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Kurzfassung

Das Hauptergebnis der vorliegenden Arbeit sind Algorithmen, die einen vollstdndigen Satz
an notwendigen Werkzeugen zu Verfiigung stellen, um effizient in der Grad null Picard
Gruppe Pic’(X) einer reduzierten Uberlagerung! X von IP),lg zu rechnen. Die vorgestellten
Algorithmen haben eine asymptotische Laufzeit von O~ (n“cx) Operationen im Grund-
korper k wobei n der Grad eines endlichen Morphismus 7 : X — IP’,lC und cx eine Invariante
von X bezeichnet, fiir die gilt:

gtdimg FOX.0x)4n ¥ jrreduzibel
cx R n ’ ) wobei
max;" {c@X}, X reduzibel
o It dimy, HO(X;, Ox,) + ni + &
1, X n;
Hierbei bezeichnen X1, ..., X,, die irreduziblen Komponenten von X, g und g; jeweils die

Geschlechter von X bzw. X;, n und n; jeweils den Grad von 7 bzw. T|X; und ¢g; ist eine
positive ganze Zahl, die einzig davon abhéngt, wie sich die irreduziblen Komponenten in
X schneiden?. Dieses Resultat verallgemeinert das Ergebnis aus [Jun16] auf singulire,
reduzible und nicht-ebene projektive Kurven tber k. Alle bisherigen Algorithmen funk-
tionieren lediglich fiir irreduzible und nicht-singuldre Kurven iiber einen Koérper k. Wir
geben eine kurze Einordnung unseres Resultats im Vergleich zu bisherigen Arbeiten:3

(i) Die Laufzeit von O~(g*) in [KMO07] fiir integrales* und nicht-singulires X hiingt
nicht von einem moglichen Grad n, sondern lediglich vom Geschlecht g ab. Da-
her kénnen die dort vorgestellten Algorithmen auch nicht von dem Fall, dass n
beschrankt ist aber g wichst, profitieren. In diesem Fall erreichen unsere Algo-
rithmen eine iiberlegene Laufzeit von O~(cx) € O~(g + dimy H°(X,Ox)). Statt
linearer Algebra iiber dem Grundkérper k& in Dimension g wie sie in [KMO07] benutzt
wird, benutzen wir lineare Algebra iiber dem Polynomring k[x] in Dimension n und
Grad cx (welches in etwa dem grofiten der Werte g;/n; entspricht).

(ii) Fiir den Fall von integralen und nicht-singuldren Kurven erreichen wir im Wesent-
lichen die gleiche Laufzeit wie in [Junl6], als wir (ebenfalls durch lineare Algebra
iiber k[z] in Dimension n, aber im Grad g/n) eine asymptotische Laufzeit von
O~ (n¥(g/n)) erreichten. Die in dieser Arbeit vorgestellten Algorithmen funktion-
ieren hingegen auch fiir singuldre Kurven.

(iii) Nach bestem Wissen des Autors sind die in dieser Arbeit vorgestellten Algorith-
men die ersten Algorithmen, welche die Arithmetik in Pic’(X) fiir die Klassen der
singuldren und reduziblen Kurven umsetzt. Dariiber hinaus sind die vorgestellten
Algorithmen fiir die Klasse der integralen und nicht-singuléren projektiven Kurven
mindestens so schnell wie die bereits existierenden Algorithmen. Somit erweitern wir
nicht nur die Klasse der projektiven Kurven, fiir die es effiziente Algorithmen zur
Umsetzung der Arithmetik in Pic’(X) gibt, sondern wir konnen dieser Umsetzung
fiir all diese Kurven eine einheitliche Laufzeit zuordnen.

!Dies sind reduzierte projektive Kurven iiber einen Kérper k zusammen mit einem endlichen Morphis-
mus auf Pi. Fiir die konkrete Definition siehe Definition 2.1.3.

*Die Zahl ¢; ist durch (32", g;) — g nach oben beschrénkt. Hierfiir siehe Lemma 2.4.3 zusammen mit
Proposition 2.4.9.

3Fiir eine umfassendere Abhandlung iiber die bisherigen Arbeiten zur Arithmetik in Pic®(X) siche
Abschnitt 1.1.

“Tm Sinne von #rreduzibel und reduziert.



Ferner beweisen wir in dieser Arbeit, dass die Grad null Picard Gruppe Pic’(X) zu einer
Idealklassengruppe isomorph ist, welche dem Koordinatenring einer iiberall dichten und
affinen offenen Menge von X zugeordnet werden kann. Dariiber hinaus zeigen wir, dass
die Elemente in Pic®(X) durch quadratische Polynommatrizen der Dimension n mit einem
Grad, der nach oben linear durch cx beschrinkt ist, repréasentiert werden kénnen. Falls
X reduzibel ist, konnen wir die Elemente durch Matrizen in n-Blockform® reprisentieren,
sodass der Grad des i-ten Zeilenblocks nach oben linear durch ¢; x beschrankt ist. Nach
bestem Wissen des Autors ist dies neu fiir den Fall dass X singuldr und reduzibel ist und
keinen k-rationalen Punkt besitzt.

Wir méchten betonen, dass wir insgesamt zwei Mengen von Algorithmen bereit stellen,
die beide jeweils einen vollstdndigen Satz an Werkzeugen bereitstellen, um die Arithmetik
in Pic’(X) umzusetzen: Der erste lisst im Wesentlichen die irreduziblen Komponenten
von X aufler Betracht (und stellt damit einen eher generischen Ansatz dar) und der zweite
versucht explizit die Existenz der Komponenten auszunutzen. Wir bezeichnen diese beiden
als den komponentenunabhéngigen bzw. den komponentenabhéngigen Fall. Der kompo-
nentenunabhéngige Satz an Algorithmen arbeitet mit Vertretern, die aus einer eher glob-
alen und gréberen Perspektive groflenoptimiert sind, und stellt damit einen tendenziell
einfacheren Ansatz dar. Die Algorithmen des komponentenabhéingigen Satzes arbeiten
mit Vertretern aus Pic’(X), deren Einschrinkungen auf die irreduziblen Komponenten
groflenoptimiert sind. Hierfiir ist es erforderlich, dass die lineare Algebra Algorithmen,
die mit den entsprechend représentierenden Matrizen hantieren, etwas komplizierter wer-
den. Dies liegt an dem Umstand, dass diese auf die Blockstruktur der Matrizen, welche
die Einschrankungen auf die irreduziblen Komponenten von X widerspiegeln, eingehen
miissen. Durch das voneinander unabhéngige Arbeiten auf den verschiedenen Komponen-
ten ergibt sich, dass diese Algorithmen einer moglicherweise parallelisierten Implemen-
tierung zugénglich sind.

In beiden Féllen stellt die Darstellung mithilfe der quadratischen Polynommatrizen die
Moglichkeit bereit, eine Darstellung der Einschrankungen eines Elementes in PiCO(X ) auf
die irreduziblen Komponenten von X effizient zu berechnen und damit ebenfalls Bilder
unter dem Gruppenhomomorphismus Pic®(X) — @, Pic’(X;).

Die vorliegende Arbeit liefert weiterhin Ergebnisse, die zwar nicht im gleichen Maf
wie die Hauptergebnisse erwdhnenswert sind, aber dennoch eigenen Wert haben. Zum
Teil basieren die Hauptergebnisse dieser Arbeit auf diesen Ergebnissen. Im Folgenden
geben wir einen kurzen Uberblick iiber die erwihnten Ergebnisse und wie sie im Hauptun-
terfangen dieser Arbeit, der effizienten Umsetzung der Arithmetik in PicO(X ), eingebettet
sind.

Wir integrieren die Ergebnisse aus [Hes(02, Theorem 7], welche die ersten expliziten
Methoden zur Berechnung von Basen von Riemann-Roch Rédumen vorgestellt und etabliert
wurden, wie folgt: Wir erweitern den Geltungsbereich der dort gegebenen Ideen auf allge-
meinere Garben und allgemeinere Kurven. Wir definieren verallgemeinerte Vektorbiindel,
welche im Wesentlichen solche Garben sind, fiir die es einen Struktursatz gibt, der ihre
globalen Schnitte durch eine k-Basis angibt; im Wesentlichen sind verallgemeinerte Vek-
torbtindel also solche Garben, fiir die [Hes02, Theorem 7] im Allgemeinen gilt. Dartiber
hinaus gilt all dies auch auf moéglicherweise reduziblen und singuldren Kurven. Dies er-
moglicht es uns im Grunde, die Elemente in Pic’(X) durch quadratische Polynommatrizen
der Dimension n darzustellen.

Die durch die angegebene k-Basis beschriebene Dimension der globalen Schnitte eines
verallgemeinerten Vektorbiindels F hangt von den w-Invarianten von F ab, welche wiederum
durch die Zerlegung von m,F auf IP’,lC in invertierbare Garben bestimmt sind. Diese hén-

PFalls n =" n; und M € k[z]"*" in n-Blockform ist, so gibt es Matrizen M; € k[z]"**" sodass die
Matrix M durch untereinander Schreiben der Matrizen M, ..., M,, entsteht.



gen ebenfalls mit der Dimension von H'(X,F) als k-Vektorraum zusammen. Falls X
integral und nicht-singulér ist, so erhélt man {iiblicherweise Schranken fiir diese Invari-
anten durch Anwenden der Riemann-Roch Gleichung zusammen mit dem Verschwinden
von H'(X,Ox (D)) fiir Divisoren D auf X dessen Grad 2g — 2 iiberschreitet. Wir verallge-
meinern dies auf allgemeinere Kurven und auf verallgemeinerte Vektorbiindel vom Rang 1
(welche wir Ox-Ideale nennen). Im Falle von integralem X konnen wir auf recht elementare
Weise Schranken angeben. Die Suche nach Schranken ist im reduziblen Fall hingegen sehr
viel komplizierter. Nichtsdestotrotz kénnen wir recht explizite Verfahren angeben, um
Basen von F zu finden, welche in Bezug auf jede einzelne irreduzible Komponente klein
sind. Die Existenz dieser Basen impliziert dann letztenendes die Schranken fiir die -
Invarianten. Ferner ist es von Bedeutung, dass die Schranken fiir die w-Invarianten obere
Schranken fiir den minimalen Grad der die Elemente aus Pic’(X) darstellenden Matrizen
liefern. Daher sind wir schlussendlich dazu in der Lage, die Elemente in Pic®(X) durch
quadratische Polynommatrizen der Dimension n darzustellen, deren Grad nach oben linear
durch ¢x beschrankt ist.

Diese Schranken wiederum ermoéglichen, dass wir eine Schranke ng € Z angeben kon-
nen, die von cx und den Graden der Einschrédnkungen von Fx, auf die irreduziblen Kom-
ponenten von X abhingt, sodass die erste Kohomologiegruppe H' (X, F(r(r)s)) fiir alle
ganzen Zahlen r > ng verschwindet. Da der Poldivisor (x), von z ample® ist, ist die
Existenz einer solchen Schranke keine Uberraschung.” Wir kénnen jedoch im Falle von
Ox-Idealen F eine explizite Schranke angeben. Dies impliziert, dass das héufig auf die
Riemann-Roch Gleichung angewandte Verschwinden der ersten Kohomologiegruppe (im
Falle von integralem und nicht-singuldrem X'), welches das Vorhersagen der Dimension des
Riemann-Roch Raums eines Divisors hinreichend groflen Grades erméglicht, auf O x-Ideale
der Form F(r(r)s) und seine globalen Schnitte verallgemeinert wird. Dieses Verschwin-
dungsresultat kann wiederum zusammen mit einer allgemeinen Variante des Approxima-
tionssatzes dazu verwendet werden, um die Existenz von gréflenoptimierten Vertretern
von Pic?(X) zu begriinden.

Es findet der englische Ausdruck Verwendung, da es keine etablierte und einheitliche deutsche Inter-
pretation des Wortes ample im mathematischen Kontext gibt.
"Siche hierzu zum Beispiel [Liu02, 5.3.6].



Abstract

The main result of this thesis are algorithms that constitute a toolkit to efficiently compute
in the degree zero Picard group PicO(X ) of a reduced cover®X of P,li in an asymptotic
running time of O~ (n“cy) operations in the ground field & where n denotes the degree of
a finite morphism 7 : X — IP’,%/, and cy is an invariant of X such that

grdim HOX,0)+n - jrpeducible
cx & n ’ _ where
max;" {Cz} X}, X reducible
g +dimy, HY(X;, Ox,) +n; + &
Ci X =~ .
ng
Here X1,..., X, denote the irreducible components of X, g and g; the respective genera,

n and n; the degrees of m respectively mx, and ¢; is an integer solely depending on how
the components X; intersect”. This generalises the result in [Jun16] to singular, reducible
and non-plane projective curves over k. All previous algorithms only work for integral and
non-singular curves over a field k. We give a short classification of our result in contrast
to previous work:!?

(i) The running time O™~ (g*) of [IKMO7] for integral and non-singular X does not depend
on n but solely on the genus g. Therefore, if n is bounded and g grows, then we
obtain a superior running time of O~(cx) € O~(g + dimy H°(X,Ox)). Instead of
employing linear algebra in dimension g over k, as [KMO07] does, we use linear algebra
over the polynomial ring k[x] in dimension n and degree cx (which is roughly equal
to the worst possible g;/n;).

(ii) In the case of integral and non-singular curves, our running time is essentially the
same as the one in [Jun16] where the author obtained a running time of O™~ (n“(g/n))
(using linear algebra in dimension n over k[z] in degree g/n). However, the algo-
rithms we propose here work for singular curves as well.

(iii) Generally, to the author’s best knowledge our algorithms are the first ones that im-
plement the arithmetic in Pic’(X) for the classes of singular and reducible curves.
Moreover, our algorithms are essentially at least as fast as the fastest known algo-
rithms for integral and smooth projective curves. That is, we do not only enlarge
the class of curves X for which it is possible to compute efficiently in Pic’(X), but
we also provide a uniform running time for this task in general.

Furthermore, in this thesis we prove that the degree zero Picard group Pic®(X ) is isomor-
phic to an ideal class group associated to the coordinate ring of an affine and schematically
dense open subset of X. Moreover, we show that the elements in Pic” (X) can be repre-
sented by polynomial square matrices of dimension n with degree linearly bounded by cx.
If X is reducible, we can represent the elements by matrices in n-block-form!! whose i-th
row block has degree linearly bounded by ¢; x. To the author’s best knowledge this is new
in the case that X is singular, reducible and does not admit any k-rational points.

We want to emphasise that we provide two different sets of algorithms both consti-
tuting a complete toolkit to compute in Pic’(X): The first one essentially does not take

8Those are reduced projective curves over a field k together with a suitable finite morphism onto P,
see Definition 2.1.3.

9The integer ¢; is bounded by (3°", ¢;) — g, see Lemma 2.4.3 together with Proposition 2.4.9.

0For a more thorough treatment of the previous work on the arithmetic in Pic®(X), see Section 1.1.

YIfn =37 n; and M € k[z]"*" is in n-block-form, then there are matrices M; € k[z]"**"™ such that
M is the matrix formed by writing the matrices My, ..., M,, one below the other.



the irreducible components of X into account (and thus represents a more generic ap-
proach) and the second one explicitly does and tries to utilise them. We call these two
the component independent respectively the component dependent case. The component
independent toolkit works with representatives that are size-optimal from a more global
and coarser perspective and provide a somehow less involved and more generic approach.
However, the component dependent toolkit is comprised by algorithms that work with
representatives of Pic’(X) whose restrictions to each of the irreducible components of X
are size-optimal. This requires the linear algebra algorithms that deal with the respec-
tive representing matrices to be a bit more involved since they need to take care of the
block structure that reflects the restrictions to the irreducible components of X. But since
they often work independently on the components, they are to some extent accessible for
parallelisation. In both cases, the representation via polynomial square matrices enables
us to efficiently compute representations of the restrictions of elements in Pic’ (X) to the

irreducible components of X and thus to compute images under the group homomorphism
Pic’(X) — @, Pic’(X;).

There are further minor results upon which the main results rely (at least to some
extent) and which, moreover, may have some significance on their own. In the following
we give a brief overview of those and how these are embedded in the main endeavor of
this thesis — efficiently implementing the arithmetic in Pic®(X).

We incorporate the results of [Hes02, Theorem 7], which first gave explicit means to
compute bases of Riemann-Roch spaces, in the following manner: We enlarge the ambit of
the ideas given there to more general sheaves on more general curves. We define generalised
vector bundles which are essentially those sheaves for which there is a structure theorem
describing their global sections by means of a basis, i.e. essentially as those sheaves for
which [Hes02, Theorem 7] holds in general. Moreover, all of this holds on possibly singular
and reducible curves. This basically enables us to represent the elements of PiCO(X ) by
polynomial square matrices of dimension n.

The dimension of the global sections of a generalised vector bundle F described by the
stated k-basis depends on the m-invariants of F which themselves are determined by the
decomposition of m,F into invertible sheaves on P,lc. These also relate to the k-dimension of
H!(X,F). In the case of an integral and non-singular curve X the Riemann-Roch equation
together with the vanishing of H'(X,Ox (D)) for divisors D whose degree exceeds 2g — 2
provides bounds for these invariants. We generalise this to more general curves and to
generalised vector bundles of rank 1 (Ox-ideals). We rather easily provide bounds of
these invariants if X is integral. The quest for effective bounds if X is reducible and
decomposes into several irreducible components is much more involved. However, we give
quite explicit instructions on how to find bases of F that are small with respect to each
irreducible component. The existence of these bases then finally provides bounds for the
m-invariants of Ox-ideals. It is moreover important that we are able to prove that these
bounds provide upper bounds of the minimal degree of polynomial matrices representing
the elements in Pic’(X). This finally establishes that we can represent the elements in
Pic? (X) by polynomial square matrices of dimension n with degree linearly bounded by
cx.

These bounds in turn provide that we are able to give a bound ng € Z, depending
on cx and the degrees of the restrictions F|y, of F to the irreducible components of X,
such that for all integers r > ng the first cohomology group H'(X, F(r(x)so)) vanishes.
Since the pole divisor (z)s of 2 is ample, it is no surprise that such an integer ng exists.!?
However, we give an explicit bound in the case of Ox-ideals F. This establishes that the
vanishing that is often employed in the Riemann-Roch equation (in the integral and smooth
case) to predict the dimension of the Riemann-Roch space for divisors of sufficiently large

12Gee [Liu02, 5.3.6].



degree can be extended to Ox-ideals of the form F(r(z)~) and their global sections. This
vanishing result in turn can be used to prove size-optimal representatives of PicO(X ) by
applying a general version of the Approximation Theorem 5.7.1.
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Chapter 1

Introduction

The Jacobian J(X) of an integral' and non-singular projective curve X over a field k is an
algebraic group of dimension g (where g denotes the genus of X) that parameterises the
degree zero divisors on X up to linear equivalence, see [Mil86] for a thorough treatment
of Jacobians. If X has a k-rational point, then J(X) is actually isomorphic to the degree
zero Picard group PicO(X ) consisting of degree zero divisors up to linear equivalence?.

There has been quite an attention to the problem of computing efficiently in J(X)
of non-singular projective curves X over a field k£ — and still there is. In the cases of
X being an elliptic or a hyperelliptic curve, this interest is tremendously boosted by the
scientific community that works in the field of (applied) cryptography. This is due to the
fact that (besides the problem of efficient integer factorisation which finds a use in the
RSA cryptosystem) the discrete logarithm problem (DLP) is one of the main problems
public key cryptosystem are based on. Instances of cryptosystems that rely on the DLP
are the Diffie-Hellmann key exchange protocol [DHO06] and the ElGamal cryptosystem
[Elg85]. Both Neal Koblitz [Kob87] and Victor Miller [Mil85] proposed independently
from one another to use the DLP in the group of points (which is essentially the same as
the Jacobian) of an elliptic curve over a finite field for establishing cryptosystems. Since
that time the research dealing with arithmetic aspects of elliptic curves has been intensified
and also spread over to curves of higher genus, for instance, hyperelliptic curves of genus
2 or 3. The usage of Jacobians of such curves for cryptosystems was suggested again by
Koblitz in [Kob89] and it has been studied in several occasions since then, for instance,
in [Cang7], [KGMT02] [MCTO1] [Lan02], [PWGP03] and [Sut19]. Moreover, we refer the
reader to the handbook [CFAT05] which is concerned with elliptic and hyperelliptic curve
cryptography and covers lots of basic material as well as applied aspects.

In general, the Jacobian has been central in the study of projective curves as Mumford
[AMO4, p 260] has already put it straight:

“The Jacobian has always been a corner-stone in the analysis of algebraic curves
and compact Riemann surfaces. [...] Weil’s construction [of the Jacobian] was
the basis of his epoch-making proof of the Riemann Hypothesis for curves over
finite fields, which really put characteristic p algebraic geometry on its feet.”

In this thesis we focus on the algorithmic aspects of the arithmetic in the Jacobian (to
be more precise, of the degree zero Picard group, see below) of far more general projective
curves X over a field k. Implementing J(X) algorithmically using an embedding into some
projective space P} is for almost all values of g impractical since either the dimension n
grows exponentially in g or the equations cutting out J(X') in P} become very complicated.

'Note that the definition of a curve is not consistent in the literature in the sense that there is no
consensus with respect to whether the curve (the scheme of dimension one in question) is assumed to be
irreducible. However, in this thesis we will never assume a curve to be irreducible unless stated explicitly.

2See [Mil86, Theorem 1.1].
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Therefore, most of the algorithms that work with J(X) use the divisors representing
the respective element in J(X), keep track of linear equivalence and reduce resulting
representatives (using a principal divisor) to obtain ’simple’ ones after every arithmetic
operation. This perfectly fits the endeavor of this thesis in which we actually care about
the algorithmic implementation of the arithmetic in the degree zero Picard group of curves
of large genus. Moreover, the Jacobian as defined in [Mil86] is only defined for non-singular
projective curves over a field k, and we want to consider not only singular curves but also
reducible ones?. All of this encourages us to consider the degree zero Picard group Pic®(X)
instead of the Jacobian.

We will present algorithms that cover the three essential ingredients that are neces-
sary to be able to actually compute in Pic’(X) (and more generally, these constitute the
ingredients necessary to compute in an arbitrary abelian group):

Key ingredients of the arithmetic in an abelian group:
(i) Compute the composition of two group elements.
(ii) Compute the inverse of a given group element.
(iii) Test whether a given group element is the neutral element.

Some authors also provide an algorithm that provides a representation of the neutral
element and thus we may also add this to the above key ingredients.

(iv) Provide a representation of the neutral element.

We will provide randomised algorithms to implement Items (i) and (ii) which are of Las
Vegas type* and deterministic algorithms that implement Items (iii) and (iv).

In what follows next, we want to give a brief overview of the research that has been
done with respect to efficient algorithms to compute in Pic’(X) for general curves X (i.e.,
not assuming that X belongs to a rather restrictive class of curves, for instance the class
of elliptic or the class of hyperelliptic curves) possibly having large genus. For a thorough
treatment of the existing work, see Section 1.1. The existing research can be roughly
divided into two different type of approaches, the arithmetic and the geometric approach.®
The geometric approach assumes the curve X to be embedded into some projective space
Piv and to be given by homogeneous equations where N € O(g) is possible. Starting
from this setting [Vol94] and [HI94] both worked with as small values of N as possible,
the most prominent one being N = 2. Both used computations with polynomials of
degree in the order of g and resulted in a total running time of O(g”) operations on the
ground field £ where g denotes the genus of X. The most prominent representative of the
geometric approach is Kamal Khuri-Makdisi who presented in [[XMO07] the following way
of representing the curve X and divisors on it. A fixed line bundle £ that comes equipped
with X of sufficiently large degree deg; £ > 2g + 2 provides the possibility to represent
the curve X as the global sections of £ and £%? together with a multiplication map g :
L(X)®L(X) — L(X) between them. Moreover, divisors on X can then be interpreted
as k-subvector spaces of £(X) and the arithmetic operations in Pic’(X) can be carried
out using linear algebra over k in dimension g. Using fast linear algebra over k this results
in an asymptotic running time of O™~ (g*) operations in k and superseded the results in

3See Footnote 1.

4Our algorithms are randomised algorithms that either signal their failure or return a correct result.
Moreover, the probability of failure can be influenced by input parameters and is upper bounded.

"We adopted the terminology arithmetic vs. geometric from [KMO07] and the following distinction is
inspired by the remarks made in [KMO7].

5Both worked with a description of X as a possibly singular plane curve, see [KMO4, p. 2].
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[Vol94] and [HI194] by lengths. The arithmetic approach, whose most recent representative
is Florian Hef, assumes X to come equipped with a finite morphism 7 : X — ]P’,lc of degree
n and interprets the function field F' of X as a degree n field extension of k(x). If X
is non-singular, then PicO(X ) is isomorphic to an ideal class group associated to F and
the arithmetic in Pic’(X) boils down to ideal arithmetic in the integral closure of k[xz] in
F, see [Hes99] and [Hes02]. This results in a total running time which is polynomial in
n and Cy where f = y" + ay" ' 4 ...+ ap_1y + an € k[z,y] defines the function field
of X and Cy := max{[deg(a;)/i| | 1 < i < n}. Therefore, this approach is sensitive to
the degree n of X over P{. In his master’s thesis [Junl6] the author also followed the
arithmetic approach. The author worked out ideas (that have been provided by Florian
HeB") in detail and came up with algorithms that implemented the arithmetic in Pic®(X)
for integral and non-singular projective curves X over finite fields. These theoretical
algorithms were formulated in the function field setting mentioned above and resulted in
a running time complexity of O™~ (n*~!g) where g denotes the genus and n the degree of
F over k(x) as well as w the matrix multiplication constant. Therefore, [Junl6] set a new
best running time O™~(g) in the case that n is bounded and g grows and it achieves the
same asymptotic running time O™~ (g*) if n ~ g as [KMO07] did. Moreover, it interpolates
between the two extremes and provides a compelling running time if n is neither constant
(in terms of ¢g) nor approximately equal to g. Under the quite reasonable assumption that
n € O(g) it is at least as fast as all known algorithms and even faster if n % g or n not
bounded.

In a nutshell, the main goal of this thesis is to provide algorithms for the arithmetic in
Pic’(X) in the case that X is possibly singular and reducible and to achieve an analogous
running time as in [Junl6]. This would provide a uniform running time for the arithmetic
in Pic’(X) for a wide range of projective curves X over fields. The previous work men-
tioned above (and pretty much every attempt made so far) concerned with the arithmetic
in PicO(X ) only considers very nice projective curves X over k and does not economise with
assumptions imposed on X. That is, the authors assume X to be irreducible, non-singular
and sometimes even to be plane.

Let us now describe the main difficulties we encounter trying to generalise the ideas
from [Junl6] to curves that decompose into several irreducible components and that may
have singularities. For this purpose, we assume for the moment that X is a non-singular
and irreducible projective curve over the field k. One of the key ingredients for the results
in [Junl6] (and implicitly for pretty much all of the previous work) was the theorem of
Riemann-Roch together with a vanishing result. That is, for every divisor D on X there
is the Riemann-Roch equation

dimy, H°(X, D) = dimy H(X, K — D) +deg, D +1—g (0:1)

with K a canonical divisor on X. Moreover, whenever deg; D > 2g — 1 holds, we have
dimy, H°(X, K — D) = 0. This provided means to argue that there are small’ divisor class
representatives of a specific form and implied that we are able to find principal divisors of
the very same form. All of this laid the foundation to transport the task of computing with
divisors into the realm of linear algebra in dimension n over the polynomial ring k[z] with
entries of degree in the order of g/n. There are several occasions in which the fact that X
is non-singular and irreducible comes into play here. Since X is non-singular, the dualising
respectively canonical sheaf wy is invertible and corresponds to the canonical divisor class,
that is, we do have canonical divisors K. Moreover, the existence of K together with X
being irreducible implies that deg; D > deg;, K = 2g — 2 results in K — D having negative
degree and also that this implies that H°(X, K — D) vanishes. For singular curves the

"Florian HeB was the supervisor of the author’s master’s thesis.
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dualising sheaf wy need not be invertible® and then the term H°(X, K — D) in Eq. (0:1) is
replaced with HY(X,Ox (D)) = H*(X,wx ®0y Ox(—D)). However, for reducible curves
the sheaf wx ®op, Ox(—D) might have global sections no matter what the degree of D is.
Since we want to use similar ideas in this thesis as in [Junl6], we need to overcome these
issues.

Let us now briefly describe how we addressed these issues. In contrast to the previous
work, we will work with reduced covers of P,lg. Those are reduced projective curves X
over a field k that admit a finite morphism® = : X — IP’/,l€ of degree n that is separable!”
and which satisfies that the intersection points of the irreducible components of X do not
meet the fibre 77 1(Py) of a fixed point Ps, of IP’,IC, the point at infinity. Then the direct
image m,.F of every invertible sheaf F (being coherent and torsion-free indeed suffices
to be locally free on IP’,lg) is a vector bundle of rank n on IP’I,If and thus decomposes into
a direct sum of twisted sheaves Opi(|F|1),...,Op1(|F|n). These integers |Fli,..., |F|n
are invariants of the isomorphism class of F. Since finite morphisms are affine, we have
xk(X, F) = xx(Pt, m.F)M and thus we can interpret the dimension of both H°(X, F) and
H'(X,F) in terms of the invariants |F|1,...,|F|,. In particular, proving bounds for them
provide H'(X, F) = 0'2. Whenever X is integral, we can quite easily provide bounds for
these invariants in terms of g and n, no matter if X is singular'®. An important part
of this thesis is to prove bounds for the invariants in the case that X is reducible!*. To
do so, we need to investigate the connection between divisors on X and divisors on the
irreducible components of X (in fact, we will do so for more general sheaves) extensively.
The above then provides the vanishing of H*(X, F(7(2)s)) where F is an invertible sheaf
and r sufficiently large but bounded in terms of the degree of the restrictions of F to the
irreducible components of X . Despite the fact that we only need this result for invertible
sheaves representing divisor classes, it does hold for far more general sheaves. We call these
sheaves Ox-ideals which are basically sheaves that are invertible at the generic points of
X. It turned out to be the case that our definition of Ox-ideals is congruent with the
definition of generalised divisors given by Hartshorne in [Har07]. Furthermore, O x-ideals
are instances of sheaves for which we can provide a structure theorem of their global
sections'®, analogous to the one given in [Hes02] but for more general curves and sheaves.
Moreover, the sections F(V) of an Ox-ideal F over an affine open subset V = 7=1(U),
where U C P} is an affine open, are free modules of rank n over Op:(U). By fixing an
affine open cover {Up, Uso} of P} and setting Vo = 7~ 1(Up), Voo = 71 (Us), this provides
that F(Vp) and F(Vs) are free k[x]- respective k[x~!]-modules of rank n. Moreover, the
Ox-module F is represented by the pair (F(Vp), F(Vao))!?. This provides that Ox-ideals
F with a prescribed behaviour along the fibre 77!(P,,) can be completely represented by
(n x n)-matrices over k[z]. Another very important feature of the invariants |F|q, ..., |F|x,
is that they determine the degree of the entries of the above matrices depending on the
degree of F.

8Indeed, it is invertible if and only if X is Gorenstein.

9Every projective curve over k admit a finite morphism to P}, see Theorem D.1.6. However, not every
such morphism needs to satisfy the further properties we require.

0We call a morphism X — Y onto an irreducible curve Y separable if its restrictions to the irreducible
components of X induce separable field extensions of the respective function fields.

"'See Lemma B.5.12.

128ee Proposition E.2.16.

13See Theorem 4.3.23.

See Lemma, 4.5.1.

15Since the pole divisor of z () is an ample divisor, the existence of such an integer r € Z is no
surprise, see [Liu02, 5.3.6]. However, we are able to provide explicit bounds for .

16We call these sheaves generalised vector bundles, see Definition 4.1.1.

T be precise, to encode the @ x-module structure we also need to compute multiplication tables, see
Proposition 4.2.9.
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All of the above then enables us to reduce the arithmetic in Pic?(X) to linear algebra
in dimension n over k[z] with matrices having degree linearly bounded by an invariant cx
of X. The invariant cy is roughly equal to g/n if X is irreducible and roughly equal to
max]",{gi/n;} + ¢ if X is reducible. Here g resp. g; denote the genera of X resp. X;; n
resp. n; denote the degrees of X resp. X; over }P’,lg and e depends on how the components
X; intersect. This results in an asymptotic running time of O~ (n“cx) operations in
k. Therefore, if X is irreducible but singular, we obtain a direct generalisation of the
result in [Junl6] to singular curves. Moreover, if X decomposes into multiple irreducible
components, then we obtain a running time that is roughly equal to the running time
of the irreducible case applied to the irreducible component on which our algorithm is
slowest. This pretty much looks like the best one could expect in general.

1.1 Existing Work

As already mentioned in the introductory text, there has been some effort in implementing
the arithmetic in the degree zero Picard group Pic?(X) for elliptic and hyperelliptic curves
and, moreover, for more general curves as well. In this section we want to give a more
thorough overview of the previous work and therefore supply insights of what is the state
of the art with respect to efficient algorithms that implement the arithmetic in Pic®(X)
of general projective curves X over a field k.

In the following we want to divide the previous work roughly into two categories
depending on the approach the authors used. By doing so, we use a terminology that we
adopted from [KMO7] where the author describes the two approaches as arithmetic and
geometric. Roughly speaking, the arithmetic approach works with a degree n morphism
7 : X — P and then tries to express Pic%(X) either explicitly by rather simple objects (for
instance using the Mumford representation as [Can87] does for hyperelliptic curves) or as
an ideal class group attached to the function field of X. Then the arithmetic in Pic®(X)
boils down to ideal arithmetic. In contrast to this, the geometric approach, which is the
one [KMO7] used, uses an embedding of X into some projective space P with n € O(g).
Then two Riemann-Roch spaces are needed to represent X and those are provided by the
restrictions of linear and quadratic functions from the ambient projective space P" to X.
Then the arithmetic in Pic’(X) boils down to linear algebra over k in dimension g inside
these Riemann-Roch spaces.

Arithmetic Approaches

In [Can87] the author presents means to compute in the degree zero divisor class group
(the Jacobian) of a hyperelliptic curve over a field k of characteristic not equal to 2. By
a hyperelliptic curve the author refers to an integral, plane and non-singular projective
curve X over k with an affine model given by v? = f(u) where f(u) € k[u] is a separable
polynomial of degree 2g + 1 where g > 0. That is, the genus of X is the integer g and
n = 2 denotes the degree of X over the projective line IP’}C (the gonality of X). Due to the
relation v? = f(u), every point P = (z,y) € X (k) not equal to the point oo at infinity
satisfies that P’ = (x,—y) is also a point on X. This provides that for every such point
P the relation P + P’ — 2 - 0o = 0 holds in the Jacobian of X. Therefore, every element
in the Jacobian can be represented by a divisor of the form ()., P;) — r - co for some
integer r and some further properties. These divisors are called reduced and every such
divisor can be represented by two polynomials in k[u] of degree at most ¢ satisfying some
greatest common divisor (gcd) conditions. This representation is called the Mumford
representation. Finally, computing the sum of two divisors boils down to the computation
of polynomial products and polynomial geds of polynomials in k[u] with degree bounded
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by g. The author also provides an algorithm to reduce the resulting divisor class whose
running time is also bounded by the number of required operations for computing the ged
of polynomials. Therefore, the overall running time is O(g(log g)?) € O~(g). Moreover,
the algorithms are deterministic.

[Hes99] provides a method to compute the divisor class group of (an algebraic function
field of) an integral and non-singular projective curve X over a field k. Moreover, the
author develops an efficient method to compute Riemann-Roch spaces and provides an
algorithm to reduce divisors. The latter provides an opportunity for finding representatives
of a given specific form of classes in the degree zero divisor class group of X. This form
is somewhat small in the sense that storing it on a computer requires bounded space.
Furthermore, combining all of the above with a simple criterion for equality provides
means to actually implement the group law in the degree zero divisor class group together
with a test for equality deterministically. The running time of this application of the results
in [Hes99] is polynomial in n and Cy where f =y + a1y ' + ... + an—1y + ay, € k[z, ]
defines the function field of X and Cy := max{[deg(a;)/i] | 1 <i < n}.

[Junl6], based on the ideas of Florian Hef}, provides probabilistic algorithms to imple-
ment the group law in the degree zero Picard group PicO(X ) where X denotes an integral
and non-singular projective curve of genus g over a field k which has degree n over ]P’,lg.
After a precomputation that needs to be done once for X, the author reduces the group op-
erations in Pic’(X) to linear algebra over k[z] in dimension n and degree linearly bounded
by g/n which thus results in a total running time complexity of O(n*(g/n)) = O(n“~1g))
where w denotes the matrix multiplication constant. The reduction to linear algebra
over the polynomial ring k[z] with z € k(X) is due to an isomorphism provided by
the author between Pic’(X) and an ideal class group associated to the integral closure
R = Cl(k[z], k(X)) of k[z] in the function field k(X) of X. To do so, it is shown that every
class in Pic’(X) admits a divisor representative which behaves as a common multiple of
the pole divisor (z)s of  at the points lying over the point at infinity P € PL. More-
over, [Hes02, Theorem 7] together with the theorem of Riemann-Roch and the vanishing
of H'(X,Ox (D)) for divisors D with degree exceeding 2g — 2 provides representatives of
bounded size. These representatives are given by integral invertible ideals of R which are
thus free of rank n over k[x] and can therefore be represented by a polynomial square
matrix of dimension n. The bounded size of the divisor representatives implies that the
respective ideals have bounded degree and, moreover, that every such ideal admits a basis
whose basis matrix has bounded degree as well. The principal ideals representing the zero
element in the ideal class group correspond to principal divisors generated by functions
that behave as powers of x at the points over Py,. A key point for the presented algorithms
is that they heavily rely on being able to compute for every given ideal such a function
that is contained in that ideal.

Geometric Approaches

[KMO7] provides probabilistic algorithms to implement the group law in the degree zero
Picard group Pic’(X) where X denotes a non-singular projective geometrically irreducible
algebraic curve of genus g over a field k. After a precomputation that needs to be done
once for X, the author reduces the group operations in PicO(X ) to linear algebra over k in
dimension O(g) x O(g'™) which thus results in a total running time complexity of O™~ (g*)
where w denotes the matrix multiplication constant.

The results of [IKMO07] rely on the former work [IKXMO04] of the author where he intro-
duced most of the theoretical foundation. The running time obtained in [KM04] is O(g*).
The speedup from the results in [KKM04] to those in [KM07] comes from replacing the rep-
resentation of divisors by a k-basis with a representation by a smaller ideal generating set
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which is obtained in a randomised way. This also implies that the algorithms in [KMO07]
are randomised algorithms.

In [KMO7] the author assumes the curve X to be embedded into some projective space
P} with n € O(g) and that this embedding comes equipped with a line bundle £ of degree
deg £ > 2g+2 but still with deg £ € O(g). Then he fixes the k-vector spaces H%(X, £) and
HY(X, £%?%) together with a multiplication map H°(X, L)@ H'(X, £) — H°(X, £%?) which
provides a representation of X itself. After having established the above representation,
every effective divisor D on X can be represented by the k-subvector space H(X, L(—D))
of H°(X, £) which itself can be represented by a matrix over k via a k-basis. Alternatively,
a k-basis as above can be replaced by an ’ideal generating set’ (as the author calls it
referring to the ideal a divisor defines on an affine open subset of X) which is a subset
of HY(X, L) whose divisor of common zeros is D. This set may be way smaller than a
basis of H°(X, £(—D)) scaling down the size of the involved matrices from O(g) x O(g?)
to O(g) x O(g'™). To come up with such an ideal generating set, the author employs
fundamental probabilistic statements about whether randomly chosen elements in a finite
dimensional vector space lie in the finite union of proper subvector spaces. We mimic
this method in this thesis to come up with ideal generating sets of ideals (indeed, exactly
those ideals from above the author of [IXMO7] referred to). However, after representing
divisors as above, the author is able to implement the group operations in Pic’(X) only
using the vector spaces H’(X, £(—D)) represented by a basis (or ideal generating set) and
then using linear algebra over k in dimension O(g) x O(g?) (respectively O(g) x O(g**)).
Hence, after the necessary precomputations, this results as mentioned above in the running
time complexity of O~ (g%).

In [I1.12] the author generalises the main results of [IXM04] to relative Jacobians of non-
singular, projective Spec(R)-schemes of relative dimension one where R is a noetherian
amenable'®ring. The author generalises the two main theorems [[KM04, 2.2 and 2.3] upon
which the representation and the arithmetic operations of effective Cartier divisors depend
to relative effective Cartier divisors on relative Spec(R)-schemes of relative dimension one.
This yields the algorithmic realisations of the above statements and provides the arithmetic
of divisors on relative curves and therefore the arithmetic on Jacobians of relative curves.
All of this is done analogous to the proceeding in [[KMO04]. However, it seems to be the
case that the speedup achieved in [KKMO7] over the result in [KMO04] by working with ideal
generating sets (obtained randomly) instead of bases over the ground field does not extend
to amenable rings off-handedly. The overall running time for the arithmetic in the Jacobian
is O(g*) (as in [KMO04]) plus the running times gS(g), K(g, g) and CK(g, g, g)'"needed for
computing sums, kernels and common kernels, respectively, see [IL.12, pp 42-44)].

We summarise the above reflections of the relevant work that each provides algorithms
that implement the arithmetic in Pic’(X) in Table 1.1. We explain the different columns
that may need an explanation: The column Curves contains a brief description of the
class of curves for which the respective algorithms work. The column Type lists whether
the respective algorithm are deterministic (det.) or probabilistic (prob.) algorithms. The
column Approach indicates which kind of approach the respective algorithms follow where
geom. stands for the geometric and arithm. stands for the arithmetic approach.

18Roughly speaking, these are rings that admit effective linear algebra functions. The author defines
a ring R to be amenable if the R-module operations dual, composite, kernel, common kernel and sum of
projective R-modules can be computed effectively, see [IL12, pp 32-33]. Examples of amenable rings are
fields with exact arithmetic, any domain with exact arithmetic and an effectively computable Euclidean
function, a large class of principal ideal rings (not necessarily domains) containing finite semi-local rings
and thus quotients of DVRs, Dedekind domains and certain quotients of Zj[[u]], see [IL12, pp 33-34].
9for the notation S(g), K(g, g) and CK(g, g, g), see [IL12, p 33)].
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’ Source H Curves ‘ Type ‘ Complexity ‘ Approach‘

[Can8&7] || hyperelliptic curves, i.e. non- det. O(glog(9)?), arithm.
singular, integral, plane, projective n =2
curve X over k, chark # 2

[Hes99], || non-singular, integral, pro- det. polynomial arithm.

[Hes02] || jective curve X over k in n, Cy

[Junl6] || non-singular, integral, pro- prob. | O~ (n“"1g) arithm.
jective curve X over k

[KMO7] || non-singular, geometrically prob. | O~ (g%) geom.
irreducible, projective alge-
braic curve over k

[1L12] non-singular, projective Spec(R)- prob. | O(¢g*)+¢S(g)+ | geom.
schemes of relative dimension K(g,9) +
one where R is noetherian CK(g,9,9)

Table 1.1: Overview of the running times of previous algorithms for the arithmetic in
Pic’(X)

Besides the work that provided algorithms to efficiently compute in Pic®(X) there has
also been some efforts made with respect to computations that only relate to Pic(X). A
work we need to mention in this context is [Brul3] which uses the geometric representation
of [KMO7] to present means to compute “desirable operations”? with respect to divisors
over a finite field k. For instance, the decomposition of effective divisors into prime divisors,
coming up with a uniformly random effective divisor of prescribed degree (if such exists)
and computing images under the Frobenius map. Moreover, there are several operations
when dealing with finite morphisms between non-singular curves that can be computed,
for instance the pull-backs and push-forwards of divisors.

Another aspect that can be relevant for arithmetic in the Picard group is the efficient
computation of Riemann-Roch spaces. Among others these can be used on integral curves
to efficiently test whether a given divisor is principal. This in turn provides a possible zero
test in PicO(X ) and therefore a possible test for equality whenever there are algorithms at
hand that can carry out the group law and compute inverses in Pic? (X). The fundamental
work was established in [Hes99]. However, over the last while some new algorithms have
been proposed as those in [LGS20] and [ACL20] both for nodal plane projective curves.
The algorithm in [LGS20] is a variant of the Brill-Noether algorithm and [ACL20] modifies
this variant so as to improve known complexity bounds.

In [Baul4] the author worked out in detail the lattice theory that can be applied to
lattices in function fields F'/k of integral and non-singular projective curves X over a
field k. The theory in particular applies to the invertible ideals which are free of rank
n = [F : k(z)] representing divisors on X. Especially the statements [Baul4, 4.0.1, 4.0.2]
are similar to the methods described in [Hes02] and essentially interpret the Riemann-
Roch space of a divisor D on X as a lattice space induced by the norm || ||p which itself is
induced by D. In Chapter 4 we will actually work with such lattices and their successive
minima implicitly, but we will focus on how the latter can be upper bounded and how this
affects the degree of matrices representing related bases. In contrast to [Baul4d] we will
not only work with the direct image 7,.Ox (D) of the divisor D along the finite morphism
corresponding to the finite function field extension F'/k(z) (which only admits the analysis
on the level of k-vector spaces and free k[z]- respectively O,-modules) but will also respect
that these vector spaces and free modules come from an Ox-module.?! In particular, we

208ee [Brul3, p. 1711].
Moreover, we will consider the whole situation on much more general curves and even for more general
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will apply the insights gathered there to the problem of computing efficiently in Pic®(X).

Finally, we would like to mention the work of Kohel [Koh12] that drew a connection
between torus-based cryptography and the arithmetic in the (generalised) Jacobian of
singular hyperelliptic curves. In the context of this thesis it is worth mentioning that
Kohel also implemented algorithms?? in the computer algebra systems MAGMA [BCP97]
and SAGE [ST20] that carry out the group law in the Jacobian of both possibly singular
cubic and singular hyperelliptic curves by using the Mumford representation (with little
to no modification) as in [Cang7].

1.2 Complexity Model

We will analyse the running time of the algorithms we propose by bounding the number of
required field operations from a field k on an algebraic random access machine®® (algebraic
RAM). Here we assume the test for equality = and the operations +, —, x and “divide
by a nonzero” involving two field elements to have unit cost. We decided to measure
the running time complexity in operations in the ground field & instead of bit operations
due to potential “coefficient explosion”. Since adding elements of the Jacobian tends to
increase their arithmetic height, this is a real and unavoidable issue if, for instance, k is
any number field. Obviously, this is no issue if k is a finite field. Therefore, we treat k
rather as a black box ground field whose arithmetic operations have unit cost.

Additionally to this complexity measure, we could also bound the number of integer
operations required and bound the size of memory space used during the computations.
However, we decided not to do so. The main reason for this is the lack of analysis on
the side of the advanced linear algebra algorithms we employ coming up with our own
algorithms. None of these come equipped with a complexity analysis that goes beyond
bounding the number of ground field operations on an algebraic RAM. However, even
the fastest algorithms dealing with the most fundamental task we will face in this thesis,
namely the multiplication of two univariate polynomials, does not provide a space com-
plexity analysis or any treatment of how many integer operations are required. However,
it would still be possible to include the above aspect of complexity analysis by

1. assuming bounds both for the space complexity and the number of required inte-
ger operations of the most fundamental algorithms, for instance for fast polynomial
multiplication, fast matriz multiplication, division with remainder etc., and

2. assuming bounds as above for the more advanced linear algebra algorithms over k[z],
for instance, algorithms that compute the determinant, Popov form, reduction, basis
of the kernel and the basis of the column space of a matrix M and those that solve
a rational system M -z =b.

For the sake of brevity and since the number of operations in the ground field seems to
be the more relevant parameter of complexity analysis, we decided not do so. However,
we emphasise that the algorithms we propose in this thesis do not behave badly with
respect to the above aspects of complexity analysis. Without profound analysis we claim
that the space complexity is optimal, that is, the algorithms do not require more memory
space than necessary by not exceeding the input/output size (asymptotically speaking).
Moreover, in the algorithms we propose there is no single integer operation that cannot
be associated with a call of an algorithm whose complexity analysis is solely measured in

sheaves than invertible ones corresponding to divisors on X.

22Gee http://iml.univ-mrs.fr/~kohel /alg /index.html.

ZFor further information and definitions regarding algebraic random access machines, we refer the reader
to [Die09] and [Kal85].
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terms of operations in the ground field. This means that the number of integer operations
does indeed only count the calls of algorithms we will employ. Therefore, if there were
bounds for the number of integer operations required in the algorithms we utilise, then
the number of calling these already provides a bound for the number of integer operations
we will use overall.

Note that since we do not explicitly bother with the space complexity and do not count
the number of copy and move instructions on the algebraic RAM, algorithms as extracting
a submatrix from a given matrix or concatenating matrices have constant cost in our cost
model. Yet again, we could easily include this aspect of complexity analysis, but we
decided not do so with the same reasons as above. Moreover, if we did include this aspect,
the number of such operations required in our algorithms would be in O(mnd) C O(n?d)
where m < n and M € k[z]™*" of degree d denotes the involved matrix.

Throughout this thesis, the integers g and n will denote the arithmetic genus of a
scheme X (see Definition 2.4.8) and n the degree of a finite morphism 7 : X — Pi (see
Definition 2.2.2), respectively. Additionally, cx denotes an invariant of X which depends
on its irreducible components and how these intersect, see Definition 2.4.10. We will work
with polynomial matrices of dimension n that have entries of degree in O(cx ). These will
be the parameters with respect to which we will count the number of operations in k needed
for each algorithm. We will use the soft-O notation O~ (f(g,n,cx)), f € Z[x1,x2, 3],
which indicates that we neglect logarithmic terms in g,n and cx.

We use w to denote the exponent of matrix multiplication: two n X n matrices over
k can be multiplied with O(n“) operations in k. We assume the cost of multiplying two
polynomial matrices with dimension n and degree d is O~ (n*d) field operations, where
the multiplication exponent w is assumed to satisfy 2 < w < 3.

Let M : Z>o — Rsq be a function such that polynomials in k[x] of degree bounded by
d can be multiplied using at most M (d) field operations from k. Similarly, B : Z>o — Rxg
bounds the cost of the extended greatest common divisor operation. That is, the extended
greatest common divisor problem with two polynomials in k[z] of degree bounded by d can
be solved in time O(B(d)). By Proposition A.2.3, we have M (d), B(d) € O™~ (d). We refer
the reader to the book [GG03] for more details and reference about the cost of polynomial
multiplication and matrix multiplication.

1.3 Main Results & Contributions

The main contribution of this thesis is a toolkit consisting of algorithms that we provide
to compute in Pic’(X). For reduced covers X of IP’}{ these algorithms carry out the group
law in PicO(X ), compute the inverse of a given element and they test whether a given
element is the neutral element. Our algorithms work with polynomial square matrices of
dimension n over the polynomial ring k[x] with degree bounded linearly by an invariant
cx of X. This results in an asymptotic running time of O™~ (n“cx) operations in k& where
k denotes the ground field of X, n the degree of a suitable finite morphism 7 : X — P},
w the matrix multiplication constant and cx is determined by

n ’ where

3 0
{g+dlmkH (X0x)+n % irreducible
Cx ~

max;" | {Cz} X}, X reducible
g; + dimy HO(XZ‘, OXZ) +n; +¢;
n; .

Q

Ci X

For the rigorous definition of cx and ¢; x, see Definition 2.4.10. The main result of this
thesis is the following.
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Theorem 6.6.1. Let X be a reduced cover of PL. The elements in Pic’(X)
can be represented by matrices in k[z]" " with degree in O(cx). The combi-
nation of the Algorithms 19 and 20 provides randomised algorithms to compute
both the group law in PiCO(X) and the inverse of a given element. Moreover,
Algorithms 21 and 22 provide a deterministic algorithm to test whether a given
element in Pic®(X) is the neutral element. All the above algorithms use at most
O~ (n“cx) operations in k and the randomised algorithms have positive constant
success probability.

To the best of the author’s knowledge, our algorithms are the first ones that implement
the arithmetic in Pic’(X) for the rather general class of reducible and singular curves over
k. Beyond that we do not only expand the range of curves for which such arithmetic is
possible, but we also accomplish this in a running time that is at least as fast as the fastest
known previous algorithms for nicer curves (integral, non-singular, sometimes even plane).

’ Source H Curves ‘ Type ‘ Complexity ‘ Approach‘
[Can87] hyperelliptic curves, i.e. non- det. O(g(log 9)%), arithm.
singular, integral, plane, projective n = 2
curve X over k, chark # 2
[Hes99], non-singular, integral, pro- det. polynomial arithm.
[Hes02] jective curve X over k in n, Cy
[Jun16] non-singular, integral, pro- prob. | O~ (n¥~1g) arithm.
jective curve X over k
This the- || reduced projective curve X prob. | O~ (n“cx) arithm.
sis over k with suitable® mor-
phism 7 : X — ]P’,}/,
[KMO7] non-singular, geometrically prob. | O~ (g%) geom.

irreducible, projective alge-
braic curve over k

[1L12] non-singular, projective Spec(R)- | prob. | O(g*)+¢S(g9)+ | geom.
schemes of relative dimension K(g,g9) +
one where R is noetherian CK(g,9,9)

Table 1.2: Current overview of the running times for the arithmetic in Pic®(X)

To be precise, we generalise the results in [Junl6] (which has not yet been published)
which only deals with integral and non-singular projective curves to integral projective
curves in general and obtain essentially the same running time complexity of O™~ (n“(g/n))
operations in k. Moreover, the algorithms given in [KMO7], that can only handle in-
tegral and non-singular curves over k, have a running time of O™~(¢g“) operations in
k. In the case®® that n is approximately equal to g, together with the reasonable as-
sumption dimy HY(X,Ox) € O(g) our algorithms achieve essentially the same running
time. Moreover, if n grows slower than g, we obtain an even better running time. For
instance, if n is bounded and g grows, then we obtain a running time complexity of
O~ (g + dimy H°(X,Oy)) which is essentially the same as [Can87] achieves for hyperel-
liptic curves.?’> Another example is the case when n < ¢° for 0 < § < 1, for values of

“See Definition 2.1.3.
24Which might be true for “generic” non-singular curves over the complex numbers: On page 261 in
[GTI78], we find that the generic Riemann surface of genus g can be expressed as a branched cover of P},
with n = [g + 1/2] + 1 sheets but not with less than that. That is, a generic Riemann surface of genus g
has minimal degree n € ©(g) over Pi. Furthermore, [ADro6] tells us that the gonality of a modular curve
Xo(N) over C grows linearly with the genus.
%5Since for hyperelliptic curves we have dimy H°(X, Ox) = 1.
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0 lower than ~ 0.72 this even yields a sub-quadratic running time in g. Summarising
the above, for integral curves over k we generalise the results of [Junl6] and [KKMO7] to
possibly singular curves and even obtain better running times for suitable values of n.

One could say that we completed the big picture of the arithmetic in the Jacobian
for quite general curves by assigning a uniform running time to the general problem of
computing Pic’(X). In contrast to Table 1.1 in Table 1.2 we include the result of this
thesis and expressed “cover X of P,lg” in more comparable terms.

To reduce the original problem of computing in Pic’(X) to linear algebra over k[z],
we prove that the degree zero Picard group is isomorphic to an ideal class group Z./Pr
whose ideal representatives are ideals of the affine coordinate ring of an affine open subset
induced by the morphism 7. Moreover, we prove that each ideal class admits an integral
representative that has degree linearly bounded by ncx. In all of its generality, this
size-optimal representation of Pic’(X) is new.

1.3.1 Possible Applications

In this section we want to investigate where our results may be applied. Though one
might say that the roots of computing in the Jacobian .J(X) respectively in Pic?(X) of
projective curves X may be seated in the possible application in cryptography, the author
does not know of an explicit cryptographic application of fast arithmetic in the Jacobian
of general curves of large genus. Exploiting the hardness of the DLP in the Jacobian of
elliptic and hyperelliptic curves for cryptographic applications seems to be well suited.
Nonetheless, being able to compute fast in the Jacobian of possibly reducible and singular
curves with large genus might be worthwhile in case these might at some point enter the
stage of cryptography. For instance, this would be the case if it was possible to reduce the
DLP on a low genus curve to one with large genus whereby decreasing other parameters
relevant for the running time of solving the DLP.

Besides being efficient for large genus curves, another important aspect of our results
is that we are able to handle reducible and singular curves. Therefore, whenever it is
necessary to compute in Pic’(X) of a singular curve X since the related computation in
Pic’(X) for a non-singular model X of X does not provide the same information, one might
use our algorithms. Furthermore, whenever we have a bunch of projective curves (singular
or not), we may use the techniques introduced in [Sch05] to glue these schemes together
in order to obtain a new scheme. The resulting curves make up examples of curves for
which our algorithms may be applied since these become reducible curves that are highly
probable singular. Reducible and singular curves also appear as the singular fibres of
elliptic fibrations or fibrations of curves in general. For instance, in [NU73] a classification
of the fibres in pencils of curves of genus 2 are given together with the configuration of
their irreducible components.

Another possible area of research in which reducible and singular curves over finite
fields appear is the research that deals with curves X of genus g > 2 over the rational
numbers Q (or a number field K/Q). Then there are primes p of Q of bad reduction,
that is, the induced curve over I, (the reduction of X modulo p) is singular. Though it
is often possible to avoid dealing with reductions at bad primes there are cases in which
this is worthwhile. For instance, Stoll and N. Bruin [BS10] use the Mordell-Weil sieve to
prove statements about the rational points of a given non-singular curve X over QQ using
the “simple”?% idea that the rational points embed into the Mordell-Weil group and that
this can be detected algorithmically. For instance, the authors are able to prove that X
has no rational points at all, that there are no rational points satisfying a given set of

26[BS10, p. 1].
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congruence conditions or that there are no rational points mapping into a given coset?” of
the Mordell-Weil group. The Mordell-Weil sieve uses information about the Mordell-Weil
group of X, together with local information obtained by reduction modulo p for many
primes p. While Poonen in his heuristics [Poo06] originally only considered primes with
good reduction, the authors of [BS10] also want to use the information that bad primes
admit (and also of the kernel of the reduction at such) “in order to keep the running time
of the actual sieve computation within reasonable limits” [BS10, p. 4]. To do so, the
authors provide a variant of the Cantor algorithm [Can87] to implement the group law in
the Jacobian of reductions at bad primes in the case of genus two curves in order to extract
the above mentioned information. However, to the author’s best knowledge there is no
generalisation of this for curves of higher genus. Therefore, this is one explicit example in
which the asymptotically fast algorithms for reducible and singular curves of large genus
we propose in this thesis may be applied.

1.3.2 Implementation

At this point we like to note that, besides some fundamental code in MAGMA we came up
together with Florian Hef3, we did not implement our algorithms in any computer algebra
system. As the reader will see, the implementation of our algorithms in any computer
algebra system should be no trouble using the pseudo code we provide in this thesis.
However, the main reason why we did not implement our algorithms is that these depend
on algorithms that carry out fundamental linear algebra tasks over the polynomial ring
k[z]. Some of these algorithms do have proven asymptotic running time complexity, but
do not come along with an explicit implementation. Since the asymptotic running time
of our algorithms relies on that of those algorithms, it is necessary to have an implemen-
tation of them at hand to come up with a useful implementation of our algorithms. In
[HNES19], implementations of some algorithms are provided that carry out fundamental
linear algebra tasks. For instance, there are implementations provided for polynomial mul-
tiplication, truncated inversion, approximants, interpolants, kernels, linear system solving,
determinant and basis reduction. However, most prominently, the algorithm MATRIXK-
ERNEL given in [Z1.S12] which is employed in our group law algorithm has no practical
implementation yet, at least to the author’s best knowledge.

Z"Which provides means to determine the set of all rational points on X if there is at most one rational
point in each of the considered cosets, see [BS10, p. 2]
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1.4 Commonly used Notation

All rings that will appear in this thesis will be commutative with 1. In Tables 1.3 and 1.4
we list notations we will use without further introduction in this thesis. Table 1.3 considers
rather general notations whereas Table 1.4 deals with schemes and sheaves.

Notation Description

L, L>m, LZ>m || Ring of integers, ring of integers a such that a > m respectively the
ring of integers a such that a > m

k A field; occasionally used as an index

k Algebraic closure of the field k

F, Finite field with ¢ elements

R The group of units of the ring R

S~'R, S™'M || Localisations of the ring R and the R-module M with respect to the
multiplicative subset S C R

Mp, Rp Localisation of the R-module M respectively the ring R with respect
to S:= R\ P, that is Mp = ST'R and Rp = S™'R

Frac(R) The total ring of fractions of R; this equals the localisation of R with
respect to the multiplicative set of non-zero-divisors of R

k[x] Univariate polynomial ring over the field &k

le(f) Leading coefficient of f € k[z]

deg f Degree of the polynomial f € kx|

deg M Degree of the matrix M € k[x]™ ", defined as the maximum of the
degrees of the entries of M

M, —~ My Concatenation of the matrices M; € k[x]™ ™ that is the matrix in

k[w]mx(nﬁn?) resulting by writing M» right next to Mj; If no miscon-

ception is possible, we denote this by [M; | M)

k((=z71)

Field of formal Laurent series in 21

M — N Injective map from M to N

M — N Surjective map from M to N

M~ N Bijective map from M to N

M ®@r N Tensor product of the R-modules M and N

oV — k" Coordinate isomorphism of the n-dimensional k-vector space V with
respect to the basis B of V

op: M — R"™ || Coordinate isomorphism of the R-module M which is free of rank n
with respect to the basis B of M

MY, FY Dual Hompg(M,R) of the R-module M respectively the dual
Homo, (F,Ox) of the Ox-module F

w Matrix multiplication constant defined by the following: Computing

the product of two (n x m)-matrices over the field k requires O(n®)
operations in k.

Table 1.3: General notation
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Notation Description

Spec(R) Set of prime ideals of the ring R or the affine scheme associated to R
Dy(f) Basic open subset of the affine scheme U with respect to f € Oy (U)
X0 Set of generic points of the irreducible components of the scheme X
Xo Set of closed points of the scheme X

F®oyx G Tensor product of the Ox-modules F and G

M~ Quasi-coherent sheaf on Spec(R) induced by the R-module M

Py Projective space of dimension N over the affine base Spec(R)

Py Point at infinity on IP’/,lC with respect to a fixed standard affine open

cover of IP’,%/,

Os = OPi P, || Local ring at the point Pw at infinity on IP’}C

H{(X,F) The i-th Cech cohomology group of the sheaf F on the topological
space X

Xk (X, F) Euler characteristic of the sheaf 7 on the scheme X over the affine
base Spec(k), see also Definition B.5.13

Assp . (F) Set of associated points of the Ox-module F, if it is understood what
X is, then we write Ass(F)

Assp(M) Set of associated prime ideals of the R-module M

S; A sheaf F on a scheme X is S; or satisfies S; if for every point

P € X the stalk Fp has depth (as an Ox p-module) of at least
min{i, dim Supp(Fp)}, see [Stal8, Tag 0341]; moreover, X is S; if Ox
is Sl

Table 1.4: Scheme and sheaf related notation

The more involved notations are listed in the List of Symbols on page 313 sorted
alphabetically with a page reference for their first appearance in this thesis. Moreover, in
the Glossary on page 320 the reader finds an overview of terms and definitions that will
occur throughout the thesis.

1.5 Outline of the Thesis

In this section we give a brief outline of the general structure of this thesis. We intend to
give the reader a general map for an overview of the big picture.

This thesis is generally divided into two parts: the main part consisting of the chapters
1 to 6 and the appendiz consisting of chapters A to G. The main part is dedicated to
provide the means to compute efficiently in the degree zero Picard group PicO(X ) including
the algorithms constituting the arithmetic toolkit to do so. Frankly speaking, the main
part is what one wants to see primarily when it comes to getting to the bottom of this
thesis: the main result. The appendix somehow collects everything that does not fit into
the main part in terms of being necessary to understand the origin of the main result.
However, in the appendix we provide among other things some theory developed on our
own necessary for the generality for some of the main statements along the road to the
main result.

Now we will give a more detailed overview about both parts starting with the main
part: In Chapter 2, “Covers of PL”, we will give an as brief as possible introduction into
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the notion of covers of P} which are the type of projective curves we are going to work
with and for which all of the results in this thesis will hold. Essentially, covers of }P’,lc are
projective curves that are possibly reducible and singular and that come equipped with a
suitable finite morphism onto the projective line. We introduce a great deal of necessary
notations we will use throughout the thesis.

In Chapter 3, “Divisors, Invertible Sheaves and Ox-Ideals” we will recall the basic
notions of Cartier divisors and introduce Ox-ideals which can be regarded as the gen-
eralisation of the invertible sheaves corresponding to divisors. A significant number of
results and statements we make in this thesis do not only hold for divisors, but also for
Ox-ideals. We provide the necessary theory behind moving divisors and sheaves back and
forth between the several schemes that we associate to the given curve we are working on.

Chapter 4, “Global Sections and w-invariants’, is one of the three most important
chapters in this thesis and therefore we go into more detail here: We introduce generalised
vector bundles (of which the rank one bundles are Ox-ideals) F which essentially are those
sheaves whose sections over Vj and V,, (an affine open cover of X induced by a standard
affine open cover on P} ) are free k[x]- respectively k[z~!]-modules. This is the main reason
why their global sections can essentially be characterised by a reduced basis of F(Vp). We
prove that Ox-ideals respectively generalised vector bundles F can be represented by their
sections over Vj and Vi, or even by their sections over Vp and S (for the moment the reader
may think of S as X \ Vj) . Moreover, the arithmetic operations necessary in the monoid
of Ox-ideals can be carried out using the latter pair F(Vp), F(S) of ideals. We state
a structure theorem for the global sections of Ox-ideals respectively generalised vector
bundles by providing a k-basis constituted by a specific reduced basis of F(Vp) combined
with successive powers of z up to integer bounds depending on F. These integers are called
m-invariants and they provide first and foremost bounds for the possible degree of basis
matrices of bases of F(Vp). This will be crucial since Ox-ideals of a specific form can solely
be represented by such a basis matrix. We illustrate the relation between Ox-ideals and
their restrictions to the irreducible components of a reduced reducible cover X of ]P’,lg. This
enables us to represent O x-ideals in terms of fixed reduced bases of Oy, on the irreducible
components X;. We will prove that there are bases of F (1)) that have bounded degree
in terms of the above fixed bases. This proves the bounds for the 7-invariants in the case
of reducible covers of IP’,IC which is one of the main results of this chapter. We provide
algorithms that enable us to compute bases of F(V}) in terms of basis matrices that have
bounded degree on each irreducible component of X and thus can be regarded as being
optimal with respect to the components of X. Finally, we give an equivalent criterion for
when a divisor is principal which can be used for the test of equality in the Picard group.

In Chapter 5, “Picard Group and its Structure”, we define the Picard group and its
degree zero subgroup. Moreover, we examine its general structure by investigating how
divisors on a curve X relate both to divisors on a schematically dense open subset U of
X and to divisors on the irreducible components of X if X is reducible. Applying this
we will see that the divisors on a cover X of ]P’/,l€ and divisors on Vj together with the
divisors on S are essentially the same. Furthermore, we can use all of this to prove that
the degree zero Picard group PicO(X ) is isomorphic to the degree zero divisor class group
with specific representatives for each class. Moreover, this extends to an isomorphism
between Pic®(X) and an ideal class group Z, /Py associated to Ox (Vp). We will introduce
the two approaches to compute in PicO(X ) induced by two types of representatives of
elements in Z;/P,. The elements in P, are called modification functions and we will
analyse them, give proofs of their existence with bounded degree and we will also provide
algorithms to compute them. The end of Chapter 5 is then dedicated to show that there are
representatives of Z, /P, with bounded degrees (which implies that they can be represented
on an algebraic RAM with bounded size) and provide first statements of how to compute
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with them.

Chapter 6, “Main Result — Computing Asymptotically Fast in PicO(X)”, can be re-
garded as the most important and also the most algorithmic chapter. In this chapter we
will provide the main result of this thesis. To do so, we will show that we can represent
elements in Z, /P, (and thus in Pic’(X)) with polynomial square matrices with degree
linearly bounded by cx and show how to compute in Z, /P, (and thus in Pic®(X)) only
using these matrices. For this purpose, we will show how to compute the quotient of two
ideals if the quotient is an integral ideal by employing a fast algorithm that computes ma-
trix kernels. To use this kernel algorithm efficiently, we introduce the necessary theory to
come up randomly with ideal generating sets. To extend this to arbitrary ideal quotients,
we need the representing matrices of elements in P,. Since the naive computation of such
matrices has cubic running time complexity with respect to the degree n, we will show
how to compute these matrices in a faster way. We will explain what precomputations
need to be done once for X to establish a computational setup for our algorithms. Then
we can finally propose Algorithms 19 to 22 which constitute the toolkit to compute in
Pic® (X) by providing means to carry out the group law, compute the inverse of elements
and to test whether a given element is the neutral one. We give thorough analyses of the
respective running time complexities of the proposed algorithms and can finally conclude
with the main result: Theorem 6.6.1.

Let us now outline the appendix of this thesis. In Chapter A, “Used Algorithms”, we
collect the algorithms we will utilise for our own algorithms starting from some very naive
to more involved ones which consider fast linear algebra over the polynomial ring k[z].

In Chapter B, “Foundational Theory”, we collect some fundamental statements about
sheaves, algebraic geometry in general and some commutative algebra we will need through-
out this thesis. All of the above is not intended to be self-contained, it is rather a collection
of needed statements that the author did not find anywhere else in the literature.

Chapter C, “Properties of R-Ideals and Ox-Ideals”, provides the fundamental theory
of Ox-ideals by establishing theory about R-ideals for a specific class of one-dimensional
rings R. These R-ideals are the local respectively affine variant of Ox-ideals. We will
present how these can be localised and restricted to irreducible components of Spec(R).
Furthermore, we introduce the notion of degree of R-ideals which induces the global de-
gree of Ox-ideals which is congruent with the degree of divisors in the invertible case.
Furthermore, we will show fundamental properties of these degree notions.

