î:î�ûNúºìÁìrçHý�ü:î��²�	�)îËþ)ë �Zû-��ì��)ìrú ë��+í:çHî òñê:ëÎçéè �
��þ)ê�ý�çéîzü:î;ìÁçéèÁëÎü��+í;ì¹" çéèÎï:çéî@2mæñþ�(<A:èWú�ë�ìÃï:ú�ç�+�è��	�\þ'�;þ ìrú��)îb�{çéèÎë��+í:ú çéï:çHî:çéè¹J�ú��{çHî��éü>�
ë�ì�
)î�ï:ç

j
ï:çéëNF7çéëÁþ)ûªìrë �ZëÎìrçHûNëIê:ú ëÍ�éü:èn/µ�{î��{çéè��{çéî�� ú í:èÁçHèIþ)ë��ZûD��ì��)ìÁú�ë��+í:çéî�á çHý�ý çéî>�

(¨ü�î�8;ìrú��)î:çéî
ΨA,j

çéè�(<�)èÁï:çHèÁý�ú9�+í@2�J�î;ìrë��:èÁç%�+í:çéî�ï�ï:çéîÌ��êmçéèÎý�ç%�{ü:î��{çHîzú�î}/�þ'�:úºìrçéý@ý>2*�
ú ëÎì�çéú î:ç'ìÁí:çéèÎûNú ë��+í:ç'õ�î:èÎç��{ü:î��Aï:çéè¹J�ý�ç�8;ìÁè��{î>�KãÍ�>�+í>�K+Cþ{þ�èÁç'þ)ü�(<�{èÎü:î:ï�ï:çHè¹�{è��	Q{çHî
�¬þ)î:ï:ý9A���8)ç�ú�îzö|úÉòPî:ú9�+í0ìp�HüÛçHè�"¬þ)èÎìÁçéî@P>"¬çHëÁí\þ)ý êÛçHú�î:çy×3çéèÁî:þ'�+í:ýr
�ëÁëÁú9�{ü:î���þ)î>(�
)î��G�
ý ú��+í:çHèzù{�ZëÎìÁçéû����þ�ï>�/µ�{èÁèÎçéýÿþ ìrú��)î:çéîÔ�)çéèÁç%�+í;ì�(¨çéè�ìrú9�)ì ú�ëÎì�2qJ�ú��)çéî��Hü:ëÎì�
)î:ï:çÌï:çHëwF7ç4�
ëÁþ)ûªìÁë��ZëÎìÁçéû�ëB8'=)î:î:çéîªï:çéû�î\þ'�+í'ï:ü:è��+íªï:ú�ç óµ��ì+þ�ìÁú��{î:ë�Ï×�ú�ê:èÁþ�ìrú9�{î:ë �KJ�ú��{çHî��éü:ë�ì�
)î�ï:ç
ï�çéè¹�4"¬çHú�ï:ú ûNçHî:ëÁú9�{î\þ)ý çéîwF�èÎü:î:ï��Hü:ëÎìrþ)î:ï:ë��v�)ìÁçéî;ìrú�þ)ý��&
'�+í:çªü�î:ï»8)çHú�î:çHèñþ)î��)çéèÁç%�)ìrçHî
�¬þ)ï:ûD��ï:çp�+í\þ�èrþ'8;ìrçHèÁú ëÁú�çHèÎìO"¬çHèÁï:çHî@2:ðNA:è ï�ú�çy�¬çéèÎç��+í:î0ü:î�� ï�çéè;J3ú9�{çéî��éü:ë�ì�
)î:ï�ç�ï:çHè
+n�)ìrçHî;ìrúÿþ�ý���
'�+í�çy"Ãú�èÎïE"Ãú�çHï:çéèÎü:û ï:ú�ç,5ÛçHìÁí��Zï:ç�ï:çHè)+�è��	�:þ'�;þ�ìÁú��{î�ú�î-M�û¤þ'�)ú�î&
)è��éçHú ì
þ�î��{ç%"¬þ)î:ï�ì.�¨ëÁú çéí:ç�õ�î�í\þ)î���õ�!k2



½9<Gé ��©	£GªsÅ¦�ªs¿9��ª�£GúD§�¨4Ã Äs¦�s>§9úU©'¥r£�Å�§<ùÙªv¦�ª

M�îxï�çéè0�'�{èÁý ú�ç��)çéî:ï:çHîxõ�èÎêÍçHú ì0"Ãü�èÁï:çHîxï:ú�çAëÎç��+í:ë î�ú�çéï�èÁú��)ëÎìrçHî J�ú��{çHî��éü�ëÎì�
�î:ï:ç
êÍçHè�A���80ëÁú9�+í;ìrú���ìzP&"¬çHý��+í:ç'ú�îzõ�ê�ê@2vý>29�z1�ú ý�ý�ü�ëÎìrèÎú�çHèÎì�ëÎú�î:ït2Xæ�ú�ç²J�ú��{çHî:çéî:çHè��{ú çéî çéèÎýÿþ)ü>�
êÍçHî�óµA���80ë��+í:ý�A:ëÎëÁçoþ)ü�(Eï:ú çËõ�è�ìJï:çHè ù>�+í�"Ãú�î��{ü�î��{ëÁêmç%" ç��)ü:î���ï:çéèJþ�ï:ë��{èÎê:ú�çHèÎìÁçéî
56�{ý�ç%8�A:ý�çG2Ãù>��ú�ëÎìU(<A�èJï:ú�ç õ�î:èÁç%�{ü:î��Òçéú�î�çéè�56�{ý ç�8�A:ý·��òñêÍçHè���
G�+í:çéî>�kù>�+í�"Ãú�î��)ü:î��
"¬çHî:ú��{çHè�J�î:çéè��{ú�ç¤þ)ý�ë\(<A:èªçHú�î:ç¤óµ��ì+þ�ìÁú��{î:ëÁþ)î:èÎç��{ü:î���î��)ìK" çéî:ï�ú���Pn"¬çHú�ý³ï:ú�çEJ3ú9�{çéî{�
(¨ü:î�8;ìrú9�{î$û�ú ìcçHú�î:çHûË/7î���ìrçéî�ú î$ï:çéè3æ�çéë��)è���ìÁú��{î:ë�8'�{�{èÁï�ú�î\þ�ìÁç

Z
çéî�çéè��)çHìrú ë��+í ìrú ç%(¨çHè

ý�ú�ç%�)ìWþ�ý�ëWï:ú ç�J3ú9�{çéî>(¨ü:î�8;ìrú9�{îzûNúºìWçéú î:çéû
ϑ
�/7î���ìrçéît2

õ�ê:ê:ú ý�ï:ü�î�� ý>2*�:1�¬yJ�î:çéè��{ú�çHï:úÿþG�{èrþ)û�û ü:î�ï�ï:ú�ç ó|çéþ)ý ìÁçéú�ý çÌçéú�î�ú��{çHèËþ)ü�ë��{ç4"q
)í�ý ìrçHè
óµ�)ìrþ�ìrú9�{î:ë�Ï×ñú ê:èrþ ìrú��)î:ë �KJ3ú9�{çéî��éü:ë�ì�
)î:ï�ç�ï:çéè?+N�)ìÁçéî;ìrú�þ)ý��&
'�+í:ç ï:çéë�çHý�ç%80ìÁè��{î�ú�ë��+í�çéî
F�èÎü:î:ï��Hü:ëÎìrþ)î:ï:çHë�2

æ�ú�ç�õ�î��Çþ�í:ýÍï�çéè)/7î��)ìÁçéîAú î¤ï:çHî}/7çéèÁî�8'�{�{èÁï:ú î\þ�ìÁçéî¤ú ëÎì¬ú�î¤ô¥þ)êmçéý ý�ç¹ý>29�y�éü:ë�
�ì��k�
ý�ú��+íI�éüÞï:çéèNèÁçéý�þ�ìrú*�{çHîÔ�¬çHëÁçHì��éü:î��xï:çéèEJ3ú9�{çéî��éü:ë�ì�
)î:ï�ç?(<A:èD�%" çéú�ô5çéûD�mçéèrþ ìrü:èÎçéî
î\þ'�+ízçéú î:çéè)�;�{ý ì��éûNþ)î:î:û�ú ìÎìrçéý ü:î��Eþ)î��)ç��{çHêÍçHî@2\æ�ú ç�J�ú��{çHî��éü:ë�ì�
)î�ï:ç,"Ãü:èÁï�çéî î\þ'�+í
ï:çéè}5 çHìrí���ï:çËï:çéëw���{�k�������'�K�}à��'�������K���&���'�xû�ú ìNï:çéî�ú î�õ�î:í:þ)î��~æåï��	80ü:û�çéî{�
ìrú�çHèÎìÁçéîb+¥þ)èrþ�ûNç�ìrçéèÎîb�:è��	�\þ'�{ú çéè�ìz2Zæ�ú�ç|êmçéèÁç%�+í:î:ç�ìrçéî þ)ë �Zû-��ì��)ìrú ë��+í:çHîzöy�{èÎûNçHî¤ï:çHè



Ç�¼�¡�ÂnÄv¦�¤�úD§�¨4Ã Äs¦ÄÃFÅÍ¦�ÆsÅ¦ ½9<'û

çHú�î��Hçéý î:çéî?� ü:ëÎì�
)î:ï:ç
nasy,j

ëÎú�î:ïzçHêÍçHî�(�þ)ý�ý ëWú�îzô¥þ)êÍçHý�ý ç�ý>2*�EçHî;ìrí\þ)ýºìrçHî@2

J�î:çéè��{ú�ç /7î��)ìÁçéî@¬
Pj/P0 Pj/P0 nasy,j

[a.u.] Z
�
ϑ

� �Çø{ø�/\! ��Ø�ø{ø�/²!
�kø>2 ø�� � ý'1{ø�� ø���ø �	2 ø{ø{ø �	2 ø{ø{ø u�2faD� ·10−3

�kø>2 ø��¬a{÷�� � ý �%��ø ø�2*�zu	u ø�231D�{ø a�29�:ý ·10−3

�kø>2 ø��¬aD��ý9�	1 ø���� ø�2*�ÙØ)ø ø�231'u�a a�2ºØ>� ·10−3

�kø>2 ø��¬a	1�� � ØÙ��ø ø�2 ø�Ø	Ø ø�2*�zu � � 231�� ·10−3

�kø>2 ø��¬a�Ø	ý)ø�ý �%��� ø�2 ø��Z� ø�2*�:1	1 � 2 ø�� ·10−3

�kø>2 ø��¬a�Ø)ø � 1 ø��Ø ø�2 ø��Ùý ø�2*�ÙØGu a�2 � ý ·10−3

ô¥þ)êmçéý ý�ç�ý>2*�	¬uóÃçéý�þ�ìrú*�{çªìÁí:çéèÎûNú ë��+í:çD�¬çHëÁç�ì��éü�î��
Pj/P0

ï:çéè��)çéèÁë��+í:ú�çHï:çéî�çéî J�ú��)çéî>�
�Hü:ëÎì�
)î:ï:çEü:î:ï ï:ú ç7êÍçHèÁç��+í�î:çHìÁçéî þ)ë �Zû-��ì��)ìrú ë��+í:çHîËöµ�{èÁû�çéî

nasy,j

æ�ú ç,� çHú ìrþ)ê:í&
)î��{ú��	8�çéúºì3ï:çéè�+N�	�:ü�ýÿþ�ìÁú��{î�ú�û þ�î��{çéèÎç��)ìÁçéî}� ü�ëÎì+þ�î:ïE(<A:è³ï:èÁçHú��:è��G�
�:þ'�{ú�çHèÎìÁçEJ�ú��)çéî��Hü:ëÎì�
)î:ï:çNú�ëÎì'ú�î õ�ê�ê@2�ý{29�zu��éü�ërþ)û�ûNçHî û�ú ìEï:çHîÈçéèÎí\þ)ý ìÁçéî:çHîÐãuç4�
êmçéî�ëÁï\þ)ü�çéèÁîËþ)ü�(<�{ç%�éçHú��)ì�2

õ�ê:ê:ú ý�ï:ü:î��Óý{29�zu�¬Wæ�ú�çÉ+n�	�:ü:ý�þ�ìrú9�{î�ú�û þ�î��{çéèÎç��)ìÁçéî � ü:ëÎìrþ)î:ïaþ)ý�ëzð\ü:î�8;ìÁú��{î�ï:çHè
+�è��	�\þ'�;þ ìrú��)î:ë��Hçéú ì�ú�î�ý ú�î:çéþ)èÁçHèñæñþ�èÁëÎìÁçéý ý�ü:î��-(<A:èñï:èÎçéúB��è��	�\þG�{ú�çHèÎìrç.J3ú9�{çéî��éü:ë�ì�
)î:ï�ç
�¨ý�ú î�80ë�!¥ü:î�ï�ú î ý��	�{þ)èÁúºìrí:û�ú�ë��+í:çéè¥æñþ)èÎëÎìrçHý�ý ü:î��,(<A:ècï�ú�çq�4"¬çHúÍþ�î��{çéèÎç��)ìÁçéî�óp�)ì+þ�ìÁú��{î�ë �
×�ú�ê:èÁþ�ìrú9�{î:ë�J�ú��{çHî��éü�ëÎì�
�î:ï:çD��èÎç��+í;ìrë�!42

æ�ú ç)J�ú��{çHî��éü�ëÎì�
�î:ï:çWû�ú ì¥í�={í:çHèÁçéè�J3î�çéè��)ú�ç�" çéú ëÁçéî�çHú�î:ç;�{è�=	Q)çéèÁç�ó|ç%8Zü�èÁèÁçHî����Hçéúºì
ë��:"Ãú�ç|çéú�î�ç|ý�
)î��{çHèÁçpãuçéêmçéî�ëÁï\þ)ü�çéè

τ
ú û þ)î��{çHèÁç%�)ìrçHîU� ü:ë�ì+þ)î:ïNþ)ü�(20ö�þ'�+í¤ï�çéî¤õ�ü:ë �

(<A�í:èÁü:î��{çéî�ú û �	�{èÎú��{çHîÔ/�þ'�:úºìrçéýÃú ëÎìNï\þ)û�ú ì�çéú î:ç?�{è�=	Q{çHèÁç�þ�ë��Zû-��ì��)ìÁú�ë��+í�ç�öy�)èÁû



½	½9< ��©	£GªsÅ¦�ªs¿9��ª�£GúD§�¨4Ã Äs¦�s>§9úU©'¥r£�Å�§<ùÙªv¦�ª

nasy
(<A:è�ï:ú�çzçéî�çéè��)çHìrú ë��+í�í�=)í:çéè�ý�ú ç��{çHî:ï:çéîÓJ�ú��{çHî��éü:ë�ì�
)î�ï:ç6�)çéèÁê�ü:î:ï:çHî@P;"¬þ)ë¤ú î

ï:çéèÃú�îzô¥þ)êmçéý�ý ç�ý>2*��ï��	80ü:û�çéî;ìrú çéèÎì|ú ëÎìz2:æ�ú�çHëÁç�õ�ê:í�
)î��{ú9�	8)çHú ìÃçéî;ìÁë��:èÎú��+í;ìñþ�ü�(<�{èÁü�î:ï
ï:çéèn�{è�='Q{çéèÎçéîEõ�ü:ëÎï:çéí:î0ü:î��7ï:çéè5çéî;ìrë��:èÁç%�+í:çéî�ï:çéî�áoçéý�ý çéî�(¨ü�î�8;ìrú��)î:çéî�ú�û�ò7è�ìrëÎèrþ)ü:û
ï:çéî6J�è�"¬þ)èÎìÁü:î��{çHî@2

æ�ú�çWæ�çHë��{è���ìrú9�{î:ë�ìrçéûD�mçéèrþ ìrü:ècï�çéë³ù{�ZëÎìÁçéû�ë3öñò��)ö|úÉò�� � ø)ø�!t"Ãü:èÁï:çWçkR>�ÍçHèÁú�û�çéî{�
ìrçéý ýXï:ü:è��+í¤ï:ú�ç|õ�î�" çéî:ï:ü�î���ôWí:çéèÎûNú ë��+í:çHè�æ�çHë��{è���ìrú9�{î:ëÁë��Íç%8;ìrè��)ë�8'�'�:ú�çD�¨ôÃæ7ù�!³û�ú ì
Ø	Ø)øb/¡êÍçHëÎìrú ûNû'ì.¶�aD�G¸�2�ðBA�è7ï:ú�ç��|î;ìrçéèÎëÁü��+í0ü:î��{çéîoï:çéè7ô5çéûD�ÍçHèrþ�ìÁü:èrþ�ê:í&
)î��)ú��	8�çéú ì
ú�îJï:ú çéëÁçHèWõ�èÎêÍçHú ìq"Ãü:èÎï:çéîËòñê:ëÁçHè���þ)ê:ý çéîzêmçéú�ï:çHîÛô5çéûD�mçéèrþ ìrü:èÎçéî ø�/�Pv� ø{ø�/Óü:î:ï
Ø)ø{ø�/�êmçéèÁç%�+í:î:ç�ìz2mæ�çéèyJ�è�"¬þ)èÎìÁü:î��{ë "¬çHèÎì�çéú�î�çéè�òñê:ëÁçHè���þ)ê:ý çéî

