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ù�gT[FG�x�CF_eBPv0E^Gfv0OeEH_egT[}NFBFv

i
∂

∂t
|ψ(t)〉 = Ĥ |ψ(t)〉, ~�¥��R´Å�

bø@0uKE^_�CFE^G�±%JM]�_RORQ`@'BF@0³KE^G`JUQ`@0G
Ĥ

J'NPd\d\gT[POe_eE´¥0Oe_RgT[�l'@0B CFEHB IhG\EH_e[FEH_RQ\d\v0G\J'CFE^B�CFEHd
ù}r�dcQ`EH]�d�d\EHOeuFdcQ%JMuF[hS'BFvMQ��

I²WPGmb¯EHgT[Fd\EHORb�_eGfL'EHBFCFE4ù}r�dcQ`EH]�Exv0_RORQ¡ChJ'd�_eB¬CPE^G·ö�NhJ'B!Q`EHBF]�E^gT[hJ'BP_eL�VXNPBFChJ']�E^B�½
Q`J'OeEË©AGf_eBFqH_e³oCPE^G�s�B!Q\G\E^BPB�uFJ'G\LME^_RQ�~XCmü�wxdf³hJ'v0BhJUQ�y ´��"!'§!�p¨��(E^BFB�qHbøE^_ ù}r�dcQ`EH]�E
_eB
CPE^G ?AE^Gfv!J'BFv'E^BF[FEH_RQA]�_RQ\E^_eBFJ'BFCFEHG²_eB��(E^gT[Pd\E^O{b�_eGfL�NPBFvÈdcQTJ'BFCPE^BUy!_RdfQxEHd NPBF]¨x'v0Oe_RgT[Uy
EH_eBFEHd4CFE^G�uKE^_RCFE^B$ù�r�dfQ\E^]�E�CFNFG\gT[tE^_RBFE^BDEH_eBFqHE^OeBPE^B$®¡NFdfQ`J'BFCFdcl0EHL}Q\@0G�q^NDu�EHd\gT[FGfE^_ ½
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d\gT[FEH_eBFOR_egT[FLME^_RQ

pi
l0@'G`J'NFdfd`J'v'E^BUy @'u d\_egT[�ChJMd
ù�r�dfQ\E^] _RB�E^_RBFE^] G\EH_eBFEHB�®¡NFdfQ`J'BFC

|ψi〉
uKE´·hBPCFEHQ^� |%_RE^d\EHG�§�u�EHG\v!J'BPv$l0@'B�E^_RBFE^]Íl0@'OeOedcQTS'BPCF_evDL'@'[hS'G\EHB!Q`E^B qHN�E^_RBFE^]

v0E^]�_edfgT[}Q\E^B�®¡NFdcQTJ'BPCËb�_eG\CËJ'Oed²|%E^LM@0[hS'GfE^BFq�uKE^q^EH_egT[FBPEHQ��0|%E^G ]�J'L}G\@'d\L'@'³F_edfgT[FE�w VÃ½
VXE^L!Q¬_edcQ¬ChJ'BPB¹uKE^dcQ`_R]�]ÈQ�CFNFGfgT[�CF_eEË_RBFL'@'[hS'G\EHB!Q`E�ù�NF]�]�EÈCFEHG�wAGcbkJMGfQ`NPBFv0dfbøE^GcQ`E
_eB CFEHB�]¶x0v0OR_egT[FEHB�®¡NFdcQTS'BFCPE^B�]ËNFO{Q`_e³POe_eqH_eEHGfQ�]�_RQËCPE^G��9J'[FG\dfgT[FE^_RBFOe_RgT[FL'EH_RQ
_R[FG\EHd
¸%NPViQ\G\EHQ\E^BFdH¨

< Â > (t) =

∞∑

i=0

pi〈ψi(t)|Â |ψi(t)〉.
~�¥���¥0�

wA_RB�ÄøE^_edf³F_eEHOhVXWFGAE^_eBPE^B�v'E^]�_ed\gT[!Q\E^BD®¡NFdcQTJ'BPC�dfQ\E^ORORQ CF_eE�Ä¯EHd\gT[FGfE^_RuFNFBFvËEH_eBFEHdøQ\[FE^Gª½
]�@�CPr�BhJ']�_edfgT[FE^B9ù�r�dfQ\E^]�dºChJMG(ymbøE^OegT[PE^dËdf_egT[¹_eB(­�@0B!QTJML}Qº]�_RQ�E^_RBFE^] Æ�EHd\E^Gcl0@0_RG
CFE^G�z·E^]�³�EHG`JMQ\NFG

T
u�E�·hBFCFEpQ��K|%_RE��9J'[FGfd\gT[FEH_eBFOR_egT[FLME^_{Q`E^B

pi
d\_RBFC$CFJ'u�EH_�v0E^v'E^uKE^B

CFNFG\gT[tCF_RE�Ä¯@0ORQ\q^]�J'BFBPV�JML}Q\@0G\EHB

pi =
exp

(
− Ei
kBT

)

∞∑
j=0

exp
(
− Ej
kBT

) ,
~�¥���ú0�

]�_{QËCFEHG�wxBFEHG\v0_RE
Ei

CPE^d�®¡NFdfQ`J'BFCFd
i
NFBPC°CFEHG
Ä¯@0O{Q`q^]�J'BFBPL'@0BFdcQTJ'B!Q\E^B

kB
�xy�E¾½

]�_Rd\gT[!Q`E�ö�NhJ'B!Q\E^BFqHNFdfQ`S'BFCFE�L�x0BFBPE^B)S���NP_RlMJ'OeEHB!Qxq^N�E^_RBFE^]ÕwxBFdfE^]ËuPOeE4_eB
CFEHGAdfQTJUQ`_{½
d\gT[FEHBZL}OÃJ'dfd\_Rd\gT[FEHBoY$EHgT[hJ'BF_RL�]�_{QkEH_eBFEHG�|%_egT[!Q`Epl0EHGfQ`EH_eORNFBFv0dcVXNFBFL!Q`_R@0B$uKE^dfgT[FG\_RE^uKE^B
b¯EHG\CFEHBm�mwx_eBPEºEH_eBPV�J'gT[PEËù�NP]�]�EºCPE^G%uKEHQ\E^_ROe_evMQ`E^B$®¡NFdcQTS'BPCFEºVXWF[PGfQ�b¯EHv0E^BoCPE^d�ù�N�½
³�EHG\³K@0d\_{Q`_e@'BFd\³FGf_eBFqH_e³FdºCFE^G�ö�NhJ'B!Q\E^BF]�E^gT[hJMBF_eL�qHN°¿ÁB!Q\E^GfVXEHG\EHBFq^EHBUyxb¯EHOegT[FE��fE^CF@�gT[
_eBtE^_eBPE^] dfQ`JMQ`_RdfQ`_Rd\gT[FEHBowxBFdfE^]ËuFOREºl'@0B�®¡NFdcQTS'BFCPE^BoBF_RgT[!Q�EpÂ�_RdfQ`_RE^GfE^BZdf@0OeORE^Bm�Kwx_eBPE
L'@0]�³hJ'L!Q`E�ÄøE^d\gT[PG\E^_RuFNFBFv�l0@0BDv0EH]�_Rd\gT[!Q`EHBo®¡NPdfQTSMBFCFE^Btv0EHOe_eBPv'QkWFuKE^G4CPE^B$|%_egT[!Q`E¾½
@0³�EHG`JMQ\@0G

ρ̂ =

∞∑

i=0

pi|ψi〉〈ψi|,
~�¥��û¼!�
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bø@0uKE^_øCF_eE�NFBhJ'uP[hS'BFv0_Rv0E^B�®¡NFdfQ`S'BFCFE |ψi〉 (i = 1, 2, ...)

]�_{QºCPE^B�dcQTJMQ\_edfQ\_edfgT[FE^B
y¬EHb�_RgT[!Q`E^B

pi
BF_egT[!QÇBF@MQÁb¯EHBFCF_ev'E^GfbøE^_Rd\ED@0GcQ`[F@0BP@0G\]�J'OAq^NFEH_eBhJMBFCFE^GÇdfE^_RB ]ËWFd\dfE^Bm�

|�_eE���JM[FOAE^_eBPE^G�E^_RBFE^G�l0@0OROedcQTS'BFCP_ev0EHB9n�GcQ`[F@0BP@0G\]�J'OeuFJ'd\_Rd |φ1〉, |φ2〉, ...
_edfQºJ'OROeEHGc½

CP_eBFv0dkVXWPG�CP_eE»YZJMQ\G\_ ÂPCFJ'G\dcQ`E^OROeNFBPvÇCFE^d�|%_RgT[}Q\E^@0³KE^G\JMQ`@'G\d

ρ̂ =

∞∑

i,j=0

ρij|φi〉〈φj|.
~ ¥�� µ0�

BP@'QÁb¯EHBFCF_Rv?y¡uKE^_�CFE^G�CP_eEÇ|%_RgT[!Q`E^]�JMQ\G\_{Â
ρij

E^_RBFv0EpVXWF[FGfQ%b�NFG\CFEM��|%EHG¬wxGfb¯J'GfQ\NFBFv0dª½
bøE^GcQÈEH_eBFEHd���NFJ'B!Q`E^BP]�EHgT[hJ'BF_Rd\gT[FEHB�n¬³KE^G\JMQ`@'G\d

Â
u�EHG\E^gT[PBFEHQÈd\_egT[(J'NFd�CFEHGËù�³FNFGc½

@'³�EHG`JMQ\_e@0BDJ'N�V²ChJMd�©xGf@�CFNPL}Q�CFEHd�n�³KE^G\JMQ`@0Gfd4]�_{Q4CFEH] |%_egT[!Q\E^@0³KE^G\JMQ`@0G

< Â >= tr
(
Âρ̂
)
.

~ ¥���§!�
|%J'u�EH_«_edfQ qHN�uKE�J'gT[!Q`EHBUy�ChJ'd\døCFE^GøwxGfb¯J'GfQ\NFBFv0dcb¯EHGfQ4NPBhJ'uF[hSMBFv0_ev¬l'@0B�CFEHGøv'EHb¯S'[FO{½
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|�_ÃJ'v0@'BhJ'OeEHOeEH]�EHB}Q\E

ρij = δijρi
CF_RE
Ä¯E^CFEHNPQ`NPBFv$l'@0B]�9J'[FGfd\gT[FEH_eBFOR_egT[FLME^_RQ\E^BUy�C¡�û[m�

df_eE�d\_RBFC�GfE^EHOeOhNFBFC�³�@0df_RQ\_Rlly'bøE^d\[FJ'Oeu�CFE^Gø|%_egT[!Q\E^@0³KE^G\JMQ`@0G [FEHG\]�_RQ`EHd\gT[�NFBFC�³K@0df_RQ`_{l
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a�E^NF]�J'BFB�½cy¬OeE^_RgT[}NFBFv
J'uFORE^_{Q`E^B

˙̂ρ(t) = LH ρ̂(t) ≡ −i
[
Ĥ, ρ̂(t)

]
,
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v0G`J'CPE�CFEHdÇ©xG\_R]�S'Gfdfr�dfQ\E^]�d(y�bøE^OegT[PE^dËCFNPG\gT[ CFEHB�ù�r�dfQ\E^]Ç½ª±%JM]�_RORQ`@'BF@0³KE^G`JUQ`@0G

ĤSu�EHd\gT[FGf_eE^uKE^BDb�_eGfCUyPdf@0OeO�ChJ'uKE^_mGfE^OeJMQ`_{l�v'E^G\_RBFvËdfE^_eB9yPbkSM[FG\EHBFC$CP_eE�CFNPG\gT[tCFE^BtÄkJ'C�½
±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G

ĤB

gT[hJ'G`JML}Q\E^Gf_ed\_RE^GcQ`E�s�]�v0E^uPNFBFv$J'NFd�d\EH[FG»l�_RE^OeEHB¹I«GfE^_R[FE^_{Q`dc½
v0G`J'CPE^B�u�EHdfQ\E^[FEHB°df@0OeO��²|%EHG�±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G�CFE^d�y¬E^d`JM]ÈQ`dcr�dcQ`EH]�d

Ĥtot
LUJ'BFB

ChJ'BFBtCFNFGfgT[

Ĥtot = ĤS + ĤB + ĤSB

~�¥�� @0�
J'NFd\v'E^CFGfWFgTL!Q¯bøE^G\CPE^BUy}b¯@'u�EH_

ĤSB

CF_RE �(E^gT[Pd\E^O{b�_eGfL�NPBFvÈqpb�_ed\gT[PE^B�©xG\_R]�SMG\dfr�dcQ`E^]
NFBFC�s�]�v0EHuFNFBFv9uFqHb��¯ÄkJ'C uKE^dfgT[FG\EH_euPQ^�k|%_RE$z·G\EHBFB}NFBFv�_eB-©AGf_e]�S'G\dcr�dfQ`EH] NFBFC
s�]�v0E^uFNPBFvº_RdfQøChJ'uKE^_«]�@'Q`_{l�_RE^GcQxCFNFGfgT[)CF_eE�z�JMQ`d\J'gT[FE�y�ChJ'dfd¯ORE^CF_Rv0Oe_RgT[ÇCF_eE�q^EH_RQ`OR_egT[FE
wAB!QÁb�_RgTL�ORNFBFvtCFE^d»@'õ�E^BFEHB9©xGf_e]�S'G\dcr�dcQ`EH]�d¬l0@'B9Ä¯EHCFE^N�Q`NFBFv$_edcQ���|%_RE�s�]�v0E^uFNPBFv
_edfQ·B}NFGãuKE^q^WPv0Oe_RgT[º_R[FG\EHd²wx_eBd;hNFd\dfE^d²J'NPVFCFJ'd·©AGf_e]�S'G\dcr�dfQ`EH]�l0@0Bº¿ÁB!Q`E^GfE^dfd\E�yUb¯EHd\[hJMOeu
d\_eE¬]�E^_RdfQ�_R]�³FOR_eqH_RQ CFNFGfgT[oJ'uFdcQ`G\J'L!Q`E»ÄkJ'CF]�@�CFE^BDuKE^d\gT[PG\_eEHu�EHB$b�_RG\C­{{´�!dy^´�@�} �

I�WFG²CF_REø¸�uFOeEH_RQ\NFBFv%EH_eBFEHG Ä¯Epb¯EHv0NFBFv'd\v0ORE^_egT[}NFBPv�VXWFG²@'õ�E^BPE4ù�r�dfQ\E^]�Ekd\_RBFCË³FGf_eB�½
q^_e³P_eE^ORO�qpb¯EH_¬NFB!Q`EHG\d\gT[P_eE^CPOe_egT[PE�?A@'G\v0EH[FE^BFdcb¯EH_edfE^B#]¶x0v0OR_egT[m� wx_eBPE^G\dfE^_{Q`d�LUJ'BFB5CF_RE
Ä¯E^dfgT[FG\EH_euFNFBPv�CPE^d�y¬E^d\J']ÈQ`dcr�dfQ`EH]�dkJ'Oedø¸%NFdfv!J'BFv0df³FNFBFL!Q�v0EpbkSM[FORQkbøE^GfCFE^B9yPb¯@'u�EH_
J'BFd\gT[POe_eE´¥0E^BPC�CF_eE%I«GfE^_R[FE^_{Q`d\v'G`J'CFE�CFE^dkÄkJ'CFEHd4]�_{Q`[F_RORVXE4dfQ�x0G\NPBFv0dfQ\[FE^@'G\EHQ\_edfgT[FE^G�Ä¯E¾½
Q`G`JMgT[}Q\NFBFv0EHB CFE^G\J'GfQÈE^OR_e]�_eBF_RE^GfQ¬bøE^GfCFE^B9y ChJ'dfdËd\_RE�OeEHCF_ev'Oe_egT[¹J'ORdÇn�³KE^G`JUQ`@0GfE^B�CFEHd
±�_eORu�EHGfQ\G`J'NF]�E^d¯E^_eBPE^G4_e]�³FOR_eq^_{Q`EHB)ÄkJ'CPu�EHd\gT[FGfE^_euPNFBFv�BP@�gT[tE^_RBFE�Æ�@'OeOeE%d\³F_RE^OeEHBm�

¸�BFCFEHG\E^Gfd\EH_RQ`d�LUJ'BPB�J'NFdfv0E^[FEHBFC�l0@0B�CPE^G)GfE^CFNFqH_eEHGfQ`EHB+|�J'G\dcQ`EHOeOeNPBFv9CFEHdD©xG\_{½
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]�S'Gfdfr�dfQ\E^]�dºCF_RE¶�ã_R@0NPl�_eOROeE¾½Àl0@'B�½ªa�E^NF]�J'BFB�½ªy�ORE^_RgT[�NPBFv�CFNPG\gT[9³P[hS'BF@0]�E^BP@0Oe@0v'_ed\gT[
EHB!QÁb¯@0GcVXE^BFE�|�_ed\df_e³hJUQ`_e@'BFd\@0³KE^G\JMQ`@'G\E^BºE^Gcb¯EH_RQ`EHGfQ bøE^GfCFE^B9y'b¯@MVXWFG J'OROeEHG\CF_RBFv0dãv0EHb�_Rd\dfE
EH]�³P_eG\_Rd\gT[FE�­¬E^BFB!Q\BF_edfd\E)CFEHdÇwx_eB2;FNFd\dfE^dËCFEHGÇs�]�v0EHuFNFBFvZJ'NPV4ChJMdÇ©xG\_e]�S'Gfdfr�dfQ\E^]
BP@'QÁb¯EHBFCF_Rvod\_RBFCm�ã¸%NPVku�EH_eCFE�Y$EHQ\[F@�CFE^B�df@0OeOxB}NFB9_e]ÍIh@0ORv0E^BFCPE^B9EpQÁbkJMdÈv0EHBhJ'NFEHG
EH_eBFv'E^v!J'BPv0E^B�bøE^G\CPE^Bm��Ä¯E^_xEH_eBFEHG�dfQ�x'G\NFBFv'dfQ`[PE^@0GfEHQ`_Rd\gT[FE�Ä¯EpQ`G`JMgT[}Q\NFBFvtb�_eG\C(y¬OeEH_{½
gT[}NFBPv�~ ¥�� @!�·d\@Åb�_eE�E^_RBFE4d\gT[!b¯J'gT[FE¬­�@0³F³FORNFBFv¬qpb�_ed\gT[PE^B�ù}r�dcQ`EH]ÕNFBFC�ÄkJ'C
l0@0G\J'NFdc½
v'E^d\EpQ`qpQ��h|%_RE�®¡E^_{Q`EHB}QÁb�_RgTL}OeNFBFvÈCFE^d�y¬E^d\J']ÈQ`dcr�dfQ`EH]�d4_R]Í�9EHgT[Fd\EHORb�_eGfL}NFBFv0dfuF_eORC�_edfQ
v'E^v0EHu�EHB$CFNPG\gT[

∂

∂t
ρ̂I(t) = − i

~

[
ĤI
SB(t), ρ̂I(t)

]
,

~ ¥�� �!�
]�_RQkCFE^G4VX@0Gf]�J'ORE^B��Lx0dfNFBFv

ρ̂I(t) = ρ̂I(0)− i

~

∫ t

0

[
ĤI
SB(τ), ρ̂I(τ)

]
dτ.

~ ¥��{´Å¦!�
|�E^G¬G\EHCFNFqH_eE^GcQ`EÇ|�_egT[!Q`EH@0³�EHG`JMQ\@0G

ρ̂S
y¡CFEHG�ChJ'd�©xGf_e]�S'G\dcr�dcQ`EH] ùZuKE^dfgT[FG\EH_euPQ(y¡b�_eGfC

l'@0B
ρ̂
BhJ'gT[(ù�³FNPG\uF_ROeCFNFBPv)WFuKE^G�J'OROeEºI«GfE^_R[FE^_{Q`d\v'G`J'CFEºCFE^d¬NPB�uKE^@'uhJ'gT[!Q`EpQ`E^B9ÄkJ'CFEHd

v'EHbø@0BFBFEHBm�«¿Á]=�9EHgT[Fd\EHORb�_RG\L}NFBFv0dfuF_eORC$EHG\v0_RuPQ�d\_RgT[DChJ'[FEHG

ρ̂IS(t) = trB ρ̂
I(t)

~ ¥��{´0´¶�
NPBFC$BFJ'gT[Zwx_RBFd\EpQ`q^EHB$l'@0B ~ ¥��{´Å¦!�¯_RB ~�¥�� �0�

∂

∂t
ρ̂IS(t) =− i

~
trB

[
ĤI
SB(t), ρ̂I(0)

]

− 1

~2

∫ t

0

dτ trB

[
ĤI
SB(t),

[
ĤI
SB(τ), ρ̂I(τ)

]]
~ ¥��{´¶¥0�

JMOedAE^GfdfQ`E�Ä¯Epb¯EHv0NFBFv0dfv0OeEH_egT[}NFBFvÈCFE^d¯ù�r�dfQ\E^]�d^��|�J'uKE^_hb�NFGfCFE�l'@0B�CFEHGAv0G\NFBPCFOeEHv0E^B�½
CPE$¸�BFBhJ'[F]�EtJ'NFdfv0E^v!JMBFv0E^B9yxChJ'd\d�CF_REÐ�(E^gT[Pd\E^O{b�_eGfL�NPBFv9qpb�_ed\gT[PE^B5ù�r�dcQ`E^] NPBFC
Ä¯J'CDu�EH_

t = 0
E^_RBFv0E^dfgT[hJ'O{Q`EHQ4b�_RG\Cm�PI²WFG

t < 0
uKE^dcQ`E^[PE^BZLME^_RBFE^GfOeE^_¡­�@0GfG\EHOÃJMQ\_e@0BFEHB

qpb�_edfgT[FE^B-ù�r�dfQ\E^] NFBPC°Ä¯J'CUy²df@�ChJ'dfdÇCFE^G
|%_RgT[!Q`E^@'³�EHG`JMQ\@0GÇCFE^d�y¬E^d\J']ÈQ\dfr�dfQ\E^]�d
JMOed4CF_RG\E^L!Q\E^d�©xG\@�CFNFL!Q

ρ̂(0) = ρ̂S(0)⊗ ρ̂B(0) = ρ̂I(0)
~ ¥��{´Åú!�

v'E^v0EHu�EHB(_RdfQ��¡s�] E^_eBPE^B�_eGfG\EHl'E^Gfd\_euPOeE^B¹©xG\@'q^E^dfd�q^N¹]�@�CFE^OROe_RE^G\EHBUy«]ËWFdfd\E^B�bøE^_RQ\E^GfE
ÄøE^CF_RBFv0NFBFv'E^B J'B(ChJ'd»NFB}u�EH@0uhJ'gT[!Q\EHQ`EDÄ¯J'C9v0EHdfQ\E^OeO{Q�b¯EHG\CFEHBm� |%_RE�v'G\@"¥0E�¸%BPq�J'[FO
CPE^GºÄkJ'CPVXGfE^_e[PE^_RQ\d\v0G\J'CFE
]�@'Q`_{l�_RE^GcQ¬q^N(CFE^G»¸%BFBFJ'[F]�E�yãChJ'dfdºCF_RE¶�(E^gT[Pd\E^O{b�_eGfL�NPBFv
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ú��l¢E¡��ý÷�þ2��ú�ÿ¶���
]�_{Q�CPE^]Ðù�r�dfQ`EH]ÐLME^_eBPE^BÇbkJM[FG\BFEH[F]ËuhJMG\E^B
w õ�E^L!Q J'NPV«CFJ'd ÄkJMCÇ[hJMQ��M|%EHGxwxBFE^Gfv0_eE¾½
NFBFCD©x[hJ'dfE^B!Q`G\J'BFdfVXEHGkl0@0] ù�r�dfQ\E^] JMNPVãChJ'd4Ä¯J'C)b�_eGfC)ChJ'[FEHG4J'NFgT[�qHN�L'EH_eBFEHG�®¡E^_RQ
J'NPVKChJ'døù�r�dfQ\E^]ÕqHNFG\WFgTL}WFuKE^GcQ`G\J'v0E^B
½ãChJ'dAÄ¯J'CÇl0E^GfuFOeEH_euPQA_R]2Q\[FE^Gf]�_Rd\gT[FEHB�y¬OeEH_egT[�½
v0EHb�_RgT[}Q^�
�9EHBFB)J'ORd\@�CFEHG¯wx_eBd;hNFd\d CFEHdkù�r�dcQ`E^]�døJ'NPVmCFJ'd¯Ä¯J'C�NPBFC�CF_RE�­�@0GfG\EHOÃJMQ\_e@M½
BFE^B�qHb�_edfgT[FE^B�u�EH_eCFEHB�_RBPVX@0ORv0E4CFE^GV�(E^gT[FdfE^O{b�_eG\L}NFBPvºl0EHG\BhJMgT[FOÃS'dfd\_Rv'QøbøE^GfCFE^B9y�OeS'd\dcQ
d\_egT[tCFEHG�|�_egT[!Q`EH@0³�EHG`JMQ\@0G4CFEHd�y¬E^d\J']ÈQ`dcr�dfQ`EH]�d�_R]A�(E^gT[FdfE^ORb�_RG\L}NFBFv'd\uF_ROeC$J'Oed

ρ̂I(t) = ρ̂IS(t)⊗ ρ̂B(0)
~�¥��R´^¼}�

d\gT[FGfE^_euKE^B¡�¡|%_RE^dfEËy¬OeEH_egT[}NFBFv�G\EH³FG`S'dfE^B!Q`_RE^GcQ�CF_RE»v'G\NFBFCPOeE^v'E^BFCFEº¸%BFBFJ'[F]�E�l'@0Bo¿ÁGª½
G\EHl'E^Gfd\_euP_eOe_{QTSMQ¯_eBDE^_RBFE^]þCF_edfd\_e³FJMQ`_{l0E^Bt©xG\@'q^E^dfd^�

|�_eExChJ'CPNFG\gT[¬l0EHG\BhJMgT[FOÃS'dfd\_Rv'Q`EHBÈ­�@0G\GfE^OÃJUQ`_e@'BFd\Epõ¡EHL}Q\E L�x'BFBFE^B»B}NFB»]�_{Q`[F_RORVXEãd\NFL0½
q^E^dfd\_{l0E^G²a%S'[PE^G\NPBFv0E^BÈu�EH[hJ'BFCFEHORQ·b¯EHG\CFEHBm���(E^BPBËCFE^Gc�(E^gT[FdfE^ORb�_RG\L}NFBFv'dfQ`EHG\]

ĤSBv0OeEH_egT[
a�NPOeOP_RdfQ(y0v0_eu�QxE^dAL'EH_eBFE�­�@0G\GfE^OÃJUQ`_e@'BFE^BËqpb�_edfgT[FE^B)ù�r�dfQ`EH]ÕNFBFC�ÄkJ'C�NFBFC
CFEHG
|%_egT[!Q`EH@0³KE^G`JUQ`@0GºCFE^d
y¬E^d\J']ÈQ\dfr�dfQ\E^]�dË_edcQÈCFNPG\gT[+~ ¥��R´�¼!��v0EHv0E^uKE^B¡� Ä¯EH_ødfE^[FGËL}ORE^_{½
BFE^B1�(E^gT[FdfE^O{b�_eG\L}NFBPv0dfQ\E^G\]�E^BDLUJ'BFB�d\gT[FOR_eE(¥'Oe_egT[

ρ̂I(t) = ρ̂IS(t)⊗ ρ̂B(0) + ∆ρ̂
]�_RQ

CFE^]Õ­�@0G\GfE^L!Q`NPGfQ`EHG\]
∆ρ̂

_eB
ChJ'dA¿ÁB!Q`EHv0G`JMOPl0@0B)y�ORE^_RgT[FB}NFBFv�~ ¥��R´¶¥'�²E^_eBPv0E^dfEHQ`qpQAb¯EHGc½
CFE^B]{{´Åµ�} �d�9EHBFBZuKE^_mCPE^G�J'BFdfgT[FOe_RE(¥0EHBFCFE^BZwxB}QÁb�_RgTL}OeNFBFv�CFEHd�¿ÁB!Q`EHv0G`JMOed4B}NFG�z�EHG\]�E
CFE^G�n�G\CFB}NFBPv

Ĥ2
SB

uKE^GfWFgTL}d\_egT[!Q\_ev'Q�b¯EHG\CFEHBUyhVXWF[FGcQ�CP_eE^d�JMNPV
∂

∂t
ρ̂IS(t) =− i

~
trB

[
ĤI
SB(t), ρ̂S(0)⊗ ρ̂B(0)

]

− 1

~2

∫ t

0

dτ trB

[
ĤI
SB(t),

[
ĤI
SB(τ), ρ̂IS(τ)⊗ ρ̂B(0)

]]
.

~ ¥��R´¶µ'�

|%_eEHd%_edcQ%EH_eBFEÈÄ¯EHbøE^v'NFBFv0dfv0OeEH_egT[}NFBFv�EH_eBFEHd�@'õ�E^BFEHB�ù�r�dfQ\E^]�d�uF_ed�q^Noqpb¯EH_RQ\E^G�n�G\C�½
B�NPBFv�_eB�CFE^GU�(E^gT[Pd\E^O{b�_eGfL�NPBFv�]�_RQmCFE^dfd\E^BÈs�]�v0E^uPNFBFvF��¿ÁBºy¬OeEH_egT[}NFBFv»~�¥��R´Åµ0�¡[hS'BFvMQ
CFE^G%®¡NFdfQ`J'BFC$CFE^d%ù�r�dfQ\E^]�d�l0@'BoCFE^dfd\EHBZ?A@0G\v'E^d\gT[P_egT[!Q`EÈJ'uUyhbkJMd%CFNFGfgT[ZCFEHBoz·E^G\]
ρ̂IS(τ)

_R]þ¿ÁB!Q`EHv0G`J'O�qHNF] ¸�NFd\CFGfNFgTLDL'@0]�]ÈQ^�hY$_{Q�CFE^G�YZJ'GfL'@Ål!½Á¸�BFBhJ'[F]�E

ρ̂IS(τ)→ ρ̂IS(t)
~�¥��R´�§!�

b¯EHG\CFEHB¹CP_eE^dfE
y¬E^ChS'gT[!Q\BF_edfEHõ�E^L!Q`EËl'E^G\BFJ'gT[FOÃSMd\d\_Rv'Q%½kCF_eEË®¡E^_RQ\E^B!QÁb�_egTL}ORNFBFv�CFEHd�ù�r!½
dfQ`EH]�d ∂

∂t
ρ̂IS(t)

[hS'BFv'QøChJ'BPB)B}NFG¯BF@�gT[�l'@0] v0E^v'E^B!bkSMGfQ`_Rv0E^B�®¡NFdfQ`J'BFC�CPE^d4ù}r�dcQ`EH]�d
ρ̂IS(t)