In Chapter D, “Properties of Covers of IP’,ﬁ”, we will prove basic properties of covers
of ]P’,}/, and give statements that are related to such. In particular, we give a prove of the
existence of a finite morphism onto P} for n-dimensional projective schemes over the field
k. We will continuously and repeatedly make use of the presented statements throughout
this thesis.

Chapter E, “Dualising Sheaf and the Dual of Ox-Ideals”, provides the duality theory
which will be important along the road to the main result of this thesis. We introduce
the general notion of r-dualising sheaves similar to the introduction in the Grothendieck
duality section in [Liu02, 6.4.3]. We will use some more involved theory to prove some
properties of the 1-dualising sheaf wx of a cover X of P}, for instance, that it is isomorphic
to some Ox-ideal whenever X is additionally reduced. Moreover, we will give a broader
perspective on the theory of the m-invariants and relate them to the k-dimension of the
first cohomology group H'(X,F) of Ox-ideals F. This together with the bound for the
m-invariants that we prove in Chapter 4 provides an explicit bound ng € Z>1 such that
HY(X, F(r(r)s)) vanishes for all r > ng and all Ox-ideals F.

Chapter F, “More on w-Invariants”, concludes this thesis by revealing a connection
between the m-invariants of Ox and divisors on ]P’,lﬁ. Moreover, it ends with explicit (and
more restrictive) bounds for the m-invariants of Ox if X is embedded in some projective
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space IP’{CV and the finite morphism 7 : X — P} of degree n is given by the projection
onto two coordinates of IP’{CV . This result also provides means to compute the arithmetic
genus of X in this case solely using the integers NV, n and the degree of the homogeneous
polynomials cutting out X in ]P’{cv .

1.5.1 A Reading Guide

There are different options of how to read this thesis depending on how experienced the
reader is with respect to arithmetic in Jacobians, algebraic geometry in general and with
curves especially. Moreover, it may depend on what the reader wants to take away from
reading this thesis.

(i) If the main interest of the reader is to extract the main statements of this thesis,
then Section 6.6 is the place to go to.

(ii) If the reader is a more adept algebraic geometer whose main interest is to follow
the road of achieving our main result, then reading the main part, together with
following any link to the appendix which is necessary for the general understanding
should be sufficient.

(iii) If the reader wants to comprehend the content of this thesis in all of its depth and
generality, we clearly recommend to read the main part, together with following the
links to the appendix. Once the reader ends up in the appendix by doing so, we
advise the reader to try to get a general overview of the respective chapter/section
of the appendix. Especially, the Chapters C and E should be read completely before
proceeding with the main part.

(iv) The reader which is mostly interested in the explicit algorithms that implement the
arithmetic in Pic®(X) may proceed as follows: The reader should take the isomor-
phism Pic’(X) 2 Z, /P, and that the representatives in Z, can be represented by
polynomial square matrices of dimension n (representing a basis) for granted (com-
ing from a black box). By accepting these facts the reader obtains some bedrock
from which it is possible to realise that the task of computing efficiently in Z, /Py is
the one that needs to be carried out. Then it is obvious that we should care about
computing the matrix representation of the elements in P, and that we need to come
up with linear algebra algorithms to compute the product (or quotient) of ideals in
7, in a manner that keeps the representatives in the same form (integral ideals only
altered by elements in Py ) as they are given as input for the algorithms. Finally, the
zero test simply is accounted for by the theory established in Sections 4.7 and 5.9
and thus needs to be taken for granted. Chapter A contains a short introduction to
the algorithms we will employ and should definitely be consulted by any reader who
is interested in the explicit algorithms.

Moreover, we want to emphasise that the more generic approach (which we call the
component independent case) we present can be considered to be less sophisticated
and thus easier to comprehend and also to implement.

(v) If the reader is new in the context of algebraic geometry and is therefore not familiar
with schemes, sheaves, divisors and so forth, then we recommend to follow the
Chapter 3, Sections B.1 and B.2 together with one of the many textbooks and lecture
notes on this topic, for instance, [Har77], [Liu02], [GW10] for standard textbooks and
the lecture notes [Gat14] and [Gat20]?® of Andreas Gathmann. More comprehensive

28Here the former is an older version and the latter a newer one. They are in a sense complementary
since [Gat14] treats divisors on curves (as Weil divisors though) and [Gat20] more generally treats schemes,
Ox-modules and cohomology.
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lecture notes are those of Ravi Vakil [Vak18]. After the reader feels comfortable with
those objects, we recommend to follow the reading approach in item (iii).

In general, it is possible to treat the appendix as a kind of black box and to mainly follow
the main part and take the statements in the appendix which the main part refers to
for granted. The possible danger following this approach is that the reader may fail to
understand the content of this thesis in all of its generality. However, we recommend to
read the Chapters C and E in any case.
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Chapter 2

Covers of IP’}{

In this chapter we will introduce the notion of “covers over P.”, define all necessary
notation and state some fundamental properties of covers of IP’}C. Covers of IPIE; will be
the class of schemes for which we state most of our results in this thesis. By definition,
every cover X of IP’,Ic will come along with a finite morphism onto IP’,l€ (as every projective
scheme over k of dimension one does) that satisfies two further properties. Throughout
this thesis this will enable us to talk about fixed subschemes and other schemes related to
the finite morphism. For instance, we can talk about the ’fibre of the point at infinity’ or
fix an affine open cover of the cover X of P} induced by a standard affine open cover on
Pi. Once introduced the notations we give in this chapter will be a constant help dealing
with the more involved topics later on.

The chapter is organised as follows: In Section 2.1 we define basic types of schemes we
will work with throughout this thesis such as curves of finite residual-type over k, curves
over k and covers of ]P’,lc.

In Section 2.2 introduce a bunch of notations with respect to the finite morphism that
comes along with a cover X of ]P’,lg. These will, for instance, involve a fixed open cover
of X consisting of the affine opens Vjj and V, and also an affine scheme S whose closed
points correspond bijectively to the fibre of the point at infinity.

In Section 2.3 we show that a given cover X of IP’,% together with its finite morphism can
be represented by a commutative algebra setting condensed in a commutative diagram.
We will use this representation throughout the rest of this thesis.

In Section 2.4 we introduce some basic notations and results with respect to the irre-
ducible components of covers of ]P’,li. This will be used for iterative arguments that provide
a statement on all of a cover X of IP)/ll€ by applying some statement to the irreducible com-
ponents of X iteratively.

2.1 Introduction to Covers of IP’}{

In this section we will introduce the notion of “cover of ]P’,lc” which will be separated
schemes X over a field k of pure dimension one that are non-empty, noetherian, projective
and Cohen-Macaulay together with a finite morphism onto P,lc. The fixed affine open
cover of IP’,lC will induce an affine open cover of X and the gluing data on IP>,1€ will provide
gluing data on X. Moreover, the affine coordinate rings of X will be free modules of finite
rank over the coordinate rings of IP)}v. We will heavily use this fact for our algorithmic
exploration of the Picard group and also for representing global sections of divisors (and
even more general sheaves) in terms of bases. We will introduce our basic notations for
this kind of setting and refer to and prove some foundational properties.

Let k be a field. In [GW10, Section 15.4] the notion of an absolute curve is introduced.
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We will now define a curve over k as an absolute curve as in [GW10, Section 15.4] which
is additionally separated and of finite type over k.

Definition 2.1.1. Let X be a scheme over the field k& (with separated structure morphism
X — Spec(k)) which is non-empty and noetherian. Let X7, ..., X}, denote its irreducible
components and let X satisfy the following three equivalent properties (see [GW10, Prop.
15.1] and [GW 10, Prop. 15.14]):

1. For every closed point z € X, dim Ox, = 1.
2. The closed irreducible subsets of X are the X1,...,X,, and the closed points of X.

3. X is of pure dimension one (or purely one-dimensional), i.e. dimX; = 1 for all
1=1,...,m.

If X additionally satisfies that the residue class fields of its closed points have finite
dimension over k, then we call X a curve of finite residual-type over k. If X is of
finite type over k, then we call it an absolute curve over k or shorter a curve over

k. A

Remark 2.1.2. Any curve over k is a curve of finite residual-type over k, see Lemma B.4.4.
Moreover, if X is a curve of finite residual-type over k, then for any open subset U C X we
have that Ox (U) is a finite residual-type k-algebra, see Definition B.4.3 on page 239. A

We want to introduce the notion of a cover of IP’,IC. As the name suggests a cover X of
]P’/,lC should be a projective curve over k together with a finite morphism 7 : X — IP’}C. In
section Section D.1 of the appendix we will show that for projective schemes over k£ which
are of pure dimension n there exists a finite and surjective morphism to P}!. In particular,
for curves over k there is a finite surjective morphism 7 : X — IP’,i, see Theorem D.1.6 and
Proposition D.1.7. For the purposes we pursue in this thesis, we want this morphism to
have further properties:

1. We want that 7,Ox is finite locally free over Opi. By Proposition D.2.4, this is
equivalent to X being Cohen-Macaulay.

2. Let us fix an affine open cover Uy U Uy, of IP’,}/, with {Px} = IP’,IC \ Up. For simplicity
of the analysis we want that the preimage of the point at infinity Py, € IP’,lC contains
no intersection points of the irreducible components of X.

3. The induced morphism 7y, : X; — IP’}C on the i-th irreducible component should
induce a field extension F;/k(z) which is separable. Here F; denotes the function
field of X; (endowed with the reduced subscheme structure) and k(x) the function
field of P}. By [Liu02, 3.2.15], this is equivalent to X; being geometrically reduced.

Hence we will adopt these three criteria into the definition of a cover of P,lc.

Definition 2.1.3. A cover of P} is a projective curve X over k together with a finite
morphism 7 : X — P+ and an affine open cover Uy U Uy of P} (for which we set {P} =
Uso \ (Up N Us)) such that

(i) X is Cohen-Macaulay,

(ii) 7~!(Ps) does not contain any intersection point of irreducible components of X,
and

(iii) mx, : X; — PP}, induces a finite separable field extension Fj/k(z) where Xj is endowed
with the reduced subscheme structure and F; denotes the function field of X;.
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Sometimes we want to consider projective curves X over k which do not satisfy all of the
properties (i), (ii) and (iii) at the same time. Then we will explicitly exclude the respective
properties of a cover of IP’,lc we want to drop. A

Notation 2.1.4. Let P be a property of schemes. Let (X, 7) be a cover of IP’,i. Whenever
we say let X satisfy respectively be P’ or ‘let X be a P cover of PL’ then we mean that
X as a scheme satisfies P. For instance, ’let X be a reduced cover of IP’}{’ or ‘let X be
irreducible’. A

Let X be a cover of ]P’,lc. By Corollary D.1.8, the morphism 7 will also be flat since X is
Cohen-Macaulay. Note that by Corollary B.5.19, every scheme X of dimension dim(X) <1
over a field k is projective if and only if it is proper.

2.2 Finite Morphism to P} and Notations

In the following we briefly describe what data comes equipped with the morphism and
which we will assume to be part of the input data for our considerations. Unfortunately,
this will involve a certain amount of notations we need to introduce to effectively work
with covers of ]P)}C. The reader is referred to the List of Symbols on page 313 where there
is also a collection of symbols that are solely related to covers of IP’}?.

Definition 2.2.1. Let (X, ) be a cover of Pi. With regards to the fixed standard open
affine cover Uy U U of P} we set Uy = Spec(k[z]), Uss = Spec(k[z™!]) and Uy =
Uo N Us = Spec(k[x,z71]) with = transcendental over k. By [GW10, 13.77], every finite
morphism is affine and thus Vy := 7= 1(Up), Voo := 771 (Us) form an affine open cover of
X. Let Ry and R, be the affine coordinate rings of V| respectively V,,. Furthermore,
set Voo = VNV = ﬂ_l(UQOO) which is also affine with coordinate ring Ry . By
i0: Vo = X and iy : Voo — X we denote the corresponding open immersions. A

Definition 2.2.2. Let X be a cover of P,. We call the rank of m,Ox over Op: the degree
of m. We will denote it by n. A

Remark 2.2.3. Moreover, the restrictions
T, Vo — U, TV Voo =+ Uy and Vo roo - Vo,00 = Uo o

will also be finite (and thus affine) morphisms (of affine schemes), see [Stal8, Tag 01 WH].
A

By Lemma B.5.20, the morphisms 7y, 7y, and my, . correspond to finite ring extensions
klx] < Ry, k[z™'] <> Ry respectively k[z,27'] < Rp - (2:1)

Lemma 2.2.4. The ring extensions in Eq. (2:1) make Ry, Roo and Ry into free klz]-,
k[z~ Y- and k[x, 2~ ]-modules of rank n, respectively.

Proof. Note that since X is Cohen-Macaulay, by Proposition D.2.4 the sheaf 7, Ox is free
of rank n and thus these extensions are also free of rank n over the respective ground
rings. ]

The open subscheme Uy o is both the basic open subset Dy, (z) in Uy and the basic open
subset Dy (1) in U glued together representing the gluing data of P;. Now since the
preimages of basic open subsets of affine morphisms are again basic open (the preimage of
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a basic open subset of a regular function is given by the basic open subset of the pullback
of that function), we have

Voo = Vo N Voo = my; (Dyy (7)) = Dy (2)
— L (D (27Y) = Dy (7).
This provides the isomorphisms
(Ro)z = Roo0 = (Roo)g—1- (2:2)

Roughly speaking, the gluing of the standard affine opens in ]P’/,lC provides an affine open
cover of X and also how the affine opens are glued together.

Frac(Rp) < Frac(Rp o) «— Frac(Ro)

T T
Vo Vo X Ry R
| ‘/0,00 | } RO,oo
Uy i”%’“’ v Pl k[z] " Kz ]
Up.co K[z, 271

Figure 2.1: Open subsets and coordinate rings induced by finite morphism

Here A — B means A C B, A+ B means A = B and A --» B indicates a morphism from A to B

The following statement and its proof will establish notation of covers of Pj..

Proposition 2.2.5. If (X, n) is a cover of IP’}C, then the same is true for each (X;, mx,)
of its finite irreducible components together with the restriction of m.

Proof. Obviously, every irreducible component of a curve over k is a curve over k. More-
over, irreducible components of projective schemes are projective and since being Cohen-
Macaulay is a local property, irreducible components of Cohen-Macaulay schemes are
Cohen-Macaulay. Since X; is an irreducible component of X, we have a closed immersion
7; + X; — X and obtain thus a morphism m; := T|x; ‘= TOoT; to P,lg. Since closed im-
mersions are finite morphisms, see [Stal8, Tag 035C], and the composition of two finite
morphisms is again finite, see [Stal8, Tag 01WK], m; : X; — Pllc is a finite morphism from
X, to P}. Moreover, the properties (ii) and (iii) from Definition 2.1.3 are clearly satisfied
as well. O

We denote the degree of m; by n;.

Definition 2.2.6. As before, the morphism 7; : X; — P}, induces an affine cover of X; by
Vio = 7TZ~_1(U0) = Ti_l(Vo) and V; oo = 7TZ~_1(UOO) = Ti_l(Voo). We denote the corresponding
coordinate rings by R; o respectively R; .. Since closed subschemes of affine schemes are
given by a unique ideal corresponding to the closed immersion, see [Stal8, Tag 011H],
there are unique prime ideals P;o in Ry and P; » in R such that R;o = Ro/P;o and
R oo = R/ Pi oo. We denote by Rt = ;" | Rio the affine coordinate ring corresponding
to the disjoint union of the V; . A
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Remark 2.2.7. The canonical epimorphisms Ry — R; ¢ provide a homomorphism Ry — R(J{
which is injective if and only if Ry is reduced. A

Proposition 2.2.8. Let (X, 7) be a reduced cover of P}.. Thenn =Y 1", n;.

Proof. By definition, n equals the rank of m,Ox and n; the rank of (7;).Ox,. In particular,
n = kg, Ro and n; = rky,) Rio. By Lemma B.5.6, we have an isomorphism

¢ : Frac(Ro) — @ Frac(R; ).
=1

Moreover, by Lemma B.4.10 we have Frac(Rg) = Ro ®p[y) k(z) as well as Frac(R;o) =
R¢,0®k[x]k‘(l'). Since rkk[x] Ro = dlmk(x) Fl"aC(R()) as well as rkk[x] RZ"() = dlmk(x) F‘rac(R@o),
we find that the assertion follows from the isomorphism ¢. O

On the level of topological spaces, the irreducible components of open subspaces are pre-
cisely given by the intersection of the irreducible components of the ambient space with
the given subspace. Thus the V; ¢ and the V; ; are the irreducible components of the affine
schemes Vj and Vo, respectively.

For completeness we also define the pole divisor of x here but refer the reader to
Section 3.1 about divisors for the general treatment of divisors and to Definition 5.6.3
where the generalised pole divisor of x is defined.

Definition 2.2.9. We will denote the pole divisor of € Kx(X) on X, which is given by
the configuration
{(Vo, 1), (Voo, ™ 1)},

by (#)so. The multiples r(z)s correspond to the configuration {(Vp,1), (Veo,z™ ")} and
thus we will also use the notation r(z)s = (2")sc. The pole divisor of x € Kx,(X;) on the
irreducible component X;, which is given by the configuration

{(‘/;,07 1)7 (‘/’i,ooa xil)}v
will be denoted by (2)x; oo- A

Until now everything is symmetric, but we will introduce some asymmetry by considering
the fibre of the point P at infinity of IP’,IC under w. We will define an affine scheme S
whose set of closed points is one to one with 77! (P,,) and which comes with a birational
injective morphism of schemes p: S — X.

Definition 2.2.10. Let T' = k[z~!] \ 27 'k[x~!] be the complement of the maximal ideal
of k[z~!] generated by z~!. Then O = T 'k[z!] is the local ring of the point at
infinity Py, € IP’,{:. We set Og = T"'Ro and S = Spec(Og). Furthermore, set Og, =
T_l(Roo/Pi’oo) = T_lROO/T_lPZ-7OO and S; = Spec(Og,) where P; o is a minimal prime of
R as in Definition 2.2.6. By S we denote the affine scheme (S, Og) and by S; the affine
scheme (5;, Og,). A

We immediately see that S; are closed subschemes of S with closed immersions o; :
S; — S corresponding to the ring epimorphisms Og — Og/P; ocOg = Og, where P o
denotes the minimal prime ideal of R, corresponding to the irreducible component X;NV,
of Vioo. Moreover, S =, S.

Proposition 2.2.11. The scheme S is finite and of dimension one. Its closed points are
one to one with 7~ (Ps) and its generic points are one to one with the generic points of X .
Moreover, S is the disjoint union of the closed subschemes S; and thus Og = @?;1 Og,.
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Proof. By definition, the prime spectrum of Og is one to one with the prime ideals of R
that have trivial intersection with 7. Any maximal ideal POg of Og therefore satisfies
PNk[z™Y C k[z=Y\T = 2~ 1k[z~1] and thus, since 7 maps closed points to closed points,
see Corollary B.4.2, we must have P N k[x~!] = P,. Moreover, since any minimal prime
ideal P; o of R only consists of zero-divisors, see Corollary B.4.14, and R is torsion-free
over k[z~!], we must have P, o N T C P o N (k[z71]\ {0}) = 0. That is, every minimal
prime ideal of R, corresponds to a minimal prime ideal of Og. Since 7 : X — Pk is a finite
morphism, the fibres of points under 7 are finite. This shows the first four assertions. Since
X is a cover of P}, the points in 77! (Ps) do not lie on several irreducible components.
This implies that the S; have no intersection points and thus S is the disjoint union of the
S;. This provides Og = @, Os,. O

Note that the same result as in Proposition 2.2.11 also holds for S;. That is, .S; consists
of finitely many points, its closed points are one to one to m~!(Py) N X; and its generic
point corresponds to that of Xj.

Proposition 2.2.12. The Oy -module Og is free of rank n. Moreover, every k[x~1]-basis
of Roo also constitutes an O -basis of Og.

Proof. By definition, we have Og = T 'R, & R4 Opfz—1] T~ 'k[z~!]. By Lemma 2.2.4,
R is a free k[z~']-module of rank n and thus we may write Roo = @)~ ; w; k[z~!] for some
k[z~1]-basis wi,...,wp of Reo. Then Ro Qpp—1 T k[z™] = (B, wi k[z71]) ®ppp-1)
T 'k[z~!] which is by [AM69, 2.14] isomorphic to @, w; T 'k[z7!] = B, wi O
providing the assertion. O

Definition 2.2.13. By pu, : S — Vo we denote the morphism of schemes corresponding
to the injective ring homomorphism R., < T~ !'R.. By u we denote the composition of
e and the open immersion Vo — X. A

Proposition 2.2.14. Both p, and p are morphisms of schemes that map the closed points
of S bijectively onto the set of points 71 (Ps) lying over Ps. Moreover, both morphisms
are birational morphisms in the sense of [Stal8, Tag 01R0)].

Proof. By the properties of localisation, we see that the points of Spec(T~'R.) are the
prime ideals PT~!R., where P € Spec(Rs) with PNT = (). By definition, p, maps
PT7 'R, to P and hence by Proposition 2.2.11, we see that 1, maps the closed points of
S bijectively to 771 (Ps). The same is then obviously true for ;. That both p, and p are
birational also follows from Proposition 2.2.11. O

Notation 2.2.15. In the following we will treat S as a subset of X, that is we will use
notations as U N S for subsets U C X of X. Moreover, note that since S contains every
generic point of X, any non-empty open subset U C X will have non-empty intersection
UNS # () with S. Hence, we will sometimes say that U is disjoint to S when their
intersection does not contain any closed point of S. A

Remark 2.2.16. Note that by definition the morphism of sheaves pu# : Ox — p.Og from
the morphism p : S — Voo — X of schemes factors through (i ).Oy,, and thus we have
for U C X open:

P (U) : Ox(U) = Ox(UNVa) = T 1Ox (U N Vo)

Here, by abuse of notation, T' denotes the image of T = k[z~!] \ 27 1k[271] € Ox (Vi)
under the restriction homomorphism Ox (V) = Ox(UNVy). In particular, if UNVy, = 0,
then p#(U) is the zero map. If U = Vi, then p#(U) is the localisation map R, — Og.
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If U =7"YU’) with U’ C P affine and U NV # 0 but UN S does not contain a
closed point, then p#(U) is an embedding Ox (U N Vi) — Frac(Ox (U N Vi)). Indeed,
in that case 271 € Ox (U N V4 )* since its only zeros in V., are the closed points of
S. But then every non-zero element in k[z~!] is invertible in T71Ox (U N V) and thus
T7'Ox(UNVa) = Ox(UNVao) ®ppp-1y k(x) = Frac(Ox (UNVy)), see Lemma B.4.10 and
note that Frac(Opi (U’)) = k(x). A

Definition 2.2.17. By 14, : S; — Vi o we denote the morphism of schemes corresponding
to the injective ring homomorphism R; oo < T’ _IRZ-,OO. By u; we denote the composition
of pg,; and the open immersion V; o — X;. AN

By applying the same lines of arguments as in the proof of Proposition 2.2.14, we can
prove the same result for S; and an irreducible component X; of X.

Corollary 2.2.18. Both ji,; and p; are morphisms of schemes that map the closed points
of S; bijectively onto the set of points 71 (Ps) N X; in X; lying over Ps. Moreover, both
morphism are birational morphisms in the sense of [Stal8, Tag 01RO].

Remark 2.2.19. Obviously, p, and pi,; are affine morphisms. Since both the Ro.-module
T~ 'R, and the R; oo-module T‘lRim are not finitely generated, the morphisms u, and
[ta,; are not finite. In particular, they are neither proper nor projective. A

Lemma 2.2.20. Let X be a cover of IF’}“. Then both Vi and Vo are Cohen-Macaulay
curves over k, that is curves over k which are Cohen-Macaulay. Moreover, the scheme S
is a Cohen-Macaulay curve of finite residual-type over k.

Proof. Being Cohen-Macaulay is defined locally, and thus all of the involved schemes are
Cohen-Macaulay as asserted. Since IP’}C is non-empty and 7 : X — P,lf is surjective, all of the
above schemes are non-empty as well. Open subschemes of locally noetherian schemes are
locally noetherian, see [Stal8, Tag 010OW]. Moreover, affine schemes are quasi-compact,
see [Stal8, Tag 0157], and thus Vj as well as V are noetherian. The restriction of
X — Spec(k) to Vj or V is still a morphism of finite type, see [Stal8, Tag 01T2]. The
first of the three equivalent properties in Definition 2.1.1 is a local condition and thus Vy
and V, satisfy these. This shows that Vj and V, are curves over k.

Since S is affine with noetherian coordinate ring Og (R« is noetherian and localisations
of noetherian rings are noetherian, see [Stal8, Tag 00FN]), S is noetherian. Now since
Voo is of finite type over k, R, is a finitely generated k-algebra, see [Stalg, Tag 01T72].
Thus by Lemma B.4.4 its residue class fields of closed points have finite dimensions over
k. But since the residue class fields of closed points of Og are isomorphic to those of the
closed points of V. lying over P, the closed points of S have residue class fields of finite
dimensions over k. O
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X Kx(X) Frac(Rp) <— Frac(Roo) +— Frac(Rs) <— Frac(Og)
i ~ ~ 1 ~ T

i Ry / Og

%W i / n \ o )

i " k[$7x_1] " / Ooo

Figure 2.2: Coordinate rings and total ring of fractions induced by finite morphism

Here A — B means A C B and A --» B indicates a morphism from A to B

By introducing the scheme S with coordinate ring Og, we somehow introduced a possible
asymmetry by symbolically replacing the second right column in Figure 2.2 with the most
right column, that is replacing k[z 1] < Roo < Frac(Rs) with Oy < Og < Frac(Og).
This idea will play an important role by coming up with solutions for the computation
in the Picard group of a cover X of IP’}C. One of the main reasons is the following: Both
R~ and Og are of Krull dimension one, but Og is semi-local and thus every invertible
ideal of it will be principal. We can use this fact to represent divisor classes on X (which
otherwise are, at least to some extend (see chapter 4 for further information), represented
by its sections over Vj and V) solely by its sections over V.

2.3 Representation of Covers of P;

Following the exposition of section 2.2, we have seen that any curve X over k with a finite
morphism to ]P’,l~C implies a certain commutative algebra setup:

Let X be a curve over k together with a finite morphism 7 : X — IP’%. The isomorphisms
Eq. (2:2) represented the gluing information of the affine curves V and V,, over k along
V0,00- That is, the curve X over k is completely represented by the two coordinate rings
Ry and R together with an isomorphism (Re),-1 — (Rp)z. This leads to commutative
algebra characterisation of such curves over k together with a finite morphism to IP‘,lﬂ.

Lemma 2.3.1. Any pair (X, ), where X is a projective curve over k and m: X — ]P’,%/, a
finite morphism, can be represented by the commutative diagram of ring extensions

Figure 2.3: Curve over k as a commutative diagram - not necessarily Cohen-Macaulay

(RO)x & (ROO):c—l

Ro R

o i

k] klz™!]

The case that X is projective but not necessarily Cohen-Macaulay.
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such that
(i) the affine schemes Spec(Ry) and Spec(Rs) are curves over k,

(ii) the homomorphisms N\, and A,—1 are the localisation homomorphisms with regards
1
and

to the elements x respectively x=-,
(iii) ® is an isomorphism.
Additionally, X is Cohen-Macaulay if and only if we have the additional condition that

(iv) the rings Ry and R are Cohen-Macaulay or, equivalently, the vertical arrows rep-
resent free extensions of the same rank n.

Figure 2.4: Curve over k as a commutative diagram - Cohen-Macaulay case

(RO)I & (ROO)af1

Ry n n Roo
n klx]e ‘5oz klo™ e n
5 2
k[z] k[z~]

The case that X is projective and Cohen-Macaulay.

Proof. Assume (X, 7) to be a pair as asserted. The finite morphism 7 provides the finite
morphisms of affine schemes my; @ Vo — Up and 7y, @ Voo — Us corresponding to
the finite ring extensions k[r] < Ry respectively k[z7!] < Ruo.. The lower level of
diagram Figure 2.3 is due to the gluing of the projective line and that gluing corresponds
to the identification of Dy, (z) and Dy (z7!), denoted by Up . Since the preimage
of basic open subsets under morphisms between affine schemes are again basic open,
we have 7= 1(Dy,(z)) = Dy,(z) and 71 (Dy_ (27 1)) = Dy,_(z71). Under the above
identification we thus obtain Dy (x) = Dy, (x~!) in X which provides the isomorphism
(Roo)g—1 — (Ro)z. Moreover, if X is Cohen-Macaulay, then for any affine open subset of
X the respective coordinate ring is Cohen-Macaulay. Equivalently, see Proposition D.2.4,
we have that the respective ring extensions are free of the same rank n as m,.Ox over Op.

Conversely, assume that we have given a commutative algebra setting as indicated in
Figure 2.3. The affine curves Spec(Ry) and Spec(Ry,) over k glue together along ® to a
curve X over k. The finite ring extensions k[x] — Ry and k[z~!] < R correspond to
finite morphisms 7o : Spec(Rp) — Spec(k[x]) and 7o : Spec(Rs) — Spec(k[z~1]). The
lower level of diagram Figure 2.3 shows that the affine schemes Spec(k[z]) and Spec(k[z~1])
glue together to a copy of IP’,:E. Then the diagram ensures that the two morphisms 7y and
Tso are compatible and provide a finite morphism 7 : X — Pk as asserted. By [GW10,
12.89], this means that 7 is affine and proper. The structure morphism P{ — Spec(k)
is proper, too. Since the composition of proper morphisms is proper, see [Liu02, 3.3.16],
X — Spec(k) is proper and thus by Lemma B.5.18, X is a projective scheme over k. The
assertion considering (iv) now follows from Proposition D.2.4 again. O

Definition 2.3.2. Let (X, 7) be represented as in Lemma 2.3.1. We use the isomorphism
® to identify (Ry), with (Re),-1 and denote it by Ry . Similarly, we identify k[z], with
k[z~1] -1 which can be written as k[z,z!]. Since both (Ry), as well as k[z, 2] are still
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localisations of k[z~!] by 27! we denote the composition of A\,~1 with ® again by A 1.
Then the diagram in Figure 2.3 becomes:

Figure 2.5: Curve over k as a commutative diagram - condensed gluing information

RO,oo

k[z, 271
jﬁ/ﬂ &\iil
k|x] K[z~ 1]

Gluing information condensed into Ro o, together with the localisation homomorphisms A, and A -1

A

It turns out that the situation in Definition 2.3.2 extends to the respective total rings of
fractions.

Lemma 2.3.3. Let (X, ) be as in Definition 2.3.2. Then the localisation homomorphisms
Az and A,—1 extend to Frac(Ry) and Frac(R«), respectively. In other words, we obtain a
commutative diagram

Figure 2.6: Curve over k as a commutative diagram - with total ring of fractions and Og

A
Frac(Ry) LN Frac(Rp,00) P Frac(Ry) «—— Frac(Og)

1 T

RO,oo OS
/ Azfl %
RO Roo
k[, 271 o0
klz] kz™]

Localisation homomorphisms extend to total rings of fractions

Proof. Since the statement is symmetric, we only prove it for A\;. The homomorphism
Az extends to Frac(Ry) via a/b +— (a/b)/1 where we identify the latter with the element
a/b in Frac(Ro ). Hence A, : Frac(Ry) — Frac(Rp o) maps a/b to a/b. The embedding
Ry 00 — Frac(Rp o) maps a/b € Ry~ to (a/b)/1 = a/bin Frac(Rp ). This already shows
that the asserted square commutes. ]

We can thus represent a projective curve over k with finite morphism to P} by a diagram
as in Figure 2.6. The information on how to glue Ry and Ry together is encoded in
the fact that both embed via the localisation homomorphism into a common localisation
Ro,o0. This common embedding then also extends to the total rings of fractions and thus
provides a common ambient k[z, z~!]-module Frac(Rp ) in which everything takes place.
We will see in Section 4.2 that this representation also enables us to give representations
of so called Ox-ideals.
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Remark 2.3.4. By Lemma D.2.5, Vj o is schematically dense in X. Hence by [Liu02,
7.1.15], we have Frac(Rp ) = Kx(X) which underpins the understanding of Frac(Rp )
playing the role the function field plays in the integral case. A

2.4 Iterating on Irreducible Components

Let X be a reduced scheme with finitely many irreducible components X1, ..., X,,. Here
we fix the sequence (X1, ..., X,,) by which we mean that the order is relevant. In this sec-
tion we will give definitions relative to the above sequence of irreducible components. We
refer the reader also to section B.3 in the appendix where some statements and definitions
about the irreducible components can be found.

We will use this setup and the statements that follow extensively in chapters 4 and 5
where we want to use results that hold for any of the X;’s to provide similar statements
for X. To do so, we iterate over all X; and include their intersection behaviour in our
considerations to deduce the desired statement for the whole of X.

We will denote the closed immersions of the ¢ z th irreducible component X; by 7; : X; —
X. The corresponding morphism of sheaves 7' : Ox — (71)+Ox, induces a morphism of
sheaves Ox — @~ (7:)«Ox,. As it turns out, this morphism is injective if and only if X
is reduced, see Proposition B.3.3.

Definition 2.4.1. Let .¥’x be such that the sequence

0—)0)( —>@(TZ)*0XI —)yx — 0 (4:3)
=1

is exact, see Eq. (3:4). Fori =1,...,m let

denote the scheme theoretic union of the Xi,...,X; inside of X, see [Stal8, Tag 0CAJ].
Let Yy be the empty scheme with Oy, = 0. By definition, Y;, = X. By definition, for
every ¢ = 2,...,m we have a natural surjective morphism of schemes

vi Y, 1 UX; =Y

compatible with the closed immersions Y;_1 — Y; and X; — Y, i.e. the following diagram

comimutes:
/ TM\

Y, 1 — Y 1 UX, +—X;

Locally, on any affine open subset U = Spec(R) of X, the corresponding morphism UZ#

is
given by
v¥(U): R/I; - R/, & R/P,

7
T‘-l-[z‘ — (’I”—l-IZ'_l s T’—f—PZ')

where Iy = PiN...N P, and P, denote the minimal prime ideal of R that correspond to the
irreducible component X, N U of U. By Corollary B.4.42, we have that ’U,L# (U) is injective
since X was reduced. Moreover, Corollary B.4.42 provides the exact sequence

0— R/L; 25 R/I_y @ R/P; 2 R/(Ii_y + P,) — 0.
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Let .; denote the sheaf of Oy;-algebras which makes the corresponding sequence of sheaves
of Oy;-algebras

0 — Oy, — (hi—1)«O0y,_, ® (ji)«Ox, — S — 0 (4:4)

exact. Furthermore, let J; € Oy, denote the sheaf of Ox,-ideals that cuts out Y;—1 N X;
in X;, that is V(Z) =Y, 1NX,. A

Proposition 2.4.2. The sheaves .7 and .%; as in Definition 2.4.1 are skyscraper sheaves
and hence satisfy

H° (X, %) =@Ppex(Ix)p  with x(X,Ix)=> pcx dimp(Fx)p and

Moreover, all involved dimensions are finite.

Proof. The sheaf . is supported on the intersection points of the components X; of X.
By Lemma B.5.3, we know that these are finite in number and hence . is a skyscraper
sheaf. The very same line of argument shows that % is a skyscraper sheaf on Y;. The
statements about the Euler characteristic now follow from Lemma B.2.8.

Note that all . and .#; are coherent Ox- and Oy,-modules (even algebras which
are coherent as modules) and thus by [Stal8, Tag 0206] we obtain that H° (Y;,.#;) and
H° (X,.%) are finite k-modules. O

Lemma 2.4.3. Let X be a reduced cover of IP’}C. Then

m

XX, 7x) =Y x(Vi, 7).

i=1

Proof. Let m: X — IP’,IC be the finite morphism of degree n. Let R = Ox(Vp) where Vp =
7~ 1(Up). Moreover, by P; we denote the minimal prime ideal of R corresponding to the
irreducible component X;NVj. It is easy to see that the irreducible components of an open
subset U of a topological space X are given by the intersections of U with the irreducible
components of X. Then X; NV = Spec(R/F;) and Y; NV = Spec(R/(ﬂ;:l P;)).

Moreover, by assumption Supp(.#x) and Supp(.#;) are disjoint to 7 ~!(Ps) and hence
we obtain by Proposition 2.4.2 the equalities

Sm = HO (X7 yX) - @PEVO(‘EWX)P ) X(Xu <Eﬂ)() = ZPGVO dimk(yX)Pv
Si = H'(Yi,i) = @pevirny(Dp » XY s = Xpeviny, dimi(F)p.

Note that by definition Y7 = X; and hence .4 = 0 which implies S; = 0. Moreover, if
m = 1, then S™ = 0, too. By Proposition 2.4.2, all involved dimensions are finite and
thus dimg S™ = x(X, %) as well as dimy S; = x(V;,.7;). Hence the assertion is now
equivalent to

dimk S™M = Z dimk Sz
i=1

But as we have seen above, for m = 1 we even have S' = S;. Then by Lemma B.1.36, the
sequences Eq. (4:3) and Eq. (4:4), restricted to Vj, become

0—R-—EPR/P— " —0 (4:5)
i=1
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respectively

R R R
o——————>——— = — 5, — 0. 4:6
PiNn...NP PNn...0P_; P ! (4:6)
Considering the involved R-modules only as k-vector spaces, the sequences of k-vector
spaces split and we obtain the following isomorphisms of k-vector spaces

Pr/P=Ro s (4:7)
=1

respectively

R R _ R '
le.”ﬂpi_l@Pi—le”.mpi@sza (4.8>
which are true for all m > 1 and ¢ < m. Now we claim that S™ = @?;1 S; as k-vector
spaces which would imply the assertion: We prove it by induction on m, the number of
irreducible components of X. The case m = 1 is true by definition as we have seen above.
But first note that R = R/(P1N...N P,,) since X, and a fortiori R, is reduced and
P, ..., Py denote all minimal primes of R.
Now let the hypothesis be true for m —1, i.e. Sm~1 = @:i_ll S; as k-vector spaces and
hence the sequence Eq. (4:5) provides the isomorphism

m—1 m—1
R
R/P; = S;. 4:9
@ / Plﬂ...ﬂpml@@ ( )

Now we only need to use known isomorphisms: By Eq. (4:7), we have

m m—1
R
_ S = R/P, = R/P, R/P;
R m—1
Eq. (49) ~ = R/P, S;
q- (4:9) / @le...um_l@iej
R m—1
Eq. (4:8) ~» & —— m i
a- (4:8) b, 00 oPs

i=1
and thus, since the resulting homomorphism acts as an isomorphism on the first summand,

Sm~g B @21_11 Si =@, S; as desired. O

Remark 2.4.4. Lemma 2.4.3 shows that the sum of the x(Y;,.#;) is independent of the
order (X1,...,X,,). But obviously, the x(Y;,.#;) themselves may be unbalanced. A

Lemma 2.4.5. Let X be a reduced cover of Pi. Let J < Oy, denote the ideal sheaf cutting
out Y;_1NX; inY;. Then we have
. Ox(Vip)
Y;, %) =d ———==d Vio)-
x(Y;, ) = dimy T(Vio) e I (Vi)
Proof. Let I and P be the ideals of R = Oy, (Y; N Vp) that cut out Y;_1 N Vj respectively
X;NVyin Y; NV, Since Y;_1 and X; only intersect at points in V{, the support of the
respective sheaves of Ox-ideals cutting out Y;_; respectively X; in Y; have support equal
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to the support of I respectively P. Let J = J(Y; NVy). Then we have J = I + P. Since

~ B/T o R/P

RIT= 50 = 5P

the degree of J in Y; can also be computed by computing the degree of its restriction to
Y;_1 or X;. By assumption, R is reduced and noetherian and thus by Corollary B.4.42 we
obtain the exact sequence

0—R-%5 R/T&R/P-L R/T—0

and therefore we have an isomorphism of R-modules R/J — .7;(Y; N V). Since k C R,
this is also a k-vector space isomorphism and thus we finally obtain

dimy, .75 (Y; N Vo) = dimy, R/ J = degy, J = deg;, J (Vo).
Since Supp(-¥;) C Y; N Vy, by Proposition 2.4.2, we have
dimy 75 (Y; NVp) = dimy H° (Y;, %) = x(Y;,.%)
and thus the assertion follows. O

Remark 2.4.6. Note that the proof of Lemma 2.4.5 tells us that x(Y;,.#;) is equal to the
degree of 7, but also equal to the degree of the restriction of 7 to Y;_1 or X;. A

Remark 2.4.7. Let X be a proper scheme of dimension one over a field k. There are
several definitions of the genus of a scheme. In [Liu02, 7.3.19] the geometric genus of X
is defined as dimy, H' (X, Ox). For the so called arithmetic genus of X there are several
definitions. In [Liu02, 7.3.19] it is defined as po(X) = 1 — xx(X,Ox). In [Stal8, Tag
0BY6] the definition of the genus is made dependent on the dimension of the globally
regular functions over k, that is, dependent on dimy H° (X, Ox). If dim;, H° (X,Ox) =1,
which is equivalent to HY (X,Ox) = k, then by [Stal8, Tag 0BY5] we know that X is
connected, Cohen-Macaulay and of pure dimension one. In this case the genus of X is
defined as dimy H! (X,Ox) and denoted by g. Note that this definition coincides with
that of the arithmetic genus in [Liu02, 7.3.19].

In the case that dimy H® (X, Ox) > 1, [Stal8, Tag 0BY6] refers to [Ser55, p. 276] and
[HHSB66, p. 2] where the arithmetic genus is defined as xx (X, Ox). A

Definition 2.4.8. Since we do not want to impose the requirement H® (X, Ox) = k on
X, we will make the definition of the genus of X dependent on y;(X,Ox). We call the

integer ¢ = —x%(X,Ox) the arithmetic genus of X. Some formulas will look nicer
using the notation p,(X) = 1 — xx(X,O0x) = 1 — g but, since we do not want to cause
confusion, we will not give this invariant a name. A

Proposition 2.4.9. Let X be a reduced proper scheme of dimension one over k and
let X1,..., X, be all of its components. By ./x we denote the sheaf defined in Defini-
tion B.3.4. Then g = > gi + x(x) and therefore po(X) = > 1" pa(Xi) + x(X, Lx) +
1—m.

Proof. By Definition B.3.4, we have an exact sequence of Ox-modules

0— O0Ox — @(n)*(’)xi — x — 0.
i=1

48


https://stacks.math.columbia.edu/tag/0BY6
https://stacks.math.columbia.edu/tag/0BY6
https://stacks.math.columbia.edu/tag/0BY5
https://stacks.math.columbia.edu/tag/0BY6

Chapter 2 2.4. Tterating on Irreducible Components

Applying the Euler characteristic to the above sequence, we obtain by Lemma 2.4.3

> x(0x,) = x (@(Ti)*oxi> = x(Ox) + x(#x).

i=1 =1

Subtracting the involved characteristics of structure sheaves we obtain

m m
9=—x(0x) ==Y x(Ox,) +x(5x) = Y _ g + x(-x)
i=1 i=1
as desired. The last asserted equation now follows by adding m on both sides. ]

The following definition will fix an invariant of X together with a fixed order (X1, ..., Xy,)
of its irreducible components if X is reducible and if it is irreducible it will define an
invariant of X solely. This invariant will play an important role in this thesis since we
will work with polynomial matrices whose entries have degree linearly bounded by that
invariant.

Definition 2.4.10. Let X be an integral cover of ]P’,lc. Then we define

. "2g+dimkH0(X,(’)X)—|—n-‘
X = .
n

If X is a reduced but reducible cover of P} with a fixed order (X1, ..., X,,) of irreducible
components, we instead define

Ci. X ‘= Ci(X, (Xl, . ,Xm)) =

IVX(%) + 2g; + dimy, H° (X;, Ox,) + nzw
7

and
m
Cx ‘= C<X7 (X17 s 7Xm)) = r?:alx {CiVX} ’

Note that the notions ¢; x and cx in the case of reducible X are misleading since they do
depend on the fixed order (Xi,...,X,,) of the irreducible components of X. AN

Lemma 2.4.11. We have Y1 | ¢; xni < 2(g+n + x(Fx)) + dimy H° (X, Ox).

Proof. It easy to see that ¢; xn; < x()+2g; +dimy, H°(X;,0x,)+2n;. Thus we obtain

m m

> eixni <Y (x(F) + 2g; + dimy H (X, Ox,) + 2n;)
i=1 i=1

<29+ x(S%)+2n+ Zdimk H(X;,0x,)
i=1
= 2(g + n+ x(x)) + dimy, H (X, Ox) .
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Chapter 3

Divisors, Invertible Sheaves and
O x-Ideals

This chapter is organised as follows: In Section 3.1 we recall the basic definitions of
Cartier divisors on arbitrary schemes. These involve the group of Cartier divisors and
the group of Cartier divisor classes. Moreover, for curves over k we define the degree of
divisors in a local sense using the degree of Ox p-ideals. Furthermore, we introduce the
notion of Ox-ideals which are a generalisation of sheaf of ideals on X. We show that the
invertible Ox-ideals form a group which is isomorphic to the group of Cartier divisors.
This isomorphism is induced by the well known map D +— Ox (D) which associates to each
Cartier divisor an invertible sheaf. We will show some properties of the relation between
divisors and invertible O x-ideals.

In Section 3.2 we analyse divisors on covers of Pi. We will mainly be interested
in how to move divisors between the different schemes that are involved when talking
about covers of IP)}C. That is, we take care of the question of how to restrict divisors
on the cover X of }P’,lf to Vo, Voo or S. Or if X is reducible with irreducible components
X1,...,Xm, then about how to restrict divisors on X to a component X;. Finally, we
introduce a way of restricting O x-submodules of Kx in a way that is compatible with the
above way of restricting divisors.

3.1 Cartier Divisors

Let X be a scheme. We start by defining the second most important sheaf (right after Ox
itself) we will work with, the so called sheaf of meromorphic functions or sheaf of stalks of
meromorphic functions which will be the sheaf whose sections admit the local equations
defining a divisor on a scheme. About this sheaf there has been some misconceptions
which have been illuminated by Kleiman in [Kle79]. We now provide its definition as in
[Stal8, Tag 01X2] where it is defined as recommended in [K1e79].

Definition 3.1.1. Let (X, Ox) be a locally ringed space. For any open subset U C X let
Sx(U) C Ox(U) denote the set of regular functions s on U such that the multiplication
by s morphism Oy — Oy, f + f - s is injective. The rule U — Sx(U) defines a subsheaf
of sets of Ox. Now Sx(U) is a multiplicative subset of Ox(U) and hence the localisation
Sx(U)71Ox(U) is defined. Then the rule

U— Sx(U)tox(U)

defines a presheaf K’y of rings on X. We denote the sheafification of K’y by Kx and call
it the sheaf of meromorphic functions on X and denote it by Kx. Moreover, a global
section of Kx is called a meromorphic function on X. A

o1


https://stacks.math.columbia.edu/tag/01X2

3.1. Cartier Divisors Chapter 3

Remark 3.1.2. Tt is straightforward to show that K’ is separated, see Lemma B.1.8. Thus
we can apply Lemma B.1.22 (ii) to Kx to see that its sections over some open U C X can be
represented by an open cover U = U;¢U; and sections f; = r;/s; € Sx(U;) ' Ox (U;) of Ky
such that (fi)v,nv;, = (f7)jv;nu, for all 4,5 € I. The latter is equivalent to (ris;),nu; =
(rjsi)“]imUj in Ox(Uz N Uj).

The Definition 3.1.1 coincides with the one given in [Liu02, 7.1.13]. There are situations
in which there is a well-defined pullback of meromorphic functions and as we will see later
that will be the case every time we need that notion of pullback.

Definition 3.1.3. Let f : Y — X together with f# : f~1Ox — Oy be a morphism of
schemes. We say that the pullback of meromorphic functions along f is defined
if for every pair of open subsets V' C Y and U C X such that f(V) C U, and if for any
section s € Sx (U) the pullback f#(V)(s) € Oy (V) actually lies in Sy (V).

By definition of Sx and Ky, the morphism f# : f~1Ox — Oy extends to a morphism
f~'Kx — Ky which we also denote by f#. Then we obtain two equivalent commutative
diagrams

_1 f#* f#
f Ox —— Oy Ox —— f*OY
i l and l i AN
#
ey I Kk Kx L f.Ky.

Remark 3.1.4. Note that if the morphism f# : f71O0x — Oy extends to f~'Cx — Ky, or
equivalently, f# : Ox — f.Oy extends to Kx — f.Ky, then the pullback of meromorphic
functions along f is defined. This is due to the fact that the units in Kx (U) and Ky (V) are
given by quotients of elements in Sx (U) respectively Sy (V) and that ring homomorphisms
send units to units. Therefore, the pullback of meromorphic functions along f is defined
if and only if f# : f71Ox — Oy extends to f'Kx — Ky. A
Note that by Lemma B.1.37, both K% and O% are sheaves of abelian groups. In the fol-
lowing we will denote the group law of the multiplicative group H° (X KX/ O)X() additive.

Definition 3.1.5. Let X be a scheme. By Div(X) = H? (X,K%/0%) we denote the
group of divisors on X. An element of Div(X) is called Cartier divisor or short
divisor on X. We have a natural morphism of sheaves

K% — K%/Ox

providing a morphism ¢ : H° (X ) IC)X() — Div(X). The image of ¢ is a subgroup of Div(X)
and denoted by Princ(X). An element of it is called a principal divisor on X. Two
divisors D, E € Div(X) are called linearly equivalent if D — FE is a principal divisor. A
divisor D € Div(X) is called effective, denoted by D > 0, if it lies in the image of the
map H° (X,0x NK%) — Div(X). The quotient group Div(X)/Princ(X) is denoted by
CaCl(X) and is called the group of Cartier divisor classes on X. A

Since K% /O% is the sheafification of the presheaf U — Kx(U)*/Ox(U)*, we may un-
ravel the definition of Cartier divisors a bit by using our descriptions of sections of the
sheafification of a presheaf, see Section B.1.

Remark 3.1.6. Following Section B.1, we see that every divisor D € Div(X) is represented
by a weakly matching family (U;, f; - Ox (U;)*)icr where X = UierU;, fi € Kx(U;)*
and for every i,j € I we have fi|UimUj -Ox(UsNU;j)* = fj|UmUj -Ox(U; nU;)*, that is
fiIUmUj/fJ'\UmUj € Ox(U;NnU;)*. We call such a weakly matching family a configuration
representing or inducing D.
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Two configurations (U;, fi - Ox(U;)*)ier and (Vj, hj - Ox(V;)*)jes define the same
global section of K% /O% and thus induce resp. represent the same divisor if and only if
for all (i,7) € I x J we have filUmVj/hﬂUimVj € Ox(U;nVj)*.

A divisor D on X is a principal divisor if and only if it may be represented by a
configuration of the form (X, f - Ox(X)*) for some f € Kx(X)*. A

Definition 3.1.7. By the above description, we see that a divisor D is effective if and
only if can be represented by a configuration of the form (U, f; - Ox(U;)™)ier with f; €
Ox (U;). Given two divisors D and E by configurations (U;, fi - Ox (U;)*)ser respectively
(Vi g5 - Ox(V;)*)jes, the sum D + E is represented by the configuration

(Ui NVj, figj - Ox (Ui N V) )i jrers-

Thus the inverse —D of a divisor D which is induced by (U, fi - Ox(U;)*)ier will be
represented by (Uj, fi*1 - Ox (U;)*)ier. For two divisors D and F on X we write D > E
if D — E > 0. The support of D, denoted by Supp(D), is defined to be the support of
D as a section of the sheaf K% /O%, see Definition B.1.5. This comes down to

Supp(D) ={P € X |Dp# 1} ={P e X | (fi)p ¢ Ox.p™}. A
Lemma 3.1.8. Let X be a scheme. Let D be a divisor on X. Then

(i) Supp(D) is a closed subset of X not containing any generic point of X.

(ii) If X has additionally dimension one, then every point in Supp(D) is a closed point
of X.

(iii) If X is additionally noetherian, then Supp(D) is also finite.

Proof. First of all, by Lemma B.1.6, the support of any section of a sheaf of abelian
groups on X is a closed subset of X. Hence Supp(D) is closed. Let us now prove that
it does not contain any generic point of X. Let n € X° be a generic point of X. Then
by [Stal8, Tag 0BA9], the local ring Ox,, is a zero-dimensional ring. In particular, the
maximal ideal P of Ox ,, is also the unique minimal prime ideal. Hence by Corollary B.4.14,
it consists solely of zero-divisors. Therefore, every regular element of Ox , is a unit and
thus Frac(Ox ) = Ox,. Now using Lemmas B.1.19 and B.1.37 provides

(KX/0%)n = (KX)n/(OX)n = KX,/ O%

Hence Proposition B.2.2 implies that (K% /O%), is trivial. Therefore, every divisor (as
a section of K% /O%) has zero germ at every generic point of X. This proves the first
assertion.

The second assertion follows immediately since every point of X lies on at least one
irreducible component of X and is thus by Lemma B.5.1, either a closed point or the
generic point of that component. Whence any non-generic point of X and a fortiori every
point of Supp(D) is closed in X.

Since Supp(D) solely consists of closed points of X, its points are its irreducible com-
ponents. Since X is noetherian, the same is true for Supp(D) due to [Stal8, Tag 0052].
But again by [Stal8, Tag 0052], noetherian spaces only have finitely many irreducible
components which thus proves the last assertion. ]

Notation 3.1.9. Note that, by abuse of notation, we will mainly denote configurations
that represent a divisor simply by (Uj, f;) without mentioning that U;, i € I for some
index set I will form an open cover of X and also suppressing that the local representative
fi should actually be f; - Ox(U)*. A
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If X is a curve over k, see Definition 2.1.1, then in [Liu02, 7.3.1] the notion of degree of a
Cartier divisor is introduced. We will not recall what that definition is at this point here,
but refer the reader to Lemma C.4.8 where this is stated in the proof. Moreover, we have
shown there that the notion introduced in [Liu02, 7.3.1] is equivalent to the following one.

Definition 3.1.10. Let X be a curve over k. Let D € Div(X) and we denote its germ
at (/C;Z—/O;(()p = ’C;; P/O;<(P by Dp = ap/bp with ap,bp € Frac((’)xp)x. We define the
degree of D over k, or short degree of D, to be

deng = Z dimk OX,P/GPOX,P - dimk O)Qp/prX,P.
PeXo

This is well-defined since the elements ap,bp are unique up to multiplication with units
in Ox p. A

Note that on more general schemes the notion of degree of a divisor is more involved and
cannot (due to dimensional reasons) be stated solely in terms of multiplicities at closed
points.

Remark 3.1.11. The degree of divisors establishes a group homomorphism deg;, : Div(X) —
Z. Furthermore, in the proof of Lemma C.4.8 it is shown that

deg, D = Y deg;, DpOx p
PeXp

where deg, DpOx p denotes the degree of the Ox p-ideal DpOx p, see Definition C.1.14
in Section C.1. Then the statement about being a group homomorphism follows from
Proposition C.1.26. A

Lemma 3.1.12 ([Liu02], 7.3.18). If X is projective, then every principal divisor divx (f) €
Div(X) has degree zero.

In Chapter 5 we will define and analyse the so called Picard group Pic(X) which is the
set of isomorphism classes of invertible sheaves on X together with the tensor product of
Ox-modules as group law, see Definition 5.0.1. Recall that a sheaf F on a scheme X is
called an invertible sheaf if it is a locally free Ox-module of rank 1. That is, for every
P € X there is an open neighborhood U C X of P such that F; is isomorphic to Op.

We are now going to establish a 1-to-1 correspondence between divisors on X and
so called invertible Ox-ideals which will also be an isomorphism of abelian groups. In
Chapter 5 we will link both divisors and invertible O x-ideals with the Picard group Pic(X).
Throughout this thesis Ox-ideals will play the role of a generalisation of divisors. We
decided to care about those since many of the techniques we will use to cope with the
computation in the Picard group even work for Ox-ideals instead of for divisors only.
Moreover, some theoretical results that are well known for divisors extend to Ox-ideals
as well. In Chapter 4 for instance, we will talk about the representation of global sections
of Ox-ideals and more generally for generalised vector bundles.

Definition 3.1.13. Let k£ be a field and let X be a curve of finite residual-type over k
(e.g. X a cover of P}, see Remark 2.1.2). Let F be a coherent Ox-submodule of K.
If F is invertible at the generic points of X, then we say that F is an Ox-ideal. This
is equivalent to F(U) being an Ox(U)-ideal for every affine open subset U C X, see
Definition C.1.2 on page 260. A

Example 3.1.14. Obviously, any invertible O x-submodule of Kx is an Ox-ideal. More-
over, if U C X is an open subset, then the restriction F|;y of an Ox-ideal F to U is an
Oyp-ideal. A

54



Chapter 3 3.1. Cartier Divisors

Definition 3.1.15. Let F,G < Kx be two Ox-ideals. Since Kx is a sheaf of Ox-algebras,
the map U — F(U)G(U) defines a presheaf using the restriction maps of F and G (that
is, that of Kx). We denote its sheafification by FG and call it the product of the Ox-
ideals F and §. Since Kx is a sheaf, it is separated by definition. Now the presheaf
Uw— FU)GU) is a subpresheaf of Kx and hence by Lemma B.1.9 it is separated. By
definition of the sheafification, see Definition B.1.14, and Lemma B.1.22 we have

(]—"Q)(U) = {(Si, Uz‘)iej | U =Uj1U,s; € .F(UZ)Q(UZ) s Vi,j el Silu;; = Sj|Um~}

where U;; = U; N U; and the restriction s;y, ; is the image of s; € Kx(U) under the
restriction map of Kx from U to U;j. Now since F(U;),G(U;) € Kx(U;), we have
F(U;)G(U;) € Kx(U;) and thus the compatibility condition of the local section s; above
provide that (s;,U;) provide a section in x(U). This yields that FG < Kx is also an
Ox-ideal. Now we obviously have F = FOx = OxF for any Ox-ideal F and hence the
set of Ox-ideals together with the multiplication (which is associative) forms a monoid
which we call the monoid of Ox-ideals on X and denote by Monold(X). A

Lemma 3.1.16. Let F,G < Kx be two Ox-ideals. Then for every P € X we have
(FG)p = FpGp.

Proof. Since (F#)p = Fp for every presheaf F on X and P € X, see Lemma B.1.15
and Remark B.1.16, we only need to prove the equality for the presheaf (FG)P. For every
P € X we find an affine neighborhood U of P and since F and G are quasi-coherent, we
have Fp = F(U)p and Gp = G(U)p. Now it is obvious that (F(U)G(U))p = F(U)pG(U)p
as subsets of Frac(Ox(U)) = Kx(U). Hence (F(U)G(U))p = FpGp as asserted. O

Lemma 3.1.17. Let F,G be two Ox-ideals. Then for any affine open U = Spec(A)
we have (FG)(U) = F(U)GU). In particular, (FG)y is quasi-coherent with (FG)y =
(FO)GW))™.

Proof. Since F and G are quasi-coherent, by [Liu02, 5.1.7], we have that F(U)~ = Fj;; and
G(U)~ = Gy. Moreover, we have F(U)p = Fp, G(U)p = Gp and for all basic open subset
D(a) CU of U with a € A we have F(D(a)) = F(U), as well as G(D(a)) = G(U),. Let us
define a homomorphism ¢ : F(U)G(U) — (FG)(U): By Corollary D.1.3, for every P € U
we have a basic open neighborhood Vp = D(ap) with ap € A and thus Definition B.1.14
together with Lemma B.1.22 provide that any section s of FG over U can be given by a
weakly matching family (s(Vp), Vp)per with s(Vp) € F(Vp)G(Vp) = F(U)apG(U)a, and
s(VP)vprvy = s(VQ)vervg It F(U)apaqF(U)apag for all P,Q € U. Now let us define

¢ FUGWU) — (FG)U)

s = (s)vp, VP)PeU

where Vp = D(ap) with ap € A and S|y denotes the image of s under the presheaf
restriction map

PV (FGP) : FU)GU) = F(VP)G(VP) = F(U)apG(U)ap = (F(U)G(U))ap-

Obviously, this restriction map is simply the localisation homomorphism A,, by ap. The
induced homomorphism ¢p for P € X is obviously the homomorphism sending the germ
sp of s to (sy,)p = sp. Indeed, for given sp € F(U)pG(U)p the homomorphism ¢p
sends sp to the image of s under the homomorphism

FOGU) — (FO)GU))ap — (FU)GW))ap)p — (FU)GU))p
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which is obviously just the localisation homomorphism F(U)G(U) — (F(U)G(U))p where
the latter is by Lemma 3.1.16 isomorphic to (FG)p. Thus ¢ is an isomorphism. O

Lemma 3.1.18. Let F,G < Kx be two invertible Ox -ideals.
1. Then F ®o, G = FG.

2. Let H be an invertible Ox-ideal. Then F < G implies FH < GH.

More precisely, let F be given by Fy, = fiOv, for fi € Kx(Ui)* and i € I. Then
for any embedding of Ox-ideals i : F — G we have an embedding i' : FH — GH
such that i (U;) : F(U)H(U;) — G(U; ) H(U;) maps fih to i(fi)h for h € H(U;).

Proof. We define a morphism of presheaves ¢ given by

o(U): FU)@oyw)dU) — FU)GU)
f®g — fg

where the product fg is computed in Kx(U). Now since both F(U) and G(U) are in-
vertible, by [Eis95, 11.6], ¢(U) defines an isomorphism of Ox(U)-modules. Hence ¢ is
an isomorphism of presheaves. Since associating the sheafification of a presheaf to that
presheaf defines a functor from the category of presheaves to the category of sheaves,
see [GW10, 2.24], this isomorphism of presheaves results in an isomorphism of sheaves
¢ FRoy §— FG as asserted.

The particular part follows from the fact that the functor — ®p, H is left-exact.
Indeed, if i : 7 — G is injective, then F ®p, H — G ®p, H is also injective. Then the
above isomorphisms F ®o, H — FH and G ®p, H — GH provide an injective morphism
FH — GH which by the construction of the above isomorphisms clearly maps f;h to i(f;)h
as asserted. O

Definition 3.1.19. Let F,G < Kx be two invertible Ox-ideals. Then FG is again an
invertible Ox-ideal since being locally free can be checked on the level of stalks. Now
the product of invertible Ox-ideals together with Ox as the neutral element defines a
multiplicative abelian group, the group of invertible Ox-ideals, denoted by InvId(X).
Corollary 3.1.25 proves that there are indeed inverse elements. The invertible Ox-ideals of
the form fOx with f € Kx(X)* form a subgroup of InvId(X) which we call the subgroup
of principal invertible Ox-ideals and denote it by Princld(X). We call the respective
quotient group the class group of invertible Ox-ideals and denote it by CllnvId(X).

JAN

Remark 3.1.20. We will see in Chapter 4, Remark 4.1.5 that the notion of Ox-ideals is
equivalent with the notion of generalised divisors introduced in [Har07] for the schemes
in question. Now considering Ox-ideals up to linear equivalence, that is, up to isomor-
phism given by a regular global section f € Kx(X)* (see for instance the upcoming
Lemma 3.1.26), we obtain an equivalent of the so called generalised line bundles, see
[Car20, p. 1]. A
Remark 3.1.21. In the appendix, in Section C.4 we will define the degree deg;, of Ox-
ideals for curves of finite residual-type over k, see Definition C.4.1. Similar to the degree
of Cartier divisors introduced above, the degree of Ox-ideals also establishes a group
homomorphism deg;, : InvId(X) — Z, see Lemma C.4.7.

In Proposition 3.1.27 we will see that there is a correspondence between Cartier divisors
on X and invertible Ox-ideals. Moreover, we will also see there that the two notions of
degree are also related. A
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Remark 3.1.22. By definition, any invertible Ox-ideal is an invertible Ox-module on X
and hence defines an element in Pic(X). This provides a map Invld(X) — Pic(X) which
is by Lemma 4.1.2 surjective. AN

Lemma 3.1.23. Every F € Invld(X) comes with some open cover UijeU; = X of X and
fi € Kx(U;)* such that Fiy, = fiOv,. In particular, we obtain a map Invld(X) — Div(X).

Proof. Let F be an invertible Ox-ideal. Then there is an open cover U;c;U; = X and
isomorphisms 7; : Oy, — F|y, of Op,-submodules of Ky,. Since v; is an isomorphism, the
isomorphism 7;(U;) : Ox(U;) — F(U;) corresponds to the image of the unit section in
Ox (U;) which is a generator, say f;, of F(U;) C Kx(U;) as an Ox(U;)-module. The same
holds for any open subset V; C U; with generator fy, € Kx(V;)* of F(V;). By definition
of ~;, the following diagram commutes:

ox;) 2 Fwy) = 1,00,
PU;,V;,0x lPUi,v,.,f

Vi
ox(vi) 2 F(v) = 0,

In particular, v(Vi)(pv;,vi,0x (1)) = pu,vi, 7(7(Ui)(1)) and thus fy, = fiy,. This shows
that Fjy, = fiOu,.

To prove the particular part let us denote U; N U; by U; ;. Now for all ¢,5 € I we
have that both the restrictions of f; and of f; to U;; generate Fy, . over Oy, ;, that
is fijv,, fj|_Uli,j € Ox(U;;)*. Hence we can form the configuration (Uj, f; ') which then
defines a divisor D € Div(X). It is obvious that any other open cover and local generators

for F will provide by construction the same divisor and thus we obtain the asserted well-
defined map. O

Lemma 3.1.24. Let 7, G € Invld(X) be given by Fly, = fiOv, fori € I and Gy, = g;Ov;
for j € J, respectively. Then FG is the Ox-ideal given by (FG)v.nv, = figiOv,nv; -

Proof. By definition, we have
(FG)(U; N Vj) = {(sks Wi)ker | Us NV = Uper Wy, s, € F(Wy)G (W) -
V :IC, h S I Sk|kaWh = Sh|WknWh }

and since Fiy, = fiOy, and Q|Vj = g;0v; as well as Wy C U; NV}, we have s €
FWi)G(Wy) = figjOx (W}) and thus s; = f;gjwy, for some wy, € Ox(W},). Now the com-

patibility condition sk, nw, = Shjw,nw, translates to (figjwk)|WkﬂWh = (figjwh)\wkmwh
which is equivalent to (wg)w,nw, = (Wn)jw,aw,- Thus (W, w) glues to a section of
Ox (U; N'Vj) and hence we obtain

(FGUNVj) = fig;Ox (Ui NVj)
which provides the assertion. O

Corollary 3.1.25. Let F € Invld(X) be given by Fiy, = fiOu, for i € I. Then the
inverse F~1 of F is the element in Invld(X) defined by (F ')y, = £ oy, .

Proof. Since F € Invld(X), there is a unique G € Invld(X) with Gy, = f;l(QUi. More-
over, (FG)y, = fif Oy, = Oy, by Lemma 3.1.24 and hence FG = Ox as asserted.  [J

Lemma 3.1.26. The subgroup Princld(X) equals the set of invertible O x-ideals isomor-
phic to Ox. In particular, two invertible Ox-ideals are isomorphic if and only if they
differ multiplicatively by an element in Princld(X).
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Proof. Obviously, every principal Ox-ideal fOx is isomorphic to Ox by the isomorphism
Ox — fOx given by the multiplication with f.

Let F be an invertible Ox-ideal isomorphic to Ox by the isomorphism v : Ox — F.
In particular, v(X) : Ox(X) — F(X) corresponds to a generator f € F(X) C Kx(X)
of F(X). Since v(X) is an isomorphism, we have f € Cx(X)*. Now we argue that the
restriction of f to any open subset U C X is the generator of F(U). By the same line
of argument as above, the morphism (U) : Ox(U) — F(U) corresponds to an element
fu € Kx(U)* generating F(U). Since for any open subset U C X the diagram

Ox(x) 2% Fx)
PX,U,0x PX,UF

commutes, we have
px,uF(V(X)(1)) = v(U)(pxv0x(1))

and hence fj;y = fy. This provides F = fOx.

Let us now prove the second assertion. Let o : F — G be an isomorphism of Ox-
modules. Since F is invertible and invertible O x-modules are flat, the induced morphism
F®oy F 1 = G®o, F!is again an isomorphism. Using Lemma 3.1.18 we thus have
an isomorphism

Ox =FF ' = F@oy F ' = GRo, F ' = GF L.

Using the first assertion thus provides GF ! = fOx for some f € Kx(X)*. Now multi-
plying both sides with F provides G = fF.

Conversely, if G = fF, then the multiplication with f=! € Kx(X)* morphism G =
fF — F yields an isomorphism. O

There is a natural relation between invertible Ox-ideals and divisors which tells us that
they are essentially the same.

Proposition 3.1.27. Every divisor D € Div(X) given by the configuration (U;, f;) induces
a unique invertible Ox-ideal Ox (D) given by Ox (D) |y, = ftoy,.

(i) This induces an isomorphism of abelian groups

¢: Div(X) — Invld(X)
D ~ Ox(D)

under which principal divisors div(f) with f € Kx(X)* correspond to f~'Ox.
(ii) For every D € Div(X) we have

D>0 & Ox<0x(D) <« O0Ox(—-D)<O0x.

(iii) For every D € Div(X) we have degy, D = —deg;, Ox (D) where the latter is defined
in Section C.4.

(iv) If X is projective, then principal divisors and principal Ox-ideals have degree zero.

Proof. Let us prove Item (i) first: Let D € Div(X) be given by the configuration (U, f;)
for some open cover U;c;U; = X. Since for all 4,7 € I we have fif;l € Ox(U;nU;j)™,

setting F; = fi_lOUZ. does indeed define a sheaf F on X with the obvious restriction maps
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such that Fjy, = F;. The sheaf F is obviously an Ox-ideal. Now any other Ox-ideal
g with Q|Ui = fi_l(’)Ui need necessarily be equal to F: Since both F and G are Ox-
subsheaves of Kx, equality is a question of having the same stalk at every point of X, and
this is obviously true. Taking any other configuration (V},g;)jcs of D does not change
the induced sheaf: By hypothesis and the definition of divisors, we have for all 7, j that
figj € Ox(U;NV;)*. In particular, fijy,qv, Ow,ny; = 9, Opv,nv; and thus the induced
sheaves coincide. Hence for every divisor D on X we find a unique Ox-ideal Ox (D) such
that Ox(D)y, = fi_l(’)Ui which establishes the well-defined map ¢. That assertion about
the principal divisors and principal Ox-ideals is evident from the construction of ¢.