Ô
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óÃçéý�þ�R�þ�ìrú9�{îÌçéú î:çéëEþ)î��)çéèÁç%�)ìrçHî � ü:ë�ì+þ)î�ï:çéë'êÍçHëÎìrú ûNû'ì7ëÁú î:ï@25ðBA:è�ûD=	�{ý�ú9�+í:ç�ù�ú û$ü>�
ý�þ�ìrú9�{î:çHî68G={î:î;ìrç ï\þ�î:î�î:çHêÍçHî ï:çéû ûNú980è��{ë�8'�	�:ú ë��+í:çHî»��þ)ï�û-�Zï:çéý ý5þ)ü��+í�ï\þ�ëñçéî;ì��
"Ãú9��8)çHý ìrç\+¥þ)èrþ)ý ý�çHý�ú�ëÎú�çHèÁü:î��)ë�8'�)î��éç%��ì)�{çHîZü�ì��Hìµ" çéèÁï�çéî@2
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� ü�è)�¬çéë�ìrú ûNû$ü�î��.�	�{î�J�ú��)çéî��Hü:ëÎì�
)î:ï:çHîÛü:î�ï6J�ú9�{çéî�" çéèÎìÁçéî çéú î:çéë)�{ç%�{çéêmçéî�çéî�H�þ��
û�ú�ýºì��{î��	�ÍçHèrþ�ì��{èÁës"Ãü:èÁï�çÎ�'�{î²/y�{ëÎý��'� ç�ì¥þ)ý�2Hï:ú�çO5Ûç�ìrí��Zï:ç³ï:çéèn+�è��'�\þ'�;þ�ìÁú��{î�ú�î�ú�ûNþ��
�)ú�î&
)èÎçéè�� çHú ì�çéî;ìK"Ãú���8�çéý ì-¶�a	1G¸�2@M�îÌï:ú�çHëÁçHè7ý�çéú9�+í;ì��éü ú�ûD�:ý�çHûNçHî;ìrú�çHèÁçHî:ï:çéî»5ÛçHìÁí���ï�ç
"Ãú èÁïJï:ú ç�� çéúºì

t
ú�îJï:çHè|ù>�+í:è�=Zï:ú î��{çéè��{ý�çHú��+í0ü:î����Hü:èp�¬çHë��+í:èÎçéú�ê�ü:î���ï:çéèp/7çHèÁî0êÍç4"¬çk�

�)ü:î��?��Ø>2´u�1�!¬ï:ü�è��+í ï:ú�ç�ú�ûNþ'�{ú î&
)èÎç�� çéúºì
τ = i · t çHèÁëÎçHì���ìz2mæñþ)èÁþ)ü:ëÃçéè��{ú�ê�ìÃëÁú��+í çéú î

î�ú��+í;ìrü:î�ú ì�
�èÁçéèµ� çHú ìÁçéî;ìK"Ãú���80ý�ü�î��{ë��'�ÍçHèrþ�ì��{è
Û(τ) = exp(−Ĥτ).

��õ²29�:!

á�ú èÁï�çéú î:ç�(¨èÎçéúp�{ç4"q
)í�ý ìrçËùZìrþ)èÎìK" çéý ý�çéî>(¨ü:î�8;ìrú9�{î
Ψ(0)

(<�{èÁûNþ)ýWú îÒçHú�î:çHû ù{�ZëÎìrçHû
þ�ü:ëµJ3ú9�{çéî��éü:ë�ì�
)î:ï�çéî

φn
ï:çHë¹H�þ)û�ú�ý ì��{î��	�mçéèÁþ�ì��)èÁë

Ĥ
çHî;ìK"Ãú���8)çHý ì�Pmë���(<�{ý��)ì�(<A:èWï:ú�ç

� çHú ìÁçéî;ìK"Ãú���80ý�ü�î��
Ψ(τ) = Û(τ)Ψ(0) = Û(τ)

∑

n

cnφn =
∑

n

cn exp(−En · τ)φn.
��õ²2 Ø	!

ö�þ'�+íÈí:ú î:èÁçHú��+í:çHî:ïÐ�{è��	Q{çHè0+�è��'�\þ'�;þ�ìÁú��{î�ë��éçHú ì\�éçHè�(�þ)ý ý�çHîoï:ú çNõ�î;ìrçéú ý�ç�ï:çéè\á çHý�ý çéî>�
(¨ü�î�8;ìrú��)îÞú�îÒï:çéî�çHú�î��Hçéý î:çéî J�ú9�{çéî��Hü:ëÎì�
)î:ï:çHî

φn
ç4R>�s�{î:çéî;ìÁú�çéý ý�P�";�{êmçéú�ï�ú�ç?� çéè �

(�þ�ý�ý�ëÎèrþ�ìÁç¤ï:ü�è��+í~ï:ú�ç¤çéî;ìrë��:èÁç%�+í:çéî:ï�ç»J�ú��{çHî:çéî:çHè��{ú ç
En

êmçéëÎìÁú�û�ûªì0"Ãú èÁï@2cð��)ý��{ý ú��+í
�)çéèÎê:ý�çHú�ê�ìD(<A:è

τ → ∞ î0ü:è�ï:çéèD�éü:û F7èÁü:î�ï��éü:ë�ì+þ)î�ïÓ�{çHí�={èÁçHî:ï:ç�ù�ü:û�û¤þ)î�ïÒú î
ï�çéè�J�î;ìK"Ãú���80ý�ü:î���23æñþ ï:ú�çUM�ûNþ'�{ú î&
)è��éçéúºì��:è��	�\þ'�{þ�ìrú9�{îÌî:ú��+í;ì�î��{èÎûNçHèÁí\þ�ý ìrçHî:ïxú�ë�ìzP
çHè�(<�{ý9�)ìWî\þG�+í�çÎçHï:çéûÒ� çHú ìrë��+í:èÁúºìÁìÃçHú�î:ç�óÃçéî��)èÁû�ú�çéèÎü:î�� ï:çHè)á çHý�ý�çHî�(¨ü:î�8;ìÁú��{î@2

æ�ú çÎ/y�{î��)çéè��)çéî��³ï:çéèN5Ûç�ìrí��Zï:ç$"Ãú�èÎï,"¬çHëÁçHî0ìÁý�ú9�+íªï:ü:è��+í'ï�ú�çBá þ)í:ý;ï:çHèuõ�î�(�þ�î��{ë �
" çéý ý�çHî�(¨ü:î�8;ìrú9�{î¤êmçéë�ìrú ûNûªì�20æñþ)ë)/µ�{î��{çHè��{çHî��%�)çéèÁí:þ)ý ìÁçéî}8 þ)î:îAï\þ�êÍçHúÍêmçéú ë��:ú çéý�ë "¬çHú*�
ëÎçzï:ü:è��+íÒï:ú�çU� çéú ìrþ)ê:í&
�î��{ú��'8)çéúºì ï:çHë-J�î:çHè��{ú çéçHè�"¬þ)èÎìÁü:î��{ë "¬çHèÎìrçHë 〈Ψ(τ)|Ĥ|Ψ(τ)〉
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8'�{î;ìrè��{ý�ý ú�çHèÎì�"¬çHèÁï:çHî@2�æ�ú�ç6áoçéý ý�çHî�(¨ü:î�8;ìrú9�{îö(<A�è¤çéú î:çéîÞí�={í:çHèÁçéî�þ�î��{çéèÎç��)ìÁçéî � ü{�
ëÎì+þ�î:ï

φm
8 þ)î:îTçéêmçéî>(�þ)ý�ý ëJûNúºìAï:ú çéëÁçHè�+3è��	�éçHï:ü:è ï:ü:è��+í +�è��ÙçÎç�8;ìrú9�{îaêmçéèÎç��+í:î�çHì

"¬çHèÁï:çHî@2sJ3ë)"Ãú èÁï ï\þ)î:îzï:çHè|ûD�Zï:ú97&�Hú�çHèÎìrç,H�þ)û�ú�ýºì��{î��'�ÍçHèrþ�ì��{è

Ĥn = Ĥ −
m−1∑

l=0

|φl〉〈φl|
��õ²2º1	!

ú�î\F7ý�çéú9�+í0ü:î��\��õ²29�:!s�{çHè�" çéî:ï:ç�ìz2�æ�çéè5ò,�mçéèÁþ�ì��{è
Ĥn

êÍçHëÁú ì��Hìuê�ú�ëIþ)ü�(
φ0, φ1 . . . , φm−1ï\þ)ë��{ý çéú��+í�ç�ù>�mç�8;ìrèÎü:ûÝ�	�{îÉJ�ú��)çéî��Hü:ëÎì�
)î:ï:çHî³"Ãú�çªï:çéè�ü:èÎë��:è�A:î��{ý ú��+í:ç�H�þ)ûNú ý ì��{î>�

�	�ÍçHèrþ�ì��{è
Ĥ

2�æ�çéè²F7èÁü:î:ï��éü:ë�ì+þ)î:ï��	�)î
Ĥn

ú ëÎì�ë��)ûNúºì�
'0ü:ú*�)þ�ý�çéî;ì��Hü:ûåî>�hìrçéî þ)î{�
�{çéèÎç��)ìÁçéîÕ� ü:ë�ì+þ)î�ïÐ�	�{î

Ĥ
2�� ü:è'î0ü:ûNçHèÁú ë��+í:çHîÕ��û�ëÁçHì��éü:î�� ï:ú�çHëÁçéè0+�è���çÎç%80ìÁú��{î�çéî

"Ãú�èÁïaî\þ'�+íIçÎçHï:çéû � çHú ìrë��+í:èÁúºìÁì çéú î:çoðCú�ýºìrçéè��:è��'�éçéï�ü:è þ)ü�( ï:ú ç³��è��	�\þG�{ú�çHèÎìrç�áoçéý*�
ý�çéî>(¨ü:î�8;ìrú9�{îÞþ�î��{ç%"¬þ)î:ï�ìz2 æñþ'�éüI"¬çHèÁï:çHî�ï:ú�çzî:ú çéï:èÎú��{çHèÁçHîÓJ�ú��)çéî�(¨ü:î�80ìÁú��{î�çéî

φm
P

û$ü:ý ìÁú��:ý ú��Hú�çéè�ìÃûNúºìñú í:èÁçHû½�|êÍçHèÁýÿþG��� ûNúºìñï:çHè�þ'8;ìrü:çHý�ý çéîwáoçéý�ý çéî�(¨ü�î�8;ìrú��)î?�	�{îÌï:çHè
�:è��	�:þ'�{ú�çHèÎìÁçéî?áoçéý ý�çéî>(¨ü:î�8;ìrú9�{îËëÎü:ê�ìrèÁþ)í:ú çéèÎì�2�ö�þ'�+íÌçéú�î�çéè7þ)î�ë��+í:ý ú�ç�Q)çéî:ï:çHîÌó|çHî��{è�
ûNú çéèÁü�î��Ûï�çéè0áoçéý ý�çéî>(¨ü:î�8;ìrú9�{î³"Ãú èÁï ï�ú�çb+�è��	�\þ'�;þ ìrú��)îoî\þG�+íxï:ú�çHëÁçéû +�èÁú î��éú9� ê:ú ë
�éüAçHú�î:çHè¬þ)ü�ëÁèÁçHú��+í:çHî:ï:çHî6/µ�{î��{çHè��{çHî��7ï:çéë�J�î:çéè��{ú�çHçéè�"¬þ)è�ìrü:î��)ë�" çéèÎìÁçéë)(<�{è�ì��{çHëÁçHì��Hì�2
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� çéú ï�çéèÃù�ú û$ü:ý�þ�ìrú9�{î�ï:çéè�ý�þ)ëÁçHèÁú î:ï:ü��Hú�çéè�ìrçHîJæ�çéë��{è���ìrú��)îE"¬çHèÁï:çHîzï:ú�çµá çHý�ý�çHî��\þ'8�çHìÁç
î:þ'�+í~ï:çéè�óÃçéý�þ�R�þ�ìrú9�{î ú îxï:çéîöF7èÁü:î:ï��éü:ë�ì+þ)î:ï~ú îÈçéú î:çéîÕ�{çHê:ü:î:ï:çHî:çéî�ü:î:ï~çHú�î:çHî
ï�çéë��)èÁê:ú çéèÎìÁçéî õ�î;ìrçHú�ýuî\þG�+í

Ψ(Z, ϑ, t) = ΨI(Z, ϑ, t) + ΨA(Z, ϑ, t)
���¹29�:!

ëÎç��\þ�èÁú�çHèÎì�2t� ü�è¹x¬í:þ)èrþ'8;ìÁçéèÁú ëÁú çéèÁü�î��Nï�çéè|ï:çéë��{èÁê:ú çéèÎçéî:ï:çHî�56�{ý ç�8�A:ý çEûªü:ëÁë�ï:çéè|ëÁú9�+í
ú û þ�ë��Zû-��ì��)ìÁú�ë��+í�çéî®�¬çéèÎçéú9�+í�ï:çéë6F7èÁü:î:ï��éü:ë�ì+þ)î:ï��v�)ìÁçéî;ìrú�þ)ý�ë¤êÍç47\î:ï:çHî:ï:çÌõ�î;ìrçHú�ý
ï�çéèyáoçéý ý�çHî�(¨ü:î�8;ìrú9�{î

ΨA(Z, ϑ, t)
þ)î\þ�ý9�ZëÁú çéèÎìµ" çéèÁï�çéî@2uæ�ú�ç��	�{ý ý�ëÎì�
)î:ï:ú9�{çEõ�ü�(ÉìÁèÁçéî{�

î0ü:î��¤ï:çHèpáoçéý ý�çHî�(¨ü:î�8;ìrú9�{î:çHî ú îÛï�çéî�þ�ï:ë��{èÎê:ú�çHèÎìÁçéî ü:î:ï ï:çéîÛï:çéë��{èÁê:ú çéè�ìrçéîÛõ�î;ìrçHú�ý
çHè�(<�{èÎï:çéè�ì�ë��:"��{í�ýCèÁçHýÿþ�ìÁú9�¤ýÿþ)î��)ç²+�è��	�\þ'�;þ ìrú��)î:ë��Hçéú ìÁçéîÐ��+�ú�8G�{ëÁç%8Zü�î:ï:çéî0êmçéèÎçéú��+í&!ñþ)ý�ë
þ�ü��+í'çHú�î�êmç���A��{ý�ú9�+íEï�çéè5æ�çéë��{è���ìrú��)î:ë�8G�>�{èÎï:ú�î:þ�ìrç

Z
ëÁçHí:è5þ)ü:ë��)çéï:çHí:î;ìrçéëcòñèÎìrëÎèrþ)ü�û��

�)ú ìÁìÁçéè%2'�|ûeï:çHî�ûNúºìCçHú�î:çHècëÁçHí:è$�{è��'Q{çéî õ�î��Çþ)í�ý>�	�)îEF7ú ìÎìrçHè��:ü:î�80ìÁçéî.�)çéèÁê�ü:î:ï:çHî:çéî
çHî��{èÎûNçHî î0ü:û�çéèÎú�ë��+í:çéîÌõ�ü>(�"�þ)î�ïoëÎú��{î:ú*7&8 þ)î;ì��éü»�)çéèÁèÎú�î��)çéèÁîtPt"Ãü:èÁï�ç�ú î ï:çéè,�'�{è �
ý ú�ç%�{çéî:ï�çéîÈõ�èÁêmçéú ìªï:ú�çU5ÛçHìÁí���ï�çAï:çéëDF7ú ìÎìrçHè�" ç��+í:ëÎçéý�ë î:þ'�+íÕH�çéþ�ìrí:çHè ü:î:ïI5Ûç�ìrú ü
þ�î��{ç%"¬þ)î:ï�ì»¶·�	�Z�G¸�23æ�ú�ç}áoçéý�ý çéî��:þ'8)ç�ìrç}"¬çHèÁï:çHî�ï\þ)î:îÞëÁú�ûªü:ý ìrþ)î�þ)ü�(,�4"¬çHú�ü:î;ìÁçéè �
ë��+í:ú�çHï:ý�ú9�+í:çéîIF7ú ìÎìrçHèÁîÐ�:è��	�\þ'�)ú�çéè�ìz2¥æñþ)ë.áoç��+í:ëÎçéý*"Ãú�è�80ü:î��{ë��{úºìÁìÁçéè

I
èÁç%�:è�
)ëÎçéî;ìrú çéè�ì

ï�çéî á ç%�+í:ëÁçHý9"Ãú è�80ü:î��{ëÎêÍçHèÁçHú��+í@P$(<A:è$ï�çéî
Vg 6= 0

�{ú ý ì�P#"�
)í:èÎçéî:ï�ï:çHè�þ)ë��ZûD��ì��)ìÁú*�
ë��+í:ç��¬çHèÁçHú��+íAï:çHë)F7èÁü:î�ï��éü:ë�ì+þ)î�ï:ë��s�)ìrçHî;ìrúÿþ�ý�ë��

Vg ≈ 0
!�ï:ü:è��+íJï\þ)ë þ)ë��ZûD��ì��)ìÁú�ë��+í:ç

F7ú ìÎìrçHè
A

þ)ê��{çHï:ç���8;ìµ"Ãú�èÁït2
M�î�ï:çéîÞù�ú û$ü:ýÿþ ìrú��)î:çéî�" çéèÎï:çéîÒî\þ'�+íwçÎçéï:çHû � çéúºìrë��+í:èÁúºìÁì

∆t
ï�ú�çJõ�î;ìÁçéú�ý çAï:çHè

áoçéý ý�çHî�(¨ü:î�8;ìrú9�{î�þ)ü�(�ï:çHûYáoç��+í:ëÎçéý9"Ãú è�80ü:î��)ë��{úºìÁìrçHè�Pz" çéý9�+í:ç ï�çéî\�¬çéèÎçéú9�+í'ï:çHëà��êmçéè �
�ÙØG1
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ýÿþ'����ëWêÍçHú�ï:çHèµF�úºìÁìrçHè�çéèÎèÁçHú��+í;ì�í:þ)êÍçHî@PXþ)ü�(¥ï\þ)ë|þ)ë �Zû-��ì��)ìrú ë��+í6F7ú ìÁìÁçéèWî\þG�+í
ΨA(Z, ϑ, t) = ΨA(Z, ϑ, t−∆t) + ftrans(Z)ΨI(Z, ϑ, t) ,

ΨI(Z, ϑ, t) = (1− ftrans(Z))ΨI(Z, ϑ, t)

���¹2 Ø'!