J'u¡�4|%_eEÐîcwxG\_RBFBFE^GfNFBFv0dcV�S'[F_Rv0L'EH_RQYîZCFEHdtù�r�dfQ\E^]�d�_edfQ�J'OeORv0E^]�E^_RB°B}NFG�_RBFBFE^Gª½
[hJ'Oeu�l'@0B�®¡EH_RQ`_RB!Q`E^GclMJ'OeORE^B)_RB$CFEHG�y�Gzx"¥0E^BP@0G\CFB}NFBPv�CFEHG%­�@0G\GfE^OeJMQ`_R@0BFd\qHE^_{Q4v0E^v'E^uKE^B
{{´¶µf} �!¸�Oed ­�@0GfG\EHOÃJMQ\_e@0BFdfq^EH_RQxb�_eEHCFE^GfNF] b�_eGfC�CFJ'dk®¡EH_RQ\_eB!Q`EHGflMJ'OeO�u�EHq^EH_egT[FBFEpQ�y�_eB�CFE^]
d\_egT[�CFJ'd4ÄkJ'CDJMB�CF_eE��9EHgT[Fd\EHORb�_eGfL}NFBFv
]�_{Q¯CPE^] ù}r�dcQ`EH]ZîªEHG\_eBPBFE^GfB�î%LMJMBFBm�F|�_eE^dfE
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®¡EHGfV�J'OROed\G\JMQ`E»l0@0Gfv0E^v'E^uKE^B�_edcQ�y¡NPB}Q\E^Gfd\gT[FEH_eCFEpQÈdf_egT[�WFuFOR_{½
gT[PE^GfbøE^_Rd\E»l0@0B$CFE^G�­�@'G\G\EHOÃJMQ\_e@0BPd\q^EH_RQ4CPE^d�ÄkJ'CFEHd^�K|%_eEºYZJMG\L'@Ål!½ªa�S'[FEHG\NFBFv�u�EHd\_{Q`qHQ
_R]�]�E^G�CFJ'BFBÇy¬WFO{Q`_ev'L'E^_{Q�y^bøE^BPBËCF_eE gT[hJ'G\J'L!Q`EHG\_edcQ`_Rd\gT[FEk®¡E^_RQ\d\LUJ'OeJ�CPE^dxù}r�dcQ`EH]�d�d\E^[PG
l�_RE^O«v0G�x�¥0E^GA_edcQøJ'OedxCF_RE�­�@0GfG\E^OeJMQ`_R@0BFdfq^E^_{QACFE^d¯ÄkJ'CFEHd^��Y$_{Q¯JMBFCFE^GfE^B¶�9@0GcQ`EHBm¨
�9EHBFB
CP_eE
®¡EH_RQ�_RBoCFEHG�E^_RBFEËd\_Rv0BF_ ·hLUJ'B!Q`E$#�BFCFE^GfNFBFvDCFEHd»ù�r�dfQ`EH]�qHNFdfQ`J'BFCFEHd�E^GfVX@'Oev'Q%d\E^[PG
l�_RE^O¯v'G�x"¥0EHGÈ_RdfQ
J'ORdÈCF_RE�®¡EH_RQ�y·CF_RE)ChJ'dÇÄ¯J'C�VXWFGËEH_eB Æ�WFgTL}L'EH[FG�_RB�CFEHB�y�ORE^_egT[Pv0Ep½
b�_RgT[!Q`d\qHNFdfQ`J'BFCouKE^B2x'Q`_Rv'Q�y�d\@�_edfQ�CP_eE»YZJ'GfL'@Ål!½Á¸�BFBhJ'[F]�E�v0E^GfE^gT[!Q\VXEHGfQ\_ev'Q^�

|%_REk±�E^G\ORE^_{Q`NFBFv�E^_RBFE^G²J'OeORv0E^]�E^_RBFE^GfE^B»Ih@0G\] JMOed²y�ORE^_egT[}NFBPvÇ~ ¥��R´¶µ'��VXWFG·CFEHGx®¡E^_{Qf½
EHB!QÁb�_egTL}OeNFBPvÇE^_eBPE^dk@'õ�E^BPE^Btù�r�dfQ\E^]�dkE^Gf]¨x'v0Oe_RgT[}QøCFEHG4wx_eBFd\JMQ`q�v0E^EH_ev0BFEpQ`EHGk©xG\@��fEHL0½
Q\_e@0BPd\@0³KE^G\JMQ`@0GfE^BtVXWFG%CF_REÈÆ�E^CPNFL!Q`_e@'BoJ'NPVACFJ'd�©xG\_R]�SMG\dfr�dcQ`E^] { ´��2y`¥'¦�}��¡ù�@)OÃJ'dfd\EHB
df_egT[�J'NFgT[#y�ORE^_RgT[�NPBFv0E^B5_RB�[?x0[FEHG\E^G$n�G\CPB�NPBFv ù}Q�x0GfNFBFv0dcQ`[FEH@0G\_RE�E^G\[FJ'ORQ\E^Bm��ù�@0O{½
gT[PE¬Ä¯EHbøE^v'NFBFv0dfv0OeEH_egT[}NFBFv0EHB)VXWFG CFE^B�GfE^CFNFqH_eEHGfQ`EHB�|%_RgT[}Q\E^@0³KE^G\JMQ`@'GøbøE^G\CPE^B�_eB�CFEHG
��_{Q`E^G\JMQ`NPGxJ'Oed�l0E^G\J'OeORv0E^]�E^_RBFE^GcQ`EkYZJ'dfQ\E^Gfv0OeEH_egT[}NFBFv0EHB�uKE^qHE^_RgT[FBFEHQh{ ´¶µ�}��!wx_eBFE4JMOeOev'Ep½
]�E^_RBFv0WFO{Q`_Rv0EJ�Lx0dfNFBFv�CP_eE^dfE^G�¿ÁB!Q`E^v'G\@�CF_Rõ�E^GfE^B!Q`_eJ'Oev0ORE^_RgT[�NPBFvÇEpÂ�_edcQ`_RE^GfQ�uF_Rd\[FEHG�BF_egT[!Q��
I�WFG�CF_REÈ]�E^_edcQ`EHB�©xG\@0uFORE^]�dfQ\E^OeORNFBFv0EHBoE^GcVX@0G\CPE^GfQ�u�EHG\E^_{Q`d�CF_eEËB}NF]�E^Gf_edfgT[FE��Lx0d\NFBPv
CPE^Gãl0E^G\J'OeORv0E^]�E^_RBFE^GcQ`EHBËYZJMdfQ`EHG\v0ORE^_RgT[�NPBFv�_eBÈYZJ'GfL'@Ål!½ªa�S'[FE^GfNFBFv?y¶VXWFG·CF_eE WFuFOR_egT[FEHGc½
bøE^_Rd\E
CFEHG¬z�EHG\]�_eB}NFd»YZJ'dcQ`EHG\v0ORE^_egT[}NFBPvDl'E^Gcb¯EHBFCFEHQ»b�_eGfC {�¥'¦�}�y�E^_eBPE^B�E^Gf[FE^uFOR_egT[FEHB
Æ�E^gT[PE^BhJ'N�VibkJ'BPC {�¥�´(} �

|%_RE»Æ�EHC2·hE^ORC�½Áz4[PE^@0Gf_eE�{û¥0¥dyT¥Mú�}�_edcQ�E^_RBFE�CFE^G�uKE^LUJ'BFB!Q`EHdfQ\E^BZ?AEHGfV�J'[FGfE^Btq^NFG��LxM½
dfNFBFvºCFE^GøYZJ'dcQ`EHG\v0ORE^_egT[}NFBPvF��ù�_eE4l0EHG\uF_RBFCFEpQ¯CF_RE�z�EHgT[FBF_eLÇCPE^G ©xG\@��fEHL}Q\_e@0BPd\@0³KE^G\JMQ`@M½
GfE^B/{û¥M¼�}¡]�_{QøCPE^G�ù�Q�x0G\NFBPv0dfQ\[FE^@0Gf_eE�y�NF] q^NDEH_eBFEHG¯]�_eL}G\@0dfL'@0³P_ed\gT[PE^BtÄ¯E^dfgT[FG\EH_euFNPBFv
CPE^G²ù�r�dfQ`EH]
½ÁÄkJ'C�½Á­�@0³P³FOeNFBPv�qHNÈv0EHOÃJ'BPv0E^Bm�¶|�_eEøÆ�EHC2·hE^ORC�½ªÄøEHbøE^v0NFBPv0d\v0ORE^_RgT[�NPBFv�VXWFG
CP_eE»YZJMQ\G\_ ÂPORE^ORE^]�E^B!Q`E�CPE^d�G\EHCFNFq^_RE^GcQ`E^B$|%_RgT[}Q\E^@0³KE^G\JMQ`@'G\d�_eB�CFEHG�ÄkJ'd\_Rd4CFE^G�wx_ev'E^B�½
VXNPBFL!Q`_e@'BFE^BtCFE^d�ù�r�dcQ`E^]�d�OÃJ'NPQ\EHQ^¨

ρ̇ij(t) = −i ωijρij(t) +
∑

kl

Rij,klρkl(t)
~ ¥��{´f!0�

bø@0uKE^_
ωij = Ei−Ej

CF_REJ§�u�EHG\v!J'BPv0dfVXGfE(�}NFE^BPq»qpb�_edfgT[FE^BDCFEHBt®¡NFdfQ`S'BFCFEHB
i
NFBFC

jCFJ'G\dcQ`E^ORORQ^�k|%EHGZÆ�E^C2·FE^OeC�½Áz·E^BFdf@0G Rij,kl
_edcQDE^_RBFE(YZJMQ`Gf_{ÂýykCF_RE¸�}NhJ'CFG\JMQ`_Rd\gT[5l0@0]

Æ�J'BFv-CFE^G�|%_RgT[!Q`E^]�JMQ\G\_{Â
ρij

_edcQ���|�_eE�¸�NFdfbøE^GcQ`NFBFv5CFEHG�E^_RBFq^EHOeBFEHB;YZJMQ`Gf_{Â�E^OREp½
]�E^B!Q\E�E^GfOÃJ'NFu�Q4E^_RBFE¬­¬OÃJ'dfd\_ ·hLUJMQ`_R@0B�CP_ed\df_e³hJUQ`_Rl'E^G4©xGf@0q^EHd\d\E¶{ ´��2y`¥0µ�}��P|%_RE¬Æ�E^C2·hEHOeC�½
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y�ORE^_egT[}NFBPvoLUJ'BFB�J'NFgT[ qHN BF_egT[!QÇ³K@0df_RQ`_{l!½ÁCFE�·hBF_RQ\E^B |�_egT[!Q`EH]�JMQ\G\_Rq^E^B(VXWF[FG\EHBUy²b�_RE
u�EH_ed\³P_eE^ORdfbøE^_Rd\E u�EH_e];jkJ'ORCFE^_RG`JU½��ãEHv0v0EpQf½cYt@�CFEHOeO�{û¥'§�}��U|�J%CF_RE¯wx_Rv0E^B!bøE^GfQ\EkCFEHdx|%_egT[�½
Q`E^@'³�EHG`JMQ\@0G\d)³PG\_eBPq^_e³P_eE^ORO�J'Oed¶��J'[PG\d\gT[PE^_eBPOe_egT[PL'E^_{Q`EHB+_RB!Q`E^Gf³FG\EpQ`_RE^G\uFJ'G�dfE^_eB5df@0OeORE^BUy
uF_eEpQ`EHQ�CP_eE»Æ�EHC2·hEHOeC�½ªy�ORE^_egT[}NFBPv�CFJ'[FE^G�LME^_eBPEËy�J'G`JMB}Q\_eE%VXWPG�CP_eE�³F[!r�d\_eLUJ'OR_edfgT[FE»Æ�E¾½
OeEHlMJ'BPqËCFE^G»Æ�E^dfNFORQ`JMQ`EM�mwx_eBFEËl'@0OeORdfQ`S'BFCF_Rv0EË©·@0d\_{Q`_Rl�_{QTSMQ%LMJMBFB�_ �ûJP�¡EHG\dfQ»CFNPG\gT[¹E^_eBPE
b¯EH_RQ`EHG\E»a%SM[FE^GfNFBFv?yhCFEHG�d\@0vF�Kù�S'L}NFOÃJ'G\J'³F³FGf@�ÂP_R]�JUQ`_e@'B�d\_RgT[FE^Gfv0E^dcQ`EHOeORQ4bøE^GfCFE^B¡�¡|�J¶½
u�EH_ b�_eG\C�CF_RE�ù�NF]�]�JMQ\_e@0BZ_eB9y�ORE^_egT[}NFBPv9~�¥��{´f!0��J'NPVøCF_RE�z·E^Gf]�E
uKE^dfgT[FG`S'BPL}Q(y·VXWPG
b¯EHOegT[FEøCF_eE E^B!Q`df³FG\EHgT[FE^BPCFE^B�wx_ev0EHBFE^BPE^G\v'_eE^BºCFE^G²Ä¯E^CP_eBFv0NPBFv

Ei−Ej−Ek+El = 0v0E^B}WFv0EHB«{ ´¶µ�}��
¿Á] Ih@0G\]�J'Oe_Rd\]ËNPd»CPE^GËCPr�BhJM]�_Rd\gT[FEHB°±�J'OeuPv0G\NF³P³�EHB�b�_eG\C9CF_eE)GfE^CFNPq^_eEHGfQ\EDù�r!½

dfQ`EH]�CFJ'G\dcQ`E^OROeNFBPv-J'ORdD¸%NFdfv!J'BFv0df³FNFBFL!Q�v'EHb¯S'[FORQ^��|%_eE(Ä¯EHbøE^v'NFBFv0dfv0OeEH_egT[}NFBFv�CFEHd
G\E^CPNFq^_RE^GfQ\E^BÇ|�_egT[!Q`EH@0³�EHG`JMQ\@0G\d²_edfQ²ChJ'BFBÈCFNFG\gT[ÇCP_eE CF_edfd\_e³FJMQ`_{l0EÚ��_R@0NPl�_eOROeEp½ l0@0B�½ªa�EHN�½
]�J'BPB�½cy¬OeEH_egT[}NFBFv

˙̂ρS(t) = Lρ̂S(t) = −i
[
ĤS, ρ̂S

]
+ LD(ρ̂S(t))

~�¥��R´�@!�
v0E^v0EHu�EHBm�·|�J'uKE^_Ab�_eGfC(CFEHG���_e@'NPl�_eOeOREp½ªù�NF³KE^G\@'³�EHG`JMQ\@0G L _eB¹CF_eE�ù�NF³KE^Gf@0³KE^G`JUQ`@0GfE^B
LH

J'NPd ~�¥�� !0��NFBPC LD q^NFG�Ä¯EHd\gT[FGfE^_RuFNFBFvDCFEHG¬CF_edfd\_e³FJMQ`_{l0EÇ|�r�BhJM]�_RL$dfE^³hJ'Gf_eEHGfQ��
|�JÇu�EH_�CF_eEHd\E^G�YtEHQ`[P@�CFE�df@¶bø@0[FOãCF_RE�wxG\[hJ'O{Q`NFBPvÇCFE^G�©�@'d\_RQ\_Rl�_RQ`SMQ¯l'@0B

ρ̂S
J'ORd�J'NFgT[

CF_eE»YZJMG\L'@Ål!½ªa�S'[FEHG\NFBFv�l0@0G\J'NFd\v'E^d\EpQ`qpQ�b�_RG\C]{�¥"!�yT¥�@�}�yh]ËWFdfd\EHB$VXWFG�CF_RE»Y$E^BFv'EºCFEHG
¸%uFuF_ROeCFNPBFv0E^B

Λt

yhCF_eE¬CP_eE»®¡E^_{Q`EHB}QÁb�_RgTL}OeNFBFv
ρ̂S(t) = Λtρ̂S(0)

~�¥��R´��!�
u�EHd\gT[FGfE^_euKE^B9yøv0Epb�_edfd\EoÄøE^CF_RBFv0NFBFv'E^B-EHGfVXWFORORQ�d\EH_eBm� |%_REon�³KE^G\JMQ`@0GfE^B

Λt

df_eBFC°_e]
J'OeORv0E^]�E^_RBFE^B(BF_egT[!QÇ_RB}l'E^GcQ`_eEHG\uhJMG(y²NP] E^_RBFE)_RG\G\Epl0EHG\d\_RuFOeE�®¡E^_RQ\E^B!QÁb�_egTL}ORNFBFv�d\_RgT[FE^Gª½
q^NFdcQ`E^OROeEHBm�4¸%N?¥'E^G\CPE^] ]ËNFdfdZJMNPVXv0G\NPBFC�CPE^G$YZJ'GfL'@Ål!½Á¸%BPBhJ'[F]�E(CP_eE¹Ä¯E^CP_eBFv0NPBFv
ΛtΛs = Λt+s

VXWFG%J'OeORE»®¡E^_RQ\E^B
t, s > 0

E^GcVXWFOeO{Q�dfE^_RBm�«¸%uFuF_ROeCFNPBFv0E^B$]�_{Q�CF_eEHd\E^BowA_ ½
v0E^BFdfgT[hJMViQ\E^BDb¯EHG\CFEHBZ_eB�CPE^G�YZJMQ\[FE^]�JMQ\_eL�J'Oed4±�J'OeuPv0G\NF³P³�EHB�u�EHq^E^_RgT[FBFEpQ�yFbø@0BhJ'gT[
CF_eEHd\E%Y$EHQ\[F@�CPE�J'NFgT[�u�EHBhJ'BFB!Q¯b�NPG\CFEM�Pwx_eBPE�v0EHE^_Rv0BFEHQ\E%]�JMQ`[PE^]�JMQ`_Rd\gT[FE�Ih@0G\] VXWPG
LD

_eB+y¬OeE^_RgT[}NFBFv+~ ¥��R´�@0��y¯VXWFG)bøE^ORgT[FE�CF_eE�@P�ûvF�kÄ¯E^CF_RBFv0NFBPv0E^B5VXWFG�CF_RE�®¡E^_{Q`E^B!Qc½
b�_egTL}OeNFBPv)CFE^d%G\E^CPNFq^_RE^GfQ\E^B�|�_egT[!Q`EH@0³�EHG`JMQ\@0G\d%E^GfVXWPOeORQ�df_eBFCUyK_edcQ�CF_REºdf@0vF�ý��_eBFCFuPOÃJ'C�½
I«@'G\]w{û¥"!�}�¨

LDρ̂S =
∑

j

(
Ĉj ρ̂SĈ

+
j −

1

2

[
Ĉ+
j Ĉj, ρ̂S

]
+

)
.

~ ¥�� ¥'¦0�

|%_eEÈù�NF]�]�JUQ`_e@'B)b�_eG\C$ChJ'uKE^_ãWFuKE^G%J'OeORE¬]¨x0v'Oe_egT[PE^B$|%_edfd\_e³FJMQ`_R@0BFd\LUJ'BFS'OeE¬CFNPG\gT[Fv0E¾½
VXWF[FGfQ^�m|%_RE
Y$@�CFE^OROe_RE^G\NPBFv)CFEHG¬|%_edfd\_R³hJMQ`_R@0BoEHGfVX@0ORv'Q�_RB¹y�ORE^_egT[}NFBPv�~ ¥���¥'¦!��]�_{Q`[F_RORVXE
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CPE^GS��_eBFCPuFOÃJ'C�½cn�³�EHG`JMQ\@0G\EHB
Ĉj
y0CF_REkq^NPG ¸%ORv0E^uFG\J�CFE^G²u�EHd\gT[FG\S'BFL!Q`EHB�Oe_RBFE�JMG\E^BÇn¬³KEp½

G\JMQ`@'G\E^BDv0EH[?x0GfE^BZNPBFC$_R] ±�_eOeuKE^GcQ`G\J'NF] CFE^d�©xG\_R]�S'Gfdfr�dfQ\E^]�d4b�_eG\LME^Bm�«|�_eE^dfEºn¬³KEp½
G\JMQ`@'G\E^B-]ËWFd\dfE^B5³F[hSMBF@0]�E^BF@0OR@0v0_Rd\gT[�u�EHdfQ`_R]�]ºQ�bøE^GfCFE^Bm�k|%_eEt?AE^GfbøE^BPCFNFBFv�CFEHG
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NPBFC�CF_eE�Ä¯E^[hJMBFCFOeNPBFv�]�_{QËEH_eBFEH] v0EHE^_Rv0BFEHQ\E^B ]�_eL}G\@'d\L'@'³F_edfgT[FE^B°Y$@�CFE^ORO VXWPGËCF_eE
ù}r�dcQ`EH]
½ÁÄkJ'C�½Á­�@0³F³POeNFBFv
BF_RgT[!Q�qHbøE^gTL}]�S�¥0_ev�E^Gfd\gT[FEH_eB!Q��

¸�uFuF_ROeCFNFBPv�¥��R´0¨hY$EHQ\[F@�CPE^BZqHNFG�Ä¯E^dfgT[FG\EH_euFNPBFv�@Mõ¡EHBFE^G�ö�NhJ'B!Q`EHBFdfr�dcQ`E^]�E

|%_REDNFB!Q`E^Gfd\gT[F_RE^CFOR_egT[FEHB�­�@'BFq^EH³PQ`Etq^NFG�Ä¯EH[hJ'BFCFORNFBFv¹CFE^G�G\EHCFNFqH_eE^GcQ`EHB-|�r�BhJ¶½
]�_eLÇEH_eBFEHdk@'õ�E^BFEHB$ù�r�dfQ`EH]�d¯d\_eBPC�_eB)¸�uFum�h¥��R´�BP@�gT[F]�J'ORdø_ROeOeNPdfQ`Gf_eEHGfQ��}|%J'u�EH_¡_RdfQkqHN
uKE�JMgT[}Q\E^BUy·ChJ'dfd�E^_eBPE�Æ�E^CPNFL!Q`_e@'B(CFEHG»Æ�EHC2·hE^ORC�½cy¬OeEH_egT[}NFBFvtJ'N�VkE^_RBFE�Ä¯EHbøE^v'NFBFv0dª½
v'OeE^_RgT[}NFBFvZ_RB���_eBPCFuFOÃJMC�½ªIh@0Gf] B}NFGºNFB!Q`E^GÈ¸%BFBhJM[F]�E�CFEHGÈE^GcbkSM[FB!Q`E^B�ù�S'L}NFOÃJ'G\J'³�½
³PG\@�Â�_e]�JMQ`_R@0B)]¶x0v0Oe_RgT[�_edcQ°{{´¶µ�y^´���}��

�5_REÈ_eB$­�J'³F_{Q`E^O�¥��{´0�{´ÈChJMG\v0EHOeE^vMQ�y«LUJ'BFBoCF_REÈ|�r�BFJ']�_RL�@'õ�E^BFEHG¬ù�r�dfQ\E^]�EËBF_RgT[}Q
CPNFG\gT[ËGfE^_RBFEk®¡NPdfQTSMBFCFE¯uKE^dfgT[FG\_RE^uKE^BÈbøE^GfCFE^B¡�0|%_RE l'@0G\v0EHdfQ\E^OeO{Q`EHBÇY$EpQ`[F@�CFE^BºVXWF[FG\EHB
CFJ'[FE^G¯J'NFgT[�JMNPVãÄ¯Epb¯EHv0NFBFv0dfv0OeEH_egT[}NFBFv'E^BUyPbøE^ORgT[FE�CFNPG\gT[)EH_eBFE%J'NPVibøE^BFCF_Rv0E�©AGf@0³hJU½
v0JMQ`_R@0BËCFEHdA|%_egT[!Q`EH@0³KE^G`JUQ`@0GfdxuFqHb��!CFEHGA|%_egT[!Q\E^]�JMQ`Gf_{ÂÈv0E^O<x0dfQ�b¯EHG\CFEHB�]ËWPd\d\EHBm�}|�JU½
uKE^_«dfLMJMOe_eEHGfQ CFEHG¯B}NF]�E^G\_Rd\gT[FE�¸%NPVib¯J'BFC�]�_{Q

N2 y}b¯EHBFB)]�_RQ N CF_eE�|%_e]�E^BPd\_e@'B�CFEHd
ù}r�dcQ`EH]
½Á±�_eORu�EHGfQ\G`J'NF]�E^d
uKE^qHE^_egT[PBFEHQ)b�_RG\Cm�øY$@MQ`_Rl�_RE^GfQ�CFNPG\gT[ CF_REo®¡EHG\ORE^v0NFBPv9CFEHd
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|%_egT[!Q`EH@0³KE^G`JUQ`@0Gfd»_RB�G\E^_RBFE�®¡NFdcQTS'BFCPE ~ ¥��û¼}�%df_eBFC(J'NFgT[¹_eBPCF_eGfE^L!Q`E�Y$EpQ`[F@�CFEHB(qHNFG
�cx'd\NFBFvºCFE^GøÄ¯Epb¯EHv0NFBFv0dfv0OeEH_egT[}NFBFvÈ]¨x0v'Oe_egT[9y'uKE^_«CFE^BPE^B��(E^OROeE^BP³hJ'L'EpQ`E�³FG\@'³hJ'v0_RE^GfQ
b¯EHG\CFEHBm� |%_RE^dfE�b¯EH_edfE^B E^_RB(l'@0GfQ\E^_eOR[hJMViQ\E^G\EHdÇù�LUJ'OR_eEHG\NFBFv'dfl0EHG\[hJMORQ`EHB�J'ORdÈCF_RE�CP_eG\EHL0½
Q`E^B(Y$EpQ`[F@�CFEHB9J'N�VEymd\@0OeJ'BFv0EÇCP_eEË¸�BFq�J'[POxCFE^G¬qHN(³FGf@0³hJ'v'_eE^GfE^BFCPE^B¸�9EHOeORE^BF³hJML'EHQ\E
L�ORE^_RB�v'E^v0EHB
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∑
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ù�³KE^L!Q`G\J'OeCF_RgT[!Q`EÇa�NFOeO·_edcQ���ù�_eEºb�_RG\CoCFJ'BFB�CFNFGfgT[
NwxBFEHG\v0_RE^³FNPBFL!Q`E

εi
y
i = 0, . . . , N −1

_eBFBPE^G\[FJ'Oeu
CFEHd¯¿ÁB!Q`EHGflMJ'OeORd
[ε0, εc]

ChJMG\v0EHdfQ`EHOeO{Q��
I�WFG¯CF_RE^dfE�wxBFE^Gfv0_eEHB)d\_RBFC)uK@0d\@'BF_edfgT[FE�wxG\qHE^NFv'E^G

â†i = â†(εi)
NFBFC�?AEHG\BF_RgT[}Q\E^G

âi =

â(εi)
CFE�·hBF_eEHGfQDNFBPC�CF_RE�®¡NFdcQTJ'BFCPd\CF_RgT[}Q\E

ρ(εi) ≈ (εi+1 − εi)−1 CFEHdtCP_ed\L}GfEHQ`EHB
Ä¯J'CFE^d�uKE^dcQ`_e]�]ÈQ4]�_RQkCFE^G�Ä¯EHq^_eEH[}NFBFv

viâ
†
iρ(εi) =

√
J(εi)â

†(εi),
~ ¥���¥��!�

CP_eEÇEHõ�E^L!Q\_Rl0E�ù�r�dfQ\E^]Ç½ªÄkJMC�½3�(E^gT[FdfE^O{b�_eG\L}NFBPvF�·|%_eE�­�@'³F³FOeNPBFv0d\LM@0BFdcQTJ'B!Q`E
vi
ymbøE^O{½

gT[PEkCF_eE¯ù�Q`S'G\LME¯CFEHGO�(E^gT[FdfE^ORb�_RG\L}NFBFv¬qpb�_edfgT[FE^BÇCFEHG ÄkJMCF]�@�CFE
i
NFBPCËCFE^];©xG\_R]�SMGc½

dcr�dfQ`EH] u�EHd\gT[FGfE^_RuPQ�y«_edcQ�ChJ'BFBtCFNFGfgT[

vi =
√
J(εi)/ρ(εi)

~ ¥��ûú0¦!�
VXEHdfQ\v0E^ORE^v'Q^�ãa%J'gT[¹E^GcVX@0Oev'Q\E^G�|%_Rd\L}G\EpQ`_Rd\_eEHG\NFBPvtVX@0ORv'Q¬dfgT[FOe_RE(¥0OR_egT[�VXWFG¬CFEHB°ÿ����������
	���

��	���������������	��h¨

Ĥsurr = T̂ + VS(R̂) +

N−1∑

i=0

εiâ
†
i âi + f(R̂)

N−1∑

i=0

vi

(
â†i + âi

)
.

~ ¥��ûúP´¶�

|�_eE^dfE^G�±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0GÇu�EHd\gT[FGfE^_RuPQ)CF_REZLM@0G\GfE^OeOR_eEHGfQ`E$ù�r�dcQ`E^]Ç½ªÄ¯J'C�|�r�BhJ']�_eL«�
¿ÁB�CP_eE^dfE^G4Ih@0Gf] _edfQkd\E^_RBFE�¸�B}bøE^BPCFNFBFv
VXWFG¯B}NF]�E^Gf_edfgT[FE»ù�Q`NPCF_eEHB��fE^CF@�gT[�d\EH[FG�J'NPVÃ½
b¯S'BFCP_ev?y�bøE^df[hJ'Oeu»E^_RBFExb¯EH_RQ\E^G\E ¸%³P³FG\@�Â�_e]�JMQ`_R@0B¬E^GcVX@0G\CPE^G\OR_egT[�_edcQ��Å|�_eE^dfEøuFJ'd\_RE^GfQ·JMNPV
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CFE^G ¸%BFBFJ'[F]�E%E^_RBFE^G d\EH[FG¯BP_eE^CPG\_ev'E^B�ÄkJ'CPQ\E^]�³�EHG`JMQ\NFG(y}d\@ºChJ'dfd¯B}NFG¯CPE^G4y¬G\NPBFCFq^N�½
dfQTJMBFCÇd\@Åb�_eE¯CFE^GxEHG\dfQ\E4J'BFv'E^G\EHv'Q`E�®¡NPdfQTJMBFCÇCFE^G²[hJ'G\]�@0BF_Rd\gT[FEHB�n�d\q^_ROeOeJMQ`@0GfE^B»d\_Rv0BF_{½
·hLUJ'B!Qãu�EHd\EHQ\qHQ�d\_RBFCm�Å|�JMd�JMNFd

N
n¬dfq^_ROeOÃJUQ`@0GfE^B�uKE^dcQ`E^[PE^BFCFE [hJ'Gf]�@'BF_edfgT[FEAÄkJ'C�LUJ'BFB

CFE^]�E^B!Q`df³FG\EHgT[FE^BPCZCFNFGfgT[$EH_eB$ù�³F_RB�½ªÄ¯J'C�u�EHdfQ\E^[FEHBFCZJMNFd
N
®�b¯EH_{½ª®¡NFdfQ`J'BFC�½ªù�r�dfQ`E¾½

]�EHB(EHG\d\EpQ`qpQºbøE^GfCFE^Bm��|%_RE^d\EHG°§�uKE^G\v0J'BFvt_eBPVX@0ORv0EËCFEHGºz4_REHViQ\E^]�³�EHG`JMQ\NFGc½À¸%BFBhJM[F]�E
_edfQ�_eBÈ¸%uFum�'¥���¥%J'BFdfgT[hJ'NFOR_egT[ËCFJ'G\v0EHdfQ\E^OeO{Q��U|%_REkÄ¯@0df@0BFEHB�½cn�³KE^G`JUQ`@0GfE^BÇL�x'BFBFE^BÇCFJ'BFB
CFNFG\gT[Zù�³F_RB�½cn�³KE^G\JMQ`@0GfE^BDE^Gfd\EpQ`qHQ�bøE^G\CPE^Bm¨

â†i → σ̂†i ,

âi → σ̂i .

~ ¥���ú!¥'�

¸%uFuF_ROeCFNPBFvt¥���¥�¨ãY$@�CFE^ORO E^_RBFE^dº®�®�ù}½ÁÄkJ'CFEHd»J'Oed�z4_REHViQ\E^]�³�EHG`JMQ\NFGc½Áa%S'[FEHG\NFBPvtEH_eBFEHd
[hJ'G\]�@0BF_Rd\gT[FEHBtÄkJ'CFEHd

|�E^Gø|%E´·hBP_RQ`_R@0BFdfu�EHG\E^_RgT[�CFEHdøBFJ'gT[Dù�NFuPdfQ`_{Q`NPQ\_e@0BÇl'@0B�~�¥���ú0¥0� _eBZ~ ¥��ûúP´¶�²EHG\[hJ'O{Q`E¾½
BFE^B�±�J']�_RORQ\@0BF@0³KE^G\JMQ`@0G

ĤSurr

_edfQ%CFE^G%©xG\@�CFNFL!Q`G\J'NF] HS ⊗HB

yKbø@0uKE^_²]�_RQ HSNFBFC HB

CF_eEk±�_eORu�EHGfQ\G`S'NF]�E CFE^dA©xG\_R]�SMG\dfr�dcQ`E^]�d uFqpb��0CFEHdøÄ¯J'CFE^dxuKE^qHE^_RgT[FBFEHQxbøE^Gª½
CFE^Bm�K|%_RE»ÄkJ'd\_Rd�CFE^d�ÄkJ'C�½Á±�_ROeuKE^GfQ\G`J'NP]�EHd HB

uF_ROeCFEHB�ÿ"�l�����	t��!½ NFBPC(ÿ"�l��������� &V�'½
®¡NFdfQ`S'BFCFE�yUCP_eEU�fEHbøE^_eORd�EH_eBÈJ'BFv0EHG\E^vMQ`E^d�uFqHb��UBF_RgT[}Qc½ªJ'BPv0E^GfE^v'Q\E^d²®�®�ù»dfr�]ËuK@0OR_ed\_RE^GfE^Bm�
wA_RBºEH_eBFqHE^ORBFE^d²®�®�ù�df³hJ'BFB!Q²CFE^]�BhJ'gT[ºE^_eBPE^BÈqpb¯EH_eCF_R]�EHBFd\_R@0BhJ'ORE^B»±�_ROeuKE^GcQ`G`JMNF]>J'NPVª�
¸%NPVXv0GfNFBFC�CFEHG¬]¨x'v0Oe_RgT[FE^B�­�@0]ËuF_RBhJMQ\_e@0B$CFE^G¬qpb¯EH_AÄkJ'd\_Rd\qHNFdfQ`S'BFCFE�J'OROeE^G

N
ÄkJMC�½

]�@�CFE^B
uKEHQ\G`S'v'QACP_eE�|%_R]�EHBFd\_R@0BÇCFE^døÄkJ'C�½ª±�_ROeuKE^GcQ`G`JMNF]�EHd
2N
�}|%_RE�|%_e]�E^BFdf_e@0B
CFEHd

©AGf@�CPNFL}G`J'NF]�E^d�_RdfQ�ChJ'BPB$CFNPG\gT[

dim(HS ⊗HB) = 2N dim(HS)
~ ¥���ú0ú0�

v0E^v0EHu�EHBm���5_RG\CÇChJ'dA©xGf_e]�S'G\dcr�dcQ`EH]ÐCFNFGfgT[�EH_eBFEÚ�(E^OROeEHBPVXNFBFL!Q`_R@0BËGfE^³FG\S'd\EHB}Q\_eEHGfQ�y'd\@
LMJMBFB�CFE^G¬®¡NFdfQ`J'BFC�CFE^d¬y�EHd`J']ÈQ\dfr�dfQ\E^]�d¬CFE^]�q^N�VX@0Oev0Eº]�_{Q�EH_eBFEH] ù�³P_eBF@0G%J'NFd

2N�9EHOeOeEHBPVXNFBFL!Q\_e@0BFEHB�u�EHd\gT[FGf_eEHu�EHB$bøE^G\CPE^Bm�
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 ÞEÝ ßÚàJäåÝ�
2ÞEædç?èGÝ ÜhÝu�3vEÞEædÞEÝ�
?àGßXâ
s�] E^_RBFE�EHõ�E^L!Q`_{l0E�B}NF]�E^G\_Rd\gT[FE�¿Á]�³FOeEH]�EHB}Q`JMQ`_R@0BËCFEHGøv'E^d`JM]ÈQ`EHB)ù�r�dcQ`E^]Ç½ªÄ¯J'C�|�r!½
BFJ']�_RL�q^N�v!J'G\J'B!Q`_eEHG\EHBUy²]ËWPd\d\EHB°CP_eE

2N
ù�³F_eBP@0G\LM@0]�³K@0BFEHB!Q`E^B�uF_{QÁb¯EH_edfE�d\@0GcQ`_eEHGfQ

l'@0G\OR_eEHv0E^Bm�P­�@0BPL�GfEHQ�uKE^CFEHNPQ`EpQ�CP_eE^d´yFChJ'dfd4CF_eE
j
½ Q`E¬­�@0]�³K@0BFEHB!Q`E¬E^_RBFE»ù�³F_RBhJ'BF@'G\C�½

B}NFBPvºGfE^³FG\S'd\EHB}Q\_eEHGfQ�y}CF_RE4CFNFGfgT[�CF_RE�Ä¯_eBhSMG\ChJ'GfdfQ\E^OeORNFBFv%l'@0B
j
v0E^v'E^uKE^B�_edfQ^��ù�@¬b�_eGfC

uKE^_Rd\³F_RE^ORdfbøE^_edfE�CFNFG\gT[�CF_eE�µ���ù�³P_eBF@0GfL'@0]�³K@0BFE^B!Q\EË~�Ä¯_RQ\ChJ'G\dcQ`EHOeOeNPBFvF¨
5 = 20 + 22 →