If D € Div(X) with ¢(D) = Ox(D) = Ox, then by definition of ¢, we have the
equality Ox (D)y, = Oy, which is equivalent to f; € Ox(U;)* for all i € I. Therefore D
was already the zero divisor on X and hence ¢ is injective.

The inverse map ¢! is given by the map constructed in Lemma 3.1.23. That ¢ is
a homomorphism of abelian groups is obvious, see [Liu02, 7.1.18]. This proves the first
assertion.

Now we prove Item (ii): Let D € Div(X). Then D > 0 if and only if D is induced by
a configuration (Uj, f;)icr with f; € Ox(U;) for all i € I. This is equivalent to Ox (U;) C
ftox(Uy) = Ox(D)y, for all i € I. Clearly, since ¢ is a group homomorphism, we
have Ox(D)~! = Ox(—D). Note that by Lemma 3.1.18 Ox < Ox(D) is equivalent to
Ox(—D) < Ox (via multiplication with Ox(D)~! respectively Ox(D)). This provides
the second assertion. Item (iii) is due to Lemma C.4.8. Finally, consider Item (iv). That
principal divisors have degree zero is Lemma 3.1.12 and then by the third assertion we
can complete the proof. O

Definition 3.1.28. Let F be an Ox-ideal and D € Div(X). Then we denote F ®o,
Ox (D) by F(D). This is in accordance with the notation Ox (D) which clearly satisfies
Ox(D) =0Ox Koy Ox(D). AN

Corollary 3.1.29. The isomorphism Div(X) — InvId(X) exztends to an isomorphism
between CaCl(X) and CllnvId(X).

Proof. Any principal divisor D = div(f) corresponds to f~'Ox under the isomorphism
¢ in Proposition 3.1.27. Hence the subgroups Princ(X) and Princld(X) are isomorphic
under the isomorphism ¢ : Div(X) — InvId(X) and hence the assertion follows. O

Remark 3.1.30. The isomorphism Div(X) = InvId(X) provides a map Div(X) — Pic(X)
that is compatible with the map InvId(X) — Pic(X), see Remark 3.1.22. A

Lemma 3.1.31. If X is a noetherian scheme without embedded points, then the homomor-
phisms Invld(X) — Pic(X) and Div(X) — Pic(X) provide isomorphism Cllnvld(X) =
CaCl(X) = Pic(X).

Proof. That Div(X) — Pic(X) provides the isomorphism CaCl(X) = Pic(X) is [Liu02,
7.1.19]. The rest of the assertion follows from Corollary 3.1.29. O

In the following lemma we collect some rather immediate relations between D and its
corresponding invertible Ox-ideal Ox (D).

Lemma 3.1.32. The correspondence Div(X) <> InvId(X), D — Ox (D) satisfies:
(i) Supp(D) ={P € X | Ox(D)p # Ox.p},
(ii) For f € Kx(X)* and D € Div(X) we have

f e Ox(D)(X) < div(f) + D > 0.
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Proof.

(i) Let D be given by {(U;, fi)}icr- Then Dp = (f;) pOx,p for every i with P € U;. By
Definition B.1.5, we have

Supp(D) ={P € X [Dp #1} ={P e X | (fi)p ¢ Oxp™}

and by definition of Ox (D) we have Ox(D)p = (fl-_l)pOX7p which proves the first
assertion.

(ii) Let D be given by {(U;, fi)}ier- By definition we have f € Ox(D)(X) if and only
if for all i € I we have fiy, € Ox(D)(U;) = f7'Ox (U;) since Ox (D) is a subsheaf
of Kx and f € Kx(X), see Lemma B.1.29. On the other hand, by definition we
have that div(f) + D is the divisor given by {(U;, fi, fi) }ier and this is is greater or
equal to zero if and only if fiy, fi € Ox(U;) for all i € I. But this is equivalent to
flu, € f71Ox(U;) and thus the assertion follows.

O]

3.2 Restricting Divisors

We will now turn to our setup in which we want to analyse how we can transport divisors
between the appearing schemes. It turns out that there is a reasonable way of pulling back
divisors along morphisms f : Y — X for which the pullback of meromorphic functions
is defined, see Definition 3.1.3. We will see that this is the case for the Y in question.
Moreover, this notion of pulling back divisors D is compatible with the notion of pulling
back the corresponding invertible sheaf Ox (D).

Remark 3.2.1. Let f : Y — X be a morphism of schemes. Then f comes along with a
morphism of sheaves Ox — f.Oy called the pullback map of regular functions along f.
This datum of a pullback map along f (as a morphism of presheaves) is equivalent to the
morphism of sheaves f1Ox — Oy. Hence we denote both of them by f#. All of this
follows from the fact that there is a bijection

Homgy,y)(f G, F) <+ Hompyesn(x)(G, foF)

functorial in the sheaf F on Y and the presheaf G on X, see [GW 10, 2.27]. JAN
We start with a corollary of Proposition B.1.44.

Corollary 3.2.2. Let f :' Y — X be a morphism of schemes. We have a natural map
¢ : [ Ky ) [ Oy — fo(Ky /O3 with ¢(U) sending

(Ui, si- O3 (f7HUR) to (F7HUs), si- O3 (fH(UY)))

where s; € Ky (f~1(U;)) and {U; | i € I} forms an open cover of the open subset U C X.

Proof. The assertion follows from Proposition B.1.44 where we replace Ox by O% and
regard both f,Oy and f.Ky as sheaves of multiplicative abelian groups on X. O

Proposition 3.2.3. Let f: Y — X be a morphism of schemes. Whenever the morphism
f#*: Ox — f.Oy eatends to ¢ : Kx — f.Ky, we obtain a group homomorphism f* :
Div(X) — Div(Y) sending

(5 05@) w0 (£ el
Moreover, f* satisfies the following properties:
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(i) Oy (f*(D)) = f*Ox (D) for all D € Div(X),
(ii) If D > 0 in Div(X), then (f*D) > 0 in Div(Y).

Proof. By assumption we obtain a commutative diagram

LO} —— LK — LS/ LO0F —2 £(KE/OF)

A

Ox — Kx

where ¢ is the natural morphism of Corollary 3.2.2. Then ¢ together with ¢ induce a
morphism of sheaves

KX /0% 5 £ 105 2 Fu(K5/0F), (2:1)
Taking global sections provides a morphism of multiplicative groups
Div(X) = H° (X,K5/0%) = H° (Y, f.(K3/05)) = H° (Y, K3 /O5) = Div(Y)

which we denote by f*. Let X = |
Corollary 3.2.2, f* works as follows:

(KX/03)(X) — (f*IC;/f*OX)(X = (f(K3/039)(X)
Uiy si- Ox(U)) = (Ui, p(Ui)(si) - O3 (f7H(Th)) (f_l(U) p(Ui)(si) - O (f(_l()Uz')))
2:2
By Remark 3.1.2, the sections of K% over some open U C X are locally on U; (with U;
forming an open cover of U) given by fractlons of regular elements of Ox (U;). Now since
¢ K% — fK is the extension of f# : O% — f.Oy, we therefore have

ai\ _ [*(Ui)(a) ,
#(l) (b) = U)o (23)

where both a; and b; are regular elements of Ox(U;). Now combining Eq. (2:2) and
Eq. (2:3) provides the main assertion.

The proof of (i) simplifies a lot if we assume X and Y to be projective over an affine
base or affine itself since in both cases, by Corollaries D.1.3 and D.1.4, respectively, we
find suitable affine open neighborhoods for a given finite set. The proof for the general
case will be given in Remark B.5.8.

Let us now prove (i) in the above setting. Consider D € Div(X) given by a configu-
ration {(U;, b;/a;)}ier with a;,b; € Ox(U;). Note that by Lemma B.5.7, we may choose
an affine cover of X which is a refinement of the cover {U; | i« € I}. Then taking the
restrictions of a;/b; to the smaller affine opens as the local equations of D, we may with-
out loss of generality assume that the cover {U; | i € I} is an affine cover. We have
Ox(D)y, = (a;i/b;)Oy,. Now fix some U; along with its open immersion j : U; — X
for which then j*Ox (D) = Ox(D)y, holds. Then set V; = f~ L(U;). By the simplifying
assumption on Y, we may use Corollary D.1.4 or Corollary D.1.3 to find for every P € V;
an affine open subset V; p such that P € V; p C V; and thus f(V; p) C U;. Now we can
use Lemma 3.2.27 which provides

(" Ox (D)), » = (Ox (D)(Ui) @0y ;) Oy (Vir))™

;c1 Ui be an open cover of X. By the above and
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But since Ox (D)|y, = (ai/bi)Ouv,, we have

Ox(D)(Us) ®oy ;) Oy (Vi,p) = (ai/bi)Ox (Us) ®oy ;) Oy (Vi,p)
=~ Ox(U;) ®oy ) £ (Vip)(ai/bi) Oy (Vi,p)
= f#(V;,p)(ai/b;)Oy (Vi,p)
f# (Vi p)(ai)

= Vo) Y )

providing
~ [#(Vip)(ai)
e T V) (b)
The invertible sheaf f*Ox (D) on Y defined by the above equation defines a divisor E on
Y, see Proposition 3.1.27, via the configuration

(1 20y
Y fE(Vip) (bi) icl,PeV;
Now since f# is a morphism of sheaves on Y, we have f#(Vi)(ai)“/w = f#(Vip)(a;) and
similarly for ;. This provides £ = f*D.

Let us now prove (ii). Let D € Div(X) be effective, i.e. D > 0. Hence we may assume
that it is given by {(U;, a;) }icr with a; € Ox (U;). By assumption, the following diagram
of morphisms of sheaves on X is commutative:

(f*Ox(D))

#
or I oz

[ [

KX —2— fC5

By the main assertion, f*(D) is given by {(f~*(U;), o(U;)(a;)}ies. The commutativity of
the above diagram now implies that ¢(U;)(a;) € (f.O5)(U;) = Oy (f~1(U;))* and thus
f*(D) >0 in Div(Y). O

Corollary 3.2.4. Let the situation be as in Proposition 3.2.3. Then the pullback of prin-
cipal divisors are principal and thus the restriction of the group homomorphism f* :
Div(X) — Div(Y) to the subgroup of principal divisors Princ(X) on X yields a group
homomorphism

F Princ(x) : Princ(X) — Princ(Y).

In particular, if D ~ E in Div(X), then f*(D) ~ f*(E) in Div(Y).

Proof. Let D = div(g) with g € Kx(X)* be a principal divisor. By Proposition 3.2.3, the
pullback f*(D) of D is given by the configuration (Y, ¢(X)(g)) where ¢ : Kx — f.Ky
is the extension of Ox — f.Oy. In particular, ¢(X)(g) € Ky (Y)* and hence f*(D) is
principal.

The particular part follows from the fact that f* is a group homomorphism, see Propo-
sition 3.2.3, and the first assertion. Indeed, let D — E = divx(g) for some g € Kx(X)*.
Then the assertion follows from

[1(D) = fH(E) = (D = E) = f*(divx(g)) = divy (¢(X)(9))- -

We might summarise the above insight as follows: Whenever the pullback of regular
functions along a morphism extends to quotients of regular functions, then pulling back

62



Chapter 3 3.2. Restricting Divisors

the local equations for a divisor yields a well-defined notion of pullback of a divisor.

Definition 3.2.5. Let f : Y — X be an injective morphism of schemes. Whenever the
morphism Ox — f.Oy extends to Lx — f.Ky, we say that the restriction of divisors
from X to Y along f is defined. In this case we may also just say that the restriction
of divisors from X to Y or that the restriction of divisors along f is defined.

Sometimes we will also call the restriction of divisors more generally the pullback of
divisors. We also denote the restricted divisor as Dy = f*D.

Note that the restriction of divisors along f is defined if and only if the pullback of
meromorphic functions is defined, see Definition 3.1.3 and Remark 3.1.4. A

Remark 3.2.6. Let (X, ) be a cover of }P’,lc. By Definition 2.2.9, we have that the pole
divisor (x)lp}c 00 ON P (which together with the identity morphism P — P, is a cover of

]P’,ﬁ) is given by the configuration

{(Uo,1), (Uss, 2™ )}

Thus by Proposition 3.2.3, we know that 7* (x)ﬂ”i o0 is given by the configuration

{(Vo,1), (Veo, 27 1)}

and thus equals the pole divisor (z)s of  on X. Since 7* : Div(P}) — Div(X) is a group
homomorphism, this also provides 7(z)s = 7* (r(:v)P}woo). A
We will use the restriction of divisors respectively their corresponding invertible sheaves
(and even more general O x-ideals) for several schemes Y which will come with an injective
morphism of schemes Y — X. Note that Y need not be a subscheme of X.

But first we give sufficient conditions such that Ox — f.Oy extends to Kx — f.Ky.

Lemma 3.2.7 ([Liu02], 7.1.33). Let f : Y — X be a morphism of schemes. We suppose
that one of the following hypotheses is verified:

1. f is flat;

2. 'Y is reduced, having only a finite number of irreducible components, and every of
these dominates one of X.

Then the canonical morphism Ox — f.Oy extends to Kx — f.Ky.

Remark 3.2.8. In [Stal8, Tag 020U] this is proved for more general cases and we list two
of them here where the latter is an implication of the former:

1. X is locally Noetherian, and any associated point of X maps to a generic point of
an irreducible component of Y,

2. X is locally Noetherian, has no embedded points and any generic point of an irre-
ducible component of X maps to the generic point of an irreducible component of
Y. A

Proposition 3.2.9. Let f : Y — Z and g : Z — X be two morphisms of schemes. If
both Oz — f.Oy and Ox — g.Oz extend to Kz — [y respectively Kx — 9Kz, then
Ox — (go [):Oy extends to Kx — (go f)«Ky. Moreover, Ox — (go f).Oy factors
through .0z and Kx — (g o f)«Ky factors through g.Kz.

Proof. The natural morphisms Oz — f.Oy and Ox — ¢.Oz provide, via pushforward of
the former by g, the morphism

Ox = 9g:0z — g:«(f:Oy) = (g o [)«Oy
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By assumption, we have the morphisms Kz — f.Ky and Kx — ¢g«Kz. Hence we obtain
a morphism Kx — ¢.Kz — g«(f<Ky) = (g o f)«Ky. Using that the morphisms of the
sheaf of stalks of meromorphic functions are the extension of the morphisms of structure
sheaves, we obtain the commutative diagram

Ox —— 9.0z —— (g0 f)«Oy

Lo I

Kx — ¢.Kz —— (g0 f)«Ky

which shows that Ox — (g o f).Oy extends to Kx — (go f)Ky. It also shows the last
part of the assertion. O

Definition 3.2.10. Let X be a scheme. We call an open subscheme U C X schemati-
cally dense in X if Ass(Ox) CU. A

Note Lemma B.2.5 for equivalent descriptions of schematically dense open subsets.

Lemma 3.2.11. Let X be a locally noetherian scheme. Let V' C X be a schematically
dense open subset with open immersion i : V — X. Then Ox — ,Oy extends to
Kx — i.Ky (which is an isomorphism) and hence the restriction of divisors from X to V.
s defined.

Proof. This is Lemma B.2.6 and [Liu02, 7.1.15]. O

Remark 3.2.12. Proposition 3.2.3 shows that Div(X) — Div(V) locally works (on numer-
ator and denominator) as the restriction i# (U) : Ox(U) — Ox(UNV) for U C X open.
Hence, if (U;, fi/g:) with f;, g; € Ox(U;) regular is a configuration of a divisor D on X,
then i*(D) is given by the configuration

(Umv,m>:(mmwm> A

Lemma 3.2.13. Let X be a scheme and Y an irreducible component of X with closed
immersion 7 : Y < X. Moreover, assume Y to be reduced. Then Ox — 1,Oy extends to
Kx — Ky and hence the restriction of divisors from X to'Y is defined.

Proof. Since Y is an irreducible component of X, it dominates (via 7) an irreducible
component of X and is reduced. Hence the assertion follows from Lemma 3.2.7. O

Remark 3.2.14. Proposition 3.2.3 shows that Div(X) — Div(Y’) locally works (on numer-
ator and denominator) as the ring homomorphism

7 (U) : Ox(U) = Oy (r71(U))) = Ox(U)/J

for U C X open and J = J(U) where J is the sheaf of Ox-ideals that cuts out Y in X. We
also see that 77 (U) sends regular elements to regular elements since .J is a minimal prime
ideal of Ox (U) and thus only zero-divisors get send to zero-divisors, see Remark 3.2.8. If
Y was only a closed subscheme of X, then locally J need not be a minimal prime ideal
and hence regular elements may be sent to zero-divisors. A

Let X be a reduced scheme and Xi,...,X,, all of its irreducible components. By Y
we denote the disjoint union of the X; as in Definition B.3.1. Then we have a natural
surjective morphism of schemes 7 : ¥ — X. Now we can use Lemma 3.2.13 for all
irreducible components and apply this to Y and 7.
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Corollary 3.2.15. Let X and Y be as above. Then Ox — 7.0y extends to Kx — 7Ky
and hence the restriction of divisors from X to Y is defined.

Proof. Obviously, as in Lemma 3.2.13, the second hypothesis of Lemma 3.2.7 is satisfied
and hence the assertion follows. O

Remark 3.2.16. Proposition 3.2.3 shows that Div(X) — Div(Y) works locally, that is
on every open U C X (on numerator and denominator), as the diagonal map 77 (U)
constituted of the ring homomorphisms

T (U) : Ox(U) = Ox, (77 1(U))) = Ox (U)/J;

i

for J; = J;(U) where J; is the sheaf of Ox-ideals that cuts out X; in X. That is, locally
it works as

T (U) : Ox(U) = GmBOXZ-(TJI(U))) = éOX(U)/Ji
=1 =1

which maps a to (a+.J1,...,a+Jy). Note that 7#(U) is injective since X is reduced. A

Proposition 3.2.17. Let X be a cover of]P’,{/,. Then we have (pg)«Ks = Ky, and p g =
Kx.

Proof. The first assertion follows from the fact that Frac(T 'R.) = Frac(Rs). The
second from

M*ICS = (Zoo © ,ua)*ICS = (Zoo)*((ﬂa)*K:S) = (Zoo)*lcvoo = ,CX

where the last isomorphism is due to Lemma B.2.6 and the last equality used the first
assertion. ]

Replacing X by X; and S by S; we obtain:

Corollary 3.2.18. Let X be a cover of IP’,}/,. Then we have (pq,i)«Ks, = Ky, . and
(lu’i)*’CSi = ’CXi'

Lemma 3.2.19. The restriction of divisors from Vi to S and from V; o to S; is defined.

Proof. Since both morphisms are given by localisation homomorphisms, they are flat, see
[Stal8, Tag 00HT] and [Liu02, 4.3.3]. Thus the assertion follows from Lemma 3.2.7. [

Remark 3.2.20. Proposition 3.2.3 shows that p* locally, that is on every open U C X (on
numerator and denominator), works as

p*(U) : Ox(U) — Os(u™'(U)).

Note that by construction of S, we have 7 (Vao) : Roo — T 'Roo = Og is the localisation
map. Moreover, if U = D(h) with h € R, is basic open, then

pH(U) 2 (Roo)n = (T7 Roo)n = (O8) (v () A

Proposition 3.2.21. Let D be a divisor on X such that Dg = 0 is the zero divisor on
S. Then there is some open subset W C Vi, such that ju(S) € W with Dy = 0.

Proof. Since the restriction of divisors is transitive, see Corollary 3.2.23, any divisor that
restricts to zero on S restricts to a divisor D on V5, whose restriction to S is the zero
divisor. If D = 0, then we are done. Thus let D on V, be given by a configuration
(Ui, fi)ier- Let Py, ..., P. denote the points of V4, that correspond to those in S. By
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Lemma B.5.17, there is an affine open neighborhood D(g;) of P; in V4, given by a regular
element g; € Ro. Using these we may assume that D on V, is given by open subsets U;
for which those with P; € U; will be of the form D(g;). Moreover, then f; = a;/g;". Now
the restriction of D to S is given by

(= (D(g)), H™ (D (9:))(f))

where p#(D(g:)) : (Roo)gi — (T 'Rw)g, is the localisation homomorphism, which is
injective since g; is regular. By assumption, D restricts to the zero divisor and thus

pHDe)(f) = L =

is a unit in (T‘lRoo)gi. Hence a; is of the form pigfi for p; € T and ¢; € Z. But this means
that the restriction of f; to D(g;) N D(p;) = D(gip;) is a unit. Note that since p; € T, we
have z~! { p; and thus D(p;) contains the point P;. Thus the finite union of the D(g;p;)
provide an open subset W C V,, which contains x(S) such that D restricts to zero on W.

O

Proposition 3.2.22. Let X be a cover of Pi. The following diagram of morphisms of
schemes commutes. Moreover, the pullback of divisors along every one of the appearing
morphisms is defined.

SN /A N

S X
] (T oo] ] =, X

S(—>Vzooc—>X

)
oo‘vzoo

<.
.

Proof. Let R be a ring, P an ideal of R and T' C R a multiplicatively closed subset. Then,
after identifying T-!(R/P) with T~ R/T~!P the following diagram is commutative:

T-'R+«— R

| |

~Y(R/P) +— R/P.

This provides the commutativity of the left square. The commutativity of the right square
is evident as well as the commutativity of the triangle on the right hand side. That the
restriction of divisors along i and iy, ., are defined is Lemma 3.2.11. The same follows
for the pullback along ; and (Ti)l‘/i,oo from Lemma 3.2.13. Since both S and S; are finite
schemes and S; embeds as a closed subscheme, we see that every irreducible component
of S; (each of its points) dominates an irreducible component of S (one of its points).
Since X is reduced, .5; is reduced and thus the restriction of divisors along o; is defined by
Lemma 3.2.7. Finally, restriction of divisors from X to Y is defined by Corollary 3.2.15. [

Now we can conclude that restricting divisors from X to the various schemes involved in
our context behaves very well in the following sense.

Corollary 3.2.23. The following diagram of groups and group homomorphisms is com-
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mutative.

Div(S) «— Div(Vae) ¢+— = Div(X)

\7)
or (Ti\\/,i,oo)* T @;11 DiV(Xi)
—

Div(S;) o Div(Vj o) ﬁ Div(X;)
a,i too|V;

The map @;", Div(X;) — Div(X;) is simply the projection onto the i-th summand.

Proof. The existence of the diagram with its maps follows from Proposition 3.2.22. That
it is commutative follows from Proposition 3.2.9. O

Definition 3.2.24. For the readability we will denote the pullback/restriction of divisors
naturally with the restriction symbol. For clarity, we list some examples of the notations
explicitly below:

DeDiv(X) | Dy, = (D)
Dy, = 1i3(D)
Dy, = 17(D)
Dy, .. = ((ico)io ©7)"(D)

((76) V00 © )" (D)

D eDiv(X;) | Dy, = (i )|Vw<,( )
D eDiv(Vo) | Dyy,.. = (n)wm( )
=
(o

S
n
[

fa,i © (i) v, )" (D)
Oua) (D)

3.2.1 Restricting Ox-submodules of Kx

Let f: Y — X be a morphism of schemes. Whenever the restriction of divisors of X to
Y (along f) is defined, we have seen in Proposition 3.2.3 that for any divisor D on X its
restriction to Y satisfies Oy (D)y) = f*Ox (D). Thus, if we define the restriction of an
Ox-module F to Y as the pullback f*F along f, then this notion of restricting sheaves
will be compatible with that of the restriction of divisors.

Definition 3.2.25. Let f : Y — X be an injective morphism of schemes. For any Ox-
module F set Fjy := f*F and call it the restriction of F to Y along f or simply
restriction of F to Y if the context already admits what f is. A

Remark 3.2.26. As mentioned above, if D is a divisor on X and the restriction of divisors
along f is defined, we have

Ox(D)y = [fOx(D) = Oy (f*D) = Oy (Dyy). A

In the case of affine schemes and quasi-coherent Ox-modules the pullback operation is
very easily expressed using the extension of scalars.

Lemma 3.2.27 ([Liu02], 5.1.14 (b)). Let f : Y — X be a morphism of schemes. Let
F be a quasi-coherent Ox-module. Let U C'Y be an affine open subset of Y such that
f(U) CV for some affine open V.C X. Then

(P = (FV) @ox vy Ov(U))~.
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In particular, f*F is quasi-coherent.

If f:Y — X is an open immersion of an affine open Y into any X and F is a quasi-coherent
Ox-module, then we obviously have f*F = f~'F = F(Y)~.

This together with the property that “(fog)* = ¢g* o f*” holds for the pullback functor
of sheaves on locally ringed spaces, see [Stal8, Tag 0097], yields a very concrete description
of what the restriction to S is.

Proposition 3.2.28. Let X be a cover of ]P’,lc. Let F be a quasi-coherent Ox-module.
Then
Fis = (T F (Vo)™ = (F(Vex) @R O5)™

In particular, Fig(S) = T7'F(Vao) and (Fis)p = Fp. Moreover, if F < Kx, then Fig
defines a unique Og-ideal which we also denote by F|g. If Fp is additionally invertible for
all P € S, then F|g is free of rank one such that F|s(S) = fOgs with f € Frac(Og).

Proof. By definition, we have Fg = u*F = (ico © f1a)*F and now applying [Stals, Tag
0097] yields (ico © pq)*F = i (i5,F) where the latter is equal to p’(F(Vs)™) by what
we have said above. Since the ring homomorphism corresponding to p, : S — Vi is the
localisation homomorphism R, — T 'R, = Og, applying Lemma 3.2.27 with U = S
and V = V, finally yields

Fis = Ha(F(Vao)™) = (F(Vio) @Roe T~ Roo)™ = (T F (Vi)™

The particular part now follows by taking global sections and the fact that F|g is the
quasi-coherent Og-module given by T~1F(V,). Note that for P € S we have PNT = ()
and thus T C (Rwo \ P) which provides (T~1F (Vo)) p = F (Vo) p = Fp. The last assertion
follows from the fact that

Fis(S) 2T F(Viae) € T Kx (Vao) = T Frac(Roo) = Frac(T ™' Roo) = Frac(Og),

together with Fjg = (F5(5))™~ and the proof of Lemma C.4.10 telling us that (F5(5))~ <
Ks. An alternative of proving it this way is to use the correspondence in Lemma C.4.10,
the fact that Fig = (Fis(5))~ = (I 'F(Va))™ and that the localisation 7'M of an
R-ideal M is an T~ !'R-ideal, see Lemma C.1.7.

If Fp is invertible over Ox p for all P € S, then F 5(9) is an invertible Og-ideal. Now
since S is finite, Og is a semi-local ring and therefore Lemma B.4.6 provides that every
invertible ideal is principle. This completes the proof. O

Lemma 3.2.29. Let F and G be two Ox-ideals on a cover X of IP’}{. Then F =G if and
only if F(Vo) = G(Vy) and F(S) = G(S).

Proof. Note that by definition, both F and G are subsheaves of Kx. Hence by Corol-
lary B.1.30, we have F = G as subsheaves of Kx if and only if Fp = Gp as subsets of
Kx p. Now F(Vp) = G(Vp) implies Fp = Gp for all P € Vj and F(S) = G(S) implies
Fp =Gp for all P € S and hence we have Fp = Gp for all P € X. The other implication
is trivial. ]

Lemma 3.2.30. Let X be a cover of IP’,lc. Let F be a quasi-coherent Ox-module. Then
Fix, is quasi-coherent with

Fix; (Vio) = F(Vo) ®r, Ro/Pio = F(Vo)/PioF (Vo).
Proof. This follows instantly using Lemma 3.2.27 with V = Vj and U = V; and that
both Vp and V; o are affine. O
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Remark 3.2.31. In the case of F being an O x-subsheaf of Kx this resembles the construc-
tion of the restriction of divisors since it uses the morphism Kx — f.Ky. A
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Chapter 4

Global Sections and m-invariants

In this chapter we continue working with Ox-ideals on covers of IP’,%. We will analyse
their global sections (which can be thought of generalised Riemann-Roch spaces), show
how they can be represented using polynomial matrices and introduce their so called -
invariants. The insights we obtain in this chapter do have their own value, but we will
definitely benefit from them in our approach to provide algorithms to compute in the
Picard group. First and foremost, the bounds of the m-invariants will provide that we can
represent the arithmetic objects by matrices with degree bounded by the invariant cx.

The chapter is organised as follows: In Section 4.1 we introduce the notion of gener-
alised vector bundles which are generalisations of Ox-ideals to higher rank. These will
essentially be those Ox-modules on a cover X of IP’}g whose sections over Vy and V,, are
free over k[r] respectively k[z~1].

In Section 4.2 we show how Ox-ideals respectively generalised vector bundles can be
represented by their sections over Vy and V., respectively by their sections over Vg and S.
Moreover, the arithmetic operations necessary in the monoid of Ox-ideals can be carried
out using the latter pair F(Vp), F(S) of ideals. We will use this later on in the algorithms
to compute in the Picard group to represent Ox-ideals of a specific form only using a
polynomial matrix of bounded degree.

In Section 4.3 we state a structure theorem for the global sections of O x-ideals respec-
tively generalised vector bundles by providing a k-basis constituted by a specific reduced
basis of F (V) combined with successive powers of x up to integer bounds depending on
F. These integers are called m-invariants and they provide first and foremost bounds for
the possible degree of basis matrices of bases of F(Vj). The latter will be crucial since
Ox-ideals of a specific form can be solely represented by such a basis matrix. We will give
first bounds for the 7-invariants for integral covers of P}.

In Section 4.4 we examine the case when X is a reducible cover of IP,{;. We illustrate the
relation between Ox-ideals F and their restrictions F|x, to the irreducible components
of X. This enables us to represent F(Vp) in terms of fixed reduced bases of Ox, on the
irreducible component X;. Then we prove that there are bases of F(Vp) that have bounded
degree in terms of the above fixed bases.

In Section 4.5 we can use the insights of Section 4.4 to prove bounds for the w-invariants
of Ox-ideals and of X itself in the case of reducible X implying the existence of basis
matrices of F(Vp) with degree bounded by the degree of F (1)) and cx.

Section 4.6 relates reduced bases of Ox to those of Ox, for X; being an irreducible
component of X. Moreover, we will provide algorithms that compute a basis matrix of
F (Vo) that has row-blocks whose degrees are linearly bounded by the degree of Fx, (Vi)
and ¢; x. This enables us to work with matrices that do not only have bounded degree but
with matrices whose blocks have bounded degrees depending on the respective components.

Finally, in Section 4.7 we characterise when a divisor is principal which can be used
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for the test of equality in the Picard group.

4.1 Ox-Ideals and Generalised Vector Bundles

In this section we introduce the notion of generalised vector bundles F on a scheme X
which are a generalisation of Ox-ideals to a higher rank. Most the analysis in this chapter
(having free sections over V{ and V., being represented by sections over Vj and Vi,
structural theorem for the global sections) can be done for generalised vector bundles and
not only for Ox-ideals. But for the sake of brevity we decided to only define generalised
vector bundles and then do the analysis only for Ox-ideals which are generalised vector
bundles of rank one. This also suits our primary goal to use the insights gathered in this
chapter for computing with invertible Ox-ideals in Chapter 6.

Definition 4.1.1. Let F be a coherent sheaf of Ox-modules. We call F a generalised
vector bundle of rank r on X if it is an Ox-subsheaf of K’ which is free of rank r at

the generic points of X. Note that a generalised vector bundle of rank one is an O x-ideal
as defined in Definition 3.1.13. A

The following lemma shows that being free of a given rank r at the generic points of a
scheme is enough for being isomorphic to a generalised vector bundle of rank r. But since
we only want to deal with such sheaves which are already embedded in K, our definition
already requires being embedded in K.

Lemma 4.1.2. Let X be a noetherian Si-scheme. Let F be a coherent Ox-module. If F
is locally free of rank r at each generic point n of X, then the isomorphisms F;, = (9;(’77
for n € X° provide an Ox-module embedding of F into K.

Proof. Since X is noetherian, by [Stal8, Tag 0BAS], we know that it only has a finite num-

ber m of irreducible components Xi, ..., X,, with respective generic points Pi,..., P,.
Due to the Si-hypothesis on X, the set of generic points equals the set of associated points
of X. For every i € {1,...,m} there is an open subset

Up:= X\ [)(X;nX;) = X\ [ JX;
J#i J#i

of X such that U; N X; = 0 for all ¢ # j. By assumption, Fp, = O p, and thus
due to Lemma B.4.26 and Remark B.4.27, for every generic point P; there is some open
neighborhood V; such that .7-"‘% & (’)TVZ,. Now setting W; = U; N'V; we obtain }-\Wi o~ (’)”Wi
with W; N X; = 0 for all j # 4. We set W = |J;~; W; and denote with ¢ : W < X the
inclusion morphism. We claim that the canonical morphism F — i.(Fy) is an injection:
First of all, being injective is a property of local nature since it can be checked at stalks.
Moreover, we have that Ox — Oy is injective as long as W is schematically dense,
see Lemma B.2.5, and thus contains all associated points of X. The latter is satisfied by
construction of W. Furthermore, the open set W was constructed such that

m m
~ ~ T ~ T
Fiw = @}—le - @OWJ = Ow
=1 =1
and hence Fjy is free of rank r. Hence we obtain

F = in(Flw) =i (Ow) = i (Kyy) = K

where the last isomorphism is given by Lemma B.2.6. O
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Proposition 4.1.3. Let R be a noetherian Cohen-Macaulay ring of dimension one. Then
any finite R-submodule M of Frac(R) is torsion-free and thus satisfies Si.

Proof. Since M C Frac(R), every element of M is of the form a/r with a,r € R and r
regular. Now for any s € R we have s- (a/r) = (as)/r = 0 in Frac(R) if and only if there
is some ¢ € R regular such that ¢(as) = 0. Hence as = 0 and thus s is a zero-divisor
in R. Whence M is torsion-free. Since R is Cohen-Macaulay, it satisfies S7 and thus by
Corollary B.4.21, M also satisfies 5. O

Definition 4.1.4. Let X be a scheme and F a quasi-coherent Ox-module. We call F
torsion-free if for every affine open U C X the Ox(U)-module F(U) is torsion-free. A

Remark 4.1.5. Hartshorne developed the theory of generalised divisors in several publica-
tions [Har86], [Har94] and [Har07]. In [Har07] he defined them for noetherian, equidimen-
sional, embeddable schemes which satisfy S;. He calls every coherent Ox-submodule Z
of Kx a fractional ideal and non-degenerate if for all generic points n € X° we have
7, = Kx,,. Moreover, a generalised divisor on X is a non-degenerate fractional ideal
which satisfies Ss.

Let X be a noetherian projective scheme of pure dimension one which satisfies S;. Thus
the notion of generalised divisors on X is defined. Moreover, since X has dimension one,
being S and being Sy for d > 0 is equivalent. By Corollary B.4.21, any quasi-coherent O x-
module F satisfies S if it is torsion-free. By Proposition 4.1.3, any Ox-submodule of Cx
is torsion-free and thus every Ox-ideal is indeed a generalised divisor on X. Moreover,
every generalised divisor on X is an Ox-ideal. Hence the two notions coincide for the
schemes in question. AN

Lemma 4.1.6. Let S be a principal ideal domain and let R O S be a ring extension such
that R is free of rank n over S. Let M C Frac(R) be a finitely generated R-module which
contains a reqular element of R. Then M 1is a free S-module of rank n.

Proof. Note that M C Frac(R) already implies that M is torsion-free over R. Indeed,
any ¢ € R annihilating a/b € M provides that cad = 0 for some regular d € R. Hence
ac = 0 and thus ¢ was a zero-divisor. Let K = Frac(S). The freeness of R over S
provides that R is torsion-free over S and hence the same is true for M by assumption.
Analogously, M is finitely generated over S and thus free over S. Then by Lemma B.4.10,
we have Frac(R) = R®g K and hence rkg M < n. Every regular element b € M provides
rkx M > rkg R: Indeed, the R-module homomorphism R — M given by multiplication
with b is injective. Then every S-basis of R will be mapped to an S-linear independent
set. 0

Now we replace Frac(R) by Frac(R)™.
Proposition 4.1.7. Let R be a ring. Then Frac(R™) = Frac(R)™.

Proof. By construction, Frac(R) is the localisation of R by its regular elements. The zero-
divisors of R™ are such (r1,...,7r,) # 0 with at least one r; is a zero-divisor or r; = 0.
Thus the regular elements are those (r1,...,7y,) # 0 with r; non-zero regular elements for
all i = 1,...,m. Thus Frac(R™) C Frac(R)™. Now let (ri/a1,...,rm/am) € Frac(R)™
be arbitrary. Then (ry/a1,...,7m/am) = (r1,...,7m) - (a1,...,a,)" " and the former is
in R™ and the latter is a unit in Frac(R™). Hence (ri/a1,...,rm/am) € Frac(R™) and
therefore Frac(R)™ C Frac(R™). O

Lemma 4.1.8. Let S be a principal ideal domain and let R O S be a ring extension such
that R is free of rank n over S. Let M C Frac(R)™ be a finitely generated R-module which
contains a reqular element of R™. Then M is a free S-module of rank nm.
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Proof. We want to use Lemma 4.1.6 with ground ring R™. Since R™ is free of rank
m over R and the latter is free of rank n over S, we deduce that R™ is free of rank
nm over S. By Proposition 4.1.7, we have M C Frac(R)™ = Frac(R™). Finally, M is
finitely generated over R since it is already finitely generated over R and the scalar
multiplication R x M — M factorises as needed, i.e. R x M — R™ x M — M where
R— R"™, r+ (r,...,r). Now Lemma 4.1.6 provides the assertion. O

The following lemma is (to some extent) stated in the appendix as Proposition C.1.10 in
the context of R-ideals and thus for a specific class of rings.

Lemma 4.1.9. Let M C Frac(R) be a finitely generated R-module where R is a one-
dimensional ring that satisfies S1 and has finitely many minimal prime ideals (e.g. R
noetherian and reduced). Then M contains a reqular element of R if and only if M is
invertible at all minimal primes of R.

Proof. Let M contain no regular element of R. Then every numerator of M is a zero-divisor
and thus by the finiteness assumption there is some regular g € R such that ¢gM C R.
Moreover, gM C |J; P; where P; denote the finitely many associated primes of R which
are exactly the minimal primes of R by the S; assumption. The prime avoidance lemma
Lemma B.4.5 now provides that gM C P for one minimal prime. Then M — gMp C PRp
and therefore Mp cannot be isomorphic to Rp as an Rp-module since PRp only contains
zero-divisors. Conversely, let M contain a regular element a € R. Again the finiteness
assumption provides a regular g € R with ga € gM C R and therefore, for any minimal
prime P the image of ga in Mp is a unit in Rp. Hence Mp is invertible at P. 0

Lemma 4.1.9 can be generalised to R-submodules of Frac(R)™. Let M be an R-submodule
of Frac(R)™, then M = ;" , M; with M; C Frac(R) being a fractional ideal of R. The
R-scalar multiplication R x M — M maps (r, (z1,...,Zm)) to (rey, ..., ramy).

Lemma 4.1.10. Let M C Frac(R)™ be a finitely generated R-module where R is a one-
dimensional ring that satisfies S1 and has finitely many minimal prime ideals (e.g. R
noetherian). Then M contains a reqular element of Frac(R)™ if and only if M is free of
rank m at all minimal primes of R.

Proof. Since M is a finite R-module, there is some regular g € R such that gM C R™. Let
P be a minimal prime ideal of R. Let Mp be free of rank m over R. Hence Mp = gMp =
@D, g(M;)p is free of rank m over Rp. Since g(M;)p C Rp, the rank of g(M;)p over
Rp is at most 1 and hence we deduce that g(M;)p = Rp for all i = 1...,m. But since
g(M;)p C Rp, the former is a principal ideal of Rp generated by a regular element a; of
Rp. Therefore we obtain gMp = @, a;Rp and the latter clearly contains (ai,...,am)
which is no zero-divisor in R7}. Clearing out the denominator provides a regular in gM
and hence a regular element in M.

Conversely, let (a1/bi,...,am/by) € M = @;~, M; be a regular element of Frac(R)™.
Hence a; € R are regular for ¢ = 1,...,m. Multiplying with the product of the denomina-
tors provides a = (ay,...,am,) € M. The image of a under the localisation homomorphism
M — Mp for a minimal prime ideal P of R yields an element in ;" | (M;) p whose entries
are regular elements in Rp. But since P was minimal, the regular elements of Rp are the
invertible element of Rp and hence Mp = @~ (M;)p = D", Rp = R} O

Corollary 4.1.11. Let X be a noetherian, Cohen-Macaulay scheme of dimension one.
Let F be a generalised vector bundle of rank m on X. Then for any affine open subset
U = Spec(R) of X there exists a section of F over U which is a regular element of R™.

Proposition 4.1.12. Let (X, ) be a cover of IP’,lC. Let U C ]Pllc be a non-empty affine open
subset of P} with coordinate ring A and let V = Spec(R) = n=Y(U). Let F be a generalised
vector bundle of rank m on X. Then F(V') is free of rank mn over A.
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Proof. First of all, for X as above, Theorem D.1.6 provides the existence of a finite mor-
phism 7 : X — Pi. By [GW10, 13.77], 7 is also an affine morphism and hence V is indeed
affine. Now by Lemma B.5.20, we have a ring extension A C R with A being a principal
ideal domain. By assumption, X is Cohen-Macaulay and thus by Proposition D.2.4, we
see that R is free of rank n over A. By definition, F(V) C Kx (V)™ = Frac(R)™ where
the last equality is Proposition B.2.2. Hence by Corollary 4.1.11, the requirements for
Lemma 4.1.8 are met and we deduce that F (V) is free of rank mn over A. O

4.2 Representation of Ox-Ideals

We have seen in Section 2.3 that any pair (X, ) with a projective curve X over k and a
finite morphism 7 : X — IP’%U, can be completely represented by a commutative diagram as in
Figure 2.6 in Lemma 2.3.3. See also Lemma 2.3.1 and Definition 2.3.2. This commutative
algebra setting also enables us to represent Ox-ideals by an Rg-ideal and an R..-ideal.
To prove the asserted statement, we first prove that any Ox-ideal is characterised by its
sections over Vp and Veo. In the following let (X, ) be a cover of Pi.

As mentioned in the beginning of Section 4.1, we would like to emphasise that all of the
statements we make for Ox-ideals in the following can be easily generalised to generalised
vector bundles.

Lemma 4.2.1. FEvery Ox-ideal F is, as a sheaf of abelian groups, represented by its
sections over Vg and V.

Proof. By assumption, we have F (1)) C Frac(Rp) and F(Vs) C Frac(Rx). The sections
of F over any open subset U C X can be given by a weakly matching family as follows

FU) = { (fo, foe) € FW Vo) x FU N Vao) | o000 (F) (o) = o (F)(f) |-

By assumption, F is quasi-coherent and thus the sections of Fy; = F (Vo)™ over any
open subset of V) are completely determined by F(Vp). Moreover, the same is true for
the restriction maps of Fy;. By symmetry, we see that the same is true for Fjy,, and
therefore we obtain that both the sections of F over any open U C X are characterised
by F(Vp) and F (V) and the restriction maps as well. O

Remark 4.2.2. Let F be an Ox-ideal. Then F(Vp) and F (V4 ) are Ro- respectively Roo-
submodules of Frac(Ry) respectively Frac(Ro,). Since F is quasi-coherent, the same is
true for Fjy, and Fy,_ . Moreover, we have that Vp o, as an open subset of Vj, is basic
open with Vo = Dy, (z). Similarly, Vj o is basic open in V with Vo = Dy, (z71).
Hence, we have

(Five) Vo,00) = (Fivp)(Vo)z = F(Vo)  and
(f]Voo)(‘/O,OO) = (]:\Voo)(voo)xfl — f(Voo)xfl

Since the left hand sides are clearly equal, we see that F(Vp), = F(V),—1 represents the
gluing condition for the modules F(Vp) and F (V) to be sections of the same sheaf. A

The above Remark and Lemma 4.2.1 show that F (1)) and F (V) do not only suffice to

represent F but we also have a gluing or compatibility condition imposed on F (V) and
F (Vo). Next we will show a somewhat converse.

Lemma 4.2.3. Let My be an Ry-submodule of Frac(Ry) and let M, be an Ro-submodule
of Frac(Reo). If (Mp)z = (Mso)y—1, then there exists an Ox-submodule F of Kx with
F(Vo) = My and F(Vy) = Ms. Moreover, if My and My, are Ry- respectively Roo-
ideals, then F is an Ox-ideal.
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Proof. We consider the quasi-coherent sheaves M{j = Fy and M3 = F induced by My
on Vy respectively by My, on V. Then V) UV, = X and the sheaves Fy and F, are
compatible on Vp o by assumption. Indeed, (Mo), = (Moo),—1 shows that (Feo)jvy .
and (Fo)v,,., are isomorphic via ® from diagram Figure 2.3 in Lemma 2.3.1. Thus the
sheaves F( and F glue together to a quasi-coherent Ox-module F on X. But since Kx
is quasi-coherent, we have Fjy; = Fo < (Kx)y, and Fy, = Foo < (Kx)py,- Thus we
may glue Fo and Fo as well as (Kx )|y, and (Kx )y, and the resulting sheaves will satisfy
F < Kx. Finally, if My and M, are Ry- respectively Roo-ideals, then they are invertible
at the minimal prime ideals of Ry respectively R~. This shows that F is invertible at the
generic points of X and thus an Ox-ideal. O

Corollary 4.2.4. We have a bijection between the set of Ox-submodules F of Kx and
the set of pairs (My, M) where My is an Rg-submodule of Frac(Ry) and My, an Reo-
submodule of Frac(Ruo) such that (My), = (Moo)y—1. Moreover, if X is Cohen-Macaulay,
then the Ox-ideals correspond under this bijection the to the pairs (Mo, M) with My
being an Rg-ideal and My being an Roo-ideal.

We may summarise the situation with a diagram:

Figure 4.1: Ox-ideals on curve over k as a commutative diagram

A Ag—1
Frac(Ryp) ——— Frac(Rp o) ¢——— Frac(Ro) ¢—— Frac(Og)

1 I

(Mp)r = (M T 1My

)z

RO,oo

Og
R

O

Ry

k[z,x 1]
k] / & Kz %

Localisation homomorphisms extend to total rings of fractions.

Remark 4.2.5. Let F be an Ox-ideal. The modules F(Vy) and F(Vy) can be em-
bedded into Frac(Rp ) via the localisation maps A, : Frac(Ry) — Frac(Rp) and
Az-1 @ Frac(Rs) — Frac(Rpoo). Note that this is not the same as localising them by
x respectively 1. But since A\, and A\,—1 map as the identity map, see Lemma 2.3.3,
we can already regard F(Vp) and F(Vy) as subsets of Frac(Rop o) (but not as R -
submodules of Frac(Rp o) since we need to localise them to do so). In particular, we may

consider the sets F(Vp) N F (V) C F(Vo) NF(S). A
In terms of arithmetic representation and operations in the monoid Monold(X), the pairs
(F(Vb), F(S)) already suffice.

Lemma 4.2.6. Every element F of the monoid of Ox-ideals Monold(X) on X, see Def-
inition 3.1.15, can be represented by the pair (F(Vp), F(S)). Moreover, the arithmetic
operations being relevant for the arithmetic in Monold(X), that is, multiplication and
checking for equality, can be carried out using that pair.
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Proof. First of all, by Lemma 3.2.29, the map F — (F(Vp),F(S)) is injective. By
Lemma 3.1.17, we know that (FG)(Vp) and (FG)(V) can be identified with (FG)(Vp)
respectively F (V)G (Vao). Thus

(FG)(S) =T HFG)(Vao) = T F(Vee)G(Vio) = T~ F (Vo) T~ G(Vis) = F(S)G(S)
which provides the assertion. ]

Remark 4.2.7. Though the pair (F(V}), F(S)) does what we want in terms of arithmetic in
Monold(X), it does not provide in general a way to reconstruct F. The latter would mean
that we are able to compute F (V) from (F(Vp), F(S)) which in general is not possible.
Given any Os-basis of F () which is not simultaneously a k[z~!]-basis of F(Vy,), we are
in general only able to compute a k[z~!]-submodule of F (V). A

Lemma 4.2.8. Let F be an Ox-ideal. Then F(X) = F(Vp) N F(Vy) = F(Vo) N F(S)
where we regard the involved sets as subsets of Frac(Ro o) as in Remark 4.2.5.

Proof. Note that we have p%m(}') = X F(Vo) — F(Vb), and p“ﬁ;‘”oo(f) = A1
F(Voo) = F(Voo)g—1. Then the proof of Lemma 4.2.1 shows that

F(X) = {(fo, foo) € F(V0) X F(Voo) | Az(fo) = Ap-1(foo)} -

Since F is an Ox-ideal, we have the following commutative diagram:

Frac(Ry) e Frac(Ro,0) <)\g”—71 Frac(Ro) ¢— Frac(Og)
T T
F(Vo)o = F(Vio)p T F(Vee) — (21)
F (Vo) F(Voo)

Therefore, after regarding fp and fo as elements of Frac(Rp ), the commutativity of
diagram (2:1) provides that they both lie in F(Vy), = F(Vo)z—1. Hence fo = foo as
elements in Frac(Ro ) if and only if A\;(fo) = A,-1(fs) as elements of F (V) respectively
F (V). This provides F(X) = F(Vy) N F(Vs). The second equality in the assertion
follows again by the commutativity of the diagram (2:1) and by the fact that F (V) C
T1F (V). O

Let F be an Ox-ideal. To represent the Ox-module structure of F, we need to encode
the scalar multiplication Ox (V) x F(V) — F(V) for open V € {Vj, Voo }. We have seen
in Proposition 4.1.12 that if F is an Ox-ideal, then F(Vj) and F (V) are free of rank n
over k[z] respectively k[x~1]. Note that this also holds for F = Oy and thus Ry as well
as R are free of rank n over k[z] respectively k[x~1]. We can use this to represent the
Ox-module structure. Let (V,R) € {(Vb, Ro), (Vo, Rso)}. One possible way to go is to
store a basis of F(V'), a basis of R and a matrix which tells us how the products of these
bases are represented again. But this sums up to storing a (n x n?)-matrix for each F(V).
But there is another way around this:

Proposition 4.2.9. Let F be an Ox-ideal. By storing two (n x n?)-matrices once for
all, both independent of F, one over k[z] and one over k[x~1], F can be represented by its
sections over Vy and V.

Proof. By the above discussion, we only need to show that we can represent the O x-module
structure of F. Let (U,V,R) € {(Uy, Vb, Ro), (Uso, Voo, Roc)}. The task comes down to
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storing the information of how the scalar product of a basis of F(V), say v1,...,v,, with
a basis of R, say wi,...,wy, is again represented by the v;. Now both F(V) and R are
contained in the same k(z)-vector space Frac(Rg ) which is of dimension n. Hence there
is some basis transformation matrix M = (u;;)i; € k(x)"*™ such that (wi,...,wp)M =
(v1,...,v,). Then the scalar product of v; with some f € R with f =" | fiw; is given
by fuj =320 filwivg) = 32000 fi Qimy megwewi) = 357 fipuej(wews). This means that if
we are only working with coefficient vectors regarding a fixed basis wy, ..., w, of R, then,
to represent the R-module structure of F(V), it is sufficient to know the matrix M and
a multiplication table T € Op: (U)"*™ in which the coefficients of the products wyw; are
stored. O

Thus to represent Ox-ideals F, there are two things to do: First, we need to fix two
bases, one of Ry over k[z] and one of Ry, over k[z~!], and then store the information
about the products of the first kind in a multiplication table. Second, we represent both
F(Vp) and F(V) with bases over k[z] respectively k[z~1]. The latter can be done by
each storing a matrix, containing the coeflicients of the basis elements regarding the fixed
bases of Ry and R.,. Hence this provides a way to represent divisors D on X via its
corresponding invertible sheaf Ox (D) and this in turn with its free modules Ox(D)(Vp)
and Ox (D) (V).

Remark 4.2.10. Note that by Proposition 2.2.12, the k[z~!]-basis of F(V4) is also an
Oso-basis of F(S) = T71F(Vs) and hence the latter is free of rank n as well. Hence the
above representation via basis matrices provides a representation of F(.S) as well. A

We will see in what follows that we might want to replace F (V) by F(S) (which by
Remark 4.2.10 does not change the representation via bases at all) to be able to use
matrix diagonalisation statements.

These will provide invariants of pairs (Mo, Mg) where My is an Rp-ideal and Mg an
Og-ideal. By what we have seen above, we thus obtain invariants for every Ox-ideal.

4.3 Reduced Bases, m-Invariants and Global Sections

Consider the following situation: Let X be a integral and non-singular projective curve
over k with function field k(X). When dealing with (Weil) divisors D on X, one is mainly
interested in the set of functions

L(D) ={f € k(X) [vp(f) +vp(D) = 0} U{0} (3:2)

that satisfy the requirements (regarding orders of poles and zeros) the divisor prescribes.
This k-vector space is called the Riemann-Roch space of the divisor D and it has finite
dimension over k. These Riemann-Roch spaces and the theorem of Riemann-Roch which
relates the dimension of £(D) with the degree of D (and even gives an equation that
predicts the dimension of £(D) if the degree of D is large enough, we refer the reader to
Section E.2 where we provide this kind of equation for a broader class of curves over k
and broader class of sheaves) has huge areas of application in the geometry of curves over
k. If Ox(D) denotes the invertible sheaf associated to D, see Proposition 3.1.27, then
Lemma 3.1.32 provides that

Ox(D)(X) = {f € Kx(X)™ | divx(f) + D > 0} U {0} (3:3)
= L(D).

On more general schemes, for instance if X is a projective curve over k, £(D) cannot be
defined as in Eq. (3:2) (since for singular points P on X there is no discrete valuation
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vp available) and thus Ox(D)(X) seems to be the right replacement for £(D). But for
reducible X, there may be elements from Kx(X) \ Kx(X)* appearing in Ox(D)(X)
which shows that the elements in the right hand side of Eq. (3:3) do not constitute all of
Ox (D)(X).

However, the invertible sheaves Ox (D) associated to divisor can be regarded as a
suitable class of sheaves for which it is worthwhile to examine the structure of their global
sections. We go a bit further and want to analyse the global sections of Ox-ideals. We
will use the fact that F(Vp) and F(S) are both free or rank n over k[z] respectively O.
This enables us to represent F(X) using a specific kind of basis of F (V) which is directly
linked to and provides a basis of F(S) as well. Before we can introduce the above kind of
basis, which we will call reduced, we need to introduce some of the mechanics used in the
section Lattices and Basis Reduction over k[z] of [Hes02]. These will enable us to relate
bases of F(Vp) and F(S) by a diagonal matrix with powers of = on its diagonal.

Definition 4.3.1. Let k((x™!)) denote the field of formal Laurent series in 2~!. For f €
k((x71)) let deg(f) denote the largest power of x that appears in f. For v € k((z~1))" let
deg(v) denote the maximum of the degrees of the entries of v. We call deg(v) the (column)
degree of v. Let M = (vy...v,) = (vij)i; € k((z71))™" with v; € k((z™1))™. By
LC(M) = (d; j)i,; € k™ ™ we denote the matrix with

&= le(vij), degu;j = deg(vj)
m 0, otherwise

and call it the leading coefficient matrix of M. A

Remark 4.3.2. Note that we have k(z) C k((z~')) and for f/g € k(z) with f,g € k[x]
we have deg(f/g) = deg(f) — deg(g) where the former degree is the one of the element in
k((z~')) and the latter that of k[z]. Indeed, we can write f = xdeg({?f and g = zde(0)g
where both f,g € k[z~!] not divisible by x=!. In particular, both f and § have degree
zero in k((z~1)) which is equivalent to be a unit in k((z!)). Moreover, this yields f/§ =
e € k((z71))* with ¢ having non-zero constant coefficient and all coefficients of positive
powers of x are zero. Then

S pdes(h)—degto) . .

g
and thus the degree of the right hand side, as an element in k((z~1)), is equal to deg(f) —
deg(g) as asserted. A

Definition 4.3.3. Let M € k((x~1))" " be a matrix with columns v1,...,v,. We say
that M is reduced if it satisfies the following equivalent properties:

(i) No E[z]-unimodular column operation does decrease the sum of column degrees of
M,

(ii) LC(M) has full rank,
(iii) Y, deg(Aiv;) = max{deg(\;v;))}, and
(iv) degdet M =>"7" | deg(v;).
For the equivalence of these properties see [Hes02, Lemma 1]. A

Remark 4.3.4. For any M € k((x~1))™*" we might perform k[z]-unimodular column op-
erations on M which strictly decrease the sum of the column degrees of M. If this is not
possible, then the result is reduced by Definition 4.3.3 (i). Moreover, this process needs
to terminate since by Definition 4.3.3, (iv) the sum of the column degrees has as lower
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bound the degree of the determinant of M (which does not change under k[z]-unimodular
column operations). Hence any matrix might be reduced this way.

Moreover, if M € k(x)"*", then we may write M = My/f with f € k[z] and M, €
k[z]™*™. In this case it is enough to reduce My, that is, if M) is a reduced right equivalent
matrix of My, then M|/ f is a reduced right equivalent matrix of My/f. JAN

We state a very important matrix diagonalisation lemma which is originally due to Birkhoff.
To do so, we first cite a statement from [Hes02].

Lemma 4.3.5 (Corollary 3, [Hes02]). Let M € k(x)™*"™. There exist unimodular matrices
Ty € O™ and Ty € k[x]|™™"™ and uniquely determined rational integers dy > ... > d, such
that

T1 - M - T2 == (‘T_dj(si’j)i,j. (34)

The matriz Ty is the basis transformation matriz obtained by the reduction algorithm (as
mentioned in Remark 4.5.4) performed on the columns of M. The column degree of the
J-th column of M - Ty is equal to —d,;.

The following corollary is a slight adaptation of [Hes02, Corollary 4].

Corollary 4.3.6. Let V be an n-dimensional k(x)-vector space. Let My be a k[z]-module
and My be an Ox-module both free of rank n inside of V. To any such two modules we
find bases v1,...,v, of My and by,...,b, of My such that

(V1o vn) = (bt ooy by) - (Y85 5)5.

The sequence di > ... > d, is uniquely determined by My and My, and we call them the
k(x)-invariants of (Mo, Ms).

Proof. Every k[z]-basis of My and every Os-basis of My provide a k(x)-basis of V.

Both the existence of the bases and the uniqueness of the integers d; > ... > d, is due
to Lemma 4.3.5 applied to an arbitrary basis transformation matrix from a k(x)-basis
provided by M« to a k(x)-basis provided by M. O

Remark 4.3.7. Note that if we want to compute the invariants d; > ... > d,, of (My, M),
then we may start with any two bases of My and M,,. Then the transformation matrix
can be reduced performing unimodular k[x]-column operations as in Lemma 4.3.5. The
resulting matrix has column degrees —dy, ..., —d,.

In particular, since the above unimodular column operations do strictly decrease the
sum of the column degrees of a transformation matrix, any given transformation matrix
M with degree bounded by d provides an upper bound: —d; < ... < —d, <d. A

Definition 4.3.8. Let F be an Ox-ideal. Then by Corollary 4.2.4, F is represented by the
pair (F(Vp), F (Vo)) which both in turn can be represented by bases over k[z] respectively
k[z~1]. Following Remark 4.2.10, the pair (F(Vj), F(Vs)) given by bases induces the
pair (F(Vp), F(S)). The basis of F(Vj) over k[z] provides a k(z)-basis of Frac(Rp ~) and
that of F(S) over Oy (which comes from a k[z~!]-basis of F(V4)) does the same. Thus
Corollary 4.3.6 applies and provides k(z)-invariants of (F(Vj), F(S)) which we call the
m-invariants of 7 and denote them by |F|; > ... > |F|,. For the sake of readability we
abbreviate | X|; := |Ox/|; and |D|; := |Ox(D)|; for any divisor D € Div(X). A

Remark 4.3.9. In Chapter E of the appendix we will talk about the invariants a finite
morphism 7 : X — IP’}C induces in general. We will see that the m-invariants defined above
are essentially the same. A

80



Chapter 4 4.3. Reduced Bases, m-Invariants and Global Sections

Remark 4.3.10. Let F be an Ox-ideal. Any k[z]-basis of F(Vj) is an k[x, 2~ 1]-basis of
F(Vo). and any k[r—!]-basis of F(Va) is an k[z,x !]-basis of F(V),-1. Now since
F(Vo)e = F(Vao)z—1, any two such bases provide k[z,z~!]-bases of the same k[x,z~!]-
module. Hence there is a basis transformation matrix relating them which is an element
in GL(n, klz,z71]). A

Lemma 4.3.11. For A € GL(n, k[z,27!]) there are T € GL(n,k[z~1]), S € GL(n, k[z])
and uniquely determined integers dy > ... > d,, such that TAS = (x*didi,j)i,j.

Proof. By [Hes02, Corollary 3|, there are matrices T € GL(n,0), S € GL(n,k[z])
and integers d; > ... > d, with TAS = (x_diéi,j)m. Hence 77! = AS(wdiél-,j)m has
determinant in OF N{a-2™ | a € k,m € Z} = k*. Moreover, since all matrices A, S
and (2%6; ;);; have entries in k[z,z71] and T7! is defined over O, its entries lie in
Ooo Nk[z, 271 = k[z71].

The latter equality holds more general: Let R be a noetherian domain and let f € R
be a prime element in R. Then Ry N Ry = R where the intersections take place in the
quotient field Frac(R) of R. Let a/b = ¢/ f" with r > 1 hold in Frac(R) such that f { cin R
and b ¢ fR. Then by definition, we have af” = bc and thus f | bc which is a contradiction.
Thus we obtain » = 0 and hence a/b = ¢ € R which implies the assertion. O

Lemma 4.3.12. Let F be an Ox-ideal.

(i) There are bases aq,...,a, and B, ..., By of F(Vo) respectively F (Vi) and integers
di > ...>d, such that a; = Bz~ %.

(i) For any two bases o, ...,apn and By,..., By as in Item (i), the set
{z/o; |1<i<n, 0<j<dy}
is a k-basis of F(X).

Proof. We first prove Item (i). By Remark 4.3.10, any two bases of F (V) and F (V)
are also k[r,z7!]-bases of F(Vp), and F(Vi),—1 and hence there is a transformation
matrix A € GL(n, k[z,271]). Applying Lemma 4.3.11 to A provides bases a1, ..., a;, and
Bi,...,Bn of F(Vp) respectively F(Va) with oy = Biz~%. Now we prove Item (ii). By
Lemma 4.2.8, the global sections of F consist of those elements in Frac(Rp ) that have
both a preimage under A, in F(Vp) and one under A\, -1 in F (V). By Remark 4.3.10, we
know that every k[z]-basis of F(Vp) is also a k[z, z71]-basis of F(Vp ) and every k[z |-
basis of F(V) is also a k[z,z~1]-basis of F(Vy ). Hence ai,...,a, and Bq,..., B
are k[z,z71]-bases of F(Vooo). Let f € F(Voo) be arbitrary. Now f has a preimage
under A, if and only if ¢(,,)(f) € k[z]” and f has a preimage under A -1 if and only if
G (f) € klz™". Let f =311 Ny with A; € K[z, 7], Then ¢q,)(f) = (A1,- .., An)T.
Since oy = Biz~%, we have b (f) = diag(z®%) “P(a;)(f). This provides that f € F(X) if
and only if deg()\;) — d; < 0 and hence the assertion follows. O

Remark 4.3.13. Note that the integers d; can (and will be, for instance, for F = Ox we
will have 0 > dy > ... > d,) be negative. A

Note that the k[z~!]-basis B1,. .., Bn of F(Vy) will also be an Oy-basis of F(S). Natu-
rally, the question of how to obtain such nice bases as given in Lemma 4.3.12 is, at this
point, still open. Theorem 4.3.15 will answer this question in an algorithmically insightful
way.

Lemma 4.3.14. Let M = (v1...vy) € k(z)™*™ be a unimodular and reduced matriz. Let
—d; denote the degree of the column v;. Then M - diag(z%) is unimodular over Ou.
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Proof. First of all, M -diag(z%) is defined over Oy, since each column v; of M is divided by
29°8(v1) and thus has degree lower or equal to zero. Since M is reduced, by Definition 4.3.3
(iv), we have ", —d; = >, deg(v;) = degdet M. Hence the determinant of M -
diag(x%) has degree zero and is thus a unit in O. O

We now state one of the fundamental ingredients of our algorithms. The following theorem
originates from [Hes(02, Theorem 7] which is stated for the function field case of an integral,
non-singular and plane projective curve. Theorem 4.3.15 also considers the reducible,
singular and non-plane case, but the proof of [Hes02, Theorem 7] still works. However,
we will give a slightly different and more constructive proof since it will provide some
algorithmic insights.

Theorem 4.3.15. Let F be an Ox-ideal with w-invariants |F|y > ... > |F|,. Then there
is a k[z]-basis vi,. .., vy of F(Vp) such that

{270 |1 <i<n,0<j<|Fli+r}

forms a k-basis of F(r(x)e)(X) for all T € Z. We call such a basis of F(Vy) a reduced
basis of F respectively F(Vp).

Proof. Note that by Lemma D.2.23 and Corollary D.2.24, we have F(r(x)x)(Vo) = F(Vo)
and F(r(z)s)(S) = 2" F(S). Let aq,...,a, be a basis of F(Vp) and Si,...,0, be a
basis of F(S). These are related by a transformation matrix M € k(xz)"*" such that
(B1ye-vyBn) M = (e, ...,ap). We are interested in a basis vy, ..., v, of F(Vj) such that
vy, .. v, 2% is a basis of F(S) and thus vi z@F", ... v, 2% *" is basis of 2" F(S). If
we find such vy, ..., v,, then Lemma 4.3.12 (ii) already implies the assertion. To produce
such a basis, let g € k[z] be a common denominator of the entries of M, i.e. gM is defined
over k[x]. Now reduce the matrix gM by running REDMAT, see Theorem A.2.7 and note
Remark A.2.9, and then multiply the result with ¢~! and call it N with column degrees
—d;. Note that N is reduced in the sense of Lemma 4.3.14. Since REDMAT returns a
matrix right equivalent to gM, (v1,...,v,) := (B1,...,0,) - N is again a basis of F(V}).
We multiply from the right with diag(z%) (this is just division of each column w; by
24°8(40)) and obtain (vy,...,v,)-diag(z®) = (1, .., Bn) - N -diag(z%). By Lemma 4.3.14,

N - diag(mdi) is unimodular over Os. This shows that vz, ..., vyz% is an Os-basis
of F(S) and thus that vz ... v,2%*" is one of 2" F(S). Now Lemma 4.3.12 (ii)
provides the assertion. The uniqueness of the d; is proven in [Hes02]. O

Corollary 4.3.16. We have

dimy HO (X, F) = Y (|Fli+1) > #{i € {1,...,n}: |Fl; = 0}.
|F:>0

In particular,
dimy H® (X,0x) > #{i e {1,...,n} : |X|; =0} and |X|3 >0.

Proof. We apply Theorem 4.3.15 with F = Ox and r = 0. This already provides
the first assertion. The second follows immediately from the first and the fact that

dimy H° (X,0x) > 1. O
Definition 4.3.17. Let us from now on denote a reduced basis of Ox by = (w1,...,wy)
and its corresponding basis of Rs by @1, ..., with @; = wjz!Xl:. A
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Definition 4.3.18. Let F be an Ox-ideal. Every k[z]-basis aq,...,a, of F(Vj) has a
basis transformation matrix, which we usually denote by T = (\; ;)i ;, satisfying

(a1y..cy0n) =Q-Tr = (wi,...,wy) - TF,

by which we mean that a;; =), | Ajjw; for all j = 1,...,n. After fixing the basis €, by
Proposition 4.2.9, we can consider Tr, independent of the basis itself, as the representation
of the Ryp-module F(V}). A

Remark 4.3.19. From Theorem 4.3.15 we immediately deduce that » > |F|; holds if and
only if increasing r by one increases the dimension of F(r(x)s)(X) by at least ¢, that is

r > —|Fli < dimgp F((r + 1)(2)ec)(X) = F(r(2)oo)(X) > . (3:5)

To be more precise, we have
dimy, F((r + 1)(@)oo) (X) = F(r(@)o) (X) = #i 7 > —|F|.}. (3:6)
Moreover, F(r(x)s)(X) # 0 if and only if r > —|F]|;. A

Corollary 4.3.20. Let F be an Ox-ideal such that F(S) = x* Og and F(Vy) C Ry. Let
TF denote the basis matriz of some k[x]-basis of F(Vy). Then diag(z~1Xli=%) - T is a basis
transformation matriz from a basis of F(S) to one of F(Vp). Moreover, then

(i) the degree of column i of REDMAT(diag(x~Xl) - T'r) - 275 is equal to | F|;, and

(ii) diag(z!Xl?) - REDMAT(diag(z~Xli) - T'r) is the basis matriz of a reduced basis of
F (Vo).

Proof. Let Tr be the basis matrix of F(Vj) corresponding to the basis aq, ..., a,. Thus
we have (z°wW1,...,2°W,) - diag(z~Xl=%) . T = (a1,...,a,) and hence the desired
transformation matrix is given by diag(z~1Xli=%) . Tx as asserted. Then with N :=
REDMAT(diag(z~1X1¢) - T) - 2% the proof of Theorem 4.3.15 together with noticing that
the degrees of the columns of N will be the m-invariants of F provides (i). Again, following
the proof of Theorem 4.3.15 and noticing that §; = x°w; provides that (z° wy, ...,z w,)-N
is a reduced basis of F(Vp), that is, diag(z/X")- REDMAT(diag(z~1X1¢)-TF) is a basis matrix
of that reduced basis. O

The insights of Corollary 4.3.20 immediately provide algorithms both to compute a basis
matrix T'r of a reduced basis of F(Vp) and the m-invariants of F for an Ox-ideal F given
by an arbitrary basis matrix of F(1}).