ìrèrþ�î:ë�(¨çHèÁú�çHèÎì�2Iæ�ú�ç�ô5èrþ)î:ë (¨çéè (¨ü:î�8;ìrú9�{î
ftrans

ú�ë�ìEï\þ)êmçéú�çéú î:ç�ëÎìÁçHìrú9�{ç�ð\ü:î�8;ìrú9�{îÉ�'�{î
Z

P�"¬çHý��+í:çEú�û �¬çéèÎçéú9�+íÛï:çHë)�|êÍçHèÁý�þ'���:ëÃêmçéú�ï�çéèyF�úºìÁìÁçéè�ü:û
Z0

û-�{î��)ì��{îU�'�{îËö|ü:ý�ý
þ)ü�(BJ3ú î:ë|þ)î:ë�ìrçéú9�)ìz2�M�îÛï:çHîËóÃç��+í�îZü�î��{çéî�"Ãü:èÁï�ç'ï:ú ç�ð&�{èÁû

ftrans(Z) = 1− 1

1 + exp(a(Z − Z0))
.

���¹2º1	!

�{çéè "¬çHî:ï:ç�ìz25æ�ú�çHëÁç�ô5èrþ)î:ë (¨çéè (¨ü:î�8;ìrú9�{îÌçéî;ìrí&
�ý ì7î:çHêÍçHîoï�çéû>õ�ê:ëÎìrþ)î:ï
Z0

P�ï:çéè7ï�çéî
�¬ç��{ú î:îzï:çéë|þ)ë �Zû-��ì��)ìrú ë��+í:çHîw�¬çHèÁçHú��+í:ëÃï\þ)èÎëÎìÁçéý�ýºìzP�ï:çéîÛõ�î:ë�ìrú�ç%�

a
þ)ý ëp+Cþ)èÁþ)ûNç�ìrçHè�2

õ�ü�(Wï:çHû þ)ë��ZûD��ì���ìrú�ë��+í:çéî F�úºìÁìrçHè�8 þ)î:î³" ç��)çéî
Vg = 0

ï:ú çDáoçéý ý�çéî>(¨ü:î�8;ìrú9�{î
"Ãú�çÌçéú î®(¨èÎçéú�çHëÛô5çéú ý��+í:çHîÄþ�î\þ)ý9�0ìÁú�ë��+íY�:è��'�\þ'�{ú çéèÎìU" çéèÎï:çéît2�æ�ú çÐ� çHú ìÁçéî;ìK"Ãú���80ý�ü�î��
êÍçHë��+í&
)î�80ì�ëÁú9�+íÛï:þ)í:çéèÃî\þG�+í

ΨA(k, l, t + ∆t) = ΨA(k, l, t) · exp

(
−i k

2

2m
∆t

) ���¹23u�!

þ)ü�(�çHú�î:çE5Ûü:ýºìrú9�:ý�ú98�þ ìrú��)î�ï:çéè'þ)ë ��ûD��ì��)ìrú ë��+í:çHî�á çHý�ý çéî�(¨ü:î�80ìÁú��{î ú�û~M�û-�:ü�ý�ëÁèÁþ)ü:û
ΨA(k, l, t)

û�ú ì�çHú�î:çHû +�í\þ)ëÎçéî�(�þG80ì��{è�2�J�ú î�" çéúºìrçHèÁçéè�×Î�)èÎìrçHú�ý:ï�ú�çéëÎçéè�×Î�{è��{çéí�çéî:ë "¬çHú*�
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V̂i�¨ëÁú çéí:ç\/�þ'�:úºìrçéý@1�2º1>23u�!k2
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Ø ÙeÚÛÙ¹� Ýê� ÝÞÚ �åÝÞÚ � ß"� áãÜuÙO�Ûß&��âåÝ�â

�ë	²o;�@jnX\o�j#]po `U]��íì]± dr� 	²[4])lvî}[°�
5Ûþ)ëÁëÎç

M ï ýGu�aD�Da>2ea'u{÷�þ�2 üt2
óÃçéï�ü��éú çéèÎìÁç²5Ëþ)ëÁëÎç

µ ï �:1Da��Çø�2e�)÷{÷�þ�2 ü@2
M�î;ìÁçéèÁî�çéè�öp��òy� õ�ê:ë�ì+þ)î:ï

r0 ï Ø>2ºØ>�Iþ�2 ü@2
ô5è�
G�{í:çéúºìrëÎû-�{û�çéî;ì

µr2
0 ï aDa � u�a>2 ÷{÷�þ>2 ü@2

Ü~X�ZÇ�@j#])[%[%m}o}ß `U]qZäð ])[%[4]poo¤'m}oUlDj#i	²o}]po

LM�"!$�F�6^+U�#%��()!=5��7�F��,)#%(+PFU���ñ
õ�î��Çþ�í:ýuï:çéèyF7ú ìÎìrçéè��:ü:î�8;ìÁç

NZ ï Ø	ý9a
òñè�ìrëÁèÁþ)ü:ûD�{ú ìÎìrçHè

Zmin ï 1�2 ø�þ�2 üt2
Zmax ï Ø)ø�2 ø�þ�2 ü@2
∆Z ï ø�2 øDaDa�þ�2 ü@2

M�ûD�:ü:ý ëÁèÁþ)ü:ûD�{ú ìÎìrçéè
Pmax
Z ï u � 2*�ÙØcþ�2 ü@2

∆PZ ï ø�231 � þ�2 ü@2

. #%(+5��"245��7�F��,+#%()P�U��
ϑõ�î��Çþ�í:ýuï:çéèyF7ú ìÎìrçéè��:ü:î�8;ìÁç

Nϑ ï u;ø
òñè�ìrëÁèÁþ)ü:ûD�{ú ìÎìrçHè

ϑmin ï 1�2´u o
ϑmax ï � � a�2fa o

M�ûD�:ü:ý ëÁèÁþ)ü:ûD�{ú ìÎìrçéè
jmax ï 1{÷

�ÙØ�÷
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ÀÓ!$¸7R¹^+U���U6#%!$0�1)�¹ºÓ#KU$U��&��#_(
,)�&�MñSW\òÓ�7�F�6,)#%()P�U��
ô¥èÁþ)î:ë�(¨çHè�(¨ü:î�80ìÁú��{î

ftrans = 1− 1/(1 + exp(a(Z − Z0)))+N�{ëÎú ìrú9�{î
Z0 ï � � 2 ø�þ�2 ü@2

õ�î:ë�ìrú�ç%� þ ï a>2 ø
õ�î��éþ)í:ýuï:çHè¹F7ú ìÎìrçHè��:ü:î�80ìÁç7ú�î

Z NZ,A ï Ø'ý9a
ò7è�ìrëÎèrþ)ü:ûD�{úºìÁìrçHè

Zmin,A ï � ø�2f��þ�2 üt2
Zmax,A ï Ø � 2f��þ�2 üt2
∆ZA ï ø�2 øDaDa�þ>2 ü@2

M�û-�:ü�ý�ëÁèÁþ)ü:ûD�{ú ìÎìrçHè
Pmax
Z ï u � 2*�ÙØcþ�2 ü@2

∆PZ ï ø�231 � þ�2 ü@2

WYX�Z�X�� ]qj#]qZ `U]qZôóÒõwö�öø÷7ùoúzû ü ý úþ ÿ��°û ÷��êÿrú��
x-i°� mU[�X�j#i°	²oU]po

NQP�,+^)P��6PøRT�ÁU6�&�
ö�ú*�kòy��õ�ê�ëÎì+þ�î:ïJú�û ù�ü:ê:ë�ìrèrþ ì

a0 ï 1�2 ÷'1�þ�2 üt2
æ�ú��s�{ý�ý�þ)ï:ü:î��

q ï ø>29�Iþ�2 ü@2
õ�î��éþ)í:ýuï:çHèy�¬þ)ï:ûD��ï:çHî

N ï 1��
õ�î:èÎç��{ü:î��{ëÁçHî:çéè��{ú�ç�ï:çHèy�¬þ)ï:ûD��ï:çHî

ε ï 1�2 � çÏ×
á ç%�+í:ëÁçHý9"Ãú�è�80ü:î��{ëÎëÎì�
�è�8)ç²�%"Ãú ë��+í:çHîËï:çHî?��þ�ï:û-�Zï:çHî

η ï ø�2 � çÏ×
õ�î��éþ)í:ýuï:çHèyãIþ'�)çéî

NL ï �Ùý
ã5þG�{çéî>�K/y�	���:ý�ü:î��{ë�8G�{î:ëÎìrþ)î;ìrç

ηL ï ø�2º1cçÏ×

�;PF�6P RT�ÁU��&�c,)�"!��qP�!$�&�6^)')2%!��"!
J3î�çéè��)ú�ç

ωL ï 1�2 � çÏ×
5Ëþ�R�ú�ûNþ)ýÿþ�û-�:ý ú ìÁü:ï:ç

E0 ï �>2 ý ·10−3 þ>2 ü@2
H�þ)ý ê�" çéè�ìrëÎê:èÁçHú ìrç

τP ï ý.(¨ë
ó�þ)ï�ú�ü:ë

r ï Ø{2 ýCû�û
ùZìrèÁþ)í:ý�ü�î��{ëÁçHî:çéè��{ú�ç

F ï ýCûEÌ
� çéú ìÁë��+í:èÎú ìÎìWêÍçHúuï:çéèµ+�è��'�\þ'�;þ�ìÁú��{î

∆t ï �	2 ø�þ>2 ü@2
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õ�î��Çþ�í:ýuï:çéèyÊñü\þ)î;ìÁçéî;ìrèÁþÙçÎç�8;ì��)èÁú�çHî 5 ï ý)ø
óÃçéëÎú�ï:çHî��éý çéêmçéî:ëÎï\þ)ü:çHèÁî

τj ï Ø)ø{ø�þ>2 ü@2t2�2�2%� ø{ø{ø)ø�þ�2 üt2
:�î:ï:çHèÁü:î���ï:çHè�óÃçéëÎú�ï:çHî��éý çéêmçéî:ëÎï\þ)ü:çHè

∆τ ï Ø)ø{ø�þ�2 ü@2
+�è��	�\þ'�;þ ìrú��)îJú�ûfF7èÁü�î:ï��éü�ëÎì+þ�î:ï@¬
� çHú ìÁë��+í:èÎú ìÁì

∆t ï ý�ø�þ�2 üt2
+�è��	�\þ'�;þ ìrú��)î:ë��Hçéú ì ì ï Ø>2ºý ·106 þ�2 ü@2



½�÷Gä ¢�£G¤�£GúU¦ÙÅ¦�¤¹¿�¦�¤+s>§9úU©'¥r£�Å�§<ùÙªv¦�ª



� ßB�zÝÞÚÛÙO�ÛáåÚ	� ÝÒÚÌÙ~Ý�ß"�w�ãâãßuà
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ê:èÁú ï��{ç'Pt� ÷{÷	1

¶31�¸��.2���2s� í0ü@P�õ�î:î@2XóÃç%�s2s+�í��Zë%2tx¬í�çéû�2��
@P@�'�:1�� � ÷{÷Gu�!
¶´uG¸²5³2B+n2Cï:çEãIþ)èrþ��x�þ)ëÎìÁçéý ý�ëEþ)î:ïÕÌ�2Nã$2B/7èÁþ)ü:ëÁçGPwÌ�2Bx¬í:çHû62N+�í��Zë%2������@PBý)ø{÷D�

��Ø)ø{ø'1�!
¶ºýÙ¸�ô�2Î/�ý9A:î:çHè�P�H\2 �Ì�2�ð\èÁçHü:î:ï@PB×023ùZìrþ)çéû�ûNý çéè%PCþ)î�ïÒó�2$/µ�{ëÁý9�'�BP³+�í���ë%2³ó|ç4�v2

ãIç�ìÁì�2����ÍPsý	Ø�øD�}� � ÷)÷D��!
¶fa�¸'ùv2ÌôWí:ú�çHý�P�5³2�+��{8 þz�{�'Poô�2É/7ý�A�î:çéè%P»H²2 � Ì�2Ìð\èÁçHü:î:ï@P ó�2�/y�{ëÎý��'�NP þ)î�ï

×.2mùZìrþ)çéû�ûNý çéè%P$Ì�2sx¬í:çHû62�+�í��Zë�2������@P � a	Ø���Ø)ø{ø�Ø'!
¶ � ¸'ùv2&���{è��:"Ãë�80ú�P�ô�2&/7ý�A:î:çHè�P�þ)î:ï}H²2 � Ì�2�ð\èÁçéü�î:ï@PÎÌ�2�x¬í:çéû�2&+�í���ë%2������@Pv� ø	1Da �

��Ø)ø{ø'1�!
¶f��¸�õ02\õ�êmçEþ)î:ï�/�2�� þ)ûNþ)ëÁí:úºì+þ�P�Ì�2sx¬í:çéû�2�+�í���ë%2������@PX÷ � �Çø6��Ø)ø{ø	1	!
¶ ÷�¸²5³2Xö�çHëÎì�þ)î:ï�+N2mù�þ)þ)ý9(¨èÁþ)î�8�P$+�í���ë%2 óÃç%�s2�� ���@PsØ'1�ýGu;ø	ýU��Ø)ø{øGu�!