101
�ãE^_RBFE�ù�³F_RBhJ'BF@'G\CFB}NFBFv%CFE^dAÄkJMCFE^dxChJMG\v0EHdfQ`EHOeO{Q�y¶u�EH_PCFEHG d\_RgT[ÇB}NFGxChJ'dG
�������
·NFBFC

CFJ'dJ���������E
¯®�®�ùÇ_eB�E^_RBFE^] JMBFv0E^GfE^v'Q\E^BD®¡NPdfQTJMBFC�uKE´·hBPCFE^Bm�P|�J'uKE^_hbøE^G\CPE^B�CF_RE�Äø_RQ`d
l'@0B¹G\E^gT[!Q\dÈBhJ'gT[¹Oe_RBFL}d¬v0E^q^S'[FO{Q�NFBFC¹CF_eE�®�bøE^_{½ª®¡NFdfQ`J'BFC�½ªù�r�dfQ\E^]�EÇ]ËWFd\dfE^B(_eB�v0Ep½
EH_ev0BPEHQ`EHGG�(E^_Rd\EËCFNPG\gT[FB}NF]�]�EHG\_RE^GfQ%d\EH_eBm��|%_eEËù�³F_RB�½cn�³KE^G`JUQ`@0GfE^BZEH_eBFEHd¬J'NFd%E^_eBPE^]
EH_eBFqHE^ORBFE^BZ®�®�ù)u�EHdfQ`EH[FE^BPCFE^BZÄkJ'CFEHdË~

N = 1 , dim(HB) = 2
�

σ̂† =

(
0 0

1 0

)
, σ̂ =

(
0 1

0 0

) ~ ¥��ûú'¼}�
uP_eOeCPE^B)CF_RE�ÄkJMd\_edøq^NFGk­�@0BFdcQ`GfNFL!Q`_e@'B�[?x0[FEHG\CF_R]�EHBFd\_R@0BhJ'ORE^G wxG\q^EHNFv0NFBPv0dc½ NFBPC)?AE^Gc½
BP_egT[!Q`NFBPv0d\@0³KE^G\JMQ`@'G\E^B¡�M|�_eEA_e];ÿ��d�������
	��E
S��	��������E������	���E^B!Q\[hJ'ORQ\E^BFEHBËÄkJMCF@0³KE^G`JUQ`@M½
GfE^B)L�x0BFBFEHB�ChJ'BFB�d\NFL}qHE^d\df_Rl)J'NFd¯CPE^BDù�³P_eBF@0³KE^G\JMQ`@'G\E^BZ~ ¥���ú'¼!� J'N�VXv0E^uhJMNPQøbøE^GfCFE^B¡�
wx_RBFEºCPEHQTJM_eOe_RE^GcQ`E¬Ä¯EHd\gT[FGfE^_RuFNFBFv�CF_RE^dfE^G�­�@0BFdcQ`GfNFL!Q`_e@'B$CFEHG�ÄkJMCF@0³KE^G`JUQ`@0GfE^BÐ·hBFCFEpQ
df_egT[t_eB­{ûµ0µ�}��

Y$_{Q¬CFEHGºÄøE^d\gT[PG\E^_RuFNFBFvtCFEHd»ù�r�dfQ`EH]
½ÁÄkJ'C(®¡NFdcQTJ'BFCPE^d�CFNFGfgT[
2N

�9EHOeOeEHBPVXNFBFL0½
Q\_e@0BPE^B�b¯EHG\CFEHB�J'OROeE�]¶x0v0OR_egT[FEHBtù�r�dfQ`EH]
½ÁÄkJ'C�½Á­�@0GfG\EHOÃJMQ\_e@0BFEHB�u�EHG\WFgTL}df_egT[!Q`_Rv'Q��KI²WFG
EH_eBFED]¶x0v0OR_egT[FdcQÇL'@0GfG\EHL}Q\EZÄ¯J'CFuKE^d\gT[PG\E^_RuFNFBFv9_edfQ
EHd��fEHCF@�gT[°BF_RgT[!Q�_RB¸�fEHCFE^] IKJMOeO
qpb�_eBFv'E^BFCoEHGfVX@0GfCFE^GfOe_RgT[Uy¡JMOeOeE�]¶x0v0OR_egT[FEHBZ­�@0]ËuF_RBhJMQ`_R@0BFEHB$CFEHG�ÄkJMd\_edfq^NFdcQTS'BPCFEËCFEHG
N
ÄkJ'CF]�@�CFE^BoqHNouKE�J'gT[!Q`EHBm��|�JMBFB�_edcQ�E^d%qHbøE^gTL}]�S�¥0_ev?yKCF_REÈ¸%BPq�J'[FO�CFE^G%E^G\OeJ'NFu�½

Q\E^B(d\_e]ÈNFORQ`J'BFE^B�¸�BFG\EHv0NFBFv0EHB(l'@0B�ÄkJMCF]�@�CFEHB¹qHN9uKE^dfgT[FG`S'BPL'E^B¡�²¿Á] w²Â�Q`G\EH]�V�JMOeO
L�x0BFBFEHB�B}NFG¬wx_eBPV�JMgT[hJ'BFGfE^v0NFBPv0E^B�_R] ÄkJ'CoqHNFv0E^OeJ'd\dfE^BobøE^GfCFE^BUy�b¯@�CFNFGfgT[�CF_eEÈ|%_{½
]�E^BPd\_e@'B°l0@'B HB

l0@0B
2N

J'NPV
N + 1

G\EHCFNFqH_eE^GcQ�b�_RG\Cm�ø|%_eEHd\EHG1§�uKE^Gfv!J'BFv(l0@0B
EH_eBFEHGÇEpÂ�³K@0BFE^B!Q\_eE^OROeEHB q^N�E^_RBFE^GËOR_eBFE^J'G\EHB�ù�LUJ'Oe_RE^GfNFBFvouKE^qHWFv0Oe_RgT[ CFE^GÇ¸�BFq�JM[FOkCFEHG
Ä¯J'CF]�@�CFEHBºl'E^G\Gf_eBFv'E^GfQ²CFE^BÈB�NP]�EHG\_edfgT[FE^BÇ¸�NPVib¯J'BFCË]¶x0v0OR_egT[FEHG·¸�B!b¯EHBFCFNFBFv'd\G\EHgT[�½
B}NFBPv0E^BDE^Gf[FE^uPOe_egT[¡�P|%NPG\gT[DE^_RBFE^BD­�@0B!l0E^Gfv0E^BPqHQ`EHdfQ�u�EH_�dfNFL}q^EHd\d\_{l0EHG%wxG\[2x0[}NFBFvÇCFEHG
EHG\OeJ'NFuPQ\E^B9ù�_e]ËNPORQTJMBhJ'BFGfE^v0NFBPv0E^B�l0@'B�ÄkJ'CP]�@�CFE^B¹LUJ'BFB¹CF_eE
¸�³F³FG\@�Â�_e]�JMQ\_e@0BoVXWFG
CP_eE¦�fEHbøE^_ROe_Rv0E�ù�_R]ËNFOÃJUQ`_e@'B)v0EHQ\E^dcQ`EHQ�bøE^GfCFE^Bm�

¸�NPVKS'[FBFOR_egT[FEV�(E^_Rd\E¯LUJ'BPBÈCF_REkö�NhJ'OR_RQ`SMQ�CFEHG a%SM[FE^GfNFBFv%CPNFG\gT[ÇEH_eBFEHB�ÿ����������
	���

��	���������������	��ÇL'@0B!Q`Gf@0OeOR_eEHGfQ b¯EHG\CFEHBm�?�5_eE�u�EHG\E^_{Q`dkCFJ'G\v0EHOeEHv'Q�y�_edcQ4_e] y¬G\E^BPqHbøE^GfQ�EH_{½
BPE^GANFBFEHBFCFOe_RgT[FE^B�¸%BFq^J'[FOFl'@0B)ÄkJMCF]�@�CFEHBUy

N →∞ y'CFE^G4ÿ����������
	���
 ��	���������������	��
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_eCFEHB}Q\_edfgT[�]�_RQ CFE^]ÕNPG\³FGfWFBFv0OR_egT[FEHBUy
îÀbkJM[FG\EHB�î%±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G²CPE^d�y¬E^d\J']ÈQ`dcr!½
dfQ`EH]�dH� |%NPG\gT[�E^_RBFE�wxG\[?x'[�NPBFv�l0@0B

N
LUJ'BPB d\@0]�_RQÈ³FG\_RBFq^_R³F_eEHOeOxCF_RE�­�@0B!l'E^G\v'E^BFq

CFE^G�Y$EpQ`[F@�CFE�v0EHQ\E^dcQ`EHQ�bøE^G\CPE^Bm�
|�_eEt¸%BFq^J'[FO�CFE^G�E^GcVX@0G\CFEHG\OR_egT[FEHB ÄkJ'CP]�@�CFE^B�_eB�E^_RBFE^G�ù�_R]ËNFOÃJUQ`_e@'B _edfQ�ChJMu�EH_

J'uF[hS'BPv0_ev�l0@'B°CFEHB�®¡EH_RQ`dfLUJ'OeEHB�CPE^d�ù�r�dfQ`EH]�d´yøCPE^d�ÄkJ'CFEHd�NFBPC-E^_RBFE^d
]¶x0v0OR_egT[FEHB
S'N?¥0EHG\E^BDIhEHOeCFEHd^�h|%_RE^dfE�wA_Rv0E^BPd\gT[hJMViQkCFE^G�ù�NPG\G\@'v!JMQ`E�±%J']�_eO{Q`@0BF_eJ'B�Y$EHQ\[F@�CFE¬LUJ'BFB
]�_{Q�CFE^GÈwABPE^G\v'_eEp½ª®¡E^_{QÈs�BFd\gT[FS'GfVXEHG\E^OeJMQ`_R@0B9uKE^v'G\WFBFCPEHQÈbøE^GfCFE^B+~Xd\_RE^[FE�¸%uFum�²¥��ûú!�p�
¿ÁBÇE^_eBPE^]ÐEHBFCFOR_egT[FEHB�ÄøEHQ`G\J'gT[!Q`NFBPv0d\qHE^_RQ\G`J'NP] LUJ'BFBÇChJ'dAwxBFEHG\v0_RE^df³�EHL}Q\G\NF]ÐCFE^dAÄkJ¶½
CFE^d�BF_egT[!Q�uKE^Oe_RE^uF_RvÇv0E^BFJ'NZJMNPVXv0E^O<x0dfQ�bøE^GfCFE^Bm�K¿ÁBFBFEHG\[hJMOeutCF_eEHd\E^d%®¡E^_{Q`_RB}Q\E^Gcl'JMOeOedø_edcQ
ChJ'[FEHG E^_RBFEkCF_Rd\L}G\EpQ`E�ÄkJ'CPu�EHd\gT[FGfE^_euPNFBFv»]�_{Q²EH_eBFEHG E^BFCPOe_egT[PE^BÇ¸%BPq�J'[FO�l0@0B�ÄkJ'CP]�@M½
CFE^B¹l0@0OROeL'@']�]�E^B�L'@'G\G\EHL!Q���|%_eE�®¡NFdcQTJ'BFCPd\CF_RgT[}Q\E�CFEHdºCP_ed\L}GfEHQ`EHB ÄkJ'CPE^d»_edfQ»ChJMu�EH_
NF]�v'E^L'EH[FGfQ�³FGf@0³K@0GfQ\_e@0BhJMO¡q^NP] v0EHb¯S'[FO{Q`EHBo®¡EH_RQ`_RB!Q`E^GclMJ'OeO��

} {

¸%uFuF_ROeCFNPBFv�¥��ûúP¨ã¿ÁB�EH_eBFEH] uKE^dcQ`_R]�]ÈQ\E^B�®¡E^_RQ\_eB!Q`EHGflMJ'OROxLMJMBFB�CF_RE)®¡NFdcQTJ'BPCFd\CF_RgT[!Q`E
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CPE^d�ÄkJ'CFEHd^�«|%_RE^d\EHG�CF_edfd\_e³FJMQ`_{l0E�©xG\@0qHE^dfd�b�_RG\CDCFNFGfgT[

Ĥer
SB =

1

2

(
0 1

1 0

)
⊗
∑

i

deri (σ̂†i + σ̂i) ,
~ ¥��ý¼}¥0�
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��ò�òz�ùøLúd¢��3û�¡��]ü�£
ú��l¢E¡��ý÷�þ2��ú�ÿ¶���
u�EHd\gT[FGf_eE^uKE^B¡�!wx_eBFEøE^OeEHL!Q`G\@'BF_edfgT[FEk¸%BPG\E^v'NFBFv¬CFEHd ù�r�dfQ`EH]�d�b�_eG\CÇEHG\qHE^NFv'Q uFqHb��Mq^E^Gª½
dfQ�x'GfQãCFNFGfgT[ÈEH_eBFE ?AEHG\BF_RgT[}Q\NFBFv�uFqHb��¶wxGfq^E^NPv0NFBFv�E^_eBPE^GãÄkJ'CP]�@�CFE'��|%_eEA­�@0³F³FORNFBFv0dª½
L'@0BFdcQTJ'B!Q\E

deri
LMJMBFBoChJ'uKE^_·E^B!QÁbøE^CFEHG�J'BhJ'OR@0v�q^N�~�¥��û¼P´¶��JMNFd%CFEHG%EHB}Q\d\³FGfE^gT[FEHBFCFEHB

ù�³�EHL!Q`G`JMOeCF_RgT[}Q\E¯@�CFE^G·CF_RG\E^L!Q J'NFd²EH_eBFEH]2]�_eL}Gf@0d\LM@0³F_edfgT[FE^BÇY$@�CPE^OeO!VXWFG�CF_eE¯ù�r�dfQ\E^]Ç½
ÄkJ'C�½��9EHgT[Fd\EHORb�_eGfL}NFBFvZ~�d\_RE^[FE»­�J'³F_{Q`EHO�úP�ûúP�û¼!�¯J'uFv0EHOeEH_RQ`EpQ4b¯EHG\CFEHBm�

|�E^Gø©AGf@0q^EHd\d CFE^Gø|%EH³F[hJ'df_eE^GfNFBFv»b�_eG\C
CFNPG\gT[�EH_eBFE�EHOÃJ'dcQ`_edfgT[FE��9EHgT[Fd\EHORb�_RG\L}NFBFv
qHb�_edfgT[FE^B�ù}r�dcQ`EH]2NFBPCÇÄkJ'CÈl'E^GfNFG\d\J'gT[!Q��!|�JMu�EH_�b�_RG\CÈqpbkJMG²CF_RE¯©x[hJ'dfEkCFEHdxù�r�dfQ\E^]Ç½
q^NFdcQTJ'BFCPE^d%BP_egT[!QQ�fE^CF@�gT[ZCF_RE»ÄkJ'CFEHBFE^Gfv0_eE¬l0EHG`S'BPCFE^GcQ��K¿ÁB$CFEHG�ù�NFG\Gf@0v!JMQ\Eº±�J']�_eORQ\@M½
BF_ÃJ'B)Y$EHQ\[F@�CFE�LUJ'BFB�CF_RE%|�E^³hJ'df_eEHG\NFBFvÇ]�_RQøE^_RBFE^] EHOÃJ'dcQ`_edfgT[FE^BDwxBFEHG\v0_RE�J'NPdfQTJMNFd\gT[
qHb�_edfgT[FE^B+qHbøE^_�Ä¯J'CF]�@�CFEHB�]�@�CFEHOeOe_RE^GcQ�bøE^GfCFE^B¡��|�_eE^d)VXWP[FGfQ�qHN�z·E^Gf]�EHB5[?x0[FE¾½
G\E^G�n�G\CFB}NFBFv�uKE^qHWFv0OR_egT[oCFEHG¬wxG\qHE^NFv0NPBFv0dc½4NFBFCo?AE^GfBF_egT[!Q\NFBFv0df@0³�EHG`JMQ\@0G\EHB�_eBoCPE^B
�9EHgT[Fd\EHORb�_eGfL}NFBFv0df[hJ']�_eORQ\@0BF@0³KE^G\JMQ`@'G\E^B

Ĥnd
SB

NFBFC
Ĥed
SB

�0|%_eEkCP_ed\df_e³hJUQ`_Rl'E^B
©xG\@'q^E^dª½
d\E�CFEHG4Æ�E^OÃJ¶ÂFJUQ`_e@'B�NFBFC�CPE^G4|%EH³F[hJ'df_eEHG\NFBFv
df_eBFC)v'G\NFBFCPd`SMQ\q^Oe_RgT[)l0EHG\d\gT[P_eE^CPE^Bm�«I²WPG
CF_eE�Y$@�CFEHOeOe_RE^GfNFBFv�CFEHG Æ�EHOÃJUÂPJMQ\_e@0BË_RdfQAEH_eB
]¨x'v0Oe_RgT[FdfQ²uFG\EH_RQ`EHdøù�³�EHL!Q`G\NP]Ðl0@0B�ÄkJ'C�½
]�@�CFE^B°VXWFG�CF_REZEpõ¡EHL}Q\_Rl'E�wABPE^G\v'_eE�JMuFd\@0Gf³PQ`_R@0B-l'@0] ù}r�dcQ`EH] E^dfd\E^BPq^_eEHOeO��¯Ä¯EH_%CFEHG
|%E^³F[FJ'd\_RE^G\NPBFvÇ]ËWFdfd\E^B�CFJ'v0E^v'E^B)CF_RE%wxBFEHG\v0_RE^qHNFdfQ`S'BFCFE¬CFEHd4ÄkJ'CPE^d��}NhJMd\_{½ÀE^B!QTJMGfQ`EpQ
d\E^_RBUy0NF]ÐCFE^B�wxBFE^Gfv0_eE^J'NFdfQ`J'NFdfgT[�qHb�_Rd\gT[FEHB�CFEHB�Ä¯J'CF]�@�CFEHB
q^N
]�@�CFEHOeOe_RE^GfE^Bm�M|%_eEHd
u�EHCF_eBFvMQ¬J'NFgT[9y¡ChJ'dfd�VXWFG�EH_eBFEºd\_e]ÈNFORQ`J'BFEÇYt@�CFEHOeOR_eE^GfNFBFv�u�EH_eCFEHG�CF_Rd\d\_R³hJMQ\_Rl0EHG�©xG\@U½
q^E^dfd\EDqHbøE^_¯NFB!Q`E^Gfd\gT[F_RE^CFOR_egT[FE�¸�GfQ\E^B CFEHG
ÄkJ'CFuKE^dfgT[FG\EH_euFNFBPv0E^B�E^GcVX@0G\CPE^G\OR_egT[ df_eBFCm�
¸%N?¥0EHG\CFEH] ]ËNPd\d¬b¯EHv0E^B¹CFEHG¬E^OÃJMdfQ`_Rd\gT[FEHB(ù�r�dfQ`EH]
½ÁÄkJ'C�½��9EHgT[Fd\EHORb�_RG\L}NFBFvDuKE^_ CFEHG
ù�_e]ËNPOÃJMQ\_e@0BtCFE^G�|%E^³F[FJ'd\_RE^G\NPBFvDE^_eBPEÇ_eBF_{Q`_ÃJMOeE¬¸%BPG\E^v'NFBFvDCFE^G�Ä¯J'CF]�@�CFEHBZl0@'G`J'NFdª½
v0E^dfEHQ`qpQxb¯EHG\CFEHBm�!wx_eBPE4J'NFdcVXWF[FG\OR_egT[FEkÄ¯E^[hJMBFCFOeNPBFv¬CFE^G |%E^³F[FJ'd\_RE^G\NPBFv�]�_{Q²CFEHG ù�NFGª½
G\@0v!JUQ`E�±%JM]�_RORQ`@'BF_ÃJ'B�Y$EpQ`[F@�CFE»d\@Åb�_eE»Ä¯EH_e³F_RE^OeGfE^gT[FB}NFBPv0E^BÐ·hBFCFEHB$df_egT[t_eB­{ûµ0µ�}��

È¶É�� ��@QÒÐÏzMJG(Ó�D°Î Ï MÐÎ�@�� ÎWG�G´Î ÏJ�uÓ��µÎÚÔ5M1Ö1ÏÐÓ°× =H�
I²WFG)CF_REo]�@0OeEHL�NPOÃJ'GfCPr�BhJ']�_ed\gT[PEoÄ¯EHd\gT[FGfE^_euPNFBFv�gT[FE^]�_edfgT[FE^GDwxOeEH]�EHB!QTJ'Gf³FG\@0qHE^dfd\E
]ËNFd\d�d\@Åbø@0[FO·CF_eEº­¬E^G\B�½4J'ORd%JMNFgT[oCF_REÈwxOeEHL!Q`G\@'BFE^B}uKEHbøE^v0NFBPv�CFE^d�qHNouKEHQ`G\J'gT[!Q`EHB�½
CFE^B�?%_eEHORQ`EH_eORgT[FE^BFdcr�dfQ`EH] uKE^GfWFgTL}d\_RgT[}Q\_ev'Q¯b¯EHG\CFEHBm�P¸�NPVXv0G\NPBFC�CFE^Gø_e]Õ?AE^Gfv0OeEH_egT[�q^N
CFE^B�­�EHG\BFEHB)NF] l�_eEHGøuP_edAVXWFBPVãy¬G�x�¥0E^BF@'G\CFNFBPv0E^B�L�ORE^_RBFE^GfE^B)wxORE^L!Q`Gf@0BFE^BP]�J'dfd\E�u�E¾½
b¯EHv0E^B�df_egT[�CF_REËwxOeEHL}Q\G\@0BPE^BodfE^[FG%l�_RE^O·d\gT[FBFEHOeORE^G¬J'ORd�CP_eEË­¬EHG\BFEËNPBFC�L�x0BPBFE^B�df_egT[
d\@0]�_RQ�V�JMdfQ�NFBF]�_RQfQ`EHOeuhJ'G%CFE^G¦�fEpb¯EH_eOe_Rv0E^B¹­¬E^GfBFL'@'B2·hv0NFG\JMQ`_R@0B¹J'BF³hJMd\d\EHBm�·|%_eEHd�u�E¾½
v0G\WFBPCFEHQ4CP_eE�¸�BFBhJ'[F]�E�yPChJ'd\d4CP_eE¬­¬E^GfB}u�Epb¯EHv0NFBFv
l0@0BDCFEHG4wxOeEHL}Q\G\@0BPE^B}u�Epb¯EHv0NFBFv
d\E^³FJ'G\_RE^GfQ²b¯EHG\CFEHB�LUJ'BFB9y'bkJMdxCFE^GxuKE^LUJ'BFB!Q\E^B�Ä¯@0G\B�½cn�³F³KE^BF[FEH_e]�E^Gª½ªa%SM[FE^GfNFBFv�EHB}Qc½
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df³FG\_RgT[!Qµ{ûµ�@�}��hwxd4b�_eGfCtB}NFBtq^NPBhS'gT[FdcQ%CF_RE¬d\gT[FBPE^OeORE�Ä¯EHbøE^v'NFBFv�CPE^G�wxOeE^L!Q\G\@0BFEHB$_R]
IhEHOeCZVXEHdfQ`v'E^[hJ'O{Q`EHBFE^G¬­¬EHG\BFEËuKEHQ\G`J'gT[!Q\EHQ��m|%_eEµ�cx'd\NFBFv�CPE^G�dcQTJMQ\_e@0BhSMG\E^BZE^OeEHL!Q`G\@'BF_{½
dfgT[FE^B�ù�gT[FG�x�CF_eBPv0E^Gfv0OeEH_egT[}NFBFv�VXWFG·l�_RE^OeEAl0EHG\dfgT[F_eEHCFE^BFE�­¬EHG\BFLM@0B2·hv0NPG`JMQ\_e@0BFEHBÈOR_eEHVXEHGfQ
CFJ'BFB wx_ev'E^BFEHBFE^Gfv0_eEHBUy�CP_eE�³hJ'G`JM]�EpQ`G\_Rd\gT[¹l0@0B CFEHB ­¬E^GfBFL'@�@0G\CP_eBhJMQ\E^B9J'uF[hS'BPv0E^Bm�
s�B!Q`E^G�wx_RB�uKE^qH_eEH[�NPBFv
CFE^G�j¯@0NPOe@0]Ëu�½3�(E^gT[FdfE^ORb�_RG\L}NFBFv
CFEHG�­¬E^G\BPE¬E^G\v'_euPQ4df_egT[DJ'NPd
CP_eE^dfE^B wx_Rv0E^BFEHBFE^Gfv0_eEHB�E^_RBFE�©�@'Q\E^B!Q`_eJ'O<;«SMgT[FE�yãb¯EHOegT[FE�CF_eE)y�GfNFBFCFOeJ'v0EÇVXWFGÈCP_eE�ù�_{½
]ÈNFOÃJMQ\_e@0B�CFE^G�­¬E^GfB�uKEHbøE^v'NFBFv�CFJ'G\dcQ`E^ORORQ^�

|%_RE¹­�EHG\B}uKEHbøE^v0NFBPv LUJ'BFB+d\@Åb¯@'[FO�L�OeJ'd\df_edfgT[#J'ORdDJ'NFgT[|��NFJ'B!Q`E^BP]�EHgT[hJ'BF_Rd\gT[
uKE^[FJ'BFCFEHORQDb¯EHG\CFEHBm��¿ÁB#CFEHGoY$@'OeE^L}NFOeJ'G\C�r�BFJ']�_RL>~�YZ|¬�)b¯EHG\CFEHB�CF_eE¹­¬E^GfBFE(J'Oed
L}OeJ'd\df_ed\gT[PE�YZJ'dfd\E^BP³FNFBFL!Q`E¬uKEHQ\G`J'gT[!Q\EHQ�y�CFE^GfE^BD®¡EH_RQfl0E^GfOÃJ'N�V�d\_RgT[)CFNFGfgT[)CF_eEX�Lx0d\NFBPv
CPE^GÈL}OeJ'd\df_ed\gT[PE^B�a�Epb4Q`@0BPd\gT[FEHB°ÄøEHbøE^v0NFBPv0d\v0ORE^_RgT[�NPBFvoVXWFGÈCFJ'dÈuKEHQ\G`J'gT[!Q`EpQ`E)EHOeEHL!½
Q\G\@0BP_ed\gT[PE$©·@'Q`EHB!Q`_ÃJMOkE^Gfv0_euPQ^�²¸�NPVXv0G\NPBFC°CPE^G�YZJ'dfd\EHBF³FNFBFL!Q\u�EHd\gT[FGfE^_euPNFBFv _edcQÇCFEHG
B}NF]�E^Gf_edfgT[FE(¸�NPVib¯J'BFC#df@0OegT[PE^GDz�G\Jf�fE^L!Q\@0G\_RE^BFGfE^gT[FB}NFBFv'E^B>d\EH[FGtv0E^Gf_eBFv?yøb¯EHd\[hJ'ORu
]�_RQø]�@0OeEHL�NPOÃJ'GfCPr�BhJ']�_ed\gT[PE^BDù�_R]ËNFOeJMQ`_R@0BFE^B�J'NFgT[�?%_eE^O{Q`EH_eOegT[PE^BFdcr�dcQ`EH]�E�]�_RQøE^_RBFE^G
v'G\@"¥0EHB�¸%BFq^J'[FOKl0@0B�¸kQ\@0]�EHB

(N ∼ 101 . . . 106)
u�EH[hJ'BFCPE^ORQøb¯EHG\CFEHB$L�x0BFBFEHB­{�µ���} �

¸�OeORE^G\CP_eBFv0døL�x0BPBFE^Bt]�_{QkEH_eBFEHG4L�OeJ'd\df_edfgT[FE^B$Ä¯E^[FJ'BFCFORNFBFv
CFE^G�­¬EHG\BFCPr�BhJM]�_RL�]¶x0vM½
OR_egT[FEtö�NhJMB}Q\E^BFEpõ¡EHL!Q`EtBF_egT[!Q�u�EHG\WFgTL}df_egT[!Q`_Rv'Q
b¯EHG\CFEHBm� |�JMVXWFG
]ËWFdfd\EHB°CF_RED­¬E^G\BPE
_RB�E^_RBFE^Gµ��NFJ'B!Q`E^BPCPr�BhJ']�_ed\gT[PE^B-ù�_e]ËNPOÃJMQ\_e@0B¹CFNFGfgT[©�(E^OROeEHBPVXNFBFL!Q`_R@0BFEHB�u�EHd\gT[FGf_eE¾½
uKE^BobøE^GfCFE^B¡�ã|%E^G¬B}NF]�E^Gf_ed\gT[PEË¸%NPVib¯J'BFC�_RdfQ�CFJ'u�EH_xJ'NPVXv'G\NFBFCZCFE^G�J'NPd\v0EHCFE^[FB!Q\E^B
ù}Q`G\NPL}Q\NFGÈCPE^G��9EHOeOeEHBPVXNFBFL!Q\_e@0B�d\EH[FGºl�_RE^OAv0G�x�¥0E^G»J'ORd»_RB(CPE^GÈY$@0OeEHL}NFOÃJ'GfCPr�BhJ']�_eL�y
bøE^df[hJ'ORu«�}NhJ'B!Q`EHBFCPr�BhJ']�_edfgT[FEDù�_R]ËNFOeJMQ`_R@0BFE^B�JMNPV¯?%_eE^O{Q`EH_egT[FEHBFdfr�dfQ\E^]�E^B(]�_{Q¬b¯E¾½
BP_ev0EHBt¸kQ\@0]�E^B

(N ∼ 100)
uKE^dfgT[FG`SMBFL!Q�d\_RBFCm�

¿Á] BhSMgT[FdfQ\E^B-¸�uFd\gT[PBF_RQfQ�df@0OeOkB}NFB°q^NFBFS'gT[FdfQ�CF_REZ®¡EH_RQ\E^B!QÁb�_egTL}OeNPBFv(CPE^G��9EHO{½
ORE^BPVXNPBFL!Q`_e@'B�EHG\OÃSMNPQ`EHGfQAb¯EHG\CFEHBUy�u�Epl0@0G¯J'BFd\gT[POe_eE´¥0E^BPC�CF_RE�B}NF]�E^Gf_edfgT[FE�|�JMG\dfQ\E^OROeNFBFv
CPE^G��9EHOeORE^BPVXNFBPL}Q\_e@0BPE^BDNFBFCtCFE^G�n�³KE^G`JUQ`@0GfE^BDu�EHd\gT[FGf_eEHu�EHB$b�_eGfCm�

ØÚÙ�, ÙzÛ 
 ÞEÝP��
 ��� �Sâ3�QédÞ � ß áXÝ�
~} ÝuvkvEÝLß�Q�àXß|��édÞ � ß
|�_eEËqHE^_RQ\Oe_RgT[FEËwxB!QÁb�_egTL}OeNPBFv$CPE^G¬­¬E^GfB!b¯EHOeOeEHBPVXNFBFL!Q\_e@0B

Ψ(R̂, t)
G\EHd\NFO{Q`_RE^GfQ¬J'NFd�CFEHG

�Lx0dfNFBFv�CFE^G�qHE^_RQ`J'uF[hSMBFv0_ev'E^Btù�gT[FGzx�CP_eBFv0EHG\v0ORE^_RgT[�NPBFv

i
∂

∂t
Ψ(R̂, t) = Ĥ Ψ(R̂, t) ,

~ ¥��ý¼!ú!�

bø@0uKE^_�CFE^G¯±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G
Ĥ = T̂ +V (R̂)

CF_RE¬ù�NP]�]�E%JMNFd¯CFEH] L}_RBFEHQ\_ed\gT[PE^B
wxBFEHG\v0_RE^@0³KE^G\JMQ`@'G

T̂
NPBFC�CFEHG¯EHOeE^L!Q\G\@0BF_Rd\gT[FEHB�©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FE

V (R̂)
JMOedøI«NPBFL!Q`_e@'B



�"� ðX�)¡Jñ ¡�ò�óYô2õ�¡��3ö2£��2¤Ð÷?¡�õ�÷
��ò�òz�ùøLúd¢��3û�¡��]ü�£
ú��l¢E¡��ý÷�þ2��ú�ÿ¶���
CFE^G�­¬E^GfBFL'@�@0GfCF_eBhJUQ`E^B

R̂
_RdfQ��¡|%_eEHd\E�y¬OeEH_egT[}NFBFv�LUJ'BFB�VX@0Gf]�JMO�CFNPG\gT[�CF_eEÈ¸%B!b¯EHB�½

CFNFBFv�CFE^d�®¡EH_RQ`EHB!QÁb�_egTL}OeNFBPv0d\@0³KE^G\JMQ`@'G\d

Û(t) = exp(−iĤt) ~ ¥��û¼0¼!�
J'NPV�CF_eE¬qHE^_RQ`J'uF[hSMBFv0_ev'EX�9EHOeORE^BPVXNFBPL}Q\_e@0B

Ψ(R̂, t0 + dt) = Û(dt)Ψ(R̂, t0)
~ ¥��û¼}µ'�

v0E^O<x0dfQAbøE^G\CPE^Bm��|%_eE%y¬G�x"¥0E�CFEHd4®¡EH_RQ`dfgT[FG\_{Q\Q\d
dt
_edfQ ChJMu�EH_KuKE^OR_eEHuF_ev¬b¯S'[FOeuFJ'G(y0bøE^BFB

CFE^GÈ±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G
Ĥ
qHE^_{Q`NFBhJMuF[hS'BFv'_evt_edfQ^�·Ä¯E^_ CFE^GÈÄ¯E^[FJ'BFCFORNFBFvZEH_eBFEHdËS'N�½

¥0E^GfE^B�I«EHOeCFEHdD_edfQDCFJ'v0E^v'E^B+CFE^G$®¡E^_{Q`dfgT[FG\_{Q\QD[F_RBFG\EH_egT[FEHBFC�L}ORE^_eB5qHN+b¯S'[FORE^BUy4NF]
CF_eEZ®¡E^_{QTJ'uF[FS'BFv0_Rv0L'EH_RQ
CFEHd)±%JM]�_RORQ`@'BF@0³KE^G`JUQ`@0GfdÇJ'uFqHNFuF_eORCFE^B¡�ø|�E^G�VX@'G\]�J'OeEt®¡EH_RQf½
E^B!QÁb�_egTL}OeNPBFv0d\@'³�EHG`JMQ\@0GxLUJ'BFB
CFNFGfgT[�l'E^G\dfgT[F_eEHCFE^BPE%©xG\@'³hJ'v!JMQ\@0G\EHB
ChJ'G\v'E^dfQ\E^ORORQ²bøE^Gª½
CFE^Bq{û§'¦f��§!¥�}��¯¿ÁB+CFEHGDl'@0G\OR_eEHv0E^BFCPE^B5¸%Gfu�EH_RQ�bøE^G\CPE^B#qpb¯EH_�CF_eEHd\E^Gt©xG\@'³hJ'v!JMQ\@0G\EHB
l0E^Gcb¯EHBFCFEpQ�yKCF_eE¬_R] VX@0ORv0E^BFCPE^BDL}NFG\q�l0@0Gfv0E^dcQ`EHOeORQ4bøE^GfCFE^B$d\@0OROeEHBm�

wxd�Oe_RE^v'Q�J'N�V CFEHG%±�J'BFCUy«CFEHB�®¡E^_{Q`EHB}QÁb�_RgTL}OeNFBFv'd\@0³KE^G\JMQ`@0G�_RBoy¬OeEH_egT[}NFBFv$~ ¥��û¼0¼!�
CFNFG\gT[ZE^_eBPEºÆ�E^_R[FE^BPE^B!QÁb�_egTL}OeNPBFv)uKE^q^WPv0Oe_RgT[$dfE^_eBPE^G�¸%B!b¯EHBFCFNFBPvDJ'NPV EH_eBFE��(E^OeORE^B�½
VXNFBFL!Q`_R@0BDChJ'G\qHNFdfQ\E^OROeE^B¡�hwx_eBFE¬df_e]�³FOeE�z�J�r�Oe@0GfE^B!QÁb�_egTL}OeNPBFv�EHGfbøE^_RdfQ�d\_RgT[��fEHCF@�gT[$J'ORd
B�NP]�EHG\_edfgT[5_eBFdcQTJ'uF_RO�y ChJ ChJ'BFB+CF_RE�®¡E^_{Q`NF]�L'EH[FG\dcr�]�]�EHQ`Gf_eEoCPE^GDq^EH_RQTJMuF[hS'BFv'_ev0EHB
ù�gT[FG�x�CF_RBFv0E^Gfv0OeEH_egT[}NFBFv l'E^G\OREHQ\qHQDb�_eGfCë{ý§P´(}��4|%EHGoj¯[FEHu!r�gT[PEHl�³FG\@'³hJ'v!JMQ\@0GZuKE^GfNF[!Q
E^uKE^BPV�J'OROed4JMNPV²EH_eBFEHG�Æ�EH_e[FEHBFE^B!QÁb�_egTL}ORNFBFv�CFE^d%®¡E^_{Q`E^B!QÁb�_RgTL�ORNFBFv0df@0³KE^G`JUQ`@0Gfd

Û(t) ≈
N∑

n=0

anΦn(−iĤt) , ~ ¥��û¼!§0�

b¯@0uKE^_��fE^CP@�gT[ÈJ'Oed·ÄkJ'df_ed·L'@0]�³FOREpÂ�E4j¯[FEHu!r�gT[PEHl�³�@'ORr�BF@0]�E
Φn

v0EHb¯S'[FO{Q�bøE^GfCFE^BÐ{ý§P´"y
§0ú�}���|%_eEHd\EÇ@0GcQ`[F@'v0@0BhJ'ORE^B�©·@0ORr�BF@0]�EÇd\_RBFC�_e]÷¿ÁB!Q`E^GclMJ'OeO

[−i, i] CFE´·FBF_eEHGfQ��ã|%JDCPE^G±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G
Ĥ
¸�G\v0NP]�EHB}Q�CFEHG�©�@0O{r�BP@0]�E¬_RdfQ(yP]ËNFdfd�d\E^_RBZwx_Rv0E^B!bøE^GfQ\d\³KE^L0½

Q`G\NP]þ_eBDChJMd4¿ÁB}Q\E^Gcl'JMOeO
[−1, 1]

l'E^Gfd\gT[F@0uKE^Btb¯EHG\CFEHBm�K|%_eEHd4b�_eG\CDCFNPG\gT[tCF_eE�Æ�E^BF@'Gc½
]�_RE^G\NPBFv

Ĥnorm = 2 · Ĥ − � ´ · (1
2
∆E + Vmin)

∆E
.