Algorithm 1 Computing basis matrix of a reduced basis

Precomputed | Reduced basis Q of Ry; m-invariants —|X|; < ... < —|X]|, of X
Input | T basis matrix of F(Vj) where F is Ox-ideal
Output | T basis matrix of F(V{)) representing a reduced basis

1. procedure REDBASMAT(T)

2. T < ScaLERows(T,z~Xh 2=Xln)
3: T < REDMAT(T)
4: return SCALERowS(T, X ’xIX\n)
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Algorithm 2 Computing m-invariants of Ox-ideal

Precomputed | Reduced basis Q of Ry; m-invariants —|X|; < ... < —|X], of X
Input | T basis matrix of F(Vj) where F is Ox-ideal
Output | 7m-invariants —|F|; < ... < —|F|, of F

1: procedure PIINVARIANTS(T)

2 s <= DEGREE(DETERMINANT(T))

3. T < ScALERows(T,z—Xh . 2=XIn)

4: T < REDMAT(T)

5 for j=1,...,ndo

6 d;j < DEGREE(SUBMATRIX(T, (1,7), (n,1)))
7

return dy + s,...,d, + s

Lemma 4.3.21. The algorithms REDBASMAT and PIINVARIANTS, see Algorithm 1 re-
spectively Algorithm 2, are correct. Moreover, if d is an upper bound for both —|X|, and
the degree of the input matriz, then they both require at most O~ (n“d) operations in k.
Moreover, REDBASMAT returns a matrix with degree bounded by 2d.

Proof. The correctness of both algorithms follows from Corollary 4.3.20. Let us first
consider the running time assertion of REDBASMAT and the assertion regarding the output
degree. By assumption, d is both an upper bound of —|X|; < ... < —|X]|, and of deg M.
Thus by Lemma A.1.2 (i), SCALEROWS at line 2 requires at most O™~ (n“d) operations
in k and returns a matrix with degree bounded by 2d. By Theorem A.2.7, REDMAT
thus requires at most O™~ (n“d) operations in k and returns a matrix with degree bounded
by 2d as well. Thus the argument from above applies again and SCALEROWS at line 4
also requires at most O™~ (n“d) operations in k. This proves both the assertion about the
output degree as well as the running time assertion of REDBASMAT.

By Lemma A.1.2 (i), DETERMINANT requires at most O™ (n“d) operations in k whereby
DEGREE has constant cost, see Lemma A.1.2 (iv). As we have shown above, the calls of
ScALEROWS and REDMAT in line 3 and 4 require at most O~ (n"d) operations in k and
both return a matrix with degree bounded by 2d. By Lemma A.1.2 (vi), SUBMATRIX has
constant cost which finally provides the assertion. ]

Assume for a moment that X is an integral and a local complete intersection (e.g. non-
singular) projective scheme of dimension one over k. By K we denote a canonical divisor
on X. Then for any divisor D € Div(X) the Riemann-Roch space of K — D (whose
dimension equals that of H'(X, D)) vanishes whenever deg; D > deg;, K. This, together
with the Riemann-Roch equation provides an explicit description of the dimension of the
Riemann-Roch space of D solely dependent on deg; D and the arithmetic genus of X
whenever deg;, D > deg;, K. The following theorem generalises this to quite arbitrary
integral projective schemes of dimension one over a field and to more general sheaves as
well. The proof uses the theory of the dualising sheaf which we present in Chapter E of
the appendix.

Theorem 4.3.22. Let X be an integral projective scheme of dimension one over the field
k. Let F be a coherent and torsion-free Ox -module which is invertible at the generic point
of X (i.e. F is isomorphic to an Ox-ideal). Then deg, F < —2g — dimy, H® (X, Ox)
implies H' (X, F) = 0.

Proof. By Lemma C.4.4, we have deg;, F = —g — x(F) which implies

deg), F > —g — dimy, H° (X, F). (3:7)
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Assume that 0 # dimy H! (X, F) = dimy H® (X, F*) where F* = Homp, (F,wx), see
[Liu02, 6.4.20]. Then there is some non-zero f € Homp, (F,wx) which we claim to be
injective: By [Stal8, Tag 0AVL], f is injective if fp is injective for all P € Ass(F). Since
F is torsion-free, the latter is a subset of the generic points of X, see Lemma B.4.23,
and hence we only need to show that f, is injective for the generic point n of X. By
Proposition E.1.19, we know that wx, # 0. Since X is integral, it is a fortiori reduced
and thus Cohen-Macaulay. Hence, by Corollary E.1.15, we know that wy is torsion-free
and since it is quasi-coherent, the same is true for wy ,. By assumption, F, is invertible
and hence f, is characterised by the image of the generator of JF,. In particular, by
assumption that image is not zero. Now the torsion-freeness of wx, implies that f, is
injective. Thus f provides

dim;, H° (X, F) < dimy, H° (X, wx)
= dimy H' (X, Ox)
= dim; H° (X, 0x) + g

and this together with the Eq. (3:7) implies
degy, F > —2g — dimy HY (X,0x) = —g — dimy H' (X, Ox).
Therefore, deg;, F < —2g — dimy, H® (X, Ox) implies H! (X, F) = 0 as asserted. O

Whenever X is integral, we can use Theorem 4.3.22 to give some effective bounds for the
m-invariants of Ox-ideals.

Theorem 4.3.23. Let X be an integral cover of IP’}C. Then for any Ox-ideal F its -
invariants satisfy

(Z) ’VM-‘ < —|f’1 <...< _’f|n < "degk]:+2g+dimkH0(X,(’)X)—‘ and

n n

(ii) = Fh < [T ],
Proof. We have deg, F = —g — x(F) and hence
degy, F(r(2)oo) = dimy, H' (X, F(r(z)o0)) — dimy, H* (X, F(r(2)o0)) — ¢ (3:8)

and by Theorem 4.3.22, we know that dimy H! (X, F(r(2)s)) = 0 as soon as degy, F (r()00) <
—2g — dimy, HY (X, Ox). By Proposition D.2.10, we have

degy, F(r(z)e0) = degy, F — rn. (3:9)
Therefore, the condition for dimy H! (X, F(r(2)x)) to vanish becomes

deg), F —rn < —2g — dimy, H® (X, Ox)
& degy F + 29 + dim, H° (X, Ox) < rn.

Hence, for

r>

[degk}"—I-Qg—FdimkHO(X,OX)l (3:10)

n

Eq. (3:8) becomes

deg, F —rn = —dimy, HO (X, F(r(x)s)) — g
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which is equivalent to
dimy H® (X, F(r(2)s0)) = — degy, F +rn — g. (3:11)

Now for r in the given order of magnitude as in Eq. (3:10) we have rn —deg;, F > —2¢ and
hence the right hand side of Eq. (3:11) is positive and thus increasing r by 1 in Eq. (3:11)
does indeed increase dimy H® (X, F(r(2)s0)) by exactly 7n. By Remark 4.3.19, this implies
r > —|F|, which proves the upper bound in (i).

To prove the lower bound in (i), note that by Remark 4.3.19, we have F (7 ()0 )(X) =0
if and only if » < —|F|;. Now Lemma C.4.6 provides that degj, F(r(x)s) > 0 already
implies H? (X, F(r(x)s)) = 0. By Eq. (3:9), we have degy F(r(r)s) = deg, F — rn and

deg; F

thus r < {T—‘ is sufficient and hence the lower bound in (i) follows.

By Remark 4.3.19, —|F|; < r is equivalent to F(r(z)s)(X) # 0. Hence to find an
upper bound for —|F|; we are looking for a sufficiently large r such that the dimension of
F(r(x)so)(X) is at least one. From Eq. (3:8), we deduce

dimy H (X, F(r(2)s0)) = dimy, H' (X, F(r(2)s0)) — degy F(1(2)s0) — g
> —deg, F(r(x)eo) — g
Proposition D.2.10 ~» = —deg, F +rn—g
>0
if r > (degy, F + g)/n which provides (ii). O
Corollary 4.3.24. Let X be an integral cover of IP’}C. Then we have

2g + dimy, HO (X, O)()
n

0:—|X|1§...§—|X|n§{ lgcx.

Proof. All inequalities follow from plugging in Ox for F in Theorem 4.3.23 and noting
that deg, Ox = 0. Moreover, this also shows |X|; < 0. By Corollary 4.3.16, we have
|X'|1 > 0 and combining this with the above provides | X|; = 0. The last inequality follows
from the Definition 2.4.10 of cx in the integral case. O

That |X;|; vanishes for every irreducible component of a reduced cover of I[”l,lf also shows
that the same is true for | X|;.

Corollary 4.3.25. Let X be an reduced cover of P. Then |X|1 = 0.

Proof. By Corollary 4.3.16, we have | X|; > 0 and thus we are left to show that | X|; <0.
Assume |X|; > 0, then both w; and zw; lie in Ox(X). By Corollary 4.3.24, we have
|Xi[1 = 0 for all irreducible components Xi,...,X,, of X. This provides that for all
i = 1,...,m we have dimy Oy, (X;) = 1. Since w; is non-zero, there is an irreducible
component X; such that (w1)|x, is non-zero as well. The same then holds for (zw1))x,-
But since dimy Ox,(X;) = 1, (w1)x, and (2w1)x, are linearly dependent over & which
provides (A — z)(w1)|x, = 0 for some A € k and hence z = A, a contradiction. O

Proposition 4.3.26. Let F and G be two Ox -ideals such that F(Vy) C G(Vp) and F(S) C
z*G(S) for some s € Z. Then —|F|, > —|G|, — s. Moreover, the basis transformation
matriz from a reduced basis of G to a reduced basis of F has degree bounded by —|F|, +

s+ |Gl1. In particular, if X is integral, then the above basis matriz has degree bounded by

—d d
s+ cx + egkg—; egk]-'—‘rn'
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Proof. Let B1,..., B, be a reduced basis of G and let ay,...,a, be a reduced basis of F.
Then there is a basis transformation matrix 7" = (X; ;)i ; € k[z]"*" of full rank such that

(al,...,an):(ﬁl,...,ﬁn)'T.

By assumption and Lemma 4.2.8, we have
F(r(@)oo)(X) = F(Vo) N 2" F(S) € G(Vo) Na"G(S) = G((r + s)()o0)(X).  (3:12)

Now set r = —|F|,. Then by the reducedness of ai,...,a,, we have ay,...,q, €
F(r(x)so)(X) as well as a1,...,a, € G((r + 5)(2)s)(X) by Eq. (3:12). Reducedness
of B1,..., By yields

G(Vo) Na"™°G(S) = {Z Aifi | Ai=0o0r 0<deg(\) <r+s+ ]Q|l} )

=1

In particular, a; = »70_; A; ;8; with A;; = 0 or deg(\ij) < 7+ s+ [G|;. Now for every
Jj =1,...,nthere is some ¢ such that \; ; # 0. Otherwise, there is some 3; not appearing in
any of the linear combinations of the «; implying that T cannot have full rank. Therefore,
for every j =1,...,n there is some \; ; # 0 and thus we have 0 < deg(\; ;) < r+s+1G|;.
This provides —|F|, +s=1r+s > —|G|; for all j =1,...,n. Since |G|; > ... > |G|, this
implies —|F|, + s > —|G|n.

Moreover, all non-zero \; j have degree bounded by —|F|, +s+|G|; < —|Fln+s+]|G]i.
We conclude that

deg(T) = max{deg(Aij) [ 4,5 € {1,...,n}} < =[Fln + 5+ ]G]

Now if X is integral, then by Theorem 4.3.23 (i), we have |G|} < — {%W and

C1F < {degk}"—l-Qg—i-dimkHo (X,(’)X)-‘

n
which yields

deg(T) < s— [deg’fgw + [

n n

degy, F + 2g + dimy, HY (X, OXW
—degy, G + degy, F + 2g + dimy H° (X, Ox) + 2n
n

—deg;, G+ deg, F +n
- .

Corollary 4.3.27. Let F be an Ox-ideal such that F(Vy) C Ry and F(S) = 2°Og. Then
—|Fln = —|X|n — s. Moreover, the basis transformation matriz T from a reduced basis of

Ox to a reduced basis of F has degree bounded by —|F|,+s. In particular, if X is integral,

then the above matrix has degree bounded by s + doge 7 4 cx. If furthermore deg;, F =0,

n

then degT < deng]:(Vo) + cx. Moreover, in this case —|F|, > —|X|n — %ﬂv@

< s+

<s+cx+ O]

Proof. This is Proposition 4.3.26 with G = Ox. The particular part follows from Corol-
lary C.4.13, together with Corollary D.2.9 which tell us that deg, F(Vy) = — deg;, F(5)
and degy, F(S) = degy, z°Og = —sn. O

Lemma 4.3.28. Let X be an integral cover of IP’,lc. Let F be an Ox-ideal. Let T'r be any
basis transformation matriz from a fixed reduced basis Q of Ox to any basis of F(Vp), see
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Definition 4.3.18. Then Tr satisfies

< degy F(Vo) +

deg(REDMAT(Tr))
n

cx.

Moreover, if d is both an upper bound of deg(Tr), then the computation of REDMAT(Tr)
requires at most O~ (n“d) operations in k.

Proof. By Theorem A.2.7, we know that REDMAT(7'r) has minimal column degrees among
all k[x]-right equivalent matrices of Tr. Now the matrix T from Corollary 4.3.27 is among
these right equivalent matrices and thus deg(7") provides the asserted upper bound. By
Corollary A.2.8, REDMAT requires at most O™~ (n“d) operations in k where d is an upper
bound of the degree of T'x. O

Lemma 4.3.29. Let Q = (w1, ...,wy) be a reduced basis of Ox. Without loss of generality
we can assume that wy = 1.

Proof. By Corollary 4.3.25, we have |X|; <0 for all i = 1,...,n. Let m = dimy Ox (X).
Hence, by Theorem 4.3.15, we know that wi,...,w,, will span all of Ox(X) with coef-
ficients in k. In particular, there are u; € k such that 1 = 27;1 wiw;. Without loss of
generality we assume that p1 # 0. Then we interchange w; for 1 and see that we still have
a k[z]-basis of Ox(Vp) since

m
Wy = Hl_l 1+ Z,uiul_lwi (3:13)
=2

provides that we can still generate w; over k[x]. Next we show that the new basis is
still reduced in the sense of Theorem 4.3.15. To see this, it is enough to ensure that for
arbitrary r € Z every element of Ox (7(2)s))(X) can be uniquely written as a k[z]-linear
combination Aj - 1 + Asws + ... + A\yw, with coefficients \; € k[z] such that deg\; <
r 4+ |X|;. Note that by assumption, the same is true for the elements wi,...,w,. So let
a=3Y 1" Aw; € Ox(r(z)s))(X) with deg \; < r + |X|; be arbitrary. Now we substitute
wy following Eq. (3:13) and obtain

n n n
a=> Nwi=M(uy" 1T+ pipy w) + > Aiws
=1 =2 =2

n
= Ayt T Y (N ey wi
=2

which tells us that 1,ws, . ..,w, also generate Ox (r(z)x))(X) as desired. O

Definition 4.3.30. Combining Lemma 4.2.8 and the definition of the pole divisor (=)
of z, see Definition 2.2.9, we see that Ox (7(2)x)(X) = RoN2"Og. For f € Ry we define
deg"(f) =min{r € Z | f € Ox(r(z)x)(X)}. A

We collect immediate consequences of the definition of deg*.
Corollary 4.3.31. Let \ € k[z] and f,g € Ry. Then

(i) deg”(A) = deg A,

(ii) deg*(w;) = —|X|;, and

(iii) deg*(fg) < deg*(f) + deg*(g).
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Proof. By Lemma 4.3.29, without loss of generality we have w; = 1. Moreover, by Corol-
lary 4.3.24, we also have | X|; = 0. Hence, by Theorem 4.3.15, we have A € Ox (7(2)0)(X)
if and only if deg A\ < r which provides (i). Property (ii) follows immediately from The-
orem 4.3.15. To prove (iii), assume that f € 2"Og and g € 2°Og both numbers r,s
being minimal with this property, that is deg*(f) = r and deg*(g) = s. In particular,
fg € RyNa""0g and thus deg*(fg) < r + s which finally provides (iii). O

Lemma 4.3.32. Let f =) " | \iw; € Ry. Then

deg(f) + | X|n < deg o (f) < deg*(f).

Proof. Theorem 4.3.15 tells us that f € Ry with \; € k[x] lies in Ox (7(2)o0)(X) if and only
if deg\; <r+|X|;foralli=1,...,n. Let d =degoq(f). Then r > d — | X|,, guarantees
f € Ox(r(x)eo)(X) and hence deg*(f) < d — | X|,, providing the first inequality.

Let r = deg*(f). Then f € Ox(r(x)s)(X) and thus degA; < r + |X]|; for all i =
1,...,n. Now since | X|; < 0, see Corollary 4.3.16 and Theorem 4.3.15, we deduce deg \; <
r for all i = 1,...,n and thus deg ¢q(f) < deg*(f) as asserted. O

Definition 4.3.33. The coefficients p; j, € k[z]| defined by ww; = > pi jewe define
the multiplication table given by the 3-dimensional array (1 ;)i j.e- A

Lemma 4.3.34. The entries p; j¢ of the multiplication table satisfy
deg i jo < —|X|i — [ X[; < 2| X]n.
In particular, if X is integral, then

2g + dimy, HY (X, Ox)
n

deg ;¢ < 2[ —‘ < 2cx.

Proof. By Corollary 4.3.31 (ii), we have deg*(w;) = —|X|;. Moreover, Corollary 4.3.31
(iii) then provides deg*(wsw;) < deg*(w;) + deg*(w;) = —|X|; — |X];. In particular,
deg*(wijwj) < —2|X|,,. The particular part follows from Corollary 4.3.24 and the definition
of cx, see Definition 2.4.10. O

Lemma 4.3.35. Let X be a cover of Pi. Let Q = (wi,...,wy) be a reduced basis of
Ox. Let f € Ry with deg ¢q(f) < d. Then the k[z|-basis fQ = (fwy,..., fw,) of fRo
has a basis matriz Ty with deg(Ty) < d — 2|X|,. In particular, if X is integral, then
deg(Ty) < d+2cx.

Proof. By definition, the j-th column of a basis matrix T’y of f{2 contains the coefficients
of fw; with respect to Q. If f =3"" | N\jw;, then

n n n n n
fwj = Z Aiwiw;j = Z Ai Z Wi jewe = Z <Z AiMi,j,K) we.
i=1 =1

=1 = /=1 \i=1

By Lemma 4.3.34, we have deg p; j» < —2|X|, and by assumption deg(\;) < d. Thus the
j-th column of Ty has degree bounded by d — 2|X|,, and thus the same is true for all of
Tt. The particular part follows from Lemma 4.3.34. O

In general, if X is not integral and decomposes into several irreducible components, then
it is not at all clear how to come up with bounds for both the w-invariants of X or F and
the degree of basis matrices of reduced bases of F(Vp) where F is an Ox-ideal. In the
next section we will investigate in how to come up with bases of F(1}) that are not too
far away from inducing reduced bases of F|x,(V; ) on the components X; of X.
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4.4 (Ox-Ideals on Reducible Schemes

In this section we will explicitly assume that X is a reducible and reduced cover of P,lg with
irreducible components Xi,..., X,,. It turns out that we can restrict an Ox-ideal F to
an irreducible component X; such that it is isomorphic to some Ox;-ideal F|x,. Similarly
to the injection

OX — @(7})*0){1 (4:14)
i=1
this will provide an injection
F— P ) Fix, (4:15)
i=1

As we have already seen in this chapter, after fixing bases we can represent the sections of
F over V| via a basis with respect to a basis of Ox over V;; and we can do the same for the
sections of F|y, over Vo with respect to the sections of Ox, over Vo for alli =1,...,m.
Then the embeddings in Eqs. (4:14) and (4:15) provide that we can relate the above bases.

4.4.1 Connection to the Restrictions to Components

Lemma 4.4.1. Let F be an Ox-ideal. Then F|x,, see Definition 3.2.25, is isomorphic to
some Ox,-ideal.

Proof. By Lemma D.2.5, we know that Vj is schematically dense in X. In particular,
it contains all generic points 71,...,7m € X° of X. By the quasi-coherence of F, we
therefore obtain F(Vo)p,, = Fy, = Oxy, = (Ro)p,, where P is the minimal prime of
Ry corresponding to n;. The restriction Fjx, of F to X; is quasi-coherent and due to
Lemma 3.2.30, it moreover satisfies

Fix;(Vio) = F(Vo) ®ry Ro/Pio = F(Vo)/PioF (Vo).

Now we may apply Corollary B.4.33 to M = F(Vp) which provides that Fjx,(Vio) and
thus F |y, is also invertible at 7;. Now Lemma 4.1.2 tells us that the isomorphism Fx, ,. —
Ox; n; provides an Ox,;-module embedding of F|x, into Kx;.

By Definition B.3.1, we can relate F with its restrictions Fix; to the X;: Let 7; : X; — X
denote the closed immersion corresponding to X;. Then by Definition 3.2.25, we have
Fix, = 77 F. In particular, (7;)«F|x, = (7:)«(7{F) and for the latter there is a canonical
morphism F — (7;)«(7F), see [GW10, 7.8.10]. Hence we obtain canonical morphisms
F — (7i)«F|x, which thus induces a canonical morphism ¢ : 7 — @ (1;)«Fx,-

Proposition 4.4.2. Let F be a quasi-coherent, torsion-free Ox-module. The morphism
¢ F — @2, (1i)+Fx, introduced above is injective.

Proof. First of all, by Remark B.1.11, we know that ¢ is injective if and only if ¢p is
injective for all P € X. Let P € X be arbitrary with affine open neighborhood U =
Spec(R). Let P; denote the minimal prime ideals of R that correspond to the irreducible
components X; meeting U. Then the morphism 7; restricted to U, denoted by 77, is given
by the ring homomorphism R — R/P;. Since F is quasi-coherent, there is a torsion-free
R-module M with Fj;; = M~. Now by Lemma 3.2.30, we have 7/, Flp & (M ®rR/P;)~ =
(M/P;M)~. By [GW10, 7.24 (1)], in turn we have

(10)+(T0,:F|v) = (T03)«(M ®r R/ P)™ = (M ©p R/ F;)™
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where in the latter M ®r R/ P, is regarded as an R-module via the map R — R/P;. Hence
the morphism
oU): FU) = B (va)Fixnw)U)
: X;NUAD
is given by
M — @ M®rR/P;, mw— (m+ PM);
: X;NU#D = M/P;M

which is injective due to Proposition B.4.37 and M being torsion-free. This provides that
the induced morphism on the level of stalks at P € U will be injective. Since the affine
open subsets form a base of the topology of X, this shows that ¢p is injective for all P € X
and thus the assertion follows. O

Remark 4.4.3. By Lemma 4.4.1, we know that F|x, is isomorphic to some Ox;-ideal and
thus embeds into Kx,. Combining this with Proposition 4.4.2 we see that we have the
Ox-module embeddings

m

F = P n)Fix, = Pr)Lx, = Kx. (4:16)

i=1 i=1
A

Notation 4.4.4. From now on we will assume that every Ox-ideal F is an O x-submodule
of Kx via the embedding given by Eq. (4:16). In particular, we also assume this for the
O X—ideal O X- A

Remark 4.4.5. Notation 4.4.4 enables us to relate the bases of F|x,(Vio) and those of
Rip = Ox,(Vip). Both are R;p-submodules of Kx,(Vio) = Frac(R;o) and the latter is
free of rank n; over k(x). Now every k[z]-basis vi1,...,vin, of Fx,(Vio) provides a k(x)-
basis of Frac(R;) and the same is true for any basis wj 1, ...,w;n, of R;o. Hence there is
a basis transformation matrix T, € k(x)"*"™ such that

(1}1‘71, ceuy Ui,ni) . T]:i = (wivl, e ,wivni)

similar to Definition 4.3.18. AN

Remark 4.4.5 enables us to represent the k[r]-module Fx, (Vo) via a basis transformation
matrix T, by fixing a reduced k[z]-basis of R;o. Moreover, by Notation 4.4.4, we have
embeddings of k[x]-modules

Ry— R§ =P Rip and F(Vo) = P Fix,(Vio)
i=1 =1

and we know that both Ry and F(Vp) are also free of rank n over k[z]. In particular,
there are k[z]-basis transformation matrices Tp 7 from a basis of @7~ F|x, (Vi) to one of
F(Vo), and Tp 0, from a basis of Rar to one of Ry. Note that the bases vj1,...,v;,, and
Wil,--.,Win, for i =1,...,m constitute a basis of @;" Fix,(Vip) respectively RE)F. This
provides a diagram that gives an overview of this basis transformation situation:

T
Rf —————— Ry (Wi j)ij 0%, (wi)
l l diaLg(T]:1 oo TFp, )l lT

m T ’
DL, Fix,(Vio) — F(Vo) (vig)ig — (v3)i
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We will now try to put this into a kind of definition (which is more a fixation of notation)
that we will use throughout this thesis. Moreover, we will try to establish some notation
with regards to the iterating process over the irreducible components of X fixed in an
order (X1i,...,X,,). We refer the reader to Section 2.4 where the notations and basic
results regarding the iterating process over the components are provided.

Before we can write down the notations we try to fix, we first need to give a convenient
definition of how we denote matrices that admit a block structure.

Definition 4.4.6. Let n = )" n;. Any M € k[z]™*"™ can be described by block matrices
M; ; € k[z]™>*™, i,j =1,...,m. That is,

Ml,l M1,2 Ml,m
MQ,I M272 e MQ’m
M = ) :
My | My | oo | My
~—— —— ——
ni n2 Nm

and we write M = (M, ;); ;. In the following we will often just specify the blocks M; ; to
determine M in the given n-block-form. A

Notation 4.4.7. Let X be a reduced cover of IP’}C with irreducible components X; for
which we fix an order (Xi,...,X,,). Let Y; be defined as in Definition 2.4.1. Let J; € Oy,
be the ideal sheaf of Oy, cutting out Y;_1 NX; in X;. Let 7 be an Ox-ideal. Let vy, ..., vy,
denote a basis of F(Vp). For i =1,...,m let

(i) n; denote the degree of the restriction of 7 to Xj,

)
(ii) @ = (wi1,...,win;) denote a reduced basis of R; g,
(iii) J; := F|x, denote the restriction of F to X;, if F = Ox (D), we set D; = D|x,,
(iv) vi1,...,0ip, denote a reduced basis of F;(V; o),
(V) ¢ity--.,Cin,; denote a reduced basis of J;(V;0)Fi(Vio),
(vi) C; denote a basis transformation matrix from wj1,...,win, t0 ¢i1,...,¢in,, that is
(Ci,h ceny Ci,ni) == (wivl, ‘e ,wim) . Ci; (417)
(vii) T'r, denote a basis transformation matrix from wj1,...,win, tO Vi1,...,Vin,, that is
('UZ'J, e 7Ui77’bi) = (wivl, oo ,wivni) . T]:i' (418)

If F = Ox(D), we also write Tp,.
Moreover, let
(vill) Q" = (wi;)ij := (Wi1,-.-,Win,)i=1,..,m denote the corresponding basis of R(J{,
(ix) (vij)ij = (Vi1,-..,Vin,;)i=1,.,m denote the corresponding basis of @;", F;(Vi o),

(x) Tr denote the basis transformation matrix from (w; ;)i ; to (v; ;)i j, that is

(vig)ij = (wij)ij - TF, (4:19)
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thus Tr = (E,j)i,j with

Tr., i=j
Ti,j:{ o j
0, i#}],
if F = Ox (D), we also write Tp,

(xi) To 7 denote a basis transformation matrix from (v; ;)i ; to vi,...,vp, that is
(V1. 0n) = (vij)ij - To,F, (4:20)
(xii) Let Mz denote the basis transformation matrix from (w; ;)i ; to vi,..., vy, that is
(V1,5 0n) = (wij)ij - MF. (4:21)

If F = Ox (D), we also write Mp.

By definition, we thus have Mz = (M; ;)i ; = Tr - To,r. If To.r = (T3)i,;, then M;; =
TF, - Tij- A

Remark 4.4.8. By Notation 4.4.7, if F is an O x-ideal with basis matrix M r with respect to
Q™ then My is in n-block-form with row blocks M; r € k[z]"*". The row block matrix
M; 7 contains by definition the coefficients of the basis elements of F(Vj) restricted to
X respectively regarded as elements in Fx,(Vio) as column vectors. In particular, the
columns of M;  represent a generating set of Fx;, (Vi0) and thus COLUMNBASIS applied to
M; 7 returns a basis matrix of Fy, (Vio). Frankly speaking, the matrix Mz therefore does
not only represent F(Vj) via a basis but does also provide the algorithmic possibility to
compute the restrictions Fx, (Vi o). The algorithm COMPUTECOMPONENTMATRICES will
compute these restrictions by computing the mentioned basis matrices, see Algorithm 5.

AN

What we have seen in Remark 4.4.8 that the representation of F (V) via a basis that
itself is represented with respect to the basis 2" in contrast with a representation solely
with respect to €2 has the advantage of being able to compute the restrictions to the
irreducible components. This will turn out not only to be handy but also to be crucial
if we want to see whether a given Ox-ideal is isomorphic to Ox. After we have proven
the existence of small bases and thus be able to give bounds for the m-invariants —|X|,
in the next section, we will see in Section 4.6 that the representation of a reduced basis €2
with respect to Q)" will provide the possibility to efficiently change from a representation
with respect to € to one with respect to 2" (note that the converse is not true in general,
see the remarks we make in the introductory text of Section 6.3). This will give us access
to the advantages revealed in Remark 4.4.8 of the latter representation in the case of the
former representation.

4.4.2 Finding Small Bases in the Case of Reducible Schemes

In this section we will prove the existence of bases of F (V) over k[z] whose basis matrix
Mz as in Notation 4.4.7 (xii) has bounded row degrees in terms of deg; F;(Vio) and
invariants of X. Here F is any Ox-ideal. Moreover, we will give an effective algorithm
that is able to compute the desired basis matrix Mz given any basis matrix of F (V) with
respect to 2*. We will depend on this when it comes to computing basis matrices from
which we compute so called modification functions, see Section 5.7.2. We will achieve all
of the above by using linear algebra over k[z] and the so called Popov form of polynomial
matrices.
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Furthermore, the following lemma tells us that any basis transformation matrix Ty
will provide a transformation matrix from which we might compute the m-invariants of F.
This will enable us to give bounds for the w-invariants of general Ox-ideals in Section 4.5.

Lemma 4.4.9. Let X be a reduced cover ofIP}C. Let F be an Ox-ideal. Any basis transfor-
mation matriz Ty 7 from (v; ;)i j to a basis vy, ..., v, of F(Vp) yields a basis transformation
matric

T = diag(x_lfilj) : T[)J:

from F(S) to F(Vp). Now if we drop the assumption that S is disjoint to the intersection
points of X and assume that Fig = @21 F|s,, then T as before yields the same basis
transformation matriz.

Proof. Let vy,...,v, be a basis of F(Vp) and (v;1,...,vin,) a reduced basis of F;(Vio),
that is (V3 1,...,0in;) = (viylxm‘l, e ,viynixm'"i) is a basis of F|g,(S;). In both cases, the
assumptions provide that Fg(S) = @;~; Fis,(Si) and thus we may choose (v;;);; to be
a basis of the former. Then we have

(V1. 0n) = (Vij)ig - To.F
= (Bi4)i; - diag(@™ i) ;- To r
which yields the assertion in both cases. O

Now Lemma 4.3.5 combined with Corollary 4.3.6 tells us that the column degrees of the re-
duction of T" as above will constitute the w-invariants of . In particular, by Remark 4.3.7,
the ordered column degrees of T will be an upper bound for the w-invariants of F. By
Theorem 4.3.23, we already know bounds for the w-invariants of F; for all i = 1,...,n.
Hence we are left to argue why we are able to find a basis of F(Vj) which is small in
relation to the reduced bases (v; ;)i ; of @;~, Fi(Vio).

The main idea to achieve this is the following: Assume X to have two irreducible
components X; and Xo. Then we would like to find a basis of F(Vp) which is small
both in terms of the reduced bases of F1(Vig) and F2(Va). Since F(Vp) embeds into
F1(Vi,0)®Fa(Va0) and this embedding is compatible with the surjection F (V) — F;(Vi o),
we find a basis of F(Vp) mapping to a given one of F;(Vi). But its image in F(Va)
may be arbitrary. But we are able to show that we might reduce that image by a reduced
basis of the ideal cutting out X; N X5 in Xo. The degree of this ideal only depends on X
and its components (and how those intersect inside of X). For general X we can iterate
this procedure to finally obtain the desired basis of F(Vj).

The line of argument here is a pure linear algebra one and only deals with bases of
free modules. An important statement which will be used here is Proposition C.2.2.

We will start by introducing matrices that are not only reduced but also satisfy further
properties, matrices in the so called Popov form.

Definition 4.4.10. Let M = (v;;);; € k[z]"*" be a reduced matrix with columns
v1,..., v, € k[z]". For every j = 1,...,n we denote by piv,;(M) = piv(v;) the row
index of the lowermost non-zero entry in LC(v;) and call it the pivot index of v;. Con-
sider the following properties that M might satisfy:

(i) The pivot indices of vy, ..., v, are all distinct.

(ii) The entry vy is monic.

Uj)7j
(ili) We have deg(vi) < deg(ve) < ... < deg(v,) and if deg(vj) = deg(vjt+1), then
piv(v;) < piv(vjt1)-
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(iv) Forall j=1,...,nand £ € {1,...,n} \ {j} we have deg(vpiy(v;);) > deg(Vpiv(v;),0)-

If M satisfies Item (i), then M is called in weak Popov form. If M satisfies Items (i)
to (iv), then M is called in Popov form. A

Remark 4.4.11. Let M € k[z]"*" be a matrix in weak Popov form (resp. Popov form).
Then for all j = 1,...,n the matrix obtained by deleting row piv(v;) and column j is still
in weak Popov form (resp. Popov form). Indeed, deleting row piv(v;) and column j from
M does not affect the pivot indices of the columns vy for £ # j and, moreover, since M is
in weak Popov form, all piv(v;) are distinct which stays true after deleting. A

Lemma 4.4.12. Let b= (by,...,by)T € k[z]™, P € k[z]™ ™ be such that P is in Popov
form. Let d = deg(b) = max[",{deg(b;)} > deg(P). We define the matriz

and denote by @@ = Porov(M) its Popov form computed by algorithm Poprov, see Theo-
rem A.2.16. Let U € k[z]™ ™™ denote the matriz with Q = MU. Then

and U:(Em Vm’1>

O1m | E1

with Vip1 € k[z]™ and for all i = 1,...,m we have deg(b}) < deg(ppiv(p;,)) for some
ji € {1,...,m}. In particular, for b’ = (b},...,b.,)T we have deg(t/) < deg(P).

Proof. First of all, note that both the Popov form of a non-singular matrix and the trans-
formation matrix providing the Popov form are unique. Moreover, its column degrees are
unique and minimal under those of matrices right equivalent to the original matrix. The
column degrees of the Popov form add up to the degree of the determinant since it is
reduced, see Definition 4.3.3 (iv). Since P is reduced, LC(P) has full rank and thus obvi-
ously the same is true for LC(M) and therefore M is already reduced. Hence the column
degrees of M equal the column degrees of its Popov form. Furthermore, by assumption,
we have deg(P) < d and P is in Popov form, that is, the column degrees of M are already
ordered non-decreasingly which will also be true for its Popov form. From the above we
can deduce that Popov will neither change the order of the columns of M nor will it
increase any column degree. This shows that the column operations that will be carried
out by Porov on M (those that will not be reversed) can not involve the last column as
one of the column that alters another one. Any alteration of the first m columns of M
involving the last column produces an entry in the uppermost row with degree at least d
which then increases the column degree of the column in which it appears. This is not
possible since the column degrees of the Popov form of M are already determined by those
of M. Therefore any such alteration need to be reversed with the appropriate action using
the last column since it is the only column with non-zero uppermost entry. The above
also shows that the pivot indices of the Popov form of M are already determined by those
of P and that of the last column will be 1.

However, any column operations only involving the leftmost m columns of M need to
be reversed since otherwise this contradicts that P is in Popov form. Therefore, the only
possible (not-reversed) column operations that Popov will carry out on M are alterations
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of the rightmost column by the leftmost m columns. Those will ensure that the degrees
of the lowermost m entries of the rightmost column of the output matrix will be strictly
bounded by the respective degrees of the entries of P at the pivot indices of P. This
proves the assertion about the output matrix of POPov. The restrictions on the possible
column operations carried out by POPOvV shows that the transformation matrix U with
Poprov(M) = MU is indeed of the asserted form. O

PI‘OpOSitiOIl 4.4.13. Let B = (b@j)@j = (bl, .. .,bn) € k[x]mxn; P = (pi,j)i,j S k[x]mxm
be two matrices such that P is in Popov form. Let d; := deg(b;) > d and assume d; <
... <dy,. We define the matrix

and denote by Q@ = Porov(M) its Popov form computed by algorithm Poprov, see Theo-
rem A.2.16. Let U € k[z]™ ™" denote the matriz with Q = MU. Then

zh
_ 0 . _ Em Vm,n
Q= o and U—< 0 z, >
Pl b ... b,
with Vinn € k[z]™™ and, moreover, for alli=1,...,n we have deg(b; ;) < deg(Ppiv(p;).;)

for some j € {1,...,m}. In particular, deg(B + PV, ) < deg(P).

Proof. We prove the assertion by induction on n. The base case n = 1 is proven by
Lemma 4.4.12. Now let us assume that the assertion is true for every (m — 1 x m — 1)
matrix M. Let

dn—l

dn L
Pl b ... by

where M,, ,—1 originates from M,, ,, by deleting row n and column n + m. By induction
hypothesis,

Qm,nfl = POPOV(Mm,nfl) = Mm,nfl : Um,nfl

o Em Vm,nfl
— Mm,nfl < 0 Enfl )
xh
_|o
xdnfl
Pl .o b,
for some Vi1 € kl]™ "1, V) = (b ,...,b,, ;)7 and for all i = 1,...,m we have
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deg(b; ;) < deg(Ppiv(p;),j) for some j € {1,...,m}. Now we set

and apply Lemma 4.4.12 to obtain

Qm,1 = Porov(My, 1)

= m,1 ° Um,l

. E, Um,1
_Mm’1'< 0| 1 >
_ 0 |z
-7

with vy, 1,0, € k[z]™, b, = (V] b, )" and for all i = 1,...,m we have deg(b},) <

1ns: s ¥mn

deg(Ppiv(p;),j) for some j € {1,...,m}. Now we define

Um 1 > and  Upp = ( Em | Vinn ) )

_ Vm,nfl
Vo= (175 S TE

Then we easily see that

Qm,n = Mm,n : Um,n = :L'd”—l

PV ... W, U
By assumption, we have d; < ... < d, and d; > deg(P) which now together with
Vi=1,...,m deg(b;j) < deg(ppiv(p].)’j)

provides that (), is in Popov form. Since both the Popov form of non-singular matrices
and the transformation matrix providing the Popov form are unique, we have

Qm.n = POPOV(M,, 1)
with unique transformation matrix U,, , which finishes the proof. ]

The following algorithm is the algorithmic implementation of Proposition 4.4.13. We will
not need it in our algorithms and we only state it for completeness. Instead, we will only
need the statement of Proposition 4.4.13 to come up with the basis we are looking for.
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Algorithm 3 Reducing a matrix by a matrix in Popov form

Assumption: | The algorithm POPOV returns both the Popov form of the input matrix
and the corresponding transformation matrix
Input | B € k[z]™"; P = (pi;)i; € k[z]™*™ in Popov form
Output | U € k[z]™*" and B’ such that B’ := B + PU = (b} ;)i ; and for all

i=1,...,n we have deg(b ,) < deg(ppiv(p,),;) for some j € {1,...,m}

1: procedure REDUCEBYPOPOV(B, P)
2: for j=1,...,ndo

3: d; < maxj” {deg(b;;)}

4: D « diag(z™,. .., %)

- - (38)

6: Q,V < Porov(M)
: U + SuBMATRIX(V, (1,m + 1), (m,n))
8: return U, B + PU

Proposition 4.4.14. The algorithm REDUCEBYPOPOV, see Algorithm 5, is correct.
Moreover, if d is an upper bound of the degrees of both B and P, then REDUCEBYPoPOV
requires at most O™~ ((m +n)“d) operations in k and returns matrices B' and U such that
B’ = B+ PU and deg(B') < deg(P).

Proof. The correctness of REDUCEBYPoOPOV follows from Proposition 4.4.13. By con-
struction, the matrix M in line 5 has degree bounded by d and thus POPOV requires at
most O~ ((m + n)¥d) operations in k, see Theorem A.2.16. O

The following proposition shows that if we can find suitable unimodular column operations
for a given matrix that result in row degree bounds, then by suitable scaling we can employ
the Popov algorithm to compute a matrix with the desired row degree bounds.

Proposition 4.4.15. Let M = (m;;);; € k[z]™ " be a polynomial matriz. If there are
unimodular column operations on M such that the i-th row of the resulting matriz has
degree d; and d = max]",{d;}, then

M' = diag(zD79, .., xdm_d) . POPOV(diag(md_dl, - ,xd_dm) - M)

s a right equivalent matriz of M which has row degrees e1, . . ., e, beginning from top such
that e; < d; for allt=1,...,m.

Proof. Let U € k[z]™*" denote the unimodular matrix such that M - U has row degrees
di,...,dy beginning from top. Obviously, every row of

N = diag(:vd_dl, LadTdmy AU
then has degree d. Note that since diag(a:d*dl, e xd*dm) -M and N are right equivalent,
their Popov forms coincide. Moreover, the column degree of every column of N is bounded
by d. Therefore, its Popov form has column degrees that are bounded by d as well.
Moreover, due to the definition of the Popov form we know that the same holds for the
row degrees of POPov(N). Now we set M’ := diag(z®~¢, ... z%~9) . Popov(N) and
see that its row degrees ey, ..., e, satisfy ¢; < d; for all i = 1,...,m. Finally, that M’ is
right equivalent to M follows easily from the fact that POPOV computes a right equivalent
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matrix, that is, we have

M' = diag(z® %, ... 2% ~9) . Porov(diag(z® %, ... x4 9m) . M)
= diag(z® 74, ... 29~ . (diag(z? D, ... 2z M) . T
=M-T
for some unimodular 7" € GL(n, k[z]). O

Proposition 4.4.16. Let n =Y ", n;. For every matriz M = (M, ;);; in n-block-form
there is a right equivalent matrizx M' = MU such that

4 0 ... 0
No 1 Cs 0 - 0
A — N3 1 N372 Cs 0 0
Npm—11 | Nm—12 | .- | Nm—1m—2 | Cm—1 0
Nm,l Nm,2 cee Nm,m72 Nm,mfl Cm

where C; is in Popov form and for all j = 1,...,m the {-th row of N;; has degree strictly
bounded by the {-th row of C;. In particular, deg(N; ;) < deg(C;) for alli=1,...,m.

Proof. We compute a column basis of the first row block (M; ;)j=1,. m using COLUMN-
BAasis, compute its Popov form with Popov, call it C; and apply the necessary column
operations to all of M. The resulting matrix now looks like

Ch 0 0
N2’1 N272 . N27m
N3’1 N372 . N37m
M, = : . - .
Nm—171 Nm—l,Q cee Nm—l,m
Nm,l Nm,2 v Nm,m

Now we can apply the same method again and compute the Popov form of a basis of the
column space of [N2a|...|Nay,] and apply the unimodular column operations to all of M;
which then provides

Ch 0 0
N£71 02 O “ e 0
N/ N/ N/
T b
Nj11 an71,2 e N im
ern,l N;n,2 N;n,m

with C5 in Popov form. Thus by Proposition 4.4.13, there are further unimodular column
operations that reduces the row degrees of Nil accordingly. This shows that the assertion
follows from induction over the number m of row blocks of M. O

Corollary 4.4.17. Let X be a reducible and reduced cover of P,lg. Let F be an Ox -ideal.
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There is a k[z]-basis vy, ... v, of F(Vp) such that

Cy 0
No 1 Co 0
N3 Ns2 | Cs 0
M]: = . . )
Nm—l,l Nm—l,2 cee Nm—l,m—2 C'm—l 0
Nm,l Nm,2 s Nm,me Nm,mfl C’m

is the basis matriz with respect to the basis 2", that is,
(V1,0 vp) = Q- Mr.

Moreover, C; is in Popov form and for all j = 1,...,m the {-th row of N;; has degree
strictly bounded by the {-th row of C;. If F is invertible or satisfies Fp = Ox p for all
P € Supp(.), then the matrices C; satisfy

deg(C;) < degy 7i(Vio) +¢ix.
n;

Proof. The existence of M in the asserted form follows from Proposition 4.4.16. We
show the assertion about the C; only for (), since the general statement then follows by
induction. In general, the i-th row block of Mz contains a generating set of F;(Vi).
Moreover, by construction, (Ny,1 | ... | Nmm—1 | Cr) has rank n,, and thus represents
a k[x]-generating set of F;(Vy,0). Due to the form of Mz, the matrix C), represents a
basis of the submodule of F,,, (V) of those elements vanishing on X; U...UX,,_;. This
precisely is the submodule Jp,(Vin,0)Fm(Vim,0), see Proposition C.2.2. Let us now prove
that the assumptions on F provide deg;, J;F; = degy, J; +deg;, F; for i =1,...,m. In the
case that F is invertible, this is due to Lemma C.4.7. In the case that Fp = Ox p for all
P € Supp(Ox;,/Ti) € Supp(.¥), we have

_JFip, P ¢Supp(Ox,/T)
Ji.pFip =
Ji,p, P € Supp(Ox,/T;)
which then provides
degy J;Fi = > JipFip = o Jie+ Y. Fip
Pex PeSupp(Ox; /Ji) P¢Supp(Ox; /Ti)

Now by Lemmas 2.4.5 and 4.3.28, we have

deg(C;) < Z(%’Oiﬁ(%’o) + cx,
< degy, F;(Vio) + x(Yi, %) n

= CX;
g

which by Definition 2.4.10 yields
o degy Fi(Vio)

deg(Ci) + Ci,X

2

and thus finishes the proof. O
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Corollary 4.4.18. Let X be a reducible and reduced cover of P,lf. Let F be an Ox-ideal.
There is a k[z]-basis vi,...,v, of F(Vo) such that

En, 0
Nor | Gz | O
N3 1 N3o | Cs3 0
Tor = : : : . . ’
Np—11 | Nm—12 | -+ | Nm—1,m—2 | Cm—1 0
Nm,l Nm,2 cee Nm,m—2 Nm,m—l Cm

is the basis transformation matriz regarding the basis (v; ;)i ;
(’Ul, ce ,Q}n) = ('W,j)i,j . TO,]"-

Moreover, C; is in Popov form and for all j = 1,...,m the {-th row of N;; has degree
strictly bounded by the {-th row of C;. If F is invertible or satisfies Fp = Ox p for all
P € Supp(.), then the matrices C; satisfy

deg(Ci) < cx;-

Proof. The prove is the very same as the one of Corollary 4.4.17 with one exception: The
matrices C; are basis matrices of the free k[z]-modules J;(V; 0)Fi(Vi,0) with respect to the
reduced basis v; 1,...,v;y, instead of w;1,...,w;y,. In particular, C; = E,,. Both J;F;
and F; are Ox,-ideals with J;(V;0)Fi(Vio) € Fi(Vip) and J;(S)Fi(S) = Fi(S). Thus we
may apply Proposition 4.3.26 with s = 0 to obtain
deg(C;) < — Bk ks négk JiFi + s + ex;
(2
degy, Ji(Vio) + ni

= + CXZ'
1

where we have used the assumption on F that provides deg; J;F; = deg;, J; + deg; Fi.
Therefore, as in the proof of Corollary 4.4.17 we use Lemma 2.4.5 and Definition 2.4.10
to obtain deg(C;) < ¢; x as asserted. O

Remark 4.4.19. We will later combine Corollaries 4.3.6 and 4.4.18 and Lemma 4.4.9 to
obtain a bound for the m-invariants for general Ox-ideals F and for Ox. A

Proposition 4.4.20. Let X be a reducible and reduced cover ofIP)}C. Let F be an Ox -ideal.

Let M be any basis matriz of F (Vo) with respect to Q. Let d; = {%ﬁ(%,o) + c@XW.
Then

diag(z@ =4, ... 2%~ . Popov(diag(z?~%, ..., %% . M)
is a basis matriz of F(Vo) in n-block-form whose i-th row block has degree bounded by d;.

In particular, its degree is bounded by max"{deg; Fi(Vio)/ni + cix}.

Proof. Corollary 4.4.17 shows that there is a right equivalent matrix of M that has the de-
sired bounded row block degrees. Therefore, the assertion follows from Proposition 4.4.15
which provides a right equivalent matrix of M and therefore another basis matrix of

F(Vo). o

101



4.5. Bounds for w-Invariants in the General Case Chapter 4

Algorithm 4 Compute component reduced basis matrix
Input | M € k[z]"™" in n-block-form; n = > 1", n;; di,...,dn, desired row block
degrees
Output T = (Tij)i; € klx ]"X" in nblock—form, right equivalent to M with
eg(T; j)<d for all j =1,.

1: procedure ROWBLOCKREDUCE(M, dy, ..., dp)
2 D <+ max{dy,...,dpy}

3. M < ScALEROws(M, 2P~ .. gP=dm)

4: P «+ Porov(M)

5 P < ScaLEROWS(P,zh =P . gdn=D)

6 return P

Proposition 4.4.21. If there is a right equivalent matrix of M with row block degrees
bounded by di,...,dn, then the algorithm ROWBLOCKREDUCE, see Algorithm 4, is cor-
rect. Moreover, if d is a common bound for D and deg M, then ROWBLOCKREDUCE
requires at most O~ (n¥d) operations in k. The output matriz has degree bounded by
max;",{d;} < d.

Proof. The correctness of ROWBLOCKREDUCE follows from Proposition 4.4.20. This al-
ready provides deg(ROWBLOCKREDUCE(M)) < max]",{d;}. Note that after the first
scaling the row block degrees are all equal to D and thus PoPov does not increase the
row block degrees (it may increase the degrees of columns but this can not exceed D) since
otherwise the result would not be reduced. This provides max[*,{d;} < d.

Scaling a square matrix N of dimension n with z” requires at most n? polynomial
multiplications of polynomials with degree bounded by D +deg(N). Therefore, it requires
at most O~ (n?(D + deg(N))) operations in k, see Proposition A.2.3. Applying this to
M we obtain that line 3 requires at most O™~ (n?d) operations in k. Since d is an upper
bound of both D and deg(M), 2d is an upper bound for the scaled version of M which
is the input of PoPoV in line 4. Thus, by Theorem A.2.16, the computation of P at line
4 requires at most O™~ (n“d) operations in k and provides by construction a matrix with
degree bounded by D. Finally, the scaling argument from above applies again and we can
finish the proof. O

4.5 Bounds for m-Invariants in the General Case

In this section we mainly use Corollary 4.4.18 to prove bounds of the w-invariants of
a general Ox-ideal. The same argument will be used to show that —|X|; are linearly
bounded by cx.

Lemma 4.5.1. Let X be a reduced cover of IP)}C. Let F be an Ox-ideal. Assume that F is
invertible or that Fp = Ox p for all P € Supp(”). Then

(1) —|F|n < max]", {degk + 2cy, } < max]", {degi’“} +2cx and

(7i) maxi_,{—degy, Fi/ni} < —|Fl1.

Proof. We prove Item (i) first. We can write down a basis transformation matrix from a
basis of F(5) to one of F(Vj) and then use the insights of Theorem 4.3.15. Let (v; ;) ;
be the Ox-basis of F(S) = @;", F(S;) that is provided by the reduced bases of F(Vp),
that is v; ; = zl 1|JU . Let Ty 7 be as in Corollary 4.4.18 and let (v1,...,v,) denote the
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corresponding k[z]|-basis of F(Vp). Then by Lemma 4.4.9, a basis transformation matrix
M from the basis (v; ;);,; of F(S) to (v;);, one of F(Vp), is provided by

M = diag(z=Vili |i=1,... n,5=1,...,n;) - To.r.

By Corollary 4.4.18, we thus have

diag(z=1ile | 0 =1,...,ny), t=7=1

M — BB = L) G =g
o diag(m"ﬁ‘@|€:1,...,ni)-Ni7j, 1>7
0, 1 < 7.

In particular, the degree of M and thus the maximum of the column degrees of M is
bounded by

miax{deg M;;} = max{mix{~|F|; + degcol(j, C;)}}
1= 1= 1=
< mrgg{rr?éf{—\fi!m + deg Ci}}
i= j=
= max{—|Filn, +deg Ci}}

Corollary 4.4.18 ~» < mﬁa}{—|ﬂ\m +ex, }-
1=

By Remark 4.3.7, this provides the upper bounds for —|F|;.

Now let us prove Item (ii). By Remark 4.3.19, r > —|F|; is equivalent to F(r(z)s0 )(X) #
0 and thus r < —|F|; is equivalent to F(r(x)s)(X) = 0. Hence if we find r € Z such
that F(r(z)e0)(X) vanishes, r provides a lower bound for —|F|;. By Proposition 4.4.2,
we have an embedding

m

¢ F(r(z)oo) = @ F)F(r(z)oo) x,- (5:22)

i=1

By Definition 2.2.9, the pole divisor of z on X restricts to the pole divisor of x on X;.
This together with the fact that the pullback of sheaves respects the tensor product of
sheaves provides F(7(z)oo)|x, = F|x; (r(7)x;,00). Now taking global sections in Eq. (5:22)
provides

HO(X, F(r(z)o)) = D HO(X, Fix, (r(2) x,,00))-
i=1
Now since X is reduced, X; is integral and thus we may apply Lemma C.4.6 which tells
us that Fx, (r(7)x, o) vanishes whenever deg, F|x,(r(7)x; 00) > 0. By Lemma C.4.7, we
have

degy, Fix,(r(7)x;,00) = degy Fix, + 7 degy(7)x, 00
= degy, Fix, +rn; >0

if r > — degy, F|x,/ni- Since we need all F|x, (r(z) x,,00) to vanish, the assertion follows. [l
Corollary 4.5.2. Let X be a reduced cover of ]P’,lc. Then
0=—Xh<...<—|X|p < cx.

Proof. We apply Lemma 4.5.1 (i) and obtain —| X |,, < cx as desired. The equality —|X|; =
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0 follows from Corollary 4.3.16. O

Corollary 4.5.3. Let X be a cover of P.. Let Q = (w1, ...,wy) be a reduced basis of Ox.
Let f € Ry with deg¢q(f) < d. Then the k[x]-basis fQ = (fwy,..., fw,) has a basis
matriz Ty with deg(Ty) < d + 2cx.

Proof. Combine Corollary 4.5.2 and Lemma 4.3.35. 0

Corollary 4.5.4. Let X be a reducible and reduced cover of ]P’,i. Let F be an Ox-ideal
such that F(Vy) C Ry and F(S) = 2°Og. The basis transformation matriz T from a
reduced basis of Ox to a reduced basis of F has degree bounded by

deg,. F;
degTSs—i—mng{ OBk 7’}—1—20)(.
1= Uz

In particular, if degy, Fx, = 0 for all i =1,...,m, then the above basis matriz has degree
bounded by

deg T < deg;, F (Vo)
n

+ 2c¢x.

Proof. By Corollary 4.3.27, we know that the respective basis matrix degree is bounded
by s — |F|, and thus Lemma 4.5.1 provides the assertion. The particular part follows from
deg, Fix, = 0 and

sn _ —degy F(S) _ degy F(Vo)

n o n N n

S =

where the second and third equality are due to Corollaries C.4.13 and D.2.9, respectively.
O

With the same line of argument as in Lemma 4.3.28 we obtain that we are always able to
compute a basis matrix of F (V) with degree bounded in terms of the degree of F.

Corollary 4.5.5. Let X be a reducible and reduced cover of IP’}C. Let F be an Ox-ideal
such that (Vo) € Ro and F(S) = 2°Og. Moreover, assume that degy, F|x, = 0. Given
any basis matriz Tr of F(Vy) with respect to a reduced basis of Ox, we have that

deg(REDMAT(Tx)) < + 2cx.

degy, (Vo)
n
Proof. By Theorem A.2.7, we know that REDMAT(7'r) has minimal column degrees among
all k[z]-right equivalent matrices of Tr. Now the matrix 7" from Corollary 4.5.4 is among
these right equivalent matrices and thus deg(7T") provides the asserted upper bound. [J

4.6 Reduced Basis of Oy in the General Case

In this section we use Corollary 4.4.18 to see that a reduced basis €2 of Ox respectively Ry
has bounded degrees with respect to /". We also provide some fundamental properties
of the multiplication table of 2. Using the above we are able to show that the standard
basis matrix of f R with respect to 2" has bounded degrees as well. We will furthermore
see how to compute basis matrices of reduced bases of F;(V; o) only given a basis matrix
of F(Vp) with respect to a reduced basis of Ry.

Corollary 4.6.1. There exists a k[z]-basis wi, . .. ,wyp of Ry withwe =Y ;" 2?1:1 Vpi Wi j
such that vy ; € k[z] and
degry; ; < cx;.
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Moreover, let i j q.s denote the multiplication tables of X, i.e. wijwiqg = oty Hij.q,sWis-
Then
deg(Ve,i,j - Hijas) < 3ex,.

Proof. We apply Corollary 4.4.18 to Ox and obtain a basis matrix Ty o, of a k[z]-basis
wi,...,wp of Ry = Ox (Vo) with regards to ©". We denote its entries by vy;; where
£ =1,...,n runs through the columns and i = 1,...,m, j = 1,...,n; together indicate
the rows. That is, we = > 3" >0 vy jwij. Now by Corollary 4.4.18, this basis matrix
has entries whose degree is bounded as asserted. By Lemma 4.3.34, p; j 4,5 satisfies

2g; + dimy, H° (X;, Ox,) + n;

ng

deg Mijqs < 2- < 2CXZ-

and hence we deduce

deg(ve,ij - tijgs) < ex; +2¢ix < 3ex;.
as asserted. O

Not only did we find a k[z]-basis of Ry which has small degree with respect to ", but

this does also imply that a reduced basis of Ry has small degree with respect to 2", too.

Lemma 4.6.2. There exists a reduced basis ) of Ry whose basis matriz Tq with respect
to Q" has degree bounded by 2cx .

Proof. Since X is a cover of Pi, by Definition 2.1.3 (ii), we know that Os = @, Og,
and thus (@ ;);; with @;; = @l¥iliw; ; forms an Ou-basis of Og. By Corollary 4.6.1,
there exists a basis 31, ..., B, of Ryp whose basis matrix T with respect to /" has degree
bounded by ¢y. In particular, T := diag(z~1%:li) . T is a basis transformation matrix
from a basis of Og to one of Ry. By Corollary 4.3.24, we know that —|X;[; < cx, for all
i,j € {1,...,n} and hence the degree of the diagonal matrix diag(x_‘Xi‘j) is bounded by

i,jel?l?f‘.,n}{_|Xi‘j} < iegﬁ?fn}{CXi} <cx.
In particular, degT" < 2¢x. By the proof of Theorem 4.3.15, we know that REDMAT(T') is
a basis matrix of a reduced basis of Ry with respect to (@; ;)i j. In particular, diag(x!¥ils) .
REDMAT(T') is the respective basis matrix with respect to Q7" = (w; ;)i ;. Since | X;[; <0
for all 4,5 € {1,...,n} and deg(REDMAT(T)) < deg T, see Theorem A.2.7. This provides
the desired basis matrix of a reduced basis of Ry with respect to 2" having degree bounded
by 2cx. ]

Definition 4.6.3. Let us fix a reduced basis () as in Lemma 4.6.2 and we denote its
basis matrix with respect to Q2" by Tn. Note that analogously to Corollary 4.6.1 the
multiplication table entries of {2 have degree bounded by 4cx. A

Remark 4.6.4. As already advocated in the end of Lemma 4.4.1, the matrix T provides
a possible change of representation, see Remark 4.4.8 and the text following it. If T is a
basis matrix of the basis B with respect to €2, then we obviously have

B=Q.-T=Q" Ty T

and thus M = T -T' is a matrix representing the basis B with respect to {2i*. This matrix
representation now provides the advantage of computing the restrictions to the irreducible
components as revealed in Lemma 4.4.1. The computation of the matrix product M =
Tq - T requires at most O™~ (n“d) operations in k if d is a common bound of 2cx and the
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degree of T'. That is, if T' has degree in O(cx), then the change of representation can be
computed using at most O~ (n“cx) operations in k. A

The next algorithm computes the basis matrices 17, as in Notation 4.4.7 from a given
basis matrix with respect to either €2 or ©2!". We will pass the information whether the
given basis matrix represents a basis with respect to 2 or Q2I"* to the algorithm in form of
a Boolean c. We will use this notation throughout this thesis and it could be read as

true, components are relevant: with respect to Q"
C =
false, components are irrelevant: with respect to €2

Algorithm 5 From a basis matrix with respect to {2 to one with respect to Q"

Precomputed | Basis (2" of R : basis matrix Tq of a reduced basis
Input | Mr basis matrix of F(Vp) either with respect to € (¢ = false) or to
Q" (c = true) where F is an Ox-ideal; ¢ Boolean whether M is with
respect to €2 or to 27"
Output | T7,,...,TF, basis matrices of F1(Vi),...,Fm(Vino), respectively

1: procedure COMPUTECOMPONENTMATRICES(T, ¢)
2 if ¢ = false then

3 T+ 1Tq-T

4 fori=1,...,mdo

5: pi 1+

6: T; + SUBMATRIX(T, (p;, 1), (ns,n))

7 T; < REDMAT(COLUMNBASIS(T;))

8

return 11, ...,T,,

Proposition 4.6.5. The algorithm COMPUTECOMPONENTMATRICES, see Algorithm 5,
s correct. Moreover, if d is an upper bound of the degrees of both T = Mx and Tq, then
CoMPUTECOMPONENTMATRICES requires at most O~ (n“d) operations in k and returns
matrices with degree bounded by d.

Proof. If ¢ equals true, then T = My is a basis matrix of F (V) with respect to Q.
Otherwise, if B denotes the basis that is represented by Mz, we have

B=Q Mr=Q" Ty Msr

and hence T := T - MF is the basis matrix representing B with respect to {2f*. In
particular, if we write
T
Ty
T = . )
Tm

with T; € k[z]"*" of rank n;, then the columns of T; represent a k[z]-generating set
of F(Vip). In particular, its column space equals F(V; ) and thus COLUMNBASIS(T;) €
k[z]"*"™ is a basis matrix of F(V; ), see Theorem A.2.15. Now the correctness of REDMAT
finally provides the correctness of COMPUTECOMPONENTMATRICES, see Theorem A.2.7.

Let us consider the running time assertion. The computation of the matrix product
T = Tq - MF requires at most O™~ (n“d) operations in k. By assumption, 2d is an upper
bound of deg(T"). We consider the running time complexity of each for loop iteration: By
Lemma A.1.2 (vi), we know that SUBMATRIX has constant cost. Since T' has degree
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bounded by 2d, the same holds for all 7;. In particular, the average column degree
s; of T; is bounded by deg(7;) < 2d. Thus, by Theorem A.2.15, the computation of
CoLuMNBASIS(T;) requires at most O™ (n¥’ 'nd) operations in k and it has degree bounded
by 2d. Thus, by Theorem A.2.7, calling REDMAT requires O™~ (n¥d) operations in k. Now
since n > n;, each for loop iteration requires at most O~ (n;nd) operations in k. A simple

computation shows

m

Z(n;"*lnd) =nd Z(nfﬁl) < nd(z ni)*"t < ndn¥! = n¥d
1=1

i=1 i=1
and hence the for loop overall requires at most O™~ (n“d) operations in k& and hence the

running time assertion follows. O

Now we can combine COMPUTECOMPONENTMATRICES and ROWBLOCKREDUCE to com-
pute a row block reduced matrix for a given basis matrix of some Ox-ideal F with
]:(SZ) = l‘riOSi.

Algorithm 6 Compute row block reduced basis matrix

Precomputed | Basis {2[" of Rar; N1y ve s Mns C1LX -+ C, X
Input | M basis matrix of F(Vp) with respect to Q7" where F is a degree zero
Ox-ideal such that F(S;) = 2" Og, foralli=1,...,m
Output | M basis matrix of F(Vj) in n-block-form with row blocks M; such
that deg M; < (degy, Fi(Vip))/ni + cix

1. procedure COMPWISEREDMAT(M)

2 M, ..., My, < COMPUTECOMPONENTMATRICES(M, true)
3 for:=1,...,m do

4: r; < (DEGREE(DETERMINANT(M;)))/n;

5 d; < r; + Ci X

6 M + ROWBLOCKREDUCE(M,dy,...,dn)

7 return M

Remark 4.6.6. Note that by Proposition 4.4.20, the desired row block degrees

& {degk Fi(Vio)
.= | 2ok ZitVio)

+ ¢i.x
ng

are those we can achieve using ROWBLOCKREDUCE in algorithm COMPWISEREDMAT.
But Proposition 4.4.21 shows that every, maybe easier to compute, upper bound of row
block degrees of a possible right equivalent matrix of M suffices. A

Proposition 4.6.7. The algorithm COMPWISEREDMAT, see Algorithm 6, is correct.
Moreover, if d is an upper bound of the degree of Mr, then COMPWISEREDMAT requires
at most O~ (n“d) operations in k. In addition, the output matriz has degree bounded by d.

Proof. The correctness of COMPUTECOMPONENTMATRICES provides that the matrices
M; are the basis matrices of a reduced basis of F;(Vio), see Proposition 4.6.5. The
correctness of DEGREE and DETERMINANT, together with Proposition D.2.7 provides
degdet(M;) = degy, Fi(Vio). Since F has degree zero, by Corollary C.4.13, the latter
equals —deg;, F(5;) = min; and thus r; = (degdet(M;))/n;. By Proposition 4.4.20, we
know that d; = r; + ¢; x is an upper bound for the degree of the i-th row block of some
right equivalent matrix of M. Thus, by Proposition 4.4.21, the algorithm ROWBLOCKRE-
DUCE does indeed compute a right equivalent matrix of M whose i-th row block has degree
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bounded by d;. This proves the correctness of COMPWISEREDMAT. The statement about
the degree of the output matrix follows directly from Proposition 4.4.21.

Next we prove the running time assertion. Let d be an upper bound of deg M. Then by
Proposition 4.6.5, the computation of the matrices My, ..., M, require at most O~ (n“d)
operations in k. The matrices M; are reduced basis matrices of F;(V;o) and thus, by
Lemma 4.3.28, they satisfy deg M; < (degy, Fi(Vio))/ni + cx, = r; + cx, where the last
equality follows from what we have already seen above. Therefore, by Lemma A.1.2 (ii)
and (iv), the computation of r; at line 4 requires at most O~ (n¥(r; + cx,)) operations in
k. The following computation

m m m
m m
S i+ ex,) < bl ex ) Yo < el ex) - (3 n)”
=1 =1 =1
< mnéf({rz + CXl-} -nY,
1=

together with Lemma 2.4.11 and r; = (degy, F;(Vi0))/ni provides

> ng(ri + ex,) < nix{ (degy Fi(Vio))/mi + cix} - n.

=1

Therefore, the for loop requires overall at most O™ (max,{(degy, Fi(Vio))/ni+cix}-n*)
operations in k. Since d is an upper bound of deg M, Proposition 4.4.20 provides that
d > deg M > max]",{(deg;, Fi(Vio))/ni + ¢i x } and thus d is an upper bound as required
for Proposition 4.4.21. The latter therefore provides that ROWBLOCKREDUCE requires at
most O~ (n“d) operations in k. O

With REDMAT and CoMPWISEREDMAT we now have two algorithms at hand to compute,
given any basis matrix M of F(Vp) (where F is an Ox-ideal), a right equivalent matrix
of M with reduced degree. We can use REDMAT if M represents a basis with respect to
) and CoMPWISEREDMAT if M represents a basis with respect to €/". But both play
the same role of reducing a given basis matrix and will in Chapter 6 be used in the very
same moments. Therefore, we introduce the algorithm REDUCEBASISMATRIX which calls
one of them depending on the fixed basis (2 or " as above) with respect to which the
matrix is defined.

Definition 4.6.8. Let REDUCEBASISMATRIX denote the algorithm that, given a matrix
M € k[z]" and a Boolean ¢, calls COMPWISEREDMAT(M) if ¢ = true and REDMAT(M)
if ¢ = false and then returns the result. A

Lemma 4.6.9. The products of the w; ; satisfy
(1) wij-whe=0ifi#h, and
(i) deg pom (wi; - wie) < —|Xil; — [Xile.

Proof. As elements of @@." | R; we clearly have w; ; - wp ¢ = 0 whenever ¢ # h. Property
(ii) follows from Lemma 4.3.34. O

Lemma 4.6.10. Let f,g € Rf = @, Rio with

m  ng m o Nk
F=Y Nigwij, and g=> Y ey
i=1 j=1 k=1 (=1
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Let us denote the entries of the multiplication table of X; by pi; g, that is w;jw;q =
22;1 i jq,sWis- Then

m  n; n; n;

fg= Z Z Z Z Nij€ieliges | Wis (6:23)

i=1 s=1 \j=1 ¢=1

and thus
deg par (fg) < deg par (f) + deg par (g) + 2cx.
In particular, Eq. (6:23) shows that Z;“:l vy Nijj€ietige,s are the coefficients of J1x:9/x;

with respect to w; 1, ...,w;n; and hence gbg;n(fg) 1s simply the concatenation of the vectors

b0, (fix,91x,)-

Proof. A simple computation shows

m n; m Nk
Fa= | 222 Mg | - | 22 D cmewne
=1 j=1 k=1 ¢=1

m ng m ng
= DD DD Nigthaine
i=1 j=1 k=1 ¢=1

m  n; ng

Lemma 4.6.9 (i) ~ = Z Z Z i j € 0Wi jWi ¢

=1 j=1 /=1
= § § E i j€ip E i j 0, sWi,s
=1 j=1 /=1 s=1

=2 2 (2D Meimiges | wis

i=1 s=1 \ j=1 (=1
By Lemma 4.3.34, we have

2g; + dimy, H° (X, Ox,) +n;

ng

deg p;jes <2 < 2¢ x

and thus max]”  {deg p; ¢ s} < 2cx which provides the assertion. d

Corollary 4.6.11. Let f = Ei,j )\Z-sz-,j € Ry C R(_)F = @Zn:l RZ"() satisfy deg A@j <d
foralli=1,...,m and j = 1,...,n;. Then the k[z]|-basis matriz My representing the
k[x]-basis fQ = (fwy,..., fw,) of fRy satisfies

deg My < d+ 3cx.