¶*� ø�¸²x¹2s5Ûçéú çéè|þ)î:ïÛæ02sÌ�2:ô¥þ)î:î��)è�P;Ì�2�x¬í:çHû62�+�í��Zë�2!�����&P&1	19a�ý}� � ÷{÷)÷�!
¶*�	�%¸\H²2GF�ü���PÙ+N2�ù�þ{þ�ý9(¨èrþ�î�8�P þ)î:ï'ô�2)ùZçéú�ï�çéûNþ)î:î@P�+�è��'��2 ù�ü:è (2)ù{�éú�2"��#@P�Ø'1{÷²� �Ç÷{÷{÷�!
¶*�ÙØÙ¸\+N2mù�þ{þ�ý9(¨èrþ�î�8�PÎx¬í:çéû�2�+�í���ë%2$#%���&P�Ø9a�ý}�� ÷{÷Da�!
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¶·�ZaG¸�áô2�H�þ)î�ý�ç7þ)î�ï?H\2&/7ý�çéú î��s�	���mçéî@P;�;�����'�������\���43¹�K���������	Ñ&���4�����:�:����Ñs��P$+�ý�çk�
î0ü:ûf+�èÁçHëÁë�PÍö�ç4"5�O�{è�8�PÍ� ÷ � �

¶·� � ¸'ó\2�+N2Xð\ç%�Zî:ûNþ)î þ)î:ïÛð�2&ã$2�×3çéèÎî��{î?Ì)è�2*P�õ�î:ît2�+3í��Zë�2�#��#P@�	�Z��� �Ç÷Da	1�!
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¶·� ÷G¸�×.2v5Ëþz�Ûþ)î:ïËò.2v/�A:í�î@P87`b��'���{�0�'�s±�9��t�4���'�:1����'���<�z�4�¹¯����s�'�������\���»�É���

�����4�>�*�'�,���:�4�K�4�0�4P�á�ú�ý�ç4���Ï×yxqH²P�� çéèÁý ú�î@P�Ø)ø{ø{ø
¶3Ø)øG¸'ó\2{/7ü:ês��P>5³2ZôN�Zï\þ�P�þ)î:ï¤ö²2>H�þ)ëÎí:ú ìÁëÁü:û�ç'P<;\���t�>=��>������°��k���{� �4�Ï�'�����4�������'�s�E�4�

�nb��'�&�����4P3ù>�:èÎú�î��)çéè�P��¬çéèÎý�ú�îtP�Ø�î:ïzçéï�ú ìrú9�{î@Pv� ÷{÷��
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�zu;÷ � ��Ø)ø{ø{ø�!
¶3Ø	Ø�¸Eõ02sF�2\óÃçéï�7\çHý�ï@P$M�q5 Ì�2XóÃçéë%2Xæ�ç%�s2��&PÍ� ÷�� � ÷�ý � !
¶3Ø'1G¸Eõ02sF�2\óÃçéï�7\çHý�ï@P�õWï>�v2v5ËþG��2\óÃçéë��)î@2���Pt�E�� ÷Da�ý'!
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�	� � � ÷)÷Da�!
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¶3Ø)÷G¸Eõ02&M�ûNþ)ûD�	�{ý�ütPB+�í��Zë�2Íó|ç4�v2\õC
�ÍP�1Da�ý�ø6�� ÷{÷'u�!
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� � ÷{÷	Ø	!
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�
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@P\÷9�Da�ØU��Ø�ø{ø��Ù!
¶´u�a�¸²Ê�2mùZí:úIþ)î:ï�J)2sF�ç4��þ�POÌ�2sx¬í:çéû�2�+�í���ë%2������@PÍ�ÙØ)ø9a	1}��Ø)ø)ø	1�!
¶´u � ¸Eó\2s+N2mð\ç%�Zî:ûNþ)îÛþ)î:ïÛõ02mó\2�H|ú�ê:ê�ë�P8Gq���'�&���{���³���nb��'�&�����\�'�s±E�q�'� bbÖ4�&�K�4�

�'���'�º�4PO5��:F7èrþz"q�H|ú�ý�ý�P�ö|ç%"H�O�)è�8�P@� ÷Da	ý
¶´u���¸Eö²2s5Ëþ'80èÎú�POÌ�2�+�í���ë%2vx¬í:çéû�2\õI�&�'#@P&u	u��zu6� � ÷{÷9��!
¶´u;÷�¸�õ02mò.2�x�þ)ý ï:çéú èrþ�þ)î:ïzõ02sÌ�2�ãuç%�	�{çHìÎìzP�õ�î:î@2�+�í���ë%2N�-ö²2J��2º!��?���@P�1 � u?�� ÷D�	1	!
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¶3ý)øG¸'ö²2s5ËþG8ZèÎúIþ)î:ï�/�2\ôWí��{ûD�:ë��)î@POx¬í:çéû�2�+�í���ë%2tãuç�ìÁìz2#��%�&PÍ� ø��-�� ÷{÷D��!
¶3ý>��¸²/�2:ôWí��{ûD�:ë��)îËþ)î�ïËö\2�5Ëþ'80èÁú�POÌ�2sx¬í:çéû�2�+�í���ë%2����&�ÍPÍ�:1'u	16�� ÷{÷{÷	!
¶3ý	Ø�¸²/�2:ôWí��{ûD�:ë��)îËþ)î�ïËö\2�5Ëþ'80èÁú�PÎ+�í��Zë%2 óÃç%�s2�JK
��@PXóµu � Ø)÷}� �Ç÷{÷{÷�!
¶3ý'1G¸0F�2�ãIú î:ï:ê:ý�þ)ï@PÎÌ�2�+�í��Zë�2Xõ0¬s5Ûþ�ìrí@2sF7çéît2�#��ÍP&u�� ÷ � � � ÷)÷Da�!
¶3ýGu'¸�áô2qH\2�ãÍ�{ü:ú ëÁçHý�ý�PLGq���'�&���{� ���Ï�'�����4�������'�q�;����Ñ&�4�k�������É��o�)��±'���'�������&P Ì'�{í:î

á�ú�ý ç%�NM�ù>�{î:ë%PXö�ç4"H�O�{è�8�P@�Ç÷{÷{ø
¶3ý	ý�¸0x¹2'+n2'/µ�>�+ítPOGq���'�&���{�c±'�����4�ºÑ��'��� 8'�q±'�G�s�'��������ü$���Ëb������{�k�������'��Oà��'�������K���&���

�'��P,1&b&�\�E�4�Ëb&��±}�'�s±}�4Ñ�Ñs�������'���������4P¬æ�ú�ëÎëÁçHèÎì+þ ìrú��)î@PsH�ü:û$ês�{ý ï�ì��K��î:ú*�{çéèÎëÁúºì�
�ì
�¬çéèÎý�ú î@P&Ø)ø)ø�Ø

¶3ý9aG¸0x¹2�+N2G/y�{�+í@P	ô�2'/7ý�A�î:çéè%P	þ)î:ï$ó�2�/y�{ëÎý��'�NP{Ì�2'x¬í:çéû�2�+3í��Zë�2������@P � ÷D�'10��Ø)ø{ø�Ø	!
¶3ý � ¸²�²2Íáoçéú�ëÎë�P�Gq���'�&���{� ±'�����4�ºÑ��'��� 8'�0�4�Ù�4�K�4�0�4Pbá��)èÁý�ï ù>�Hú�çéî;ìÁú97&�GPCùZú�î��;þG�v�{èÎç'P

� ÷{÷	1
¶3ý9�G¸05³2����{èÎî þ)î:ïÛó\2Xò,���mçéî�í:çéú ûNçHè�P�õ�î�î@2�+�í��Zë%2$���#P�u�ý � �� ÷�Ø � !
¶3ý)÷G¸'ó\2n/�2n/�þ)ý�ú�þ�P�ô�2BÌ�2Bx�þ�û-�mçéý ý�Puõ02Nx¬í\þ ìÁìrçHè<çÎçHç'P5õ02¥ö�þ'8 þ)î���PN+n2Í×³þ)ëÁí:ú ëÁí;ì+þ>P

þ)î:ïËùv2Xò,�;þ�ìrþ�POx��{ûD�:ü�ì�2&+�í��Zë%2@x��{û�û$ü:ît2%��#��@P�Ø�u�ý}��Ø)ø{ø)ø�!
¶�a{øG¸0x¹2µãIç4(<�{èÁçHëÎìÁú�çéè%PÃó\2µH\2y� ú�ëÁëÎçéý ú�î���P)x¹2¹x¬çHè<çÁþ)îtP¹5É2�æ²2�ð\çHú ìzP�ó\2|ð\èÁú çéëÁî�çéè�P

õ02²F7ü:ý�ï:êmçéè���Pñõ²2²H�þ)û�ûNçHèÁú��+ítP\F�2\Ì'�{ý ú��éþ)èÁï@Pyáô2²/�þ)èÎèÁý çéú�îtP7ö²2²5Ûç4�{çéè%P
H²2¥æ02�ãuú9��80ú�î@P¥ò.2Cóp�{î��Hçéè���Pcþ)î�ïxó\2N/y�)ëÁý��G�BP?Ì�2$x��{ûD�:ü�ì�2B+�í��Zë�2*���#PBý)÷
� � ÷)÷��Ù!

¶�a���¸'ó\2�/y�{ëÎý��'�NPOÌ�2&+�í���ë%2@x¬í�çéû�2���#@P�Ø�øD� � � � ÷9�D��!
¶�a�Ø�¸'ó\2�/y�{ëÎý��'�NP�õ�î:î0ü@2XóÃç%�s2�+�í��Zë�2tx¬í:çéû�2�'
ÍPt�zu�ý}� � ÷)÷'u�!
¶�a	1G¸²H²2\ô¥þ)ý*�KJ$�éçéèÃþ�î:ï ó\2�/µ�{ëÁý9�'�BP$Ì�2sx¬í:çéû�2�+�í��Zë%2��%�&P�1{÷Da � � � ÷D�Gu�!
¶�a'u'¸05³2³æ02³ð\çéú ì�POÌ�23õ02³ðCý�ç%��8�P þ�î:ïÒõ²2 ùZìrçHú��{çHè�P Ì�2Ox��{ûD�:ü�ì�2O+3í��Zë�2Q�$BvPOu��ÙØ

� � ÷9��Ø	!
¶�a�ý�¸'æ02�/y�)ëÁý��G�Ìþ)î:ï ó�2�/y�{ëÎý��'�NPÎÌ�2sx��{ûD�:ü�ì�2&+�í��Zë%2�
�#@P�1�ý}� �Ç÷D�	1�!
¶�aDaG¸0F�2&x¹2sx��{èÁç4� þ)î:ï æ02�ãuçéûD�{ú�î�ç'POÌ�2�x¬í:çHû62�+�í��Zë�2'�'BvP&u��	�Ùý}� �Ç÷{÷�Ø	!
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¶fa � ¸²5³2{�q
)ü:û�çéè%P;æ02>x�þ'���:ü�ë�P>F�2�M�ý ý�ú î���PGH²2�/7ü:í:ý çéî0êÍç%��8�P�þ)î�ïEH\2 �Ì�2;ð\èÁçéü�î:ï@P#Ì�2
×³þ'�'2mù>�Hú�2:ô5ç��+í�î��{ý�2\õL�&�ÍPsØGu;ø � �� ÷{÷�Ø'!

¶faD��¸\H²2n/7ü:í:ý�çHî0êÍç%��8sP¥ó�2nÌ�2BF�25òñï�={è (¨çéè�PNF�2ÍM�ý�ý ú�î���P@5³2N5Ûçéî��{çéë%P¥ô�2N5Ûü:ý ý�PÍH\2 �
Ì�2�ð\èÁçHü:î:ï@P@5³2@+$={í:ý9�+í:çéîtPt×.2�ùZì+þ)çHûNû�ý�çHè�PÍùv2sá�ú ì��Hçéý�Ptx¹2uù>�+í\þ)è (¨ë��+í�"¬çHèÁï�ì�P
/�2{á çHî:î:çHû¤þ)î�î@P:ô�2�ãuú çéï�ì�8)ç'P:þ)î:ï�5³2\ö|çéü:ûNþ)î:îtP�+�í���ë%2Xó|ç4�s2&�R�'6ÍPv� ÷Da{÷
� � ÷{÷>�Ù!

¶fa{÷�¸Eó\2Ùá�ú��+í;ìrçHî:ï\þ)í�ý�P'5³2)óp�Zï:èÁú9�{ü:ç��k�kóp��ï�èÁú��'��Pz�\2'Hy
)èÎìÁçéý�P�H\2'/7ü:í:ý çéî0êmç���8�P{þ)î�ï
H²2 � Ì�2Xð\èÁçHü:î:ï@P³ù�ü�è�(2mù>�Hú�2��'#�6@PX÷{ø�� � ÷{÷)÷�!

¶ � ø�¸Eó\2$ãuú î:ï:ërþz�'P$+N2Î��þ�ü:û-�	
)èÎìÁçéý�P¥ó�2cô¥çHèÁês�{è���P3ò.2�ù>�+í\þ��BP�õ²2Î5³2Î�¬èÁþ)ï:ëÁí:þ:"�P
þ)î:ïÛæ02�+N2�á³�>�Zï:èÎü��BP�ù�ü:è�(2mù{�éú�2���#�
@P�ãÍu;ø��-� �Ç÷{÷{÷�!

¶ � �%¸²Ì�2 � ô�2ÍHy�Zç%(Éì�P#5³2Í/7ú ìÎìrçHý�Pt5³2#+N�{ý9�éú98sP�ùv2Í��þG��P�ó�2Íã$2�ôn�>�{û�çéë%P#Ì�2 �H²2t/�þ)î���P
æ02�+n2{á³�{��ï:èÎü��NP{5³2�+¥þ)ë��éþ)ý�PZþ)î�ï}x¹2{ãÎ2Zõ02{ãIþ)ûD�{î;ìzPÍ+�í��Zë�2�ó|ç4�v2>ãuçHìÎìz2���BvP
øD�Da�� ø>�D��Ø)ø{ø>�Ù!

¶ � ØÙ¸�ô�2�5Ûü:ý�ý�Pz�¹2Ù�¬þ)ü:û�çéú�ë�ìrçHè�PÙ5³2:5Ûçéî��)çéë�P�H\2 �Ì�2	ðXèÎçéü:î�ï@P æ02záoçéú ï:ç'P�x¹2 ð¥ú�ë��+í�çéè�P
þ)î:ï6+N2\õ�î�ï:èÁçHëÁçéîtPqÌ�2sx¬í:çHû62�+3í��Zë�2����@P � � øD���� ÷{÷�Ø	!

¶ � 1�¸²5³2n5Ûçéî��{çéë%P#�¹2Í��þ)ü�ûNçHú�ëÎìÁçéè%P@/�2�õ�ý·��ù�í:þ)ûNçHè��'PtH\2 �Ì�2uð\èÁçéü�î:ï@P#x¹2uð¥ú�ë��+í�çéè�P
þ)î:ï6+N2\õ�î�ï:èÁçHëÁçéîtPqÌ�2sx¬í:çHû62�+3í��Zë�2!�&����P�1	1��Z��� �Ç÷{÷'u�!

¶ � uG¸²F�2sJ�ú��+í:í��{èÁî@Pv5³2móÃú��+í;ìrçHè�Ps/�2Xõ�ý*�kù�í\þ)û�çéè �	PXþ)î�ïwH²2v��þ'�+í:þ)èÁú�þ)ë�P�ù�ü:è�(2Íù>�Hú�2
6����@PÜa � � �Ç÷{÷Da�!

¶ � ýÙ¸²F�2sJ�ú��+í:í��{èÁî@Pv5³2ÍóÃú��+í;ìrçHè�Ps/�2mõ�ý*�kù�í\þ)û�çéè �	P\þ)î�ïwH²2t��þ'�+í\þ�èÁúÿþ�ë�P)Ì�2tx¬í:çHû62
+3í��Zë�2!������P�1D�Da�� � ÷)÷{÷�!

¶ � a�¸\H²2B��þ'�+í\þ)èÎúÿþ)ë%PBF�2NJ3ú9�+í:í��{èÎî@P¥ó\2Cù>�+í:ý ú�çéëÎú�î���P¥þ�î:ï /�2Iõ�ý*�kù�í\þ)û�çéè �	Pzõ¹���:ý�2
+3í��Zë�2v�¹¬&ãIþ)ëÎçéèÎëñò,��ì�2����ÍPÜa)ø�ý}� � ÷{÷)÷�!

¶ �	� ¸²x¹2uó�þG8)çHìÁç'P.��b&����:�4�������4�������{�s±U��b&���K��±{���:���KÑs�������d8'���S;UT �'�k��;¹�VTÈ�{�s±
����°4�4���4�����4�K�4�4�������!Wn�4����:�:�nm��{�s±{�4�&�YX@���:�4�ÏÑs�>�º�:�4�&PÍæ�ú�ëÎëÁçHèÎì+þ ìrú��)î@PZðXèÎçéú ç¹�|î:ú*�
�{çéèÎëÁúºì�
�ìy�¬çHèÁý�ú î@P&Ø�ø{ø'u

¶ � ��¸²F�2�Ì�2	5³2{Ì{þ)î:ëÎëÁçHî¤þ)î�ï.áô2�x¹20ö�ú çéü�"p�v�{�{è�ìzP�+�í���ë%20ó|ç4�s2���6��@P�1Gu	u;÷�� �Ç÷D�D��!
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¶ � ÷G¸Eõ02{�¬èÁþ)ü:î@PN��b&���K��±{���:���ÏÑs�������o8'����;UT®�'�4�Z;,�VTÄ}V[�\?\n�\������WN�4���K�:�:�nm��{�s±{�4�&�
X@���:�4�KÑs�{�º�:�4�É�'���0±{�4� ]#�������98:�������4�����{�s±83¹�k�%°��'�É�4���t����WÎ���'�_^��4���<�KÑ&�nm��������E�4�
��4���t�a`>�b9;���nm��������t�4�U��Ñs�����:�nb&�4�c9;�t�4���'���4�&P�æ�ú9�:ý��{ûNþ)èÎêÍçHú ìzPÇðXèÎçéú çq��î�ú9�{çHèÁëÎú ì�
 ì
�¬çéèÎý�ú î@Pt� ÷)÷{÷

¶��{øG¸Eô�2&/7ý�A:î�çéè�Pd1&b&�������4�����:�nb&�fe,���:�nb{���4��°��>�{�-±{�4�,�*���:�4�k���s±'�g^����4�k�K�4��¯.���:���ÏÑs�������
m����4���t�4�B�³�����nm"`{���ø8'���.��±{���'���4�²�É�4���'�����%è	��±{�'°4�4�ihkj{�nb&�4�&P æ�ú�ëÎëÁçHèÎì+þ ìrú��)î@PÇóÃü:í:è�
��î:ú*�{çHèÁëÁúºì�
�ìµ�;�>�+í0ü:û�PÍ� ÷{÷ �

¶�����¸Eô�2�/7ý�A:î�çéè�P	H²2 � Ì�2;ð\èÁçHü:î:ï@P�Ì�2;ð\èÁçéúºì+þ'��P{þ)î:ï�×020ùZì+þ�çéû�ûNý çéè�P&Ì�2�x¬í:çéû�2�+�í���ë%2
�&���#PÍ� ø)ø	1{ø}� �Ç÷{÷Da�!