~ ¥��û¼7!'�
NF]�v'E^d\EpQ`qpQ��A|�J'uKE^_kb�_RG\C�]�_{Q

Vmin
CP_eE�]�_eBF_R]�J'ORE�³K@'Q\E^B!Q`_RE^OeORE�wxBFE^Gfv0_eE�uKE^qHE^_RgT[�½

BFEHQ^�²|%EHGËwxBFEHG\v0_RE^uKE^G\EH_egT[
∆E

CFE^dÈ±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G\d�b�_RG\C�JMNFdÈCFEHGË|%_{õ¡EHG\EHBFq
qHb�_edfgT[FE^BZCFE^] v0Gzx"¥'Q\E^BtNFBFCZCPE^] L}OeEH_eBFdcQ`E^B$wxBFE^Gfv0_eEHE^GcbkJ'GcQ`NFBPv0dfbøE^GcQ¬u�EHG\EHgT[FBFEHQ^�
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�5_RG\CDCF_REJ�9EHOeOeEHBPVXNFBFL!Q\_e@0BDB}NFG�J'NPV²E^_eBPE^G4E^ORE^L!Q`Gf@0BF_Rd\gT[FEHBo©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FE�³FGf@0³hJU½
v'_eE^GcQ�yFdf@
G\E^dfNFORQ\_eEHGfQ�CFEHG�wxBFEHG\v0_RE^uKE^GfE^_egT[

∆E = Tmax + Vmax − Vmin
~ ¥��ý¼
@!�

JMNFd
CFE^GÇ]�JUÂ�_e]�J'OeEHB�L}_eBFEpQ`_Rd\gT[FEHB-wxBFEHG\v0_RE
Tmax

NFBFC�CFE^B�]�JUÂ�_e]�J'OeEHB9NFBFC�]�_{½
BP_e]�J'OeEHB+³K@'Q\E^B!Q`_RE^OeORE^B�wxBFE^Gfv0_eEHB

(Vmin, Vmax)
��¿ÁB#CFE^G$_e] BhJ'gT[�VX@0Oev0EHBFCFEHB�¸%u�½

dfgT[FBF_{Q\QËl'@0G\v0EHdfQ\E^OeO{Q`EHB�CF_edfL}G\EHQ\E^B�y¬_RQfQ`E^GfChJ'GfdfQ`EHOeORNFBFvtCFE^dÇ©x[hJMd\E^BPG`J'NF]�E^dÈL�x0BFBPE^B
CP_eE^dfE�y¬G�x"¥0EHB>EpÂ�³FOR_eq^_{QoJMBFv0E^v'E^uKE^B>b¯EHG\CFEHBm�¬|%EHG�L}_eBFEpQ`_edfgT[FE ¸%B!Q\E^_eOºCFE^Goa�NFORO{½
³PNFBFL!Q`dfE^BFEHG\v0_RE

Tmin
b�NFG\CFE»_eBty¬OeEH_egT[}NFBFv$~�¥��û¼"@!�øl0EHG\BhJ'gT[POÃS'dfd\_evMQ��

�(E^BFB�CPE^G)±�J']�_eORQ\@0BF@0³KE^G\JMQ`@'GG�fE^CF@�gT[ ]�E^[FGfE^G\EZE^OeEHL!Q`G\@'BF_edfgT[FEo©·@'Q`EHB}Q\_ÃJ'O ;«SU½
gT[PE^B df@¶b�_REoJ'N2¥0E^GfCF_ÃJ'v'@0BhJ'OREtYZJMQ`Gf_{Â�E^ORE^]�E^B!Q`Et_eB�CFEHG�E^ORE^L!Q`Gf@0BF_Rd\gT[FEHB�ÄkJ'df_ed\CFJ'Gc½
dcQ`EHOeOeNPBFv�E^B!Q`[FS'ORQ(y¡]ËNFdfd¬CFE^G�wxBFEHG\v0_RE^uKE^GfE^_egT[

∆E
B}NF]�E^G\_Rd\gT[�uKE^dfQ\_e]�]ÈQ%bøE^GfCFE^B¡�

|%J'u�EH_x_edcQ¬BF_egT[!Q»NFB}uKE^CF_RBFv'Q�E^_RBFEËl0@'OeOedcQTS'BPCF_ev0EÈ|%_ÃJMv0@0BhJ'OR_edf_eE^GfNFBFv�CFE^d»±%JM]�_RORQ`@'B�½
@'³�EHG`JMQ\@0G\dkEHGfVX@0GfCFE^GfOe_RgT[UyPChJÇORE^CF_Rv0Oe_RgT[�CFEHG4L�ORE^_RBFdfQ\E¬NFBFCDCFE^G4v'G�x"¥'Q\E�wxBFE^Gfv0_eEHE^_ev'E^B�½
bøE^GcQ uKE^B?xMQ`_evMQ�b¯EHG\CFEHBm�0wx_eB»B}NF]�E^G\_Rd\gT[FEHd�?AEHGfV�J'[FGfE^Bºq^NFG�Ä¯E^dcQ`_R]�]ËNPBFv�CPE^G·u�EH_eCFEHB
E¾Â�Q`G\EH]�JMOeE^BtwxBFEHG\v0_RE^E^_Rv0E^B!bøE^GcQ`E�b�_eG\CD_RB$Æ�EHVª�U{�µ0µf}ãu�EHd\gT[FGf_eE^uKE^B¡�

|%_REºù�NFuFdcQ`_RQ\NPQ`_R@0B�l0@0Boy�ORE^_RgT[�NPBFv$~ ¥��ý¼7!0�¯_RB9~�¥��ý¼!§!�¯Oe_REHVXEHGfQ4ChJMBFBtVXWPG�CP_eE»®¡E^_{Qf½
EHB!QÁb�_egTL}OeNFBPv�CFEHG��9EHOeOeEHBPVXNFBFL!Q\_e@0B

Ψ(t) ≈ exp

(
−i
(

1

2
∆E + Vmin

)
t

) N∑

n=0

an(α)Φn(−iĤnorm)Ψ(0)
~ ¥��û¼
�0�

]�_RQ»CFEH] ©²J'G\J']�EpQ`EHG
α = ∆Et/2

�·¸%NPdÈCFEHGÇn�GfQ\[F@0BF@0Gf]�JMOe_RQ`SMQ`dfG\EHOÃJMQ\_e@0BZVXWPGºCF_RE
LM@0]�³FOeE¾ÂPEHBoj¯[PE^u!r�gT[FEHl�³K@0ORr�BF@0]�EºVX@'Oev0EHB�CF_eE�wxB!QÁb�_egTL}OeNPBFv0d\LM@�E�³�q^_eEHB!Q`E^B

an(α) =

∫ i

−i
dx

exp (iαx) Φn(x)√
1− x2

= 2Jn(α)
~ ¥���µ'¦!�

JMOedËÄøE^d\dfE^O{VXNFBFL!Q`_R@0BFE^B�EHG\dfQ\E^GË¸�GfQ
Jn(α)

�²|%_RE�LM@0]�³POeEpÂ�EHB-j¯[PE^u!r�gT[FEHl�³K@0ORr�BF@0]�E
dfE^ORuFdfQ�bøE^G\CPE^BZ]�_RQkE^_eBPE^G�Æ�E^L}NFG\df_e@0BPdfVX@0Gf]�EHO�u�EHG\E^gT[PBFEHQ^¨

Φn+1(x) = 2xΦn(x)− Φn−1(x) ,

Φ0(x) ≡ 1 , Φ1(x) = x .

~ ¥���µ�´¶�

I�WFGxCF_eE�­�@0B!l0EHG\v0EHBFq�CPE^G wxB}QÁb�_RgTL}OeNFBFv�b�_eGfC
CF_eE�wx_ev'E^BFdfgT[hJMViQ CFE^GAÄøE^d\dfE^O{VXNFBFL!Q`_R@0B
JMNFd\v0EHB}NPQ`qpQ�y«ChJ'dfd�CFEHG\EHBoIhNFBFL!Q`_R@0BFdcb¯EHGfQ�VXWFG�n¬GfCFB}NFBFv0EHB

n
v0Gzx"¥0E^G�J'ORd4CFE^G�©�J'G`JU½

]�EHQ\E^G
α
EpÂ�³K@0BFE^B!Q\_eE^ORO�]�_{Q�dfQ\E^_ev'E^BFCFEH]

n
JMuFBF_e]�]ÈQ^�F|%_RE»¸�BFq�JM[FOãCFE^G�E^GcVX@0G\CFEHG\OR_{½

gT[PE^B9z·E^Gf]�E
_RB¹CPE^Gºj¯[FE^u!r�gT[FEpl0E^B!QÁb�_RgTL�ORNFBFv¹_edcQ�CFE^df[hJ'Oeu¹CFNFGfgT[9CFEHB9©�J'G`JM]�EpQ`E^G
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α
NPBFC9ChJM]�_{Q¬CFNFGfgT[�CF_eE�®¡EH_RQ`dfgT[FG\_{Q\Q\v0G�x"¥'E

t
NFBFC(CFE^B�ù�³KE^L!Q`G\J'OeuKE^GfE^_egT[

∆E
CPE^d

±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G\dAVXE^dcQ`v0EHOeE^vMQ��
|�_eE¹ù�_R]ËNFOÃJUQ`_e@'B°CFEHGt®¡E^_{Q`E^B!QÁb�_RgTL�ORNFBFv�]�_RQ)CPE^] j¯[PE^u!r�gT[FEHl�³FGf@0³hJ'v!JUQ`@0Gt_edcQ

J'Oedf@�v0EHL'EHBFBFq^EH_egT[FBPEHQ¬l0@'BoE^_RBFE^G�_RQ\E^G`JUQ`_Rl'E^B$¸%B!b¯EHBFCFNFBPv�CFE^d¬±�J']�_eORQ\@0BF@0³KE^G\JMQ`@'G\d
J'NPV CP_eE��9EHOeOeEHBPVXNFBFL!Q\_e@0Bm�«|%J'u�EH_ã[hJ'BFCFEHORQ�E^d�d\_egT[$NF] E^_RBFEºJ'OeORv0E^]�E^_RBFv0WFO{Q`_ev'E�y}B}N�½
]�EHG\_edfgT[ÇEpÂPJ'L!Q`E�wxB!QÁb�_egTL}OeNPBFvºCPE^d ®¡E^_{Q`EHB}QÁb�_RgTL}OeNFBFv'd\@0³KE^G\JMQ`@0Gfd(y0CP_eEkLME^_eBPE4d\³KE^q^_RE^O ½
OeE^B�¸%BPVX@'G\CFEHG\NFBFv'E^B�J'B�CF_eE%ù�Q\G\NFL!Q`NPG¯CFEHGk±%JM]�_RORQ`@'BF@0³KE^G`JUQ`_e@'BËdfQ\E^OeO{Q���|%_RE�¸�BFq�J'[PO
CFE^G�BP@'QÁb¯EHBFCF_Rv0E^B�¿ÀQ\E^G`JUQ`_e@'BFd\dfgT[FG\_{Q\Q`EÈ_edfQ%ChJ'uKE^_�³FG\@0³K@0GcQ`_e@'BhJ'Oãq^NF] wxBFE^Gfv0_eE¾½c®¡E^_{Qf½
©A[FJ'd\EHBFG`J'NP]Èl0@0ORNF]�E^B

∆E∆t
�!|�JMd uKE^CPE^NPQ\EHQ J'NFgT[9y!ChJ'd\dxuKE^_PE^_eBPE^G ?AE^Gfv0G�x�¥0E^GfNFBFv

CFE^d�®¡E^_{Q`dfgT[FG\_{Q\Q`d
∆t

qHb¯J'GãCF_RE ¸%BFq^J'[FO!CFEHG�E^GcVX@0G\CFEHG\OR_egT[FEHB»z·E^Gf]�Ex_RB¬CFE^G·j¯[PE^u!r�gT[FEp½
l0E^B!QÁb�_RgTL�ORNFBFv»dfQ\E^_evMQ�y��fEHCF@�gT[
CF_RE�y�EHBhJ'NF_Rv0L'EH_RQxCPE^G Y$EpQ`[F@�CFE�BF_egT[!QAEH_eBFv0EHd\gT[FG\S'BFL!Q
b�_eG\C¡�m|%EHGÈj¯[PE^u!r�gT[FEHl�³FGf@0³hJ'v!JUQ`@0G»_edcQ¬ChJ'[FEHG¬u�EHd\@0BPCFE^Gfd»VXWFG�©AGf@0³hJ'v0JMQ`_R@0BFE^B�]�_RQ
d\E^[PG�v'G\@"¥0EHB$®¡E^_RQ\d\gT[FGf_RQfQ`E^Btv0EHE^_ev'BFEHQ^�

¿Á] y¬E^v'E^BFd\JMQ`q�q^NF] j¯[FEHu!r�gT[PEHl�³FG\@'³hJ'v!JMQ\@0GË]ËNPd\d»CF_eE�ù�Q`GfNFL!Q`NFG»CFEHdË±%JM]�_RO{½
Q`@0BF@'³�EHG`JMQ\@0G\d¬uKE^_xCFEHGºz·E^gT[PBF_eL�CFEHdËù�³FOe_{Q`³FGf@0³hJ'v!JUQ`@0Gfd�u�EHdfQ\_e]�]ÈQ`EÇÄøE^CF_RBFv0NFBFv'E^B
E^GfVXWPOeOeEHBm�U|%E^G ù�³FOR_RQ`³PG\@0³hJMv!JMQ`@'G·uFJ'd\_RE^GfQ²J'NPV«EH_eBFEH] dfr�]�]�EHQ\G\_Rd\gT[FEHBÇz�EH_eOeEHBÈCFEHdx±%J¶½
]�_RORQ`@'BF@0³KE^G`JUQ`@0Gfdø_RB�CF_eE»n�³KE^G`JUQ`@0GfE^B�CFEHG�L}_RBFEHQ\_ed\gT[PE^BtNFBFCD³�@MQ`E^B!Q\_eE^OROeEHB�wxBFE^Gfv0_eEM�
|%_eE
w²Â�³�@'BFE^B!Q`_eJ'ORVXNPBFL!Q`_e@'B�CFE^dº®¡E^_{Q`EHB}QÁb�_RgTL}OeNFBFv'd\@0³KE^G\JMQ`@0Gfd¬_eB(y¬OeE^_RgT[}NFBFv¹~ ¥��û¼0¼!�
b�_eG\CDChJMBFB$CPNFG\gT[

exp(−iĤ∆t) ≈ exp

(
− i

2
T̂∆t

)
exp

(
−iV̂∆t

)
exp

(
− i

2
T̂∆t

) ~ ¥�� µ0¥'�
J'BFv0EHBhS'[FEHGfQÐ{ý§'¼�}�� |%_RE^dfE)¸%³F³PG\@�Â�_e]�JMQ`_R@0B9_RdfQÇuF_RdÈqHNFGÇqHbøE^_{Q`E^B°n�G\CPNFBFv�_e] ®¡EH_RQf½
d\gT[FGf_RQ\Q

∆t
EpÂPJ'L!Q^��|%E^G�IhEH[FOeEHG�u�EHG\NF[!Q»J'N�VACFE^G�?AEHG\BhJ'gT[POÃS'dfd\_ev'NFBFv�CFEHG�a�_egT[!Qfl0E^Gª½

QTJ'NFdfgT[}uhJ'G\LME^_{Q%CFEHG�n¬³KE^G\JMQ`@'G\E^B�VXWFG4CP_eE�L}_eBFEpQ`_edfgT[FE�NFBFCt³�@MQ`E^B!Q\_eE^OROeE¬wxBFEHG\v0_RE'�
|�_eE�¸%B!bøE^BFCFNPBFvÇCFE^G E^_RBFq^EHOeBFEHB�w²Â�³K@0BFE^B!Q\_ÃJ'O{Q`E^Gf]�E�_RBZ~�¥���µ0¥0�xJ'NPV¡CF_eE��(E^OeORE^B�½

VXNFBFL!Q`_R@0B�E^GcVX@0Oev'Q%B}NFB�_eB�CFEHG�ÄkJ'd\_Rd\ChJMG\dfQ\E^OROeNFBFv2y¡_eB$b¯EHOegT[FEHG»CPE^G¬L}_eBFEpQ`_Rd\gT[FE
uFqpb��
³�@'Q\E^B!Q`_RE^OROeE wxBFE^Gfv0_eEH@0³�EHG`JMQ\@0G |�_ÃJ'v0@'BhJ'Oev'E^dfQ`J'ORQãuKE^df_RQ\qHQ��f�5_eGfCËCF_RE¦�(E^OeORE^BPVXNPBFL!Q`_e@'B
q^NF] Ä¯E^_Rd\³F_RE^OAB}NFGËEH_eBFCF_R]�EHBFd\_R@0BhJ'Ox]�_RQºE^_RBFE^GºLUJ'GfQ\E^d\_Rd\gT[FEHB ¸%uFdcQTJ'BPCFL'@�@0G\CP_eBhJMQ\E
ChJ'G\v'E^dfQ\E^ORORQ�yU_edcQ CFEHGxL}_eBFEpQ`_edfgT[FE�wxBFE^Gfv0_eEH@0³KE^G`JUQ`@0G�_e];¿Á]�³FNPOed\G\J'NF];NFBFCÇCFEHGx³�@MQ`E^B�½
Q`_eEHOeORE
wABPE^G\v'_eE^@'³�EHG`JMQ\@0GÈ_R] n¬GcQ`dfG`J'NF] CF_eJ'v0@0BFJ'O ��|�_eE¨�5_RG\L}NFBFvZCFE^dËL}_RBFEHQ\_ed\gT[PE^B
uFqHb��k³K@'Q\E^B!Q`_RE^OeORE^B-w Â�³K@0BFEHB}Q\_ÃJ'O{Q`EHG\]�d�_eB>~ ¥���µ0¥0�
E^GfVX@'Oev'Q�ChJ'BFB�]�_RQfQ`E^ORd�?AEHL!Q`@0Gª½
?AE^L!Q`@0Gª½cY$NPORQ`_R³FOe_RLUJMQ`_R@0BÈ]�_RQ CFEHG+�(E^OROeE^B�VXNFBFL!Q`_R@0B�_RB�¿Á]�³FNFORdc½�uFqpb��Fn�GfQ\d\G\J'NF]�ChJ'Gc½
dfQ`EHOeORNFBFvF�·I²WFG»CF_RE�©xG\@'³hJ'v!JMQ\_e@0B(WFuKE^GÈEH_eBFEHB�®¡E^_{Q`dfgT[FG\_{Q\Qº_edfQÈJ'ORd\@ZEH_eBFE�±�_RB�½%NFBFC
Æ�WFgTL!Q\G`J'BFdcVX@0G\]�JMQ\_e@0B�CFEHG¨�(E^OeORE^BPVXNPBFL!Q`_e@'B�qpb�_edfgT[FE^B�CFEHB uKE^_eCPE^B Ä¯J'd\_Rd\ChJ'GfdfQ\E^O{½
OeNFBFv'E^B»BF@'QÁbøE^BFCF_RvF�Uwx_eBFEAB}NF]�E^G\_Rd\gT[ºE´³�q^_RE^B!Q`E ¸%B!bøE^BFCFNPBFv�CFEHdxù�³FOR_RQ\³FG\@0³FJ'v!JMQ\@0G\d
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JMNPVãCF_eEG�9EHOeOeEHBPVXNFBFL!Q\_e@0B�NFB!Q`E^Gø?AE^GfbøE^BPCFNFBFv
l0@0B�LM@0G\GfE^df³�@0BPCF_eEHG\E^BPCFE^B$ÄkJ'df_ed\CFJ'Gc½
dcQ`EHOeOeNPBFv0E^B�b�_eGfC CFNFGfgT[�³Fd\EHNFCF@0df³�EHL}Q\G`J'OREo¸%ORv0@0Gf_RQ`[P]�EHB�b�_REZuKE^_edf³F_eEHOedcb¯EH_ed\EtCFEHG
Ih@0NPG\_eEHGc½ªY$EHQ\[F@�CPE%G\E^J'Oe_Rd\_RE^GfQG{ý§P´"y\§!µ�}��P|%_RE�_eB�CFE^Gøl0@0GfOe_eEHv0E^BPCFE^B�¸�G\uKE^_RQøl0EHGfbøE^BFCFE¾½
Q\E^B ³FdfE^NFCP@0d\³KE^L!Q`G\J'OeEHB�¸%Oev'@0G\_{Q`[F]�E^B�b¯EHG\CFEHB�q^NFd\J']�]�E^B9]�_{QÈCFEHGËB}NF]�E^G\_Rd\gT[FEHB
|%J'G\dcQ`E^OROeNFBPv�CPE^G��9EHOeORE^BPVXNFBPL}Q\_e@0B�_R]þBhJMgT[PVX@0Oev'E^BFCFEHB$¸�uFd\gT[PBF_RQfQ�EHG\OeS'NPQ`EHGfQ^�

|%EHG�ù�³FOR_RQ`³PG\@0³hJMv!JMQ`@'Gx_edfQkS'N?¥0EHG\dcQ4E´³�q^_RE^B!Q�y�ChJËCFEHGkB}NF]�EHG\_Rd\gT[FE�¸�NPVib¯J'BFC�CFEHG
©xGf@0³hJ'v!JUQ`_e@'B+³PG\@-®¡E^_RQ\d\gT[FGf_RQfQD_eCFEHB}Q\_edfgT[�]�_RQDCFEHGDE^_eBP]�J'OR_ev0EHB�¸%B!bøE^BFCFNPBFv CFEHd
±�J']�_eORQ\@0BF@0³KE^G\JMQ`@'G\dºJ'NPV�CF_eE1�(E^OROeE^B�VXNFBFL!Q`_R@0B _edcQ�� ¿Á] ?AEHG\v0ORE^_RgT[ ChJ'q^N�]ËNFdfd
EHQf½
b¯J�u�EH_e] j¯[FE^u!r�gT[FEpl�³PG\@0³hJMv!JMQ`@'G�VXWFGËJ'OeORE

N
z·E^Gf]�E�CFEHG
wxB}QÁb�_RgTL}OeNFBFv�CF_RE)¸%B�½

bøE^BPCFNFBFv¹CFE^dË±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G\d»J'NPV�CF_RE��(E^OeORE^BPVXNPBFL!Q`_e@'B9uKE^G\EHgT[FBFEpQ�bøE^GfCFE^B¡�
Æ�E^OeJMQ`_{l�_eE^GcQ
b�_eG\C-CF_eEHd°�fE^CF@�gT[�CFNFGfgT[�CF_eE$z²JUQ`d`JMgT[FE�ykCFJ'd\d�CFEHG�ù�³POe_RQ\³FG\@'³hJ'v!JMQ\@0G
[P_eBFGfE^_egT[PE^BFC�L}ORE^_eBPE�®¡E^_{Q`dfgT[FG\_{Q\Q`E

∆t
E^GfVX@'G\CFEHGfQ�{ý§0¦�}��·¿ÁB�CF_eEHd\EHGÇ|%_edfd\EHGfQTJUQ`_e@'B]·hB�½

CPEHQºCFE^GÈù�³FOR_RQ`³PG\@0³hJMv!JMQ`@'G�_eB¹CFE^B9J'NPV¯CFE^G»dfQ\@�gT[hJMdfQ`_Rd\gT[FEHB«�(E^OeORE^BF³FJ'L'EpQ`]�EHQ`[P@�CFE
uKE^GfNF[FEHBFCFE^B$ù�_R]ËNFOeJMQ`_R@0BFE^B�¸%B!bøE^BFCPNFBFvF�h¸�NPVXv0G\NPBFC�CFE^G4ù�Q`GfNFL!Q`NFGkCPE^d�ÿ����������
	���

��	���������������	��$EHGfVX@0ORv'Q�J'BFdf@0BFdcQ`E^B(CF_eEÇqHE^_{Q`Oe_RgT[FE
wxB!QÁb�_egTL}OeNFBPvZCFEHG��(E^OROeEHBPVXNFBFL!Q`_R@M½
BPE^Bt]�_{Q4CFE^] j¯[FE^u!r�gT[FEHl�³FGf@0³hJ'v0JMQ`@0GË~�df_eE^[PEº­�J'³P_RQ`EHOãµ0�¾�

ØÚÙ�, Ù3Ø 
 ÞEÝ ßÚàJäåÝ�
2ÞEædç?èGÝ8�]ÝLè��+ßGá�vEàXßGâÍáXÝ�
~} ÝuvkvYÝLß�Q�àXß|��édÞ � ß
ÄøE^_¬CFEHGoù�_R]ËNFOeJMQ`_R@0B CFEHdZ©xG\@'q^E^dfd\EHdZCFEHGtOeJ'd\EHG\_RBFCFNFqH_eE^GcQ`EHB#|%EHd\@0Gf³PQ`_R@0B+d\@0ORO�CF_eE
|�r�BFJ']�_RL9JMCFd\@0GfuF_eEHGfQ\E^G
Y$@'OeE^L}WFORE)uF_RdËq^NFG
|�E^d\@'G\³PQ\_e@0B�]�@�CFEHOeOR_eE^GcQ�b¯EHG\CFEHBm�A|%_eE
l'@0G\OR_eEHv0E^BFCPE4¸%G\uKE^_{QxuKEHV�J'dfdfQ d\_RgT[�]�_RQ²E^_eBPE^Gxd\@'OegT[FEHB)ù�_R]ËNFOeJMQ`_R@0BÈE¾ÂPEH]�³POÃJ'Gf_ed\gT[ÇVXWFG
CPE^B�I«J'OROFE^_RBFE^d¯a�n�½cY$@'OeE^L}WFORd(y0bøE^ORgT[FE^d4JMB�E^_RBFE�a�_in
~ª´Å¦0¦!�À½cn�u�EHGz;«SMgT[FE�J'CFd\@'G\uF_RE^GfQ
_RdfQ^�0|�J'uKE^_Pd\@0ORO�CF_RE^dfE^dxqHbøE^_eJMQ`@']�_Rv0E4Y$@'OeE^L}WFO�CFNFGfgT[�CFGfE^_PI«GfE^_R[FE^_{Q`d\v'G`J'CFEøu�EHd\gT[FGf_eE¾½
uKE^BDbøE^G\CPE^BUyhbøE^OegT[PEº_RBt¸�uFum�K¥���µÈl0EHG`J'BFdfgT[hJ'NFOR_egT[!Q�d\_eBPCm�

I²WPG¯E^_RBFE%E�³�q^_eEHB!Q`E¬B}NF]�E^G\_Rd\gT[FE�Ä¯E^dfgT[FG\EH_euFNFBPvÇCFE^G4|�r�BFJ']�_RL
CFE^dkqpb¯EH_ÃJMQ\@0]�_{½
v'E^BFB�Y$@0ORE^L}WFOedxuP_eEHQ\EHQAdf_egT[
E^_RBFE�|%_edfL}G\EHQ\_edf_eE^GfNFBFv�CFEHdø©x[hJMd\E^BPG`J'NF]�E^døJ'Bu{ý§P´(}��!|%_eE
LM@0]�³FOeE¾ÂPE+�9EHOeORE^BPVXNFBPL}Q\_e@0B�b�_eGfCÈ_R];n¬GcQ`dfG`J'NF];J'N�VhE^_RBFE^]2y¬_RQ\Q\E^GãChJ'Gfv0E^dcQ`EHOeORQ(yÅb¯@M½
CPNFG\gT[tE^_RBtCP_ed\L}GfEHQ`EHG�±�_ROeuKE^GfQ\G`J'NP] LM@0BFdfQ\G\NF_RE^GcQ4b�_eG\C¡�h|%_eE�?AEHGfQ\E^_eORNFBFvËCPE^G�CF_edfL}G\Ep½
Q\E^BZy�_{Q\Q\E^G\³PNFBFL!Q`E¬b�_eGfC�b¯EHd\E^B!Q\Oe_egT[$CFNFGfgT[ZCF_RE»ù�Q`GfNFL!Q`NFG�CFEHd%±�J']�_RORQ\@0BF@0³KE^G\JMQ`@0Gfd
uKE^EH_eB2;FNFd\dcQ���Y$_RQAv'E^E^_Rv0BFEpQ`E^B�³Fd\EHNFCF@0df³�EHL!Q`G`JMOeE^B�¸%ORv0@0G\_{Q`[F]�E^BËb�_RG\C
ChJ'BPB�EH_eBFE�EHVÃ½
VXEHL!Q`_Rl'E¬z�G\J'BFdcVX@0G\]�JMQ`_R@0B)qpb�_ed\gT[PE^BZCPE^BDL'@0GfG\EHd\³K@0BFCF_RE^G\EHBFCFEHBoÄkJ'df_edfChJ'G\dcQ`EHOeOeNPBFv0E^B
v'EHb¯S'[FG\ORE^_RdfQ`EpQ�y«b¯@�CFNFGfgT[�CF_eEº¸%B!b¯EHBFCFNFBPv$CFEHd¬±%JM]�_RORQ`@'BF@0³KE^G`JUQ`@0Gfd�JMNPVACF_eE°�9EHO{½
ORE^BPVXNPBFL!Q`_e@'B�G\E�JMOe_edf_eEHGfQ%b�_RG\Cm�m|%E^G¬CFGfE^_RCF_e]�E^BFdf_e@0BFJ'OeEº±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G(y«CFEHG¬CF_eE
|�r�BFJ']�_RLºEH_eBFEHdxqHbøE^_eJMQ`@0]�_ev'E^B
Y$@'OeE^L}WFORd ]�_RQ�CFE^B
¸kQ`@']�EHB�CPE^GAYZJMd\d\EHB

MA

uFqHb��
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MB

uKE^dfgT[FG\EH_euPQ(yKOeJ'NPQ\EHQ�¨

Ĥ = T̂trans + T̂rot + V̂

= − 1

2M

∂2

∂Z2
− 1

2µd2

(
1

sinϑ

∂

∂ϑ
sinϑ

∂

∂ϑ
+

1

sin2ϑ

∂2

∂ϕ2

)
+ V (Z, ϑ).