Proof. The entries of My are the coefficients of fw, with respect to ©2j". By Lemma 4.6.10,
we know that the above coefficients that are non-zero are 2?1:1 ZZ;l i jVeiqhi j,q,s- BY
Corollary 4.6.1, we have deg(vy; 4) < cx and thus Lemma 4.6.10 provides the assertion. [J

Remark 4.6.12. After fixing the bases @ = wi,...,w, and " = (w;;);; and having
the products vy ; 4t; j,q,s Precomputed, the proof of Corollary 4.6.11 resp. Lemma 4.6.10
already shows that the computation of the basis matrix M/ requires the computation of
S n3 < n? polynomial products of degree max{d,3cx}. We will see that this might
be too many products and hence we will come up with an efficient way of computing the
required coefficients with a complexity in the order of > ", n? respectively n?. A

7
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Proposition 4.6.13. Let f € Ry be arbitrary. Then
(i) deg Trpvac(ro)/k(z)(f) < deg dam (f) + 3cx and

(7’7’) deg TrFrac(RO)/k(x)(f) < deg ¢Q(f) +2cx.

Proof. By definition, we have Treac(ry)/k(z) (f) = Tr(My) where My denote the k[x]-basis
matrix of f Ry representing the k[z]-basis fQ = (fw;,..., fw,). Hence

deg(Trprac(ro) k() (f)) = deg(Tr(My)) < deg Mj.

By Corollary 4.6.11, we have deg My < deg ¢om (f) + 3cx which provides (i). By Corol-
lary 4.5.3, we have deg My < deg ¢po(f) + 2cx which provides (ii). O

4.7 Regular Global Sections and Test of Identity

In this section we look for the general analogue of the following statement which is standard
for integral schemes. This establishes the theoretical background for deciding whether a
given degree zero divisor is principal or not.

Lemma 4.7.1 ([Liu02], 7.3.25). Let X be an integral projective scheme over k. Let
D € DivY(X). Then D is principal if and only if Ox(D)(X) # 0.

Remark 4.7.2. The proof of Lemma 4.7.1 reveals that any of the non-zero elements f in
Ox(D)(X) will satisfy div(f~!) = D in the case that D is principal. A

Lemma 4.7.3. Let X be an integral cover of PL. Let D € Div®(X). Let ay,...,an be a
reduced basis of Ox(D)(Vy). Then the following are equivalent:

(i) D is principal,
(ii) Ox(D)(X) #0, and
(iii) div(a;') = D.

Proof. The equivalence between (i) and (ii) is due to Lemma 4.7.1. The implication (iii)
= (i) is obvious. Now assume that D is principal. Hence Ox(D)(X) # 0 and thus, by
Remark 4.3.19, we have 0 > —|D|; providing |D|; > 0 and hence, by Theorem 4.3.15, this
implies a1 € Ox(D)(X). Now Remark 4.7.2 provides D = div(aj!). O

In the more general case of reducible X this does not stay true anymore. But with a slight
adaption in which we only care about regular global sections of Ox (D) it will, at least to
some extent, still be true. For notational reasons we introduce the following notion:

Definition 4.7.4. Let D € Div(X) be a Cartier divisor on X. Then set Lyeg(D) =
Ox(D)(X) N Kx (X)*. A

Lemma 4.7.5. Let D € Div(X). Then we have
»Creg(D) = {f € ’CX(*X)>< | div(f) +D > O}'

Proof. By Lemma 3.1.32, we have f € Ox(D)(X) if and only if div(f) + D > 0 for every
fekkx(X)*. O

Lemma 4.7.6 ([Liu02], 3.3.21). Let X be a reduced, connected projective scheme over a
field k. Then H° (X,0x) is a finite field extension of k. Moreover, if X is geometrically
reduced and geometrically connected, then H® (X,Ox) = k.
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Lemma 4.7.7. Let X be a projective curve over k. Let D € Div(X) be effective and have
degree zero. Then D = 0.

Proof. Then we have Ox(—D) < Ox and by [Liu02, 7.3.5], we deduce 0 = deg, D =
ZPGX dimy, OXJD/O)((—D)}D and thus dimy, OX7P/Ox(—D)p = 0 which gives Ox(—D)p =
Ox,p for all P € X. Now Corollary B.1.30 already provides Ox (D) = Ox and hence
D =0. ]

Lemma 4.7.8. Let X be a projective curve over k. Let D € Div(X) and f € Kx(X)*.
Then
Ereg(‘D + le(f)) = fﬁlﬁreg(D)'

In particular,
Lreg(div(f)) = f1HY (X,0x)".
If HY (X,0x) = k, then Lyeg(div(f)) = f~1E*.

Proof. By definition of Cartier divisors, we have div(g) + div(f) = div(gf) for any two
fig € Kx(X)*. Thus

Lreg(D +div(f)) = {g € Kx(X)™ | div(g) + div(f) + D > 0}
= g € Kx(X)* | div(g) + D > 0}
= 1 Lieg(D).

To prove the particular part note that every g € Leg(0) satisfies div(g) > 0 and thus
by Lemma 4.7.7 we deduce div(g) = 0. This is equivalent to ¢ € Ox(X)* and hence
Lre(0) = H° (X,0x)™. O

Lemma 4.7.9. Let X be a projective curve over k. Let D € DivY(X) be a degree zero
Cartier divisor on X. Then Lyeg(D) # 0 if and only if D is principal.

Proof. By definition, we have Lyes(D) = {f € Kx(X)* | div(f) + D > 0}. If D = div(g)
for some g € Kx(X)*, then div(g~!) + D = 0 and thus ¢! € Lyeg(D). Conversely, if
[ € Lreg(D), then E := div(f) + D > 0 is effective and still has degree zero. Thus by
Lemma 4.7.7, we have E = 0 and hence deduce D = —div(f) = div(f~!). O
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Chapter 5

Picard Group and its Structure

In this chapter we examine the so called Picard group and the associated degree zero
Picard group of a scheme. First, we give the definitions of both groups. To do so, the
reader may recall that invertible sheaves on a scheme X (or more generally, on a locally
ringed space) are those O x-modules that are locally free of rank 1. These are O x-modules
that are locally isomorphic to Ox. That is, the Ox-module F is invertible if and only if
for every P € X there is an open neighborhood U C X of P such that F|; is isomorphic
to Op. It is straightforward to prove that for every invertible sheaf F, the Ox-module
FY = Homp, (F,Ox) is again invertible and satisfies F ®p, F" = Ox. This justifies
that we also write 7~ := F" in this case.

Definition 5.0.1. Let X be a scheme. By Pic(X) we denote the set of isomorphism
classes of invertible sheaves on X. As we have seen above, Pic(X) together with the
tensor product ®p, of Ox-modules form a group with neutral element Ox. We call this
group the Picard group of X. A

Note that the Picard group could also be defined for ringed spaces. To define the degree
zero Picard group, we need to define the degree of invertible sheaves first. Since the sheaf
Ox (D) associated to a divisor D € Div(X) is invertible, the notion of degree of an invert-
ible sheaf should be compatible with the degree of the divisor D and, moreover, compatible
with the degree of the Ox-ideal Ox (D). As we have already seen in Definition 3.1.10, the
degree of divisors is only defined for divisors on curves over k. Moreover, the degree of
Ox-ideals, see Definition C.4.1, is defined for Ox-ideals on curves of finite residual-type
over k. These definitions do depend on the dimension of X and are only well-defined if
X has dimension at most one. We want to use the degree of Ox-ideals to define the de-
gree of invertible sheaves on curves of finite residual-type over k. By Lemma 4.1.2, every
invertible sheaf £ is isomorphic to some Ox-submodule F of Kx which is then by Defi-
nition 3.1.13 an Ox-ideal. Therefore, we could define the degree of £ to be the degree of
F. This makes sense since the degrees of two isomorphic Ox-ideals are equal. Whenever
X is additionally projective, by Lemma C.4.4, we have deg, F = x(Ox) — x(F). We do
only care about the degree zero Picard group in the case of projective curves over k and
thus we define the degree of an invertible sheaf as follows.

Definition 5.0.2. Let X be a projective curve over k. Let £ be an invertible sheaf on X.
Then we define its degree as

degy, £ = x(Ox) — x(£). A

In the literature, the degree zero Picard group of an irreducible scheme X is defined to be
the subgroup of Pic(X) consisting of those isomorphism classes of degree zero. To expand
this definition to the class of reducible schemes, we require the invertible sheaf to have
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degree zero restrictions to every single irreducible component of X. This enables us to link
the degree zero Picard group of a reducible scheme to those of its irreducible components.

Definition 5.0.3. Let X be a reduced projective curve over k. By Pic®(X) we denote the
subset of Pic(X) consisting of those isomorphism classes that have degree zero restriction
to every irreducible component of X. By Proposition C.4.15 and Lemma C.4.7, we see
that Pic’(X) together with the tensor product of O x-modules forms a subgroup of Pic(X)
which we call the degree zero Picard group of X. A

Remark 5.0.4. Moreover, this definition is not too far away from the more general definition
which does not take into account what the degrees of the restrictions are and only requires
the global degree to be zero. For instance, if k denotes an algebraic closure of k, then
the above (more general) definition of the degree zero Picard group comes down to those
isomorphism classes whose restriction to the i-th component of the base extended Xj =
X @}, k has degree zero, see [BLRI0, Chapter 9, Cor. 13]. In particular, our definition
coincides with the general one for algebraically closed k. A

Definition 5.0.5. Analogously to Definition 5.0.3, we define the group CllnvId®(X) of
degree zero invertible O x-ideals. A

As we will see in what follows, the Picard group is very closely related to the group of
Cartier divisor classes and also to the first cohomology group of O%. Moreover, we will
define the degree zero divisor class group and will see that it is essentially the same as
Pic’(X).

This chapter is organised as follows: In Section 5.1 we will try to give a characterisation
of the Picard group in the affine case. In Section 5.2 we will see the close relation between
the Picard group and H'(X,Ox™) and will conclude that the groups

ClInvId(X), CaCl(X), H'(X,Ox*) and Pic(X)

are all isomorphic, see Corollary 5.2.12.

In Sections 5.3 and 5.4 we will examine the relation between divisors on a scheme and
divisors on a schematically dense open subscheme respectively the relation between divisors
on a reducible scheme and divisors on the irreducible components. Then in Section 5.5 we
relate divisors on a cover X of IP’,Ic to divisors on Vj and S to see that the former and the
latter are essentially the same. In Section 5.6 we define CaC1°(X), the group of degree zero
Cartier divisor classes, and CaCl?(X), the group of degree zero Cartier divisor classes with
respect to m which only considers representatives of the former group of a specific form.
We will conclude that CaCl°(X) = CaCl%(X) are both isomorphic to a specific ideal
class group Z,/P, which is a rather general result which to the best knowledge of the
author has not been well known yet. Moreover, there will be two kinds of representatives,
one which is somehow independent of the irreducible components of X and one which
is component dependent. In what follows by then we will distinguish between these two
representatives that reflect two different algorithmic approaches on how to compute in
Z/Pr. The elements by which we may alter representatives in the ideal class group Z. /P
are called modification functions and in Section 5.7 we will analyse those and give proofs
of their existence with bounded degree and we will also provide algorithms to compute
them. In Sections 5.8 and 5.9 we prove that each class in Z; /P, has a representative with
bounded degree and we show how to compute with those representatives only using basis
matrices.
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5.1 Divisor Group and Picard Group in the Affine Case

In this section we will show how the Picard group looks like in the case of an affine
scheme X.

Lemma 5.1.1. Let R be a noetherian ring. The set of isomorphism classes of invertible
R-modules together with the tensor product of R-modules forms a group, denoted by Pic(R)
and called the Picard group of R.

Proof. The name is suggested in [Eis95, p. 255] and the assertion follows entirely from
[Eis95, 11.6]. O

But there is a certain subclass of invertible R-modules that do indeed form a group without
considering equivalence classes. The set of invertible R-ideals M, which are all embedded
in Frac(R), and thus yield a more explicit inverse M~! = {z € Frac(R) | zM C R}
resulting in an equality MM ~' = R, yield a group with the ideal product being the group
law.

Lemma 5.1.2. Let R be a noetherian ring. The set of invertible R-ideals together with
the product of R-ideals form a group. This group is sometimes denoted by C(R) and called
the group of Cartier divisors.

Proof. Again, the name is suggested in [Eis95, p. 255 f.]. The assertion follows from
[Eis95, 11.6]. O

Note that we have already proved in Proposition 3.1.27 that InvId(X) is isomorphic to
the group Div(X) of Cartier divisors on X for any scheme X. Next we justify the above
names by proving that InvId(Spec(R)) = C(R) and Pic(Spec(R)) = Pic(R).

Proposition 5.1.3. Let X be an affine curve of finite residual-type over k. Then

C(R) — Invld(X)
M — M~

defines an isomorphism of abelian groups.

Proof. By Lemma C.4.10, the map M +— M~ establishes an equivalence of categories
between the category of R-ideals and the category of Ox-ideals. Clearly, Mp = (M~)p
for all P € Spec(R) and thus M is invertible if and only if M ™ is invertible. Hence, the map
M — M™ gives a bijection between C'(R) and InvId(X). Finally, we prove that M — M~
defines a group homomorphism. For all P € X we obviously have (M N)p = MpNp as
subsets of Frac(Rp). This means that both (M N)~ and M~ N~ have equal stalks for all
P € X (by definition, we have (FG)p = FpGp inside Kx p for Ox-ideals F and G) and
thus by Corollary B.1.30, they are equal as subsheaves of Kx. O

Proposition 5.1.4. Let X be an affine curve of finite residual-type over k. Then there is
an isomorphism Pic(R) — Pic(X) given by C(R) — InvId(X) from Proposition 5.1.3 on
representatives.

Proof. Since R is noetherian, [Fis95, 11.7] provides that the natural map C(R) — Pic(R)
sending an invertible R-ideal to its isomorphism class is surjective. Moreover, its kernel is
given by principal R-ideals fR with f € Frac(R)*. Therefore, for every isomorphism class
in Pic(R) we find a representative M &€ C(R) which corresponds by Proposition 5.1.3
to M~ € Invld(X). Then the surjective map Invld(X) — Pic(X), see Remark 3.1.22,
sending an invertible Ox-ideal to its isomorphism class provides that we may associate to
each element in Pic(R) an element in Pic(X). Now any two representatives M, N € C(R)
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of the same class in Pic(R) differ multiplicatively by some fR with f € Frac(R)*, due
to [Eis95, 11.7]. Hence M = fN and thus M~ = (fN)~ = (fR)”"N~ = fOxN"~ by
Proposition 5.1.3. This provides that the multiplication with f morphism N~ — M~
is an isomorphism and hence we obtain a well-defined map ¢ : Pic(R) — Pic(X). By
construction, this provides a commutative diagram:

C(R) MM TnvId(X)

| |

Pic(R) — 2 Pic(X)

Now ¢ is obviously surjective and its kernel is given by classes with representatives M
such that M~ = Ox. By Lemma 3.1.26, the latter is equivalent to M~ = fOx and
hence by Proposition 5.1.3, we have M = (fOx)(X) = fOx(X) = fR = R providing the
injectivity of ¢. O

5.2 Picard Group and Cohomology

Sometimes the Picard group of a scheme is defined as H'(X, O%), the first Cech coho-
mology group of the sheaf of invertible regular functions on X. We will see that this is
justified by proving that H'(X, 0%) is isomorphic to Pic(X). Moreover, we will also show
more isomorphic models of Pic(X).

In the following we will, very briefly, recall what the Cech cohomology is. To do so, we
follow the exposition in and refer to [Liu02, Chapter 5.2] for more information and proofs
of the statements we make.

Let X be a topological space, U = {U; | i € I} an open cover and we put Us,, . ;, =
Uiy N...NU;,. For a sheaf 7 on X and p > 0 let the set of p-cochains of U in F be

CP(U, F) = I 7.4

(10,---yip)ETPTL
which comes with a map d? : CP(U, F) — CP*1 (U, F) sending (c,...i,) to

p+1

k=0

where zAk means “omitted”. For all p we have dP*! o dP = 0, that is the CP(U, F) with dP
form a complez. For p > 0 we set

ker(dP : CP(U,F) — CPTH (U, F))
im(ar—t: CP~L (U, F) — CP(U,F))

HP (U, F) = (2:1)

and, by convention, C~!(U, F) = 0 which implies H~! (4, F) = 0.
For the cases p = 0,1 we have by definition:
1. HO(U,F) = F(X):
By definition, H° (U, F) equals the kernel of d° : CO(U, F) — C*(U, F) which maps

as follows:
[Lie; FU) — Hz‘,jef F(UiNU;)
(fidier = ((f)wrv; — () winv; )iger

116



Chapter 5 5.2. Picard Group and Cohomology

Hence its elements are given by local sections of F over an open covering of X which
agree on the overlaps. This equals the definition of the global sections of F.

2. H (U, F) consists of the group of a, ;, in [Lio,i)erz F (Uig,iy) such that

PR 3. o — (v s o
Vg, i1,42 € 17 : (aloﬂl)UiO,il,iQ = (O‘loﬂz)Uio,il,ig - (alhw)UiO,il,iQ
modulo the group of those iy, in [](;, ;)2 F(Uig,iy) such that

Qigip = (ai0)|U¢0,¢1 - (O‘h)\Uio,il
with ;€ f(UZ]), j=1,2, for all ig,i; € I.
For two covers U = {U; |i € I} and ¥V = {V} | j € J} we say that V is a refinement of

U if there is a map o : J — I such that for every j € J we have V; C U, ;). This induces
a homomorphism, which is also denoted by o,

o Cp(uaf) — Cp(V7~F>7 U(a)jOw-,jp = (ad(jo),...,a(jp))|v-
Since o commutes with the maps dP, we obtain a homomorphism
o H? (U, F) — H? (V,F). (2:2)

It can be shown that the map ¢* is independent of the choice of o, [Liu02, 5.2.8].
An implication of this is that if U/ is a refinement of V and vice versa, then ¢* is an
isomorphism.

The “is a refinement of”-property defines a partial ordering on the family of open
coverings of X which is filtering since for any two coverings i = {U; | i € I} and V = {V} |
j € J} the open cover {U;NVj | i€ I,j € J}is a refinement of both &/ and V. We call
two coverings equivalent if and only if one is a refinement of the other and vice versa.
Hence, up to isomorphism, H? (U, F) only depends on the equivalence class of U.

Definition 5.2.1. Let X be a topological space and F a sheaf on X. We set
HP (X, F) = liy H? (U, F)
u
where U runs through the classes of open coverings of X. The group H? (X, F) is called
the p-th (Cech) cohomology group of F. AN

The natural map H? (U, F) — HP (X,F) turns out to be an isomorphism of groups for
all p > 0 whenever the objects involved are nice enough:

Proposition 5.2.2. Let X be a separated scheme, F a quasi-coherent sheaf on X and U
an affine cover of X. Then the natural map HP (U, F) — HP (X, F) is an isomorphism.
In particular, for every two affine open covers U and V of X, we have for allp >0

HP (U,F)=HP(V,F).
Proof. This is [Liu02, 5.2.19]. O

That is, up to isomorphism, the cohomology groups of quasi-coherent modules are inde-
pendent of the chosen affine cover on a separated scheme.

We shortly list some of the properties of the Cech cohomology groups we need.
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Lemma 5.2.3. Let X be a separated scheme and F a quasi-coherent sheaf on X. If there
is an affine cover of X made up of n open sets, then HP (X, F) =0 for all p > n.

Proof. This is [Liu02, 5.2.19], together with [Liu02, 5.2.5]. O

Corollary 5.2.4. Let X be a projective scheme of dimension n over the field k. Let F be
a quasi-coherent sheaf on X. Then HP (X, F) =0 for all p > n.

Proof. By Theorem D.1.6, there is a finite morphism 7 : X — P}’ which is, by [Stal8, Tag
01WN], affine. Hence it induces an affine cover made up of n+1 open subsets by considering

the affine open preimages of the standard affine patches of IP. Then the assertion follows
from Lemma 5.2.3. 0

Lemma 5.2.5 ([Liu02] 5.2.15). Let X be a topological space and let
0F3¢%n 0 (2:3)

be an exact sequence of sheaves on X. Then there exists a canonical homomorphism
§: H°(X,H) — H* (X, F) such that the sequence

0— F(X) = G(X) = H(X) -5 HY (X, F) » H' (X,G) - H (X, H)

is exact. We call 6 the 1-connecting morphism or simply the connecting morphism
of the sequence (2:3).

Proof. We only want to highlight how the proof constructs the map § and refer the reader
for the rest of the proof to [Liu02, 5.2.15]. By the definition of surjectivity of a morphism
of sheaves, the morphisms Bp : Gp — Hp for all P € X are surjective. Hence, for every
global section h € H(X) there is an open cover U = {U; | i € I} of X (which depends on
h) and sections g; € G(U;) such that 3(U;)(gi) = hyy,. Fori,j € I let U; j = U; N U;. Now
for all 4,5 € I we have

BUii)giw, ; = 9i, ;) =0

and thus by the exactness of the sequence, there are f; ; € F(U; ;) such that

Since U forms an open cover of X, the same is true for V := {U,; | i,j € I}. Therefore,
the family {(U;j, fi;) | i,j € I} forms an element of C*(V, F). Now the proof of [Liu02,
5.2.15] provides that this also induces an element of H' (V, F) and thus one in H' (X, F).
Moreover, it shows that the latter is independent of the choice of &/. Hence we obtain a
well-defined morphism § : H* (X, H) — H' (X, F). O

Remark 5.2.6. To summarise the construction on the connecting morphism 4, we may
phrase it as a recipe: Once we are able to come up with local preimages of a global section
of the right hand side sheaf, we take their pair-wise differences (or quotient whenever we
work multiplicatively) and these define a well-defined element in the first Cech cohomology
group of the left hand side sheaf. A

Proposition 5.2.7. Let X be a locally noetherian scheme. Then the group homomorphism
induced by the following map on representatives
§:H° (X,K%x/0%) — H'(X,0%)

fi ) - figj
(UZ’ gi)ief ~ (UZ N fjgi')ujel

is an isomorphism CaCl(X) — H'(X,0%).
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Proof. First of all, recall that CaCl(X) is defined as H° (X, K% /O%) modulo the image of
the morphism H° (X,K%) — H° (X,K%/O%). We have the canonical exact sequence

0— 0y — Ky — K5 /Ox — 0.

By Lemma B.2.4, we have H' (X, IC;}) = 0 and thus the long exact sequence of cohomology
groups from Lemma 5.2.5 derived from the sequence above is

0 — H(X,0%) — H (X,K%) — H® (X,K}/0%) -5 H' (X,0%) — 0.

The morphism 9 is the connecting morphism and maps (which can be seen by examining
the proof of Lemma 5.2.5 and following the recipe of how to compute the connecting
morphism in Remark 5.2.6) representatives as follows:

§: H (X, Kx/0%) — H'(X, 0%)
i . - figj
U ) — (UZ "Uj Ta, )i,je[

v g; icl fjgi

Note that by Lemma 5.2.5, the morphism ¢ is well-defined and surjective.

Let D = (U,, fi/gi)ier be a configuration of a divisor lying in the kernel of 6. That is,

% = 1 and therefore ? = g over all U;NUj; and all ¢, 5 € J. Hence, D lies in the image of
39i i j

H (X,K%) — H° (X,K%/O%) and is therefore a principal divisor. Conversely, let D =

(X, f) with f € Kx(X)* be a principal divisor, then 0(D) = (U; N Uj, 1), ., is the trivial

1/7]
element in H' (X, 0% ). Therefore, we obtain ker § = im(H° (X,K%) — H° (X,K%/0%))
and together with the surjectivity of § this provides the desired isomorphism. O

Proposition 5.2.8 ([DG67]). Let X be a scheme satisfying one of the following hypothe-
ses:

1. X is locally noetherian and Ass(Ox) is contained in an affine open subset, or

2. X is reduced and the number of irreducible components of X is locally finite.

Then the canonical homomorphism Div(X) — Pic(X) induced by ¢ from Proposition 3.1.27
(i) is surjective and induces an isomorphism

CaCl(X) & Pic(X).

Remark 5.2.9. The injectivity of CaCl(X) — Pic(X) can be deduced using the isomor-
phism Div(X) — InvId(X), see Proposition 3.1.27 (i). The surjectivity of CaCl(X) —
Pic(X) then follows from the fact that every invertible sheaf is isomorphic to some Ox-
ideal, see Lemma 4.1.2. A
Remark 5.2.10. Note that by Remark 3.1.22, we have a surjective map InvId(X) — Pic(X).
By Corollary 3.1.29, we have an isomorphism CaCl(X) = InvId(X) and we deduce with
Proposition 5.2.8 that the map above extends to an isomorphism ClInvId(X) = Pic(X).

A
Remark 5.2.11. In Definition 5.6.1 we will define the degree zero divisor class group
CaCl1°(X) which is a subgroup of CaCl(X). Since ¢ is compatible with the respective
notions of degree, the isomorphism CaCl(X) = Pic(X) will provide an isomorphism
CaCl’(X) = Pic’(X). A

Corollary 5.2.12. Let X satisfy one of the conditions in Proposition 5.2.8, then
H' (X,0%) 2 CaCl(X) & Cllnvld(X) & Pic(X).

In particular, the above holds whenever X is a cover of P}C.
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Proof. The first assertion follows by combining Propositions 5.2.7 and 5.2.8. If X is
noetherian and projective over some field k, then Theorem D.1.6 provides a finite morphism
m: X — Pk. Since X is Cohen-Macaulay, [Stal8, Tag 0BXG] provides that X has no
embedded points. Hence Ass(Ox) equals X, the set of generic points of the irreducible
components of X. By [Liu02, 7.3.10], 7 sends generic points to generic points and hence
Ass(Ox) is contained in the preimage of the affine open subset Uy N U; of IP’,IC where Uy
and U; form a standard affine open cover of JP’}C. By [GW10, 13.77], finite morphisms
are affine and thus the requirements of Proposition 5.2.8 are met. The isomorphism
ClInvId(X) = Pic(X) follows from Remark 5.2.10. O

5.3 Divisors and Open Subschemes

In this section we draw a connection between divisors on a scheme X and the divisors on
a schematically dense open subscheme. The scheme X will at least be locally noetherian
and typically U C X will denote the schematically dense open subscheme of X, see
Definition 3.2.10 and Lemma B.2.5 for a characterisation of schematically dense open
subschemes. Note that we will use the term schematically dense open subset meaning
schematically dense open subscheme.

Proposition 5.3.1. Let X be a locally noetherian scheme and U C X be a schematically
dense open subset. The following diagram is commutative with exact rows and columns:

1 1

T T

1 —— 0,08 —— K5 — i (K /0F) —— 1
4\

) o] :

1 —— 0% « K% K%/0y —— 1
[ I !
1 1 .05 ] O%
T
1

The morphism & is the composition of the projection i,./C); — i.K[; /i, O with the natural
isomorphism i, KCJ; /1,00 — i.(K[5/O). The dashed morphism is the morphism induced
by the composition of the isomorphism o with £&. Moreover, it is equal to the morphism
given in Eq. (2:1) in Proposition 3.2.5.

Proof. Since U C X contains all associated points of X, by Lemma 3.2.11, the injective
morphism O% < ,0; extends to the isomorphism o : K% — i,K};. This provides the
left square and its commutativity. The sequence

1 — 0,0 — .k — .K[; /1.0 — 1

is trivially exact. Composing the projection i, K} — .K[;/i,O;; with the natural mor-
phism i, K[; /i, O — ix(K[;/Of;), which is an isomorphism by Corollary B.1.45, provides
the surjective morphism &. It is obvious that the image of i,Op — .k} is equal to the
kernel of £ and hence we obtain the exactness of the first row. The exactness of the second
row is evident.

The kernel of £ o « is the isomorphic preimage of i,O}; under a which, by the com-
mutativity of the left square, contains O%. Hence we deduce the existence of the dashed
morphism, which is also surjective since the same is true for £ o a. After identifying i, O
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with its preimage under « it follows immediately that the kernel of the dashed morphism is
ixOf/O%. By construction, the dashed morphism K% /O% — i, (K[ /O})) is, as asserted,
the same as the morphism given in Eq. (2:1) in Proposition 3.2.3. O

Lemma 5.3.2. Let X be a locally noetherian scheme and let U C X be a schematically
dense open subset. Then the elements of H(X, 10 /O%) are given by collections of the
form

{({U,1-0x(U)*),(Vi,si- Ox(Vi)*) | si € Ox(UNV;)*,s1/s5 € Ox(VinV;)*}
where U and the V; together form an open cover of X.

Proof. By Lemma B.1.22 (ii), the global sections of i,O0[;/O% are given by collections of
the form

{(Wi,ti . Ox(‘/Vz)X) | t; € Ox(Uﬁ Wi)x,ti/tj € Ox(Wl N WJ)}

where the W; form an open cover of X. Now for all W; C U we have t; € Ox(W;)* and
hence for any such W; we deduce (W, t; - Ox(W;)*) = (Wi, 1 - Ox(W;)*). That means
that the restriction of the global section to U is given by the neutral element section and
thus we may replace all those (W;,t; - Ox (W;)*) with W; C U by (U,1-Ox(U)*). Now
we denote all those W; with W; € U by V;. Together with U these V; form an open cover
of X. This already provides the assertion. O

Proposition 5.3.3. Let X be a noetherian scheme of dimension one and let U C X be

a schematically dense open subset. Then (i,Oy)*/O% is a skyscraper sheaf and thus we
have H' (X, (i,0p)* /O%) = 0.

Proof. Since Ass(Ox) C U, we have that U meets every irreducible component X; of X.
Hence X;\ (UNX;) is a proper closed subset of the one-dimensional irreducible scheme X;
and thus it is finite, see Proposition B.5.2. Since noetherian schemes have finitely many
irreducible components, say X1, ..., X, see [Stal8, Tag 0BAS], X\U = J",(X;\UNX;)
is finite, too.

Note that by Lemma B.1.37, we know that (R*)p = R} for every sheaf of rings R on
X for which R* is indeed a sheaf. Let us examine how the stalks of the quotient ¢, O /O%
look like:

(10F) (00 _ (00
0% )p O3 Oy

which is zero whenever (i,Oy)p = Ox p and thus whenever P € U. Hence its support
is contained in X \ U which is finite by the above. Whence the quotient is a skyscraper
sheaf and thus satisfies H' (X, (i,0y)*/O%) = 0 by Lemma B.2.8. O

Lemma 5.3.4. Let X be a locally noetherian scheme of dimension one and let U C X
be a schematically dense open subset. Let i : U — X denote the corresponding open
immersion. Moreover, assume that X = U UV for some open V C X. Then we have an
exact sequence

0 — HY(O%) — HY(1,0%) — H (1,05/0%) % CaCl(X) 5 CaCl(U) — 0.
The morphism § sends a global section s of Ho(i*Oé/O)X() given by

{(U,1-0x(U)*),(Vi,hi - Ox(Vi)*) | hi € Ox(UNV;)*, hi/hj € Ox(V;NV;)*,i eI}
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to the divisor on X given by the configuration {(U,1),(Vi,hi)icr}. Moreover, the map
CaCl(X) — CaCl(U) is induced by the pullback of divisors along i.

Proof. Since X is locally noetherian and Ass(Ox) C U, by Lemma B.2.6, the morphism
Ox — i.Oy is injective. Thus we may consider the exact sequence

1 » O% > (1:.0p) —— (1.0p)* /0y —— 1

which, by Lemma 5.2.5, provides a long exact sequence by applying Cech cohomology:

0 — s HO(X,0%) —— H°(X,i,0F) —— H®(X,i,0%/0%) 3
[

(3:4)
[» H' (X,0%) — H'(X,i,0}) —— H'(X,i,.05/0%)

=0

Here we denoted the group laws additively and H* (X , (1.0p)*/ O)X<) = 0 is due to Propo-
sition 5.3.3. By Lemma 5.3.2, any element h in H° (X,i,05/0%) is given by

{(U1-0x(U)"), (Vi, hi - Ox (Vi)*) | hi € Ox (U N Vi)™, hifhj € Ox(VinVj)*,i € I}

where the V; together with U form an open cover of X. Now, following Remark 5.2.6 and
Lemma 5.2.5, the elements h;/h; € Ox(U; ;)* provide an element x of H'(X,O%) given
by {(Ui;,hi/h;) | i,5 € I}.

We easily observe that the image of the global section A under the monomorphism
8 1,005 /0% — K% /0%, see Lemma B.2.6, maps under the homomorphism

H° (X,K%/0%) — H' (X,0%)

given in Proposition 5.2.7 to the element k constructed above. Therefore, the following
diagram is commutative:

HO (X,i,00/0%) —— H'(X,0%) —— H'(X,i.0})
81(X) T T (3:5)
HO (X,K%/0%) —5— HO(X,iK)/i,OF)

The morphisms in the top row are those provided by the sequence (3:4) and that of the
bottom row is the one provided by Proposition 5.3.1. Note that the latter is the pullback
of divisors on X to divisors on U along %, see Propositions 3.2.3 and 5.3.1 again. Hence, by
Proposition 5.2.7, it allows us to replace H'! (X, (’))X() and H' (X,z'*(’)é) in the sequence
(3:4) by CaCl(X) respectively CaCl(U), such that we obtain the exact sequence

0 —— HY(X,0%) — H°(X,i,05) —— H°(X,i,.055/0%) U

s (3:6)

L CaCl(X) —— CaCl(V) » 0

where the morphism ¢ is now, on representatives, given by the map ¢’ from (3:5). That
6 maps representatives as asserted can now easily be checked by examining how the map
100 /0% — K% /O% works, see Lemma B.2.6. The last assertion is due to the fact that
the morphism in the lower row of (3:5) was the pullback of divisors on X to divisors on U
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along 1. O

Corollary 5.3.5. The kernel of the restriction morphism i* : CaCl(X)— CaCl(U) consists
of divisor classes given by representatives

{{U,1-0x(U)"), (Vi, hi - Ox(Vi)*) | hi € Ox(U N Vi)™, hi/hj € Ox(V;NV;)*,i,5 € T}
where U and the Vi, i € I, form an open cover of X.

Corollary 5.3.6. Let X be a cover of P,lﬁ. Then we have an exact sequence
0 — HO(0%) = H(1.0) — H(i.03 J0%) % CaCl(X) "% CaCl(Vp) — 0.
where § sends a global section h of Ho(z’*(’)éo/(’);() given by
{(Vo,1- Ry), (Vi,hi - Ox(Vi)*) | hi € Ox(Vo NV;)™, hi/hj € Ox(ViN'V;)*,i,5 € I},

where | J;c; Vi contains the closed points of S, to the divisor on X given by the configuration
{(Vo,1), (Vi, hi)ier}. Moreover, the map CaCl(X) — CaCl(Vy) is induced by the pullback
of divisors along ig : Vo — X.

Example 5.3.7. If X is a cover of IP’,lg, then the generalised pole divisor of x, which will
be defined in Definition 5.6.3, will lie in the kernel of i* : CaCl(X)— CaCl(Vp). A

Remark 5.3.8. Note that the assumption regarding the dimension of X is only necessary for
H' (X,i,0}) = 0 and thus for the surjectivity of the map i* : CaCl(X) — CaCl(U). A

Lemma 5.3.9. Let X be a noetherian scheme of dimension one over k and let U C X be
a schematically dense open subset. The following diagram is commutative with exact rows
and columns:

0 H(i,.0p)
0 —— H(1.05/0%) ‘% HO1,05/0%) — 0
Jso s
0 — HY%O%) — H(KY) — Div(X) ——— CaCl(X) —— 0
0 — H%i,0}) — H°(i.K}) — Div(U) ——— CaCl(U) —— 0
0

0

@

The morphism i* : Div(X) — Div(U) is the pullback of divisors as in Proposition 3.2.3,
see also Lemma 3.2.11. Note that we denoted the group laws additively.

Proof. For any scheme X we have the canonical exact sequence

1 — 0% K% » K3 /Oy —— 1

123



5.3. Divisors and Open Subschemes Chapter 5

which extends to the long exact sequence provided by applying Cech cohomology

0—— H(X,0%) — H"(X,K¥) — H°(X,K}%/0%) U

L H' (X,0%) — H'(X,K%)
=0

where H' (X,K%) = 0 by Lemma B.2.4. By definition, we have H° (X,K%/0%) =
Div(X) and by Proposition 5.2.7, H' (X, 0%) = CaCl(X) which finally provides the two
exact row sequences.

Let us examine the left column: By Proposition 5.3.1, we have an exact sequence

1 —i,.005/0% — KX /0% — ix(K[5/OF) — 1. (3:7)
The corresponding long exact sequence, for which we denote the group laws additive, is

0 —— HY(X,i.05/0%) —— HY (X,K%/0%) —— H® (X,i.(K/Op))
8'(X) j

[a H' (X,i,.05/0%)

=0

where H! (X,i.0[;/O%) = 0 by Proposition 5.3.3. Note that the connecting morphism is
indeed the morphism ¢'(X) (notation as in the proof of Lemma 5.3.4) since ¢’ is the one
induced by the sequence (3:7). By definition, we have

HY (X,i.(K}/Op)) = H* (UK} /OF) = Div(U)

and HY (X,K%/0%)) = Div(X) which provides the exactness of the left column. More-
over, by Proposition 5.3.1, the morphism K% /O% — i.(K[/Of) is the same as the mor-
phism given in (2:1) in Proposition 3.2.3 and thus on the level of global sections it is equal
to the pullback ¢* of divisors along ¢ as in Proposition 3.2.3.

The existence of the exact sequence on the right hand side is due to Lemma 5.3.4.
Moreover, by Lemma 5.3.4, the morphism CaCl(X) — CaCl(U) is the pullback i* of
divisors along ¢ and thus we obtain the commutativity of the lower square connecting all
three exact sequences.

Finally, by the proof of Lemma 5.3.4, the morphism § is the morphism induced by
0’'(X) on representatives. O

To get a better grip on what the difference is between the divisors on X and those on an
schematically dense open subset U C X as in Lemma 5.3.9, we investigate the kernel of
the map Div(X) — Div(U).

Corollary 5.3.10. Let X be a noetherian scheme of dimension one over k and let U C X
be a schematically dense open subset. The kernel of the map i* : Div(X) — Div(U) is
given by the divisors D on X with configurations of the form

{(U,1),(Vi, hi) | hi € Ox(UNV;)*, hi/hj € Ox(ViNV;)*,i,j €I}

where the V; together with U form an open cover of X. Those divisors D on X are
evactly those whose ideal sheaf Ox (D) vanishes on U, i.e. Ox(D)y = Oy or equivalently
Supp(D) € X\ U.
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Proof. First of all, note that Ox (U NU;) C Kx(UNU;) = Kx(U;) for any open U; C X,
see Lemma B.2.6, and thus the asserted configuration makes sense. Now the assertion is
a direct consequence of the fact that the kernel is, by Lemma 5.3.9, the image of

HO (X.1.0/0%) — HY (X.K5/0%)

how the morphism i, O}; /0% — K% /O% maps (using the mentioned embedding Ox (U N
U;) — Kx(U;)) and how the elements of H? (X,i,0}5/O%) look like, see Lemma 5.3.2.
The last part of the assertion follows immediately. O

We consider the following simple example to see how these divisors look like for the
projective line and a standard affine open.

Example 5.3.11. Let X = P} = Proj(k[zo,z1]) with Uy = Dy(z1) = X \ {(1 : 0)}.
Set Pso = (1 : 0) and denote x = xo/z1, then we have Ox(Uy) = k[z]. Moreover, X is
covered by Uy and Uy, := X \ (0 : 1) where Ox (Us) = k[z7!]. Obviously, X satisfies the
requirements for Corollary 5.3.10 and thus the divisors on X that restrict to zero on Uy
are given by configurations of the form

{(Uo,1),(Us, fi) | fi € Ox(UoNU;) ™, fi/fj € Ox (Ui NU;)* i€ I}

where | J;c; Us contains X \ Uy = {Px}. Now we can drop every of the U; except one since
any of them contains P, and we only need one to still induce the same divisor on X. Let
W denote the open U; which is left. Without loss of generality we may not only assume
that W C Uy holds but also (since Uy is affine and any open subset of an affine open is
covered by a finite number of basic open subsets) we may also assume that W is a basic
open subset of Us,. We also denote f; by f. Thus W = Dy_(g) with ¢ € k[z~!] and
x71 { g. Removing the zeros of the denominator of f € Kx (W) = Quot(k[xil]g) = k(x)
by replacing g with the product of ¢ and the denominator of f, we may also assume
f e Oox(W) = l{:[x_l]g. Since Uy N Usy = Dy (z71), the restriction map Ox (W) —
Ox(Up N W) is the ring monomorphism k[m_l]g — k:[m,x_l]g. Thus f; € Ox(Uy N W)*
means that f; € k:[q:_l]; U{z" |relZ} If f; € k[x_l];, then the induced divisor is the
zero divisor. Otherwise, f is of the form bz" with b € Ox(W)* and hence we may assume
that f is a power of x. Therefore, we obtain that the kernel of i* : Div(Pt) — Div(Up)
consists of divisors on PP}, provided by configurations of the form

{(Up, 1), W,2") | Pxo € W C Uqo}. A
We can generalise the previous example, at least to some extent, to covers of ]P’,lc.

Proposition 5.3.12. Let X be a cover of IP’}C. Let Py,..., Ps be the finitely many closed
points in the fibre of Ps, under m : X — PL. Then the kernel of i* : Div(X) — Div(Vp)
consists of divisors provided by configurations of the form

{(Vo, 1), (U1, 1), -, (Us, f5) | Ui € Voo, Ui N (Pog) = P;
fi€e Ox(VonUs)*,Vj#i: fi € Ox(UiNU;j)™}.
Proof. Clearly, X satisfies the requirements of Corollary 5.3.10 and thus for U = Vj =

771 (Uy) we obtain that the kernel of i* : Div(X) — Div(Vp) is given by divisors with
configurations of the form

{(Vo, 1), (Ui, fi) | fi € Ox(Uo N Us)™, fi/ fj € Ox(Us NU;)* i, j € I}

where J;c; U; contains X \ Vo = 7 '(Ps). As in the proof of Example 5.3.11, we may
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drop all U; except for one for each P € 771 (Py.). Since 771 (Py) = {Py, ..., Ps} is finite,
let U;, 2 =1,...,s, denote the open neighborhood of P;. Without loss of generality we may
remove any Pj, j # i, from U; and may thus assume that U;Nn~Y(Py) = P;. Furthermore,
we may also remove the points in Vj \ Voo from every U; and can thus assume U; C V.
Therefore, the kernel is given by divisors with configurations of the form

{(‘/071)7(U17f1)7"'>(U87f8) ‘ Ul c VOO7U1 m7T_1(JDOO) = Pl
fi € Ox(Vo N Ui)X,Vj 75 i:f; € Ox(Ui ﬂUj)x}

with f; € Kx(U;)*. Since U; are open subsets of an affine scheme V., they are covered
by a finite union of basic open subsets in V. Now, for each ¢ = 1,...,s, pick any of
these covering basic open subsets that contain P; and then we obtain the same divisor.
Thus, we may assume U; to be basic open subsets of V,,. By further shrinking U; to a
smaller basic open subset (by removing the zeros of the denominator of the f;), we may
also assume f; € Ox(U;). Now since both U; and V{ o are basic open subsets of Vo, the
intersection UyNU; C U; is basic open in U;. Moreover, since Vg oo = Dy, ($_1) in Vo, we
have Uy N U1 = Dy, (1'71). Hence the restriction map from U; to Uy N U; is the injective
localisation homomorphism Ox (U;) — Ox(U;),-1. Since the units in Ox(U;),-1 are of
the form bz~" with b € Ox(U;)* and r; € Z, we obtain

fi=bx™™ with be Ox(Ui)X.

Since we can always alter f; multiplicatively with units in Ox (U;), we may finally assume
fi = x" for some r; € Z which provides the assertion. O

The following lemma tells us that we can extend divisors from the complement of a finite
set to all of the scheme by providing local equations on the finite set of points. It also
implies the surjectivity of the morphisms Div(P}) — Div(U) and Div(X) — Div(Vp) from
Example 5.3.11 and Proposition 5.3.12.

Lemma 5.3.13. Let X be a noetherian scheme of dimension one. Let Py,...,P; € Xy
whose open complement is denoted by U. Then for any Cartier divisor D on U and for
arbitrary f; € Kx(V;)*, i = 1,...,s where V; C X are open neighborhoods of P;, there
exists a divisor E on X with E|U =D and Ep, = f; Ox p,.

Proof. Let D be given by the data (Uj, g;) where U = |, U; and g; € Kx(U;)*. Since U
is open in X, the same is true for the U;. Since X is noetherian and of dimension one, by
Lemma 3.1.8, the support of D is a finite set of closed points of X. By definition, we thus
have

Supp(D) = U; {P € U; | (¢)POx.p # Ox.p} = Ui{P € Uj | g; ¢ O p}.

By assumption, f; € Kx(V;)* and thus the respective images in H°(X Ky, /Oy are
principal divisors on V; which, by the same line of argument as above, have finite support.
That is, for all ¢ the sets {P € Vi | fi ¢ O% p} are finite sets of closed points, too.
Therefore, the set 7

W = {P € Uz,]v:t ﬂUJ |\V/Z, J fiv gj € O;((,P}

is open in X as the complement of the finite union of all these finite closed sets. Obviously,
the complement of W; := W U {P;} is finite and thus W; is open. Now we have found an
open cover of X = ;U U \U; Wi and we define the divisor ' on X by using this cover and
as the local functions we use g; on U; and f; on W;. This indeed defines a divisor since
on the overlaps U; N W; € W the condition f;/g; € Ox(U; N W;)* is obviously satisfied
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because the functions itself are already units at the considered points. The divisor E
obviously satisfies the asserted properties. O

5.4 Divisors and Irreducible Components

In this section we draw a connection between the divisors on a reducible scheme X and
the divisors on its irreducible components. This connection will be heavily used in our
approach of computing in the Picard group. If not mentioned otherwise, in the following
X denotes a scheme with finitely many irreducible components X1, ..., X,, and Y denotes
their disjoint union as introduced in Section B.3. Note that we will also use the notation
introduced there.

Lemma 5.4.1. Let X be a locally noetherian and reduced scheme. Then the rows and
columns of the following diagram are exact and the squares commute.

1 1
TH# m m
1 O)X( ) @z‘:1(7'i)*OX¢X E— (@i:l(Ti)*OXiX)/O;(( — 1
X T# m X
1 Kx @i:l(Ti)*KXi 1
a p
@
x/Ox - » i1 (1)«(K%,/O0x, ) 1
1 1

(4:8)
Moreover, ¢ is the pullback of divisors from X to Y, i.e. the component-wise restriction
of a divisor on X to the irreducible components of X.

Proof. Note that by abuse of notation we denote the extension of ™ . Ox = 1.0y to
the morphism Kx — 7.Ky, see Corollary 3.2.15, again by 7#. This already provides the
commutativity of the top square. That the left column is exact follows immediately from
the fact that Ox is a subsheaf of Kx and thus O% one of K%. By Corollary B.1.45, we
have
(1:)«(K%,/0%,) = (13):K%, / (7:):O%,

and thus the exactness of the right column follows due to the isomorphism 7, Ky /7.Oy =
D", (11)«Kx.i/(7:)+Ox,. The top row is exact since, by Proposition B.3.3, 7# : Ox —
7.0y is injective since X is reduced. That 77 : Y — D21 (1):Lx, = 7Ky is an
isomorphism, and thus the middle row is exact, is given by Corollary B.3.8.

Due to the commutativity of the top square, we see that O% is contained in the kernel
of the map po7# : Kx — D2, (1:)«(K%,/Ox,™) and thus we obtain a well-defined

morphism
m

¢ K5X/0% - @ (m)«(K%,/0x,7)

=1

which is indeed surjective since 7# is an isomorphism between Ky and 7,Ky and p is
obviously surjective. By construction, the morphism ¢ is the induced morphism

K3 /0% — k3 1.0 = 7. (K3 /0F)
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given in (2:1) in Proposition 3.2.3. Thus ¢ is the pullback of divisors from X to Y and
by Corollary 3.2.23, it is equal to the component-wise restriction of divisors on X to an
irreducible component. The lower square commutes by construction. ]

Proposition 5.4.2. There is an exact sequence

1— <@(n)*oxﬁ> JO% - K505 -2 Prx /ox —1 (4:9)

=1 i=1

with ¢, and T as in diagram (4:8) in Lemma 5.4.1 and o = o o (77)7. In particular, ¢
is the component-wise restriction of divisors on X to the respective irreducible component.

Proof. Consider the commutative diagram (4:8). By construction of the morphism ¢ :
Kx/0% = @i (1:)«(K%,/Ox,™), its kernel is (kerp o #)/0%. Since 7% : K — 7Ky
was an isomorphism, we have

kerpor# = (7#)71 (@(Ti)*oxﬁ> :

=1

Therefore, the kernel of ¢ is the image of (D~ (7i)«Ox, under the composition « of (77#)~1
with o. The rest of the assertion follows from Lemma 5.4.1. O

Corollary 5.4.3. Let X be a reduced, noetherian scheme of dimension one. Then the

support of
(@(Ti)*oxix> /0%

i=1
is contained in the set of intersection points of the irreducible components of X. In par-
ticular, it is a skyscraper and thus H* (X, (@], (7:)+Ox,*) /O%) = 0.

Proof. By Lemma B.1.37, we have

(@(Ti)*oXi X) = @(OX,P/nZ‘,P)X

i=1 =1

where J; denotes the ideal sheaf cutting out the component X; and J; p its stalk at P. By
Lemma B.1.37, we have (O%)p = O% p. For P lying on exactly one irreducible component

of X, the quotient @PGXZ_(OX,P/\Z"]D)/OXJD and thus @Zl(OX’p/Z7P)X/O§7P vanishes.
Therefore, as asserted, the support of the sheaf in question is contained in the set of
intersection points of the irreducible components of X. Now by Lemma B.5.3, this set is
finite and hence, by Lemma B.2.8, the assertion follows. O

Corollary 5.4.4. Let X be a reduced, noetherian scheme of dimension one. Let X1,..., X,
be its irreducible components. Then there is an exact sequence

0 — HO <X, (é(n)*oxﬁ) /0;) — Div(X) % é Div(X;) — 0 (4:10)
=1 i=1

where we denoted the group laws additively. Here ¢ denotes the component-wise restriction
of divisors on X to the respective X;’s, that is ¢(D) = (D|x,, ..., D|x,,)-

Proof. We consider the long exact sequence provided by taking cohomology of sequence
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(4:9) in Proposition 5.4.2:

1 B (X, B0 o 0 (X, K5 /0%) = HO (X @, K, /0x7) = 1
X 3

Here the sequence ends in the trivial multiplicative group since

H' (X, (@B (7).0x.79/0% ) =1

by Corollary 5.4.3. Note that taking cohomology commutes with direct sums, see [Har77,
2.9.1]. Now denoting the group laws additively and plugging in the definition Div(X) =
HO (X Kx/0 )X() for any scheme X, we see that Proposition 5.4.2 provides the assumption.

O

Corollary 5.4.5. The kernel of ¢ : Div(X) — @;", Div(X;) is given by divisors given by
configurations of the form

{Uj,85)jer | Ujes Uj = X, 85 = (850) i1x:n0; 01 4.0 € Ox, (Xi N U;) ™,
sj/sh (S Ox(Uj N Uh)x,h,j € J}

That is, the kernel consists of those divisors with local functions s on open subsets U that
restrict to invertible reqular functions s\x,~y on all irreducible components X; meeting U.

Proof. The kernel of ¢ is given by the image of H? (X, (" (7:)+Ox,*)/O%) under the
embedding into H? (X, K% /0%). By Lemma B.1.22 (ii), the global sections of the sheaf
(B, (1:)«0x,*)/O% are given by collections (Uj, sj - Ox(U;)*);es for some index set J
and open U; C X such that

U Uj = X, s = (Sj’i){i‘XimUj;éQ)}, Sji € OXi(XiﬁUj)X and sj/sh S Ox(UjﬂUh)X.
JjeJ
Here we identify s; with its image (s,;){i|x,nv;-0) under the injection
ox(U;)) = @ ox(XinUy).
(i X:NU; £0}

By Proposition 5.4.2, «(X) maps the above section using the above identification, which
is given by 7% : K% — @2, (1:).Kx, from the diagram (4:8) in Lemma 5.4.1, and the
injection @, (1:).0%, = D~ (7)K%, as asserted to the configuration

{Uj,s5)jer | Ujes Uj = X, 55 = (85.0) fijx,nu, 203 Sii € Ox,(Xi NU;)™,
Sj/ShEOX(UjﬂUh)X,h,jEJ}. O
Lemma 5.4.6. The restriction of ¢ : Div(X) — ;- Div(X;) to the subgroup of prin-
cipal divisors yields a group epimorphism ¢pyinc(x) : Princ(X) — @, Princ(X;). More-

over, if f € Kx(X)* corresponds to (fi,...,fm) under the identification Kx(X)* =
D, Kx,(X;)*, then

¢(diVX(f)) = (diVX1 (fl)v s 7diVXm (fm))

Proof. That the restriction induces the asserted group homomorphism follows from Corol-
lary 3.2.4. The surjectivity ¢@|princ(x) follows easily: Consider the principal divisor in
B, Div(X;) given by (f1,...,fm) € P Kx,(X:)*. Let f denote the preimage of
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(f1,..., fm) under the isomorphism 7# : Kx(X)* = @, Kx,(X;)*. Then the commu-
tativity of diagram (4:8) in Lemma 5.4.1 provides that divx(f) gets sent to the principal
divisor given by (f1,..., fm) under ¢. O

In general, the map @princ(x) : Princ(X) — @i, Princ(X;) is not injective as the follow-
ing example shows.

Example 5.4.7. Let k be a field with char k # 2. Let X = Spec(R) with R = k[x,y]/I
where is I the ideal generated by zy. The affine scheme X has two irreducible components
(the two coordinate axes in Az) corresponding to the two minimal prime ideals generated
by y + I respectively x + I. Since R is reduced, this provides the injection

R — Ry x Ry :=k[z,y]/(y) X k[z,y]/(x), f+T~ (f+(y),f+(z))

which extends to an isomorphism Frac(R) — k(y)xk(x). These two morphisms correspond
to the morphisms of sheaves Ox — (11):O0x, ® (12).O0x, and Kx = Kx, ® Kx, along
which the local equations of divisors get mapped with ¢. Consider the regular element
f=(x+2y) (x+y)~! € Frac(R)* which defines a principal divisor on X. The image of f
under the isomorphism above is the tuple (f1, f2) := (14 (v),2+ (z)). Obviously, we have
fi € R and thus the image of divx (f) under ¢|pinc(x) is the tuple (divx, (1), divy,(2)) =
(0,0). This is also the image of the zero divisor 0 = divx (1) on X. Since z + y is no
unit in R, the same is true for f and, therefore, divx(f) # divx (1) which provides that
®|Princ(x) 18 nOt injective. A

Lemma 5.4.8. Let ¢ : Div(X) — @.", Div(X;) denote the component-wise restriction
of divisors from Corollary 5.4.4. Then for every D € Div(X) we have

m
degy, ¢(D) = Zdegk Dyx, = degy, D.
i=1
Proof. First of all, the first equality is obvious since Div(Y) = @@, Div(X;) for YV
being the disjoint union of the irreducible components X;. By Proposition 3.2.3, we
have Ox, (Dx,) = (1:)*Ox (D) = Ox(D)|x,. Thus, by Proposition 3.1.27, we see that
degy D|x, = —deg; Ox,(Dyx,) = —deg, Ox(D)x,- Now Proposition C.4.15 provides
deg), Ox (D) = Y%, deg), Ox(D)|x, and thus we finally obtain

degy D = —degy Ox(D) =) | —deg;, Ox(D)|x, = Y —deg;, Ox,(D\x,) = Y _deg;, D,
i=1 =1 =1

where we have used Ox (D)|x, = Ox,(D)x,), due to Proposition 3.2.3. O

Definition 5.4.9. Define £ to be the kernel of ¢, i.e. 8K are exactly those divisors on
X restricting to the zero divisor on every component X; of X. Let $ C Div(X) denote
the preimage of @;", Princ(X;) under ¢ in Corollary 5.4.4. That is, § consists of those
divisors on X whose restriction to every irreducible component is a principal divisor. By
Lemma 5.4.6, $ thus consists of those divisors sharing the same restrictions as a principal
divisor on X. Now Lemma 5.4.6 already provides Princ(X) C $. Since the zero divisor is
the principal divisor of 1 € Cx(X)*, we have 8 C §. A

Lemma 5.4.10. The morphism Div(X) — ;- Div(X;) extends to a surjective mor-
phism ¢ : CaCl(X) — @, CaCl(X;) providing the exact sequence

0 — $/ Princ(X) — CaCl(X) — @ CaCl(X;) — 0. (4:11)
=1
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Proof. We can extend the homomorphism ¢ by the surjection
m . m
. ;" Div(X;) Div(X,
D X - 1= = C Cl
ie:? iv(X;) @;’il Princ(X;) @ Princ(X @
and obtain an epimorphism Div(X) — @;%, CaCl(X;) whose kernel is obviously $.

Since Princ(X) C $ by Lemma 5.4.6, this yields an epimorphism ¢ : CaCl(X) —
;" | CaCl(X,;) with kernel $/ Princ(X). O

Remark 5.4.11. Summarising the above, we see that the restriction of divisors and thus
also of divisor classes is provided by the natural surjective map K5 /Ox — P, K, /Ox,”™

That is, we just restrict the quotients of regular functions deﬁmng the d1v1sor to the
respective components which would also be the first intuitive way to restrict divisors in a
geometric way. By the above we have seen that this is independent of the local representing
functions and is therefore well-defined. A

5.5 Divisors on X, V) and S

In this section we investigate how we might express divisors on X in terms of divisors on
Vo and on S. Let X be a reduced cover of IP’,IC as introduced in Section 2.2.

The following Lemma tells us that divisors on an affine scheme with finitely many
points are given by principal divisors.

Lemma 5.5.1. Let X be an affine scheme with finite underlying topological space. Then

Div(X) = @) KX p/O%p = Kx(X)*/Ox(X)* = Frac(Ox (X))* /Ox (X) .
PeX

Proof. Set X = Spec(R). Combining Propositions 3.1.27 and 5.1.3 provides an isomor-
phism of abelian groups Div(X) = InvIld(R). By assumption, R only has finitely many
maximal ideals and hence, by Lemma B.4.6, any non-zero invertible R-ideal is princi-
pal. Hence we have the desired isomorphism between Cartier divisors on X and principal
R-ideals. Obviously, we can alter any principal R-ideal by units in R. O

Corollary 5.5.2. Since both S and the S; are affine schemes with finite underlying topo-
logical space, see Proposition 2.2.11, we have Div(S) = Frac(Og)* /O and Div(S;) =
Frac(Os,)* /Oy, .

Proposition 5.5.3. Let X be a scheme which is a finite disjoint union of schemes
Xi,...,Xm. Then Div(X) = @;~, Div(X;) where a divisor D on X is equal to the
tuple (D|x,, ..., Dx,,). Obuviously, we then have deg; D = > degy D)x,.

Proof. This follows immediately from the fact that we can without loss of generality choose
the open covers defining divisors to be the disjoint unions of covers of the X;. O

Corollary 5.5.4. We have Div(S) = @;", Div(S;).

Proof. By Proposition 2.2.11, we have Og = @;*, Og, and thus S = Spec(Og) is the
disjoint union of the S; = Spec(QOg;). Now the assertion follows from Proposition 5.5.3. [

Lemma 5.5.5. Restricting divisors to the open subset Vi and restricting divisors to S,
see Definition 3.2.24, provides an isomorphism of abelian groups

Div(X) — Div(Vp) x Div(S)
D - (D|V0 s D|S)
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Proof. We have already seen that the restriction (or pullback along morphisms as in Propo-
sition 3.2.3) of divisors is a group homomorphism. Hence the product of these group
homomorphisms is a group homomorphism Div(X) — Div(Vp) x Div(S).

The surjectivity is provided by Lemma 5.3.13. To prove injectivity, let D € Div(X)
get sent to 0 in Div(Vp) x Div(S). Now D is the zero divisor if and only if there is an
open cover {U;} of X with Dy, = 0 for all 4. By assumption, Dy, =0 and D|g = 0. By
Proposition 3.2.21, the latter implies that there is some open subset W C V, with S C W
such that Dy = 0. Hence Vp and W form an open cover of X such that D restricts to
zero on both of them and thus by the above we deduce D = 0. O

Remark 5.5.6. By Proposition 2.2.11, we have Og = ;" Og, which implies Div(S) =
;" , Div(S;) and thus we also have an isomorphism of abelian groups

Div(X) — Div(Vp) x @;", Div(S;)
D (D|Vo s D|Slv"'7D\Sm>-

A

Therefore, by Lemma 5.5.5, we may uniquely represent every divisor on X as its restriction
to Vp and to S (or to Vj and to all of the S;). Moreover, we may also carry out the addition
of divisors by adding their respective restrictions.

Notation 5.5.7. The above identification of a divisor D with its restrictions to Vj and S
will be denoted by D = (D)y,, D|s) = Dy, + D)g or, equivalently, by

D= (D‘VO,D|51,... 7D\Sm) = D|V0 +D|Sl + ... +D|Sm'

This sum notation interprets D)y, as a divisor on X by extending it by zero on S and D|g
as a divisor on X by extending it by zero on Vp. That is, D)y, is the short notation for
(D\V()?O) and Dls for (0, D|S) A

Lemma 5.5.8. Let V C X be a schematically dense open subset. Restricting divisors on
X to divisors on V provides a surjective group homomorphism Princ(X) — Princ(V).

Proof. By Lemma 3.2.11, the restriction of divisors from X to V is defined. From Corol-
lary 3.2.4 we know that the restriction of principal divisors are principal. This gives
the desired group homomorphism Princ(X) — Princ(V). The surjectivity follows from
the fact that Kx — i,y is an isomorphism for the open immersion ¢ : V — X, see
Lemma B.2.6, and that the restriction of divisors maps the local defining functions along
this isomorphism. O

Lemma 5.5.9. The restriction of divisors Div(Vy) — Div(S) restricted to the group of
principal divisors on Vs is a group epimorphism Princ(Vs) — Div(S).

Proof. By Remark 3.2.20, the restriction of divisors from X to S is defined. By Lemma 5.5.1,
all divisors on S are principal divisors and, by Proposition 3.2.17, we know that Cx —
1/Cs is an isomorphism. Thus any divisor D on S is given by some f € (uKg)(X) =
Ks(S) which is isomorphic to Kx(X). Since the restriction of divisors maps the local
defining functions along this isomorphism, it is evident that the respective preimage of f
provides a preimage of the divisor D which is principal. ]

Corollary 5.5.10. The restriction of divisors provides a surjective group homomorphism
Princ(X) — Div(95).

Proof. This is just the combination of Lemmas 5.5.8 and 5.5.9. O
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Remark 5.5.11. Corollary 5.5.10 tells us that, for any given divisor D on X, we will find a
principal divisor on X which has the same restriction to S as D. Hence we can always find
representatives of classes in CaCl(X) that are only supported outside of S, i.e. that have
support in Vy. This may suggest that the restriction map Div(X) — Div(Vp) extends to
an isomorphism under linear equivalence, i.e. to an isomorphism CaCl(X) — CaCl(Vp).
But this is false in general: Although the map is well-defined, for any divisor D with
support in Vj whose restriction to Vj is a principal divisor on V{, we find by Lemma 5.5.8
a principal divisor divx(f) on X with divx(f)y, = Dy, But since the support of
divx (f) may meet S, the difference D — divx(f) € Div(X) in general need not be zero.
For instance, let X be integral and non-singular such that S = {P}. Choose D > 0 such
that Dy, = divyy(f) # 0. Then f~'Ro = Ox(D)(Vp) C Ro and thus vg(f~') > 0 for all
points @ € Vp. Since f~1 ¢ R, there is some Qg € Vp such that vg,(f~!) > 1 and since
deg;, divx (f) = 0, see Proposition 3.1.27 (iv), vp(f) < 0 and hence Supp(divx (f))NS # 0.
Therefore the desired map is not injective though it is surjective by Lemma 5.3.13. A

As we have seen above, Corollary 5.5.10 ensures that we might always find representatives
of elements in CaCl(X) which are only supported on Vj. Those would correspond to
divisors in Div(Vp) which are thus given by elements in InvId(Rp), see Proposition 5.1.3.
In the next section we want to find specific representatives of elements in CaCl(X) (we even
want to find a suitable isomorphism of the degree zero part on CaCl(X)) which ensure
that we only need to deal with elements in InvId(Rp). Hence it seems to be the case
that everything perfectly fits together. But we do not only want to work with elements
InvId(Rp) but even with integral ideal representatives. But those would correspond to
effective divisors on Vj, see Proposition 3.1.27, and therefore the above would imply that
we are working with representatives (on X) which are effective and have degree zero.
But the only divisor on X that has degree zero and is effective is the zero divisor, see
Lemma 4.7.7. Hence we will see that we need to allow the representative to be non-zero
on S but still of a specific form.

5.6 Isomorphic Models of the Picard Group

In this section we will define the degree zero divisor class group CaClO(X ) analogously
to the definition of Pic’(X). Moreover, we will define the degree zero divisor class group
CaCl%(X) with respect to 7 by only considering representatives in CaCl%(X) of a specific
form. This will provide an isomorphism between the former and the latter. Furthermore,
we will present two different types of representatives in CaCl?r(X ) that will each correspond
to an approach of computing in CaCl%(X) later on in Chapter 6.

5.6.1 Degree Zero Divisor Class Group with Respect to 7

As mentioned above, in this section we will define the degree zero divisor class group
CaCl°(X) and the degree zero divisor class group CaCl%(X) with respect to 7. To do so,
we will introduce the generalised pole divisor of z. In this section (X, 7) will denote a
reduced cover of IP’,Ic.

Note that if D, E € Div(X) are two divisors whose restrictions D \x,, E|x, to the irre-
ducible component X; have degree zero, then the sum D+ E also has degree zero restriction
to X;. This is due to the fact that the restriction map ¢ : Div(X) — ;- Div(X;) and
the degree map deg,, : Div(X) — Z both are group homomorphisms, see Corollary 5.4.4
respectively Remark 3.1.11.

Definition 5.6.1. Let X be a reduced cover of Pi. Let Dy(X) C Div(X) denote the
subset, of those divisors whose restriction on each irreducible component has degree zero.
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By what we have said above, Dy(X) forms a subgroup of Div(X). Note that the re-
striction of a principal divisor to an irreducible component is again a principal divisor,
see Corollary 3.2.4, and since principal divisors on projective curves have degree zero,
see Lemma 3.1.12, Princ(X) is a subgroup of Dy(X). Then we define the degree zero
divisor class group of X as the quotient group CaCl®(X) = Dy(X)/ Princ(X). A

As already advocated by Remark 5.2.11, we now can state the following lemma.

Lemma 5.6.2. The isomorphisms CaCl(X) — Invld(X) — Pic(X) from Proposition 5.2.8
provides the isomorphisms CaCl?(X) = ClnvId®(X) = Pic’(X).

Next we define the generalised pole divisor of x, a divisor on X that restricts to prescribed
multiples of the pole divisor of z on Xj;.

Definition 5.6.3. By Lemma D.2.15, there are regular h; € Ro with S; C D(h;) C
Voo \ (S'\ S;). Fix such hq,..., h, € Ry. By construction, for any i = 1,..., m we have
(X \ Si) N D(h;) € V0. Moreover, 2" € (Rx)p, restricts to a unit in Ox(Vj ). Hence
the configuration

{(X\ 53, 1), (D(hi), 27™)}

does define a divisor on X which we denote by (2");~. By mild abuse of notation,
7" denotes the image of 27" in (R)p, under the injective localisation homomorphism
Roo — (Roo)n;- By definition, we have

. Ox.p, P &S,
Ox((z)ino)p =4 7 #
wr’(’))gp, Pes;

and Ox ((27)i00)(V) = Ox (V) forall V C Vpas well as Ox ()i 00) (D(h;)) = 2" (Roo)h, -
The inclusion D(h;) N D(h;) C Voo corresponds to the ring homomorphisms (Ra),—1 —
(Roo)n;n; under which the unit 2", r € Z, gets sent to a unit. Hence for A := {1,...,m}

the divisor ) ;. 4 (2"%)00 is given by the configuration
{(V()? 1)7 (D(hz)7 xin)ieA}

which implies

. Ox.p, P¢Ss
@ ")i00 = 7
X(ZieA(x Jiea)P {:c”(’)X,P, Pes,;
aswell as Ox (D ;e (2" )i00) (V) = Ox (V) forall V- C Vg and Ox (D ;e (27 )i,00) (D(hs)) =
2" (Rso)p,. Note that by definition, we have (2"); s = 7(2);,00 for all r € Z. A

Remark 5.6.4. We could have defined the divisors (z"#); oo without the basic open subsets
D(h;) and use Vi \ (S'\ S;) instead. But the advantage of the way we have done it, is
that we can immediately see what the restriction to S; will be. This is due to the fact
that the morphism S — Vg resp. S; — Vo is induced by the localisation homomorphism
regarding 7' = k[z~!]\ 2 'k[x~!] and hence we can clearly determine how it works on the
level on basic opens. A

Proposition 5.6.5. The restriction of (z"); to X; is equal to ri(x)x, 0 and its restric-
tion to X with j # i is equal to the zero divisor on X;.