¶���Ø�¸0x¹2���þ'�+í@P\ô�2�/7ý9A:î:çéè%P\þ)î:ï õ02sF7è��'Q�PÎx¬í:çHû62�+�í��Zë�2sãuçHìÁì�2�6'B�@P&u�Ø�u���Ø)ø{ø'1�!
¶��	1G¸0x¹2���þ'�+í@P\ô�2�/7ý9A:î:çéè%P\þ)î:ï õ02sF7è��'Q�Pcõ¹���:ý�2&+�í��Zë�2mõlB��ÍPsØG1��-��Ø)ø{øGu�!
¶��'u'¸'æ02s5ÛçHî��éçHý¥þ�î:ïËó�2�F��{û�çéè�P$Ì�2sx¬í:çéû�2�+�í��Zë%2����&P�1	1��'�E�� ÷Da'u�!
¶���ý�¸²+N2\õ²2\ó|çHï:í:çéþ)ï@P�Ì�2�x¬í:çéû�2�+�í���ë%2'���&Pr�D�9a6�� ÷Da'u�!
¶��DaG¸²+N2Xó�2:õ�î;ì��{î:ú�ç4"Ãú��%�'PO+�í��Zë%2ÍóÃç%�s2��5#%��P�1D���	�-� �Ç÷D�{ø�!
¶�� � ¸²H²2sF7ü���þ)î:ïzô�2mù�çHú�ï:çHû¤þ)î�î@POÌ�2sx¬í:çéû�2�+�í���ë%2�����6@PX÷{øDa	ØU� � ÷{÷	ý	!
¶��D�G¸²/�2\ðCú�î��{çéèÃþ)î�ï6+n2mù�þ{þ)ý*(¨èrþ)î�8sPOx¬í�çéû�2&+�í��Zë%2tãuçHìÎìz2�#����@P�Ø)÷��-� �Ç÷{÷ � !
¶��{÷G¸²+N2Zù�þ)þ)ý9(¨èÁþ)î�8�P�F�2����Zçéî:ï��{çéî@P{/�2;ðCú î��{çHè�P;þ)î�ï-ã$2�+5çéë��Hç'P#x¬í�çéû�2�+3í��Zë�2�#�
%�&P

ý>�-��Ø)ø)ø{ø�!
¶ ÷{øG¸ªùv2�ôWí�ú�çéý�P�ô�2&/7ý9A:î:çéè%P:æ02�ãuçéûD�{ú�î:çGP:þ)î�ï}H²2 � Ì�2:ð\èÎçéü:î:ïtPÎx¬í:çéû�2�+�í��Zë�2�#���#@P

1Da��-��Ø�ø{ø�Ø	!
¶ ÷���¸²/�2#52m{ý ûNçHè�P'�.2nx�þ)ëÎìÁú�î@Puþ�î:ïÐÌ�2�æñþ)ý�ú ê\þ)èÎï@P�Ì�25ò,��ìz2uù>�>�G2uõ�û�2Í�L���ÍP#ý'ØGu

� � ÷)÷�ý	!
¶ ÷�Ø�¸²H²2sF7ü���PÎÌ�2sx¬í�çéû�2�+3í��Zë�2��&���@PÍ� ÷Da � � �Ç÷{÷ � !
¶ ÷	1G¸0Ì�2�áô2pF�þ)ï��Hü�8�P)ã$2pÌ�2�óÃú��+í;ìrçHè�PÃùs2�õ02)� ü:î;ìrú�îtPWæ02Ãùv2q/�ú î���P þ)î:ïTó�2Wó\2

x�þz�)þ�î\þ'�{í@P³ùZü:è�(2mù>�Hú�2�#�6�
@P�1�� � � �Ç÷{÷{ø�!
¶ ÷'u'¸²ã$2&ãuú�ü@P&H\2sF�ü���P\þ)î:ï ô�2mù�çHú�ï:çHû¤þ)î�î@POÌ�2�x¬í:çHû62�+�í��Zë�2!����#Pr� � ý � � � ÷{÷9a�!
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¶ ÷�ýÙ¸'ùv2\ôWí:ú�çHý�P:ô�2�/7ý9A:î:çéè%P\þ)î:ï6H²2 � Ì�2:ðXèÎçéü:î�ï@P;x¬í:çéû�2�+�í��Zë%2�#�6��@PsØ9a	1}�� ÷{÷D��!
¶ ÷Da�¸'ùv2cæ�úºìÁìÁèÁú��+ítPNH\2 �Ì�2Cð\èÎçéü:î:ïtP$x¹2N+N2�/µ�>�+ítPCó�2B/µ�{ëÁý9�'�NP¥þ�î:ïxô�2B/7ý9A:î:çéè%P»Ì�2

x¬í:çéû�2�+�í��Zë%2!��#��#PXø�ØGu � ø�ØU��Ø)ø)øDa�!
¶ ÷ � ¸\+N2mù�þ{þ�ý9(¨èrþ�î�8Aþ)î�ïÛó�2�/y�)ëÁý��G�BPÎÌ�2sx¬í�çéû�2�+3í��Zë�2��&��
@PsØGu	u��D�� ÷{÷Da�!
¶ ÷D��¸²5³2Xö�çHëÎì�þ)î:ï�+N2mù�þ)þ)ý9(¨èÁþ)î�8�PÎÌ�2sx¬í:çHû62�+�í��Zë�2������@P � �¬�{÷}��Ø)ø)ø�Ø	!
¶ ÷{÷�¸\H²2sF7ü���þ)î:ï?F�2�5Ûþ�POÌ�2sx¬í:çéû�2�+�í���ë%2������&PÜ��ý)÷	ýU� � ÷{÷)÷�!
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ĤSBΨ
(<A:èCçéú�î�çWõ�ü:ëÎï:çéí:î0ü:î��'ï:çHëÎ��þ)ï>�KH�ú ý�êmçéèÎìÁèrþ)ü�ûNçHën�'�{î

nα,g = 4
2vJ3ëy"Ãú�èÁïÛë��:";�{í:ýcï:ú ç²×3çHèÁî:ú9�+í0ìÁü:î����<�{è�A�î�!�þ)ý ëñþ)ü��+í ï:ú�ç

J�è��Hçéü��)ü:î��?��í:çHý�ý�ê�ýÿþ)ü�!$�	�{î?��þ)ï\þ�î:èÁç%�{ü:î��{çHîÛêmçÇþG�+í0ìÁçHì�2 2\2�2²2\2\2 �)ø
u�2ºý æñþ�èÁëÎìÁçéý ý�ü:î��Jï�çéè�ý��	8 þ)ý çéî���þ�ï:û¤þ ìrèÁú·R��Ï×3ç�8;ì��{è �5Ûü:ý ìÁú��:ý ú�8 þ�ìÁú��{îzþ)ü>(

ï:çHû +�è��	�HçéëÎë��{è
P = 1

(<A:è�çéú î:çéî êÍç%��A��)ý�ú��+íÌï:çHè\��þ)ï�8G�>�{èÎï:ú�î:þ�ìrç
α

�4"�=)ý9(<8'�)û-�s�{î:çHî0ìÁú��{çHî�ù>�:ú î��{è%P¬ï:çHèzþ)ü�(
nP = 3

+�è��	�HçéëÎë��{èÎçéî
�)çéèÎìÁçéú ý ìJú ëÎìz2�æñþ)ëzý��	8 þ)ý ç?×3ç�8;ì��{èÁçHý�çéû�çéî;ì þ)ü>(ªï:çHû +�è��	�HçéëÎë��{è

P"Ãú èÁï~ûNúºì
ΨP (αl)

êmç��éçHú��+í:î�çHìzP$";�{êmçéú
αl = 0 . . . nα,l

ï:çéè�M�î:ï�ç4R
(<A:èNï:ú�ç ý��'8�þ�ý�çéî�ù>�:ú î��{è�8G�{ûD�v�{î�çéî;ìrçHî�ú�ë�ìz2$×Î�{è¤ï�çéèAçHú��{çHî0ìÁý�ú9�+í:çéî
ò,�mçéèrþ ìrú��)î " çéèÎï:çéîY�	�{îaï:çéî +3è��	�éçHëÁë��{èÁçHî

P = 0
�<�{è�A:î&!zü:î�ï

P = 2
�¨í:çéý ý�ê:ý�þ)ü�!3ï:ú�ç7êmçéî�=�ìrú���ìrçéîËù>�:ú î��{è�8'�{ûD�v�)î:çéî;ìrçHî6�)çéëÁçHî:ï:ç�ì

��+$(¨çHú�ý ç:! ü:î�ïÛú î ï�çéîwb��'���:�Wþ)ü>(Cï:çHûf+�è��	�HçéëÎë��{è
P = 1

þ)ê��{çéý ç��)ì�2�2 ���
u�2fa /µ�{ûNûªü:î:ú�8 þ�ìÁú��{î�ë �¬ü:î:ïÈæ�þ�ìrçHî:ëÎìÁèÁü�8;ìrü�è\(<A:è�ï:ú ç ú�î õ�ê:êt2Íu�2 ýAêmç4�

ë��+í:èÁú çéêmçéî:ç\�\þ)èÁþ)ý�ý çéý�ç¹��þ)ï:ûNþ�ìÁèÁú*R���×3ç�8;ì��{è� 5Ûü�ý ìrú9�:ý�ú98 þ�ìrú*�{î@2Î2�2²2\2\2 �	Ø
u�2 � ù>8 þ)ý ú�çHèÁü:î��)ë��{çHèÁí\þ�ý ìrçHî~þ)ü�(�çéú î:çéû ù�5?+B��ù{�Zë�ìrçéû�2Îãuú�î�80ë%¬;�KÑ&����±'�ÙÑ

(<A:è³çéú î:çµ�{ý��{ê:þ)ý�çp+�è��)ê:ý�çHû-�{è�=	Q{ç)�	�)î
nα,g = 64

���)ç��:ü:î�80ìÁçHì�!³ê��4"�2
nα,g = 128

�<�{çéë�ìrèÁú9�+í:çéýºìk!k2\ó|ç%�+í;ìrë�¬t�:���'����±��KÑ&����±'�ÙÑD(<A:è�ï�ú�ç7ý��'8�þ�ý�çéî
+�è��)ê:ý�çHû-�{è�=	Q{çHî

nα,l = 4
�<�{ç��:ü�î�8;ìrçHì�!Iü�î:ï

nα,l = 8
���{çHëÎìrèÎú��+í:çHý ì�!42

5Ûúºì5ï:çéè¥ï:ü:è��+í��{ç��%�	�{çéî�çéî�ãuú�î:ú ç3ú�ëÎì&çÎç%" çéú ý�ë5ï:çéèNM�ï:çÇþ�ý9(�þ)ý ý0þ)î��{çHï:çéü�ìÁçHì�2��	ý
u�2f� ù>8 þ)ý ú�çHèÁü:î��)ë��{çHèÁí\þ�ý ìrçHîªþ�ü�(\çéú î:çéû Hp��ê�èÁú�ï{��ù{�ZëÎìÁçéû�2�ãIú î�80ë�¬��KÑ&����±'�ÙÑ

(<A:èuçHú�î:ç$�)ý��{ê\þ�ý�ç�+�è��{ê:ý�çHû-�)è�=	Q{çN�	�{î
nα,g = 512

���{ç%�:ü:î�8;ìrç�ìk!�ê��4"�2
nα,g = 1024

�<�{çéë�ìrèÎú��+í:çHý ìk!k2\óÃç��+í;ìrë%¬#�:���'����±��KÑ&����±'�:ÑD(<A:èÃï:ú�ç7ý9�	8 þ)ý�ç
+�è��)ê:ý�çHû-�{è�=	Q{ç

nα,l = 4
2»2²2\2\2²2\2²2\2�2²2\2\2²2\2²2\2\2²2�2\2²2\2 � �



½�¡	¡ ÂSè èXÚV(#åN+�0qá�s!-�Ã*)+§&ÃFÚ/.�¾,0+Ú_s

ý{29� æñþ)ë5çéú�î�ï:ú�û�çéî:ëÎú��{î:þ)ý�ç�æ�ú9�ÍçéèÁçHî����s�)ìÁçéî;ìrú�þ)ý
∆V

ü:î;ìrçHèn×3çHè�" çéî:ï�ü:î��
ï:çéèO+N��ìrçéî;ìÁúÿþ)ý¡��
'�+í:çHî¤î\þ'�+í-/7ý�A:î�çéè�çHì þ)ý�2&¶�����¸\êmçéú

ϑ = 45o
��ý�ú î�80ë�!

ê��%"�2Zî\þ'�+í}5 çéí:ï\þG�{ü:úmçHìWþ�ý�2�¶·� ø'u'¸Xêmçéú
ϑ = 60o

�¨èÁç��+í;ìÁë�!42�æñþ)ë¬æ�ú9(r�
(¨çéèÁçHî����s�)ìÁçéî;ìrú�þ)ý¬ú ëÎì$ï�ü:è��+í~ï:ú çAõ�î:î:þ)í:û�ç¤çéú î:çéèªèÁçéë��{î\þ)î;ìÁçéî~õ�î>�
èÁç��)ü:î���þ�û ðXèÁþ)î���8	� x��)î:ï��{î>�K+�ü:î�8;ì�û�ú ìzï:çHè?ãIþ)ëÎçéèÎçéî:çHè��{ú çÉ�'�{î
3.7 eV

(¨çHëÎì��)çéý�ç%�)ìz23æ�ú�ç�8Zý�þ)ëÁëÎú�ë��+í:çéîÓ��ûD8)çéí�è��:ü:î�80ìÁçÕ���)çéëÎìÁèÁú9�+í:çéý·�
ìrçÉ+�(¨çéú�ý ç:!¤ü:î�ïaï:çHè��¬çéèÎçéú��+íTï:çHè6�¬þ)ï:çéî�çéè��)ú�ç»(<A:èJçéú î:çÌç%CD�éú çéî>�
ìrçJù���ë�ìrçHû��K��þ)ï>�K/y�	����ý�ü:î��Ð�-æ¹�'���ÍçHý���(¨çHú�ý ç:!ñëÁú î:ï}çÎç4"¬çHú�ý�ë²�{ç�8�çéî:î{�
�éçéú9�+í:î:ç�ìz2�2²2�2\2²2\2\2²2\2²2\2\2\2\2\2²2\2²2\2\2²2\2²2�2\2²2\2\2²2\2¡÷{ø

ý{2 Ø æ�ú�çEõ�ê:í�
)î��{ú9�	8)çHú ì�ï:çéè¹+N�	�:ü�ýÿþ�ìÁú��{îzú�û�þ�î��{çéèÎç��)ìÁçéî�� ü�ëÎì+þ�î:ï6�'�{î
ï:çéèD+�è��	�:þ'�;þ�ìÁú��{î:ë��éçHú ìzPn"��)êÍçHú�ï:ú�ç}J�ú î:í�A:ý�ý çéî:ï:çJï�çéëDãIþ)ëÁçHè��:ü:ý ëÁçHë
ú�îAï:çHè�ý�ú î:çÇþ�èÁçéî¤æñþ)èÎëÎìrçHý�ý ü:î��U�¨ý�ú î�80ë�! þ�î��{çéï�çéü�ìÁçHìWú ëÎìz2{M�îAï:çHè�ý��'�;þ��
èÁú ìÁí:û�ú�ë��+í�çéîNæñþ)èÁë�ìrçHý�ý�ü�î��b�¨èÁç%�+í0ìÁë�!$"Ãü:èÁï:çHîE(<A:èÎ�%" çéúÍóÃç��+í:î0ü:î��)çéî
ï:ú�ç�ãuçéêmçéî�ëÁï\þ)ü�çéèÁîËçéèÁû�ú ìÎìrçHý ìz2 2\2\2\2²2\2²2\2\2²2\2²2�2\2²2\2\2²2\2¡÷	1