~ ¥�� µ'ú0�

|�J'uKE^_Fb�_eGfC
]�_{Q
d
CPE^G ¸%uFdcQTJ'BFC�qHb�_Rd\gT[FEHB�CFEHB�uKE^_RCFE^B
¸kQ`@']�EHB�CFEHd J'CFd\@'G\uF_RE^GfQ\E^B

Y$@0OeEHL}WFOed�u�EHq^EH_egT[FBFEpQ���|�_eE»L�_RBFEHQ\_edfgT[FEÇwxBFE^Gfv0_eEºCFE^d¬Y$@0OeEHL}WFOed�d\EHQ\qHQ¬df_egT[�JMNFd%CFEHG
z�G\J'BFd\OeJMQ`_R@0BFdfE^BFEHG\v0_RE

T̂trans
CFE^GËù�gT[!b¯EHG\³FNPBFL!Q`d\uKEHbøE^v'NFBFv�]�_RQ»CFEHGÇy¬E^d`JM]ÈQ`]�J'dc½

d\E
M = MA + MB

NFBPC(CFEHG»Æ�@'Q`JMQ`_R@0BFdfE^BFEHG\v0_RE
T̂rot

CPE^G»Æ�EHOÃJMQ\_Rl�uKEHbøE^v0NFBPvt]�_RQ
CFE^G4GfE^CFNFqH_eEHGfQ`EHB$YZJ'd\dfE

µ = MAMB/(MA +MB)
qHNFd`JM]�]�E^Bm�P|�JÇCF_eE»n�³KE^G\JMQ`@M½

G\E^B
T̂trans

NFBFC
T̂rot

LME^_RBFE^Bov'E^]�E^_eBPd`J']�E^BoùPJMQ`q»l0@0B�wx_Rv0E^BPVXNPBFL!Q`_e@'BFE^BouKE^df_RQ\q^E^B9y
]ËWFd\dfE^BoVXWFG�CF_eEºB}NF]�EHG\_Rd\gT[FEÈÄ¯E^[hJMBFCFOeNPBFv)CFEHG�LUJ'GfQ\E^d\_Rd\gT[FEHB�¸%uFdcQTJ'BPCFL'@�@0G\CP_eBhJMQ\E
Z
NFBPCZCFEHG��5_RBFL'EHOeL'@�@0GfCF_eBhJUQ`E^B

(ϑ, ϕ)
NPB}Q\E^Gfd\gT[F_RE^CFOR_egT[FEº³Fd\EHNFCF@0df³�EHL}Q\G`J'OREº¸�Oev0@U½

G\_RQ\[F]�E^BDJ'BFv'EHbøE^BFCFEpQ�bøE^GfCFE^B¡�

O O

N

O

Ni

ϕ

ϑ

O O

N

O

NiO O

N

O

Ni

Z

¸%uFuF_ROeCFNPBFv�¥���µ�¨�|�J'GfdfQ`EHOeORNFBFv�CPE^G�uKEHQ\G`J'gT[!Q`EpQ`EHB(­�@�@'G\CF_RBhJMQ`EHBZqHNFG�Ä¯EHd\gT[FGfE^_RuFNFBFv
CFE^dxJMCFd\@0GfuF_eEHGfQ\E^B
Y$@'OeE^L}WFORd^¨UCFE^G�¸%uFdcQTJ'BPCÇCFE^dAù�gT[}bøE^Gf³FNFBFL!Q\E^d CFE^d qpb¯EH_ÃJMQ\@0]�_ev0EHB
Y$@0OeEHL}WFOedËqHNFG�n�u�EHGz;«SMgT[FE

Z
y CFEHG
©�@0OeJ'Gfb�_RBFL'EHO

ϑ
qHb�_Rd\gT[FEHB�Y$@'OeE^L}WFOeJ'gT[FdfE�NFBFC

n¬uKE^GY;«S'gT[FEHBFBF@0Gf]�JMOeE¬NFBFCtCFEHG�¸�q^_R]ËNPQÁb�_eBPL'E^O
ϕ
�

I�WFGÈCF_RE)­�@0BFdfQ\G\NFL!Q\_e@0B CFEHd
n�GfQ\d\G`JMNF]�v'_RQ\Q\E^Gfdº_RB�CFE^GÈ¸%uFdcQTJ'BFCPL'@�@0G\CF_RBhJMQ\E
Zb�_eG\C�EH_eBFEtS��}NF_RCF_edcQTJ'B!Q`E�?AEHGfQ`EH_eORNFBFv�l0@0B

NZ
y¬_RQfQ`EHG\³FNFBPL}Q\E^B

Zj
JMNPV%EH_eBFEHG�y�E¾½

d`J']ÈQ\OÃS'BPv0E
L
J'BPv0E^BF@']�]�E^Bm�m|%_eE��(E^OeORE^BPVXNPBFL!Q`_e@'B¹LUJ'BPB(ChJMBFB9JM] ©xNFBFL!Q

Zj
_RB

E^_eBPE�ÄkJMd\_ed {gk(Z)} JMNFd NZ

@0GcQ`[F@0v'@0BhJ'ORE^B(I«NPBFL!Q`_e@'BFE^B�EHB!QÁb�_egTL'EHORQËbøE^GfCFE^B¡�²¿ÁB
CFE^G�Ih@0NFGf_eE^Gª½cY$EpQ`[F@�CFE�{ý§P´(}¡b�_eG\CtE^_RBFE�ÄkJ'df_ed�J'NPd�EHu�EHBFE^Bu�9EHOeORE^B

Ψ(Zj) =

NZ/2∑

k=−NZ/2+1

akgk(Zj) =

NZ/2∑

k=−NZ/2+1

ak exp

(
i2π

kZj
L

) ~ ¥�� µM¼!�

J'Oed�@0GfQ\[F@0v0@'BhJ'OeEHd�IhNFBFL!Q\_e@0BFEHBFdfr�dcQ`E^] v0EHb¯S'[FO{Q���|%_eEHd\E
Ih@0NFGf_eEHG\E^B!QÁb�_RgTL�ORNFBFv)dcQ`EHOeORQ
E^_eBPE^B�ù�³KE^qH_ÃJ'O{V�J'OeO²E^_eBPE^GºwAB!QÁb�_RgTL�ORNFBFv�_RB9E^_RBFE^] ùPJUQ`q�@'GfQ`[P@0v0@0BhJMOeE^G»IhNFBFL!Q\_e@0BFEHB



ï��q�A��õ�£��ý÷
 �ú�¤2¡�� ÷?¡�õ���¡� � )¡��
øUú���¡�¢E÷�þ2��ú�ÿ¶��� �)�
CFJ'G(y}b¯EH_eO�CFE^G4|�E´·hBF_{Q`_R@0BFd\uKE^GfE^_RgT[)CFE^GkÄkJ'd\_RdfVXNFBPL}Q\_e@0BPE^B)BF_RgT[!Q4L'@0B!Q\_eB}NF_eEHG\OR_egT[�NPBFC
NPB�uKE^dfgT[FG`SMBFL!Q�yKd\@0BFCPE^G\BtCF_Rd\L}G\EpQ�NFBFCtu�EHd\gT[FG\S'BFL!Q%_RdfQ^�h|%_eE�wxB!QÁb�_egTL}ORNFBFv0dfL'@�E´³�q^_ ½
EHB!Q`E^B

ak =
1

NZ

NZ∑

j=1

Ψ(Zj) exp

(
−i2πkZj

L

) ~ ¥���µ0µ0�

EHB!Q`d\³PG\E^gT[PE^B CFEHG
CF_edfL�GfEHQ\E^B°I«@'NFG\_RE^Gc½Àz�G\J'BFdcVX@0G\]�_eEHGfQ`EHB9CFEHG��9EHOeOeEHBPVXNFBFL!Q\_e@0B�NPBFC
dcQ`EHOeOeEHB ChJ']�_RQ�CF_REZ¸%]�³FOR_RQ`NPCFE$CPE^G��(E^OROeE^B�VXNFBFL!Q`_R@0B-_R] ¿Á]�³FNFORd\G\J'NF] ChJ'GH�¯|�JMd
CFJ'CFNFGfgT[ZE^Gfq^EHNFv'Q`E»CF_Rd\L}G\EpQ`E»¿Á]�³FNPOed\G\J'NF]�v0_RQfQ`EHG¯_edcQ�E^uKE^BPV�J'OROed4S���NP_eCF_RdfQTJMB}Q�]�_RQ4EH_{½
BPE^] y¬_RQfQ`EHG`J'uFdcQTJ'BPC

∆p = 2π/L
�²¸�BFCFE^GfE^Gfd\E^_{Q`d
[hS'BPv'Q�J'NPVXv0GfNFBFC�CFEHG
I«@'NFG\_RE^Gc½

z·G`JMBFdfVX@0Gf]�JUQ`_e@'BÈJ'NPgT[ÇCFE^G�¸%uFdcQTJ'BFCÇCPE^Gxy¬_RQfQ`EHG\³FNFBPL}Q\E¯_R]Ðn�GcQ`d\G\J'NF] WFuKE^G
∆Z =

π/pmax
CF_eGfE^L!Q
]�_RQËCPE^] ]�JUÂ�_e]�J'OeEHB�¿Á]�³FNFOedÈCFE^G
z·G`J'BFdfOÃJMQ\_e@0BPd\uKEHbøE^v0NFBPv

pmaxqHNFd`JM]�]�E^Bm�
¿ÁB°CF_eEHd\E^G�CF_Rd\L}G\EpQ`E^B°¿Á]�³PNFOedfG`J'NF]�ChJ'GfdfQ\E^OeORNFBFv�CFEHG¶�(E^OROeEHBPVXNFBFL!Q`_R@0B�u�EHd\_{Q`q^EHB

n�³KE^G\JMQ`@0GfE^BUy¡CF_eEË]�_RQ%CFE^] ¿Á]�³FNPOed\@'³�EHG`JMQ\@0G
p̂ = −i ∂

∂Z

LM@0]�]ÈNPQ`_RE^G\EHBUymEH_eBFEËCP_ÃJU½
v'@0BhJ'ORE�YZJMQ`Gf_{Â�ChJ'GfdfQ\E^OeORNFBFvF�'|%_eEHdxQ`G\_{õ�Q _eBFdfu�EHd\@0BFCPE^G\E�J'NFgT[�J'NPV�CFE^B�n�³�EHG`JMQ\@0GxCFEHG
z·G`JMBFd\OeJMQ`_R@0BFd\EHBFE^Gfv0_eE

T̂trans
J'NFd¬y�ORE^_egT[}NFBPv�~ ¥�� µ'ú0��q^N¡�m|%_RE^d\EHG¬LUJ'BFB�J'ORd\@)_R] ¿Á]
½

³PNFOedfG`J'NF]Õ]ÈNFORQ\_e³FOR_eLUJMQ`_{lºJ'NPV�CF_RE��9EHOeOeEHBPVXNFBFL!Q\_e@0B�J'BFv0EpbkJMBFCPQ¯bøE^GfCFE^B¡�Fs�] EH_eBFEHB
B}NF]�E^Gf_edfgT[ÈE´³�qH_eE^B!Q\E^B��(E^gT[Pd\E^O�qHb�_Rd\gT[FEHBËCFEHBÈuKE^_eCPE^B»L'@0GfG\E^df³�@'BFCF_eEHG\EHBFCFE^BËÄkJ'd\_Rdc½
CFJ'G\dcQ`E^OROeNFBPv0E^BoCPE^GX�(E^OROeE^B�VXNFBFL!Q`_R@0BZqHN�G\E�JMOe_edf_eEHG\E^B9yKuP_eEHQ\EHQ%d\_egT[�CP_eEº?AEHGfbøE^BFCPNFBFv
l'@0B d\gT[PBFE^OROeE^B�I«@'NFG\_RE^GfQ\G`J'BPdfVX@0Gf]�JMQ\_e@0BPE^B°~�I I�z��ºJ'Bm��|%_RE^d\E�b¯EH_ed\EHB E^_RBFE�dfE^]�_eOe_ ½
BPE�J'GfE�ù�LUJ'OR_eEHG\NFBFv

NZ log(NZ)
u�EHq^WFv'Oe_egT[�CFEHG l'E^GfbøE^BPCFEHQ\E^B$y�_{Q\Q\E^G\³PNFBFL!Q`q^J'[FO

NZJMNPVª�
|%_RE��5_RG\L}NFBFv�l0@0B

T̂trans
J'NPVxCP_eE»CF_edfL�GfEHQ\E��(E^OeORE^BPVXNPBFL!Q`_e@'B

Ψ(Zj)
b�_RG\CoJMOed\@

BFJ'gT[

T̂transΨ(Zj) = ZFFT
p2
j

2M
Z†FFTΨ(Zj)

~ ¥���µ'§!�
b�_RE¬VX@0Oev'Qku�EHG\E^gT[PBFEHQ^¨¡|%NPG\gT[oEH_eBFE»Ih@0NFGf_eE^GcQ`G\J'BFdfVX@'G\]�JMQ`_R@0B�_RB$CFEHG�¸%uFdcQTJ'BFCPd\L'@�@0Gª½
CP_eBhJMQ\E

Z†FFT
BhJMgT[ y¬OeEH_egT[}NFBFv°~ ¥�� µ0µ'�ºb�_eG\C�CF_RE1�9EHOeORE^BPVXNFBPL}Q\_e@0B

Ψ(Zj)
_eB�CFEHB

¿Á]�³FNFORd\G\J'NF] Q`G\J'BFdcVXE^G\_RE^GcQ�yAb¯@�df_eEZJ'BFd\gT[POe_eE´¥0E^BPC�J'B/�fEHCFE^] y¬_RQ\Q\E^Gf³FNFBFL!Q
pj
_R]

¿Á]�³FNFORd\G\J'NF]�v0_RQfQ`E^G ]�_RQøCFE^]þwA_Rv0E^B!bøE^GcQ`d\³KE^L!Q\G\NF]þl'@0B
T̂trans

]ËNFO{Q`_R³FOe_Rq^_eEHGfQxb�_RG\Cm�
a�J'gT[�CFE^G�J'uFd\gT[POe_eE´¥0E^BPCFE^B�_RB}l'E^Gfd\E^B(Ih@0NFGf_eE^GcQ`G\J'BFdfVX@'G\]�JMQ`_R@0B

ZFFT
_RBoCFE^B¹n�GcQ`dc½

G\J'NF] _edcQ�CF_REÈÄøE^G\EHgT[FB}NFBFvtCFE^G��5_eGfL�NPBFv�l0@'B
T̂trans

J'NPVACP_eE��(E^OROeEHBPVXNFBFL!Q`_R@0BZ_R]
n�GcQ`d\G\J'NF]

Ψ(Zj)
JMuFv0E^dfgT[FOe@'d\d\EHBm�«|%_REX�5_eGfL�NPBFvÇCFE^d�n�³KE^G`JUQ`@0GfdkCFE^G¯³�@'Q\E^B!Q`_RE^OROeE^B
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[0, 2π]

l0EHGfQ`EH_eO{Q�NFBFCtE^d�v0_eO{Q�¨

ϕj =
2π
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Nϑ∑

i=1

Nϕ∑

j=1
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ChJ'G\dcQ`EHOeORQ^�ha%JMgT[$CFEHG%©xGf@0³hJ'v!JUQ`_e@'B�E^_eBPE^G�v0G\@�¥0E^Bt¸%BFq^J'[FO

N
d\@'OegT[FEHG%ö�NhJMB}Q\E^B!Q`G\JU½
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ρ̂S(t) = lim
M→∞

1

M

M∑

j=1

|Ψj(t)〉〈Ψj(t)| ~�úP�{´¶�
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Ψ(t, τj)
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τj
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JMBFv0E^GfE^v'Q\E^B�®¡NFdfQ`J'BFC�JMBFd\gT[FOR_eE´¥0E^BFC+BhJ'gT[+l0EHGfQ`_RLUJ'OeEH] §�uKE^Gfv!J'BFv�VXWFGtE^_eBPE9®¡EH_RQ
t− τj
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〈Â〉(t, τ) =
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τ
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ÄøE^d\gT[PG\E^_RuFNFBFvtCFEHG�YZJ'GfL'@ÅlKüûdfgT[FE^B Æ�E^OeJUÂPJMQ`_R@0BZ_RBFBFEHG\[hJ'ORu�E^_RBFE^d�OeJ'd\EHG\_RBFCFNFqH_eE^GcQ`EHB
|�E^d\@'G\³PQ\_e@0BFdf³FG\@'q^E^dfd\EHdAl'E^Gcb¯EHBFCFEHQAbøE^GfCFE^BUyMb¯EHd\[hJ'ORuÇd\_REkJ'NFgT[Ç_RBÈCFEHG²l0@'G\Oe_RE^v0EHBFCFEHB



!
B I&ú�ò�¡�õ��<�ý÷l£)§´��¡�õ�¢E¡Xð°¡�ò�jfõ�øQ¢��¨jf�u©�Dª�¬«7DG���$­�¹�º"ºH®
¸%G\uKE^_{Q�¸%B!bøE^BFCFNPBFv¨·hBPCFEHQ^�

ö�NhJMB}Q\E^BF]�E^gT[FJ'BF_edfgT[odfQ\E^ORORQ�CFE^G%Æ�EHOÃJUÂPJMQ\_e@0BPd\³FGf@0q^EHd\d�E^_eBPE^BZLM@0B!Q`_RB�NP_eE^GfOe_RgT[FE^BUy
L'@0[hSMG\E^B!Q\E^B5©�@'³FNFOÃJUQ`_e@'BFdfQ\G`J'BFdcVXE^G
l0@0] J'BPv0E^GfE^v'Q\E^B5®¡NFdcQTJ'BPC _eB�CFE^B+y¬G\NPBFCFq^N�½
dfQTJMBFC9ChJMG^�ã¿ÁB�CFEHB�dfQ\@�gT[hJMdfQ`_Rd\gT[FEHB«�(E^OeORE^BF³FJ'L'EpQ`]�EHQ`[P@�CFEHB9bøE^G\CPE^Bu�fEHCF@�gT[(l0E^Gª½
d\gT[F_RE^CFEHBFE�ö¬NFJ'B!Q`E^B!Q\G`Jf�fEHL}Q\@0G\_RE^B�_eBPL'@0[hSMG\E^B!Q¬v'E^]�_RQ\Q\E^O{Q�y«Cm�ý[m�m¿ÁB!Q`EHGfVXE^GfE^BFqHE^B¹qHb�_ ½
d\gT[FEHB)l0E^Gfd\gT[F_RE^CFEHBFE^B�z·G`J��fE^L!Q`@0Gf_eEHB�b¯EHG\CFEHB�J'NFdfv0E^dfgT[FOe@'d\d\EHBm�h|�JMu�EH_K_RdfQø_eBFdfu�EHd\@0B�½
CFE^GfE)q^N�uKE�JMgT[}Q\E^BUy²ChJ'd\dÈCF_eE��ãEHu�EHBFd\CFJ'NFE^GËJ'BFv0EHG\E^vMQ`E^GÇ®¡NFdfQ`S'BFCFE�u�EH_k|%EHd\@0Gf³PQ`_ ½
@0BFd\³PG\@0qHE^d\dfE^B JMNPV4n�Â�_eCP@0u�EHGz;«SMgT[FE^B9J'Oed¬dfE^[FG»L}OeE^_RB�_e] ÄøE^G\EH_egT[

τ ≈ 20 . . . 30
VXd

J'BFv0EHBF@0]�]�EHBÈb�_eGfCÐ{ûú�}��0I�WFG d\@'OegT[FE4NFO{Q`G\J'd\gT[FBPE^OeORE^B
©xG\@'q^E^dfd\E�_edcQxE^_RBFEk_RBFL'@0[FS'G\EHB}Q\E
Ä¯E^[hJMBFCFOeNPBFv
BF_egT[!Q�OeEH_egT[!Q�q^NDGfE^gT[!Q\VXEHGfQ`_Rv0E^B9yhq^NF]�J'OmJMBFCFE^GfE�_eBFLM@0[hS'GfE^B!Q`E�@0³PQ\_edfgT[FE
©A[FS'BF@0]�E^BFE b�_eEøEHQÁb¯J�CF_eEøI²OeNP@0G\EHd\q^EHBFq4J'N�V�®¡E^_RQ\d\LUJ'ORE^B»_e];a%J'BP@0d\EHL�NPBFCFE^B}uKE^GfE^_egT[
J'uFOÃJMNPVXE^B­{ �!¥�}��

wx_RBFE�LM@0[hS'GfE^B!Q`E�ÄøE^d\gT[PG\E^_RuFNFBFv�CPE^dË©·@0³FNFOeJMQ`_R@0BFdcQ`G`JMBFdfVXEHG\d»_eBPVX@0ORv0E
CFE^GÈÆ�EHOÃJU½
ÂFJUQ`_e@'Btv'E^OÃJMBFv�JMBtl'E^G\dfgT[F_eEHCFE^BPE^B(ù�r�dfQ\E^]�E^BoCFNPG\gT[ZEH_eBFE»d\_R]ËNFO{QTJ'BFE�©xGf@0³hJ'v!JUQ`_e@'B
l0@0B �(E^OROeEHBF³hJ'LMEHQ`EHB�J'NPV CF_ÃJ'uFJMQ`_Rd\gT[Zv'E^L'@'³F³�EHORQ\E^B�©·@'Q`EHB}Q\_ÃJ'O ;«S'gT[FEHB { �'¼?y��0µ�} �KI²WPG
ChJ'd�ù�r�dfQ\E^] a%±

3

¯0j¯N°LM@0BFB!Q`EHB CFNFGfgT[-CF_REDL'@0[hSMG\E^B!Q\EZÄ¯EHd\gT[FGfE^_RuFNFBFv�CPE^G�Æ�EHOÃJU½
ÂFJUQ`_e@'B�CF_eE¬Æ�E^dfNFORQ`JMQ`E�JMNFd4CFE^Bt_eBPL'@0[hSMG\E^B!Q\E^BZù�_e]ËNPOÃJMQ\_e@0BFEHB��}NhJ'OR_RQ`JMQ`_{l
u�EHdfQTSUQ`_evMQ
b¯EHG\CFEHB/{ª�'¼�} ��z�Gf@'Q`qHCFE^]Õb�_RG\C�CP_eE�IhG\J'v0E�CFE^d¯wA_RB2;hNFdfd\EHd4CFE^Gø_eBFLM@0[hS'GfE^B!Q`EHBDY$_RQfQ`E¾½
OeNFBFv�J'N�V CF_RE»ù�_e]ËNPOÃJMQ\_e@0BFdfE^Gfv0E^uFBP_ed\dfE¬u�EH_�dfQ\@�gT[hJMdfQ`_Rd\gT[FEHB �(E^OeORE^BF³FJ'L'EpQ`]�EHQ`[P@�CFEHB
S'[FBFOR_egT[)LM@0B!Q`G\@Ål'E^G\d�CF_Rd\L}NPQ`_RE^GcQ¯b�_eE%CF_eE�NPBF]�_{Q\Q\E^OeuFJ'GøCFJ']�_{QkqHNFd`J']�]�E^BF[hSMBFv0E^BPCFE
³F[!r�df_eLUJ'OR_ed\gT[PEk¿ÁB!Q`E^Gf³FG\EpQ`_RE^G\uFJ'G\LME^_RQACPE^dAIhG`J'BPgTL!½ªj¯@0BFCF@'B�½ªJ'GcQ`_Rv0E^B�§�u�EHG\v!JMBFv0d EH_eBFEHG
ö¬NFJ'B!Q`E^B!Q\G`Jf�fEHL}Q\@0G\_RE�_eBDCFE^BZy¬G\NFBFCPq^NFdcQTJ'BFC�~ÁÀ(�2	��������Ä%����X�P�J{ûú0µdy��P´�y��'¼�}��

�+SM[FG\EHBFC9]�_RQ¬CPE^GÈù�z�¸�½cY$EpQ`[F@�CFE�_ �ûJP�mORE^CF_Rv0Oe_RgT[�CF_eE�Æ�E^OÃJ¶ÂFJUQ`_e@'B�WFu�EHG�E^_eBPE^B
VXE^dfQ\v0E^ORE^v'Q\E^B�|%_edfd\_R³hJMQ`_R@0BFdfLMJMBhJ'Oh]�@�CFEHOeOR_eE^GcQ²b�_RG\CUy!_RdfQ CF_eE�YZj¦�+I·½cY$EpQ`[F@�CFE%J'NFgT[
J'OeORv0E^]�E^_RBFE^G J'B!bøE^BFCFuFJ'G^�Kù�_RE�LUJ'BFBDuKE^_edf³F_eEHOedcb¯EH_ed\E%q^NFG�ù�_R]ËNFOeJMQ`_R@0B�l'@0Bt|%¿cYZwxz¯½
©AGf@0q^EHd\dfE^B�[FE^G\J'BFv0EHq^@0v'E^BZbøE^GfCFE^BUy¡ChJ�E^_RBFEºwAGcb¯EH_RQ\E^G\NPBFv�u�EHq^WFv'Oe_egT[$E^_RBFE^G�d\_e]ÈNFO{½
QTJ'BFEHB�Ä¯EH[hJ'BFCPOeNFBFv°]�EH[FG\EHG\EHGo|%_Rd\d\_R³hJMQ\_e@0BFdfLUJ'BhS'ORE�d\@Åb�_eE¹E^_RBFE^GtEpÂ�³FOR_eq^_{Q`EHB�Ä¯E¾½
d\gT[FGfE^_euPNFBFv)CFEHGJ�ãJ'dfE^G`JMBFG\EHv0NFBFv)]¶x0v0OR_egT[D_edcQ�{ ´¶¥�}��KÄ¯E^_·CFEHG�wxGfbøE^_{Q`E^GfNFBFv)]�_RQ�S'N�½
¥0E^GfE^B�IhE^OeCPE^G\BÇqHNFGxÄ¯EHd\gT[FGfE^_RuFNFBFv»CFE^GxEHOeEHL}Q\G\@0BP_ed\gT[PE^B
¸%BFGfE^v0NPBFv�_edfQ q^N
u�E^J'gT[!Q`EHBUy
ChJ'd\d¯u�EH_�dcQ`@�gT[hJ'dfQ\_edfgT[FE^B��(E^OeORE^BF³FJ'L'EpQ`]�EHQ`[P@�CFEHB�CF_eE�YZJ'GfL'@Ål!½ªa%SM[FE^GfNFBFvËl0@'G`J'NFdª½
v0E^dfEHQ`qpQËb�_eGfCm�·|%_eEHdÈuKE^CF_RBFv'Q(y�ChJMd\dËCF_RE)®¡EH_RQ\d\LUJ'OeEHB9CFEHdÇS'N?¥'E^G\EHB IhE^ORCFE^dºNFBFC�CFEHG
Æ�EHOÃJUÂPJMQ\_e@0B
BF_RgT[}Qøl0@0B�CPE^G¯v'OeE^_RgT[FE^B)y�Gzx"¥0EHBF@0G\CPB�NPBFvÈdfE^_eB�CFWFGfVXEHB¸{ ´¶µ�}���|�_eE^dfE¬Ä¯E¾½
CF_eBFv'NFBFvo_RdfQÇuKE^_R] ©xGf@0q^EHd\d
CFE^GÈOÃJ'dfE^G\_RBFCFNFqH_eEHGfQ`EHB�|%E^df@0G\³�Q`_e@'B _ �ûJP��BP_egT[!QÇE^GcVXWFOeO{Q�y
ChJ�b�_eEËuKE^GfE^_{Q`d�EHGfb¯S'[FB!Q�CF_eE��ãEHu�EHBFd\CFJ'NFE^G¬CPE^d¬E^ORE^L!Q`Gf@0BF_Rd\gT[¹J'BFv0EHG\EHv'Q`EHB�¸4CFd\@0Gª½



�0� ï5K&ôý¡Hjfõ�¡�¢���ò�óYôý¡Jñ�¡�ò�óYô?õ�¡���ö2£��d¤ !:"
uFJMQf½ªù�NFuFdcQ`G`JUQf½ª­�@0]�³FOeE¾ÂPEHd²JMNPVXv0G\NPBFCËCFEHGO�(E^gT[FdfE^ORb�_RG\L}NFBFv¬]�_RQ�wxOeEHL!Q`G\@'BFE^B�½���@�gT[�½
©�J0J'GfE^B9uPqHb���©A[P@0BF@0BFEHB9_RB(CFEHGºn¬uKE^GY;«S'gT[FE�J'Oed�dfE^[FG»L}OeE^_RB9JMBFv0E^BP@0]�]�E^B�b�_RG\Cm�
|�_eE^dºQ`G\_{õ�QÈ_eBFdfu�EHd\@0BPCFE^GfE�J'NPV�ChJ'dÇù�r�dfQ`EH] a%n°¯Ma�_in
~ª´Å¦0¦!�¬q^NUy�u�EH_¯CFEH] CF_RE1��Ep½
uKE^BPd\ChJ'NPE^GÈCPE^d»¿ÁB}Q\E^Gf]�EHCF_ÃJMQ\d»J'NPV

τ ≈ 15 . . . 25
VXdºJ'uFv'E^d\gT[FSMQ`qpQÈb�NFGfCFE { @P´"y��0§�}�y

b¯J'd�_eB»CFE^G y�Gzx"¥0E^BP@0G\CFB}NFBPv%]�_RQãCFEHG ®¡EH_RQ`dfLUJ'OÃJ�CFE^d�¸%BFGfE^v0NPBFv0d\OeJ'd\EHG\d·l0E^Gfv0OeEH_egT[}uhJ'G
_RdfQº~Xd\_eEH[FE»­�J'³F_RQ\E^O�ú��R´¶�¾�

�5_RE�_RB9­�J'³P_RQ`EHOA¥��{´�uKE^GfE^_{Q`d�E^GfOÃS'NPQ\E^GcQ�ym_RdfQ»CF_eE�Ä¯EH[hJ'BFCPOeNFBFvtCFEHG`J'GcQ`_ev'E^G�©xG\@M½
qHE^dfd\EÇ_e] Æ�J'[F]�E^B$CFE^G�z4[FE^@'G\_eE»@'õ�E^BFEHG¬ö�NhJ'B!Q\E^BFdcr�dcQ`EH]�EÇBF_RgT[!Q�v!J'BPqÈNFBF³PG\@0uFOREp½
]�JMQ\_ed\gT[¡�F¸%NPVXv'G\NFBFCtCFEHG�a�_egT[!Q\d\E^³FJ'G\_RE^G\uFJ'G\LME^_RQ�CFEHG�®¡E^_RQ\d\LUJ'ORE^B)VXWFG4CF_RE¬¸%BFGfE^v0NPBFv
NPBFC�CF_eEZÆ�EHOÃJUÂPJMQ\_e@0B°d\³F_RE^ORE^B�a�_egT[!Qf½ªYZJ'G\LM@Ål�üýd\gT[PE(w õ�E^L!Q`E�]¶x0v0OR_egT[FEHGfbøE^_Rd\EZEH_eBFE
EHB!Q`d\gT[PE^_eCPE^BFCFE�Æ�@0OeORE'�«|%_REÈL}NFGfq^E���E^uKE^BFdfChJ'NFEHG¬CFE^d%¿ÁB}Q\E^Gf]�EHCF_ÃJMQ\d%CFEHNPQ`EpQ�J'NPVAEH_{½
BPEodfQ`J'G\LME �9EHgT[FE^O{b�_eG\L}NFBPv�qpb�_edfgT[FE^B�ù�r�dfQ\E^] NPBFC5s�]�v0E^uPNFBFv uFqpb��4ÄkJ'C [P_eBm�
ÄøE^_AdfQ�x0G\NFBPv0dfQ\[FE^@0GfEHQ\_ed\gT[PE^B�Y$EpQ`[F@�CFEHB9b�_eE
uKE^_edf³F_eEHORbøE^_Rd\E
CFE^GºÆ�E^C2·hEHOeC�½Àz4[FE^@'G\_eE
b�_RG\CDE^_RBFE�d\gT[!b¯J'gT[FE
ù�r�dcQ`E^]Ç½ªÄ¯J'C�½ª­�@0³F³FORNFBFv�J'BFv'E^BF@0]�]�E^BUyPbøE^df[hJ'ORuZd\_RE¬VXWFG4CF_eE
ÄøE^d\gT[PG\E^_RuFNFBFv¹OÃJMd\E^Gf_eBFCPNFq^_RE^GfQ\E^GÈ|%E^df@0G\³PQ\_e@0BPd\³FGf@0q^EHd\d\Et³FG\J'L!Q`_edfgT[�BF_egT[!QÇ_RB�I«G\J'v0E
LM@0]�]�EHBm��y�EHv0E^B+CF_RE�Ä¯E^[hJMBFCFOeNPBFv°]�_RQ�©xV�JMCF_eB!Q`EHv0G`JMO{½cYtEHQ`[P@�CFEHB5d\³FGfE^gT[FEHB�CF_eE
l'E^Gfv0OeEH_egT[Fdcb¯EH_ed\E�Q`_REHVXEHB�z�EH]�³KE^G\JMQ`NFGfE^BUyhCPE^G�J'BF[FJ'G\]�@0BF_Rd\gT[FE»j¯[hJMG`J'L!Q`EHG�CFE^G�s�]
½
v'E^uFNFBPv�~�wxORE^L!Q`Gf@0B�½E��@�gT[�½ª©�J0J'GfE»_RBDCFE^G%n�u�EHGz;«S'gT[PEÅ��NPBFCtl'@0G�J'OeORE^]þCP_eE�EpÂ�³FOR_eq^_{Q`E
®¡EH_RQ`J'uF[hS'BPv0_ev0LME^_{Q�CPE^d¬±�J']�_RORQ\@0BF@0³KE^G\JMQ`@0Gfd¯VXWFG�CF_eEÈÄ¯E^dfgT[FG\EH_euFNFBPv�CFE^G�E^OeEHL!Q`G\@'BF_{½
dfgT[FE^B$¸%BFGfE^v0NPBFvF�

|%_REøE¾Â�³FOe_Rq^_RQ\E Ä¯E^[hJMBFCFOeNPBFv%CFEHd²¸�BFG\EHv0NFBFv0dª½ªÆ�E^OeJUÂPJMQ`_R@0BFd\qpr�L�ORNFd^ü¶uKE^_}CFEHG-�}NhJ'B�½
Q\E^BFC�r�BFJ']�_Rd\gT[FEHB�ÄøE^d\gT[PG\E^_RuFNFBFv»OÃJMd\E^Gf_eBFCPNFq^_RE^GfQ\E^Gx|�E^d\@'G\³PQ\_e@0BFdf³FG\@'q^E^dfd\E�dfQ`EHOeO{Q ChJU½
[PE^GkEH_eBFE�u�EHd\@0BFCPE^G\E�±�E^G\J'NFdfVX@'G\CFEHG\NFBFv
ChJMG^��I²WFGkChJMd�ù�r�dfQ\E^] a%n�¯'© Q¶~c´'´0´¶�xL'@0BFB�½
Q\EºCPE^G%v'E^d`JM]ÈQ`Eº|%E^df@0G\³�Q`_e@'BFd\]�E^gT[hJMBF_edf]ËNFd�_eBZEH_eBFEHG%|�_egT[!Q`EH]�JMQ\G\_ Â�VX@'G\]ËNFOR_eEHG\NFBFv2y
C¡�û[m�^E^_eBPE^G�CF_RG\E^L!Q\E^B°�Lx0d\NFBPv�CPE^G�q^NPv0E^[?x'G\_ev'E^B°��_e@0NPl�_ROeOeE¾½Àl'@0B�½ªa�E^NF]�J'BFB�½cy¬OeE^_RgT[}NFBFv
_RB1��_eBPCFuFOÃJMC�½ªIh@0Gf]5yMu�EHd\gT[FGf_eE^uKE^B�bøE^GfCFE^B/{ �2y��"!��d�"��}��}¿ÁB)CF_RE^d\EHB)¸%Gfu�EH_RQ\E^B)EHGfVX@0ORv'Q`E
CP_eE�Ä¯EHd\gT[FGfE^_euPNFBFv�CFE^G�dfNFuFdfQ\G`JMQfl0EHG\]�_RQ\Q\E^O{Q`E^B¬�ãJ'dfE^G`JMBFG\EHv0NFBFv�CFNFGfgT[�EH_eB�®�b¯EH_{½
z·E^]�³KE^G`JUQ`NFGª½cY$@�CFE^ORO�y}b¯EHOegT[FEHd%JMOeOev'E^]�E^_eB�VXWFG4CF_RE»Y$@�CPE^OeOR_eEHG\NFBFvºl0@0BD¸%BPG\E^v'NFBFv0dª½
³PG\@0qHE^d\dfE^Bol'@0Bo¸4CFdf@0G\uhJUQ`E^BoJ'NPV Y$EpQTJ'OROe@0uKE^GY;«S'gT[FEHB$v'E^E^_Rv0BFEpQ%_RdfQµ{{´0´´} �«¸%N�VXv0G\NFBPC
CPE^d»_eBFCF_RG\EHL}Q\E^B�¸%BPG\E^v'NFBFv0dfd\q^EHBhJ'Gf_e@0d»_eB�CF_RE^d\EH] ®�bøE^_{½Àz�EH]�³KE^G\JMQ`NPGc½cYt@�CFEHOeO�Oe_eEHv'Q
CP_eED®¡EH_RQ`dfLUJ'OÃJZCPE^GÇ¸%BPG\E^v'NFBFv�_eB EH_eBFEH] Ä¯EHG\EH_egT[Uyx_RB�CFE^] CF_eE)_RB CFE^G���_RBFCFuFOeJ'C�½
z4[PE^@0Gf_eEx_eBP[hS'G\EHB!Q`E YZJ'GfL'@Ål!½Á¸�BFBhJ'[F]�Exq^NP]�_RBFCFE^dcQ�Q`EH_eORbøE^_Rd\E v'E^G\EHgT[!Q\VXE^GcQ`_Rv'Qãd\gT[FEH_eB!Q��
®¡NPCFE^] _RdfQxCP_eE�©xG\@0³FJ'v!JMQ\_e@0BËCPE^GS�}NhJ'CFG\JMQ`_Rd\gT[
]�_{QxCFEHG ù�r�dfQ`EH]�CFJ'G\dcQ`E^OROeNFBPv»dfLUJ'Oe_REp½
GfE^BFCPE^B�|%_RgT[}Q\E^]�JMQ`Gf_eqHE^BoB}NF]�E^Gf_ed\gT[Zd\E^[PG¬J'NPVib¯S'BFCF_Rv?y«b¯EHd\[hJ'ORuod\_RgT[�CF_eEº|�J'GfdfQ\E^O{½