Proof. Note that X; \ S; = V;o. By Remark 3.2.14, the configuration {(X \ S;,1),
(D(h;),z~ ")} gets sent to the configuration {(V;o,1),(D(h;),x~ "} where, by abuse of
notation, h; and 7" also denote their images under the residue map R — R; o. Since
x gets sent to a unit in V;o N D(h;) € Vip NV, this configuration induces the same
divisor as the configuration {(V;0,1), Vi, 27 "")}. But the latter configuration induces
the r;-multiple 7;(x)x, 00 of the pole divisor of . The second assertion if obvious. O
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Definition 5.6.6. Let us denote the restriction of (z)x, . to S; by (2)s; 00 Moreover,
we denote the restriction of (z)s to S by (2)s,00- A

Corollary 5.6.7. Let A={1,...,m}. Then

<ZieA(xri)i’°°)‘Xj = 15(2)x;,00

and hence

(ZieA(xri)i’OO)wj = 1;()s;,00-

Proof. The first statement follows immediately from Proposition 5.6.5 if we take into
account that the restriction map 77 : Div(X) — Div(X}) is a group homomorphism, see
Proposition 3.2.3 and Lemma 3.2.13. The second assertion follows by further restricting
to Sj and by Corollary 3.2.23. O

Remark 5.6.8. In particular, under the identification from Remark 5.5.6, the divisor
Y ica(@)i 00 corresponds to (0,71()s; 005 - - - 5 T (2) Sy 00)- A

Proposition 5.6.9. Let A= {1,...,m}. Then we have
(i) degy D i a(77)i,00 = degy, (ZieA($ri)i,OO)|S = icaTini, and

(i1) degp (3 jea(™)ioo)s; = degp(a')s; = 1jn;.

Proof. Let us prove the first assertion. By Proposition C.4.18 (ii), we have

degy, ZieA(xri)i’oo = degy (ZieA(xm)i’m) v degy (ZieA(xri)i’oo) s

and since, by definition, ), 4 (2"); o restricts to the zero divisor on Vg, the first equality
of the first assertion follows. Now by Proposition C.4.18 (iii), we have

deg;, ZieA(ﬂi)im = ZjeA deg, <Z¢GA(xri)im) X, = ZjeA degy, 75 () x;,00

where the last equality is due to Corollary 5.6.7. Now by Corollary D.2.14, we have
degy, 7j(7) x; 00 = Tjn; and thus the second equality of the first assertion follows as well.
The second assertion is an immediate consequence of Corollary 5.6.7. O

Remark 5.6.10. Let A ={1,...,m}. If r;, = r for all i € A, then
ZieA(:E”)i,OO =7(T) oo A

Lemma 5.6.11. Let f = (f1,..., fm) € Kx(X)*. Then

1. divx(f))s = divs(f) where the latter f is the image of the former under the ring
monomorphism R, — Og, and

2. divx (f)s, = divs;(fi)-

Proof. By definition, divx (f) is given by the configuration {(X, f)}. By Corollary 3.2.23,
we have divx(f)|s = (divx(f)v,)|s and by Remark 3.2.12, divx (f))y,, is given by the
configuration {(Vi, f)} where we identified f with its image under the isomorphism
Kx(X) = Kx(V). Therefore, by Remark 3.2.20, (divx(f)jv,,);s and hence divx(f)s
is given by {(S, f)} where we identified f with its image under the ring monomorphism
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Ro — Og. This proves the first assertion. To prove the second, recall that by Re-
mark 3.2.14, the restriction of divx(f) to the component X; is given by {(X;, f|x,)} where
fix, denotes the image of f under the ring epimorphism K x(Voo) = Kx,;(Vioo). But this
equals f; under the identification Kx (X) = Kx (Vo) = B2 Kx,; (Vi,co) and hence yields
the second assertion. O

Proposition 5.6.12. Let A = {1,...,m}. The various restrictions of Y ;c ,(z"")icc are
given as follows:

1. The restriction to Vo is given by the configuration
{(Mo,00,1), (D(hi), 7" )ica}-
2. The restriction to S is given by the configuration
{(Si, 27 )icat (6:12)

and hence by the principal divisor on S given by f = (7™ ,...,z7") € Og =
@?;1 OSi‘

3. The restriction to S; is given by the principal divisor of x™" on S; and is thus equal
to ri() s, c0-

Proof. Since D(h;) C Vi for alli =1,...,m, by Remark 3.2.12, the first assertion follows
immediately. By Corollary 3.2.23, the restriction from X to S can be computed by first
restricting from X to Vo, and then from V,, to S. By Remark 3.2.20, the restriction map
from D(h;) to D(h;) NS = S; is given by the map (Roo)n, — (T ' Roo)pn,. Moreover, the
intersection of Vj o, with S is empty. Hence the restriction to S is given by the asserted
configuration where =" is the image of ™" under the above ring homomorphism. That
the principal divisor divg(f) on S equals the one induced by the configuration (6:12)
is due to Corollary 5.5.4 and the fact that divs(f)s, = divs,(#7"") which follows from
Lemma 5.6.11. The third assertion follows now immediately since we can (again with
Corollary 3.2.23) just further restrict divg(f) to S; which yields the asserted principal
divisor on S;. O]

Corollary 5.6.13. Let A = {1,...,m}. Let f = (f1,...,fm) € Kx(X)*. Then the
following are equivalent.

1. divx (f)1s = QicaTi(T)ico)s)
2. for alli € A we have divg,(f;) = ri(2)s;,00, and
3. for alli € A we have f; 'Og, = 2" Og,.

Proof. By Corollary 5.5.4, two divisors on S are equal if and only if all of their restrictions
to S; are equal. Hence, we have divx(f)s = (2 jca7i(2)i00))s if and only if for all
1=1,....m

(divx (f)is)s, = ((ZieA 7i(2)i00)15)|5;

By Lemma 5.6.11 and Proposition 5.6.12, this is equivalent to

divs, (fi) = ri((#) x;,00)5;, = 1i(@) 8,00

for all ¢ = 1,...,m. By Corollary D.2.14, the latter is the principal divisor of =" on
S;. By definition, these two principal divisors on S; are equal if and only if their defining
functions differ multiplicatively by a unit in Og,. Equivalently, f;~ 1(’)51. = 2" Og, for all

(2

1=1,...,m. ]
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In what follows, we will define the degree zero divisor class group with respect to = which
is closely related to CaCl° (X)) but requires its representatives to have the same restriction
to S as the generalised pole divisor, see Definition 5.6.3. This will enable us to prove that
it is isomorphic to some ideal class group associated to Ry.

Definition 5.6.14. Let (X, ) be a reduced cover of P}.. We set
Divy (X) = {D + 3. Ti@)ice € Do(X) | Supp(D) C vo}

which is obviously a subgroup of Dy(X). We call Div?(X) the degree zero divisor
group of X with respect to 7w. Analogously,

Princ, (X) = Div2(X) N Princ(X)

is a subgroup of Div?(X). The morphism Div2(X) < Dy(X) — CaCl’(X) then provides
an embedding
CaCl2(X) := Div2(X)/ Princ, (X) < CaCl’(X).

We call CaCl?(X) the degree zero divisor class group of X with respect tow A

Remark 5.6.15. Due to Proposition 5.6.9, the fact that the restrictions of D43, 4 ()i 00
to any irreducible component have degree zero and Proposition C.4.18 (ii), we have
deg;, D\Vi,o = —r;n;. Hence we deduce deg; D|VO = EieA —r;n;, see Proposition C.4.18
(ii). A

Proposition 5.6.16. The embedding CaCl2(X) < CaCl%(X) is an isomorphism of
abelian groups.

Proof. By Lemma 5.5.1, every divisor D € Div(X) restricts to a principal divisor on S. By
Corollary 5.5.10, there is some principal divisor on X which restricts to exactly that divisor
on S. This provides that we find representatives of classes in CaCl%(X) which are trivial
on S. In particular, these representatives define a class in CaCl2(X) since >, 4 7i(2)i,00
where r; = 0 for all i € A is the zero divisor on X. This provides the assertion. ]

Remark 5.6.17. By abuse of naming, we will also call CaCl%(X) the degree zero divisor
class group of X. A

Remark 5.6.18. The isomorphism Kx — (i9)«Ky; from Lemma B.2.6 provides that every
principal divisor on Vj given by some f € Ky, (Vp)* = Frac(Rp)* provides an element in
Kx(X)* and thus a principal divisor on X. Since the restriction of divisors from X to
Vo uses the isomorphism Kx — (i0)«Ky;, which is the extension of Ox — (ip).Oy,, we
see that the restriction of the above divisor to Vj is the principal divisor on Vg given by f
again. A

Definition 5.6.19. Let P, C InvId(Ry) be the set of invertible Ry-ideals whose (regular)
generator f provides (as in Remark 5.6.18) a principal divisor divx (f) on X satisfying the
equivalent properties in Corollary 5.6.13. That is

divy (f) = (divx (f) v, divx (f)1s) = (divig (f) r1(2) 1,005 - T (T) 10 00)

see Notation 5.5.7. We easily see that P, together with the multiplication of ideals forms
a subgroup of the abelian group InvId(Ry). A

Proposition 5.6.20. Every element f Ry in Py with f = (f1,..., fm) € Kx(X)* satisfies
deg fiR; o = rin; for some r; € Z, i = 1,...,m. In particular, deg;, fRo = 221 TiN;.
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Proof. Principal divisors have degree zero, see Lemma 3.1.12. Hence, by Proposition 3.1.27,
we have deg, divx (f) = 0 and degy, divy, (fi) = 0. Moreover, by Lemma C.1.28, we have

degy fRo =Y degy fRo/fP; = deg fi(Ro/P) (6:13)
=1 =1

where we have used that fRy/fP; is isomorphic to the Ry/P;-ideal f;(Ro/P;). By as-
sumption on f, we have f;Os, = 27"'Og,, see Corollary 5.6.13. This together with
deg, divx, (fi;) = 0 and Corollary C.4.13 yields degy, fi(Ro/P;) = deg;, fiOs, = deg;, x7 " Og,.
The latter is equal to r;n; by Corollary D.2.9 which, together with Eq. (6:13), provides
the assertion. O

Definition 5.6.21. Let Spec(Ro)? = {P,..., Py} denote the minimal prime ideals of
Ry. Then we define

I ={M € Invld(Ry) | deg;, M/P;M = rin;}.

By Lemma C.1.28, we have deg, M = > " rin; for every M € Z,. Then Z, together
with the multiplication of Ry-ideals forms a subgroup of InvId(Rp). Indeed, by Proposi-
tion C.1.26, we have deg;, M N = deg;, M + deg;, N for any two M, N € Invld(R;o). By
Proposition 5.6.20, P is a subgroup of Z. A

Proposition 5.6.22. The map

v DivY (X) — Zr
D+3 eari(@)ice = Ox(D)(Vo)

is a group isomorphism.

Proof. The representation D + ) ;. 4 7i(%); 00 is unique, see Remark 5.5.6. Hence
D+ ZieA ri(a:)wo — D

induces a group homomorphism Div%(X) — Div(X) whose image consists of divisors
D on X with Dx, having degree equal to r;n; for some r; € Z, see Remark 5.6.15.
Thus the isomorphism Div(X) — InvId(X) as in Proposition 3.1.27 followed by the
homomorphism Invld(X) — InvId(Ry), F — F(Vp) provides a group homomorphism
Div(X) — Invld(Ry) sending D + Y, 4 7i(7)i 00 to Ox(D)(Vp). By Remark 5.6.15, we
have deg; D\Vi,o = r;n; for some r; € Z and thus with Lemma C.4.8 and Corollary C.4.12
we deduce

degy Ox(Dyv;,)(Vio) = degy, Ox (D, ,) = — degy, Dyy; , = —7ini.
In particular, by Lemma 3.2.30, we have
degy, Ox(D)(Vo)/P,Ox(D)(Vo) = degy, Ox (Dyy; ) (Vip) = —rini

and therefore Ox(D)(Vp) € Z,. This proves that the above homomorphism is equal to 7
which in turn proves that v is a group homomorphism.

Now let us prove that v is surjective. Let I € Z, be an invertible Rp-ideal such that
deg, I/P;I = rin; for all i € A. Let Dy denote the preimage of I under the isomorphism
Div(Vp) — Invld(Rp) as in Proposition 3.1.27. That is Oy, (Do)(Vp) = I and

degy, (Do), , = —degy, Ov, ,((Do)v; o) (Vio) = degy I/ Pl = rin;.
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Now using Lemma 5.3.13 with S being the finite set and f; = 1 for all points @); € S
we see that there is a divisor D on X such that D, = Do and D|g = 0. Then, by
construction, we have D + 3., 7i(2)i 00 € Div2(X) as well as Ox(D)(Vp) = I which
proves the surjectivity of ~.

The kernel of « is given by divisors D + ), 4 7i(Z)i,00 With Supp(D) C Vj such that
Ox(D)(Vo) = Ro. The latter is equivalent to Ox(D)y, = Oy, and thus to D}y = 0. In
particular, since the restriction map is a group homomorphism, see Corollary 3.2.23, we
have

(D + ZieA ri(T)ioo)|x; = Dix; + (ZieA ri()i00)|x; = (ZZEA Ti(T)i00)|x; = 75 (T) x;,00

where we have used Corollary 5.6.7. Now the former has, by assumption, degree zero.
The latter has degree r;jn; and hence we deduce that r; = 0 for all j € A. That is, v is
injective as well and thus the assertion follows. O

Corollary 5.6.23. We have an isomorphism of abelian groups CaCl®(X) — I, /Px given

by
b CaCl12(X) — L/ Pr

[D+ 2 icari(@)ice] = [Ox(D)(V)]
where Supp(D) C Vy. In particular, Pic®(X) = CaCl’(X) = T, /Px.
Proof. By Proposition 5.6.22, we have the isomorphism of abelian groups

v Div?(X) — Zr
D+ icari(@)ie = Ox(D)(Vo).
We are left to prove that «(Princ,(X)) = P,. But this is trivial since y(divx(f)) =

Ox(divx(f))(Vo) = fijv,Ro is a principal ideal and lies in Zr by Proposition 5.6.22. The
particular part now follows from Proposition 5.6.16. O

Since we now see that the functions in PI‘iIlC?r will be those by which we alter representa-
tives in CaClY, we give them a name.

Definition 5.6.24. Let f € Kx(X)*. If fRy € P, or, equivalently, divx (f) € Princ,(X),
f is called a modification function. Consider the following two cases:

1. D € Div(X) and f € Princ,(X) such that f € Ox(D)(Vy), and
2. I €Z; and f € I such that fRy € Py.

In these cases we call f a modification function of D respectively a modification
function of I. By definition, f is a modification function of D if and only if f is a
modification function of Ox (D)(Vy). A

Let f € Ry be arbitrary. The following Lemma provides a sufficient condition for fRgy to
lie in Py, that is for f to be a modification function. From an algorithmic point of view, it
will be very convenient that this condition is entirely expressed in terms of the coefficients
of f with respect to the fixed k[z]-basis 2 of Ry.

Lemma 5.6.25. Let Q = (wi,...,wy) be a reduced basis of Ry. Then w; = wiz!Xli s q
klz~Y-basis of Reo and Oxo-basis of Og. If f =1 | Niw; with \; € k[z] such that

deg(\;) < deg(A1) + |X|;  for i=2,...,n,

then it satisfies fOg = x98M)Og. Note that for \; = 0 there is no condition imposed on
the degree of A1 with respect to —|X|;.
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Proof. Let f =" | Aiw; with deg A1 = r and deg \; < r+ | X|;. Note that for every \; €
k[z] \ {0} we have a unique representation \; = x48\)e; with ¢; € k[z~!] \ 2 k[z~1] C
OZ. Then we have

n n
f = E )\iﬂS‘_|X|i . al = l‘r . E )\Z’CL‘_T_‘Xh . (Dz

:A; 70 A 7#0
n
—ar Y g gt ToIXL g
: A 70

n
= ey ot g ST gy gl roIX g

i>2:), %40

=2 e + i g; pdes)—r=IXli &

i>2:0,#0
Let z := 2?22:)\#0 g; xde8X)=r=IXli . 5, Then by the above, we have f = 2" - (1 + 2).
By assumption, we have deg()\;) — 7 — |X|; < 0 for all i = 2,...,n. Thus z € 27 'Ry
and therefore z is contained in every maximal prime ideal of Og. Moreover, since £ €
k[z71] \ 27 'k[z7!], it is not contained in any of the maximal primes of Og and hence

€1+Z€O§. O

Note that Lemma 5.6.25 does indeed imply that f is a modification function, but its
implications are even stronger: It says that the principal divisor of f (if f € Kx(X)*)
corresponds to

(divig (), divs(29E0D) = (divyg (£), divs, (2750, . divs,, (29°0)))

under the identification in Notation 5.5.7. That is, choosing f as above implies that the
coefficients of the generalised pole divisor in the representation of divx(f) will all be the
same. Thus we face the problem that this method does not provide any possibility to con-
trol the coefficients r; of r;divg, (z) = divg,(z""). But we can overcome this disadvantage
by applying Lemma 5.6.25 for all the irreducible components X7, ..., X,,.

5.6.2 Component Dependent and Independent Representation

In this section we will distinguish between two possible types of representatives in CaCl?T(X )
those that have the same restriction to every .S; and those who may have different re-

strictions to the S;. We will call the approach of solely working with the former type

of representatives the component independent case and working with the latter type of

representatives is called the component dependent case.

As we have already mentioned in Remark 5.6.10, by putting r; = r for all 4 € A, the
generalised pole divisor ;. 4 7i(%); 00 equals the pole divisor r(z)s. That is, degree zero
divisors of the form D + r(2)o € Dy with Supp(D) C Vp are possible representatives
of classes in CaCl2(X). The next theorem and its corollary show that every class in
CaCl2(X) admits such a representative.

Theorem 5.6.26. Let X be a cover of IP’,{Z. For every invertible Ox -ideal F there is some
invertible Ox-ideal L and s € Z such that

FZL(s(2)), L<Ox and Supp(L) CVy (resp. Lig = Os).
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Proof. Let F be an invertible Ox-ideal. Since F is invertible, the same is true for F|5 by
Proposition 3.2.28. Also, by Proposition 3.2.28, we have F(S) = hOg for some regular
h € Frac(Rg). Then multiplication by h=!Ox provides that we may without loss of
generality assume that F|g = Og and thus Supp(F) C Vj.

The next (and last) step is to find a regular global section which wedges F(Vj)
into Ry and behaves like a power of x over S. To do so, we set G = F1((2")w0)
and H := F1((27!)w). Note that by Proposition 3.1.27, we have Gp = 2"Ox p
and Hp = 2" 'Oxp for all P € S. Then any regular global section f of G satisfies
fOx < FY((2")s) and thus

L:=fF(27")e) < Ox

will therefore satisfy Ly, = fF (Vo) € Ro. Moreover, since f is regular, £ = F((27")x)-
If moreover, fOgs = x"Og, then L will also satisfy L5 = Ox(2"")s = Og. Then
F=f10x ®0y L{(2")o0) = L((2")oo) With £ < Ox and Supp(L) C Vp as asserted.

To find such global section, we want to employ the Approximation Theorem 5.7.1. To
use it, H' (X,H) = 0 needs to be satisfied. By Proposition D.2.3, we have that (z)s is
an ample divisor, i.e. Ox((7)s) is an ample invertible sheaf on X. Since F~1! is coherent,
by [Liu02, 5.3.6] there is ng such that for all n > ng and p > 1 we have

0=H" (X, F ' @0y Ox((z)0)®").

1

By [Liu02, 7.1.18 (a)], we have Ox (D)®" = Ox(rD) for every r € Z. Thus Ox ((x)s0)®"
Ox (r(z)so) = Ox((2")oo) which provides H* (X, F((2")o)) = 0 for some r € Z.
Now we require 0 # gp = x" € Gp for P € S with r € Z as above and gp = fp € Gp for
P € Vi where Fp = fpOx p for all P € Vj (thus no further requirement in V5). Then the
Approximation Theorem 5.7.1 guarantees the existence of g € G(X) with gp = 2" +2" " 1bp
for bp € Ox p for all P € S. Hence gp = 2"(1 + :Irflbp) where 1 + 2z 1bp € (’);(,P since
= POx p. Whence gpOx p = 2"Ox p for all P € S and hence gOg = 2"Og as global
sections of Kg as desired. In particular, g corresponds to a regular global section of Kx
via the isomorphism x — uKg, see Proposition 3.2.17. ]

In Corollary E.2.18 in the appendix we will provide bounds for the integers ng € Z such
that for all r > ng the term H(X, F(r(z)x)) vanishes. By the proof of Theorem 5.6.26,
this gives the following corollary.

Corollary 5.6.27. The integer s in Theorem 5.6.26 can be bounded by
m@f{(degk Fix;)/ni+2¢ix} < migfi{(degk Fix,;)/ni}t + 2cx.

Corollary 5.6.28. For every divisor D € Div(X) there is some divisor E € Div(X) with
E <0 and Supp(FE) C Vy such that D and E+ s(x)so are linear equivalent for some s € Z.
Moreover, there is E& such that s is upper bounded by

max{(~ degy Dix,)/ni + 2¢;.x} < max{(~deg, Dix;)/ni} + 2cx.

Proof. Apply Theorem 5.6.26 to Ox (D) and obtain Ox(E + (2")s) = Ox(D) with
Ox(E) < Ox and Supp(F) C V. Now Ox(F) < Ox is equivalent to E < 0, see
Proposition 3.1.27 (ii). Moreover, since any two invertible Ox-ideals are isomorphic if
and only if they differ multiplicatively by the invertible sheaf associated to a principal
divisor, see Lemma 3.1.26, F satisfies the asserted properties. The last part follows from
Corollary 5.6.27. O
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Remark 5.6.29. In Section 5.8 we will see that the bound for the integer s in Corol-
lary 5.6.28 can be obtained solely by the existence of a divisor of the form D + 7(z)s
with unbounded r using modification functions. The method introduced there has the
advantage that it also tells us how to reduce a divisor class given by a representative of
the form D +7(2)s by using modification functions. This will be crucial in our algorithms
that implement the arithmetic in Pic®(X). A

Remark 5.6.30. Corollary 5.6.28 shows that the group CaCl%(X) is isomorphic to the
group of divisor classes with representatives D + r(z)x € Do, Supp(D) C Vj, modulo
principal divisors divx (f) with divs(f) = 7(z). If X is integral, these two groups are
equal by definition. A

Therefore, we may either work with representatives of the form D + r(x)s, € Dy or of the
form D+, 4 7i(%)i 00 € Do both with Supp(D) C Vj. Since we want to work with both
forms, we give these two types of approaches to compute in CaCl?r (X) names.

Notation 5.6.31. We call the approach of working with representatives of the form
D + r(z)s € Dy the component independent case. The approach of working with
representatives of the form D + Zie ATi(%)i00 € Dy is called the component dependent
case. A

In the component independent case one tries to avoid the irreducible components of X
and rather treats X as if it was irreducible. Actually, after working out how one could
compute fast enough in CaCl’(X) in the case of irreducible X, this should be the first
approach of dealing with the more general case of reducible X. But as we have seen in
Section 4.5, especially in Lemma 4.5.1 and Corollary 4.5.2, to obtain effective bounds for
the m-invariants of both divisors and X itself, it was necessary to examine the irreducible
components of X and the restriction of divisors to those. We will see in Section 5.8 that
the degree of the ideal representatives will depend on these bounds. Therefore, one could
say that using the component dependent mindset to work out the above bounds and try
to come up with algorithms to cope with the component dependent case finally provides
the possibility to (almost) forget about the irreducible components at all.

Remark 5.6.32. We want to highlight some properties of working in the component in-
dependent case: Let D + r(x)o € Dy with D < 0 denote a representative of an element
in Div2(X). Then deg, D = —rn and deg, Ox(D)(Vy) = rn, see Lemma D.2.13 and
Proposition C.4.18 (i), (ii). Moreover, since D < 0, we have Ox(D)(Vy) C Ry, see Propo-
sition 3.1.27 (ii). Therefore, in the component independent case we work with integral
ideals that have degree which is a multiple of n. The same holds for the modification
functions by which we alter the ideal representatives. A

In the rest of this section, we show how the definitions of Z, P, and CaCl?(X) play out
in the case of X being integral. We will see that this resembles what we have already seen
in Remark 5.6.32. Let (X, ) be an integral cover of P}. As already mentioned in Re-
mark 5.6.10, setting all r; to the same number r, the generalised pole divisor ) ;. 4 7i(%); 00
defined in Definition 5.6.3 equals a multiple 7(z)s of the pole divisor of  on X, see Def-
inition 2.2.9. Then the definition of Div2(X) and Princ2(X) translate into

(i) Div2(X) = {D + 7(2)00 € Dy | Supp(D) C Vy,r € Z}, and
(ii) Princ2(X) = {div(f) € Princ(X) | div(f)is = 7((*)co) |5, T € Z}-

Moreover, the definitions of Z, and P, still apply in the integral case and then translate
into

(i) Zy = {M € InvId(Ry) | deg;, M = rn for some r € Z}, and
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(ii) Pr = {fRo € InvId(Ry) | f € Frac(Rp), fOgs = 2" Og for some r € Z}.

Furthermore, the isomorphism ~ in Proposition 5.6.22 translates into

v: DiVY(X) — T, (6:14)
D+r(x)e — Ox(D)(Vp) '
finally providing the isomorphism
¢ : CaCl?r (X) — ITI'/PTI' (6'15)

[D+r(@)e] = [Ox(D)(Vo)].

Summarising the above, we deduce that we can carry out the group law in CaCl%(X) by
computing with invertible ideals of Ry having a degree that is a multiple of n and be able
to modify by principal ideals whose generator generates the same principal ideal over Og
as some power of x does.

Remark 5.6.33. Note that by construction the restriction map p; : InvId(Rp) — InvId(R; o),
I — I/P;ol sends elements in 7, to elements in Zr,. Moreover, the elements in P, are
those principal ideals fRo in Z, such that for all i = 1,...,m we have p;(fRy) € Pr,.
That is, the modification functions on X are exactly those functions that restrict to mod-

ification functions on all of the irreducible components X1,..., X,, of X. Hence to find a
modification function on X, it is sufficient to find a function that restricts to modification
functions on the components. A

5.7 Modification Functions

In this section we will examine modification functions of divisors more closely. We will
prove that for every divisor D < 0 on X with support away from S (that is, for all
ri € Z we have D + Y., 7i(2)i 00 € Dive(X)) there is a modification function f €
Ereg(D + ZieA Ti(l')i,oo) with fRy C OX(D)(%) and fRy € Pr.

Modification functions will play an eminent role in our algorithmic approach of com-
puting in CaCl?(X) as we will see in Chapter 6. However, also theoretically they provide
fundamental insights. For instance, they enable us to find representatives for each class
in Z, /Py (and thus in CaCl2(X)) that are integral and have bounded degree.

Since we want to work with two approaches, the component independent case and
the component dependent case, we need to provide existential statements of modification
functions in both cases. In Section 5.7.1 we will give the somewhat constructive proofs
of their existence in both cases. These proofs have a very geometric character and are,
at least with respect to their basic ideas, easy to follow. The proofs themselves are quite
technical. They rely heavily on the Approximation Theorem 5.7.1 which we will provide
in a very general sheaf theoretic fashion. Moreover, since the proof in the component
dependent case uses an iterative argument, it relies on some commutative algebra which
cares about characterising the image of the natural morphism M — @7 M/P;M which
is treated in Section B.4 of the appendix.

The reader that is mainly interested in the algorithmic aspect of this thesis, that
is, in the concrete computation in CaCl?r(X ) may skip Section 5.7.1 altogether since in
Section 5.7.2 we do not only provide the explicit algorithms for computing the desired
modification functions but these algorithms do also provide the existential statements of
the modification functions. The degree bounds there are not as good as the ones we can
provide in Section 5.7.1, but they are asymptotically the same.

The main difference between the two approaches to prove the existence of modification
functions is the following: The first and more geometric approach uses that we can come
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up with modification functions on integral schemes and thus on the irreducible components
of X. Given a modification function on the first (we will fix an order of the irreducible
components to do so) irreducible component X; of X, we will try to find one on the second,
say Xo, which agrees with the first one on X; N X5. This provides a modification function
on X7 U Xs and thus we can proceed iteratively in this manner which finally yields the
desired modification function on all of X. While doing so, we follow the commutative
algebra instructions given in Section B.4 that guarantee that the computed element f
actually lies in Ox(D)(Vp). The second and very algorithmic approach uses the basis
matrix of the ideal Ox (D)(Vp) with respect to 27*. It then finds a suitable element in the
column space of that matrix such that its i-th row block (which contains the coefficients
of the restriction of that element to the i-th irreducible component with respect to €2;)
satisfies the sufficient conditions of Lemma 5.6.25. The latter provides that the respective
restriction is indeed a modification function on that component.

Summarising the above, one approach uses an iterative procedure to successively find
modification functions in Ox,(D|x,)(Vio) on the irreducible components X; such that
the result actually lies in Ox(D)(Vp) and not only in @, Ox,(D,x,)(Vio). The other
approach constructs an element within the ideal Ox(D)(Vp) that satisfies the sufficient
conditions in Lemma 5.6.25 on each irreducible component.

5.7.1 Existence of Modification Functions

We start by stating the Approximation Theorem 5.7.1 in a very general setting and for
Ox-ideals. We note that the Approximation Theorem 5.7.1 even holds for more general
sheaves, see Remark 5.7.2.

Theorem 5.7.1 (Approximation Theorem). | Let £, F be non-zero Ox -ideals with F < L
and H' (X, F) = 0. Then the following sequence is exact:

0— H'(X,F) — H (X,£) — [ £r/Fr —0.
pPeX

Proof. By taking cohomology, the exact sequence of Ox-modules
0—F —L—L/F—0,
provides the exact sequence
0— H'(X,F) — H(X,L£) — H°(X,L/F) — H" (X, F) =0,

see Lemma 5.2.5. By Corollary C.3.3, we obtain H? (X,L/F) = [[pey Lp/Fp and the
result follows. O

Remark 5.7.2. The proof of the Approximation Theorem 5.7.1 shows that we do not rely
on F and L being Ox-ideals, but only on the fact that Cohomology is defined for such
sheaves and that the quotient sheaf £/F is a skyscraper sheaf. Thus the Approximation
Theorem 5.7.1 may also be formulated for X a topological space and sheaves defined over
a category that provides the possibility of subsheaves. A

Remark 5.7.3. The name “Approximation Theorem” is justified in the following sense:
We may choose arbitrary elements ap € Lp for all P € X and then the exactness of the
sequence provides the existence of g € £(X) such that gp + Fp = ap + Fp. Thus, up to
values in Fp we can approximate an element in £(X) with prescribed values in Lp for all
PecX. A

The following proposition tells us that for any given divisor D < 0 with support away
from S there are functions f € Lieg(D + 7(2)0) With fOg = 2"Og where the power r
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depends on max;”,{—(degy D|x,)/ni}. That is we may find modification functions with a
common power r on all irreducible components.

Proposition 5.7.4. Let X be a reduced cover of Pi.. Let D € Div(X) be a divisor on X
with D < 0 and Supp(D) C Vo. Letr € Z be any integer with r > maxi™, {—(deg D\x,)/n
+2¢; x}. Then there is f € Kx(X)* such that

(Z) f € Ereg(D + 7"(5[5)00) and
(i) fOs=2"Os.

Proof. Let D be given by the data (U, h; ') for which we know that h; € Ox(U;) since
D <0. Then Ox(D)y, = hiOy, and thus Ox(D)p = h;Ox p for every P € U;. We set
L=0x(D+7r(x)w) and F = Ox(D + (r —1)(z)s0). Then we have
"Ox.p, PeS ~1O0xp, PeS
Lp= TP , p = v XP (7:16)
hiOxp, PeVy h;Ox p, PeV

By Corollary E.2.18, we have H' (X, F) = H'(X,0x(D+ (r —1)(2)s) = 0 if r —
1 > maxi®, {(deg, Ox(D)x,)/ni + 2¢; x }. By Lemma C.4.8, we have deg;, Ox(D)|x, =
— degy, D)y, and thus r > max}™ {—(degy, D|x,)/ni+2¢; x } is sufficient for H' (X, Ox (D+
(r —1)(x)oo) to vanish. We set

Lp

am + S0 X, Pe S
ap = S
hi, PeW

and note that

n n
"+ E e O L L Z 2w =2t (1 + Z x_lﬁi> )
i=2

i=2 =2

Hence ap = z" - ep where ep € O)X( p for all P € S. Now for r in the asserted order
of magnitude we obtain by the Approximation Theorem 5.7.1 the existence of f € L(X)
(which will turn out to be regular due to its behaviour on S) such that fp+Fp = ap+ Fp
for all P € X. Thus, by Eq. (7:16), we have fp = ap + 2" 'bp for some bp € Ox,p and
hence fp = 2"cp + 2" 1bp = 2" (cp + 27 'bp). Now since ep € O)X(,P and 271 € POx p
for all P € S, we have ep + 2~ 'bp € O% p and hence fpOx p = 2"Ox p for all P € S.
Since Og, is an integral domain with field of fractions F;, the function field of X;, we see
that fpOx p = 2"Ox p for all P € S; together with Og, = Npeg,Ox, p easily provides the
equality fOg, = 2"Og,. Since Og = ", Og,, we therefore obtain fOs = ", fiOs, =
P;r, 2" Og, = 2" Og. In particular, f € Kx(X)*. O

In general, the degree of the restrictions D|x, of a divisor D may be independent of the
degree of D and thus to effectively use Proposition 5.7.4 we need to ensure that we will
deal with divisors D whose restrictions have bounded degrees.

To do so, we will tweak the proof of Proposition 5.7.4 and apply it to the irreducible
components of a cover of ]P’,{;.

Let X be an integral cover of IP’/%C and let D < 0 be a divisor on X. We can use
the Approximation Theorem 5.7.1 to find modification functions for D that are regular
functions on Vj and which agree with a given function on a given closed subscheme away
from S. Moreover, we can ensure that the degree of that modification function is linearly
bounded by the degree of D, the arithmetic genus of X and some term determined by
the closed subscheme. This will be the main step to prove the existence of modification
functions for a general reduced cover of IP’}C.
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Proposition 5.7.5. Let X be an integral cover of Pi. Let Z C X be a closed subscheme
of X (which is thus zero-dimensional, see Proposition B.5.2) disjoint to S. Let J < Ox
be the ideal sheaf corresponding to Z. Let D € Div(X), D <0, be a non-zero divisor with
support away from S and let r > (— deg(D) + deg(J))/n+ cx. Then for any g € Oz(2)
there is f € F* such that

(i) f € Ox(D +r(z)0)(X)
(i) fiz =g, and
(iii) f =31, Niw; where \; € k[z], deg(\1) = r is monic and deg(\;) < r —1+ |X]|; for

alli=2,...,n.
In particular, fOg = 2"Og. Note that, by (iii), we have f € Ry.

Proof. Let F denote the function field of X. The finite morphism 7« provides an affine
cover Vp and Vo, of X where S = Voo \ (VoN V4 ). Since Z = Supp(Ox/J) is disjoint to S,
we have Jp = Ox p for all P € S. Let D be given by the data (U;, hi_l) for which we know
that h; € Ox(U;) since D < 0. Then Ox(D)y, = h;Oy, and thus Ox(D)p = h;Ox p for
every P € U;. We set L =0x(D +r(x)x) and F = J(D + (r — 1)(2)s). Let Ry denote
the coordinate ring of Vp and I resp. J the ideals corresponding to Ox (D) respectively
J on V. We have

(Ox/T)p, PeVy

Lp/Fp= .
P/ F {xTOX’p/fn_lOX’p, PeSs

Indeed, for P € VN U; we have

Lp  Ox(D)p hiOx p iOX,P

Fr Ox(D)pJp hiOx pJp Jp

=(Ox/J)p.

Further, by assumption on D, we have Ox(D)p = Ox p for P € S. Moreover, for P € S
we have Jp = Ox p which provides

£p IL‘TOX(D)p SIJTOXJD

Fp 2" 1Ox(D)pJp - '~ 10x p’

The exactness of 0 — F — L — [[pcx £Lp/Fp — 0 provides by Lemma B.1.36 the
exact sequence

0— F(Vo) — LVo) — [ £0V%)p/F(Vo)p — 0.
PeVy

By construction of F and £, we have £(Vy) = I and F(V,) = JI. Hence we obtain an
exact sequence
0— JI —1I— [[ Ir/JpIp — 0.
PeVy
We can argue as above with J instead of F and Ox instead of £ to obtain the exact
sequence
0—J— Ry — [] (Ro)p/Jp — 0.
PeVvy

Both these sequences are compatible in the sense that we have a commutative diagram
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with exact rows:

0 —— JI o T —2 Tl peyy Ip/TpIp — 0
j j v (7:17)
0 s J Ro =25 Tlpev, (Ro)p/Jp — 0

We may identify g € Oz(Z) with some element g € Ry which is only unique up to addition
with some element in J. The image of g under 1)~! o ¢ in diagram (7:17) has due to the
exactness of the top sequence a preimage under ¢, say f. Then, by construction, f and
g map via ¢ onto the same element and thus by the exactness of the bottom sequence,
f — g € J. If the sequence of global sections

0— H'(X,F) — H*(X,£) — [] £p/Fr —0
Pex

is exact, then we can add this as a top sequence to the diagram in (7:17) with the restriction
maps connecting the sequences resulting in a commutative diagram:

0 —— F(X) — LX) —2 Tpex Lp/Fp —— 0

l |

1

0 JI s 1 HPEVQ IP/JPIP — 0 (718)

[T

> Ry 2 HPGVO(RO)P/‘]P — 0
Now any global section f of £ that maps via ¢g to an element in [[p.x Lp/Fp that
restricts to (¢! o ¢2)(g), then fiz = 9|z as desired. Since Ip/Jplp = h; p(Ro)p/hipJp
for P € U; and the isomorphism 1 is given by mapping h; pa + h; pJp to a+ Jp, we have
(vt o ¢a)(g) = (hi,pg + hipJp)pev,. Finally, all of the above shows that the sufficient
condition for f|; = g,z is f € L(X) such that its image in Lp is h; pg.!

Since X is integral, Theorem 4.3.22 provides that deg), F < —2g—dimy H°(X, Oy) im-
plies H' (X, F) = 0. Thus for deg;, F < —2g —dim; H°(X, Ox) we can apply the Approx-
imation Theorem 5.7.1 5.7.1. By Proposition D.2.10, we have degj, Ox (D + (2" 1)) =
deg, Ox(D)+Ox((z" 1) ). Moreover, by Lemma D.2.13, we have degy (2" 1) = (r—1)n
and thus Lemma C.4.8 provides Ox((2" 1s) = (1 — 7)n as well as deg, Ox(D) =
—degy, D. Note that both Ox (D + (2" 1)) and J are Ox-ideals of which the former is
invertible. Hence, by Lemma C.4.7, we deduce that

0 >

degy, F = degy,(Ox (D + (¢ ")) ®ox J)
= —deg, D+ (1 —7)n+deg, J
< —2¢g —dim; H'(X, Ox)

"We want to note that the assumption D < 0 guarantees a common ambient structure Rg of J and I
such that we can argue with the diagram in (7:17) — this is the only place where we need this and thus
there are may be other possible variants of this theorem.
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if and only if

—degy D + degy, J + 2g + dim, HY(X,O0x) +n
n
~ —degy D +deg, J L+ 2g +dimy, HY(X,Ox) +n
n n '

r>

= cx

Hence for r as required in the assumption, the Approximation Theorem 5.7.1 Theo-
rem 5.7.1 provides that for any given (ap)pex € [[pcx £p there is some f € L(X) =
Ox(D + 7()s0)(X) satisfying f = ap + bp for some bp € Fp. Note that this equation
holds in F' since all involved modules are submodules of F'. Now we set

"+ 0 Xy, Pes
ap =
7 hipa, PgSand PeU;

and note that

n n

n
"+ Z e P LT Zaf*l&i =z (1 + lecTJZ) )
i=2

=2 =2

Hence ap = 2" - € where € € Og for all P € S. Thus there is some f € £(X) such that

B xT-E—FxT_l-cP:xT-(5+x_1-0p), P ¢ S where cp € Ox,p
g+ 7, P ¢ S where j € J.

Again, since these equations hold in F', we deduce that all cp coincide in F. Thus f =
2"(e+ a7 ) = g+ j with ¢ € NpesOx,p = Os and j € J. To prove that f satisfies
the third part of the assertion, note that f € Ox (D + (2")so)(X) = Rop N 2"Og. Note
that by Corollary 4.3.24, we have r > —(deg;, D + deg;, J)/n + cx > —|X|, + 1 (since
—deg;, D > 0 because of D # 0) and thus we have

n n
e =2a" (1 + Z ﬂc—l@,;) =z" + Z "X, e Ry

i=2 i=2
since w1, ...,w, was a reduced basis of Ox, see Theorem 4.3.15 and Definition 4.3.17.
Hence 2" € Ry N 2" Og = Ox((2")0o)(X). Thus we have 2" lc = f —2"c € Ry Nz2"Og
and since ¢ € Og, 2" !c ¢ 2"Og. That is 2" 'c € Ry N 2" 'Og and, by Theorem 4.3.15,

we have that _
{Pw; |1 <i<n,0<j<r—1+|X|;}

is a k-basis of Ox ((2" )00 )(X) = RoNz"tOg. Therefore there are polynomials \; € k[z]
of degree smaller than r — 1 + | X|; with 2" ~1e = > | \jw;. Hence

n n
f=a"+ Zf_lHX'i w; + Z Ai wi
=2 i=1

=(x"+ M)+ Z(xT_H‘X"' + \i) wi
=2

satisfies all asserted properties. From this we can immediately deduce the particular part
of the assertion — which alternatively already followed by the equation f = 2" (¢ + 2~ 'c)
with e € OF. O
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Applying Proposition 5.7.5 with the empty scheme Z provides the following.

Corollary 5.7.6. Let X be an integral cover of P}. Let D € Div(X), D <0, be a divisor
with support away from S and let r = [—deg(D)/n + cx|. Then there is f € F* such
that

(i) f e Ox(D+r(x)x)(X)

(it) f=>""1 Niw; where \; € k[z], deg(\1) = r is monic and deg(\;) <r —1+|X]|; for
alli=2,...,n.

In particular, fOg = x"Og. Note that by (ii), we have f € Ry.

Corollary 5.7.7. Let X be an integral cover of Pi. Let D < 0 be a divisor on X with
Supp(D) C Vp and set I = Ox(D)(Vp). Then the function f from Corollary 5.7.6 satisfies

(i) f €1, fRy € Pr, and
(ii) degy I < deg; fRy < deg I+ (cx + 1)n.

Proof. First we prove (i). By Corollary 5.7.6 (i), the function f satisfies
f € Lieg(D +r(2)) = Ox(D)(Vo) N 2" Os N Kx (X)*

and thus f € I as asserted. The last part of (i) follows from Corollary 5.7.6. Now we
prove (ii). Due to fRy C I, Lemma C.1.27 already provides deg; fRy > deg, I. By
Proposition C.4.18 (ii), together with Proposition 3.1.27 (iv) and Corollary D.2.9, we
know that

deg;, fRo = degy, fOg = deg, 2" Og = rn < —deg(D) + (cx + 1)n

which together with —deg, (D) = deg;, I, see Proposition C.4.18 (i), finally provides (ii).
O

Remark 5.7.8. Note that the assumption that S does not meet the intersection points of
the irreducible components, which is Definition 2.1.3 (ii), enables us to, at least to some
extent, only work on the affine open Vj. Moreover, the assumption Z N S = () also makes
the considerations a bit easier. However, we are not convinced that these assumptions are
necessary. A

From now on let X be a reduced cover of P,lﬁ. Our aim is to use Proposition 5.7.5 suc-
cessively to find functions on the irreducible components of X with prescribed behaviour
given by an effective divisor on X. To do so, we need to introduce some (admittedly
laborious) notation (which sometimes makes the whole idea look more difficult than it is)
which makes it possible for us to effectively talk about functions on the union of (not all)
irreducible components of X.

Definition 5.7.9. To shorten the notation, we set

9(X, Ix) = 2pa(X) +2(m — 1) — x(Fx)
=2(g+m) — x(+x)

and fori=2,...,m
|2 i=1

ng
Ci =

ng
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Lemma 5.7.10. We have > ;" cin; < g(X, Sx) +n.

Proof. In general, for a,b € Z we have by division with remainder a = bk 4+ r with r < b.

This yields
HE R SR

Then for r = 0 we clearly have [a/b] = a and otherwise

{%1 b=kb+b=kb+r—r+b=a—r+b<a+tb
Applying this to ¢;n; we obtain
cing < 2pq(X;) + x (%) +ni

and thus

m

Zcini < Z (2pa(X3) + x() +n4)
=1 =1

=2 (Z%(&')) +x(Ix) +n

=1
Lemma 2.4.3, Proposition 2.4.9 ~» =2 (po(X) — x(Sx) +m—1) + x(Zx) +n
=2pa(X) +2(m—1) —x(&x)+n
= g(X, %) +n. O

Theorem 5.7.11. Let X be a reduced cover of Py. By (X1,...,Xy) we fix an order of
the irreducible components of X. We set

o {[(2pa(X1)deng|X1)/nﬂ, i=1
" [(@pal(X0) — degy Dix, + X(S2)/ni] . i=2,...,m.

Then for any divisor D € Div(X) with D < 0 and Supp(D) C Vj there is a regular f € Ry,
f=f1,--, fm) with

(@) | € Lreg(D + 3 14 Ti(2)is00),
(b) fi € Ox,(Dx, + 7i(7)x,,00)(Xi),
(c) fi = 2?1:1 Xij wij, deg(Xiq) = r; is monic, deg(N; ;) < 1 — 1 +1X;;, and
(d) degy, fRo < g(X,.x) — degy, D + n.
In (d) the sheaf /x is defined by the sequence (4:3) given in Definition 2.4.1.

Proof. We prove the assertion by induction on the number m of irreducible components X;
of X. The case m = 1 follows from Proposition 5.7.5 with J = Ox. Indeed, by Proposi-
tion 5.7.5, there is f € k(X)* such that f € Ox (D +7(2)oo)(X) which thus results in f €
Lyeg(D+7(7)s). Moreover, we have r = [(2p,(X)—degy, D)/n] and fijsOs = x"Og. Thus,
by Proposition C.4.18 (i) and (ii), we have degy, fy, Ro = — degy, fjsOs = — deg;, 2" Os and
the latter is by Corollary D.2.9 equal to rn. By the proof of Lemma 5.7.10, we finally
obtain

degy, fiv, o = mn < 2pq(X) —degi, D +n=g(X,x) —deg, D+n
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as asserted. Note that m = 1 and .x = 0 together imply g(X,."x) = 2pa(X).

We will now use the notations introduced in Section 2.4. Assume the assertion to be
true for all reduced covers of IFD/,lc with m — 1 irreducible components.

Let X be a reduced cover of ]P’,}/, with irreducible components X1, ..., X,,. For every
i=1,...,m we fix a reduced basis wj 1,...,win, of R;o. Let D € Div(X) be a divisor on
X with D <0 and Supp(D) C V. By definition, we have X =Y}, and Y;;,_1 = U;’;_llXi
has m — 1 irreducible components which can obviously be identified with Xy,..., X;_1.
We immediately see that Y;,_1 is also a reduced cover of P}c. Set Dy,—1 = D)y,,_, which
satisfies Dy,—1 < 0 in Div(Y;,—1) by Proposition 3.2.3 (ii). Since the restriction of divisors
is transitive, see Proposition 3.2.9, we have (Dm—l)\Xi = Dix,. We set Wy = Y,,,—1 N .
Hence, by induction hypothesis, there is fy = (f1,..., fm-1) € Ky,,_; (Ym—1)" with fy €
Oy, _,(Wp) such that for all  =1,...,m — 1 we have

(Hl) fY S Ereg(ymfla Dmfl + Z?iill($”)Ym,1,oo)7
(H2) fi € Ox;(Dyx; + 7i()x,,00) (Xi),
(H3) fi =3"7L) Nijj wij, deg(Ai;1) = 7 is monic, deg(X; ;) < — 1+ [X;[;, and

(H4) degk fYOY’”*l (‘/0 n mel) S Q(mel, yym—l) - degk Dmfl + Z?i;l n;.

Here .%%y;, | is the sheaf defined by the exact sequence

1
m—1

0— Oy, , — @ (1:)+«O0x, — H,,_, — 0
i=1

in accordance with (4:3) in Definition 2.4.1. Hence, by Lemma 2.4.3, we have

m—1

X(mel’yxnfl) = Z X(Y;?‘%)

=1

and thus, again by Lemma 2.4.3, this provides

XX, 7x) = ) x(Yi, ) (7:19)

i1:

1
x(Yi, 75) + X (Y, Sm)

3
[

—_

=X mel,me,l) +X(X7ym)‘

~

Let Pi,...,Pno denote the minimal prime ideals of Ry. Set M = Ox(D)(Vp) and
L1 = ﬁ?i_llPi,o. Then we see that Oy,, ,(Wy) = Ro/Im—1 as well as Ox,,(Vino) =
Ry/Pp 0. By Lemma 3.2.27 and Proposition B.4.8, we have

Ow, (Diwy) = Ovy (D) jwy & (M ®@py Ro/Iim—1)" = (M /11 M)~

as well as Oy, ,(Dyy;, ,) = (M/PnoM)~. By Corollary B.4.47, we have an exact sequence
of Ro-modules

0 — M 2% M/Tp, M @ M/ProM 2% M/(In1 M + PpoM) — 0 (7:20)

where ¢,,, maps diagonal and 1, takes the difference of the representatives. Due to (H1),
we have

fr € Ow, (D|W0)(Wo) N EBQIIQS”O& =M/, 1MnN @21711$Ti(95i
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where the intersection takes place in Ky, | (Yin—1). Thus fy = h + I,,_1M for some
h € M. Moreover, by (H3), together with Lemma 5.6.25, we have f;Og, = 2" Og, for all
t=1,...,m—1 and thus fy(@?:ll(’)si) = @i"i_llx”(’)gi.

Let Jm < Oy, denote the sheaf of ideals that cuts out Y;,—1NX,, as a closed subscheme
of X;,. By construction, Jy,(Vin,0) equals the ideal in Ry/ Py, o generated by I,,—1, that is
TIm(Vimo) = (Im—1 + Pm.0)/Pmo. We apply Proposition 5.7.5 to

X=Xn, D=Dyx,, T=In g=h+Pno
and obtain the existence of fy, + Ppo € Ro/Pm,o C Kx,,(X;m)™ such that
(S1) fin + Pmo € Lreg(Xm, Dix,,, + (77™) x,,.00)

(S2) fm —h € I;m—1 + Prp,

(S3) fm + Pmo = Yioq Amiwm,i where A\, ; € klz], deg(An,1) = rm is monic and
deg(Am,i) < rm — 1+ [ Xy forall i =2,...,ny,.

where 1, = [(2pa(Xm) — degy D|x,, — degy, Jm)/nm]. First of all, (S3) together with
Lemma 5.6.25 provides fn,Og,, = 2'Og,,. Then (S1) tells us that f,, + PpnoM €
M/P,, oM and (S2) says that (h + L1 M, fm + PpnoM) lies in the kernel of v, and
thus, by the exactness of sequence (7:20), in the image of ¢,,. Therefore, there is f € M
such that f + I,,—1 = h+ Ln—1 = fy and f 4+ Pno = fm + Pmno. Since the restric-
tion f; of fy to X; for i = 1,...,m — 1 is regular and f,, is regular, f is regular. As
elements of Frac(Ry) = @;~, Frac(Rio) we have f = (fi,..., fm—1, fm). In particular,
f\SiOSi = fiOg, = 2" Og, foralli =1,...,m.

Due to (H2) and (S1), f satisfies condition (b). By (H3) and (S3), f satisfies condition
(c). By the above, we have f € M = Ox(D)(V) regular with fOg = @ 2" Og,. Thus
[ € O0x(D)(Vo) N2 2" Og;, = Lreg(D + ) ;e g Ti(%)i,00). Hence f satisfies property (a).
Therefore, we are left to prove that f also satisfies property (d). By (H4), we have

m—1

degy(h+ Im—1)(R/I;n-1) < 9(Ym-1,m-1) — degy D1+ > _ n; (7:21)
i=1

and due to f,,O0g, = 2" QOg,,, together with Proposition 3.1.27 (iv), Proposition C.4.18
(ii) and Corollary D.2.9, we have

degy (fm + Pm,o)(Ro/Pmo) = — degy fnOs,, (7:22)
— —deg, 2™ O,

= TmNm

< 2pa(Xp) — degy, Dx,, — degg(Im—1 + Prmo) + .
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For the last inequality we have used Corollary D.2.12. By Lemma C.1.28, we have

degy, fRo = Y _ degy, fix, Rig (7:23)
i—1
m—1
= ) degy fiRio + degy fmPRim,o
i=1
= degy(h — In—1)(Ro/Im-1) + degi(fm + Pm,0)Ro/ Pm.,o
m—1
(9(Ym-1,H,,_,) — degy D1 + Z n;)
=1
+ (2pa(Xom) — degy, Dyx,, — degy(Im—1 + Pm,0) + 1um)-

IN

By definition and Eq. (7:19), we have

g(mel?yymfl) = 2pa(Ym*1) + 2(m - 2) - X(Ym717‘yymfl) (7:24)
= 2pa(ym71) + 2(m - 2) - X(X, yX) + X(X, <Sﬂm)

Note that by Lemma 2.4.5, we have

Ro/Ppo

X, %) = x(Yins Fim) = dimy, ——2L=m0
XX ) = XV i) = im0

= degy, In—1 + Ppo = degy, Tm.  (7:25)

Now plugging Eq. (7:25) into Eq. (7:24) and then the result into Eq. (7:23) provides

degy fRo < 2pa(Vin—1) + 2(m — 2) — x(X, #x) — degy D1 + Y _n; (7:26)
i=1
+ 2pa(Xm) — degy, D\Xm~

By Proposition C.4.18 (iii), we have degj Dp,—1 = Z:r;l degy, D|x, and by Proposi-
tion 2.4.9, we have

m—1
Pa¥Ym-1) = > pa(X) + X(Ym-1, S, ) +1 = (m—1) (7:27)
=1
m—1
Eq. (7:25) ~ = pa(X5) + x(X, %) — x(X, S ) —m+2

i

3
L

< Pa(Xi) + x(X, Sx) —m + 2.

3

Il
—

Now plugging degy, Dy,—1 = Z?;l degy, D|x, and Eq. (7:27) into Eq. (7:26) finally provides
m—1
degy, fRo <20} . pa(Xi) +X(X, Sx) —m +2)

+ 2<m - 2) - X(X, yX) - deng +n+ 2pa(Xm)

m
=20} Pal(Xi) + x(X,F%) +1—m)

+2+2(m—2) — x(X,Sx) —deg, D +n

Proposition 2.4.9 ~» = 2p,(X) +2(m — 1) — x(X, ¥x) —degi, D +n
Definition 5.7.9 ~» = ¢(X,.x) — deg;, D + n. O
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Remark 5.7.12. Note that the proof of Theorem 5.7.11 shows that the statement is not
only true for the chosen r; but also for all s; > ;. A

Remark 5.7.13. Note that Theorem 5.7.11 requires a divisor defined on all of X whose sup-
port is contained Vj or equivalently which is not supported in S. But by Lemma 5.3.13,
we see that we may extend any divisor Dy on V{ uniquely to a divisor D on X which
restricts to Dy on V) and which is not supported in S. This establishes a 1-to-1 corre-
spondence between divisors on X not supported in S and Div(Vp). Hence we will use
Theorem 5.7.11 for both such divisors. Put in the notation introduced in Notation 5.5.7,
we use Theorem 5.7.11 for divisors D of the form (Do, 0) with Dy < 0. A

Corollary 5.7.14. Let the situation be as in Theorem 5.7.11. Then f satisfies divx(f) =
(divy, (f|V0)7 Y ica —Ti(Z)ioo). In particular, fRy € Pr.

Proof. By Theorem 5.7.11 (c), together with Lemma 5.6.25, we have f|x,Os, = 2" Og, for
all i € A. Hence, by Corollary 5.6.13, we deduce

—divx (f)1g = divx(f")s = (ZZEA 7i(2)i00)|s

which is equivalent to divx(f)|s = (D ;ca —7i(7)i,00)|s and hence provides the assertion.
The particular part follows from Definition 5.6.19. O

The function constructed in Theorem 5.7.11 does indeed provide a modification function
of D.

Lemma 5.7.15. Let X be a reduced cover of ]P’,lc. Let D < 0 be a divisor on X with
Supp(D) C Vp and set I = Ox(D)(Vy). Then the function f from Theorem 5.7.11 satisfies

(i) f €I, fRy € Py, and
(ii) degy I < degy fRy < deg, I +2g9+2m+n—x(Fx).

Proof. First we prove (i). By Theorem 5.7.11 (a), the function f satisfies
[ € LD+ ril@)ice) = Ox(D)(Vo) N (Bieas™ Os,) N Kx (X)*

and thus f € I as asserted. The last part of (i) follows from Corollary 5.7.14. Now
we prove (ii). From fRy C I Lemma C.1.27 already provides deg; fRy > deg;, I. By
Theorem 5.7.11 (d), we already know that

degy, fRo < g(X, #x) — degy, D + n.
Note that by Definitions 2.4.8 and 5.7.9, we have
9(X, Ix) = 2pa(X) +2(m — 1) — x(Fx)

=2(1+g)+2(m—1) = x(&x)
= 29+ 2m — x(&x).

Moreover, by Proposition C.4.18 (i), we have — deg; (D) = deg, Ox(D)(Vp) = degy, I and
thus combining the above provides the assertion. O

Corollary 5.7.16. Let X be a reduced cover of Pk. Let D+1(z)o € Dive(X) with D <0
and I = Ox(D)(Vp). Then the modification function f from Theorem 5.7.11 satisfies
fel and

degy I < deg;, fRy < deg, I +2g+2m+n— x(“x).
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Corollary 5.7.17. Since [ € Lreg(D + ) i 4 Ti(%)i,00), we have

div(f)+ D + ZieA 7i(2)i00 > 0.
Moreover, by Corollary 5.7.14, we have divs(f) = Y ;c 4 —7i(2)i,00. Hence

diVVO (f) + D|V0 > 0.

5.7.2 Computing Modification Functions

As already mentioned in the introduction to Section 5.7, in this section we provide algo-
rithms to explicitly compute modification functions given a basis matrix of the Ry-ideal
Ox(D)(Vp). Furthermore, these algorithms also provide existential statements of modifi-
cation functions in general. We divide this endeavor into two cases, first we examine how
to compute modification functions in the component independent case and then do the
same in the component dependent case. We chose this order since, as we will see, the idea
used in the component independent case can be extended to the component dependent
one.

5.7.2.1 Component Independent Case

We start with some fundamental observations with regards to the leading coefficients
matrix LC(M) of a matrix M € k[z]™*". The following shows why we do care about
this. Let f = > Aiw; € Ryg with \; € k[z]. Then ¢qo(f) = (A, AT and we
set 271Xl po(f) == (=KX, ..., 27 IXIn\)T. Then f satisfies the sufficient conditions in
Lemma 5.6.25 to be a modification function if and only if

LC(¢Q(x_‘X|¢Q(f))) = (:Ua 0,... 70)T

for any p € k*. This will help us to find a suitable linear combination of a given basis
matrix which results in a modification function.

Remark 5.7.18. Let A = (A1,..., \,) € k[z]"" be a row vector. Let d = max?_,{deg \;}
be its degree. Obviously, no unimodular column operation over k[x] on A can decrease
the degree of A below zero. In particular, no unimodular column operation over k[x] on
f-A=(f A,...,f - Ay) can decrease its degree below deg f — d. Moreover, applying
unimodular column operations over k[x] on f- A= (f-A,..., f - \,) yields a row vector
such that every non-zero entry is still a multiple of f. A

The following lemma is particularly useful for finding linear combinations of columns of a
reduced matrix with prescribed LC-vector.

Lemma 5.7.19. Let M € k[z]™*" be a reduced matriz with columns vy, ..., v, € k[z]™
of degrees di, ..., d,, respectively. Let p = (p1,...,1un)" € k™ be arbitrary and set d =
max{d; | p; # 0}. Then we have

f =

LC(M)-p=LC | M- :
d—dy

Proof. Let v; = (v14,...,vn )T, that is M = (v )i ;. We set LC(M) - = (A1,..., )™
Then

n
)\i = Zam © Mg with Qi3 =

{fc(vm), deg(vi ;) = deg(v;) = d;
j=1

0, otherwise.
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By definition, we have
d—d n .d—d; .
pat D T vy

d—dn

n d—d;
HnZ Zj:l M= " Um 5

Since M is reduced, we have

niaye{deg(_

"t hu)) = deg(N) = max{deg(s;z""Y - v;)} = d.
j= i=

Therefore, the non-zero entries of LC(/N) do only depend on the coefficients of entries of
N of degree d. The coefficient of z% in Z;‘:l ,ujxd_df v;,; equals

Z EC(U@j) T = )\z’
J:deg(vi,j)=d;
which thus proves the assertion. ]

We can use Lemma 5.7.19 to give an algorithm that computes a modification function of
an ideal given by its k[z]-basis matrix. Note that the suffix “CF” stands for components
free and represents the component independent case.

Algorithm 7 Computing a modification function in the component independent case
Precomputed | Reduced basis Q2 of Ro; m-invariants —|X|; <... < —|X|, of X
Input | T basis matrix of F(Vp) where F is an Ox-ideal
Output | ¢q(f) where f is a modification function of F(Vj)

1: procedure MopFcTCF(T)

2. T < ScALERows(T,z—Xh . 2=Xln)

3 N < REDMAT(T)

4: L <~ LEADCOEFFMAT(N)

5 (p1,...,pn) < SOWVELESL(L, (1,0,...,0)T)

6: I ={i|p#0}

7 diy...,dp < 0,...,0

8 for i e I do

9 d; < DEGREE(SUBMATRIX(N, (1,1), (n,1)))

10: D < max{d; |i eI}

11: fori=1,...,ndo

12: ph — pipP—di

13: f— N, pm)T

14:  f < ScALERoOws(T, zXl . zIXIn)
15: return f

Theorem 5.7.20. The algorithm MODFCTCF, see Algorithm 7, is correct. Moreover, if
d is a common bound of deg(T') and —|X|,, then MODFCTCF requires at most O~ (n“d)
operations in k and returns a vector with degree bounded by d — | X |, < d+ cx.

Proof. We work with the notation as in Algorithm 7. Since REDMAT does not increase the
degree of the input matrix and computes a right equivalent of it, Remark 5.7.18 provides
that every non-zero entry of the i-th row of N has at least degree —| X |;. Moreover, deg N <
deg T — | X|,. Since N is reduced, there is a vector u € k" such that L-u = (1,0,...,0)T.
By Lemma 5.7.19, we know that f from line 13 satisfies LC(f) = (1,0,...,0)T. We have
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seen above that every non-zero entry of the i-th row of N has at least degree —|X|; and
thus the same is true for the i-th row of f. Moreover, by construction, the latter has degree
D < degN < degT — |X|, < d— |X|,. Therefore, the output vector f = (f1,..., fn)"
satisfies deg f; < deg f1 + | X|; for all non-zero f; and deg f = deg fi < d — | X|,. This
proves the correctness of Algorithm 7.

Now we prove the running time assertion. Let d be a common bound of deg(7") and
max;"{—|Xi|n, }. Hence, calling REDMAT requires at most O™~ (n“d) operations in k, see
Theorem A.2.7. Therefore, any scaling of the rows of T" by the appearing powers of x
only produce matrices and vectors with degree bounded by 2d. Hence the running time
assertion follows from Lemma A.1.2 (i), (iv), (v) and (vi). O

Lemma 5.7.21. The element f € Kx(X) computed by MODFCTCF satisfies f € F(Vo)N
2°Og N Kx(X)* where e = deg pa(f). In particular, —divs(f) = e(v)oo. If F = Ox (D)
for some Supp(D) C Vo, then f € Lreg(D + e(x)o0).

Proof. By construction, we have f € F(Vj). Moreover, it is constructed such that
LC(éa(f)) = (1,0,...,0)” and thus Lemma 5.6.25 provides fOg = 2°Os. The particular
part follows from Corollary 5.6.13 and the fact that f = 0. 0

5.7.2.2 Component Dependent Case

We want to generalise the procedure used in Algorithm 7 to compute modification functions
in the component dependent case. To do so, we state a lemma that will help us prove the
correctness of Algorithm 8.

Lemma 5.7.22. Let M € k[x]"*" be in n-block-form with det(M) # 0 and m row blocks
M; € k[z]™™" of degree d;. Let d = max™,{d;}. Let N be the matriz we obtain by
scaling the row blocks M; in M by x%~%. By Ni we denote a reduction of N with columns
Vi, .. vl € k@)™ Let = (u1,...,un)T € k™ be a vector over k such that

LC(Ny) - = (1,0,...,0]...]1,0,...0)T.

Set d' = max{deg(u;v;) | 7 € {1,...,n}}. Let N2 be the matriz we obtain by scaling the
i-th row block of N1 by z%~%. Then the vector

f it =des0)
f=1:1]:=Ny- :
fm /}Lnxdlfdeg(v;,)

satisfies LC(f;) = (1,0,...,0)T and deg f; < d; for alli = 1,...,m. Moreover, by con-
struction, f lies in the column space of M.

Proof. By construction, the row blocks of NV all have degree d. That is, deg N < d. There-
fore, Ny := (v} ...v},) := REDMAT(N) has degree bounded by d as well. In particular, the
degree of the row blocks Nj; of N1 also have degree bounded by d. Since N; is reduced,
LC(Ny) has full rank over k and thus there is a vector p = (p1, ..., un)? € k™ over k such
that

LC(Ny) - pu=(1,0,...,0]...]1,0,...0)T. (7:28)

We set v = Ny - (ppa® —desn) @ —deg@))T By Lemma 5.7.19, we obtain

LC(Ny) - o = LC(v).

157



5.7. Modification Functions Chapter 5

By construction, deg(v) < d’ < d. Let Ny be the matrix and f be the column vector we
obtain by scaling the i-th row block of N; respectively of f by %~ Then

fl Iullxdlfdeg(vll)
f==1:1:=N>-

fm Mnxdlfdeg(viz)

and the i-th row block f; of f has degree bounded by d' —d + d; < d;. By Eq. (7:28),
we know that the first entry of the i-th row block of v has strictly larger degree than the
other entries of the i-th row block of v. Since f; emerges by scaling the i-th row block of
v, the same is true for f;. Finally, that f lies in the column space of M follows from the

fact that Ny emerges from M by scaling columns from the left and reverse the very same
scaling after applying some unimodular column operations. O
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Algorithm 8 Computing a modification function in the component dependent case

Precomputed | Basis 2" of Rar; for all ¢ = 1,...,m: m-invariants —|X;[; < ... <
_|X|nl of Xl
Input | M basis matrix of Ox-ideal F with respect to 2",
Output | ¢ar(f) = (¢a,(f1),---,9q,,(fm)) Where f; is a modification function

of Fi(Vio)
1. procedure MopFcTC(M)
2 fori=1,...,mdo
3 for j=1,...,n; do ‘
4 M + MurtipLYRow (M, j + Z;;i ng, x~1%ils)
5: fori=1,...,m do
6 pi 1+ Z;;ll n;
7 d; + DEGREE(SUBMATRIX(M, (p;, 1), (p; +n; — 1,n)))
8 d < max{dy,...,dn}
9: fori=1,...,m do
10: for j=1,...,n; do ‘
11: M  MurtipLYROW (M, j + S20=} ng, ad=%)
12: N; <~ REDMAT(M)
13: L + LEADCOEFFMAT(Vy)
14: fori=1,...,mdo
15: €14 < (1,0,...,0) € k™
16: e <~ COLUMNCONCAT(e1,1, - .-, €1,m)
17: = (p1,...,Hn) < SOLVELES,(L, €)
18: heood, < 0,...,0
19: fori=1,...,ndo
20: d; < DEGREE(SUBMATRIX(N1, (1,4), (n,1)))
21: d < max{d} |ie {i|p #0}}
22: fori=1,...,ndo
23: ,u; — Wi ZL‘d/_d;
240 gl = (s )T

25: f’ — Ny - M’
26: f<f

27: fori=1,...,m do
28: forj:l,...,nido

; i1 —d+] Xl
29: f + MuLTiPLYROW(f, j + 4= ] np, a%—a+1Xils)

30: return f

Theorem 5.7.23. The algorithm MODFCTC, see Algorithm 8, is correct. Moreover, if
d is a common bound of deg(M) and max]" {—|X;|n,}, then MODFCTC requires at most
O~ (n“d) operations in k and returns a vector

dan (f) = (60, (f1),- - o, (fm)"

with deg ¢q, (fi) < a; — | Xi|n, < a;+cx, where a; is a degree bound of the i-th row block of
M. Moreover, ¢q,(fi) = (fi1s-- -, fin:)T with fi; € k[z] such that deg fi ; < deg fi1+|X;];
foralli=1,....mandj=2,...,n;.

Proof. We work with the notation as in Algorithm 8. To prove the correctness, we can

simply use Lemma 5.7.22: Let d; denote the degree of the i-th row block of M after line 5.
Hence d; < a; — | Xj|pn,. By definition, d = max]",{d;}. By Lemma 5.7.22, we know that
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=, )T == Ny - 1/ satisfies deg f! < d’ < d and LC(f!) = (1,0,...,0)T € k™.
Let f] = ( i’,l,...,fi’mi)T for all i = 1,...,m. If we write f := (f1,..., fi) for f, then

fi=fin figooo fin)T = @Bl atimdriXil g 0 gdimd Xl g T

and since deg f; ; < deg f; foralli=1,...,n and j = 2,...,n;, we deduce

deg fi; = deg fi ; +|Xil; +di —d

< deg fiy +[Xilj +di — d

= deg fin — (di — d) + | Xi[; +di — d
deg fi1 + | Xil;

forall i =1,...,n and j =2,...,n,;. Moreover, since deg f! < d, we obtain
deg fi = rjr.?jfc{deg fis}

uiix{deg £}, +| X, + d; — d)

= %fi{deg fij+Xilj} +di—d

< degfj +di—d
<d+d;—d
< a; — | Xiln,
for all ¢ = 1,...,m. This shows the correctness of MODFcTC.