ý{2º1 J3è "�þ�èÎìrü�î��{ë�" çéè�ìrç³ï:çéèIõ�ê:ëÎìrþ)î:ï:ë�8'�{�{èÁï:ú î\þ�ìÁçµ��ý�ú î�80ë�!Íü�î:ï�ï:çéè@á�ú î>�
8)çéý98'�{�{èÁï�ú�î\þ�ìÁç���èÎç��+í;ìrë�!�þ�ý�ë ð\ü:î�8;ìÁú��{îÈï�çéè�+�è��	�:þ'�;þ�ìÁú��{î:ë��éçHú ì êmçéú
ï:çéè0+3è��	�\þ'�{þ�ìrú9�{î þ)ü�(Wï:çHûÕþ)î��{çHèÁç���ìrçéî � ü:ëÎìrþ)î:ï ü�î0ìÁçéè\×3çéè�" çéî{�
ï:ü:î���ï:çéèµ+n�)ìrçHî0ìÁúÿþ)ý¡��
'�+í:çHî��'�{î6/�ý9A:î:çHèWçHì�þ)ý�2t¶f�>��¸�2�2�2\2²2\2\2²2\2¡÷'u

ý{23u � çéè�(�þ�ý�ýEú�û þ)î��{çHèÁç%�)ìrçHîË� ü�ëÎì+þ�î:ï�ü:î:ï8ï:ú ç êmçéèÁç%�+í:î:ç�ìrçIãuçéêmçéî:ë�
ï\þ)ü:çHèÉ��èÁç%�+í;ìrë�!-(<A�èAçéú î:ç»H�þ�ý�ê�"¬çHèÎìÁëÁê:èÎçéú ìÁç ï:çéë}ãIþ)ëÎçéè��:ü:ý�ëÎçéëb�'�{î
τP = 15

(¨ë%2)2�2²2\2²2\2\2²2\2²2\2�2²2\2\2²2\2²2\2\2²2\2�2²2\2²2\2\2²2¡÷�ý
ý{2 ý � çéè�(�þ�ý�ý ú û�þ�î��{çéèÎç��)ìÁçéî?� ü:ëÎìrþ)î:ïzêmçéú@×3çéè "¬çHî:ï:ü:î��¤ï:çHèp+N�)ìÁçéî;ìrú�þ)ý*�

��
'�+í:çHîw�	�{î�5 çéí:ï\þG�{ü:úCç�ì7þ)ý�2�(<A:èp�{çéèÎë��+í:ú çéï:çHî:çD/y�	���:ý�ü:î��{ë��\þ�èrþ��
ûNç�ìrçéèÃú îJï:çéèµ��þ)ï�êÍçHë��+í:èÎçéú�ê�ü:î���2�2\2\2²2\2²2\2\2²2\2²2�2\2²2\2\2²2\2¡÷Da

ý{2ea æ�ú�ç�õ�ê�í&
)î��{ú9�	8)çHú ìWï�çéè|öy�{èÎû�ï:çHëµáoçéý ý�çHî��\þ'8�çHìrçHëÃú�û þ�ë��Zû-��ì��)ìÁú*�
ë��+í:çHîÐ�¬çHèÁçéú9�+íÌï:çéë²F7èÁü:î:ï��éü:ë�ì+þ)î:ï�çéë��	�{îÌï:çHè�+3è��	�\þ'�{þ�ìrú9�{î:ë��HçéúºìzP
ï:çéèµãIþ'�{çHî\þ)î��éþ)í:ý

NL

ü�î:ïÛï�çéèµãIþ'�{çéî{�/y�'���:ý�ü�î��{ë�8G�{î:ë�ì+þ)î;ìrç
ηL

2õ2¡÷D�
ý{2 � æ�ú�ç�� çHú ì+þ�ê:í&
)î��)ú��	8�çéú ìªï:çéè�æ�çéë��)è���ìÁú��{î:ëÎèrþ�ìÁçJü:î;ìrçHè�×3çHè�" çéî:ï�ü:î��

ï:çéè6+N�)ìÁçéî;ìrú�þ)ý��&
'�+í:çéî �	�)î /7ý�A:î�çéèzçHìÛþ)ý�2�¶f�>��¸�î\þ'�+íTçéú î:çéè�+�è��G�
�\þ'�;þ�ìÁú��{î û�ú ìñï:çéè'ù�ü:èÎè��	�{þ�ìrç�H�þ)ûNú ý ì��{î:úÿþ�îw5Ûç�ìrí��Zï:ç�ê��%"�2uî:þ'�+í
û-�{ý ç�80ü:ý�þ)èÁï��Zî\þ�ûNú ë��+í:çHîÛóÃç��+í�îZü�î��{çéî��	�{î6��þ'�+í çHì�þ)ý�2Í¶��	1G¸�2 2²2\2¡÷{÷



Â)è èXÚV(#åN+�0qá�s!-�Ã*)+§&Ã�Ú/.�¾D0+Ú_s ½�¡�Ç

ý>2f� æ�ú çAõ�ê�í&
)î��{ú9�	8)çHú ì ï�çéè�æ�çHë��{è���ìrú9�{î:ë�"¬þ)í:èÎë��+í:çHú�î:ý ú��+í�8�çéúºìD�'�{î�ï:çéè
�{ç4"q
�í:ý ìÁçéî�ó|çHë��{î:þ)î��éý çéêmçéî:ëÎï\þ)ü:çHè

τ
êÍçHú�çéú î:çéè.áoçéý ý�çéî��\þ'8)ç�ì��:è��G�

�\þG�;þ�ìrú9�{î$î\þG�+í¤ï:çHè³ù�ô¥õp� 5Ûç�ìrí��Zï:çG2�æ�ú�çWú�î�ï:ú çéëÎçéè3õ�èÎêÍçHú ì��)çéè�" çéî{�
ï:ç�ìrçEóÃçéë��)î\þ)î��Hý�çéêmçéî�ëÁï\þ)ü�çéè|ú�ëÎìp�)ç�8)çHî:î��Hçéú��+í�î:çHì�2 2²2\2²2\2�2²2\2\2�� ø��

ý>2 ÷ óp�)ì+þ ìrú��)î:ë��)çéèÎìÁçéú ý�ü:î��)çéî
Nrot(j)

ï:çéè ï:çHë��{èÎê:ú�çHèÁçHî:ï:çéîÈ56�)ý�ç�8�A:ý ç'P
ï:ú çJûNúºì$ï:çHîö�)çéèÁë��+í:ú�çHï:çéî�çéî 5Ûç�ìrí��Zï:çHîÞêmçéëÎìÁú�û�ûªì0"Ãü�èÁï:çHî@2³æ�ú�ç
ù�ü�èÁè��'�;þ�ìrçOH�þ)ûNú ý ì��{î:úÿþ�î7ù�ú û$ü:ýÿþ ìrú��)î:çéî,"Ãü:èÎï:çéî\(<A:è#�%" çéú��{çHèÁë��+í�ú�ç4�
ï:çHî:ç\+�ü:ý�ëÎï\þ)ü:çHèÁî

τP
ï:ü:è��+í��{ç%(<A�í:èÎì�2-2\2�2²2\2²2\2\2²2\2²2\2�2²2\2\2�� ø�Ø

ý>2*� ø F7çéë��+í�"Ãú î:ï:ú9�	8)çHú ìrë �{çHèÎìrçHú�ý ü:î��{çHîªï:çHè¥ï:çHë��{èÎê:ú�çHèÁçHî:ï:çéî�56�{ý�ç%8�A:ý�ç$(<A:è
þ)ü�ë��{ç4"q
)í�ý ìrçªæ�èÁçHí:ú�ûD�:ü:ý ëÁç'î\þ'�+íÌóÃç��+í:î0ü:î��)çéî ûNúºì�ï�çéè�ù�ü�èÁè��'�;þ��
ìÁçUH�þ)û�ú�ýºì��{î�úÿþ)î�5ÛçHìÁí��Zï:çÉ��ý ú�î�80ë�!�ê��%"�2CûNúºì$ï:çHè�ù�ô5õµ� 5 çHìrí���ï:ç
�¨èÁç��+í;ìÁë�!42Ó2²2\2²2\2�2²2\2\2²2\2²2\2\2²2\2�2²2\2²2\2\2²2\2²2\2�2²2\2\2�� ø'u

ý>2*�	�IF7çéë��+í�"Ãú î:ï:ú9�	8)çHú ìrë �{çHèÎìrçHú�ý ü:î��{çHî�(<A�èuï:çéîEæ�èÎçéí:ú û-�:ü�ý�ë
j = 2

��ý ú�î�80ë�!
ê��4"�2

j = 4
�¨èÁç%�+í0ìÁë�!�ï�çéè�î0ü:ý ý ìÁçéî ù{�:ú�î��)è�8'�)û-�s�{î:çHî0ìÁç'î:þ'�+í�çéú î:çéè

+�è��'�\þ'�;þ�ìÁú��{îb�'�{îÛ÷Da�2f��(¨ëÃú û�þ)î��{çéèÎç��)ìÁçéî?� ü:ëÎìrþ)î:ï@2»2\2²2\2�2²2\2\2�� ø�ý
ý>2*�ÙØ�óp�)ì+þ ìrú��)î:ë��)çéèÎìÁçéú ý�ü:î��¬ï:çéèuï:çHë��{èÎê:ú�çHèÁçHî:ï:çéî056�{ý ç�8�A:ý çcî\þ'�+í��{çHèÁë��+í�ú�ç4�

ï:çHî:çéî6+�è��	�:þ'�;þ�ìÁú��{î:ë��éçHú ìrçHîJìz2Ë2\2\2²2\2�2²2\2²2\2\2²2\2²2\2�2²2\2\2�� øDa
ý>2*�:1 J�î:çHè��{ú çéï:ú�þ'�{èrþ�ûNû ü:î:ï ï:ú�ç�óÃçÇþ�ý ìrçHú�ý ç$çéú î:ú��{çHè�þ)ü:ë��{ç%"�
)í:ýºìrçéèEóp�G�

ìrþ�ìrú9�{î:ë ��×ñú ê:èrþ�ìÁú��{î�ë �J�ú9�{çéî��Hü:ëÎì�
)î:ï:ç3ï:çHè$+N��ìrçéî;ìÁúÿþ)ý¡��
'�+í:ç�ï�çéëcçHý�ç�8	�
ìÁè��{î:ú ë��+í:çHîwF7èÁü�î:ï��éü�ëÎì+þ�î:ï:çéë%2â2\2\2²2\2�2²2\2²2\2\2²2\2²2\2�2²2\2\2�� øD�

ý>2*�zu�æ�ú ç0+n�	�:ü:ý�þ�ìrú9�{î ú�û þ)î��{çéèÎç��)ìÁçéî�� ü:ë�ì+þ)î�ï þ)ý�ë|ð\ü:î�8;ìÁú��{îÛï:çéè¹+3è��G�
�\þG�;þ�ìrú9�{î:ë��éçéúºì�ú�îoý�ú�î�çÇþ)èÎçéèEæñþ)èÎëÎìrçHý�ý ü:î��}(<A:è'ï�èÁçéúO�:è��	�\þ'�{ú çéè�ìrçDJ�ú*�
�{çHî��éü�ëÎì�
�î:ï:ç²��ý ú�î�80ë�!5ü:î:ï�ú�î�ý��'�;þ)èÁúºìrí:û�ú�ë��+í:çéè¥æñþ)èÎëÎìÁçéý�ý ü:î��,(<A:è�ï�ú�ç
�4"¬çHú¥þ�î��{çéèÎç��)ìÁçéîÛóµ��ì+þ�ìÁú��{î:ë�Ï×�ú�ê:èÁþ�ìrú9�{î:ë �KJ�ú��{çHî��éü:ë�ì�
)î�ï:ç��¨èÁç��+í;ìÁë�!42Ò� ø{÷

ý>2*�ÙýÞõ�ê:í&
)î��)ú��	8�çéú ì|ï:çHè7þ)ë ��ûD��ì��)ìrú ë��+í:çHî öy�{èÎû
nasy

�	�{îËï:çéèñô5çéûD�mç4�
èÁþ�ìrü:èWêmçéúuçHú�î:çHèp���{ýºì��éûNþ)î:î�ûNúºìÁìrçHý�ü:î���2�2�2²2\2²2\2\2²2\2²2\2�2²2\2\2��	�	�

ý>2*�Za�óp�)ì+þ ìrú��)î:ë��)çéèÎìÁçéú ý�ü:î��)çéî¹�)çéèÁë��+í:ú�çHï:çéî�çéè�J�ú9�{çéî��Hü:ëÎì�
)î:ï:çµ�¨ý�ú î�80ë�!Íü:î�ï
�)çéèÁë��+í:ú�çHï:çéî�çéè�ô5çéûD�mçéèrþ ìrü:èÎçéî

T
��èÎç��+í;ìrë�!42)2\2²2\2\2²2\2²2\2�2²2\2\2��	�	�

ý>2*� � ���)ý ì��Hû¤þ�î:î��:ý9�)ì�ï:çHèÃêÍçHèÁç��+í�î:çHìÁçéî�óp�)ìrþ�ìrú9�{î:ë��)çéè�ìrçéú ý�ü:î���2v2\2�2²2\2\2��	�ÙØ
ý>2*�Z��ô5çéûD�ÍçHèrþ�ìÁü:èrþ�ê:í&
)î��)ú��	8�çéú ì ï:çéènF7çéë��+í�"Ãú�î:ï:ú9�	8)çHú ìÁë��{çHèÎìÁçéú�ý ü:î��)(<A:è