!�� I&ú�ò�¡�õ��<�ý÷l£)§´��¡�õ�¢E¡Xð°¡�ò�jfõ�øQ¢��¨jf�u©�Dª�¬«7DG���$­�¹�º"ºH®
OeNFBFvDCFEHG�CFE^df@0G\uF_RE^GfE^BFCFEHB Y$@'OeE^L}WFOREÇ_eB�CFEHB(v0EHBhJ'BFB!Q\E^B ù}Q`NFCF_RE^B¹]�EH_edcQ�J'NPV¯E^_eBPE
|%_e]�E^BFdf_e@0B�uKE^dfgT[FG`SMBFL!Q��

wx_RBFE4J'O{Q`E^GfBhJMQ\_Rl0E¯Ä¯E^dfgT[FG\EH_euFNPBFv�CFE^GxCF_Rd\df_e³hJMQ\_Rl'E^B
ö�NhJ'B!Q\E^BFCPr�BhJM]�_RLºuKE^_h©x[F@U½
Q`@�CFE^df@0G\³PQ\_e@0BPd\³FGf@0q^EHd\d\EHB9NFB!Q\E^G�?AE^GfbøE^BPCFNFBFvoCPE^G»_eB¹­�J'³F_RQ\E^OA¥�� ¥�u�EHd\gT[FGf_eEHu�EHBFE^B
ù�NFG\Gf@0v!JMQ\E�±%J']�_eO{Q`@0BP_ÃJ'B�Y$EHQ\[F@�CFE�L'@0BFB!Q\EºL}WFGfq^Oe_RgT[DCFNFG\gT[$­�@�gT[tEHQ�J'O��FG\E^J'Oe_Rd\_eEHGfQ
b¯EHG\CFEHB {{´�¼2yTµ0µdyH´Å¦0¦�}��ã|%_RE�df_e]ËNFO{QTJ'BPE�NPBFC J'uFdf@0OeN�QÈv0ORE^_RgT[}bøE^GcQ`_Rv0E�©AGf@0q^EHd\df_eE^GfNFBFv
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Q`_ÃJMOe]ËNFORCFE»v0E^LME^BFBFqHE^_RgT[FBFEHQ^�²|�E^G�CFNFGfgT[(CF_RED~

Z, ϑ
�À½ª­�@�@0GfCF_eBFJMQ`EHBoCFE^dºY$_RBF_e]ÈNF]�d

_e] y�GfNFBFCFqHNFdfQ`J'BFCF³K@'Q\E^B!Q`_eJ'O�VXEHdfQ\v0E^ORE^v'Q\E�n�GfQ)CPE^dDY$@'OeE^L}WFORd)BhJ'gT[�EH_eBFEHG�]¶x0v0OR_{½
gT[FE^B$IhG`J'BFgTL0½ªj¯@0BFCF@0B�½Á¸%BPG\E^v'NFBFv$~�I·j4�kCFE^d�¸4CFdf@0G\uFJMQ`EHd�_RdfQ�_RB�¸%uFum�FúP�û¼$~XG\E^gT[!Q\dT�
[FE^Gcl0@0Gfv0E^[F@'u�EHBm��|%_eE�z·@0³K@0Oe@'v0_eE$CFE^Gt©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FE�qHE^_evMQ�ykChJMd\dDE^_RB+df@�J'BFv0E¾½
G\E^vMQ`E^d�a%n�½cY$@0ORE^L}WFO�ChJ'BFB�q^N�L}OeEH_eBFEHG\EHB�©�@0OeJ'Gfb�_RBFL'EHOeB

ϑ
NFBPC�q^N�L}OeE^_RBFE^GfE^B�¸%u�½

dfQTSMBFCFE^B
Z
[F_RB$uKE^dfgT[FOeEHNFBF_Rv'Q�b�_RG\Cm����EpQ`qHQ\E^GfE^d%CPE^NPQ\EHQ¬JMNPV EH_eBFE»¸%BFqH_eEH[�NPBFv0d\L}G\JMViQ



�0� ï5K&ôý¡Hjfõ�¡�¢���ò�óYôý¡Jñ�¡�ò�óYô?õ�¡���ö2£��d¤ B"¹

qpb�_edfgT[FE^B�ù�NPuFdfQ\G`JMQºNFBFC JMBFv0E^GfE^v'Q\E^]Í¸4CFdf@0G\uFJMQË[F_RBUy�b¯EHOegT[FE�J'NPV4CP_eE�j¯@0NFOR@0]Ëu�½
�(E^gT[Pd\E^O{b�_eGfL�NPBFvÈqpb�_ed\gT[PE^B�CPE^]Õa%n − ½Á¿ÁB!Q`EHG\]�E^CF_eJMQxNFBFC�CFEH] ³�@'d\_RQ\_RlÈv0E^OeJ'CFE^BPE^]
j¯ORNFdfQ\E^GAq^NPG\WFgTL}q^N�VXWF[FG\EHB)_edcQ��!ÄøE^_F?AE^Gcb¯EHBFCFNFBPvÈCF_RE^d\EHGA©�@'Q\E^B!Q`_eJ'O<;hS'gT[FE^B�LUJ'BFB
CFEHG
|�E^d\@'G\³PQ\_e@0BFdf³FG\@'q^E^dfdkCFEH]�BhJMgT[�CFNFGfgT[)CFEHB)¸%B!Q`@'BF_eEpb�_eg^q¾½cY$EHgT[hJ'BF_Rd\]ËNPd¯_eOROeNFdcQ`Gf_eE^GcQ
bøE^GfCFE^B�~�df_eE^[PEº­�J'³P_RQ`EHO�úP��¥��{´¶�p�

Ä¯EH_ãBFE^NFEHG\EHB�s�B!Q`EHG\dfNFgT[}NFBFv0EHBol0@0BoY$E^[FCFJ'@0NF_ãEHQ%J'O��FL'@0BPB}Q\EºBPE^uKE^BZCPE^] J'B�½
v'E^G\EHv'Q`EHBDa�n − ½ÁJ'GfQ\_ev0EHB�®¡NFdcQTJ'BFCDJMNFgT[�CFE^G4y�GfNFBFCFqHNFdfQ`J'BFCDCFE^d4ù�r�dfQ`EH]�d4]�_RQ\[F_eO{VXE
l'@0B�	
������������� j¯OeNPdfQ`EHG\GfE^gT[FB}NFBFv'E^BÇL'@'BFdfQ\G\NF_RE^GfQ·bøE^G\CPE^B�{ ´Å¦'¼?yH´Å¦!µ�}��Å¸%NPgT[ËCF_eEHd\Eø©�@M½
Q\E^B!Q`_eJ'O<;hS'gT[FE^B�·hBPCFE^B�_eBFBFEHG\[hJMOeuÇCFEHGAl'@0G\OR_eEHv0E^BFCPE^B�¸%G\uKE^_{QAu�EH_FCFEHG+�}NhJMB}Q\E^BFC�r�BFJU½
]�_edfgT[FE^B�ù�_R]ËNFOÃJUQ`_e@'BÈCFEHdø|�E^d\@'G\³PQ\_e@0BFdf³FG\@'q^E^dfd\EHdk¸%B!bøE^BFCFNPBFvÈNFBPC�df@0OeORE^B
CFE^df[hJ'ORu
_R] VX@0Oev'E^BFCFEHB)L}NFG\q%u�EHd\gT[FGf_eE^uKE^B)bøE^GfCFE^B¡�F¿ÁB�CFE^B�ù�Q`NFCP_eE^B�b�NFG\CFEHBDq^NFBhSMgT[FdfQ4CPG\E^_
IhGfE^_e[PE^_RQ\d\v0G\J'CFE�CFEHdZa%n�½cY$@0ORE^L}WFORdtuKE^GfWFgTL}d\_RgT[}Q\_ev'Q^¨�CF_eE¹|%EHd\@0Gf³PQ`_R@0BFd\LM@�@'G\CF_RBhJMQ`E
Z
y bøE^ORgT[FEob�_eEHCFE^GfNF] CFE^B�¸�uFdfQ`J'BFC�CFEHdDY$@0ORE^L}WFOedfgT[!b¯EHG\³FNFBPL}Q\E^dtq^NFG)n�u�EHGz;«SU½

gT[PE�ChJ'GfdfQ\E^OeO{Q�ymCP_eE¨�·JUQ`E^G\J'OeLM@�@'G\CF_RBhJMQ`E
X
q^NPGÈÄ¯EHd\gT[FGfE^_RuFNFBFvoCPE^GºÄ¯EHbøE^v0NPBFvoCFEHd

Yt@0OeEHL�WPOed\gT[!bøE^Gf³FNFBFL!Q`EHdÇE^B!Q`OeJ'BFvDCFEHGºCF_eJ'v0@0BFJ'OeEHBo?AE^G\uP_eBFCFNPBFv0d`JMgT[Fd\E�qHbøE^_eEHGÈa�_{½
gTLME^OeJMQ`@0]�E¬_eBDCFEHG�n¬uKE^GY;«S'gT[FE»d\@Åb�_RE»CPE^G�©�@'OÃJ'Gcb�_eBFLME^O

ϑ
qHb�_Rd\gT[FEHB�Y$@'OeE^L}WFOeJ'gT[FdfE

NPBFCon�uKE^GY;«S'gT[FEHBFBF@0Gf]�J'ORE'�

¸�uFuF_ROeCFNFBPvZúP��µ�¨·¥'| ©�@'Q\E^B!Q`_eJ'O<;hS'gT[FE�CFE^dÈy�GfNFBFCFqHNFdfQ`J'BFCFEHdD~�OR_eBFL}d`�¬NPBFC9CFEHd��ãJU½
CPNFBFv0dcQ`G`JMBFdfVXEHG\q^NPdfQTJMBFCFE^dt~XG\EHgT[}Q\dT�»J'] ù�r�dfQ\E^] a�n�¯'a�_in
~c´�¦0¦!��y�b¯@0uKE^_ACF_RE¶�·JUQ`Ep½
G\J'OeLM@�@'G\CF_RBhJMQ`E�J'NPV�CFEHG�y¬OeEH_egT[Fv'EHb�_egT[!Q\d\L'@'B2·hv0NFG\JMQ`_R@0B _e] y¬G\NFBFCPq^NFdcQTJ'BFC#~

X =

1.02
J��ûNm����VXE^dfQ\v0E^[FJ'ORQ\E^B(b�NPG\CFE {{´Å¦M¼�} ��¸�NFgT[�[F_RE^G»_edcQºCFJ'dºv'Oe@0uhJMOeE�Y$_RBF_e]ËNP] _e]

y¬G\NPBFCFq^NPdfQTJMBFC�NFBFC#CFE^G$IhG`J'BFgTL0½ªj¯@0BFCF@0B�½ª©xNFBFL!Qo_R] J'BFv'E^G\EHv'Q`EHB ®¡NFdcQTJ'BFC�v0Ep½
LME^BFBPq^E^_RgT[FBFEpQ��
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|�E^G�E^OeEHL!Q`G\@'BF_edfgT[FEoy¬G\NPBFCFq^NPdfQTJMBFC°b�NFGfCFEt]�_{Q\Q`EHOed��}NhJ'B!Q\E^BFgT[FEH]�_Rd\gT[FEHG�Y$E¾½
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Ê��d�9�����������Á½Áa%S'[FEHG\NFBPv�uKE^GfE^gT[FBPEHQ��%|%_eE(Y$@�CFEHOeOe_RE^GfNFBFv CFEHGZa�_in
~c´Å¦'¦!�Á½ªn¬uKE^GY;«S'gT[FE
E^GfVX@'Oev'Q\ExChJ'uKE^_}CFNFGfgT[ËE^_RBFE^Bºa�_Ãn
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13

½ªj¯OeNFdcQ`E^G´yÅb¯EHOegT[FEHG�l0@'BÈE^_RBFE^] JMNFd\v0EHCFE^[PB�½
Q`E^B9©S�·I�NF]�v'E^uKE^B9_RdfQ^��|�_eE�d\@ZEHG\[hJMORQ`EHBFE�¸4CFd\@0Gf³PQ`_R@0BFdfE^BFEHG\v0_RE�l0@'B ¦P�ûú"�$EÀ? _edcQ
L�ORE^_RBFE^GøJ'OedACFEHG¯E¾ÂP³KE^Gf_e]�E^B!Q`EHOeORE��(E^GcQøl'@0B

0.57± 0.04
EÀ?Í{ý§"��}���|�_eE%¸4CPd\@0Gf³PQ`_R@0BFdc½

v0E^@0]�EHQ\G\_RE dfQ\_e]�]ÈQ�ChJ'v'E^v0EHBºGfE^gT[!Q²v'NPQã]�_{Q�CFEHBÈEpÂ�³KE^Gf_e]�E^B!Q`EHOeOeEHB�s�B!Q`EHG\dfNFgT[}NFBFv0EHB
WFu�EHG\EH_eBm¨��5_eEº_eBo¸�uFum�mú�� µo~XOe_RBFL}dT�4E^G\df_egT[!Q`OR_egT[Uy�J'CFdf@0G\uP_eE^GcQ�ChJMd¬a�n�½cYt@0OeEHL�WPO�ChJ¶½
BhJ'gT[�]�_{QÈEH_eBFEH] �5_RBFL'EHO¯l0@'B

ϑ = 60o
NFBFC�E^_RBFE^] ù�gT[!b¯EHG\³FNPBFL!Q`d`JMuFdfQ`J'BFC qHNFG

n¬uKE^GY;«S'gT[FEtl0@0B
Z = 4.3

JP�ýNm�<yAbø@0u�EH_�CPE^G�OeJMQ`EHG`J'ORED¸%uFdcQTJ'BFC-qHb�_edfgT[FE^B�EH_eBFEH]
a�_egTLME^OeJMQ`@0]þCFE^G%n�u�EHGz;«S'gT[PEÈNFBFC$CFE^] Y$@'OeE^L}WFORd\gT[!bøE^G\³PNFBFL!Q

X = 1.02
JP�ýNm�«uKEp½

Q`G`SMv'Q��ø|�J'G\J'NFd)VX@0ORv'Q�b�_RE^CFEHG\NF]uy¯CFJ'd\d�df_egT[5ChJ'dDa4½Á¸kQ`@'] CFEHdtY$@0ORE^L}WFOed�_eB CFEHG
y�ORE^_egT[Pv0EHb�_RgT[}Q\L'@0Bd·hv0NFG\JMQ`_R@0BÇCF_eGfE^L!Q WFuKE^GxE^_RBFE^] a�_egTLME^OeJMQ`@0]2CFE^Gøn�uKE^Gz;hS'gT[FE�u�E¾½
·hBFCFEpQ�yFbø@0u�EH_�CFE^G�¸�uFdfQ`J'BFCZqpb�_edfgT[FE^B$u�EH_eCFEHBt¸kQ\@0]�E^B$úP� @0¥
J��ûNm�Pu�EpQ`G`SMv'Q��

|�_eE�CFG\EH_eCF_R]�EHBFd\_R@0BhJ'OREÇ©�@'Q\E^B!Q`_eJ'O<;hS'gT[FE�CFE^dÈJ'BFv0EHG\E^vMQ`E^B��·JMCFNFBFv0dcQ`G\J'BFdfVXEHG\qHN�½
dfQTJMBFCFE^d�b�NFG\CFEËb�_RE^CFEHG\NF]÷]�_RQ�CFE^G�? J'OeEHBFqp½ªj¯¿ ½cY$EpQ`[F@�CFEÈuKE^GfE^gT[FBPEHQ��ã|%J'd�v0OR@0uhJU½
OeE�Y$_eBF_R]ËNF] _RdfQºChJ'uKE^_ABhS'[PE^GËJMB9CFEHGËa�_Ãn
~c´Å¦0¦0�Á½cn�uKE^GY;«S'gT[FE
Oe@'LMJMOe_edf_eEHGfQ�J'ORdºCFJ'd
CFE^dty¬G\NFBPCFq^NFdcQTJ'BPCF³�@MQ`E^B!Q\_ÃJ'ORd(ykdf@�CFJ'd\d�CFEHGD|%E^df@0G\³�Q`_e@'BFd\³FGf@0q^EHd\dtE^GfBFE^NPQDCPNFG\gT[
E^_eBPE^B>¸%B!Q\@0BF_eEpb�_egHqp½cù�q^E^BFJ'G\_R@ l0E^G\J'BFdfgT[hJ'NFOR_egT[!Q�b¯EHG\CFEHB2LUJ'BFB¡�¬|%_eEHd�_edcQ¨�fE^CF@�gT[
BF_egT[!QÇBF@MQÁb¯EHBFCF_ev'E^GfbøE^_Rd\E�qHNPQ`GfEHõ�E^BFCUy bøE^BPB�CP_eE)|�_e]�E^BFdf_e@0BhJMOe_RQ`SMQ�CFEHd
©AGf@0uFORE^]�d
G\E^CPNFq^_RE^GfQ¯b�_eG\C¡�P¸%uPum�húP��µ)~�GfE^gT[!Q`d`�kq^E^_Rv'Q4CF_RE¬¥'| ©·@'Q`EHB}Q\_ÃJ'O ;«S'gT[FE%CFE^d�J'BPv0E^GfE^v'Q\E^B
®¡NFdfQ`J'BFCFEHd$VXWFGtE^_RBFE9JMNPVÇCFEHGoy¬OeEH_egT[Fv0Epb�_egT[!Q`dfL'@0Bd·hv0NFG\JMQ`_R@0B#_R] y�GfNFBFCFqHNFdfQ`J'BFC
~
X = 1.02

JP�ýNm� �ÇVXE^dcQ`v0EH[hJ'ORQ\E^BFE �·JUQ`E^G\J'OeLM@�@'G\CF_RBhJMQ`EM� Ä¯E^_�CF_eEHd\E^B+¥M|�½cù�gT[PBF_RQfQ`E^B
CFE^G�ú0|�½ª©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FEHB�[hJMQ¬B}NFB�ChJ'd�©·@'Q`EHB!Q`_ÃJMOe]�_eBF_R]ËNF] CFEHd�J'BFv0EHG\EHv'Q`EHB9®¡N�½
dfQTJMBFCFE^d4EH_eBFEHBDv0G�x"¥'E^G\EHB�¸%uFdcQTJ'BPCtqHNFG�n�uKE^Gz;hS'gT[FE»J'OedøChJ'd4v0OR@0uhJ'ORE�Yt_eBF]ËNP] CFEHd
y�GfNFBFCFqHNFdfQ`J'BFCF³K@'Q`EHB!Q`_ÃJMOed¬~Xd\_RE^[FE�¸%uFum�PúP��µ0�p��|%_eEHd¯_RdfQkuKE^df@0BFCFEHG\dkEHGfb¯S'[FBFEHBFdfbøE^GcQ�y
b¯EH_eOKCF_eE�_eB)­�J'³P_RQ`EHOmµ�l0@0Gfv0E^dcQ`E^ORORQ\E^B1�}NhJ'B!Q\E^BFCPr�BhJM]�_Rd\gT[FEHB$Æ�E^gT[PB�NPBFv0E^BtNm�ûJP��J'NPV
CFE^B�_eB�¸%uPum�AúP��µ�ChJMG\v0EHdfQ`EHOeO{Q`E^B�qpb¯EH_eCF_R]�EHBFd\_R@0BhJ'ORE^B�©�@MQ`E^B!Q\_ÃJ'O ;«S'gT[FEHB°CFNPG\gT[Fv0E¾½
VXWF[FGfQ4b�NPG\CFEHBm�

¿Á]+VX@0Oev'E^BFCFEHB»­»JM³F_RQ\E^O'df@0OeO'EpÂ�³FOe_Rq^_{QmE^GfOÃS'N�Q`E^GcQmbøE^G\CPE^BUyÅb�_eEx_RB¬CFE^G�l'@0G\OR_eE^v'E^BFCFEHB
¸%G\uKE^_{Q
CFE^G�|%EHd\@0Gf³PQ`_R@0BFd\³PG\@0qHE^d\d�u�EHdfQ\E^[FEHBFC5J'NFd
CFEH] ¸%BFGfE^v0NFBPv0d\]�E^gT[hJMBF_edf]ËNFd
NFBFCtCFE^] CFJ'G`J'N�V�VX@0ORv0E^BPCFE^BtÆ�E^OÃJ¶ÂFJUQ`_e@'BFd\³FGf@0q^EHd\d�d\_R]ËNFOR_eE^GcQ¯bøE^GfCFE^B$d\@0ORO �



�0�q�$lÌj�÷?¡� < ��)¡�õ�£��2¤�ÿ¨��¢S÷?¡�õGM9£�õ�õgj�¤�ú2¢�¡XFJú�ÿ¶�� �¢kjf�?� ú��¤l/¡f¢�ôÍjd÷2¡ B �
�¨ÉÎ� K B�M�ÎWG�GH=�Î�@QÒÐÏJD × =�Ô MÐÎ�@ ?¨ÒA@¥@¥B'D�Ó�ÔcÎ FÁÓ°× =HG�ÔIB7Ï

ÏJ=(Ó°Ï K ÎÚÔ5LzB�M�Î
|�E^Gã±%JM]�_RORQ`@'BF@0³KE^G`JUQ`@0G«VXWFGmChJMdãJ'NFdãJ'CFdf@0G\uP_eE^GcQ`EH]�a�n�½ªY$@0OeEHL}WFO0NFBFC�CFEHGãa�_Ãn�~ª´Å¦0¦!�À½
n�uKE^GY;«S'gT[FE»u�EHdfQ\E^[FEHBFCFEÈy�EHd`J']ÈQ\dfr�dfQ\E^] _RdfQ�CFNFGfgT[

Ĥ = ĤS + ĤSF (t) + ĤB + ĤSB + ĤBF (t)
~�úP��ú0�

v'E^v0EHu�EHBm�k|%EHGDù�r�dfQ\E^]Ç½ª±�J']�_RORQ\@0BF@0³KE^G\JMQ`@0G
ĤS

uKE^d\gT[PG\E^_RuPQ�EH_eB�J'N�V�E^_eBPE^] E^BFC�½
OR_egT[FEHB9z·E^_ROxCFE^GÈa�_egTLME^OR@ÅÂ�_RCF@0uKE^Gz;hS'gT[FE)JMCFd\@0GfuF_eEHGfQ\E^dºa�n�½cY$@'OeE^L}WFO�ymbkSM[FG\EHBFC�CFEHG
l'E^GfuFOeEH_euKE^BFCFE»z·E^_eO�CPE^G�ù�NFuFdcQ`G\JMQ`@0uKE^GY;«S'gT[FEÈJ'Oed�s�]�v0EHuFNFBFv�uFqpb���Ä¯J'C�~

ĤB

�4]�@M½
CPE^OeOR_eEHGfQ�b¯EHG\CFEHB�d\@0ORO �K|%E^G�±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G

ĤSB

uKE^d\gT[PG\E^_RuPQ¬CFEHB�CF_edfd\_R³hJMQ`_{l0EHB
wx_RB2;hNFdfd¬CFE^G�s�]�v0EHuFNFBFvDJMNPV ChJ'd¬©xG\_R]�SMG\dfr�dcQ`E^]t��ù�@¶bø@0[FO²ChJ'd»ù�r�dfQ\E^]ÍJMOed�JMNFgT[
CFJ'd%Ä¯J'CZL�x0BFBFEHBZVXE^GfBFE^G�]�_{Q�CFE^] q^EH_RQ`J'uF[hS'BPv0_ev0EHBDE^OeEHL!Q`G\_Rd\gT[FEHB�IhE^ORC$CFEHdJ�ãJ'dfE^Gc½
³PNFOedfE^dãb¯EHgT[Fd\EHORb�_eGfL'EHBUyUb¯J'd·CFNFGfgT[ÈCF_REA±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G\EHB

ĤSF (t)
uFqpb��

ĤBF (t)gT[FJ'G`J'L!Q\E^G\_Rd\_RE^GfQ4b�_RG\Cm�
|%_REÇù�Q\G\NFL!Q\NFG�CFEHG�E^_RBFq^EHOeBFEHB�±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G\EHB�b�_eG\CZCFNFG\gT[�CP_eEÇù�NFG\Gf@0v!JU½

Q\E»±%J']�_eO{Q`@0BF_eJ'B�YtEHQ`[P@�CFE»uKE^dfQ\_e]�]ÈQ4NFBPCtb�NFGfCFE»_eBDCFE^G�|%_Rd\d\EHGfQ`JMQ`_R@0B�l0@0B$­�@�gT[
uKE^dfgT[FG\_RE^uKE^B«{�µ0µf} �h¿Á]þVX@'Oev0EHBFCFE^BDdf@0OeORE^BDB}NFB$CP_eE^dfE»±%J']�_eO{Q`@0BF@'³�EHG`JMQ\@0G\EHBUy�CP_eE¬q^NPG
Yt@�CFEHOeOR_eE^GfNFBFv¬CFEHGA¸%BFGfE^v0NFBPvÈNFBFC�Æ�E^OÃJ¶ÂFJUQ`_e@'BÇu�EH_e]Õ|%EHd\@0Gf³PQ`_R@0BFdf³FG\@0qHE^dfdkJ'] ù}r}½
dcQ`EH] a�n�¯'a�_in
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ϕ
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Y$@0OeEHL}WFOÃJ'gT[Pd\E�E^B!Q`OeJ'BFvDCFE^G»CF_eJ'v0@0BhJMOeE^Bo?AEHG\uF_RBFCFNFBPv0d`J'gT[Pd\E�qpb¯EH_eEHGÈa�_egTL'EHOÃJMQ\@0]�E
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n¬uKE^GY;«S'gT[FEHBFBF@0Gf]�JMOeEoJMOed�ö�NhJMB}Q\_edf_eE^GfNFBFv0d\J'gT[FdfE�E^_eBPE�Ä¯EHbøE^v'NFBFv0dfL'@0BFdcQTJ'B!Q\E(qHNFG
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ĤS =

(
T̂ + Vg(Z, ϑ) 0

0 T̂ + Ve(Z, ϑ)

)
.
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T̂
CFE^G¬n¬³KE^G\JMQ`@'G%CFEHG�L}_eBFEpQ`_edfgT[FE^B¹wxBFEHG\v0_RE

u�EHq^E^_RgT[FBFEpQ�y²bøE^ORgT[FE^G
d\_RgT[�J'NFdÇCFEHG
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T̂ = T̂trans + T̂rot

CPE^G�n�³�EHG`JMQ\@0G\EHB
VXWFG�CP_eEtz�G\J'BFd\OeJMQ`_R@0BFdfE^BFEHG\v0_RE9~

T̂trans
�ÇNFBFC CF_REtÆ�@'Q`JMQ`_R@0BFdfE^BFEHG\v0_RE9~

T̂rot
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EHG\v0_RuPQ��
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ÂPEHdkJ'BPv0E^BF@']�]�E^Bm�!¿ÁB�CFE^G l0@0GfOe_RE^v0EHBFCFE^B�¸%Gfu�EH_RQød\@0OROhChJ'[FEHG¯JMNFgT[)CFEHGø¸�BFG\EHv0NFBFv0dª½
³FG\@0qHE^dfdºCFNPG\gT[9EH_eBFEÇCP_eG\EHL!Q`E��9EHgT[Fd\EHORb�_eGfL}NFBFvtqHb�_edfgT[FE^B9E^OeEHL!Q`G\_Rd\gT[FEH]Á�ãJ'd\EHGfVXE^ORC
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CPE^B J'BPv0E^GfE^v'Q\E^B ®¡NPdfQTJMBFC�ChJ'Gfv0E^dcQ`EHOeORQ�b�_RG\Cm�L�(E^_RQ\E^Gf[F_eB¹LUJ'BFB9CP_eE
l0E^GcQ`_RLMJMOeE
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GfE^v0NPBFv0d\EHBFE^Gfv0_eE%CFE^d�®¡NFdcQTJ'BPCFE^d4JMOedkS���NP_RlMJ'OeEHB!Qk]�_RQøCFE^G4wxBFEHG\v0_RE%CFEHd �ãJ'd\EHG\³FNFORd\EHd
JMBFv0E^BP@0]�]�E^B�bøE^GfCFE^Bm�

Ä¯EH_«E^_eBPE^GxCF_RG\E^L!Q\E^B�@'³PQ`_Rd\gT[FEHB�¸�BFG\EHv0NFBFvºCFE^d ¸4CFd\@'G\uhJMQc½cù�NPuFdfQ\G`JMQc½ª­�@']�³FOREpÂ�E^d
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³PNFOedfE^d

ĤSF (t) =

(
0 E(t)µ̂tr(Z)

E∗(t)µ̂tr(Z) 0

)
.
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µ̂tr(Z)

uKE^dfQ\_e]�]ÈQ _RdfQ^�0|%_REk¸%uF[FS'BFv0_Rv0L'EH_RQ CPE^dS§�uKE^Gfv!J'BFv'd\CF_R³�@0OR]�@']�EHB}Q\E^d·l0@0BÇCFEHG
n�dfq^_eOROÃJMQ\@0G\dcQTS'GfL'E

f
b�NFGfCFE»_eB]	
�������������¬Æ�E^gT[PB�NPBFv0E^BZCFNFG\gT[

f =
2

3
Efi|µfi|2
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uKE^dcQ`_R]�]ÈQ�{ @0¦2y�@�´(} ��I²WFGºCF_eE�n�d\qH_eOeOeJMQ`@'G\dfQ`S'G\LME�V�NPBFC CF_eE�§�uKE^Gfv!J'BFv0dfE^BFEHG\v0_RE
EfiEHG\v!JMu9d\_RgT[�ChJ'uKE^_ BhS'[PE^G\NPBFv0dfbøE^_Rd\E

f = exp(−Z)
uFqpb��

Efi = 4
EÀ?�Ð¬¦P�{´¶µ$J��ûNm�

|%J']�_{Q4LUJ'BFBtCFE^G�§�u�EHG\v!J'BPv0d\CF_R³�@'Oe]�@0]�EHB!QkCFNFGfgT[

µtr(Z) =

√
3

2

exp(−Z)