Now we prove the running time assertion. Let d be a common bound of deg(M) and
max]",{—|Xi|n, }. Therefore, any scaling of the rows of M by the appearing powers of x
only produce matrices and vectors with degree bounded by 2d. Hence the running time
assertion follows from Theorem A.2.7, Theorem A.2.12 and Lemma A.1.2 (i), (iv), (v),
(vi), (viii). O

Example 5.7.24. We give an example that shows that the rescaling of f’ with the powers
#1Xili does not necessarily decrease the degree of the i-th row block of f’ to the degree a;:
Let M be given by

and let —|X;[; be given by —| X1 = —|X2|1 = 0, see Corollary 4.3.24, and —|X3|2 = 10.
First, we scale the third row of M by 2!® which results in

/ Tz T 0 \
1 0 z |.
kxlz 213 $15)

The maximal appearing row block degree is now 15 and thus we scale the first row block
with 2'4 which results in
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We subtract the first column from the second and then we subtract the now second column
multiplied with 22 from the third which results in

[z 0 0
1 -1 —2? 4z having leading coefficient matrix L :=
212 13 _ 12 0

and therefore it is reduced. The matrix L satisfies L - (1,0, —1)” = (1,1,0)” and thus we

set
215 / 0 \ / 215 \
= 1 — 3. —24z| =P —aM4+1].
212 0 212

We rescale the first row block by !4 and obtain

[
P -1,
212

Now rescaling with the respective powers of x with respect to —|X;|; in this case comes
down to multiply the third row with z~!° which finally results in

[ =
f= 2 —2M 1.
)

The row block degrees of M were 1 respectively 5. We see that f has row block degrees
1 and 15 where 15 = 10 + 5 = —|Xa|s + 5. This shows that rescaling with z!*:li need not
necessarily decrease the row block degrees of f. A

Lemma 5.7.25. The element f € Kx(X) computed by MODFCTC satisfies
(i) fe FVo)N@iL, %05, N Kx(X)* where e; = deg ¢q, (f|x,) and
(ii) fix,0s, = 2% Og, foralli=1,...,m.

In particular, —divs(f) = > ;ca€i(®)ico- If F = Ox (D) for Supp(D) C Vy, then f €
Lyeg(D + ZieA €i()i,00)-

Proof. By construction, we have f € F(Vj). Moreover, it is constructed such that
LC(¢q,(fix,)) = (1,0,... ,0)T and thus Lemma 5.6.25 provides fix,0s, = 2°Og,. This
shows both Items (i) and (ii). The particular part follows from Corollary 5.6.13 and the
fact that fix, #0 foralli=1,...,m. O

Remark 5.7.26. Let MODFCT denote the algorithm that, given a matrix M € k[z]" and
a Boolean ¢, calls MODFcTC(M) if ¢ = true and MODFCTCF (M) if ¢ = false and then
returns the result. By Theorems 5.7.20 and 5.7.23, we see that MODFCT requires at most
O~ (n¥d) operations in k if d is a common bound of deg(M) and max]",{—|X;|n,} (c =
true) or of deg(M) and —|X|, (c = false). A

5.8 Reduced Class Representatives

In this section we will prove that for each class in CaCl%(X) there is a representative
whose restriction to Vj has bounded degree. We will achieve this for both the component
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independent case and the component dependent case by using modification functions. This
is one of the very important applications of modification functions in this thesis. This is
not only a nice theoretical result, but also the basis that we can assume the ideals that
we get as input for our algorithms to have bounded degree, that is, degree in O(ncy).
Moreover, we also show that the degree bound on the input ideal representatives provide
bounds for the basis matrices representing those ideals. This implies that we may assume
that the input matrices for our algorithms have degree in O(cx).

Furthermore, both Sections 5.8 and 5.9 provide the theoretical background for and
justify why we can carry out the group law of CaCl%(X) only using the basis matrices of
Ox (D) where D is the respective representative of a given class.

5.8.1 Component Independent Representation

The main goal of this section is to provide for every class in CaCl?(X) a representative
of the form D + r(z)s € Dy with D < 0 and r linearly bounded by cx. Moreover, the
existence of a basis matrix representing Ox(D)(Vp) with degree in O(cx) will also be
proven.

Notation 5.8.1. For the rest of this thesis we set

_ )1, if X is irreducible
X = 2, if X is reducible. A

The following two statements provide the existence of basis matrices Mp of Ox (D)(Vy) for

representatives of the form D + r(z)~ with degree bounded by r + puxcx and also bounds

of the degree of modification functions that can be computed by MODFcTCF using Mp.
For the rest of this section let X be a reduced cover of Pi.

Lemma 5.8.2. Let D = Dy + r(x)so with Dy < 0 be a representative of a class in
CaCl%(X). Then there exists a basis matriz Mp of Ox(D)(Vy) with respect to Q such
that deg Mp <7+ pxcx.

Proof. By Corollaries 4.3.27 and 4.5.4, we know that there exists a basis matrix Mp with
respect to Q such that deg Mp < (deg;, Ox(D)(Vh))/n + pxcx. Due to Corollary C.4.13
and Lemmas C.4.8 and D.2.13, we have

deg, Ox(D)(Vp) = —deg;, Ox(D)(S) = —degy, Ox(r(z)s0)(S) = deg, 2" Og = rn
and thus the assertion follows. O

Lemma 5.8.3. Let D = Dy + r(x)s be a representative of a class in CaCl2(X) with
basis matriz Mp as in Lemma 5.8.2. Then ¢q(f) = MODFCTCF (Mp) satisfies s :=
deg pa(f) <r+ (ux + 1)cx. Moreover, we have divs(f) = —5(2)co-

Proof. By Lemma 5.8.2, we have deg Mp < r+puxcx and, by Theorem 5.7.20, we therefore
obtain the bound for s. The algorithm MODFCTCF computes f such that its coefficient
vector ¢ (f) = (f1,..., fn)! satisfies deg f; < deg fi — | X|; and thus, by Lemma 5.6.25,
this provides fOs = x*Og which in turn induces divs(f) = —s(x)s due to the definition
of the pole divisor of x. O

Corollary 5.6.28 already provided representatives of classes in CaCl(X) that have the
desired form D+7r(x) and bounded r. However, the following statement will also provide
the desired representative. Moreover, it directly tells us how to compute a reduction of a
representative which has too large degree. This will be used in the explicit arithmetic in
CaCl19(X).
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Proposition 5.8.4. Let D = Dy + a(x)s € Div2(X) with Dy < 0. Let Mp be a basis
matriz of Ox(D)(Vy) with respect to Q such that deg Mp < a + puxcx (which exists due
to Lemma 5.8.2). Let ¢po(f) = MODFCTCF(Mp) and set E = —D — divx(f). Let
Mp, denote a basis matriz of Ox(E)(Vy) with respect to Q as in Lemma 5.8.2 and let
gbg(g) = MODFCTCF(ME). Then

F=D+div(fg™') = Fy + ()0
with Fy <0, Supp(Fy) C Vp andr < (ux+1)cx. In particular, — degy, Fy, < (ux+1)exn.

Proof. By Lemma 5.8.3, f satisfies divs(f) = —5(%)c0, s < a+ (ux + 1)cx and divx (f) +
Dy + s(x)s > 0. By definition, we have £ = —D — divx(f) = —Do — a(z)so — divx (f)
and thus

B = — (Do), — divyy(f) — divs(f) — a(o)e
= = (Do), — diviy (f) + (s = @)(2) o

As above, by Lemma 5.8.3, g satisfies divg(g) = —t(2)c0, t < (s —a) + (ux + 1)cx and
diVX(g) - (D0)|Vo - diVVo (f) + t(x)oo > 0.

In particular, (Do)y, + divy, (f) — divi, (g) < 0. Therefore, we finally obtain

D +divx(fg™h) = Dy, + a(7)oo + divx (f) — divx(g)

= Dy + a(2)oo + divyy (f) + divs(f) — divyy(g) — divs(g)

Dy, + divy, (f) — diviy (g) +(a — s +1) (7)o

<o

and a—s+t<a—s+s—a+ (ux+1)cx = (ux + 1)cx. The particular part now follows
from Proposition C.4.18 (ii) and deg;, F' = 0. O

Corollary 5.8.5. Let X be a reduced cover of Pi. For every class in CaCl2(X) there
is a representative of the form D = Dy + r(z)s with Dy < 0, Supp(Dy) € Vy and
r < (ux + 1ex.

Proof. By Corollary 5.6.28, for every class in CaCl%(X) there is a representative of the
form D = Dy + r(z)s with Dy < 0, Supp(Dy) € Vy. Now we only need to apply
Proposition 5.8.4 to D and obtain the asserted representative. O

Corollary 5.8.6. Let X be a reduced cover of IP’}C. For every class in I /Py there is a
representative I C Ry with (degy I)/n < (ux +1)cx. Moreover, there exists a basis matriz
My of I with respect to Q2 with deg M1 < (2ux + 1)cx.

Proof. By Corollary 5.8.5, there is a representative for every class in CaCl?(X) of the
form D = Dy + r(2)e with Dy < 0, Supp(Dg) € Vp and r < (ux + 1)cx. Hence
I =0x(D)(W) = Ox(Do)(Vb) € Ry by Proposition 3.1.27 (ii) and

degy, I = —deg;, Ox(D)(S) = —deg, " Og =rn

by Corollaries C.4.13 and D.2.9 which thus results in the asserted bound of (degy I)/n.
The existence of My is due to Corollaries 4.3.27 and 4.5.4. O
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5.8.2 Component Dependent Representation

The main goal of this section is to prove that every class in C&CISr (X)) has a representative
D = Do+ cari(®)ico € Do with Supp(Dg) C Vg and r; < 2¢; x. Moreover, we prove
that there is a basis matrix Mp in n-block-form representing Ox (D) (Vp) for D as above
such that the i-th row block of Mp has degree bounded by 3c; x. In particular, this yields

deg Mp < 3cx.

Proposition 5.8.7. Let D = Do + > ;. 4 0i(%)i00 € Div(X) such that Dy < 0 and
Supp(Do) € V. Let Mp be a basis matriz of Ox(D)(Vy) with respect to Q" in n-block-
form such that the i-th row block Mp; of Mp satisfies deg Mp; < a; + ¢; x (which exists
due to Proposition 4.4.20). Let ¢por(f) = MODFCTC(Mp) be a modification function of
D. We set E = —(div(f) + D)y, and by Mg we denote a basis matriz of Ox(E)(Vp)
with respect to V" in n-block-form such that the i-th row block Mpg,; of Mg satisfies
deg Mp; < deg, Ox(Ex,)(Vio)/ni + cix (as above, see Proposition 4.4.20). We set
pom(g9) = MoDFCTC(ME). Then

F=D+div(fg ) =Fo+ ) si@)ioc
with Fy <0, Supp(Fp) € Vo and s; < 2¢; x. In particular,
—degy, Fly, < 4(g 41+ x(x)) + dimy H® (X, Ox).

Proof. By assumption, we have deg, D|x, = —a;n;. By Theorem 5.7.23 and Proposi-
tions 4.4.20 and 4.4.21, f satisfies

di == deg ¢q,(fix,) < ai +cix — | Xi|n, < a; + 2¢; x.

By Lemma 5.7.25, f satisfies —divg(f) = > ;c 4 di(%)s;,00 and div(f)+D=+> "o 4 di(2)i 00 >
0. Let us now add div(f) to the divisor we started with:

div(f)+ D+ . ai(@)ice = divig(f) + Dy +divs(£) + ). ai(@)s,00
= div(f)j, + Dy, + ZieA (a; —d; )(T)s;00  (8:29)

>0 > —2¢,x

Set E = —divy,(f) — Dy, < 0 which satisfies —degy, E|x, = (d; — a;)n; due to the fact
that divx (f)+ D still has degree zero, see Eq. (8:29) and Proposition C.4.18 (ii). Now let
ME be a basis matrix of Ox (E)(Vp) as asserted and set ¢or(g9) = MODFCTC(ME) with
e; = deg ¢q,(g)x,).- As above, by Theorem 5.7.23 and Propositions 4.4.20 and 4.4.21, g
satisfies

e; < (degy, Ox (E\x,)(Vio))/ni + 2¢i x
Proposition C.4.18 (i) ~ = (—degy, Ex,)/n: + 2¢i x
= (di — a;) + 2¢; x. (8:30)

Moreover, by Lemma 5.7.25, g satisfies —divg(g) = > ;o4 €i(%)s,,00 and div(g) + E +
Y ica €i(T)ioco > 0. In particular,

—div(g) — E — ZieA ei(2)io0 < 0. (8:31)
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Now we consider F := D +divx(fh™") = Do+ > 4 ai(2)i 00 + divx (fg~'): We have

F‘|V0 = - diVVo(g) + diVVo(f) + DO
= - diVVo(g) - EIVO <0

due to Eq. (8:31). Moreover,

F|5 = dng(f leS —{— Z 5“00

= D h@sico + Y eil@)sioo + Y ai(@)s 00

EzeA (=di + € + a;)(2)s;,00-
Finally, Eq. (8:30) yields
—di+ei+a; < —d;i + (di — a;) +2¢;, x +a; = 2¢; x.

Thus F' = Fy, + Fjg with Fly, < 0 and Flg = ) ;c 4 5i(7)s;,00 such that s; < 2¢; x. In
particular,

m
— degy, Fly, < Y 2cixni < 4(g + n + x(#x)) + dimy, H* (X, Ox)
=1

due to Lemma 2.4.11. O

Corollary 5.8.8. Let I € Z;. Let My be a basis matriz of I with respect to Q" in n-
block-form such that the i-th row block My, of M satisfies deg Mr; < deg; I;/n; + ¢ x
(which exists due to Proposition 4.4.20). Let ¢pom(f) = MODFCTC(M[) be a modification
function of I. We set J = fI~' and by M we denote a basis matriz of J with respect to Q"
in n-block-form such that the i-th row block M ; of M satisfies deg M j; < degy, Ji/ni+ci x
(as above, see Proposition 4.4.20). We set ¢pom(g) = MODFCTC(M ). Then

H=gf'I
satisfies H C Ry and degy, Hi/n; < 2¢; x. In particular,
deg, H < 4(g+n + x(Fx)) + dimy, H® (X, Ox).

Proof. Let D = ¢~ *(I) = Do + > ;c 4 @i(2)i,00 be the corresponding divisors of I under
the isomorphism in Proposition 3.1.27. Note that

—(degy,(Do)|x,)/ni = (degy, Ox; (Do) x, (Vi) /ni = (degy Li) /n;-

Let E = —Dg — divy,(f). This equality becomes under ¢, see Proposition 3.1.27, the
equation

J=O0x(E)(Vo) = fT"".

The product H = gJ = = (gf~1)I corresponds under ¢ to —divy,(g) — F = —divy,(g) +
D + divy,(f) and thus the rest of the assertion follows from Proposition 5.8.7 using the
properties being preserved under ¢, see for instance Proposition C.4.18. O

Corollary 5.8.9. FEvery divisor class in CaCl?r(X) has a representative D = Dy +
ZieA 7i(2)i,00 with Do < 0, Supp(Dy) C Vo and r; < 2¢; x yielding —degy, Dy < 4(g +

n+ x(Sx)) +dimy, H (X, Ox). Moreover, that representative has a basis matriz Mp in
n-block-form with row blocks Mp ; satisfying deg Mp; < 3¢; x yielding deg Mp < 3cx.
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Proof. By Corollary 5.6.28, there is a representative of the form D+r(z)s with Supp(D) C
Vo, D <0 and some r € Z. Now since 7(2)oc = D ;c 4 7()i 00, see Remark 5.6.10, we can
apply Proposition 5.8.7 to that representative to obtain the new one with the desired
properties. The statement about the basis matrix follows from Proposition 4.4.20 and
r; < 2¢ix. ]

Proposition 5.8.10. Every ideal class in I, /Pr has a representative I with I C Ry and
degy, I/P,I < 2¢; x yielding degy, I < 4(g +n + x(Fx)) + dimy H° (X, Ox). Moreover,
that representative has a basis matriz M in n-block-form with row blocks My ; satisfying
deg My ; < 3¢; x yielding deg M < 3cx.

Proof. By Proposition 3.1.27, we have an isomorphism CaCl2(X) — Z./P, given by
D+Y . @)l = Ox(D)1D)L

By Lemma 3.2.30, we have

Ox(D)(V)
P;00x(D)(Vo)

12

OVi,O (D|Vz‘,o)(Vi,0) = Ox (D)|Vw (Vi,O)

which provides, if we write I = Ox(D)(Vy), that
degy, I/P; ol = degy, Ov, ,(Dyy;,)(Vio) = —degy Dyy, , = —deg;, D|x, = rin;

where the second equality is due to Proposition C.4.18 (i) and the second last due to
the fact that Supp(Dx,) € Vjo. The last equality follows from the fact that D +
> ieaTi()io € DivE(X) and Proposition C.4.18 (iii). Now everything follows from the
isomorphism in Corollary 5.6.23 together with Corollary 5.8.9 and Lemma C.1.28. 0

5.9 Arithmetic Operations in CaCl®

While we have shown in Section 5.8 that there are representatives of bounded size, we want
to prove in this section that computing the difference of two classes in CaClY respectively
the quotient of two classes in Z, /P, using reduced representatives yields a representative
of the resulting class that does not have too large degree. Moreover, we will establish
statements concerning the arithmetic operations we will carry out later on with explicit
algorithms in Chapter 6.

5.9.1 Component Independent Case

Proposition 5.9.1. Let D = Do + a()s0, E = Ey + b(2)s € DivY(X) with Ey, Dy < 0.
Let Mp be a basis matriz of Ox(D)(Vp) with respect to Q such that deg Mp < a + uxcx
(which exists due to Lemma 5.8.2). Let ¢pq(f) = MODFCTCF (Mp). Then

F=FE—D—div(f) =Fy+r(x)e
with Fy <0, Supp(Fp) C Vp and r < b+ (ux + 1)ex. In particular,
—degy, Fjy, < —degy Eo + (ux + 1)cxn.

Proof. By Theorem 5.7.20 and Lemma 5.8.3, we know that f € Lieg(Do + $()sc) where
s < a+(px +1)cx such that divs(f) = —s(2)so. In particular, —divy; (f) — Do < 0. Thus

F=FE—-D-— diVX(f) = EO — DO - diVVO(f) + (b —a+ S)(x)oo
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with Fy, = Eo — Do — divy,(f) < 0 by the above and the fact that Ey < 0. Moreover,
b—a+s <b—a+a+(ux+1)cx = b+ (ux+1)cx. Since degy F' = 0, by Proposition C.4.18
(ii), we finally have

—degy, Fly, = degy, Flg = rn < bn + (ux + 1)exn = degy, Ejg + (ux + 1)exn
Proposition C.4.18 (ii) ~» = —degy Eo + (ux + 1)exn. O

Corollary 5.9.2. Let I,J € Z; and let My be a basis matriz of I with respect to ) such
that deg My < deg, I/n + pxcx. Let f = MoDFcTCF(M7). Then fJ/I C Ry and
degy, fJ/1 < deg J + (ux + L)exn.

Proof. Let E = ¢~!(J) = Eg+b(2)so and D = ¢~ (I) = Do+a(z)s be the corresponding
divisors of J respectively I. Note that a = —(deg; Dg)/n = (deg, I)/n. Let F = E—D —
divx (f). Under ¢ this equality becomes, see Proposition 3.1.27, the equation

Ox(F)(Vo) = fJ- 1" = fJ/I.

Now Proposition 5.9.1 implies —degy Fjy, < —degy Eyy, + (px + 1)cxn. By Proposi-
tion C.4.18 (i), we have

— degy, Fly;, =deg;, Ox (F)(Vo) = degy, fJ/I, and
—degy, E\VO =degy, Ox(E)(Vo) = J

which then completes the proof. ]

Corollary 5.9.3 (of Proposition 5.8.4). Let I € Z, and let My be a basis matriz of I with
respect to Q such that deg My < deg, I/n + pxcx. Let f = MODFcTCF(M7) and set
J = fI"' C Ry. Let My be a basis matriz of J such that deg M; < deg J/n + pxcx.
Let g = MODFCTCF (M) and set H = gJ~' = (gf ). Then H C Ry and degy, H <
(ux + Dexn.

Proof. Let D = ¢~ 1(I) = Dy + a(x)s be the corresponding divisors of I. Note that
a = —(degy, Dy)/n = (degy, I)/n. Let E = —D —divx(f). Under ¢ this equality becomes,
see Proposition 3.1.27, the equation

J =O0x(E)(Vo) = fT"".

The product H = gJ~! = (¢f~!)I corresponds under ¢ to —divx(g) — F = —divx(g) +
D + divx (f) and thus the rest of the assertion follows from Proposition 5.8.4. O

Proposition 5.9.4. Let X be integral. Let D = Dy + a(z)s € Div(X) with Dy < 0.
Then D is principal if and only if 0 > —|D|;.

Proof. By Lemma 4.7.9, D is principal if and only if Ox(D)(X) # 0 and thus, by Re-
mark 4.3.19, if and only if 0 > —|D|;. O

Remark 5.9.5. Note that if X is integral, given any basis matrix of Ox(D)(V}), we can
compute —|D|; using Algorithm 2. For reducible, reduced X, see Proposition 5.9.8. In
particular, the test of principality or the zero test cannot be performed independent of the
irreducible components. A

5.9.2 Component Dependent Case

Proposition 5.9.6. Let D = Do+ > ;4 ai(2)8,.00, E = Eog+ Y ;c 4 bi(2)s,,00 € DivR(X)
with Eg, Dy < 0. Let Mp be a basis matriz of Ox(D)(Vy) with respect to Q" in n-
block-form with row blocks Mp; such that deg Mp,; < a; + ¢; x (which exists due to
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Proposition 4.4.20). Let ¢q(f) = MopFcTC(Mp). Then

m
F=FE-D-div(f) = <F|Voa Z(bi + di)@)z)oo)

i=1
with Fly, <0 and d; < 2¢; x. In particular, — degy, Fly, < —degy, Eo+4(g+n+x(+x))+
2d1mk HO(X, Ox)
Proof. By Theorem 5.7.23, the modification function f computed by MobDFcTC satisfies
e; := deg oo, (fi) < di+c; x where d; is an upper bound of deg Mp ;. Hence ¢; < a;+2¢; x.
Moreover, by Lemma 5.7.25, we have

—divs(f) =) _ei(2)ioo and f € Lieg(Do+ > €i(®)ioo) (9:32)

€A i€A

where the latter provides —divy,(f) — Do < 0. Hence from Ey < 0 and Eq. (9:32), we
deduce Fjy, = Eo — div(f)y, — Do < 0. By definition and Eq. (9:32), we have

Flg=Ejs— Dig —divs(f) = Y _ (b — ai +€)(2)s, 00

i€A
Note that we have d; := —a; +¢; < —a; + a; + 2¢; x = 2¢; x. By assumption, we have
degy,(Eo)|x, = —bini. Since E, D as well as divx (f) have degree zero, the same is true for

F and hence, by Proposition C.4.18 (ii) and Lemma 5.7.10, we obtain

— degk F|V0 = Z(bl + dl)nz = Z bmi + Z dmi

i€A i€A i€A
= —degy Eo + Z dini
i€A

Lemma 2.4.11 ~ < —degy Eg +4(g +n 4+ x(Fx)) + 2dim; H*(X, Ox).
O

Proposition 5.9.7. Let I,J € Ir. Let f € J be given by ¢om(f) = MopFcTC(M))
where My is a basis matriz of J with respect to (" in n-block-form with row blocks M j;
such that deg M j; < (degy Ji)/n; + ¢i x (which exists due to Proposition 4.4.20). Then

H = fI/J C Ry with deg), H; < degy, I; +2¢; x and degy, H < deg;, I+4(g+n+x(x))+
2dimk HO(X, Ox)

Proof. Let E = ¢_1(I) = (EO’ZieA bi(x)smoo) and D = ¢_1(J) = (DO’ZieA ai(x)si,oo)
be the corresponding divisors of I and J. Let F' = E— D —divx(f). Under ¢ this equality
becomes, see Proposition 3.1.27, the equation

Ox(F)(Vo) = (IfRo)-J ' = fI/J =H
and hence the assertion follows from Proposition 5.9.6. O

Proposition 5.9.8. Let E = D+, , ()i € Dive(X) with D < 0. Let a;1,. .., 0 p,
fori =1,...,m be a reduced basis of Ox(Ex,)(Vip). By a € Kx(X)* we denote the
element corresponding to (11, ..., am1). Then E is principal if and only if 0 > —|E|x, 1
foralli=1,...,m and o € Ox(E)(Vp).

Proof. By Lemma 4.7.9, E is principal if and only if L,es(E) # 0. Hence, if E is principal
with E = div(a™1), then, by Lemma 4.7.8, we have o € Lyeg(E) C Ox(E)(X). Let a =
(@1,...,m). Moreover, we have E|x, = div(e; ') which provides o; € Lreg(E)x,)- In par-
ticular, 0 > —|E)|x, |1 since this is equivalent to Ox (E|x,)(X;) # 0, see Remark 4.3.19. By
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Lemma 4.7.3, we see that o; = g;a;1 with &; € k. Finally, since Lye5(E) C Ox(E)(X) =
Ox(E)(Vo) NP, 2" Osg,, we also have o € Ox (E)(Vp).

Conversely, let 0 > —|FE|x,[1 hold. By Theorem 4.3.15 and Remark 4.3.19, this is
equivalent to a;1 € Ox(E|x,)(X;) \ {0} = Lieg(E|x,) which together with deg, E|x, =0
implies F|x, = div(a;ll), see Lemmas 4.7.8 and 4.7.9. Since a1 # 0 forall ¢ =1,...,m,
we have that o = (o,1,...,m,1) is contained in Kx(X)*. By assumption we have
a € Ox(E)(Vp). Since div(afxli) = E|x, = Dix, + 7i(%)i 00, We see that oy, € 2" Og,. In
particular, o € ;" 2" Og, which together with v € Ox(E)(Vp) yields a € Ox(E)(X).
Now since a € Kx(X)*, we finally have a € Lo (E). O

Remark 5.9.9. Note that, given basis matrices of Ox(E|x,)(Vio), we can compute the
m-invariants —|E|x,[1, ..., —|Ex,,[1 using Algorithm 2. Moreover, using Algorithm 1 we
can compute a basis matrix of Ox (E| x;)(Vio) representing a reduced basis a1, ..., Qjp,-
Hence we are able to compute the coefficient vectors ¢q, (a1.1), ..., ¢q,, (m1). A

Corollary 5.9.10. Thus if we want to test whether E is principal, we might equivalently
ask whether the linear system

ba, (a11)
Mg - p= :
(Z)Qm (am,l)

has a solution p € klz|™. For the definition of Mg, see Notation 4.4.7 (xii).

169



5.9. Arithmetic Operations in CaCl12 Chapter 5

170



Chapter 6

Main Result — Computing
Asymptotically Fast in Pic’(X)

In this chapter we will present the main result and contribution of this thesis: An algo-
rithmic toolkit for computing asymptotically fast in the degree zero Picard group PicO(X )
of X as follows.

Theorem 6.6.1. Let X be a reduced cover of PL. The elements in Pic®(X)
can be represented by matrices in k[x]"*" with degree in O(cx). The combi-
nation of the Algorithms 19 and 20 provides randomised algorithms to compute
both the group law in PiCO(X) and the inverse of a given element. Moreover,
Algorithms 21 and 22 provide a deterministic algorithm to test whether a given
element in Pic®(X) is the neutral element. All the above algorithms use at most
O~ (n“cx) operations in k and the randomised algorithms have positive constant
success probability.

In this chapter we will discuss the necessary theory behind the algorithms we will propose
in this thesis to compute in Pic?(X). It is organised as follows:

In Section 6.1 we will show that we can represent the elements in Z, /P, (and thus
those in Pic’(X)) by matrices in k[z]"*"™ with degree in O(cx). Moreover, we will outline
the strategy we will follow in this chapter to actually compute in Pic®(X ).

In Section 6.2 we will provide an algorithm to compute the basis matrix of the quotient
of two R-ideals that are themselves given by their basis matrices. Moreover, since the above
algorithm requires an ideal generating set, we will provide probabilistic statements of how
to find such a set.

Section 6.3 is solely devoted to computing the basis matrix of a principal Rg-ideal.
We will compute the necessary products to do so by using fast polynomial multiplication
in two indeterminates. In order to reduce to the polynomial multiplication, we need to
provide a primitive element of Kx (X)) over k(x).

Section 6.4 gives an overview of precomputations that need to be done once before we
can use the presented algorithms.

In Section 6.5 we introduce the algorithms that provide the toolkit to compute in
Pic’(X). Among these are the division algorithm, the algorithm that reduces a given
class representative and the zero test.

Finally, in Section 6.6 we prove their correctness and that they can be used to compute
asymptotically fast in Pic’(X), see Theorem 6.6.1.

We have already stated in Chapter 5 that the groups Pic?(X), CllnvId®(X) and CaC1°(X)

are isomorphic, see Lemma 5.6.2. Moreover, as we have seen in Section 5.6, we have an
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isomorphism CaCl%(X) — CaCl%(X), see Proposition 5.6.16. Moreover, we have an iso-
morphism Div?(X) — Z, extending to an isomorphism CaCl%(X) — Z,/P;, see Propo-
sition 5.6.22 and Corollary 5.6.23. Therefore, we may compute in Z, /P, instead of com-
puting in CaCl%(X) respectively in Pic’(X) to carry out the group law of the degree zero
Picard group.

In Section 5.8 we have shown that there are representatives of classes in both CaCl%(X)
and in Z /P, that have bounded degree solely in terms of invariants of X. In the compo-
nent independent case we have representatives D of the form

D =Dy+r(x), Do<0, Supp(Do) < Vy, 7 < (ux+1)cx,
see Corollary 5.8.5, yielding ideal representatives
IC Ry, (degyl)/n < pxcx, degM;< (2ux +1)cx,

see Corollary 5.8.6.
In the component dependent case we have representatives D of the form

D=Dy+y  _ 7i(2)isc, Do <0, Supp(Do) S Vo, 7i< 2cix,
—degy, Do < 4(g +n + x(-Lx)) + dimy, H° (X, Ox),

see Corollary 5.8.9. This yields ideal representatives
I C Ry, (deg,I/PI)/n;<2c¢x

with basis matrix My in n-block-form with row blocks M7 ; satisfying
deg M1 < 3cx, degMj, <3¢ x,

see Proposition 5.8.10. This has been done by proving that there is a way of reducing
the respective given class representative by a suitably chosen modification function, see
Proposition 5.8.7 and Corollary 5.8.8.

In Section 5.9 we have seen that we can subtract two divisor classes or divide two
ideal classes which results in a class with a representative that again has bounded de-
gree, see Proposition 5.9.6 and Proposition 5.9.7 in connection with Proposition 5.8.7.
Moreover, also in Section 5.9 we have shown that there is a deterministic way of decid-
ing whether a given representative in CaCl%(X) or Z, /P, represents the trivial class, see
Proposition 5.9.8.

To finally give concrete algorithms that carry out the group law, we need an algorithmic
representation of the elements in CaCl%(X) and Z,/P,. This connection has already been
established in Chapter 4 where we have discussed reduced bases of F(V}) for any O x-ideal
F on a cover X of Pi. Moreover, we have shown that there are bases of F(Vp) in the case
of a reducible and reduced cover X of P+ which are not too far away (in terms of degree)
of reduced bases of F;(V; ). We will use the basis matrices of those bases to represent the
elements in CaCl%(X) respectively Z, /Py.

6.1 Algorithmic Representation of Elements in Pic’(X)

Let X be a reduced cover of }P’,lf. To represent Ox-ideals with basis matrices we need
to fix bases of Ry and R;o for ¢ = 1,..., m with respect to which we can represent the
respective bases. The computation of those bases only need to be done once and can thus
be precomputed as part of the algorithmic setup.
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Notation 6.1.1. Foralli =1,...,m let ; = (wi1,...,win;) denote a reduced basis
of R;o. The basis of RS = @;11 R; o constituted by the €); is denoted by Qi". By
Q = (w1, ...,w,) we denote a reduced basis of Ry as in Lemma 4.6.2. We denote the basis
matrix of © with respect to Q" by Tn. By Lemma 4.6.2, we have degTn < 2cx. We
assume that we have computed the multiplication tables of all the above bases. A

Remark 6.1.2. We want to emphasise the flexibility that the precomputation of 2 and
Q" together with Tq provides. Following Remarks 4.4.8 and 4.6.4, if T’ is a basis matrix
of F(Vp) with respect to €2, then the matrix Mr = Tq - Tr represents the same basis
with respect to " and thus enables us to compute the restrictions F|x,(Vio) of F (V)
applying COMPUTECOMPONENTMATRICES which employs COLUMNBASIS. Moreover, the
computation of Mr given the matrix Tr is efficient using fast matrix multiplication as
long as the degree of T'r lies in O(cx). A

In Section 4.2 we have seen that every Ox-ideal F can be completely represented by the
tuple (F(Vp), F(Va)), see Corollary 4.2.4. Conversely, any pair (My, M) where My is
an Rp-ideal and My, is an R-ideal for which we know that (My), = (My),—1 holds
represents an Ox-ideal. Due to Lemma 4.2.6, we know that (F(V}), F(S)) does represent
F in terms of the arithmetic demands in the monoid of Ox-ideals Monold(X).

Since we have fixed the bases © and ", we may also represent F(Vp), F (V) and
F(S) by a k[z]-, k[z~!]- respectively Ou-basis. But this means that we replace the
tuple (F(Vp), F(Vao)) with a pair of matrices (T, Too) with Ty € k[z]™*™ and Ty €
k[z=1""" and the tuple (F(Vp), F(S)) with a pair of matrices (Tp, Ts) with T' € k[z]™*"
and Ts € OZ". By Remark 4.2.10, we also see that T, (regarded as a matrix over Ox)
also represents F(.5). As already indicated by Lemma 4.2.6, we will use the arithmetic
representation (F(Vp), F(S)) given by (Tp,Ts). We distinguish between the component
independent and the component dependent case.

6.1.1 Component Independent Case

Let X be a reduced cover of P}. The following lemma shows that a k[z]-basis matrix of
F(Vp) does already suffice to represent F in the case that deg, F = 0 and F(S) = 2"Og.

Lemma 6.1.3. Let F be an Ox-ideal of degree zero such that F(S) = x"Og. Then the
pair (F(Vo), F(S)) can be solely represented by a k[z]-basis matriz of F(Vy).

Proof. The pair (F(Vy), F(S)) may be represented by a pair of basis matrices (Tp,Ts)
with Ty € k[z]"*™ and Tg € OX™. But since F(S5) = 2"Og for some r € Z, Ts is the
diagonal matrix with " on the diagonal. Hence to compute T it is enough to know r.
First of all, by Corollary D.2.9, we have deg;, F(S) = deg;, z"Og = —rn. Moreover,
by Corollary C.4.13, we deduce deg;, F(S) = —deg;, F(Vp) which then finally provides
r = degy, F(Vo)/n. Since we can compute the degree of F(Vp) via its k[z]-basis matrix Tp,
see Proposition D.2.7, we therefore have (degdetTp)/n =r. O

Lemma 6.1.4. For every class in CaCl?r(X) there is a representative of the form E =
D +1(2)so withr < (ux + 1)cx and if we set F = Ox(E), then F can be represented by
a basis matriz Tr of F (V) with degree bounded by (2ux + 1)cx.

Proof. By Corollary 5.8.5, we always find representatives of classes in CaCl?(X) in the
asserted form. Moreover, by Lemma 5.8.2, there is a basis of F (V) whose basis matrix
Tr has degree bounded by r + puxecx < (2ux + 1)cx. Now Lemma 6.1.3 tells us that F is
represented by Tr. O
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6.1.2 Component Dependent Case

Let X be a reducible and reduced cover of PL. Recall the definitions we have made
in Notation 4.4.7. In the case that F = Ox(FE) is the invertible Ox-ideal of a divisor
E = D+ Y ,c47i(2)i0o € Dive(X), things do not really get more complicated. As
before, it turns out that we will only need a basis matrix of F (V) with respect to Q" to
represent F. The only difference here is that we need to be able to compute the restrictions
Fi(Vio) = Fix,(Vio) from that given basis matrix. The following lemma shows how we
represent the restrictions ;.

Lemma 6.1.5. Let E =D+, 4 7i(2)i00 € DivV2(X) and set F = Ox(E). Then Fix,
is solely represented by a k[z]-basis matriz Tx, of Fix,(Vio)-

Proof. By Corollary 5.6.7, we have E|x, = (D ,,7i(2)s;00) with the notation as in
Notation 5.5.7. That is Fix,(Si) = Ox,(ri(7)x; 00)(Si) = 2" Og,. Hence the requirements
for Lemma 6.1.3 are met and thus we deduce that the JF|x, are solely represented by a
k[x]-basis matrix T, of Fjx,(Vio), respectively. O

Now we consider a global representation of F(Vj) from which we are able to compute
the restrictions and therefore yields a complete arithmetic representation of F in the
component dependent case.

Lemma 6.1.6. Let E = D+, 4 7i(2)i0c0 € Dive(X) and set F = Ox(E). Then F is
solely represented by Mxr where Mx is any basis matriz of F(Vy) with respect to Q.

Proof. Following Lemma 4.2.6, we may represent F by the pair (F(Vj), F(S)). But since
S is the disjoint union of the S;, we have F(S) = @~ F|x,(S;). Moreover, by assumption
on F, we have Fix,(S;) = 2" Og, and thus (F(Vo),71,...,7m) is enough to represent F.
Instead of representing F(Vp) via a k[z]-basis matrix with respect to 2, we represent it
with a basis matrix Mz with respect to ". Hence F is represented by (Mrz,r1,...,7m),
and therefore we are left to argue that Mx already provides the integers r1,...,7,. Due
to Lemma 6.1.3, it is therefore enough to prove that we can compute a basis matrix of
Fix,(Vio) given Mz. Finally, Proposition 4.6.5 shows that COMPUTECOMPONENTMA-
TRICES exactly provides this feature. O

Remark 6.1.7. In the integral case the degree deg; F(V)) can be determined by simply
computing degdetTr, see Proposition D.2.7. But in the reducible case, we need to take
care. By Proposition D.2.7, we have

degy, F (Vo) = degdet M

where M € k(z)™™" is a basis transformation matrix from a basis of Ry to one of F(V}).
The representation of F(Vp) by Mr, a basis matrix with respect to ©!", does also provide
degy, F (Vo) as follows: Let B denote the k[x]-basis of F(Vp). Since F(Vp) C Ry C Ry, we
have

B=Q-Mqr
for some matrix Mg r € k[z]"*". Thus with Q = Q" - Ty, we have
B=Q" -To-Mqr.
Now since B = Qi" - Mr, this finally provides Mr = T - Mg 7. In particular,

degdet My = degdet Ty + degdet Mg r
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and thus
deg;, F (Vo) = degdet Mo r = degdet My — degdet Tp,.
Note that degdet T can be precomputed. Moreover, by Lemma B.4.11, we have
deg det Tq, = dimy Ry /77 (Vo) (Ro)

where 7 : Ox — @, (7:)+Ox, is the canonical monomorphism from Definition B.3.4.
Since X is a cover of IP’%C, we have Supp .¥x C Vp and thus, by Definition B.3.4, we have
x(Fx) = dimy x (X) = dimg R /7% (V) (Ro) where the first equality is due to the fact
that .%x is a skyscraper sheaf. Therefore

degy, F(Vo) = degdet Mr — x(Zx). A

Remark 6.1.7 tells us that the degree will be computed in different ways dependent on
with respect to which basis the given basis matrix represents F(Vp). Algorithm 9 provides
the functionality of computing the degree of an Ry-ideal accordingly.

Algorithm 9 Computing the degree of an Ry-ideal

Precomputed |  fixed basis of Rp; Q" fixed basis of Rj; x(x)
Input | M; basis matrix of the ideal I; ¢ Boolean whether M7 is a basis matrix
with respect to Q" (¢ = true) or with respect to Q (c = false)
Output | deg; I

1. procedure DEGOFIDEAL(M], c)

2 d <~ DEGREE(DETERMINANT(M7))
3: if ¢ then

4 return d — x (%)

5

return d

Lemma 6.1.8. The algorithm DEGOFIDEAL, see Algorithm 9, is correct. Moreover, if
d is an upper bound of the degree of My, then DEGOFIDEAL requires at most O~ (n“d)
operations in k.

Proof. The correctness of DEGOFIDEAL was discussed in Remark 6.1.7. The running time
assertion follows from Notation A.1.1. O

Regarding the representation of an element in Z; we want to treat the modification func-
tions, that is the elements in Py, differently.

Notation 6.1.9. Let f € Ry be a modification function, that is fRy € Pr. Let ¢ be a
Boolean encoding whether basis matrices of Rp-ideals are given with respect to Q" (¢ =
true) or with respect to 2 (¢ = false). We assume the matrix Ty := Tyg, to be the basis
matrix of the standard basis fQ = (fw,..., fw,) with respect to

{Q, if ¢ = false

ar, it ¢ = true.

By Corollary 4.6.11, if deg ¢o(f) < d, then degTy < d + 3cx in the case ¢ = true. By
Lemma 4.3.34 and Corollary 4.5.2, the same bound holds in the case ¢ = false. A
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6.1.3 Strategy

To carry out the group law in CaCl%(X), we thus need to work basis matrices Mz over k[z]
of F(Vp) for which we know that they represent F = Ox (FE) for some representative £ =
D+ 3 cami(2)io0 of a class in CaCl2(X). Since CaCll(X) — I, /Px, E = Ox(E)(Vp)
is an isomorphism of abelian groups, see Proposition 5.6.22 and Corollary 5.6.23, this
is the same as to carry out the group law in Z,/P,. The basis matrix Mz obviously
represents the ideal I = F(Vj). Now the addition in CaCl%(X) corresponds under ¢ to
the multiplication in Z, /P, and being the neutral element in both groups is equivalent to
have a principal representative. We will compute in Z /P, using the matrices M which
we might denote by My instead. Now to carry out the group law in Z. /P, means to be
able to compute the product of two ideal classes given by some matrices 77 and 75 as
above and then represent the product again as some matrix 73 representing the result
after applying the group law. Moreover, we need to do the same for the inverse of a class,
which is given by the inverse of the ideal representative. And, finally, we need to be able
to test whether the class a given pair represents is the trivial class which is the case if and
only if the representative ideal lies in Py.
The main strategy we will pursue is the following:

Strategy 6.1.10. Due to computational speed up, instead of computing the product, we
compute the quotient of ideals in Z,. If we are able to do this, we can compute the inverse
of an element in I, /Py as well. We will achieve this by the following steps:

(I) The first step is to compute the quotient of J over I for which we know that the
result (J : I) satisfies (J : 1) C Ry.

(II) The second step is to compute arbitrary quotients I over J by modifying with a
suitable modification function f which makes the quotient integral again, that is
(fJ : I) € Ry. To do so, we need to be able to compute the basis matriz of the
standard basis of a principal Ry-ideal.

(IIT) After computing a quotient, the degree of the considered ideals may have grown and
thus we need to come up with a method choosing a representative which has degree
bounded by some invariants of X.

(IV) Finally, we need to introduce a method for deciding whether two given ideals represent
the same class, or equivalently, whether a given ideal represents the trivial class.

Basically, we have already treated the theory behind Items (III) and (IV) in Sections 5.8
and 5.9 and we will simply write down the respective algorithms implementing the methods
provided there. The algorithm that reduces the representative of a given class is given in
Algorithm 20. Therefore, we are primarily left to come up with linear algebra algorithms
that implement Items (I) and (II). Item (I) will be treated next in Section 6.2 and the
computation of the basis matrices of principal ideals given by modification functions is
examined in Section 6.3 which will provide Item (II).

6.2 Quotients of Ideals and Ideal Generating Sets

6.2.1 Quotients of Free Ideals

In this subsection we provide a lemma which shows how to compute a basis of the quotient
of two ideals efficiently only given their respective bases. Since the procedure is not
specifically dependent on our setup, we will consider the following situation:
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Notation 6.2.1. Let R be a reduced ring such that all R-ideals are free of rank n over
some ring A. For instance, this is the case if R = Ry = Ox(Vp) where X is a reduced
cover of P} of degree n over P}. We fix some A-basis Q = (w,...,wy) of R. By ¢qa(f)
we denote the coefficient vector of f € R with regards to 2. Mostly, we will work with
A = k[x]. A

Since we will use ideal generating sets instead of A = k[z]-bases, we need to be able to
check whether a given set of elements of an ideal is actually an ideal generating set.

Lemma 6.2.2. Let f1,..., fn € Frac(R) be elements with deg ¢q(f;),degTy, < d such
that at least one f;R is invertible. Let G = Z?:l fiR. LetT = [Ty, | ... | Ty,] denote the
concatenated matriz of dimension n X hn. Then G is an R-ideal, free of rank n over k[z]
and there exists a basis matriz Ta of G with degree bounded by d which is given by

Te = CoLuMNBasis(T) € k[z]™™".

Proof. First of all, since one of the f;R is invertible, the respective element f; is a regular
one and therefore G contains a regular element of R. By Proposition C.1.10, we therefore
see that G is an R-ideal. Moreover, by Lemma 4.1.6, G is free of rank n over k[z]. Let
T = [Ty, | ... | Ty,] denote the concatenated matrix of dimension n x hn. Then, by
construction, the column space of T is the k[z]-span of

{fiwj]z':l,...,h,jzl,...,n}

and thus equal to G. Hence the column space of T over k[x] has rank n. By Theo-
rem A.2.15,

Te := CoLumMNBAsIS(T) € k[z]"™"
is a basis matrix of the column space of T and its degree is bounded by the average column
degree of T which is, by assumption, upper bounded by d. ]

The next statement gives us a tool to test whether (randomly chosen) elements of an ideal
constitute a generating system.

Lemma 6.2.3. Let J C I be two integral ideals of Ro, then J = I if and only if deg;, J =
deg; I.

Proof. The only if part is trivial. Therefore, let us assume deg; J = deg;, I and J C 1.
The latter implies that each basis of J can be represented by a basis of I. In terms of
basis matrices this means that for all basis matrices M, M there is T' € k[z]"*"™ such that
Q-Mjy=Q-M;-T. This implies deg;, I = deg;, J + degdet(T") by Proposition D.2.7 Thus,
by assumption, degdet(T") = 0 which is det(T) € k. Since M is invertible, det(T") # 0.
Thus det(7") € k>, that is, T is unimodular and hence J = I. O

Now we can use Lemmas 6.2.2 and 6.2.3 to provide an algorithm that test whether a given
set of elements in an ideal constitute an ideal generating set of that ideal. Since we will
use it for our algorithms that provide a toolkit to compute in PicO(X ), we will formulate
it for the two cases, the component independent and the component dependent. But it
also works in the general setting described in Notation 6.2.1
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Algorithm 10 Test for ideal generating set

Precomputed | Q) fixed basis of Rp; 2" fixed basis of Rg
Input | 77 basis matrix of I; Tp,,...,Ts, € k[z]"™" basis matrices of ;R
such that 3; € I; ¢ Boolean whether 17, T}, are basis matrices with
respect to Q7" (¢ = true) or with respect to (¢ = false)
Output | trueif I = Z?:l BGi R, otherwise false

1: procedure TESTIGS(T,13,,...,13,,¢)
2: d; = DEGOFIDEAL(TT, ¢)

3: T3 = COLUMNBASIS(Tp, —~ ... ~Tp,)
4: dg = DEGOFIDEAL(T}, ¢)

5 if df = dﬁ then

6 return true

7 return false

Lemma 6.2.4. The algorithm TESTIGS, see Algorithm 10, is correct if one of the 5;R
1s tnwertible. Moreover, if d is a common bound for the degrees of the input matrices and
h € O~(1), then TESTIGS requires at most O~ (n“d) operations in k.

Proof. By assumption, G = Z?:l BiR C I and thus G = I if and only if deg;, G = deg,, I,
see Lemma 6.2.3. Since one of the ;R is invertible, COLUMNBASIS in line 3 does indeed
compute a basis matrix Tz of G, see Lemma 6.2.2. By Lemma 6.1.8, DEGOFIDEAL in
line 2 and 4 computes d; = deg, I respectively dg = deg, G. Hence the correctness of
TeSTIGS follows.

By assumption, d is a common upper bound for the degrees of all T}, and thus
Lemma 6.2.2 provides that T3 has degree bounded by d (it is even bounded by the av-
erage column degree of all the columns of the Tp,). By Theorem A.2.15, we know that
COLUMNBASIS in line 3 requires at most O~ (n*~!(hn)s) operations in k where h € O~ (1)
by assumption and s is the average column degree of all the columns of the T, which is
bounded by d. In particular, COLUMNBASIS only requires O™~ (n“d) operations in k. By
Lemma 6.1.8, DEGOFIDEAL in line 2 and 4 requires at most O™~ (n“d) operations in k
since d is an upper bound of the input matrices. Hence TESTIGS requires overall at most
O~ (n“d) operations in k as asserted. O

To compute a basis of the integral quotient of two R-ideals, the following lemma represents
the main statement we will use. The main idea is to switch from a basis (whose cardinality
is n) of the denominator to an ideal generating system with asymptotically negligible
cardinality (e.g. log(n)). For the definition of the R-ideal quotient, see Definition C.1.5.

Proposition 6.2.5. Let I, J be two integral R-ideals and let 51, ..., By be an ideal gener-
ating set of I. Let Ty denote the basis matriz of the ideal J and for alli=1,...,h let Tg,
denote the standard basis matriz of B;R. Then for every f € Ry the following equivalence
holds:

Ts, Ty 0 ... 0Y [oalf)
T o 7T, ... 0 1
feJ:I)eIuy,...,u, € A™: f,BQ . 0 0 . =0
Tﬁh 0 0 TJ Hh
= M(Jjéhwﬂh)

Proof. By Definition C.1.5, f € (J : I) holds if and only if fI C J and the latter is
equivalent to f3; € J for all i = 1,...,h since f1,...,5 is an ideal generating set of
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I. The product fpB; satisfies ¢po(fB;) = 15, - ¢pa(f). Indeed, column j of T}, contains
the coeflicients of B;w; with respect to 2. If we write f = Z?:l Ajw; with A; € A, then
fBi= Z?:l AjBjwj as claimed. Now ff; € J if and only if the equation T, - ¢ (f) = Ty- i
has a solution y; € A™. This already provides the assertion since the matrix equation
formulates this for all ¢ = 1, ..., h simultaneously. O

Definition 6.2.6. In the following we will denote the big matrix in Proposition 6.2.5 by
M = M(J,p1,...,0n). In Notation A.1.1 (vii) we define the algorithm BIGMATRIX that
builds the big matriz M from above and which we will use in the rest of this thesis. A

Lemma 6.2.7. Let the situation be as in Proposition 6.2.5. The kernel of the matriz
M = M(J,B1,...,Br) from Proposition 6.2.5 has rank n over A.

Proof. Since the hn x hn diagonal submatrix of M built by the M has full rank and the
number of rows of M is equal to hn, we obtain that M has rank hn. We can now use
the rank-nullity theorem for free modules over principal ideal domains (which is a direct
consequence of the facts that submodules of free modules over principal ideal domains are
free again and that short exact sequences whose last (non-zero) module is free is split,
see [Hunll, Thms. 3.4. and 6.1]) to see that (h 4+ 1)n = rkker M + rk M and therefore
rtkker M = (h+1)n — hn = n. O

Corollary 6.2.8. As an A-module, the kernel of the big matriz M = M(J, 51,...,0n) of
Proposition 6.2.5 is of the form ker(M) = {(\ p1 -~ pp)T € APFI | Tp o X = —Ty - ;).
The u; are the coefficient vectors of fB; in terms of the basis of J given by Tj. The top
(n x n)-matriz of a basis of ker(M) provides a basis matriz T s.1y of (J : I). Conversely,

any basis matriz T( .1y of (J : I) provides a possible configuration of the top (n x n)-matriz
of a basis of ker(M).

Proof. The proof of Proposition 6.2.5 shows the first two assumptions. We denote the
column vectors of a basis of ker M by g; = (Aj p1j ... ,uhj)T for j =1,...,n. Then, by
Proposition 6.2.5, for every element « of (J : I) there are ay, ..., a, € A such that ¢q(«) is
equal to the (nx1)-vector obtained by taking the top n entries of Z;L:l a;g;. Thus Ai... A\,
generate (J : I) over A. By Lemma 6.2.7, the g; are A-linearly independent. Assume there
is a non-trivial linear combination 0 = Z;‘L:1 a;jAj. By the second assertion, the latter hn
entries of >°7_ a;g; are the coefficients of (3°7_, a;\;)8; = 0 for all i = 1,...,h with
respect to the basis of J given by T); and hence zero. That is, we also have Z;‘:l a;g; =0
which provides a; = 0 for all i = 1,...,n. Therefore \1,...,\, is an A-basis of (J : I).
The converse statement is trivial. O

We can use Proposition 6.2.5 and Corollary 6.2.8 to provide an algorithm that computes
a basis matrix of the quotient ideal of two R-ideals. It works in the general setting that is
described in Notation 6.2.1 where A = k[x].

Algorithm 11 Compute ideal quotient which is integral

Input | 7y, T¢,1p,,...Tp, € k[z]"*" basis matrices of ideals J, f Ry, 51 Ro, - - ., BnRo,
respectively
Output | Ty € k[z]"" basis matrix of H = (J : I) with I = fRo+ 3.1, BiRo

1: procedure IDEALQUOTIENT (T, Ty, T3,,...13,)
2 M <« BIGMATRIX(Ty,T3,,...,13,,Ty)

3: K < MATRIXKERNEL(NV)

4 Ty < REDMAT(SUBMATRIX(K, (1,1), (n,n)))
5 return Ty
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Lemma 6.2.9. The algorithm IDEALQUOTIENT, see Algorithm 11, is correct. If h €
O~ (1) and d is an upper bound for both the degree of the input matrices and the minimal
degree of basis matrices representing the kernel of M, then it requires at most O™~ (n“d)
operations in k and returns a matriz with degree in O(d).

Proof. That Ty is the asserted basis matrix of (J : I) if I = fRy + 2?21 Bi Ry follows
from Corollary 6.2.8. This proves the correctness of IDEALQUOTIENT. By assumption, d
is a bound for the minimal degree of basis matrices representing the kernel of M and thus
for K as well, see Theorem A.2.6. By Theorem A.2.7, REDMAT returns a matrix which
also has degree bounded by d which proves the asserted degree of the output matrix.
Building the big matrix from Proposition 6.2.5 with BIGMATRIX has constant cost, see
Lemma A.1.2 (vii). By Theorem A.2.6, the computation of K in step 3 requires at most
O~ (n“d) operations in k and by assumption deg(K) < d. Moreover, by Lemma A.1.2
(vi), SUBMATRIX has constant cost. Therefore, IDEALQUOTIENT requires overall at most
O~ (n“d) operations in k. O

Therefore, to use IDEALQUOTIENT properly, we need to prove that for given J and I (by
the ideal generating set 1, ..., 8) there is a basis of ker M (J, 81, ..., Bx) that has degree
in the same order of magnitude as a basis matrix 7T{s.r) of a reduced basis of (J : I) does.
We distinguish between the component independent and component dependent case.

Lemma 6.2.10. Let X be a reduced cover of IP’,%, Let J, I € I be integral Rg-ideals with
degy, I,deg,, J = 0 mod n such that (J : I) C Ry is integral again. Assume that Ty is
reduced and has degree bounded by d. Let B1,. ..,y be elements in I with deg¢q(B;) < d
and I = Z?:l BiRg. Then there exists a basis matriz N € k[z)"™™ with degree in bounded
by 2d+ (pux +2)cx representing the kernel of the big matriz M in Proposition 6.2.5 whose
top (n x n)-matriz is a basis matriz of (J : I) which itself is degree upper bounded by
d+ pxex.

Proof. By Corollary 6.2.8, we know that every basis matrix T{ .1y of a basis d1,..., 0, of
(J : I) together with the coefficients of ;6; with regards to the basis of J represented
by Tj provides a possible basis matrix of ker M (J, 81, ...,8x). By Definition C.1.5, we
know that (J : I) is an Ro-ideal and the same is true for I~ = (R : I). Moreover, since
I C Ry, we have by definition I C Ry € I~! and thus from Lemma C.1.27, we obtain
deg, I~! < 0. Since J is invertible, Proposition C.1.26 provides

degy.(J : I) = degy, JI ' = deg), J + degy, I~ < degy, J.

Hence deg;,(J : I) < degdetT; < dn. By Corollaries 4.3.27 and 4.5.4, we know that there
is a basis matrix T{s.py of (J : I) with

deg(T{.r)) < degy((J : I))/n+uxex < d+ pxex.
—_—
<d

By assumption, we have deg ¢q(8;) < d. Let d1,...,d, denote the basis of (J : I) repre-
sented by the matrix 7 ;.;). Thus deg ¢o(d;) < d+ pxcx. By Lemma 4.3.32, we have

deg”(Bid;) + | X |n < deg d(Bid;) < deg™(Bid;),

and, by Corollary 4.3.31 (iii), we have deg*(3;0;) < deg*(8;) + deg™(d;). Combining these
two and Corollary 4.3.24 we obtain

deg ¢ (Bid;) < deg gpa(B;i) + deg pa(d;) + 2cx < 2d + (ux + 2)cx.

180



Chapter 6 6.2. Quotients of Ideals and Ideal Generating Sets

The coefficients of 3;0; with respect to the basis B of J represented by M satisfy
My - ¢5(Bid;) = pa(Bid;)-

We write My = (v1...v,) with v; € k[z]" as well as ¢p(8id;) = (A1,...,A,)T and
b0 (Bi6j) = (1, -, pn)T. Now we know that M is reduced and hence

deg p1; = max{deg(\;v;)} = max {deg(;) + deg(v;)}.
Jj=1 JiA;#0

By assumption, deg M; < d and thus deg(v;) < d. Moreover, we have shown that
deg(p;) < 2d + (ux + 2)ex. Therefore, deg()\;) < 2d + (ux + 2)cx as well. There-
fore, we have found a possible basis matrix of ker M where its top (n x m)-matrix has
degree bounded by d + pxcx and the lower (hn x n)-matrix has degree bounded by
2d + (px +2)cx. O

Remark 6.2.11. Note that the proof of Lemma 6.2.10 shows that I need not be invertible.
It suffices that I = F(Vp) for some degree zero Ox-ideal F with F(S) = 2"Og and
r = (deg, I)/n € Z. Moreover, we can even circumvent to assume that J is invertible.
The proof shows that it suffices that degy(J : I) < deg;, J holds. One can prove that the
R-ideal (J : I) satisfies (J : I) D J- (R : 1) D J since I C R and thus we can apply
Lemma C.1.27 to obtain degy(J : I) < deg,, J. A

Lemma 6.2.12. Let X be a reductible and reduced cover OfIP’,lC with irreducible components
(X1,...,Xm). Let J,I € I be integral ideals such that (J : I) is integral again. Assume
that there are basis matrices Ty, respectively Ty, of all J; respectively I; with degree bounded
by d. Moreover, assume that both M; and Mj are reduced and have degree bounded by d
as well. Let By, ..., By be elements of I with deg ¢pam(B;) < d and I = Z;”Zl BjRo. Then
there exists a basis matrixz with degree bounded by 2d + 3cx representing the kernel of the
big matriz M in Proposition 6.2.5 whose top (n X n)-matriz is a basis matriz of (J : I)
which itself is degree upper bounded by d + cx .

Proof. The proof works completely analogous to that of Lemma 6.2.10. We only need to
cite the appropriate statements for degree bounds in the reducible case.

As in the proof of Lemma 6.2.10 we have 0 < deg, JZ-IZ-_1 < deg, J;i < dn;. By
Proposition 4.4.20, this provides the existence of a basis matrix M ;.y) with degree bounded
by d + cx. Let d1,...,d, denote the basis of (J : I) represented by the matrix M;.p).
Thus deg ¢orm (d;) < d + cx. Hence, by Lemma 4.6.10, we have

deg gpar (Bi65) < deg par (B;) + deg gpar (;) + 2cx
<d+ (d+ecx)+2cx
= 2d + 3c X -

Again, we have M - ¢5(Bid;) = ¢par(Bid;) and thus the very same argument using the
reducedness of M as in Lemma 6.2.10 provides the assertion. O

Remark 6.2.13. Note that the proof of Lemma 6.2.12 shows that I need not necessarily
be invertible. It suffices that I = F(Vp) for some degree zero Ox-ideal F with F(S) =
P, 2" Og, and Fp = Ox p for all P € Supp(-x). In particular, deg, I; = 0 mod n; is
necessary. A

Corollary 6.2.14. If d is an upper bound of the input matrices of Algorithm 11 and
cx € O(d), then Lemma 6.2.9 can be more precise: The required number of operations in
k are still O~ (n“d), but the output matriz has degree bounded by d + pcx.
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Proof. This follows from combining Lemmas 6.2.10 and 6.2.12 with Lemma 6.2.9. O

Let the situation be as in Notation 6.2.1.

Lemma 6.2.15. Let I be an R-ideal with basis matriz Tr and let f € R be regular such
that fR has basis matriz Ty. Then Tyr := Ty - Ty is a basis matriz of f1.

Proof. Let ay,...,ay, denote the basis of I represented by 77. Then faq,..., fa, is a
k|z]-basis of fI. Moreover, if oj = > 7" | A jws, then fa; = Y | A jfw;. By definition,

the coefficients of fw; with regards to wy,...,w, form the columns of T, and we have
Tr = (MNij)iyj € k[z]"*™. Hence the j-th column of the product T7 - T contains the
coefficients of fa; which proves the assertion. O

6.2.2 Ideal Generating Sets

We want to use Proposition 6.2.5 to compute a basis of (J : I) explicitly and hence we
need a method to come up with a generating system of an integral invertible ideal.

Let I C Ry be an invertible ideal and si,...,s; € I. We can characterise whether the
s; are an ideal generating set of I or not by the “zeros of the s; relative to I”.

Definition 6.2.16. Let I C R be an invertible ideal. For f € I we say that f has a
zero at P € Spec(R) relative to [ if f € IP. For any subset T C R we call the set

Vi(T) = {P € Spec(R) | T C PI} the set of common zeros of T relative to I. A
Lemma 6.2.17. Let I C R be an invertible ideal. Let s1,...,s, € I be arbitrary. Then
S1,-.-,8p form a generating set of I if and only if they do not share a common zero relative
to I.

Proof. Let J denote the ideal generated by si,...,sy. Assume that J = I and assume
there is P such that J C PI, then R = JI~! C P, a contradiction. Conversely, let
S1,- .., 8, do not have any common zero relative to I, that is for all P € Spec(R) we have
J ¢ PI and therefore JI=! ¢ P. That is JI~! is an integral ideal not contained in any
prime ideal and therefore, by Zorn’s lemma, it must be equal to R, hence J = I. O

Definition 6.2.18. Let W be a k-vector space of dimension n and let ¥ C k be a
finite subset of the ground field k. Fix a k-basis wy,...,w, of W. Now a Y-random
element s € W or an element s € W which is chosen -randomly is a linear combination
s =ajwi+...+ a,w, where the a; € ¥ are chosen independently and uniformly random
from X. In the following, Pr(.S) denotes the probability of the statement S to be true. A

Lemma 6.2.19 ([KMO07], Lemma 4.2). Let W be a k-vector space with basis wy, . .., wy,.
Let ¥ C k be a finite subset of k and let Hy, ..., H, C W be proper subspaces.

(1) For a ¥-random element s € W, Pr(s € H1U...UH,) <r/#X.

(2) For a tuple s1,...,s; € Wi of independent X-random elements s, . .. 85 € W,
Pr((s1,...,s;) € Hl U...UHJ) <r/(#).

Proposition 6.2.20. Let R be a noetherian k-algebra of Krull dimension one. Let I be
an invertible ideal of R and f € I a reqular element. Then the set Vi(f) of common
zeros of f relative to I is finite, say v = #Vi(f). Let ¥ C k denote a finite set. Let
fi,..., fn be X-randomly chosen elements. Then the probability that f, f1,..., fr form an
ideal generating set of I is at least 1 —r/(#X)", that is

Prob <fR + Zle fiR = I> >1—r/(#2)".
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Proof. We obviously have Vi(f) C V(f) = {P € Spec(R) | T C P}. Since f is a regular
element of R, by Corollary B.4.14, it cannot be contained in one of the minimal prime
ideals of R. In particular, the Krull dimension of R/fR is zero. Since noetherian rings
of Krull dimension zero have finite spectrum, see [Stal8, Tag 00KJ], V(f) and a fortiori
Vi(f) is finite. Let Vi(f) = {P1,..., P}

Let B be a finite ideal generating set of I and set W = Span,,(B). Then B ¢ IP; since
any ideal generating set does not share a common zero relative to I, see Lemma 6.2.17.
Set H; = W NIP;. Now if H; = W, then B C W C IP; which is a contradiction to what
we have said above. Moreover, since I P; are ideals of R, the H; are indeed k-subvector
spaces of W. Note that by definition, H1 U. ..U H, is the set of elements of W that share a
common zero with f relative to I. By Lemma 6.2.17, for any s € W the pair f, s generates
I if and only if the elements in f and s do not share a common zero relative to I. By the
above, this is equivalent to s ¢ Hy U...U H,. Analogously, for every fi1,...,fn, € W, f
together with fi,..., fs generate I if and only if (fi,...,fn) ¢ HPU...U HP.

Let fi,..., fn € W be X-randomly chosen. Then, by Lemma 6.2.19, we have

Prob((f1,..., fn) € H'U...UH! <r/(#X)"
and thus equivalently
Prob((fi,..., fn) ¢ HN U...UH" > 1 —r/(#X)".

This yields Prob(fR + Z?:l fiR=1)>1—7r/(#X)" as asserted. O

Lemma 6.2.21. Let R be a noetherian k-algebra of Krull dimension one. Let f € R be
reqular. Then #V (f) < dimy R/fR.

Proof. By Corollary B.4.14, f is not contained in any of the minimal prime ideals of R
and thus R/ fR has Krull dimension zero. Therefore V(f) is finite, see [Stal8, Tag 00K.J].
Let V(f) ={P1,..., P} and set Q = ();_; Pi. Then f € Q and thus R/fR — R/Q is a
surjection and therefore dimy R/fR > dimy R/Q. Since all elements of V(f) are maximal,
they are pairwise coprime and thus the Chinese Remainder Theorem provides

T
R/Q=]]R/P
i=1
and since we have an injection k < R/P; this already provides r < dimy R/Q and hence
the assertion follows. O

Corollary 6.2.22. Let the situation be as in Proposition 6.2.20. Then

dimy R/fR

Prob(fR+Y " fiR=1)>1- N

Moreover, for every n such that 0 <n < 1 we set

_ [log(dimy R/ fR) — log(n)
h= [ log(#3) w '

Then Prob(fR+ " iR=1)>1—n.

Proof. The first assertion follows directly from Proposition 6.2.20, together with Lemma 6.2.21.
Due to the first assertion, proving the second assertion reduces to prove

E TS
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for the asserted choice of h. Obviously, Eq. (2:1) is equivalent to

T= "y

Rearranging provides (#X)" > (dimg R/fR)/n and then taking the logarithm for fixed
base shows that Eq. (2:1) is equivalent to

h - log(#X) > log(dimy, R/ fR) — log(n)
which finally provides the second assertion as well. O

Corollary 6.2.23. Let the situation be as in Proposition 6.2.20. We consider the following
three cases:

(i) Let ¥ ={0,1}. Choosing h = [logy(dimg(R/fR)) 4+ r| many X-random linear com-
binations f1,..., fn of elements in W provides an ideal generating set f, fi,..., fn
of I with probability > 1 — 27T,

(ii) Assume that k = Fy is finite. Let ¥ = k. Choosing h = [log,(dimg(R/fR)) + |
many Y-random linear combinations f1,..., fn of elements in W provides an ideal
generating set f, fi1,..., fn of I with probability > 1 —q~".

(iii) Assume that k is infinite and provides the functionality of giving out samples of
elements of prescribed cardinality.

Then choosing ¥ C k such that logy(#X) > logy(dimy R/ fR) + r provides that f, f1
s an ideal generating set of I with probability > 1 — 27",

Proof. Using Corollary 6.2.22 with ¥ = {0,1} and n = 27" we obtain (i) and using
Corollary 6.2.22 with ¥ = k and n = 27" we obtain (ii). To prove (iii), note that by
assumption, we can choose ¥ C k such that log,(#X) > log,(dimy R/fR) + r is always
possible and thus the assertion follows from Corollary 6.2.22 with n = 27". O

Now we formulate an algorithm that computes, given a basis matrix 7" of an invertible
ideal I and a finite subset ¥ of the ground field &, a set of random elements in the k-vector
space spanned by the columns of 7T'.

Algorithm 12 Randomised attempt to compute an ideal generating set

Input | T € k[z]"*"; h number of elements to produce; ¥ finite subset of k
Output | 3,...,0, € k[z]" with degree bounded by deg(T') which are X-randomly
chosen k-linear combinations of the columns of T’

1: procedure TRYIGS(T, h,X)
2 forj=1,...,ndo

3 fori=1,...,hdo

4: Aij < RANDOM(Y)
5 ﬁj — (>‘1,j7"">‘n,j)

6 return T51,...,T0,

Lemma 6.2.24. The algorithm TRYIGS, see Algorithm 12, is correct. Moreover, if d is
an upper bound of deg(T) and #% € O~(1), then TRYIGS requires at most O~ (n%dh)
operations in k.
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Proof. The correctness is obvious. Since #3 € O~(1), by Lemma A.1.2 (ix), RANDOM
requires at most O™~ (1) operations in k. Hence running through the nested loops requires
at most O™~ (nh) operations in k. Since §; € k™, any of the multiplications T'3; requires at
most O(n?d) operations in k and thus all of them require at most O(n?dh) operations in
k. O

We use TRYIGS, see Algorithm 12, to provide a randomised algorithm that tries to provide
an ideal generating set for a given Rp-ideal. Using the insights of Corollary 6.2.23, we
call TRYIGS while prescribing a sufficiently large number of generators such that the
probability of successfully finding an ideal generating set is adequate for our purposes.
The algorithm will either return a correct result or return that it failed.