j =

2
�¨ý�ú�î�8Zë�!¬ê��%"�2

j = 24
�¨èÁç��+í;ìÁë�!42 2\2\2²2�2\2²2\2²2\2\2²2\2²2�2\2²2\2��'�:1



�zu�a



Ü~X²oUlv�nX�ß²m�oUß

5 çéú�î êmçéë��)î:ï:çéèÎçéèªæñþ)î�8»�{ú ý ì7û�çéú î:çéûåæ¹�	8;ì��{è ��þ�ìrçHè�P#H�çHèÁèÎîÐ+�è��'(2Iæ�è�2IôWí��{èÎëÎìrçHî
/7ý9A:î:çéè%P�(<A:èÃï:ú ç7í:çéèÁþ)ü:ë�(<�)èÁï:çHèÁî:ï:çEôWí:çHûNçHî:ëÎìÁçéý�ý ü:î���ë��:"Ãú�ç�(<A:èWëÎçéú î:ç��ÍçHèÁûNþ)î:çéî;ìÁç
õ�î:ë���èÁç��+í0ê\þ�è�8)çHú ì7ü�î:ï»H�ú ý9(¨ëÎêÍçHèÁçéúºìrë��+í\þG(ÉìÃêmçéúIï:çéè¹ãÍ={ëÁü:î��E�Çþ�í:ý�èÎçéú��+í�çéèy+3è��{ê:ý çéû�ç'2
áoçéúºìrçHèÁí:ú î ï\þ)î�8)ç¤ú9�+íÐH|çéèÁèÎî +�è��'(2¥æ�è%2�5Ëþ�èÎìrú î�Hµ�{ý ìÁí\þ)ü:ë�(<A:èEï:ú�ç-�¬çHèÁçéúºìrë��+í\þG(ÉìzP
ï�ú�ç��'�{èÁý ú�ç��)çéî:ï:ç¬õ�èÁêmçéúºì��Hü�êmç��)ü�ì+þ'�+í;ìÁçéî@2;ð\èÁþ)ü�+�è��'(2)æ�è�2'/Eþ ìrí\þ)èÎú�î\þ�õ�ý*�kù�í\þ)û�çéè �
�)ú�ý ìcûNçHú�îNæñþ)î�8.(<A:è3ï:ú ç���êmçéèÁî:þ)í:û�ç�ï:çHëO×Î�)èÁëÁúºì��Hçéë³ú�î�ï:çéè;+�è�A�(¨ü:î��{ë�8G�{ûNû�ú�ëÎëÁú9�{î@2
õ�ý�ý çéî05Ûú ìrþ)èÁêmçéúºìrçéèÎî'ï�çéèCõ�èÁêmçéúºìrë��)èÁü����mç¬ôWí�ç��{èÎçHìrú ë��+í:çq+3í��ZëÁú98 þ)ý�ú ë��+í:ç�x¬í:çéû�ú�ç³ï:çHè
x�þ�èÁý��	�{îÓòñëÁëÎú�ç�ì���8�� ��î:ú*�{çéèÎëÁúºì�
�ì ò7ý ï:çéî0ê:ü�è���ü:î�ï�ï:çéè�õ�ê�ìrçHú�ý ü:î�� x¬í�çéû�ú�ë��+í�ç
+�í��ZëÁú98aï:çHë ð\èÁúºì��4�KH�þ)êmçéè�KM�î:ë�ìrúºìrü�ìÁçéë��¬çéèÎý�ú îaûD=>�+í;ìÁç ú��+íY(<A:èÛï:þ)ëËí:çHè��'�{èÁèÁþ'�{çéî{�
ï�ç¤õ�èÎêÍçHú ìÁë�80ý�ú û¤þAü:î�ïÈú�í:èÎçDH�ú�ý*(¨ç�ï\þ)î�8�çéî@2N�¬çéë��{î:ï:çHèÁçHî~æñþ)î�8Ìë��+í0ü:ý ï:çAú9�+í ð\èrþ�ü
æ�è�2Îx¬í:èÎú�ë�ìrúÿþ�î:çU/y�{�+í~ü:î:ïIH�çHèÁèÎîÒæ�è�23ùZìÁç%(�þ)îÕ�;�{è��:"Ãë�80úq(<A:èªï:ú�çE�Zú çéý�çHîÐ(¨èÁü��+í;ì �
ê:þ)èÁç�æ�ú ë�80ü:ëÁëÎú��{î�çéîÓü:î:ïÓõ�î:èÎç��{ü:î��{çéî �éüÓï:ú�çHëÁçHè õ�èÁêmçéúºìz2,H|çéèÎèÁîeæ�ú��:ý�2 �x¬í:çéû�2
M�û�çéïU5Ûçéí:ï:þ'�{ü:úmï\þ)î�8�çñú��+í-(<A:è ï�ú�ç,�|î;ìrçéèÎëÎì�A�ì��Hü:î��."�
)í:èÁçHî:ïJï:çHë)��ûD�éü��)çéë¬î:þ'�+í
òñý ï:çéî0ê:ü:è��Nü�î:ïÛú îJï:çéèµJ�î:ï���í\þ)ëÁçEï:ú çéëÁçHèÃõ�èÁêmçéúºìz2
áoçéúºìrçHèÁçéèÃæ�þ)î�8b�{ú ý ìqH�çéèÎèÁî6+�è��'(2\æ�è�2&H�þ)î:ë �Ì'�;þ'�+í:ú û ð\èÁçHü:î:ïU(<A:èWï:ú ç���î;ìrçHèÁë�ì�A�ì �
�Hü:î���"q
�í:èÁçHî:ïÞû�çéú î:çéèD� çHú ì ú îö� çéèÁý ú�îxë��Ù"Ãú ç�H�çéèÎèÁîö+�è��'(23æ�è%23óµ�)î:î:ú�ç}/µ�{ëÁý9�'�
(<A�èñï:ú�ç²(�þ'�+í:ý�ú9�+í:ç��¬ç�ìrèÎçéü:ü:î��}"�
)í:èÎçéî:ï û�çéú�î�çéëñõ�ü�(¨çéî;ìrí:þ)ý ìÁçéë7ú�îÉÌ)çHèÁü:ëÁþ)ý�çHû6Pmï:çHè
" çéëÎçéî;ìrý ú��+í6�éü:û F7çéý ú�î��)çéîJï:ú çéëÁçHèÃõ�èÁêmçéúºìÃêÍçHú��{ç�ìrèÁþ'�{çéîzí\þ ìz2
H|çéèÎèÁîaæ�ú��:ý�2 �K+�í��Zë%2q×3çéú ì�/7ý ú�ûD�ÍçHýy�{ú ý ì¤ûNçHú�î�êÍçHë��{î�ï:çéèÎçéè æñþ)î�8Ô(<A�èJï:ú�çw�Zú�çHý�çHî
þ�ü�(¨û$ü:î;ìrçHèÁî:ï�çéî6á³�{è�ìrç7ë��:"Ãú ç�(<A�èWï\þ)ëp80èÁú ìÁú�ë��+í:ç\/y�{èÎèÁç�8;ìÁü:èÁý çéëÁçHîËï:ú çéëÎçéèWõ�èÎêÍçHú ì�2
5 çéú�î�çéîwJ�ýºìrçéèÎîÛü�î:ïËû�çéú î:çéûf� èÁü:ï:çHèÃï\þ)î�8�çªú��+í}(<A:èÃú�í�èp×3çHèÁë�ì�
)î:ï�î:ú�ë%Pmï:þ)ëÃëÁú�çEú�î
þ�ý�ý3ï:çéîIÌ{þ�í:èÁçHîÐ(<A:èªû�ú��+í þ)ü�(<�{çHê:èrþ'�+í;ì í:þ)êÍçHî@2$5 çéú�î�çéè$ð\èÎçéü:î:ï�ú�î~ù�þ�î:ï��oï\þ)î�8�ç
ú9�+íU(<A:èÃú�í:èÎç��{çéï:ü�ý�ï:ú9�{ç���î;ìÁçéèÁë�ì�A�ì��éü:î���2

�zu �



�zu��



eë²;�@jÍZ�X\g;j

M�îNìrí:ú ë ìrí�çéëÁú ë�PZìrí:çy�:í��)ì���ï:çHë��{è���ìrú9�{îb�:è��>�HçéëÎëq�'(uï:ú�þ�ì��)ûNú9�|ûD�{ý ç��éü�ý�çéëÎ(¨è��)û ûNç�ì+þ)ý
�zR�ú�ï�ç�ëÁü�è�(�þ'�Hçéëq"¬þ)ë�ú�î��)çéëÎìÁú��;þ ìrçéït2�ôWí:ç�ï:çéë��{è���ìÁú��{î¤ç%�{çHî;ìÃú�ë³ú�î:úºìrúÿþ ìrçéï�ê��-(<�)èÁû�ú�î��
þ�î ú�î;ìÁçéèÁû�çéï�úÿþ�ìÁçNë�ì+þ�ìÁçD"Ãúºìríxþ ýÿþ)ëÎçéè\�:ü:ý�ëÎç'25ôWí:ç¤ëÎü:ê:ëÎç�0ü:çéî;ì�èÁçHýÿþ�R�þ�ìÁú��{î ì��Ûìrí�ç
çHý�ç%�Hìrè��{î:ú9�E�{è��{ü:î:ïÈë�ì+þ�ìÁçAú�ë\�Çþ�ü:ëÁçHï�ê�� ìrí:ç¤ú�î;ìrçHèrþ'��ìrú��)î³"Ãú ìÁí ìrí�çAçéî��Zú�è��{î:û�çéî;ìz2
MÏ(IìÁí:ç�þ)ï:ë��{èÁêmçéïJûD�{ý�ç%�éü:ý çñþ'�%�éü:ûªü:ýÿþ�ìÁçéë�ëÎü�CD�éú çéî;ìp80ú�î:ç�ìrú���çéî:çHè��'�¤ú�îAìÁí:çñç4R>�Hú ìrçHï
ë�ì+þ�ìÁç'P{úºìCûNþz�ªï�çéë��)èÁê@2{ôWí�çWû¤þ)ú î²(<�{�éü:ë$�G(\ìrí:ú ëCìrí:çHëÁú ëcú�ëCìÁí:ç¬ìÁí:ç��{èÎçHìÁú��Çþ�ý�ï:çHë��éèÎú���ìÁú*�
�)îE�'(Íìrí:ç|èÁçHýÿþ�R�þ�ìÁú��{î��:è��>�HçéëÁë%2�óÃçéý�þ�R�þ�ìrú9�{î�ú�ëÎ�Çþ�ü:ëÁçHïAê���ï:ú�ëÎëÁú��:þ�ìrú*�{çÃç%�Íç���ìrë�2ZôWí:çk�
èÎç%(<�{èÎç'P;ìrí�çy�:è��{ê:ý çéû í\þ�ë³ì��'êmçWìrèÁçéþ�ìrçHï-"Ãúºìrí:ú î�ìÁí:çµ(¨èÁþ)û�ç%";�{è�8.�G(@�	�mçéî-Zü:þ)î;ìrü:û
ë �ZëÎìrçHûNë%2;ôWí:çÃûNú9�éè��{ë��%�	�:ú��¬ï:çéë��éèÁú9��ìrú9�{î��'(Xìrí�ç|çkR>�éú ìrþ�ìrú9�{î>� ï:çéçkR��Hú ìrþ�ìrú9�{î0�4�>�Hý�çp�Çþ�î
êmç7èÁçéþ)ý�ú9�éçHïb"Ãú ìrí�ú�îAìrí�çªùZü:èÁè��	�;þ�ìÁç�H�þ)û�ú�ýºì��{î�úÿþ)î¤þ'���:è��;þ'�+í@2:ôWí�çEçHý�ç%�Hìrè��{î:ú9�ñèÁçHýÿþ��
R�þ�ìÁú��{îJú ë�ûD��ï:çHý�çHïzþ)ëÃþ)îJú�î;ìÁçéèrþG�Hìrú9�{îJêmçHìK" çéçéîzìrí�ç7ç4R>�éúºìrçéïÛþ)ï:ë��{èÁê:þ�ìrçk��ëÁü�ê:ëÎìÁèrþ�ìÁç
�%�{ûD�:ý�çkRÛþ)î:ï�çHý�ç���ìrè��{î>��í��{ý�ç��\þ)ú èÁë|ú�î ìrí:ç'ëÁü:è (�þ'�éçG2 ôWí:ç'û-�)ìÁú��{î��'(cìÁí:ç$þ�ï:ë��{èÎêÍçHï
ûD�{ý ç��éü�ý�ç3ú�ëuìrèÎçÇþ�ìÁçéï0"Ãúºìrí:ú îEìÁí:çÎ(¨èrþ)û�ç%";�{è�8��G(&0ü\þ)î;ìrü:û8û�ç��+í\þ�î:ú��éþ)ý�"�þz�{ç��\þ'��8)ç�ì
ï>��î:þ)ûNú9�éë%2
ôn�,�mçéè (<�{èÁû �éþ)ý��Hü:ýÿþ�ìÁú��{î�ëÍ�'(\ï:ú ëÁëÁú9�\þ�ìÁú9�{çO0ü\þ)î;ìrü�ûeï��Zî\þ�ûNú9�éën�'(:ìrí�ç��:í���ì��Zï:çéë��{è��>�
ìÁú��{îD�{î¤ìÁí:ç�çkR�çéûD�:ýÿþ)è ��þ)ï:ë��{èÁê\þ ìrç4� ëÁü:ê�ëÎìrèÁþ�ìrç�ë��ZëÎìÁçéû�öñò��)ö�úÿò�� � ø{ø	!4P;þEû¤þ)ëÎëÁú*�{ç4�
ý*�»�\þ)èÁþ)ý�ý çéýcú û-��ý�çéû�çéî;ìrþ�ìrú9�{î�ê\þ)ëÎçéï³�{îÈþ}�{î:çk��ï:ú ûNçHî:ëÁú9�{î\þ)ýcï:þ�ì+þzï:ç��%�{ûD�v�{ëÎú ìÁú��{î
"¬þ)ë�ú�î;ìÁè��Zï:ü��éçHï@2�ôWí:çzï:ç4�{çéý9�	�mçéï�ë��+í:çHûNçzçéî�ëÁü:èÎçéëNþ»(�þ�ëÎìD���{û�û$ü:î�ú��Çþ ìrú��)î êmçHì��
" çéçHî�ï:ú*� çHèÁçéî;ìµ�:è��>�HçéëÁë��{èÁë%Ps"Ãí�ú��+í ú�ëÃê\þ)ëÎçéï?�)î³�E�������:�{�qÑ������4���{�'2>á�ú ìríJìÁí:ç'î�ç%"
ú û-��ý�çéû�çéî;ìrþ�ìrú9�{î@Pcìrí�çw�Çþ)ý9�éü:ý�þ�ìrú9�{î:ë��Çþ�î�êÍçw�mçéè (<�{èÁû�çéï �)îÔ�\þ)èÁþ)ý�ý çéýp���{ûD�:ü�ìÁú�î��
�s�:"¬çHè�2�ôWí:ç,�Çþ�ý��éü�ýÿþ�ìÁçéï¤ï�çéë��)è���ìÁú��{îb��è��{ê\þ�ê:ú�ý ú ìrú çéë3þ)î�ïE�{çHý��{�éú ìK��ï�ú�ëÎìÁèÁú ê:ü�ìrú9�{î:ë þ)èÁç
ú îÕZü:þ)ý�úºì+þ�ìÁú9�{çAþ'�{èÁçHçéû�çéî;ì�"Ãú ìÁíÒçkR��mçéèÎú�û�çéî;ì+þ�ýWï\þ�ì+þ>2côWí:ç ú�î6�\ü�çéî��Hç6�'(|ìrí�çÛçkR{�
��ý�ú��Hú ì�ìrèÁçéþ�ìrû�çéî;ì��'(³ìrí�ç ç4R>�éúºì+þ�ìÁú��{î>� ï:çéçkR>�éú ìrþ�ìrú9�{î»�%�{�Hý�ç��{î ìrí�çD�)ê:ëÁçHè���þ)ê:ý çéë�"�þ�ë
çkR>�:ý��{èÎçéï~ê��xþ�ë ��ë�ìrçHû¤þ�ìÁú��b�%�{ûD�\þ)èÁú ë��{î³"Ãú ìrí �éþ)ý��Hü:ýÿþ ìrú��)î:ë'ê:þ)ëÁçHïI�)î~þ�ëÎì��{�+í\þ��
ë�ìrú9�y"¬þ:�)ç��\þ'��8�çHìWë��+í:çéû�ç'2\ð\ü:è�ìrí:çHèÁûD�{èÁçGP;ìrí:çñï�ç��mçéî:ï:çHî��éç��G(uìrí:çy�{ê:ëÁçHè���þ)ê:ý çéëq�)î
ìÁçéûD�ÍçHèrþ�ìÁü:èÁç7ç4� ç%�HìÁëµ"¬þ)ë|ëÎìrü�ï:ú�çHïÛçkR�ìÁçéî:ëÎú9�)çéý9�'2