0.15
.
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|�JMdtEHOeEHL}Q\G\_Rd\gT[FE/�ãJ'dfE^GfVXEHOeC
E(t)

b�_RG\C�d\EH]�_RL}OÃJ'dfd\_edfgT[5u�EHd\gT[FGf_eE^uKE^B9y4ChJ�CFE^dª½
dfE^B5G`SMNF]�OR_egT[FE$¸%uF[FS'BFv0_Rv0L'EH_RQ)l'E^G\BFJ'gT[FOÃSMd\d\_Rv'Q)b�_RG\Cm�¯I²WFG)CF_REo¸%NPd\uFGfE^_RQ\NFBFv�CFEHd
�ãJ'dfE^Gf³FNFOedfE^d�b�_RG\C�J'ORd\@)CF_REËv0EH@0]�EpQ`Gf_ed\gT[�½Á@0³PQ\_edfgT[FEËa�S'[FE^GfNFBFvtJ'BFv'E^BF@0]�]�E^Bm��|%_eE
qHE^_{Q`Oe_RgT[FE¬¸%uP[hS'BFv0_Rv0L'EH_RQ4CPE^dG�·JMd\E^GcVXE^ORCFE^d�_edcQ�CFNFGfgT[

E(t) = E0 exp

(
−(t− tmax)2

2σ2
P

)
exp (iωLt) .
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ωL
S���NP_RlMJ'OeEHB!Q

q^NFG
|%_{õ¡EHG\EHBFq�qHb�_Rd\gT[FEHB
Ve

NFBFC
Vg

JM] Y$_RBF_e]ËNP] CPE^d�y�GfNFBFCFqHNFdfQ`J'BFCF³K@'Q\E^B!Q`_ ½
J'Oed
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��|%_RE¹ù�QTJ'BPChJ'G\CFJ'u!b¯EH_egT[}NFBFv

σP
LUJ'BFB+J'NPgT[�CFNPG\gT[#CP_eE�±%JMOeu!b¯EHGfQ\d\uFGfE^_RQ\E

τP
WFu�EHG

τP = 2σP
√

2 ln 2
u�EHd\gT[FGf_eEHu�EHB b¯EHG\CFEHBm�k|%EHG1�ãJ'dfE^G\³PNFOed
b�_eGfC J'ORd\@¹_eB

CFE^B�ù�_e]ÈNFOÃJMQ\_e@0BPE^BËCFNPG\gT[�CPG\E^_K©�J'G`J']�EHQ\E^GxgT[hJMG`J'L!Q`EHG\_Rd\_eEHGfQ^¨!CFE^G IhG\E´��NPE^BFq
ωL
y!CFEHG

YZJUÂ�_e]�J'OÃJM]�³FOR_RQ\NFCFE
E0

NFBFC�CFE^G¯±%J'ORu}bøE^GcQ`dfuFG\EH_RQ`E
τP
��wxB!Q`df³FG\EHgT[FE^BFCtCFEHB�_eB�CPE^B

w Â�³KE^Gf_e]�E^B!Q`EHBÈl0EHGfbøE^BFCFEpQ`EHB¨�ãJ'dfE^Gf³FNFOedfE^B�{ª!"!dy�!���}}b�_eGfCÈuKE^_}CFEHBÇs�B!Q`EHG\dfNFgT[}NFBFv0EHB
_eB�CF_RE^d\EHG�¸%G\uKE^_{Q�E^_RBFE°�·JMd\E^GfE^BFEHG\v0_RE¬l0@0B

ωL = 3.7
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ĤB = ε
∑

i

σ̂†i σ̂i +
η

log(N)

∑

ij(NN)

(
σ̂†i σ̂j + σ̂†j σ̂i

)
,

~�úP� �0�



�0�q�$lÌj�÷?¡� < ��)¡�õ�£��2¤�ÿ¨��¢S÷?¡�õGM9£�õ�õgj�¤�ú2¢�¡XFJú�ÿ¶�� �¢kjf�?� ú��¤l/¡f¢�ôÍjd÷2¡ B�"
uKE^dfgT[FG\_RE^uKE^Bm�?�5_RE�_eB)­»JM³F_RQ\E^O�¥�� ¥ÈEH_eBFv0EpVXWF[FGcQ�y�bøE^GfCFE^Bt]�_RQ

σ̂†i
NPBFC

σ̂i
CF_eE¬wxGfq^E^N�½

v'E^G»uFqHb��ã?AE^GfBF_egT[!Q`EHGºCPE^G
i
Q`EHB�ÄkJ'CP]�@�CFE
u�EHq^EH_egT[FBFEpQ���|%E^GºE^GfdfQ`E�z�EHG\]Í_RB�y¬OeEH_{½

gT[}NFBPv�~�úP� �0��u�EHd\gT[FGfE^_RuPQ�CF_eEÈ¸%BFGfE^v0NFBPvtEH_eBFEHd¬Oe@0LUJ'OR_edf_eE^GcQ`EHB�®�®�ù$]�_RQ%CFE^] ¿ÁBPCFEpÂ
i
yFbkSM[FG\EHBFCZCFEHG�qHbøE^_RQ\Eºz·E^Gf] E^_RBFE^Bt]¶x0v0Oe_RgT[FE^B�¸�BFG\EHv0NFBFv'dfQ`G\J'BFdf³�@0GcQ�l0@0B$E^_eBPE^]
wxORE^L!Q`Gf@0B�½E��@�gT[�½ª©�J0J'G4qHN$EH_eBFEH] BhS'gT[FdcQ`EHBoa%JMgT[�uFJ'G\B9~�a�a��ku�EHG\WFgTL}df_egT[!Q`_Rv'Q��

¿ÁB�y¬OeE^_RgT[}NFBFv�~�ú�� �!�ãb¯EHG\CFEHB�CF_REkqHbøE^_«©�J'G`JM]�EpQ`E^G
ε
NFBPC

η
_eBÈCF_eE4Ä¯J'CFuKE^d\gT[PG\E^_ ½

uPNFBFv�E^_RBFv0EHVXWP[FGfQ^�xI²WFGÇCF_RE�wxOeEHL}Q\G\@0B�½E��@�gT[�½ª©²J'J'G\E�_RB CFE^G�n�uKE^Gz;hS'gT[FE�b�_eGfC�EH_eBFE
_RCFE^B!Q\_ed\gT[PE)¸%BFGfE^v0NPBFv0d\EHBFE^Gfv0_eE

ε
J'BPv0E^BF@']�]�E^Bm�·Ä¯EH_¯EH_eBFEHGË¸%BFBFJ'[F]�E�l0@'B�a�_in�½

Yt@0OeEHL�WPOeE^B�_eB�CFE^G¯ù�NFuFdcQ`G\JMQ`@0uKE^GY;«S'gT[FE�bkS'GfE
ε
CF_REX§�u�EHG\v!JMBFv0d\EHBFE^Gfv0_eE�l0@'] [2x�gT[�½

dcQ`EHB°uKE^dfEHQ`qpQ`EHB ~�±%n»YZn»�ÈqHNF] BF_RE^CFGf_ev0dcQ`E^B�NFB}uKE^dfEHQ`qpQ`EHB5Y$@0ORE^L}WFOe@'G\uF_{QTJ'O%~��ãs�½
YZn»�¾�%|�_eE/�9EHgT[Fd\EHORb�_eGfL}NFBFv0dfdfQTSMG\L'E qpb�_edfgT[FE^B>uKE^BhJMgT[�uFJ'GfQ\E^B ÄkJ'CP]�@�CFE^B+b�_eGfC
CPNFG\gT[

η
uKE^dfgT[FG\_RE^uKE^Bm�Pù�_eE�VXWF[PGfQøq^N)EH_eBFEHGøEHBFCFOe_RgT[FE^B�ÄkJ'BFCPuFG\EH_RQ`E�CFEHGø¸�BFG\EHv0NFBFv0dª½

EHBFE^Gfv0_eEHB�CPE^doÄ¯J'CFE^dH���5_eG\C5CFEHGZÄ¯J'C�½ª±�J']�_eORQ\@0BF@0³KE^G\JMQ`@'G�J'NPdoy¬OeEH_egT[}NFBFv�~�ú�� �!�
CP_ÃJ'v0@'BhJ'Oe_Rd\_RE^GfQ NFBPCt_RdfQ

N
CF_eE�¸�BFq�JM[FOmCFEHG�ÄkJ'CF]�@�CPE^BUy�ChJ'BFBDE^B!Q\d\³FGfE^gT[FEHBZCF_RE

Nwx_Rv0E^BFEHBFE^Gfv0_eEHBËBhJ'[PE
ε
E^_RBFE^G�]¨x0v'Oe_egT[PE^BºwA_RBPV�J'gT[hJMBFG\EHv0NFBFv�CPE^G Ä¯J'CF]�@�CFEHBUy

N
wx_{½

v'E^BFEHBFE^Gfv0_eEHBÇBhJ'[FE
2ε
E^_eBPE^G |�@0³F³KE^OÃJMBFG\EHv0NFBFv?yUNFdcb��!|�J'dAù�³�EHL}Q\G\NF]2CFE^G ÄkJ'CFEHBFE^Gª½

v'_eE^B�_RdfQ4CFJ'BFBDgT[hJ'G\J'L!Q`E^Gf_edf_eE^GcQ4CFNFGfgT[$CP_eE¬©�J'G`J']�EHQ\E^G
ε
NFBFC

η
�F|�JMd�wxBFEHG\v0_RE^uhJMBFC

_RdfQ�uKE^_
ε
q^E^B!Q\G\_eEHGfQ(yFbkS'[PG\E^BPCZCF_RE�Ä¯G\EH_RQ`E¬CPNFG\gT[

η
uKE^dfQ\_e]�]ÈQ4_RdfQ��

|%EHG ù�LMJMOe_eEHG\NFBPv0dfV�J'L!Q\@0Gx´f¯MOR@0v«~�a%�¡_e]�qHbøE^_RQ\E^Bºz�EHG\]>l0@0BËy�ORE^_RgT[�NPBFvº~�úP�ª�!�¡b�NFGc½
CPE�EH_eBFv'EHVXWF[FGcQ�y!NF]ÐCF_eE�­�@'B}l'E^Gfv0E^BFq�CFE^dAv0EHd`J']ºQ`E^B�?AE^GcV�J'[FG\EHBFdAq^N�v0EHb¯S'[FGfOeE^_RdfQ\E^Bm�
|%J']�_{Q¯b�_RG\CDd\_RgT[FE^Gfv0E^dcQ`E^ORORQ(yPChJ'dfd�CF_eE¬Ä¯J'BFCFuFGfE^_{Q`E¬CFEHG�wA_Rv0E^BPE^BFEHG\v0_RE^B�BhJ'[PE

ε
NFB�½

JMuF[hS'BFv'_ev�l0@0BÇCFEHG�¸�BFq�JM[FOPCFEHG ÄkJMCF]�@�CFEHB
N
_edfQ^�U|%_eE z�@'³�@0OR@0v0_RE CPE^G Ä¯J'CFChJ'GfdfQ\E^O{½

ORNFBFv$_edfQÈCFNFGfgT[ E^_eBPE)©xG\@��fEHL!Q`_e@'B CFE^dËqpb¯EH_eCF_R]�EHBFd\_R@0BhJ'ORE^B(ÄkJ'CFEHdËE^_RBFE^GËn�u�EHGz;«SU½
gT[PE^BFOeJ'v0EÈ_RBZEH_eBFE»E^_RBFCF_e]�E^BPd\_e@'BhJ'OeE�ÄøE^d\gT[PG\E^_RuFNFBFv�uKE^dcQ`_R]�]ÈQÈ~Xd\_eEH[FEÈ¸�BF[hJ'BPv�j4�p�
¸�NPVXv0GfNFBFC CF_RE^dfE^G�©xG\@f�fE^L!Q`_R@0B-b�NFGfCFEod\gT[POe_eE´¥0Oe_RgT[-CFEHG�ù�LUJ'OR_eEHG\NFBFv'dfV�J'L!Q`@'G�_RB-CFEHG
|�_ed\dfE^GcQTJMQ\_e@0B l0@'B°­�@�gT[�E^_RBFv0EpVXWF[FGfQ(y²bø@9J'NPgT[�EH_eBFEtJ'NPdfVXWF[FGfOe_RgT[FEDÄ¯E^dfgT[FG\EH_euFNPBFv
CFJ'G\WFuKE^G�qHNu·hBPCFE^Bt_edcQ°{�µ0µf} �

Y$_{Q y¬OeE^_RgT[}NFBFv
~�úP� �0�·b�_eGfCÇCF_eEøL'@0]�³FOe_Rq^_RE^GfQ\E¯EHOeE^L!Q\G\@0BF_Rd\gT[FE4ù�Q`GfNFL!Q`NFGxCFEHG ù�NFu�½
dcQ`G\JMQ`@0uKE^GY;«S'gT[FE�CFNPG\gT[ZEH_eBFE�JMuFdfQ\G`J'L!Q`E»Ä¯EHd\gT[FGfE^_RuFNFBFv�CFE^G�n�¥M³ → a�_Ãú'CÐ�ãJ'CFNPBFv0dª½Q\G`J'BPdfVXE^Gfq^NFdcQTS'BPCFE4]�@�CFEHOeOe_RE^GcQ��(�(E^GcQ`EøVXWPG²CF_REk©²JMG`J']�EHQ\E^G

ε
NPBFC

η
L�x0BPBFE^B
CFEHd\[hJ'ORu

df@Åb¯@0[POP]�_RQ·EpÂ�³KE^G\_R]�EHB!Q`E^OROeEHBÈs�B}Q\E^Gfd\NFgT[}NFBFv'E^B
b�_eEøw wS�·ù�~��¦��
������������¦�9
�������¯c�����
ÿ"��
����������������l���ãJ'ORd J'NFgT[ÇCPNFG\gT[u	
� �����������øÆ�E^gT[FB}NFBPv0E^B
]�_RQ�CFE^GAYtEHQ`[P@�CFE¯CFE^G²­�@0B�½
·Fv0NFG`JUQ`_e@'BFdfbøE^gT[FdfE^O{b�_eG\L}NFBPv�~ j¯¿c�ãJ'uFv0EHd\gT[hSMQ\qHQ bøE^GfCFE^B¡�!ù�@�LM@0BFB!Q`E¯CF_eEøÄkJ'BFCPOeWFgTLME
l'@0B�a�_in�d\@Åbø@0[FO«EpÂ�³KE^Gf_e]�E^B!Q`EHOeOU{ ´Å¦
!f}«J'OedAJMNFgT[
CFNFG\gT[)j¯¿ ½ªÄ¯EHG\EHgT[FB}NFBFv0EHB¸{ !�@�}h]�_RQ



B�� I&ú�ò�¡�õ��<�ý÷l£)§´��¡�õ�¢E¡Xð°¡�ò�jfõ�øQ¢��¨jf�u©�Dª�¬«7DG���$­�¹�º"ºH®
¼�EÀ?-u�EHdfQ`_R]�]ºQ�b¯EHG\CFEHBm�0|%_RE wABPE^G\v'_eE�y¶CF_RE VXWPG�EH_eBFEø|%@0³F³KE^OeJ'BFGfE^v0NFBPv�l'@0BÇÄkJ'CP]�@M½
CFE^B»u�EHB?x'Q\_ev'Q�b�_RG\C�_edcQãCFE^]�BhJ'gT[»d\EH[FG·l�_RE^O!v0Gzx"¥0E^GãJMOed�CF_RES�·JMd\E^GfE^BFEHG\v0_RExl0@0BÈúP�ù!kEÀ?È�
I²WFG¬E^_RBFEÇE´³�qH_eE^B!Q\E�NPBFC(LM@0B!l0EHG\v0EHB}Q\E)Ä¯EHd\gT[FGfE^_RuFNFBFv$CFE^G»ù�r�dcQ`E^]Ç½ªÄ¯J'C�½3�(E^gT[Pd\E^O ½
b�_eG\L}NFBPv�_edcQ²EHd BF@'QÁbøE^BFCP_ev?yMChJ'd\d²]¨x0v'Oe_egT[PdfQãl�_eE^ORE¯Ä¯J'CF]�@�CFEHBË_eBºCFE^];³F[!r�d\_RLMJMOe_edfgT[
G\E^OREHlMJ'B!Q`EHB-wxBFEHG\v0_RE^uKE^GfE^_egT[�Oe_RE^v0EHBUy²bøE^ORgT[FE^G�CFNFGfgT[-CF_RE5�ãJ'dfE^GfE^BFEHG\v0_REtuKE^dcQ`_R]�]ÈQ
_edfQ^����E^CF_Rv0Oe_RgT[�CFE^Gt©xG\@'q^E^dfd$CPE^GtwxG\q^EHNFv0NFBPv°EH_eBFEHGtEH_eBFqHE^ORBFE^B+ÄkJ'CP]�@�CFE�_edcQD_e]
G\E^OREHlMJ'B!Q`EHB5wxBFE^Gfv0_eEHu�EHG\E^_RgT[5NF] EH_eBFEZ]¨x0v'Oe_egT[PE$¸�BFG\EHv0NFBFv�l'@0] ©xG\_R]�SMG\dfr�dcQ`E^]
J'NPVXq^NPBFE^[F]�E^B¡�AwAd�_edcQ�ChJ'[FEHG�v'E^G\EHgT[!Q\VXE^GcQ`_Rv'Q�yxORE^CF_Rv0Oe_RgT[ wx_eBPV�J'gT[FJ'BFG\EHv0NFBFv'E^B°l'@0B
ÄkJ'CF]�@�CPE^BËuKE^_FCPE^G Y$@�CFE^OROe_RE^G\NPBFv%CFEHG ù�r�dfQ\E^]Ç½ªÄkJ'C�½3�(E^gT[FdfE^ORb�_RG\L}NFBFv�qHN�uKE^GfWFgTL0½
d\_egT[!Q\_ev0EHBm�'|�_eE^d²L'@0BFB!Q\E4J'NFgT[ÇCFNPG\gT[ÇE^B!Q\d\³FGfE^gT[FEHBFCFE�Ä¯E^BFgT[P]�J'GfL0½ªÆ�E^gT[FB}NFBFv'E^B�u�E¾½
dfQTSUQ`_evMQºbøE^GfCFE^B¬{ûµ0µ�}��O�5_eE�u�EHG\EH_RQ`dº_eB ­�J'³P_RQ`EHOk¥�� ¥$uKE^dfgT[FG\_RE^uKE^BUy�l0E^GfG\_RBFv0E^GcQËdf_egT[
CFNFG\gT[�CF_RE^dfE
Æ�EHCFNFq^_RE^GfNFBFv�CFEHG¬]¨x0v'Oe_egT[PE^B�ù�_R]ËNFO{QTJ'BhJMBFG\EHv0NFBFv0EHBoCF_REÇ|%_e]�E^BPd\_e@'B
CFE^d¬Ä¯J'C�½ª±�_eORu�EHGfQ`G\J'NF]�E^d HB

l0@'B
2N

JMNPV
N + 1

��|�J']�_RQ�b�_eG\CZE^_eBPEÈd\_Rv0BF_ ·hLUJ'B!Q`E
Æ�EHCFNFq^_RE^GfNFBFv�CFE^d�B}NF]�E^G\_Rd\gT[FEHBZ¸�NPVibkJMBFCFE^d�uKE^_�CFEHBoù�_R]ËNFOeJMQ`_R@0BFE^B�E^G\GfE^_RgT[}Q^�

s�]ÕE^_RBFE�Epõ¡EHL!Q`_Rl'E%¸�B}bøE^BPCFNFBFvÇCFEHdkÄkJMCF@0³KE^G`JUQ`@0Gfd�~�úP� �0�AJMNPV�CF_RE%y¬E^d\J']ÈQÁbøE^O ½
OeE^B�VXNFBFL!Q`_R@0B�uFqHb�� CFE^B ù�³F_RBF@0GÇq^N°v!J'G\J'B!Q`_eEHG\EHBUy b�_eGfC°CFEHG)n�³KE^G\JMQ`@0G

ĤB
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

0 0 0 0 0 0 0 0

0 ε η 0 0 0 0 0

0 η ε η η 0 0 0

0 0 η ε 0 2η 0 0

0 0 η 0 ε η 0 η

0 0 0 2η η ε 2η 0

0 0 0 0 0 2η ε 0

0 0 0 0 η 0 0 ε




~�ú��R´Å¦0�

¸%BFdfgT[hJ'NFOR_egT[�LMJMBFB�CF_RE4¸%B!bøE^BFCFNPBFvËl0@0B
ĤB

J'NPV¡CFE^B)ù�³F_RBF@0GxChJ'BPB�VX@0ORv0E^BFCPE^G\]�JU½
¥0E^B�uKE^dfgT[FG\_RE^uKE^BobøE^G\CPE^Bm�ã|%_REÈEHG\dfQ\E�ù�³F_RBF@0G\LM@0]�³�@0BPE^B!Q`EËdcQ`EHOeORQ�E^_RBFE
ù�³P_eBhJ'BP@0G\C�½
B�NPBFv)CFEHd�ÄkJ'CPE^d�ChJMG(y«u�EH_�CPE^G%df_egT[oLME^_RB�®�®�ùt_R] J'BFv0EHG\E^vMQ`E^B�®¡NFdfQ`J'BFCZuKE´·FBFCFEHQ^�
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|�_eE�E^G\dcQ`E�YZJMQ`Gf_{Â�q^EH_eOREkl0@0B
ĤB

EHB!Q`[hS'O{Q ChJ'[FEHG¯L'EH_eBFE�a�_RgT[!Q`B}NFOeORE^ORE^]�E^B!Q`E�y0b¯EH_eO«CF_eE
EHG\dcQ`E�ù�³F_eBF@'G\L'@']�³K@0BFEHB}Q\E�LME^_RBFE)ÄkJMCFE^BFEHG\v0_RE�uKE^df_RQ\qHQ���Ä¯EH_ ¸�B!b¯EHBFCFNFBFv�l'@0B

ĤBJMNPV�CF_RE�qHbøE^_{Q`EZù�³F_eBP@0G\LM@0]�³K@0BFEHB!Q`E�b�_eGfC°CF_RE^dfEtBFJ'gT[>~�úP�R´�¦!�Èq^NFBFS'gT[FdfQ�]�_{QÇCFEHG
¸�BFG\EHv0NFBFv'd\E^BPE^G\v'_eE

ε
]ËNFO{Q`_e³POe_eqH_eEHGfQ��«¸�BFd\gT[FOR_eE´¥0E^BFC¹b�_eGfC(BF@�gT[9CFJ'dÈ©xGf@�CFNPL}QºJ'NPd

CPE^GS�9EHgT[Fd\EHORb�_eGfL}NFBFv0dfdfQTSMG\L'E¬NPBFC�CFEHGøuKE^BFJ'gT[}uhJ'GfQ\E^B�CFGf_RQfQ`E^B�ù�³F_RBF@0GfL'@0]�³�@'BFE^B!Q`E
CFJ'q^NhJMCFCF_eEHGfQºNFdfb���|�J'uKE^_Ab�NFGfCFE�CF_RE�z�JMQ\d`J'gT[FE�J'NFdfv0E^B}NPQ\qHQ�y·ChJ'dfdËJ'N�VXv0G\NFBPC9CFEHG
@'u�EHB u�EHd\gT[FGf_eE^uKE^BPE^B°Ä¯E^dfgT[FG`S'BPL�NPBFv¹J'NPV�wx_eBPV�J'gT[FJ'BFG\EHv0NFBFv�CPE^GÇÄkJMCF]�@�CFEHB�CF_eE
ù�³F_eBF@'G\L'@']�³K@0BFEHB}Q\E^B

2 . . .N + 1
�fEHbøE^_ROed�CFEHB ®¡NFdcQTJ'BFC(G\EH³FG`S'dfE^B!Q`_RE^GfE^BUyã_eB¹CFEH]

df_egT[�B}NFG4EH_eBFE�uKE^dcQ`_R]�]ÈQ\E�y�CFNFGfgT[tCP_eE%¿ÁBPCFEpÂ�_eEHG\NFBPv
VXEHdfQ\v0E^ORE^v'Q\E�yFÄ¯J'CF]�@�CFE�_e] J'B�½
v'E^G\EHv'Q`EHBo®¡NPdfQTJMBFC$uKE´·FBFCFEHQ^�

¸�uFuF_ROeCFNFBPv�úP�û§P¨A¿ÁOeORNFdfQ\G`JMQ\_e@0B�CFEHG�ù�r�dfQ\E^]Ç½ªÄkJMC�Ä¯E^dfgT[FG\EH_euFNPBFvF�k|�_eEÐ�9EHgT[FE^O{b�_eGc½
L}NFBPv9CFEHG�|�_e³K@0OeE�_RdfQ
CFNFGfgT[-EH_eBF_Rv0E�G\EH³FG`S'dfE^B!QTJUQ`_Rl'E$v'E^dfQ\G\_RgT[FE^O{Q`Et© VXE^_eORE�v0E^LME^BFB�½
qHE^_RgT[FBFEHQ^�h|%_RE�ù�r�dfQ\E^]Ç½ªÄkJ'C�½3�(E^gT[FdfE^ORb�_RG\L}NFBFv$~X[FE^OROeuFOeJ'N«� b�_eG\C�CPNFG\gT[DE^_RBFE¬|%_R³�@'O{½
|�_e³K@0O{½��9EHgT[Fd\EHORb�_eGfL}NFBFv�qHb�_Rd\gT[FEHB(CPE^]Íù}r�dcQ`EH]
½�§�uKE^G\v0J'BFv0dfCF_e³K@0O4~XG\@'QT��NFBFC�CFEHB
³FJ'G`J'OROeEHO�q^NFG�n�uKE^GY;«S'gT[FEHBFBF@0Gf]�J'OREºv'E^G\_RgT[!Q`EHQ\E^B�ÄkJMCFCF_e³K@0ORE^B9~�d\gT[!b¯J'G\q��%u�EHd\gT[FGf_eE¾½
uKE^B¡��¸�N?¥0E^GfCFE^] df_eBFC�CF_eE¹|%_R³�@0ORE�E^_eBPE^G5�·JMv0E�]�_{Q$_R[FG\EHB �fEpb¯EH_eOR_ev0EHB�BhSMgT[FdfQ\E^B
a�J'gT[}uhJ'GfB ~�a%a��%LM@0G\GfE^OR_eE^GcQ�~�v'G\WFB«�¾��|%_RE��9EHgT[Fd\EHORb�_eGfL}NFBFvZqpb�_edfgT[FE^B¹CFE^B¹E^_RBFq^EHO{½
BPE^B5�·JMv0E^BDb�_eGfCtEHu�EHBPV�J'OROedkuKE^GfWFgTL}d\_egT[!Q\_ev'QË~�uFG\J'NFB«�¾�

¿ÁB¹CFE^G¬uP_ed\[PE^G\_Rv0E^B¹Ä¯EHd\gT[FGfE^_RuFNFBFvDb¯EHG\CFEHB9ORE^CF_Rv0Oe_RgT[�wxOeE^L!Q\G\@0B�½���@�gT[�½Á©²J0JMG\EÇ_eB
CPE^G�@'u�EHG\dfQ\E^B �ãJ'v'EZCFEHG�ù�NFuPdfQ`G\JMQ`@'u�EHGz;«S'gT[PEou�EHG\WFgTL}df_egT[!Q`_Rv'Q��øI²WFG�E^_eBPE$LM@0B!l0E^Gª½
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v0E^B!Q`E�Ä¯EHd\gT[FGfE^_RuFNFBFvºCFE^G ù�r�dcQ`E^]Ç½ªÄ¯J'C�|�r�BFJ']�_RLÈ_RdfQAE^d9�fEHCF@�gT[�E^GcVX@0G\CPE^G\OR_egT[Uy0J'NFgT[
E^_eBPE^B�l'E^GfQ\_eLUJ'ORE^B)¸�BFG\EHv0NFBFv0dcQ`G\J'BFd\³K@0GcQ4_eB)CP_eE¬n�uKE^GY;«S'gT[FE�qHNFq^NPOÃJ'dfd\E^B¡�h|%_eEHd¯b�_eGfC
CFNFG\gT[�E^_eBPE�Ä¯EHd\gT[FGfE^_euPNFBFvÈl'E^G\dfgT[F_eEHCFE^BPE^G �ãJ'v0EHB�l0@0B)ÄkJ'CF]�@�CPE^B�EHG\]¶x0v0OR_egT[!Q��Z»'E¾½
CFE��ãJ'v0EÈb�_RG\CoCFJ'u�EH_²CFNPG\gT[�E^_RBod\EH³hJ'G`JUQ`E^d�Ä¯J'C�BhJ'gT[(y¬OeE^_RgT[}NFBFv�~�úP� �0��uKE^d\gT[PG\_eE¾½
u�EHBm�}¸%BhJ'OR@0v�q^NFGS�(E^gT[FdfE^ORb�_RG\L}NFBFvºu�EHBhJ'gT[}uhJ'GcQ`EHGkÄkJ'CP]�@�CFE^B�_eBZ~�ú�� �!�²b�_RG\C�J'NFgT[
CF_eE�­�@0³F³FORNFBFv
u�EHBhJ'gT[}uhJ'GcQ`EHGX�ãJ'v0EHBD_eBDCFE^G�Y$@�CFEHOeOe_RE^GfNFBFvÇuKEHQ`G\J'gT[!Q`EpQ��K|%_eE»ù}QTS'Gª½
L'E»CF_eEHd\E^G �(E^gT[FdfE^ORb�_RG\L}NFBFv�_edfQ�ChJMu�EH_�CFNFG\gT[ZCF_eE°�ãJ'v0EHB�½ª­�@0³F³FORNFBFv0dfL'@0BFdcQTJ'B!Q\E

ηLVXE^dfQ\v0E^ORE^v'Q^�
|�_eEøwAORE^L!Q`Gf@0B�½��ã@�gT[�½Á©²J0J'GfE¯_RBºCFEHGxù�NPuFdfQ\G`JMQ\@0u�EHGz;«SMgT[FEkL�x'BFBFE^B
JMOed�|%_e³K@0OeE J'N�VÃ½

v0EHV�J'dfdfQ�b¯EHG\CFEHBUy�bøE^ORgT[FEË]�_RQ�CFE^B�CPNFG\gT[oCP_eE��ãJ'dfE^G\J'BFG\EHv0NFBFv�_e]÷ù�r�dfQ\E^]÷E^Gfq^E^NPvM½
Q`E^B�§�u�EHG\v!JMBFv0d\CP_e³K@0O�bøE^gT[Pd\E^O{b�_eGfL'E^B¡��|�NFG\gT[
CF_RE^d\E�|�_e³K@0O{½Á|%_e³K@0O{½��9EHgT[Fd\EHORb�_RG\L}NFBFv
b�_eG\C+B}NFB�CF_RE�E^OeEHL!Q`G\@'BF_edfgT[FE9Æ�E^OeJUÂPJMQ`_R@0B5CFE^dZ©xG\_e]�S'Gfdfr�dfQ\E^]�dt]�@�CFE^OROe_eEHGfQ^�k|%_RE
�9EHgT[Fd\EHORb�_eGfL}NFBFv»CFE^G ÄkJ'CPCF_e³K@0OeE¯NFB!Q`E^GfE^_RBhJ'BFCFEHGxb�_eG\C
CFNPG\gT[�CFE^B�E^GfOÃS'NPQ\E^GcQ`E^B
[F@U½
G\_eqH@0B!QTJ'ORE^B(NFBFC�l0EHGfQ\_eLUJ'OeEHB9¸�BFG\EHv0NFBFv0dcQ`G\J'BFd\³K@0GcQÇqHb�_Rd\gT[FEHB�uKE^BFJ'gT[}uhJ'GfQ\E^B�ÄkJ'C�½
]�@�CFE^B�uFqpb��2�ãJ'v0EHB�uKE^dfgT[FG\_RE^uKE^Bm��¿ÁB)¸�uFum��úP�û§»df_eBFC�CF_eE4l0EHG\dfgT[F_eEHCFE^BFEHBt|%_e³K@0OeE4_RB
CFE^G�ù}r�dcQ`EH]
½ÁÄkJ'C¹Ä¯E^dfgT[FG\EH_euFNPBFvDChJ'G\v'E^dfQ\E^ORORQ��¡|%_eE��9EHgT[FE^O{b�_eG\L}NFBPv0E^B�CFEHG�|%_e³K@0OeE
NFB!Q`E^GfE^_RBhJ'BFCFEHG�d\_eBPC$CFNPG\gT[Dl0E^Gfd\gT[F_RE^CFEHBPV�J'GfuF_ev0E»v0EHdfQ`Gf_egT[FEHORQ\Eº© VXEH_eOeE%_eOeORNFdfQ\G\_RE^GfQ^�

,�Ù�, Ù�Ô } ÝLç2èXæ�Ýuvk�©Þ�
���àXßGâÂ�m�©ÞYæ�ç?èGÝLßÕ���Úæ7édÝcä àGßXá��o�Sá
|%_eE»E^ORE^L!Q`Gf@0BF_edfgT[FE��(E^gT[Pd\E^O{b�_eGfL�NPBFv�qHb�_Rd\gT[FEHB¹ù�r�dfQ`EH] NPBFC�ÄkJ'C$b�_eG\C$BhJ'gT[oCPE^B
¸%NFdcVXWF[FG\NPBFv0E^B$_eBt­�J'³F_{Q`E^Om¥���¥ÇCPNFG\gT[$CFE^B$±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G

ĤSB =

(
0 1

1 0

)
⊗
∑

i

V̂i(σ̂
+
i + σ̂i) .

~�ú��R´0´Å�

ChJ'G\v'E^dfQ\E^ORORQ��U|�JMdQ�9EHgT[Fd\EHORb�_eGfL}NFBFv0df³�@'Q\E^B!Q`_eJ'O
V̂i
b�_RG\CÇB}NFB
J'NFdxCPE^];ChJ'G\v'E^dfQ\E^ORORQ`EHB

]�_RL�Gf@0d\LM@0³F_Rd\gT[FEHB�ÄkJ'CF]�@�CFE^ORO�JMuFv0E^ORE^_{Q`EHQ^�h¿ÁB�CF_eEHd\EH] Yt@�CFEHOeOãb¯EHG\CFEHB�CF_eEÈ­�@0GfG\E¾½
OÃJMQ\_e@0BFEHB�qHb�_Rd\gT[FEHB�ù�r�dfQ\E^] NFBFCZÄkJ'CtCFNFG\gT[ZCF_eE��(E^gT[FdfE^ORb�_RG\L}NFBFv�CFE^G�wxOeEHL}Q\G\@0B�½
�ã@�gT[�½Á©²J0J'GfEk_eBÈCFE^G ù�NPuFdfQ\G`JMQ\@0u�EHGz;«SMgT[FE�]�_{Q²CFEH] a%n − ½ªJ'GcQ`_ev'E^BË¿ÁB!Q`EHG\]�E^CF_eJMQ gT[FJU½
G`J'L!Q`EHG\_Rd\_eEHGfQ^��|%_eEHd\EÇb�_eGfC9JMOed�|%_R³�@0O ½ª|%_R³�@'O{½3�(E^gT[Pd\E^O{b�_eGfL�NPBFv�BhJMgT[9CFEHB�y¬E^dfEHQ`qHE^B
CFE^G�L}OÃJMd\d\_Rd\gT[FEHB+wAORE^L!Q`Gf@�C�r�BFJ']�_RL°uKE^dfgT[FG\_RE^uKE^Bm��|�E^G�CFNFGfgT[�CPE^B¬�ãJ'd\EHG\³FNFORd�_e]
ù�r�dfQ`EH]ÍJ'BFv'E^G\EHv'Q`E�§�u�EHG\v!JMBFv0d\CP_e³K@0O²_RdfQ¬ChJMu�EH_ qHb�_Rd\gT[FEHB9E^_RBFE^] a�_RgTL'E^OeJMQ`@'] CFEHG
n¬uKE^GY;«S'gT[FE NFBFCºCFE^];ù�gT[}bøE^Gf³FNFBFL!QxCPE^d a%n�½cY$@0ORE^L}WFORd�Oe@0LUJ'OR_ed\_RE^GcQ��H|%_eE ÄkJ'CPCF_e³K@0OeE
d\_eBPC¨�fEHbøE^_eORd¬qHb�_Rd\gT[FEHB(EH_eBFEH] a�_RgTL'EHO{½�NFBFC�EH_eBFEH]ÍùPJ'NPE^G\dcQ`@'õ¡JMQ\@0] CFEHd»ù�NFuFdcQ`G\JU½
Q`E^d�_RB9Æ�_egT[!Q`NPBFv$CPE^d»a�_RgTL'E^OeJMQ`@']�d»J'NFdfv0E^Gf_egT[!Q`EpQ�~�d\_RE^[FE�¸%uPum�ãúP� !0�p�ãwxd�b�_eG\C¹J'B�½



�0�q�$lÌj�÷?¡� < ��)¡�õ�£��2¤�ÿ¨��¢S÷?¡�õGM9£�õ�õgj�¤�ú2¢�¡XFJú�ÿ¶�� �¢kjf�?� ú��¤l/¡f¢�ôÍjd÷2¡ "�¹
v'E^BF@0]�]�E^BUyFCFJ'd\d�d\_RgT[$CFEHG�ù�r�dfQ`EH]�CP_e³K@0OmBF_RgT[}Q�]�E^[FG�_R] a%JM[PVXE^ORCtCPE^G�ÄkJ'CFCF_R³�@'OeE
uKE´·FBFCFEHQ^�K|�J'd �9EHgT[Fd\EHORb�_eGfL}NFBFv0df³�@'Q\E^B!Q`_eJ'O·_eB$y�ORE^_RgT[�NPBFvo~�úP�{´0´¶�¯LUJ'BFBtCFE^]�q^N�VX@0O{½
v'E¬J'NFdkCPE^]þù�LUJ'OÃJ'Gf³FG\@�CFNFL!Q¯qHb�_edfgT[FE^BDCFEH] ù}r�dcQ`EH]
½�§�uKE^G\v0J'BFv0dfCF_e³K@0Oe]�@0]�E^B!Q

~̂µSNPBFC$CPE^] EHOeE^L!Q\G\_edfgT[FE^BZIhE^OeCDCFEHG�ÄkJ'CFCF_R³�@'OeE ~Ei BhJ'gT[

V̂i = ~̂µS · ~Ei =
~̂µS · ~̂µi
|~̂ri|3

− 3
(~̂µS · ~̂ri)(~̂µi · ~̂ri)

|~̂ri|5
.

~�úP�{´¶¥0�
uKE^GfE^gT[FBPEHQ%bøE^GfCFE^B¡�¡|�JMd�|�_e³K@0Oe]�@0]�E^B!Q4CFEHG

i
Q`EHBoÄkJ'CP]�@�CFE�b�_eGfC$]�_RQ

~µi
yhCFEHd\dfE^B

¸�uFdfQ`J'BFC¹q^NF] ù}r�dcQ`EH]�CF_R³�@'O ]�_{Q |~̂ri| uKE^q^EH_egT[FBPEHQ��ã¿ÁB¹¸%uFu¡�ãúP�ù!)df_eBFC¹CF_eEÇv'E^@0]�Ep½Q\G\_Rd\gT[FEHBt?AEHG\[hS'O{Q`BF_Rd\dfE»CPE^G�|%_e³K@0O ½ª|%_R³�@0O ½3�(E^gT[FEHORb�_RG\L}NFBFvºJ'NPVXv0EHq^EH_egT[FBFEpQ��

¸�uFuF_ROeCFNFBPvËúP� !�¨F|%J'G\dcQ`E^OROeNFBPvÈCFEHG�y�EH@0]�EHQ`Gf_eE�CFE^G4ù�r�dfQ`EH]
½ÁÄkJ'C�½��9EHgT[Fd\EHORb�_RG\L}NFBFvF�
wx_eBPEDbøE^_{Q`EHG\ED¸%NFdcb¯EHGfQ\NFBFv9CPE^G�ù�LUJ'OÃJMG\³FGf@�CFNPL}Q\E�_eB°y¬OeE^_RgT[}NFBFv�~�ú��R´¶¥'�ºVXWF[FGfQ

NPB}Q\E^GÇ?AE^Gcb¯EHBFCFNFBPv9CFEHd�]�_RQÇy�ORE^_RgT[�NPBFv�~�úP� !0�ºuKE^dfgT[FG\_RE^uKE^BFEHB±§�u�EHG\v!J'BPv0d\CF_R³�@'O{½
]�@0]�E^B!Q`EHd

µtr
J'NPV

Vi(Z) = ± qa0µtr(Z)
((

1
2
(Z + a0) +ma0

)2
+ n2a2

0

)3/2

∓3
qa0µtr(Z)Z2

((
1
2
(Z + a0) +ma0

)2
+ n2a2

0

)5/2
,

~�úP�{´Åú!�

bø@0uKE^_�]�_{Q
a0

CPE^Gk¸�uFdfQ`J'BFC)qpb�_ed\gT[PE^BDE^_RBFE^] a�_RgTL'EHO{½²NFBFC�E^_RBFE^] ùPJMNFE^GfdfQ`@MõmJMQ\@0]
_RBÈCFEHGxn�uKE^Gz;hS'gT[FE¯uKE^qHE^_RgT[FBFEHQ²b�_eG\C¡�M|�_eE ¿ÁBFCF_eqHE^d

n,m ∈ Ö CF_eEHBFE^BËCPE^G wxGcV�J'd\dfNFBFv
CPE^G ÄkJ'CFCP_e³K@0OeEM�0|�J'uKE^_Fb�_RG\C
]�_RQ

m
CF_eE �ãJ'v0E4NPBFC�]�_RQ

n
CPE^Gøn�GfQAE^_RBFE^G ÄkJMCF]�@�CFE

_RBFBFEHG\[hJ'ORu E^_RBFE^G��ãJ'v0E�E^B!Q`df³FG\EHgT[FE^BFC�CPE^GÇ_eB ¸�BF[hJ'BPv9jÕl0@0Gfv0E^dcQ`EHOeORQ\E^B�¿ÁBFCFE¾Â�_eEp½
GfNFBFvËv'E^L'EHBFBFqHE^_egT[PBFEHQ^�«I²WFG¯CFJ'dk|%_R³�@'Oe]�@0]�EHB!QøCPE^GkÄ¯J'CF]�@�CFEHB�b�NFGfCFE |~µi| = qa0



"�ï I&ú�ò�¡�õ��<�ý÷l£)§´��¡�õ�¢E¡Xð°¡�ò�jfõ�øQ¢��¨jf�u©�Dª�¬«7DG���$­�¹�º"ºH®
J'BFv0EHBF@0]�]�EHBm�K|%_eEÇ|�_e³K@0OeOeJ'CFNFBFv

q
_edfQ�ChJ']�_RQ�CFE^G%E^_eBPq^_ev'EË©²JMG`J']�EHQ\E^G�_RBFBFE^Gf[hJ'ORu

CFE^d�±%J']�_eO{Q`@0BP@0³�EHG`JMQ\@0G\d
ĤSB

�«wxG�u�EHd\gT[FGfE^_RuPQ%CP_eE¬?A@0OeORdfQ`S'BFCF_Rv0L'EH_RQ4CFEHdX�ãJ'CPNFBFv0dª½
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ĤB

ü:î:ï
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ĤB

"Ãú èÁïÈï:ú çE�	�)û2ù{�ZëÎìÁçéû �éü:û
�¬þ)ï�ìÁèrþ)î�ë�(¨çéèÎú�çHèÎìrçyJ�î:çéè��{ú�çÃî\þG�+íAçéú î:çéè3êmçéëÎìÁú�û�ûªìrçHî�ó|ç%8Zü�èÁèÁçHî����Hçéúºì

tR
èÁç
�\ç�8;ìrú çéè�ì

ü�î:ïÕ�éü:û ù{�ZëÎìÁçéû �Hü:è�A���8oìrèrþ�î:ë�(¨çHèÁú�çHèÎì�2¥õ�î�ï�ú�çéëÎçéè�ù0ìrçéý ý�çNû$ü:ëÁëªï:ú�çzùZú�û$ü:ý�þ�ìrú9�{î
þ�ê��{çéê�è��{�+í:çéîÐ" çéèÎï:çéî���çéú î:çAð&�{è�ìrëÁç�ì��Hü:î���ú ëÎì'îZü�è$ûNúºìEçéú�î�çéè\�{è�=	Q)çéèÁçHî ��þ)ï:þ)ü:ë �
ï�çéí:î0ü:î���P;ï@2 ít2;ûNúºìcçéú î:çéèÎJ�èÎí�={í0ü:î���ï:çHè³õ�î��Çþ�í:ý:ï:çHè;�¬þ)ï:ûD��ï:çHî û-='�{ý�ú9�+íU¶*�z1G¸�2'M�î
ï�çéèµ�¬ú ìÁï\þ)èÎëÎìrçHý�ý ü:î�� ï:çHë¹F7çéëÁþ)ûªìÁë��:ú î��{èÁëp8 þ)î:î}�Hü:èµ�¬çéë�ìrú�û�û$ü:î���ï�çéè|ó|ç%80ü:èÁèÎçéî��k�
�HçéúºìÃï:ú�ç7î0ü:ý ý ìrç7ù>�:ú�î��{è�8G�{û-�s�{î:çHî;ìrç7í:çHèrþ)î��)ç����'�{çéî}"¬çHèÁï:çHî@P&"¬çHý��+í:çEï:çHîw� ü:ë�ì+þ)î�ï
�)í:î:ç¬çHú�î:ç þ)î��)çéèÁç%�)ìrç���þ)ï:ûD�Zï:ç èÎç��:è�
)ëÁçHî;ìrú�çHèÎì�2'�¬çHú�çHú�î:çHè$56�Zï:çHý�ý�ú çéèÎü:î��Ãï:çéë�J3î�çéè �
�)ú�çHìÁèrþ)î�ë�(¨çéèÎëq�	�{û ù{�ZëÎìÁçéûf�éüzï:çHî?�¬þ)ï:ûD��ï:çHîJë��{ý ý ìÁçñï:ú�ç,+N�	�:ü�ýÿþ�ìÁú��{îAï�çéèÃî0ü:ý�ýºìrçéî
ù{�:ú�î��)è�8'�)û-�s�{î:çHî0ìÁçÛë�ìrç�ìrëNþ)ê:î:çHí:ûNçHî@2³æ�ú�çÛóÃç�80ü:èÁèÎçéî��%�éçHú ìAú ëÎì�ï\þ)î�îÔ
'
0ü:ú*�)þ�ý�çéî;ì
�Hüoï�çéè\+�è��	�\þG�;þ�ìrú9�{î:ë��éçéúºìzPÍú�î ï:çHèEçHèÁë�ìrûNþ)ý�ë7çHú�îÌõ�î:ë�ìrú ç��zï:çéè\+n�	�:ü:ý�þ�ìrú9�{î

P0

ï:çHè
î0ü:ý ý ìÁçéî�/y�{ûD�s�{î:çéî;ìÁç7êÍç%�{ê\þ'�+í;ìrç�ìy"Ãú èÁï³��ëÎú�çHí:ç�õ�ê:ê@2sØ{23u�!k2

æ�ú ç�+�è��	�:þ'�;þ�ìÁú��{îJþ�ü�(Iï:çéû�F�èÎü:î:ï��Hü:ëÎìrþ)î:ï��s�)ìÁçéî;ìrú�þ)ý
Vg

(<A�í:èÎì)�HüJçéú î:çéèÃùZç��\þ��
èÁþ�ìrú9�{î¤ï�çéè;áoçéý ý�çHî��\þ'8�çHìrç�ú�î¤çHú�î:çHîU�{çéê�ü:î:ï:çHî:çéîJü:î�ïJçéú�î�çéîAï:çHë��{èÎê:ú�çHèÁçHî:ï:çéîzô5çéú ý�2
ãuç�ì��HìÁçéèÎçéèJêmçéë��+í�èÁçéú ê�ìzçéú î®56�{ý ç�8�A:ý�PO"¬çHý��+í:çHëJëÁú9�+íTú û þ)ë��ZûD��ì��)ìÁú�ë��+í:çéî®�¬çHèÁçéú9�+í
ï�çéë\F7èÁü:î:ï��éü:ë�ì+þ)î:ï�çéë

Vg ≈ 0
�	�)î ï:çéèEòñêmçéè��&
'�+í:ç0" ç��zêmç%" ç��)ì,��çéë7ï:çHë��{èÎê:ú�çHèÎìz2

æ�ú�çéëÎç ù�ç��:þ)èrþ�ìÁú��{î³"Ãú�èÁï ï:ü:è��+í~çHú�î:çAëÎú�û$ü�ý ì+þ�î:çb+�è��'�\þ'�;þ�ìÁú��{îoï:çéè²á çHý�ý�çHî��\þ'8�çHìÁç
þ�ü�(5çéú�î�çéûâáoç��+í�ëÁçéý*"Ãú�è�8Zü�î��{ë��)ú ìÁìÁçéè\�

Vg 6= 0
!³ü:î:ïzçéú î:çéûÂþ)ë��ZûD��ì���ìrú�ë��+í:çéî6F7ú ìÎìrçéè

�
Vg = 0

!ÃèÎçÇþ)ý ú�ëÁú çéè�ìz2�M�îÛï:çéèµ�	�{èÎý�ú�ç%�{çéî�ï:çéîÛõ�èÁêmçéúºìp"Ãü:èÁï:ç'çéú î:ç.5 çHìrí���ï:ç'ï:çéë,F�úºì��
ìÁçéè "¬ç%�+í:ëÁçHý�ë�î\þ'�+í�H|çÇþ�ìÁí:çéèñü�î:ïÉ5ÛçHìÁú�ü ¶·�	�Z��¸cþ)î��{ç%"¬þ)î:ï�ì�P ü:û ï:çHî ô¥èÁþ)î:ë�(¨çHèñï:çHë
áoçéý ý�çHî��\þ'8�çHìrçHë�þ)ü>(�ï\þ)ë þ)ë ��ûD��ì��)ìrú ë��+í:ç¹F�úºìÁìÁçéèÎ�éüNëÁú�ûªü:ý�ú çéèÁçHî6��ëÁú çéí:ç|õ�î�í\þ)î��0�)!42
æ�ú�çU�	�{ý ý�ë�ì�
)î:ï�ú��»8'�)î��)çéè��{ú�çHèÎìrçHîÔJ�è�"¬þ)è�ìrü:î��)ë�" çéèÎìÁç�ú�û þ)ë��ZûD��ì���ìrú�ë��+í:çéîö�¬çHèÁçéú9�+í
8G={î:î:çHî�ë��+í�ý�ú�ç%Q{ý�ú9�+íxûNúºì�ï:çéîÔ5ÛçéëÎë�" çéè�ìrçéî�þ�ü:ëD+3í��)ì��Zï:çéë��{è���ìrú��)î:ëÁçkR��mçéèÎú�û�çéî;ìrçHî
�)çéè��{ý�ú9�+í:çéî»" çéèÁï�çéî@2Iæ�ú çéëÎç.�	�{ý ý�ëÎì�
)î:ï:ú9�{ç./µ�{î��{çHè��{çHî��-8 þ)î�îbçÎçHï��{�+í ú�2 þ>2Íî:ú9�+í;ì�ú�î>�



û�ä ��©	£GªsÅ­¦�ªs¿9��ª�£GúD§�¨4Ã Äs¦�s>§9úU©'¥r£�Å�§<ùÙªv¦�ª

î:çéèÎí\þ)ý�êxï�çéè��{êmçéî~êmçéë��+í�èÁú�çHêÍçHî:çéîÒóÃç�80ü:èÁèÎçéî��%�éçHú ì�çéèÎí\þ)ý ìÁçéîÐ" çéèÎï:çéî@2�õ�ý�ý çéèÁï�ú�î��{ë
"Ãú�èÁï�ï�ú�çÌù�ü�èÁè��'�;þ�ìrç�H�þ)û�ú�ý ì��{î:ú�þ)îÔ5 çHìrí���ï:çÌþ�ü��+íaý çéï:ú9�{ý�ú9�+íö(<A:èJï�ú�ç�56�Zï:çHý�ý�ú ç4�
èÁü:î��Ûï:çéè'çéý ç�8;ìrè��{î:ú�ë��+í:çéîÈó|çHýÿþ�R�þ�ìÁú��{î��{çHè�" çéî:ï:ç�ìz2�æ�ú�ç�ü:î;ìrçéèÎë��+í:ú çéï:ý ú��+í:çHîI� çéúºìrë �
8�þ�ý�çéî ï:çéè çHý�ç�8;ìÁè��{î:ú ë��+í:çHî~ó|çHýÿþ�R�þ�ìÁú��{î �<(¨ë�!Eü:î:ïxï:çHè�/�çHèÁî0êmç%" ç��{ü:î��Ó�<�:ë�!ªý ç��{çHî
çéú�î�çËùZç��\þ)èÁþ�ìrú9�{î�ï:çéè�êÍçHú�ï:çHîÔ+�í&
)î��{ûNçHî:ç î\þ)í:çG2 æ�ú�çéë�"Ãú�èÎïÒú îÒï�çéî�ùZú�û$ü:ý�þ�ìrú9�G�
î:çéî�ï�ü:è��+í çHú�îËõ�ê:ë��+í:þ)ý ìÁçéî ï:çHë���þ)ï:çHë�î\þG�+í ï:çéè�ó|ç%8Zü�èÁèÁçHî����Hçéúºì

tR
ü:ûD�{çHëÁçHì��Hìµ�

ï:ú�çpá ç%�+í:ëÁçHý9"Ãú è�80ü:î����4"Ãú�ë��+í�çéîÛù{�ZëÎìÁçéû¡ü:î:ï}��þ)ïD"Ãú�èÎïAï\þ)î:î¤î:ú��+í;ì�û�çéí�è¬ûD��ï:çHý*�
ý�ú�çHèÎì�2)æ�ú ç)+�è��	�:þ'�;þ�ìÁú��{î$ï�çéëOF7çéërþ�ûªìrë��:ú�î��)èÁëB"Ãú èÁï.(<�{è�ì��{çHëÁçHì��Hì�P4çÎçéï��{�+í�êÍçHë��+í:è�
)î�8;ì
ëÁú��+í ï:ú�ç-H�þ)û�ú�ýºì��{î��	�ÍçHèrþ�ìÁú��{îËï\þ)î:îÈý çéï:ú9�{ý�ú9�+í þ)ü�(Ãï:ú çNõ�î�" çéî�ï:ü:î��Ìï:çHë ù{�ZëÎìÁçéû��
H�þ)û�ú�ýºì��{î��'�ÍçHèrþ�ì��{èÁë

ĤS
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�ÙØ{�



½:ä	ä ¢$¤kù
©Í£�«{£>Å�§�ù:ªU§�ª�ÚKúb£Ù«�§�ªÜÛ�¤�æ�¦�§ÏÅ

8'�{î;ìrè��{ý�ý ú�çHèÎì�"¬çHèÁï:çHî@2�æ�ú�ç6áoçéý ý�çHî�(¨ü:î�8;ìrú9�{îö(<A�è¤çéú î:çéîÞí�={í:çHèÁçéî�þ�î��{çéèÎç��)ìÁçéî � ü{�
ëÎì+þ�î:ï

φm
8 þ)î:îTçéêmçéî>(�þ)ý�ý ëJûNúºìAï:ú çéëÁçHè�+3è��	�éçHï:ü:è ï:ü:è��+í +�è��ÙçÎç�8;ìrú9�{îaêmçéèÎç��+í:î�çHì

"¬çHèÁï:çHî@2sJ3ë)"Ãú èÁï ï\þ)î:îzï:çHè|ûD�Zï:ú97&�Hú�çHèÎìrç,H�þ)û�ú�ýºì��{î��'�ÍçHèrþ�ì��{è
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óÃçéï�ü��éú çéèÎìÁç²5Ëþ)ëÁëÎç

µ ï �:1Da��Çø�2e�)÷{÷�þ�2 ü@2
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¶31{÷�¸\�¹2��¹2�ãIþ)ú�èÎïzþ)î:ï?Ì�2&ã$2mù>80ú�î:î�çéè�P;Ì�2�x¬í�çéû�2�+3í��Zë�2'���#P&u	u;ø�ý}�­� ÷{÷��Ù!
¶´u;ø�¸Eæ02Xó\2XóÃçéú9�+í:ûNþ)îzþ)î:ïÛó\2&Ì�2mù�ú�ý êÍç4�	PÎÌ�2sx¬í:çHû62�+�í��Zë�2��&�
�nPÍ�:ý)øDa�� � ÷)÷Da�!
¶´u��%¸Eæ02có�2CóÃçéú9�+í:ûNþ)î@P5ð�2NãÎ2NH²2N�¹2N�¬è��:"Ãî@PCþ)î:ï +n2Cö|çéü@Pw+3í��Zë�2có|ç4�v2NJE
�
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Ø'1�Ø9��� �Ç÷{÷ � !
¶´u�ØÙ¸'ùv2sÌ{þ)î���P&Ì�2sx�þ'��PXþ)î:ï ó�2sÌ�2Xù�ú ý�êmç%�	POÌ�2&x¬í:çéû�2�+�í��Zë%2<�����@P�Ø � ø�ý}��Ø)ø{ø�Ø	!
¶´u�1�¸²5³2mù>�\þ)è��\þ'�{ý ú��{î�ç7þ)î:ïËùv2�5Ûü�8�þ�ûNçHý�POÌ�2�x¬í:çHû62�+�í��Zë�2����ÍP�1�Ø9a	1�� �Ç÷D�D��!
¶´u	uG¸�õ02\õ02&F��{ý9�{ë��:�¤þ)î:ï æ02Xó�2\óÃçéú��+í�û¤þ)îtPÎÌ�2�x¬í:çHû62�+�í��Zë�2�����
@P\÷9�'u��}��Ø�ø{ø��Ù!
¶´u�ýÙ¸�õ02\õ02&F��{ý9�{ë��:�¤þ)î:ï æ02Xó�2\óÃçéú��+í�û¤þ)îtPÎÌ�2�x¬í:çHû62�+�í��Zë�2�����
@P\÷9�Da�ØU��Ø�ø{ø��Ù!
¶´u�a�¸²Ê�2mùZí:úIþ)î:ï�J)2sF�ç4��þ�POÌ�2sx¬í:çéû�2�+�í���ë%2������@PÍ�ÙØ)ø9a	1}��Ø)ø)ø	1�!
¶´u � ¸Eó\2s+N2mð\ç%�Zî:ûNþ)îÛþ)î:ïÛõ02mó\2�H|ú�ê:ê�ë�P8Gq���'�&���{���³���nb��'�&�����\�'�s±E�q�'� bbÖ4�&�K�4�

�'���'�º�4PO5��:F7èrþz"q�­H|ú�ý�ý�P�ö|ç%"H�O�)è�8�P@� ÷Da	ý
¶´u���¸Eö²2s5Ëþ'80èÎú�POÌ�2�+�í���ë%2vx¬í:çéû�2\õI�&�'#@P&u	u��zu6� � ÷{÷9��!
¶´u;÷�¸�õ02mò.2�x�þ)ý ï:çéú èrþ�þ)î:ïzõ02sÌ�2�ãuç%�	�{çHìÎìzP�õ�î:î@2�+�í���ë%2N�-ö²2J��2º!��?���@P�1 � u?�­� ÷D�	1	!
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¶3ý)øG¸'ö²2s5ËþG8ZèÎúIþ)î:ï�/�2\ôWí��{ûD�:ë��)î@POx¬í:çéû�2�+�í���ë%2tãuç�ìÁìz2
#��%�&PÍ� ø��-�­� ÷{÷D��!
¶3ý>��¸²/�2:ôWí��{ûD�:ë��)îËþ)î�ïËö\2�5Ëþ'80èÁú�POÌ�2sx¬í:çéû�2�+�í���ë%2����&�ÍPÍ�:1'u	16�­� ÷{÷{÷	!
¶3ý	Ø�¸²/�2:ôWí��{ûD�:ë��)îËþ)î�ïËö\2�5Ëþ'80èÁú�PÎ+�í��Zë%2 óÃç%�s2�JK
��@PXóµu � Ø)÷}� �Ç÷{÷{÷�!
¶3ý'1G¸0F�2�ãIú î:ï:ê:ý�þ)ï@PÎÌ�2�+�í��Zë�2Xõ0¬s5Ûþ�ìrí@2sF7çéît2�#��ÍP&u�� ÷ � � � ÷)÷Da�!
¶3ýGu'¸�áô2qH\2�ãÍ�{ü:ú ëÁçHý�ý�PLGq���'�&���{� ���Ï�'�����4�������'�q�;����Ñ&�4�k�������É�­�o�)��±'���'�������&P Ì'�{í:î
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�ì
�¬çéèÎý�ú î@P&Ø)ø)ø�Ø

¶3ý9aG¸0x¹2�+N2G/y�{�+í@P	ô�2'/7ý�A�î:çéè%P	þ)î:ï$ó�2�/y�{ëÎý��'�NP{Ì�2'x¬í:çéû�2�+3í��Zë�2������@P � ÷D�'10��Ø)ø{ø�Ø	!
¶3ý � ¸²�²2Íáoçéú�ëÎë�P�Gq���'�&���{� ±'�����4�ºÑ��'��� 8'�0�4�Ù�4�K�4�0�4Pbá��)èÁý�ï ù>�Hú�çéî;ìÁú97&�GPCùZú�î��;þG�v�{èÎç'P

� ÷{÷	1
¶3ý9�G¸05³2����{èÎî þ)î:ïÛó\2Xò,���mçéî�í:çéú ûNçHè�P�õ�î�î@2�+�í��Zë%2$���#P�u�ý � �­� ÷�Ø � !
¶3ý)÷G¸'ó\2n/�2n/�þ)ý�ú�þ�P�ô�2BÌ�2Bx�þ�û-�mçéý ý�Puõ02Nx¬í\þ ìÁìrçHè<çÎçHç'P5õ02¥ö�þ'8 þ)î���PN+n2Í×³þ)ëÁí:ú ëÁí;ì+þ>P

þ)î:ïËùv2Xò,�;þ�ìrþ�POx��{ûD�:ü�ì�2&+�í��Zë%2@x��{û�û$ü:ît2%��#��@P�Ø�u�ý}��Ø)ø{ø)ø�!
¶�a{øG¸0x¹2µãIç4(<�{èÁçHëÎìÁú�çéè%PÃó\2µH\2y� ú�ëÁëÎçéý ú�î���P)x¹2¹x¬çHè<çÁþ)îtP¹5É2�æ²2�ð\çHú ìzP�ó\2|ð\èÁú çéëÁî�çéè�P

õ02²F7ü:ý�ï:êmçéè���Pñõ²2²H�þ)û�ûNçHèÁú��+ítP\F�2\Ì'�{ý ú��éþ)èÁï@Pyáô2²/�þ)èÎèÁý çéú�îtP7ö²2²5Ûç4�{çéè%P
H²2¥æ02�ãuú9��80ú�î@P¥ò.2Cóp�{î��Hçéè���Pcþ)î�ïxó\2N/y�)ëÁý��G�BP?Ì�2$x��{ûD�:ü�ì�2B+�í��Zë�2*���#PBý)÷
� � ÷)÷��Ù!

¶�a���¸'ó\2�/y�{ëÎý��'�NPOÌ�2&+�í���ë%2@x¬í�çéû�2���#@P�Ø�øD� � � � ÷9�D��!
¶�a�Ø�¸'ó\2�/y�{ëÎý��'�NP�õ�î:î0ü@2XóÃç%�s2�+�í��Zë�2tx¬í:çéû�2
�'
ÍPt�zu�ý}� � ÷)÷'u�!
¶�a	1G¸²H²2\ô¥þ)ý*�KJ$�éçéèÃþ�î:ï ó\2�/µ�{ëÁý9�'�BP$Ì�2sx¬í:çéû�2�+�í��Zë%2��%�&P�1{÷Da � � � ÷D�Gu�!
¶�a'u'¸05³2³æ02³ð\çéú ì�POÌ�23õ02³ðCý�ç%��8�P þ�î:ïÒõ²2 ùZìrçHú��{çHè�P Ì�2Ox��{ûD�:ü�ì�2O+3í��Zë�2Q�$BvPOu��ÙØ

� � ÷9��Ø	!
¶�a�ý�¸'æ02�/y�)ëÁý��G�Ìþ)î:ï ó�2�/y�{ëÎý��'�NPÎÌ�2sx��{ûD�:ü�ì�2&+�í��Zë%2�
�#@P�1�ý}� �Ç÷D�	1�!
¶�aDaG¸0F�2&x¹2sx��{èÁç4� þ)î:ï æ02�ãuçéûD�{ú�î�ç'POÌ�2�x¬í:çHû62�+�í��Zë�2'�'BvP&u��	�Ùý}� �Ç÷{÷�Ø	!
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¶fa � ¸²5³2{�q
)ü:û�çéè%P;æ02>x�þ'���:ü�ë�P>F�2�M�ý ý�ú î���PGH²2�/7ü:í:ý çéî0êÍç%��8�P�þ)î�ïEH\2 �­Ì�2;ð\èÁçéü�î:ï@P#Ì�2
×³þ'�'2mù>�Hú�2:ô5ç��+í�î��{ý�2\õL�&�ÍPsØGu;ø � �­� ÷{÷�Ø'!

¶faD��¸\H²2n/7ü:í:ý�çHî0êÍç%��8sP¥ó�2nÌ�2BF�25òñï�={è (¨çéè�PNF�2ÍM�ý�ý ú�î���P@5³2N5Ûçéî��{çéë%P¥ô�2N5Ûü:ý ý�PÍH\2 �
Ì�2�ð\èÁçHü:î:ï@P@5³2@+$={í:ý9�+í:çéîtPt×.2�ùZì+þ)çHûNû�ý�çHè�PÍùv2sá�ú ì��Hçéý�Ptx¹2uù>�+í\þ)è (¨ë��+í�"¬çHèÁï�ì�P
/�2{á çHî:î:çHû¤þ)î�î@P:ô�2�ãuú çéï�ì�8)ç'P:þ)î:ï�5³2\ö|çéü:ûNþ)î:îtP�+�í���ë%2Xó|ç4�s2&�R�'6ÍPv� ÷Da{÷
� � ÷{÷>�Ù!

¶fa{÷�¸Eó\2Ùá�ú��+í;ìrçHî:ï\þ)í�ý�P'5³2)óp�Zï:èÁú9�{ü:ç��k�kóp��ï�èÁú��'��Pz�\2'Hy
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¶ � ø�¸Eó\2$ãuú î:ï:ërþz�'P$+N2Î��þ�ü:û-�	
)èÎìÁçéý�P¥ó�2cô¥çHèÁês�{è���P3ò.2�ù>�+í\þ��BP�õ²2Î5³2Î�¬èÁþ)ï:ëÁí:þ:"�P
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¶ � �%¸²Ì�2 � ô�2ÍHy�Zç%(Éì�P#5³2Í/7ú ìÎìrçHý�Pt5³2#+N�{ý9�éú98sP�ùv2Í��þG��P�ó�2Íã$2�ôn�>�{û�çéë%P#Ì�2 �­H²2t/�þ)î���P
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¶ � ØÙ¸�ô�2�5Ûü:ý�ý�Pz�¹2Ù�¬þ)ü:û�çéú�ë�ìrçHè�PÙ5³2:5Ûçéî��)çéë�P�H\2 �­Ì�2	ðXèÎçéü:î�ï@P æ02záoçéú ï:ç'P�x¹2 ð¥ú�ë��+í�çéè�P
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+3í��Zë�2!������P�1D�Da�� � ÷)÷{÷�!

¶ � a�¸\H²2B��þ'�+í\þ)èÎúÿþ)ë%PBF�2NJ3ú9�+í:í��{èÎî@P¥ó\2Cù>�+í:ý ú�çéëÎú�î���P¥þ�î:ï /�2Iõ�ý*�kù�í\þ)û�çéè �	Pzõ¹���:ý�2
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