�zu{÷



�Ùý)ø



�_mbZNÞ ¤'X��¯�#m�oUß

æ�ú�ç0�'�{èÁý ú�ç��)çéî:ï:çªõ�èÁêmçéúºì7çéî;ìÁí&
)ý ì���î;ìrçHèÁëÁü��+íZü�î��{çéî³�éü:è�+�í���ì��Zï:çéë��{è���ìÁú��{î»�4"¬çHúÿþ��
ì��{û�ú��{çHè05��{ý�ç%8{A�ý�ç-�'�{îÕ5Ûç�ì+þ)ý ý��zR�ú�ï��)êÍçHè���
'�+í�çéî@2¥æñþ)ë æ�çéë��)è���ìÁú��{î:ëÎçéèÎçéú��)î:ú�ë�"Ãú�èÎï
ï�ü:è��+í'ï:ú�çÎ�¬ú ý�ï:ü�î��Wçéú î:çéë5ú�î;ìrçHèÁû�çéï:ú�
)èÁçHî\� ü:ëÎìrþ)î:ï:çHë¥ú î�(<�{ý9�{çcï:çHèNJ�ú î�"Ãú è�80ü:î��ÃçHú�î:çHë
ãIþ)ëÎçéè��:ü:ý�ëÎçéë|þ)ü:ë��{çéý9={ëÎì�2\ö�þG�+íÛï:çHè|þ)î:ë��+í�ý�ú�ç%Q{çéî�ï:çéî óÃçéýÿþÙR:þ ìrú��)îJú�îJï:çHîwF7èÁü:î�ï��éü>�
ë�ì+þ)î�ï ú�î>(<�{ý��{ç ï�çéè²áoç��+í�ëÁçéý*"Ãú�è�8Zü�î���û�ú ì�ï:çHè.��ûD�{çHê:ü:î���8 þ)î:îÈï\þ�ëªþ)ï�ë��{èÎê:ú�çHèÎìrç
5��{ý�ç%8{A�ý��{çHî{A��{çéî:ï 80ú î:çHìÁú�ë��+í�çUJ�î:çéè��{ú�ç-�{ç%"Ãú î:î:çéîtPCü:û_�	�{î ï:çéè�òñêmçéè_��
'�+í:çb�Hü
ï�çéë��)èÁê:ú çéèÁçHî@2NJ3ú îxù>�+í�" çéè��:ü:î�8;ì�ï:ú çéëÁçHè'õ�èÁêmçéúºìªë�ìrçéý ý ìEï:ú ç�ìÁí:ç��)èÁçHìÁú�ë��+í:çU�¬çHí\þ)î:ï>�
ý ü:î��Eï:çéë óÃçéýÿþÙR:þ ìrú��)î:ë��:è��	�éçHëÁëÎçéë¬ï:þ)è�20æ�ú ç�óÃçéý�þ�R�þ�ìrú9�{î."Ãú�èÎï¤ï:ü�è��+í¤ï�ú�ëÁëÎú��\þ ìrú9�)çµJ$(r�
(¨ç%8;ìrç|í:çéè �	�{è��{çéèÎü�(¨çéîAü�î:ï¤û$ü�ëÁë³ï:çéëÎí\þ)ý�êNú�û ó|þ)í:û�çéî�ï:çHè ôWí:ç%�{èÁú çp�'� çHî:çéè�Êñü\þ)î>�
ìÁçéî:ë �ZëÎìrçHûNç'êÍçHí\þ)î:ï�çéý ìp" çéèÎï:çéî@2sM�îËï�ú�çéëÎçéè|õ�èÎêÍçHú ì)"Ãú�èÎïÛï�ú�ç²5ÛçHìÁí��Zï:ç'çHú�î:çHë\���{�k�
�������'�K�Uà��'�������K���&���'�Èþ�î��{ç%" çéî�ï:çHì�P ï:ú çÛçHú�î:çzû�ú�80è��)ë�8'�'�:ú�ë��+í:ç»56�Zï:çHý�ý�ú çéèÎü:î�� ï:çHè
õ�î>�Eü:î:ï�õ�ê�èÁç��)ü:î��{ë��:è��	�HçéëÎëÁçËçHèÁý�þ)ü:ê�ì�2�M�îÒï�çéû û�ú�80è��)ë�8'�'�:ú�ë��+í:çéîÓ56�Zï:çéý ý�"Ãú�èÎï
ï�ú�çÃçéý ç�8;ìrè��{î:ú�ë��+í:ç�ó|çHýÿþ�R�þ�ìÁú��{î ï:ü�è��+íAï:ú ç)á ç%�+í:ëÁçHý9"Ãú�è�80ü:î��0�4"Ãú�ë��+í:çéîJþ�î��{çéèÎç��)ìÁçéû
õWï�ë��{èÎê\þ�ì��kù�ü:ê:ë�ìrèÁþ�ì��K/y�{ûD�:ý�çkR7ü:î�ï0J�ý�ç%8;ìrè��)î>�ãÍ�{�+í>�+¥þ{þ)èÁçHî'ú î�ï:çéè¥òñêÍçHè���
G�+í:ç êmç4�
ë��+í:èÁú çéêmçéî@20æ�ú�ç)�¬ç4"¬ç%�{ü:î��Eï:çHë3þ)ï:ë��)èÁê:ú çéèÎìÁçéî-56�{ý ç�8�A:ý ëB"Ãú�èÎï�Zü:þ)î;ìrçéî�ûNç%�+í\þ)î:ú ë��+í
û�ú ìÁí:ú�ý*(¨çy�Hçéúºì+þ)ê:í�
)î��{ú9�{çéèqáoçéý ý�çéî��\þ'8)ç�ìrï��Zî\þ�ûNú98¤êmçéí\þ)î�ï:çéýºìz2
�|û ç4C-�Hú�çHî0ìÁçÛù�ú�û$ü�ýÿþ�ìÁú��{î:çHîoï�çéè ï:ú ëÁëÁú9�\þ�ìÁú9�{çHîöÊ7ü:þ)î;ìrçéî�ï��Zî\þ)û�ú�8 êÍçHú�û +3í��)ì��G�
ï�çéë��)è���ìÁú��{î:ë��:è��'�éçéëÎëÁçHë$þ)û ù���ë�ìrçHû ö�ò��)ö�úÿòD�� ø{ø�!p�éüoèÁçÇþ�ý�ëÁú çéèÎçéî@Pt"Ãü�èÁï:ç�çéú î ë ���
ë�ìrçHû¤þ�ìÁú�ë��+í:çéëµ+Cþ�èrþ)ý ý�çéý ú�ëÎú�çéèÎü:î��{ë�8'�{î��éç���ì�çéî;ìK"Ãú9��8)çéýºìz2mæ�ú çéëÁçHëµ/y�{î��Hç���ì|ê\þ�ëÁú�çHèÎìÃþ�ü�(
çHú�î:çHè�çHú�î:ï�ú�û�çéî:ëÎú��{î\þ�ý�çéîzæ�þ�ìrçHî��éçHèÁý�ç%�{ü:î���2 æ�ü�è��+í�ï\þ�ë�çHî0ìK"Ãú9��8)çHý ìrç0/y�{û�û$ü:î�ú�8 þ��
ìÁú��{î�ëÁë��+í�çéûNþ?"Ãú�èÁï çéú�î ë��+í:î:çHý�ý çéè�P¥þ)ü�(��E�������:�{��Ñ������4���{�NêmçéèÎü:í:çHî:ï:çéè�æ�þ�ìrçHî\þ)ü:ë�
ìrþ)ü:ë��+í-�4"Ãú�ë��+í�çéî�ï:çéî��{çHèÁë��+í:ú�çHï:çéî:çHîU+�è��	�HçéëÎë��{èÎçéî¤ëÎú��+í:çHè��{çHëÎìÁçéý�ýºìz2)æ�ú�çqM�ûD�:ý çéû�çéî>�
ìrþ�ìrú9�{î�çéèÁûD=	�{ý ú��+í;ì�ï:ú�çÛö�ü�ì��éü�î�� �\þ)èÁþ)ý�ý çéý�çHè�ó|ç%�+í:çéî;ìÁç��+í:î:ú98ö(<A:è�ï:ú ç ù�ú û$ü:ýÿþ ìrú����
î�çéî@2Íæ�ú�ç'çéèÎí\þ)ý ìÁçéî:çHî æ�çHë��{è���ìrú9�{î:ë�"¬þ)í:èÎë��+í:çHú�î:ý ú��+í�8�çéúºìrçéî ü�î:ïÉF�çHë��+í�"Ãú�î�ï:ú��	8�çéúºìrë �
�)çéè�ìrçéú ý�ü:î��{çéî'ëÎìrú ûNû�çéî�0ü\þ)ý ú ìrþ�ìrú*�ñû�ú ìIï:çHî$ç4R>�mçéèÁú ûNçHî;ìrçéý ý�çHî.5ÛçHëÁëÎü:î��{çHî�A:êÍçHèÁçHú�î@2
æ�ü:è��+í çHú�î:çHî$ï:çHìrþ)ú�ý ý�ú çéèÎìÁçéî�×3çéè��{ý�çHú��+í$û�ú ì¥óÃç��+í:î0ü:î��{çéî�ú�û8ó|þ)í:û�çéî'çéú î:çéè¥ëÎì��{�+í\þ��
ë�ìrú ë��+í:çHîIáoçéý ý�çéî��\þ'8)ç�ìrû�çHìÁí���ï�çU8�þ�î:î~ï:çéèDJ�ú�î6�:ü:ëÁë�ï:çHè ç4R>�:ý�ú9�éúºìrçéîÕ� çéí\þ)î�ï:ý�ü:î��
ï�çéè õ�î{�Eü:î:ï~õ�ê:èÎç��{ü�î��{ë���è��	�HçéëÁëÎç�þ)î:þ)ý9�ZëÁú çéè�ì."¬çHèÁï:çHî@2³ù>�+í:ý ú�ç%Q{ý�ú9�+í�"Ãü:èÁï�çÛþ�ü��+í
ï�ú�ç$ô5çéûD�ÍçHèrþ�ìÁü:èrþ�ê:í&
)î��)ú��	8�çéú ì�ï:çéè7êmçéèÎç��+í:î�çHìrçHîxòñê:ëÎçéè���þ)ê�ý�çéîÌçHú�î��{çHí:çéî�ïoü:î;ìÁçéè �
ëÎü��+í;ìz2

�Ùý{�



�Ùý	Ø



È ZNl-[w��ZBm}oUß

MK�+í�çéè�80ýr
)èÎçWí:ú�çHèÁû�ú ìzP ï\þ)ëÎë3ú��+í�ï:ú�ç��'�{èÁý ú�ç%�{çéî:ï�çWõ�èÁêmçéúºì3ëÁçHý�ê:ë�ì�
)î:ï�ú���ü:î:ï�î0ü:è3ü:î;ìrçHè
ï�çéè.×3çéè "¬çHî:ï:ü:î��oï:çHè þ)î��)ç��{çHêÍçHî:çéîöH�ú ý9(¨ëÁû�ú ìÎìrçHý3þ)î��{ç4(¨çéèÎìÁú��)ìªí\þ)êmç'2Cæ�ú�çzæ�ú ëÁëÎçéè �
ìrþ�ìrú9�{î í:þ�ì²" çéï�çéè ú�îoô¥çHú�ý çéî î��>�+íxú î F�
)î��éçNçéú î:çéèªþ)î:ï:çHèÁçéîÐ"Ãú ëÁëÎçéî:ë��+í\þG(Éìrý ú��+í:çHî
Hµ�>�+í�ë��+í0ü:ý�ç\�éü�èy� ç��{ü�ìrþ'�+í;ìrü:î��¤ú�îzçHú�î:çHû�+�è��{ûD�)ìÁú��{î:ë �{çHè�(�þ)í:èÎçéî}�	�{è��{çéý ç��{çHî@2

òñý ï:çéî0ê:ü:è���P\õ¹��èÁú�ýÍØ)ø{øDa

�ÙýG1

soeren
Platziertes Bild




�ÙýGu



� ]7²»]po��#[%X\m�¤

ö�þ)û�ç'¬ ù>={èÎçéîÛæ�ú ìÎìrèÁú9�+í
F7çéê�ü:èÎìÁëÁï\þ�ìÁü:û�¬ Ø)ø�2*�	�	2*� ÷ � a
F7çéê�ü:èÎìÁë��{è�ìz¬ �¬çéèÎý�ú î

ø)÷��>� ÷D�'1²� ø � �>� ÷9� � F�èÎü:î:ï:ë��+í0ü:ý�çEú�îzö|ú�çéï�çéè�"Ãú çéëÁþ�Pmòñô ãuú��+í;ìrçHî�"�þ)ý ï:ç
ø)÷��>� ÷D� � � ø � �>� ÷)÷�Ø +N�{ý*�0ìrç��+í�î:ú�ë��+í:ç$òñêmçéèÎë��+í0ü:ý�çEú�î ö|ú�çéï�çéè�"Ãú çéëÁþ
ø)÷��>� ÷{÷	Ø\� ø � �>� ÷)÷	1 ù�þ)û$ü�çéý*�K+�ü�(¨çéî:ï��{è�(r�F��Zû�î\þ)ëÁú ü:û ú�î ðCý9={í\þ
ø)÷��>� ÷{÷'1²� ø � �>� ÷)÷�ý F��Zû�î\þ)ëÎú�ü:ûÂú�îzð\èrþ)î�8)çéî0êmçéè���PXõ�ê:úºìrü:è
ø9���>� ÷{÷	ý\� øD���>� ÷)÷Da á çHí:èÁçHèÁëÁþ�ì��Hï:ú�çHî:ëÎì�þ)û ù0ì�
)ï�ìÁú�ë��+í:çéî?��þ)ü:í��G(Cú îÛð¥ý�={í\þ
�Çø��>� ÷{÷9a²� ø�ý	�	Ø)ø)ø�Ø ùZìrü�ï:ú�ü:ûÂï:çéèµ+�í��ZëÁú�8zþ�îÛï:çHèÃôp�Óæ�èÁçéëÎï:çéî

ù>�mç��éú�þ)ý�ú ëÁú çéèÁü�î���¬�ùZìrèÁþ)í:ý�çHî:ë��+í0ü�ì����:í��ZëÁú98
ö�çHêÍçHî�(�þ'�+í@¬s�¬ú9�{ûNçHï:ú��Hú�î:ú ë��+í:ç,F�çHè�
�ìÁçHìÁç��+í:î:ú98
æ�ú���ý��{ûNþ)èÁêmçéúºìz¬
g�F7èÁü:î�ï:ýÿþ'�)çéîb(<A:èpJ�ý�ç%8;ìrè��)î:çéî>� ô¥èÁþ)î:ë��v�{è�ìrèÎç��+í:î0ü:î��)çéî
ûNúºìµ56�{î;ìÁç4� x�þ�èÁý���� 5Ûç�ìrí��Zï:çéî=g

ø	ý	�	Ø)ø{ø	Ø æ�ú���ý��{û
�Çø��	Ø)ø{ø)ø²� ø	1��	Ø)ø)ø�� õ�ü:ëÎýÿþ)î�ï:ëÁëÎçéû�çéëÎìÁçéè�þ)îzï:çéèµ�|î:ú9�)çéèÁëÎú�ï\þ�ï

õ�ü�ì>@{î��{ûNþ$ï:ç²5Ëþ)ï�èÁú�ï³�-ù>�\þ)î:ú çéî�!
�Çø��	Ø)ø{ø	Ø\�µ� ø��	Ø)ø)ø'u æ¹�	8;ì��)èrþ)î:ï ú�îzï:çHèÃõ�ê�ìÁçéú�ý ü:î��Dx¬í:çHûNú ë��+í:ç\+�í��ZëÁú�8

ï:çéë|ð\èÁúºì��k�H�þ�êÍçHè �KM�î�ëÎìrúºìrü�ìÁçéë�ï�çéèy5Ëþ�R��+�ý�þ)î���8	� F7çéëÎçéý�ý ë��+í\þ�(Éì
ú�î��¬çHèÁý�ú î

ëÎçéúºì��	�Ù�	Ø)ø)ø'u æ¹�	8;ì��)èrþ)î:ï ú�îzï:çHèÃõ�èÁêmçéúºìrë��{èÁü����Íç,�'�{î?+�è��'(2Xæ�è�2\ô�2�/7ý9A:î:çéè
þ)îzï:çéèyx�þ)èÎý@�	�{îËòñëÁëÎú�çHì���8�����î�ú9�{çHèÁëÎú ì�
 ì�ò7ý ï:çéî0ê:ü�è��

�Ùý'ý


	Titelblatt
	Inhaltsverzeichnis
	1. Einleitung
	2. Die Beschreibung der dissipativen Quantendynamik
	2.1 Offene Quantensysteme
	2.1.1 Reine und gemischte Zustände
	2.1.2 Die Beschreibung der reduzierten Dynamik offener Systeme
	2.1.3 Nicht-Markov'sche Methoden

	2.2 Die Surrogate Hamiltonian Methode
	Die2.2.1 Einführung eines Surrogate Hamiltonian
	2.2.2 Die numerische Realisierung
	2.2.3 Die Beschreibung der Wechselwirkung

	2.3 Grundlagen der Wellenpaketdynamik
	2.3.1 Die Propagation der Wellenfunktion
	2.3.2 Die numerische Behandlung der Wellenfunktion

	3. Laserinduzierte Desorption: NO/NiO(100)
	3.1. Experimentelle Resultate
	3.2 Theoretische Beschreibung
	3.2.1 Modelle
	3.2.2 Potentialflächen

	3.3 Modellierung mit der Surrogate Hamiltonian Methode
	3.3.1 Das Primärsystem
	3.3.2 Der Anregungsprozess
	3.3.3 Die mikroskopische Badbeschreibung
	3.3.4 Wechselwirkung zwischen System und Bad


	4. Parallelisierung
	4.1 Parallele Hardware-Architekturen
	4.2 Datenzerlegung
	4.3 Kommunikationsalgorithmus
	4.3.1 Prozessierung der Wechselwirkung
	4.3.2 Die Badmatrix-Vektor-Multiplikation

	Skalierungsverhalten

	5. Quantendynamische Simulationen
	5.1 Methodik
	5.2 Dynamik auf dem angeregten Zustand
	5.3 Asymptotische Observablen
	5.3.1 Die Norm auf dem asymptotischen Gitter
	5.3.2 Vergleich mit der STA-Methode

	5.4 Thermische Effekte
	5.4.1 Boltzmannmittelung
	5.4.2 Temperatureinfluss


	6. Zusammenfassung
	Ausblick

	Anhänge
	Anhang A Propagation in Imaginärzeit
	Anhang B Gitterwechsel
	Anhang C Indexierung der Badmoden
	Anhang D Parameter der Simulationen

	Literaturverzeichnis
	Abbildungsverzeichnis
	Danksagung
	Abstract
	Kurzfassung
	Erklärung
	Lebenslauf

	link: Zur Homepage der Dissertation