Note that we assume for the moment that we have an algorithm PRINCBASMAT at
hand that is able to compute the principal basis matrix T’ of a principal ideal f R and that
requires at most O™~ (n“cy ) operations in k. We will justify this assumption in Section 6.3,
see Remark 6.3.39. We will cite the respective statement of Section 6.3 in the proof of the
correctness of Algorithm 13.

Algorithm 13 Providing an ideal generating set

Precomputed | () fixed basis of Rp; 2} fixed basis of Rg

Input | T; € k[z]"*" basis matrix of ideal I; Ty standard basis matrix of
the first regular generator; r,t € Z>; probability parameters; ¥ finite
subset of k; ¢ Boolean whether 17, Ty are basis matrices with respect
to Q" (c = true) or with respect to Q (c = false)
Output | Boolean ’igs’ that informs whether the algorithm was successful and
either 0 if igs equals false or [(B1,...,5h), (TIp,,--.,T3,)] if igs equals
true; here f3; € k[z]" and Tj, € k[z]"™" is the basis matrix of 8; Ry

1: procedure PROVIDEIGS (17, Ty, 7,1, %, ¢)

2: dr < DEGOFIDEAL(TY, ¢)

3 if drf =0 then || I=Ro
4 return true, [(1,0,...,0)7, (E,)]

5: d¢ < DEGOFIDEAL(TY, ¢)

6 h < [(logy(dy) + 1)/ logy(#X)]

7
8
9

igs < false
{0
: while igs = false and ¢ < t do
10: By, On TRYIGS(T[, h, E)
11: fori=1,...,h do
12: T, +— PRINCBASMAT(f3;, ¢)
13: igs < TESTIGS(T7], Ty, T, .. ,Tgh)
14: C—L0+1
15: if igs = true then
16: return igs, [(81,...,06n), (Ts,,-.-,13,)]
17 return igs, 0

Lemma 6.2.25. The algorithm PROVIDEIGS, see Algorithm 13, is correct if f is reqular.
Moreover, if d is an upper bound for the degree of the input matrices, cx € O(d) and r,t €
0~ (1), then PROVIDEIGS requires at most O™~ (n“d) operations in k and returns vectors
and matrices whose degrees are bounded by d respectively d + 2cx. The probability that
PROVIDEIGS returns an ideal generating set is lower bounded by 1 — 27", In particular,

with r = logy(n) the above probability becomes lower bounded by 1 —n~t.
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Proof. Let us prove the correctness of PROVIDEIGS first. Assume that f € Ry is a regular
element. If degdetT; = 0, then deg;, I = 0 = deg;, Ry and thus I C Ry together with
Lemma 6.2.3 provides I = Ry. The correctness of the algorithms TRYIGS, PRINCBASMAT
and TESTIGS, see Lemmas 6.2.4 and 6.2.24 and Theorems 6.3.32 and 6.3.38, provide that
each iteration of the while loop comes up with a possible ideal generating set f, 51,..., 0
of I and the Boolean igs storing whether it does indeed generate I. This already provides
the correctness of PROVIDEIGS.

Let us now prove the asserted running time complexity. By assumption, d is an upper
bound for the degrees of the input matrices and hence, by Lemma 6.1.8, the computation
of dr and dy require at most O~(n“d) operations in k. By assumption, » € O~(1) and
thus, by construction, we have h € O~(1) as well. Let us examine the running time of
each while loop iteration. Since deg(7;) < d and h € O~(1), Lemma 6.2.24 provides
that TRYIGS requires at most O™~ (n“d) operations in k and that it returns coefficient
vectors with degree bounded by d again. Therefore, Theorems 6.3.32 and 6.3.38 tell us
that the computation of T}, requires at most O™~ (n“d) operations in k. Since all of the
input matrices of TESTIGS are degree upper bounded by d, Lemma 6.2.4 tells us that
TESTIGS requires at most O~ (n“d) operations in k. The above shows that each iteration
of the while loop requires at most O~ (n“d) operations in k and since we have at most
t € O~ (1) many iterations, the while loop overall requires O™ (n“d) operations in k. This
proves the asserted running time of PROVIDEIGS.

Next we prove the assertion concerning the degrees of the output vectors and matri-
ces. By assumption, d is an upper bound of the input matrices and thus, by how TRYIGS
constructs the proposed ideal generating elements, we see that deg(8;) < d as well. There-
fore, by Theorems 6.3.32 and 6.3.38, we see that the output of PRINCBASMAT indeed has
degree bounded by d + 2cx.

We consider the assertion regarding the probability of PROVIDEIGS successfully re-
turning an ideal generating set. First of all, by assumption, deg(7y) < d. Thus

dimy, Ro/fRo = degy, fRo = deg(det(T})) < nd

and hence log,(dimy Ro/fRo),logy(dimg Ro/fRo) € O(lognd) € O~(1). Thus, by r €
O~(1), we have h € O~(1). By Corollary 6.2.23 (i), we know that

h
Prob (fRo +Y BiRy = 1) >1-927T

i=1

for every one of the at most ¢ loop iterations. Hence the probability that TRYIGS does not
return an ideal generating set in any of the loop iterations (and thus that PROVIDEIGS will
not be successful) is upper bounded by 27" providing the second last assertion. Moreover,
let 7 = logy(n) € O~(1). Then 277 = 2-tlog(®) — (2lo&(n))~t — 5=t provides the last
assertion. O

Remark 6.2.26. Note that according to Corollary 6.2.23, we could also always use X =
{0,1} and then set h = [logy(dy) + ] to obtain the respective algorithm with the same
probability of success. Moreover, in the respective cases, Corollary 6.2.23 (ii) and (iii)
provide the respective lower bounds for the probability of success if we alter h accordingly.

JAN

6.3 Computation of Basis Matrices of Principal Ideals

This section is dedicated to finding a way of computing the basis matrix T’ of the standard
basis fwi,..., fw, of the principal ideal fRy for some f € Kx(X)*. By definition, we
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therefore need to compute the products fw; for all w; € Q while f and w; are given by
coefficient vectors. Doing so naively would end up using n® many polynomial products
which would exceed our running time goal of O(n“d) where d denotes the degree of the
matrices respectively polynomials we are dealing with. The basic idea to circumvent this
is to compute the respective products in an algebraic structure that is better suited for
multiplication. We are going to represent the elements in question as polynomials in
two indeterminates x and y where = generates k[z| as a k-algebra and y is a primitive
element of Kx(X) over k(z). To be more precise, we want to find a plane affine curve
given by S = k[x,y] with y € Ry such that the corresponding index v of the extension
S C Ry satisfies S, = (Rp),. Then any element h € k[x] which is coprime to v will satisfy
Ry/hRy = S/hS and thus we can use fast polynomial multiplication in two indeterminates
with bounded degree in y (bounded by n) and bounded degree in x (given by the degree
of h) to carry out the necessary multiplications steps. We will see that the degree of h
depends on the choice of y. To be exact, the degree of h will depend on the degree of
the trace of y and thus it is mandatory to find such y whose trace has sufficiently small
degree.

Depending on which approach we use, the component independent or the component
dependent case, we assume f to be given by either the coefficient vector ¢q(f) with respect
to Q or by the coefficient vector ¢qm(f) with respect to €2". We will start with the
component independent case which completely forgets about X possibly being reducible.
After we have shown how this works, we can use the obtained insights and the main idea
mentioned above for the irreducible components of X simultaneously and work out the
component dependent case.

At this point we want to emphasise why we indeed need two distinct approaches
depending on whether we have to deal with the component independent or the component
dependent case. Generally, to reduce both scenarios to only one algorithm, we need to be
able to change efficiently between the representations of vectors ¢qo(f) and ¢om (f) as well
as respective basis matrices. The precomputed matrix Tq, see Lemma 4.6.2, such that
Q= Q" - Tq and the principal basis matrix fQ = (1. T together provide

par(f) =Ta-da(f) and fQ=Q7" To Ty

That is, by multiplication with the matrix T of degree 2cx, see Lemma 4.6.2, we can
change from the component independent to the component dependent case. But to change
from the component dependent to the component independent case we need to multiply
with T, = det(To) ™" - adj(Tq) where adj(T) may have degree ncx. This implies that,
in general, only one direction of change is efficient enough for our considerations and
hence it does not suffice to come up with one algorithm in one of the cases, use it for the
computations and then reinterpret the results by changing to the desired representation.

6.3.1 Existence of Primitive Element

In this section we prove that there is a primitive element y € Ry of Kx (X)) over k(z) with
deg ¢a(y) <log,(n) if k = F, and deg ¢qo(y) < 1 otherwise.

Let X be reduced cover of IP’,i. We will accomplish this by using the isomorphism
Frac(Ro) = @), Frac(R; ), see Proposition B.2.2, and by proving that there are primitive
elements y; of the function field extensions Frac(R; o) over k(z) of small degree using the
constructive proof of the theorem of the primitive element. After that we prove that
suitably altering the y; suffices that the corresponding element in Frac(Rp) is actually a
primitive element of Frac(Ry) over k(x).

We will use the following statement iteratively to construct the needed primitive el-
ements y; € R;o such that Frac(R;0) = R;oly:] with deg¢q,(yi) < 2log,(n;) whenever
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k =T, is a finite field.

Proposition 6.3.1 (Theorem of the primitive element). Let A be an integral domain with
field of fractions K. Let B be a finite A-algebra with A C B which is an integral domain.
Let a,b € B be such that a is separable over K. By f,, fy € K|t| we denote the minimal
polynomials of a respectively b over K. Let a = ay,...,a, denote the zeroes of f, and
b="b1,...,bs those of fi in a splitting field C' of fofp. We set

E(y) ={ay+b; |2 <i<deg(fa),1 <j <deg(fy)}-

Then every y € K with ¢ = ay+b ¢ E(y) satisfies K|a,b] = K|c|. In particular, there are
at most (r — 1)s elements y in K such that ¢ = ay + b is no primitive element of Kla, b
over K.

Proof. By assumption, f, is separable and thus a, as, ..., a, are all distinct. Moreover, by
definition of E(y), for every ¢ = ay +b ¢ E(y) we have V i,j : ¢ — a;y # b;. In particular,
for such ¢ we have

Vi=2,...,7: fy(c—ay) #0. (3:2)

Set h to be the greatest common divisor of f, and f(c — yt) in K|c|[t]. Obviously, a is
both a zero of f, and of f,(c—yt) since fy(c—ay) = fy(ay+b—ay) = fp(b) = 0. Therefore,
t — a divides h in C[t] and no higher power of t — a does divide h since f, is separable. In
C[t], fa splits into the linear factors ¢ — a; and thus h is a product of these linear factors.
If t — a; divides h, then it must divide fy(c — yt) and thus fy(c — a;y) = 0 in C[t] which
is not possible due to Eq. (3:2). Hence t — a is the only possible factor of h and thus we
deduce h = t — a. By definition of h, we have h € K|c|[t] and thus a € K[c] which then
provides b = ¢ — ay € K|c] as well. Hence Kla,b] C K|c|]. The other direction is obvious:
Since y € K, we have ¢ = ay + b € K][a, b] and thus K[c|] C K]a, b].

The particular part follows easily: Every y € K with ¢ = ay + b € E(y) satisfies
y=(b—>bj)(a—a;)"! for some i =2,...,r and j = 1,...,s. Therefore, there are at most
(r — 1)s many such elements in K that do not provide ¢ that is a primitive element. [

Now we can use Proposition 6.3.1 to provide primitive elements for the function fields of
the irreducible components of X with bounded degree.

Lemma 6.3.2. Let F' = k(z)[a1,...,a¢] be a field that is a finite and separable k(z)-

algebra of dimension n over k(x). Then there are polynomials Az, ..., Ay € klz] with
deg \; < 2logy(n), k=F,
1, k infinite

such that for alli=1,...,0 the element y; := a1 + Asas + ...+ \;a; satisfies
k(x)ai,...,a;)] = k(x)[yi].

In particular, there is y = Zle Aia; € k[z][ai, ..., ap] with F = k(x)[y] such that deg \; <

2log,(n) if k =, is finite and deg \; < 1 otherwise.

Proof. We prove the assertion by induction on the number ¢ of generators of F' over k(x).
The case £ = 1 already provides a primitive element y = a1 as asserted. Now assume that
the statement is true for £ —1 > 1. That is, there are polynomials Ao, ..., \¢_1 € k[z] with

2log,(n), k=T,
1 k infinite

Y

Vi=2...,0—1 : deg/\ig{
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such that y; 1= a; + Aaas + ...+ Nja; € k(x)[ay,...,a;) satisfies k(z)[a1,...,a;] = k(z)[y].

By definition, we have F' = k(x)[ys—1,a¢. Let fy, |, fa, € k(z)[t] denote the mini-
mal polynomials of yy_1 respectively a; over k(x). Since both K[ys—1] and K|as| are K-
subvector spaces of F', we have d := deg fy, ,,e:=degfq, <n. Letyp—1 =yo—11,--.,Ye—14
respectively ag = ay1,...,ase denote the respective zeros of f,, | and f,, in a splitting
field of fy, | fa,- By Proposition 6.3.1, we know that every A € k[x] with

Qg — Qg

Yo—1 —Ye—1,i

A #

satisfies F' = k(x)[ys—1, ar] = k(2)[ye—1 + Aag]. Therefore, the number of possible elements
in k[z] that we wish to avoid is at most (d — 1)e < (n — 1)n < n?. Hence if k is infinite,
then there is an infinite number of polynomials of degree one. Hence in this case there is
A € k[z] of degree one such that

Yo :=Ye—1 + Aag = a1 + Aaaz + ... + Ap_1ag_1 + Aeay

is a primitive element of F' over k() as asserted. For the rest of the proof we assume
k = F, to be a finite field with ¢ elements. We examine what a degree bound b € N is
such that the cardinality of the set Py(k) of all polynomials over k of degree b exceeds
n? > (d — 1)e. Since k is a finite field with ¢ elements, for every of the b (non-leading)
coefficients in k of an arbitrary polynomial of degree b there are g possibilities in k£ and for
the leading coefficient there are exactly ¢ — 1. Therefore, we obtain # Py (k) = ¢*(¢ — 1).
This implies that

#Py(k) = ¢"(g—1) > n’

is satisfied if b + log,(q — 1) > 2log,(n). Since log (¢ — 1) > log,(1) = 0, b > 2log,(n)
is a sufficient degree bound. Therefore, there is a polynomial Ay € k[z] of degree at most
2log,(n) such that y, := yp_1 + A\eay satisfies k(z)[a1, ..., ar = k(z)[ye—1,ae] = k(z)[y]-
The induction hypothesis already provides the asserted properties of y; and \; for ¢ =
1,...,¢£—1 and thus y, provides the assertion. O

Using Lemma 6.3.2 for each Frac(R; ) over k(z) we obtain the following corollary.

Corollary 6.3.3. For i = 1,...,m there are primitive elements y; € R;o such that
Frac(Ri ) = k(x)[y:] and degg, ¢(y:) < log,(n:) if k = Fy and degq, ¢(yi) < 1 otherwise.

Next we alter the existing primitive elements ¥, ...,y such that the corresponding el-
ement y in R;( is a primitive element of Frac(R;o). The following statement gives a
sufficient criterion for whether this is the case only depending on the minimal polynomials

fi € k(z)[t] of y;.

Lemma 6.3.4. For i = 1,...,m let f; € k(z)[t] be the minimal polynomial of «;, the
primitive element of Frac(R;o)/k(x). If for all i # j we have ged(fi, f;) = 1, then the
corresponding element y of (y1,...,Ym) is a primitive element of Frac(Ro)/k(z).

Proof. Set F' := Frac(Ry), F; := Frac(R;p) and K := k(z). The element y € F is a
primitive element of F over K if and only if for every a € F there is a polynomial f € K]t
such that a = f(y). Therefore, it is enough to show that there are polynomials g; € K[t],
i=1,...,m, such that g;(y) gets sent to (0,...,0,1,0,...,0) where 1 is at the i-th place.
Because in this case the element y- g;(y) gets sent to the tuple (0,...,0,y;,0,...,0) which
generates F; over K and thus ¢ - g; € K|[t] yields the desired polynomial.

By assumption, there are a; ; € K such that

L=a;;fi+ajif; (3:3)
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For each i € {1,...,m} define h; = [, a;;f; € K[t]. Then by equation (3:3), we
have h; = H#i(l — a;jfi). By definition, we have h;(yx) = 6;r where §;j denotes the
Kronecker-Delta.

Let p denote the K-isomorphism F — @, F; and let p; denote the composition of p
followed by the projection onto the i-th component. Then by definition of p and since it
is a K-algebra homomorphism, we have

p(f() = (f(p1(¥)s - flom(y)) = (f(y1)s- - [ (ym)) (3:4)

for every f € K|[t]. In particular,

p(hi(y)) = (hi(y1), - - -, hi(yi-1), hi(Yi), hi(Yit1), - - - ’\hi(yml)
=0 =0 =1 =0 =0
= (0’...,071707""0)

and thus the assertion follows. O

By Lemma 6.3.4, we need to alter given yi,...,yn such that their respective minimal
polynomials are coprime over k[z][t].

Lemma 6.3.5. Let F//K be a finite field extension with F = K|y]. Let f € K|t] denote
the minimal polynomial of y over K. Let ¢ € K, then y + ¢ has minimal polynomial
f(t —c). Obviously, y + c is still a primitive element of F over K.

Proof. The ring homomorphism K[t] — K|[t], g — g(t — ¢) is an isomorphism and hence
f € K]|t] is irreducible if and only if f(t — ¢) is irreducible. Hence f(t — ¢) is irreducible.
That f(t —c¢)(y + ¢) = f(y) = 0 is obvious and thus the assertion follows. O

Remark 6.3.6. Let f € K|[t] be arbitrary with f = Z’Lc'l:() a;t'. For every ¢ € K we have
flt+c) = EZ:O th( fl:_éc (lzk) ctai4r). In particular, the coefficient of t° in f(t 4 ¢) equals
Efzo da. A
For two irreducible polynomials in k(z)[t] to be not equal it is enough that their respective
coefficient of t° (which is non-zero since they are both irreducible) do not coincide. Hence
for given f € k(z)[t] we face the task to choose ¢ € k(x) such that E?:o ca; # b for
given b € k(z). At this point it is easy to see that if £ is infinite, then there is an infinite
number of polynomials over k of degree one. Therefore, we can alter the primitive elements
Y1, . - -, Ym successively by suitable polynomials ¢; € k[z] of degree one such that at the end
the resulting minimal polynomials fi,..., f,, are pairwise coprime. Only if the ground
field k is finite, we need to give an argument that finding ¢; € k[z] is still possible while
keeping their respective degrees reasonably small.

Lemma 6.3.7. Let K be a field. Let f € K[t] be non-zero and irreducible polynomial of
degree d. For given b € K there are at most d + 1 possible distinct elements c in K such
that f(t + c) has constant coefficient b.

Proof. For every c¢ the constant coefficient of f(¢ + ¢) is equal to f(0+¢) = f(c¢). If for
d 4 1 distinct choices of ¢ € K this equals the same b € K, then f — b has d + 1 zeros
in K. Since f is of degree d, this implies f = b € K which is a contradiction to f being
irreducible. O

Lemma 6.3.8. Let K = k(x) for some finite field k with q elements. Let fi,..., f; € K|[t]
be monic and irreducible polynomials and let f € K[t] of degree d = deg(f) be equal to one
of the fj. Then there is ¢ € k[x] of degree bounded by [log,(d + 1 +1)| such that f(t + c)
is not equal to any of the f1,..., f;.
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Proof. We will use Lemma 6.3.7 to alter f by a suitable ¢; of small degree. Without
loss of generality we assume that f = f;. There are ¢° many polynomials over k having
degree bounded by s. Therefore, there are d+ 1 distinct polynomials over k having degree
bounded by [log,(d + 1)]. Hence by Lemma 6.3.7, there is ¢; € k[z] of degree bounded
by [log,(d+ 1)] such that f(t+ c1) has constant coefficient which is distinct to that of f;
and hence f(t+c1) # f1. Now if f(¢t+ c¢1) does not equal any of the remaining fo, ..., fi,
then we are done. Otherwise, assume without loss of generality that f(t 4 ¢1) = fo. We
can use the same argument as above to find co € k[z] with f(t + ¢1 + c2) # fo. But we
need to satisfy that f(t 4 ¢1 + c2) # f1 as well which is the case if and only if ¢y = —¢;.
This additional condition prohibits at most one of the possible candidates for co under
those of degree bounded by [log,(d + 1)]. Therefore, we are able to find cz such that
deg(c2) < [log,(d + 2)]. Proceeding in the same manner, in step j we need to ensure
that c; satisfies ¢; # — Z];Tl ¢ forall r =1,...,5 — 1. This provides that f(t+ Z{:l )
does not equal any of the f(t + Zzh:1 ¢) for h=1,...,7 — 1. Thus in step j there are j
polynomials that we need to avoid choosing c;. Therefore, we are able to find ¢; € k[x]
with deg(c;) < [log,(d+1+j5)] such that f(t+Z{:1 c)) # fpforallh=1,...,j—1. This
finally yields that for ¢ = Zle ¢; we have that f(t+ c) does not equal any of the f1,..., f;
and that deg(c;) < [log,(d + 1+ j)]. Whence deg(c) < max]_,{[log,(d +1+1)]} =
Nog,(d+1+14)]. O

Corollary 6.3.9. Let X be a reduced cover of IP’}C. Then for all i = 1,...,m there is a
primitive element y; € R;o of Frac(R;p) over k(x) with deg ¢q,(y:) < 3log,(n) such that
the corresponding element y = (y1,...,ym) € Frac(Ryp) is a primitive element of Frac(Ry)
over k(x).

Proof. By Corollary 6.3.3, there are primitive elements y1, . . ., Y, with deg ¢q, (v;) bounded
by log,(n;). Let fi,..., fm € k(z)[t] denote the corresponding minimal polynomials. By
Lemma 6.3.8, there is ca € k[z] with deg(c2) < [log,(n2 + 2)] such that fo(t + c2) # fi1.
Using Lemma 6.3.8 successively, we see that for all ¢ = 2,...,m there are ¢; € k[z] with
deg(c;) < [log,(n; + i)] such that fi(t + ¢;) # fj(t +¢;) for all j = 1,...,i — 1. This
correponds to a change of the i-th primitive element by —¢; € k[z] and thus

deg ¢o, (yi — ;) < deg ¢, (i) + deg(c;) < logy(n;) + log,(n; + i) < 3log,(n)
which provides the assertion. ]

Lemma 6.3.10. There is a primitive element y of Frac(Ry) over k(z) such that y € Ry
and deg ¢ (y) < 2ncx + 3log,(n).

Proof. By Corollary 6.3.9, there is a primitive element y € Frac(Ry) of Frac(Rp) over
k(x) such that its restrictions y; € Rp satisfy deg g, (yi) < 3log,(n). Obviously, y is
not necessarily an element of Ry just because its restrictions y; lie in R; ¢ and in general
we have y = zf~! where 2 € Ry and f € k[x] (since Frac(Rg) = Ro ®p[z) k(7). The
transformation matrix Tq € k[z]"*" satisfies pom (f) = Ta - pa(f) for every f € Frac(Ry)
and degTq < 2cx, see Lemma 4.6.2. Therefore,

pa(y) = To " - dam(y) = det(Ta) ™" - adj(Th) - pam (y)

and since adj(T) as well as ¢om (y) are defined over k[z], the denominators of the entries
of ¢a(y) have at most degree degdet(Tq) < 2ncx. Therefore, multiplying y with a
polynomial in k[z] of degree at most 2ncx yields an element z of Ry which is still a
primitive element of Frac(Rp). By the above, we see that deg ¢o(2) < 2ncx +deg pom (y) <
2nex + 3log,(n). O
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6.3.2 Reducing Polynomial

In this section we provide the existence of the polynomial h € k[x] being coprime to
the index of S in Ry as already mentioned in the above introduction. If not mentioned
otherwise, we assume that X is a reduced cover of IP)}C.

Notation 6.3.11. In this section we will use the short notation degq(f) = deg pqa(f) for
all f S ]CX (X) A

Definition 6.3.12. Let y € Ry be a primitive element as in Lemma 6.3.10. For the
following considerations let S denote the ring k[z,y]. By construction, we have S C Ry.

The k[z]-module S has basis 1,%,...,5" ! and there is a basis transformation matrix
T € k[z]™™ with (1,y,...,y" ') = (w1,...,ws) T. Let us denote v = det(T) € k[z] and
call it the index of S in Rj. A

We will need the following two properties of the index.

Proposition 6.3.13. The index v satisfies the equation v*disc(Rg)k[x] = disc(S)k[x] and,
regarding S and Ry only as k[z]-modules, v provides vRy C S.

Proof. Let f1,..., By denote a k[z]-basis of Ry and 7,...,7v, a k[x]-basis of S. The first
assertion follows from the definition of the discriminant and observing that (Tr(v;v;)q;)
= Tt (Tr(BiB;)i;) T.* For the second we need to consider the Smith-Normal-Form T =
AT B with diagonal entries Ay, ..., \, € k[z] and A, B € GL(n, k[z]). By definition of T,
we have (v;); = (B;); A=t AT which we multiply with B from the right to obtain (v;); B =
(B:))iA"YAT B = (B;)i A~' Ts. Now if we denote the new bases as (v)); = (v:); B and
(Bh)i = (Bi)i A7L, then we have (v); = (B); diag(\1,...,\n), that is 7/ = B/ );. Finally,
with v = det(T) = p - det(Ts) = p- [[7; A where p € k* we obtain v > " | 8] k[z] C
Yoy vk k[z] which provides the assertion. O

We will now show the existence of some h € k[z] with sufficiently small degree and which
is coprime to the index v. Note that if char(k) = 0, then we can always take a linear
polynomial h € k[z] which is not a divisor of v.

Remark 6.3.14. Let f € Fy[z], f # 0 be arbitrary. A simple counting argument shows that
there exist a polynomial h € Fy[z] with deg(h) € log, deg(f) such that ged(h, f) =1. A
Following Remark 6.3.14, to show the existence of h € k[z] with deg(h) € O(d) for some
d and coprime to v, we need to show the appropriate bound of deg(v).

Remark 6.3.15. From Proposition 6.3.13 we deduce deg(v) < deg(disc(S)). By definition,
the latter is given by disc(S) = disc(1,v, ...,y ') and the latter is, by definition,

+)

det(TrFraC(Ro)/k(w) (y i,j)

and thus

deg(”) <n- OS%%§_2{deg(TrFrac(Ro)/k(x) (yl))} A

Lemma 6.3.16. The index v satisfies

dnfex 4 6nlog,(n), k=T,
n? . (4cx +2), k infinite.

deg(v) < {

Proof. By Proposition 4.6.13 (ii), we know that the degree of Trpac(ry)/k(x) (y?>"2) is

bounded by
deg(Trrvac(ro)/k(x) (U2 %)) < deg da(y®™~?) + 2cx.

'Here T* denotes the transpose of the matrix T
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By Lemma 4.3.32 and Corollary 4.3.31 (iii), we have

deg o (y”"2) < deg*(y*"?) < (2n — 2) - deg*(y) < (2n — 2) - (degq(y) — [ X |n)

and thus, by Corollary 4.5.2, we finally obtain

deg do(y”"~?) < (2n —2) - (degq(y) + 2cx).

Since y is a primitive element of Frac(Ry)/k(z) as in Lemma 6.3.10, we have degq(y) <
2ncx + 3log,(n) if k = F, is finite and degg(y) < 1 if k is infinite. Combining all the
above we obtain

(2n —2) - (2nex + 3log,(n) +2cx) +2cx, k=T,

deg(Trp, 2K <
8(Trhrac(Ro) /k(x) (U™ 7)) < {(2n_2).(1+26X)_|_20X’ k infinite

dnPex 4 6nlog,(n), k=T,
n-(dex +2), k infinite.

Then Remark 6.3.15 provides the assertion. O

Corollary 6.3.17. There exists h € k[x| coprime to v with

deg(h) € {O(logq(n) +log,(cx)), & = [Fq.

0(1), k infinite.
Proof. 1f k is infinite, then there is an infinite number of polynomials in k[x] of degree
one which are coprime to h and we may choose one of them. Let k = I, be finite. By
Lemma 6.3.16, we have deg(v) < 4n3cx + 6n?log,(n). Remark 6.3.14 shows that there is
such a polynomial h € k[z] with

deg(h) € O(logq(4n30X + 6n? log,(n))) € O(logq(4n3cx)) = O(log,(n) + log,(cx))
which provides the assertion. O

Lemma 6.3.18. Let m € k[z] with mRy C S, h € k[z] with gcd(m, h) = 1, then S/hS =
Ry/hRy.

Proof. By assumption, there are s,t € k[z] such that ms + th = 1. Consider the homo-
morphism ¢ : S — Ro/hRo, a — a+ hRy with kernel ker ¢ = hRyNS. Now hS C hRyNS
and further let ha € hRy NS with a € Ry, then 1 = ms + th multiplied by « gives
a=ma-s+ ha-t €S and hence ker p = hS. Thus S/hS = ¢(S) and now we are left to
show that ¢ is surjective. For this purpose let a + hRy # 0 in Ry/hRy be arbitrary, then
ms-a = (1 —th)-a=a—ath =a mod hRy and since m - sa € S holds, we are done. []

Proposition 6.3.19. There is some h € k[z] with S/hS = Ry/hRy such that

deg(h) € O(logq(n) + logq(cX) + log, logq(n))a k=T,
0(1), k infinite.
Proof. This is a direct consequence of Corollary 6.3.17 and Lemma 6.3.18. O

6.3.3 Computation of Principal Basis Matrices

In this section we want to implement our plan and use the primitive element y € Ry of
Kx(X) and h € k[z] coprime to the index of k[z, y] in Ry to provide algorithms to compute
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the principal basis matrices Ty for given f € Ry. We distinguish between the component
independent and the component dependent case.

6.3.3.1 Component Independent Case

Let X be a reduced cover of P with Kx(X) = k(z)[y] as in Lemma 6.3.10. Let h € k[z]
be a polynomial as in Proposition 6.3.19. Let Q = (wy,...,w,) denote a reduced basis

of Ry. Let us denote the basis transformation matrix from € to 1,y,...,y" ! as in

Definition 6.3.12 by T..

Definition 6.3.20. We will abbreviate
R:= Pui(klz]/(h) and Ry:= Py (klz]/(h)). A
=1 =1

Lemma 6.3.21. The bases of Ry and S as k[z]-modules will also provide k[x]/hk[z]-bases
of the k[z]/hk[z]-modules Ro/hRo and S/hS. In particular, as k[z]/hk[z]-modules we have
Ro/hRy = R and S/hS = R,,.

Proof. By Proposition B.4.8, we have Ro/hRo = Ro ®yy) k[7]/hk[r] as well as S/hS =
S @[z k[2]/hk[z]. Now the isomorphisms Ry — P, wik[z] and S — @7,y 'k[z]
provide the asserted k[z]|/hk[z]-algebra isomorphisms

Ro/hRy — R, and S/hS — R,.
Here we used that the direct sum and tensor product of modules behave distributively. [

Remark 6.3.22. Recall that the ring extension Ry/S comes with an k[z]-algebra monomor-
phism ¢ : § < Ry represented by the matrix 7. In particular, T' behaves multiplicative in
the following sense: For given f,g € S, we may on the one hand compute the product fg
using the multiplication table in S (that is using polynomial multiplication in two indeter-
minates and division with remainder). Alternatively, we may compute ¢qo(f) and ¢q(g)
using 7" and the representations ¢,i-1)(f) and ¢(,i-1)(g), then use the multiplication ta-
bles of Ry and polynomial multiplication in k[z] to compute ¢q(fg) and then compute
gb(yiq)( fg) via T~'. We can reverse this scenario for any element in Ry that is also an
element of S. AN

Remark 6.3.23. The isomorphism S/hS — Ry/hRy in Proposition 6.3.19 is induced by the
k[x]-algebra monomorphism ¢ : S < Ry acting on representatives. Now ¢ was represented
by the matrix T' € k[z]™*" with determinant v coprime to h. Since the bases of S and of
Ro as k[z]-modules also provide bases of S/hS and Ry/hRy as k[z~!]/hk[x~!]-modules,
see Lemma 6.3.21, we see that the matrix T € GL(n, k[z~!]/hk[z!]) (invertible since
its determinant v is coprime to h) represents the k[z~!]/hk[z~!]-algebra isomorphism
®~1: R, — S/hS — Ry/hRy — R. Moreover, as in Remark 6.3.22 the transport with T
is multiplicative as it represents an algebra homomorphism. A

Remark 6.3.24. In Remark 6.3.23 we may replace h by a suitable power of it to allow
coefficients of intended degree. JAN

Lemma 6.3.25. The matrices T, T~ € GL(n, k[x]/hk[z]) can be represented by the ma-
trices REDy,(T) respectively REDy(s - adj(T')) defined over k|x].

Proof. Of course, the reduced representation of 7" is simply RED;, (7). The matrix T €
GL(n, k[z]/hk[x]) satisfies by Cramer’s rule the identity 7! = v~! - adj(T). To represent
T with entries that has coefficients in k[z] reduced modulo h, we do so to obtain a rep-
resentation of 7" as a matrix defined over k[x|: Let 1 = th + sv be the Bézout identity of
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ged(h,v) in k[z]. Then v = s71- (1 —th) and thus v=! = s- (1 — ht)~! = s mod h. Hence
the reduced representation of 7! with entries in k[z] is RED (s - adj(T)). O

Definition 6.3.26. We abbreviate T = RED(T) and T}, = RED,(sadj(T)). A

Corollary 6.3.27. Assume we have precomputed the Bézout identity 1 = th + sv of h
and v with deg(t) < deg(v) and deg(s) < deg(h). Let ® : R — R, be the isomorphism
as in Remark 6.3.23. Let € R be given by ¢po(5) € k[z]" and let a € Ry be given by
b(yi-1y() € k[z]". Then

(1) G-y (®(B)) = Th - ¢a(B), and
(it) pa(®7 () =T} - ¢gi-1y(a).

Here the coefficients of the right hand sides need be regarded as elements in k[x]/hk[z]
again.

Remark 6.3.28. Every element f of Ry with f = > | Adiw; such that deg(\;) < deg(h)
for all i =1,...,n (that is deg(¢pq(f)) < h) can be regarded as an element of R. A

Remark 6.3.29. By construction, we have y € Ry and since Ry is finite over k[x], it
is a fortiori integral over k[z]. Hence its minimal polynomial f := f, over k(z) is an
element of k[x][t]. Since S = k[z|[t]/fk[z], we can view the elements in S as polynomial
representatives in k[z, t] that are reduced modulo f. Altogether we can view the elements
of R, as such polynomial representatives in k[z,t] that are reduced modulo h and f. A

By Remarks 6.3.28 and 6.3.29, we may regard elements in Ry with suitable bounded
coefficient degrees as elements in R and can thus transport those using the matrix T} €
k[z]™", see Remark 6.3.23, to R, where we can compute the product and then transport
the result back to R using 7} and reinterpret it as an element of Ry.

Proposition 6.3.30. The multiplication of two elements in R, given by reduced poly-
nomial representatives in (k[x]/(h))[t]/(f) can be carried out using O~ (n - deg(h)) many
operations in k. Here “multiplication” in (k[z]/(h))[t]/(f) includes the needed division
with remainder. We denote the algorithm that computes such a product MULT,,.

Proof. We regard the elements of R, as elements in (k[z]/(h)) [t]/(f). Since f has degree n
in ¢, by Lemma A.2.11, the multiplication can be carried out using O™ (n) many operations
in the coefficient ring k[z]|/(h). In the worst case those are multiplication itself which, by
Proposition A.2.3, can be carried out using O(deg h) field operations in k. This completes
the proof. O

Now we can describe an algorithm to compute the product of two elements in Ry only
using their coefficients with regards to €.

Theorem 6.3.31. The algorithm COMPELTPROD, see Algorithm 1/, is correct and uses
at most O~ (n?deg(h)) operations in k.

Proof. If f € Ry is only given by its representation (f; + hk[z]); as an element of Ry/hRy,
see Remark 6.3.28, but we do know that its coefficients with regards to () as an element of
Ry have degree strictly smaller than deg(h), then we may compute the latter by computing
fi = fl 4+ rih with deg f] < deg(h) to obtain the unique ¢o(f) = (f1,..., f) € k[z]".
Since degq(f),degq(g) < deg(h), we may regard f and g uniquely as elements of R,
see Remark 6.3.28. Moreover, by Corollary 4.3.31 (iii) and Corollary 4.3.24, we know that

degn(fg) < deg*(fg) < deg™(f) + deg*(g) < degq(f) + degn(g) + 2cx
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Algorithm 14 Computing product of elements
Precomputed | Reduced basis Q of Ry; y € Ry primitive element of Kx(X)/k(x);
h € k[z] coprime to the index v of k[z,y] in Ro; Tj and T} as in
Definition 6.3.26
Input | ¢a(f), da(g) such that deg do(f) + deg da(g) + 2cx < deg(h)
Output | ¢qo(fg) such that ¢o(fg) < deg(h)

1: procedure COMPELTPROD(pq(f), #a(g)))

2 (fi,---, fn) < REDR(Th - da(f))

30 (915--,9n) < REDR(T} - d0(g))

4 (e1,...,en) < MULTy((f1,---, fn), (91,5 9n))
5 return RED, (T}, - €)

which is, by assumption, smaller than deg(h). Hence fg as an element of R has a unique
representation ¢q(fg) with entries of degree smaller than deg(h). Hence, due to what we
have said at the beginning of the proof, if we have a representation of fg as an element of R
given by a representative coefficient vector over k[x|, we only need to reduce it entry-wise
modulo A to compute the unique representation ¢ (fg) € k[x]" we are after.

In particular, we may transport f and g to R, using T}, compute the product there
using polynomial multiplication in two indeterminates with bounded degrees and transport
it back to R using 7. This results in a coefficient vector with representative polynomial
entries which we only need to reduce entry-wise modulo A to obtain the desired ¢q(fg).
This proves the correctness of COMPELTPROD.

The matrix by vector multiplications in step 2 and 3 use n? operations in k[z], see
Lemma A.2.5. Since all T}, and ¢q(f), ¢a(g) have degree smaller than deg(h), by Propo-
sition A.2.3, the computation uses O~ (n? deg(h)) operations in k and the result also has
degree bounded by 2deg(h) € O(deg(h)). Thus, by Lemma A.1.2 (iii), the algorithm
REDj, uses O~ (ndeg(h)) operations in k. By Proposition 6.3.30, the algorithm MuLT, in
step 4 requires O™~ (n deg(h)) operations in k. The degree of the coefficients e; are bounded
by deg(h) and thus, as above, the matrix vector product computation uses O~ (n? deg(h))
operations in k. Moreover, the result has degree in O(deg(h)) and thus RED;, uses again
O~ (ndeg(h)) operations in k. Thus the most expensive steps required O~(n?deg(h))
many operations in k£ and thus we can complete the proof. O

Now we want to use the fast bivariate polynomial multiplication to write down an algo-
rithm that computes the basis matrix T’ representing the basis fQ = (fwy,..., fw,) with
respect to Q. If we do it naively, we end up using n® deg(h) many operations in k which we
would like to avoid. Put it more concretely, we could use algorithm Algorithm 14 for every
one of the products fwy,..., fw,. But then we end up calling algorithm Algorithm 14 n
times which yields a cubic complexity in n. We circumvent this issue by transporting all
involved elements into R, using fast matrix multiplication and then compute the prod-
ucts in R, instead where one multiplication uses O™~ (ndeg(h)) operations in k and thus
we can easily afford to do this n times. Note that we formulated Algorithm 15 just for
computing the products fwq,..., fw, but it works for all arbitrary products of the form
fai,..., fa,. In this case, we need to compute T}, - M, where M, contains the vectors
oa(a;) additionally and then use T}, - Mye; instead of The; at line 3.

Note that by definition, the i-th column of T}, equals ¢(,i-1y(w;i). If we denote by e;
the i-th standard vector in k[z]", then we obtain The; = ¢(yi-—1)(wi).

Theorem 6.3.32. The algorithm PRINCBASMATCEF, see Algorithm 15, is correct. More-
over, if d is an upper bound of degh, then PRINCBASMATCF requires at most O™ (n“d)
operations in k.
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Algorithm 15 Computing basis matrix of principal ideal: component independent case
Precomputed | Reduced basis Q of Ry; y € Ry primitive element of Kx(X)/k(x);
h € k[z] coprime to the index v of k[z,y] in Ro; T and T} as in
Definition 6.3.26
Input | ¢q(f) such that deg ¢ (f) + 2cx < deg(h)
Output | Basis matrix 7} representing fwi,..., fw, with deg(Ty) <
deg o (f) + 2cx

1. procedure PRINCBASMATCF (¢q(f))

2: f’ — REDh(Th . ¢Q(f))

3: M < (Murty(f', The1), ..., MULT,(f', Then))
4: return RED, (T} - M)

Proof. In step 1 we compute ®(f) as a coefficient vector with regards to 1,...,3" L

In step 2 we compute the products ®(f)®(w1),...,P(f)P(w,) and write the respective
coefficient vectors with regards to 1,...,y" ! column-wise in the matrix M. Hence the
proof of Theorem 6.3.31 shows that T} multiplied with column ¢ of M provides ¢q(fw;).
Hence T} - M provides the asserted standard basis matrix of fRy. The statement about the
degree of the output matrix is due to Corollaries 4.3.24, 4.3.31 and 4.5.2 and Lemma 4.3.32.

The first step uses, as argued in the proof of Theorem 6.3.31, O~ (n? deg(h)) operations
in k and the resulting vector has coefficients with degree bounded by 2 deg(h) € O(deg(h)).
Thus, by Lemma A.1.2 (iii), the algorithm RED;, uses O~ (ndeg(h)) operations in k. By
Proposition 6.3.30, the algorithm MuLT, in step 4 requires O™~ (ndeg(h)) operations in k
and hence calling it n times with the same input size requires O~ (n? deg(h)) operations
in k. Since the degree of f' and of T}, lie in O(deg(h)), the same is true for the matrix
M. Finally, the matrix product T}y - M requires O™~ (n* deg(h)) operations in k and is
thus the most expensive step of the algorithm. Therefore, PRINCBASMATCEF requires
O~ (n* deg(h)) operations in k. O

Remark 6.3.33. Let T € k[2]**® and M € k[z]**® have both degree d. Then the compu-
tation of the product T - M requires at most O~ ([b/a]a*d) = O~ (ba*~'d) operations in
k. Indeed, let b = ca + r with r < a be the division with remainder of b by a. We can
split M into ¢ square matrices My, ..., M, of dimension a and one which has dimension
a X r. We append zero columns to the latter to make it square and call it M. 1. Then we
can compute the product T'- M by computing the products 7" - M; and concatenate the

result, that is
T-M=(T-M)~...~(T-M)~ (T M)

Then the computation requires calling the square matrix multiplication algorithm in di-
mension a with degree d, which requires itself O~ (a“d) operations in k, a total number of
¢+ 1= [b/a] times. Hence the complexity bound. A

The following adaptation of Algorithm 15 simply computes the products fasq,..., fa,
with arbitrary r. We will need that in Algorithm 17.

Lemma 6.3.34. The Algorithm COMPELTPRODLIST, see Algorithm 16, is correct. It
requires at most O~ (rn“~1deg(h)) operations in k.

Proof. The correctness follows from all above considerations and the arguments in the
proof of Theorem 6.3.32. By Remark 6.3.33, the matrix product T} - M requires at most
O~ (rn*~!deg(h)) operations in k. By the degree assumptions, we also know that the result
has degree in O(deg(h)) and thus REDy, requires, due to Lemma A.1.2 (iii), O™~ (rn deg(h))
operations in k. By assumption on the degrees of M and ¢q(f), we know that the matrix
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Algorithm 16 Computing products of given element with a list of elements

Precomputed | Reduced basis Q of Ry; y € Ry primitive element of Kx(X)/k(x);
h € k[z] coprime to the index v of k[z,y] in Ro; Tj and T} as in
Definition 6.3.26

Input | ¢o(f); M = (¢a(en)...¢a(ar)) € k[z]"™" such that degda(f) +
deg(M) + 2cx < deg(h)

Output | Matrix T representing fai, ..., fa, with deg(T') < h

1: procedure COMPELTPRODLIST(¢q(f), M)

22 f' < REDK(Th - da(f))

3: M« REDh(Th . M)

4 N < (Murty(f',M'e1),...,MuLT,(f',M'e;))
5 return RED, (T} - N)

N computed in step 4 has degree in O(deg(h)). Then Remark 6.3.33 again shows that the
matrix product T} - N requires O~ (rn“~! deg(h)) operations in k. Moreover, the result
has degree in O(deg(h)) and thus REDy, requires, due to Lemma A.1.2 (iii), O~ (rn deg(h))
operations in k. ]

Remark 6.3.35. We could also use Algorithm 16 to compute the basis matrix of fRy by
setting M = FE, where E, denotes the identity matrix in dimension n. But there is no
need to do this since once we have computed the basis matrix My of fRy, we can just
compute My - M to compute the basis matrix of f1. A

6.3.3.2 Component Dependent Case

Let X be a reduced and reducible cover of IP’,I§ with irreducible components (X7, ..., X;,).
By yi € R;io we denote a primitive element of Kx,(X;) over k(z) as in Lemma 6.3.10.
By T; € k[z]"""™ we denote the basis transformation matrix as in Definition 6.3.12,
that is (1,y;,. .., y?i_l) = Q; - T;. Moreover, let h; € k[z] denote a polynomial which is
coprime to the index of S; := k[z,y;] in R;o. Furthermore, T}, denotes the matrix as in
Definition 6.3.26.

Definition 6.3.36. Let v = (v1,...,vy) € R™ and w = (wy,...,w,) € R" for R a
commutative ring and n,m € N. By v —~ w we denote the concatenation of v and w,
that is v"w = (v1,..., U, W1, ..., Wy). A

Definition 6.3.37. Let X be a reduced cover of P} with fixed order (X1,...,Xy,) of
irreducible components whose degrees over IP’,%/, are ni,...,N,, respectively, satisfying
Yot ni = n. We divide every v € k[z]" into m vectors vy, ..., vy, such that v; € k[z]™
and v =v] ~ ... ~ V. If f € Ry and v = pam(f), then v; € k[z]™ is the coefficient
vector of fx, with regards to {;, that is v; = ¢q, (f|x,)- A

Note that Lemma 4.6.10 already told us that computing the product of f,g € R§ com-
pletely reduces to computing the products f|x,gx, where fx, denote the restriction of f
with respect to the i-th irreducible component, that is to R; . This already tells us how
to compute the matrix Ty by computing the products f|y, (wy)x,-

Note that the suffix “C” in PRINCBASMATC can be read as component dependent.

Theorem 6.3.38. The algorithm PRINCBASMATC, see Algorithm 17, is correct. If d is
an upper bound of max" {deg(h;)} and cx € O(d), it requires at most O~ (n“d) operations
in k.
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Algorithm 17 Computing basis matrix of principal ideal: component dependent case

Precomputed | Basis Q" of R, Tq basis matrix of Q with respect to Q" for all
i =1,...,m : y; € Rjo primitive elements of F;/k(x); h; € k[z]
coprime to the index v; of k[x, y] in Ro; T, T,’” as in Definition 6.3.26
Input | ¢or(f) such that for all i = 1,...,m and j = 1,...,m we have
deg pam (f)i + 3cx, < deg(hy)

Output | T} basis matrix of fwy,..., fw, with respect to (2" in n-block-form
such that its i-th row block has degree bounded by deg o (f)i+3cx;

1: procedure PRINCBASMATC(¢q(f))

2 fori=1,...,mdo

3: Ni + SUBMATRIX(Mq, (1 4+ Y252 nj, 1), (ni,n))
4: M; <— CoMPELTPRODLIST (¢ (f)i, Ni)

5 Ty <= COLUMNCONCAT(My, ..., My,)

6 return 7T

Proof. We first prove the correctness: The matrix IN; computed in line 3 contains the

coefficient vectors ¢om(wj); for j = 1,...,n. Hence, by Lemma 6.3.34, the matrix M,
computed in step 4 contains the coefficient vectors of f|x;, (wj)| x, forall j =1,...,n. By
definition, the target matrix T contains as columns the vectors ¢om (fw;) for j =1,...,n.

By Lemma 4.6.10, we have

dam (fwi)T = (da, (fwi)ix,) — - —~ da, ((fwi)x )"

and, moreover,

deg ¢o, ((fw;)x;) < deg g, (fix,) + deg da, ((w;j)x,) + 2¢i,x
< deg do, (fix;) + 3cix

where we also used Corollary 4.6.1. In particular, T is in n-block-form whose i-th row
block has degree bounded by deg ¢q, ( J| x;) + 3ci x. Therefore, the matrix Ty equals the
column style concatenated matrix obtained by the matrices Mj,..., M,, which finally
proves the correctness of PRINCBASMATC.

Now we prove the running time assertion. To do so, we investigate how many op-
erations in k are needed to compute one of the m iterations in the for loop. By Defi-
nition 4.6.3 and Corollary 4.6.1, the matrices Ny, ..., Ny, have degree bounded by cx,,
respectively. By Lemma A.1.2 (vi), the algorithm SUBMATRIX has constant cost. By
Lemma 6.3.34, the computation of M; requires ON(nngj_ldi) operations in k where d; =
deg ¢q, (f)i + deg N; + 2cx, < deg ¢q,(f)i + 3cx, < degh;. Moreover, the result satisfies
deg M; < d; < degh;. Hence the i-th iteration of the for loop requires, due to n > n; and
cx; < ¢ix < cx,

o~ (nn;"_ldi) cC o~ (nn‘;’_ld)

operations in k. Now the following simple computation

m m m w—1
Z nn;’_ld = ndZn‘{’_l < nd (Z m) =ndn®"! = n¥d
i—1 i=1 i=1

shows that the complete for loop requires O™~ (n“d) operations in k. We have already
argued above that deg(M;) < d for all i = 1,...,m and thus, by Lemma A.1.2 (viii),
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the computation of T} has constant cost. Therefore, we obtain that PRINCBASMATC
requires, as asserted, at most O™~ (n“d) operations in k. O

Remark 6.3.39. Let PRINCBASMAT denote the algorithm that, given a vector v € k[z]"
and a Boolean ¢, calls PRINCBASMATC(v) if ¢ = true and PRINCBASMATCF (v) if ¢ =
false and then returns the result. A

Remark 6.3.40. By Remark 6.3.24, we may choose a suitable power of h; to give it an
intended degree such that the hypotheses

deg por (f)i + deg(darm (w))i) + 2cx, < deg(hi) (3:5)

for all i = 1,...,n are satisfied. Moreover, we know that deg(¢pqm(w;)i) < cx, and
if degpqar(f): € O(cx), then deg(h;) € O(cx) is sufficient to satisfy the requirement
Eq. (3:5). Hence the assumption in Theorem 6.3.38 is justified. Moreover, later on we will
call the algorithms PRINCBASMATC and PRINCBASMATCE with input that has degree

bounded by some d. Every time we do that, we assume that d is large enough to satisfy
deg por (f)i + deg(dam (w))i) + 2cx, < deg(hi) < d

respectively
deg pa(f) +2cx < deg(h) < d.

Then both PRINCBASMATC and PRINCBASMATCF require at most O™~ (n“d) operations
in k. A

We want to end this section by noting that Algorithm 17 which computes the principal
basis matrix in the component dependent case has the advantage over the algorithm
applied in the component independent case that it is accessible for parallelisation.

6.4 Precomputations

As we have seen in the last section, there are some computations we need to carry out
once to establish a computational respectively algorithmic environment in which we can
use the presented algorithms to finally carry out the arithmetic in Pic?(X). At the various
points in this thesis where precomputed data was necessary, we already mentioned what
needs to be precomputed. In the following we want to give an overview of what needs to
be precomputed overall. Therefore, we briefly summarise what kind of such precomputa-
tions need to be done generally and which are necessary in the component independent
respectively the component dependent case.

As mentioned in Notation 6.1.1, we compute and fix a reduced basis €2 of Ry respec-
tively Ox and reduced bases ; of R; o respectively Ox,. This implicitly includes the
precomputation of the partition n = " n;. The ©; then constitute the basis Q. By
To we compute the basis matrix of {2 with respect to 27", that is, by definition we have
0 =Q" Tg. By Lemma 4.6.2, we have degTn < 2cx. Moreover, by Remark 4.6.4, we
know that the change of representation with respect to €2 to a representation with respect
to Q0" can be done by multiplying with T. Furthermore, this change of representation is
fast enough if the degree of the matrix respectively vector involved is linearly bounded by
cx. In Algorithm 6 we need explicit values or suitable bounds for the invariants ¢; x for
1 =1,...,m to compute a block-wise degree reduced basis matrix in the component de-
pendent case. In Algorithm 9 we need the integer x(.x) to be able to compute the degree
of a given Ry-ideal regardless whether the ideal is represented by a matrix with respect
to 2 or with respect to ()". We have seen that the randomised algorithm PROVIDEIGS
requires as input a finite subset X of the ground field k£ from which it chooses uniformly
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random coefficients to come up with an ideal generating set. We can choose > C k once
and for all or use a separate one for every call of the randomised algorithms presented. In
Section 6.3 we have seen that there are a number of necessary precomputations to deal
with the computation of the basis matrices of principal ideals. First and foremost, we
need to compute primitive elements y € Ry of Kx(X) over k(x) respectively y; € R; o of
Kx,(X;) over k(x) as in Lemmas 6.3.2 and 6.3.10. Then we need to compute the reducing
polynomials h, h; € k[z] which are coprime to the indices of k[x,y] in Ry respectively of
k[z,yi] in R;o. Related to these, the matrices Ty, Ty, € k[z]"*" and Tj,, T; € k[z]"" " as
introduced in Definition 6.3.26 need be precomputed to transfer between the coefficient
vector representation of elements in Ry with respect to {2 respectively €2I"* to the bivari-
ate polynomial representation in R, see Definition 6.3.20. This also involves the Bézout
identity 1 = th + sv with respect to h and v.

For the sake of the overview, we list the above precomputations enumerated and ar-
ranged by whether these are necessary in general or either for one of the two approaches,
the component independent or the component dependent case.

Needed Precomputations:
(i) Generic precomputations:
(a) Reduced basis €2 of Ry and reduced bases €; of R;o for alli=1,...,m.

(b) The finite subset 3 C k (not necessary).
(c) Basis transformation matrix T from Q7" to . We have degTn < 2cy, see

Lemma 4.6.2.
(d) The 7-invariants | X|i,...,|X|, of X and for all of its components X1, ..., X,,
the m-invariants | X;[1, ..., |Xiln,-

(ii) Precomputations in the component independent case:

(a) Primitive element y € Ry such that x(X) = k(x)[y].
(b)

(c) Polynomial h € k[z] coprime to v = det(T") and the Bézout identity 1 = th+sv.
(d) The matrices T}, and T}, as in Definition 6.3.26,

Basis transformation matrix 7" from Q to 1,y,...,y" L.

T}, = RED,(T) and T, = REDy(sadj(T)).
(iii) Precomputations in the component dependent case: For all i = 1,..., m we compute

(a) c1,x5- -+, cm,x and x(Fx).
(b) Primitive element y; € R; o such that F; := Kx,(X;) = k(z)[y:].

(c) Basis transformation matrix 7; from €; to 1,y;,. .., yZ“_l
(d) Polynomial h; € k[z| coprime to v = det(7;) and the Bézout identity 1 =

tih; + s;v;.
(e) The matrices Tj, and T, as in Definition 6.3.26,

Tj. = REDL(T;) and T, = RED(s; adj(T})).

Note that the multiplication tables for Ry and R; o for all7 = 1,...,m are strictly speaking
necessary to represent the Ox-module structure of an Ox-ideal F. But for the concrete
computations within our algorithms we do not need them at all. That is, if we do not
compute the multiplication tables, we solely represent the Opi-module 7, F. But under
the assumption that the input data of our algorithms represent an Opi-module 7, F with
F being an Ox-module, this suffices for our algorithms.

201



6.5. Algorithms for Computing in the Picard group Chapter 6

Remark 6.4.1. Moreover, note that we will not give a complete list of the necessary precom-
putations in every algorithm. We explicitly require that algorithm A which calls algorithm
B has the precomputations available that algorithm B needs to have at hand for its own
computations. A

6.5 Algorithms for Computing in the Picard group

In this section we will present the missing algorithms that enable us to compute in Pic®(X).
Further, we will discuss the respective running times of the algorithms. All presented algo-
rithms can handle both the component independent and the component dependent case,
see Section 5.6.2. We will give randomised algorithms for the computation of integral and
arbitrary quotients and for reducing the degree of a class representative, see Algorithms 18
to 20. Moreover, we will provide deterministic algorithms (one for each case: component
independent and component dependent) to determine whether a given representative of a
class represents the trivial class, see Algorithms 21 and 22. Both together yield a deter-
ministic algorithm to test whether a given class is the neutral one. All these algorithms
will require at most O™~ (n“d) operations in k where d is a suitable bound for the degree
of the involved matrices and for the m-invariants of X. We will see in Section 6.6 that it
can be shown that cx is a valid value for d.

As outlined by Strategy 6.1.10, we start with an algorithm that computes the integral
quotient of two Rp-ideals that represent elements in Z, /P, see Strategy 6.1.10 (I). Note
that as already mentioned in Section 6.2, we need to come up with ideal generating
sets of the involved denominator ideal to explicitly use Proposition 6.2.5 to compute a
basis of the ideal quotient. See also Lemmas 6.2.10 and 6.2.12. As we have discussed in
Section 6.2.2, we are able to provide an ideal generating set of an invertible ideal in a
probabilistic way. That is, we may ».-randomly choose k-linear combinations of a basis of
the denominator ideal which together with a given modification function provides an ideal
generating set with lower bounded probability, see Proposition 6.2.20 and Corollary 6.2.22.
The algorithm PROVIDEIGS internally computes such an ideal generating set candidate
and uses TESTIGS to verify if it indeed is an ideal generating set. If so, it returns the
respective ideal generating set and otherwise it returns that it failed. This provides a
randomised algorithm INTEGRALDIVISION as follows in which we can plug in parameters
that affect the probability of success.

202



Chapter 6 6.5. Algorithms for Computing in the Picard group

Algorithm 18 Division of two ideals with integral result

Precomputed | 2 fixed reduced basis of Ry; 2I" fixed basis of R{; x(x); m-invariants
- X1 <...<—|X]|pof X

Input | T, T7, Ty matrices representing elements J, I, f Ry in Zr /Py, respec-
tively, such that JI=' C Rg; f € I a modification function of I;
r,t € Z>1 probability parameters; ¥ finite subset of k; ¢ Boolean
whether the matrices are basis matrices with respect to Q" (¢ =
true) or with respect to Q (c = false)

Output | Basis matrix Ty where H C Rypand H = JI~! in Z, /Py if successful;
otherwise 0

1: procedure INTEGRALDIVISION(Ty, T7, Ty, 7, t, %, ¢)

2: djr-1 < DEGOFIDEAL(T, ¢) — DEGOFIDEAL(TT, ¢)

3: if d;;-1 =0 then || 1=y
4: return FE,

5: isIGS, [(B1,---,0n), Ts,,--.,13,)] < PROVIDEIGS(T7,T¢,7,t,%, ¢)

6: if isIGS = false then H no IGS found
7 return 0
8 Ty < IDEALQUOTIENT (T, Ty, T3, ,-..,13,)
9 return Ty

Lemma 6.5.1. The algorithm INTEGRALDIVISION, see Algorithm 18, is correct. If r,t €
0~ (1), d is an upper bound for all the degrees of the input matrices and cx € O(d), then
it requires at most O~ (n“d) operations in k and returns a matriz with degree bounded
by d+ (ux + 2)cx € O(d). The probability of INTEGRALDIVISION successfully returning
a basis matriz is lower bounded by 1 — 27", In particular, with v = logy(n) the above
probability becomes lower bounded by 1 —n~*.

Proof. We consider the correctness of INTEGRALDIVISION first. By Lemma 6.1.8, we
know that d;;—1 = degy, JI~'. Thus if d;;—1 = 0, then by Lemma 6.2.3, it follows that
J = 1. Assume that PROVIDEIGS does not fail at line 5. By Lemma 6.2.25, we know that
1= fRoJrZZ}-L:l BiRg. Therefore, by the correctness of IDEALQUOTIENT, see Lemma 6.2.9,
Ty computed at line 8 is indeed a basis matrix of JI~!. This proves the correctness of
INTEGRALDIVISION.

Assume that d is an upper bound of the degrees of the input matrices. By Lemma 6.1.8,
the computation of d;;-1 at line 2 requires at most O~ (n“d) operations in k. By the
assumption on d, Lemma 6.2.25 provides that PROVIDEIGS requires at most O™~ (n“d)
operations in k and returns matrices with degrees bounded by d+ 2cx. By assumption on
d, the latter is still in O(d). Hence d + 2cx is now a common upper bound for the input
matrices of IDEALQUOTIENT in line 8 and thus by Lemma 6.2.9 and Corollary 6.2.14,
IDEALQUOTIENT requires at most O~ (n“d) operations in k and Ty has degree upper
bounded by d + 2cx + uxcx = d+ (px + 2)ex which is still in O(d) by assumption. This
proves the assertions about the output degree and the running time.

Now we consider the assertion regarding the probability of INTEGRALDIVISION being
successful. This is the case if and only if PROVIDEIGS in line 5 successfully provides and
ideal generating set of I. By Lemma 6.2.25, the probability for the above is lower bounded
by 1 — 27" which provides the last part of the assertion. O

To be able to compute arbitrary quotients, we need to employ modification functions
as indicated by Strategy 6.1.10 (IT). The following algorithm provides the functionality of
computing such arbitrary quotients. In addition to INTEGRALDIVISION it invokes the algo-
rithm MoODFCT that provides a modification functions and the algorithm PRINCBASMAT
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which computes the respective principal ideal basis matrix. This results in a randomised
algorithm which again enables us to alter the lower bound of the probability of success.

Algorithm 19 Division of arbitrary ideals

Precomputed | Bases Q of Ry and Q" of R™; m-invariants —|X|; of X and —|X;|; of
Input | T);, T7 matrices representing elements I respectively J in Z,; r,t €
Z>1 probability parameters; X finite subset of k; ¢ Boolean whether
the matrices are basis matrices with respect to Q" (¢ = true) or with
respect to (¢ = false)

Output | Basis matrix Ty where H = JI~! in T, /P, and H C Ry if successful;
otherwise 0

1: procedure DIvisiON(Ty, Ty, r,t, %, ¢)

2: f + MobpFcr(17,¢)

3: Ty < PRINCBASMAT(f, ¢)

4: Ty < INTEGRALDIVISION(T - T7, T, Ty, v, t, 3, ¢)
5 if Ty # 0 then

6

7

return TH H INTEGRALDIVISION failed

return 0 || INTEGRALDIVISION successful

Lemma 6.5.2. The algorithm DIVISION, see Algorithm 19, is correct. Moreover, if d
is an upper bound both for the degree of the input matrices and for the m-invariants
—| X1, —|X]|n and = X1|ny, - - -, = | Xmln,, » then it requires at most O~ (n“d) operations
in k and returns a matriz with degree in O(d). The probability that DIVISION is successful
is lower bounded by 1—27". In particular, with r = logy(n?) the above probability becomes
lower bounded by 1 —n~".

Proof. Since d is an upper bound of the degrees of the input matrices, the computa-
tion of f in line 2 requires at most O™~ (n“d) operations in k and returns a vector with
degree bounded by 2d, see Remark 5.7.26 and Theorems 5.7.20 and 5.7.23. Thus by Re-
mark 6.3.39, PRINCBASMAT requires O™ (n“d) operations in k and returns a matrix with
degree in O(d). By Lemma 6.2.15, we know that the product Ty - T; is a basis matrix of
fJ and satisfies deg(Ts - Ty) € O(d). Therefore, by Lemma 6.5.1, the computation of Ty
requires at most O™~ (n“d) operations in k£ and returns a matrix with degree in O(d) if it is
successful. This provides the correctness of DIVISION and proves the running time asser-
tion. Moreover, by Lemma 6.5.1, we also know that the computation of Ty is successful
with probability at least 1 — 27" which completes the proof. O

In Strategy 6.1.10 (III) we have already mentioned that the degree of the representative
resulting from computing the quotient of two ideals may increase. Moreover, by Proposi-
tions 5.9.1 and 5.9.6, we indeed see that the resulting representative has degree which is
larger than the initial nominator in the order of ncx and g(X,.%x), see Proposition 5.9.1
respectively Proposition 5.9.6. The following algorithm uses modification functions in
accordance with the ideas presented in Proposition 5.8.7 and Corollary 5.9.3 as well as
the algorithm REDUCEBASISMATRIX to compute a degree reduced representative of the
input class. Since it uses the INTEGRALDIVISION algorithm twice, it is also a randomised
algorithm similar to INTEGRALDIVISION and DIVISION.
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Algorithm 20 Reduction of the class representative

Precomputed | Bases Q of Ry and Q" of R™; m-invariants —|X|; of X and —|X;|; of
Input | 77 matrix representing an element I in Zr; r,t € Z>1 probability
parameters; ¥ finite subset of k; ¢ Boolean whether the matrices are
basis matrices with respect to Q" (¢ = true) or with respect to 2
(c = false)

Output | Basis matrix Ty if successful where H = [ in Z /P, such that H C Ry
and bounded degree, see Lemma 6.5.3; otherwise 0

1: procedure REDUCEREPRESENTATIVE(T], 7, t, %, ¢)

2 Tr < REDUCEBASISMATRIX (17, ¢)

3 f < MobpFcr(Ty, c) || mod. fet. of I
4: Ty < PRINCBASMAT(f, ¢)

5: Ty < REDUCEBASISMATRIX(INTEGRALD1VISION(TY, T7, T, 7,1, %, ¢), €)

6

7

8

9

if T; =0 then H line 5 failed
return 0
g < MopFcr(Ty,c) || mod. fet. of J
: Ty <+ PRINCBASMAT(g, ¢)
10: Ty <+ REDUCEBASISMATRIX(INTEGRALDIVISION(T}, Ty, Ty, 7, t, X, ), ¢)
11: if Ty =0 then H line 10 failed
12: return 0
13: return Ty

Lemma 6.5.3. The algorithm REDUCEREPRESENTATIVE, see Algorithm 20, is correct.
We distinguish between the cases ¢ = true and ¢ = false:

(i) ¢ = true: Let d be a common upper bound of: the degree of Tt, the invariants —|X;|n,
and (degy, I;)/n; + ¢; x. Furthermore, assume that cx € O(d). Then REDUCEREP-
RESENTATIVE requires at most O~ (n“d) operations in k. Moreover, it returns a basis
matriz Ty in n-block-form with row blocks Ty ; such that degTh; < 3¢; x .

(i) ¢ = false: Let d be both an upper bound of the degree of Tt and for the w-invariants
{=1Xn, —=|Xiln;, | © = 1,...,m}. Furthermore, assume that cx € O(d). Then
REDUCEREPRESENTATIVE requires at most O~ (n“d) operations in k. Moreover, it
returns a matriz Ty with degree bounded by (ux + 2)cx .

The probability that REDUCEREPRESENTATIVE 4s successful is lower bounded by 1—27t+1,
In particular, with r = logy(n?) the above probability becomes lower bounded by 1 —n~t+1,

Proof. We first prove the correctness of REDUCEREPRESENTATIVE. Due to the correctness
of MoDFcT and PRINCBASMAT, T} is indeed the basis matrix of a modification function
of I, see Remarks 5.7.26 and 6.3.39. Thus the input of INTEGRALDIVISION in line 5 is
correct and hence, by Lemma 6.5.1, we know that the ideal J, whose basis matrix 7'y is
computed in line 5, equals fI~' C Ry. The same line of argument as above shows that
Ty computed in line 10 is indeed the basis matrix of H = gJ ! = g(fI- 1)~ = (¢gf Y 1.

By Corollaries 5.8.8 and 5.9.3, we see that the above steps do indeed compute a repre-
sentative H of the same class as I in Z /P, such that either deg; H 1x; < 26, xni if ¢ = true
ordeg, H < (ux +1)cxn if ¢ = false. By Corollary 4.5.5 and Lemma 4.3.28, we know that
deg REDMAT(Ty) is bounded by (degy, H)/n+ pxcx < (2ux +1)cx in the case ¢ = false.
If ¢ = true, by Propositions 4.4.20 and 4.4.21, we know that ROWBLOCKREDUCE(T) is
in n-block-form with row blocks Ty ; satisfying deg Ty ; < (deg; H‘Xi)/n,- +cix < 3¢ x.
This proves the correctness of REDUCEREPRESENTATIVE.
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Now we prove the assertion concerning the running time of REDUCEREPRESENTATIVE.
First, assume that ¢ = false. Since degT; < d, Definition 4.6.8 and Theorem A.2.7 provide
that REDUCEBASISMATRIX at line 2 requires at most O™~ (n“d) operations in k and returns
a matrix with degree bounded by (degy, I)/n+puxcx, see Lemma 4.3.28 and Corollary 4.5.5.
In particular, its degree is still bounded by d. Therefore, the computation of f in line 3
requires at most O™~ (n“d) operations in k and returns a vector with degree bounded by 2d,
see Theorem 5.7.20. Thus, to apply Theorem 6.3.32, the precomputed h need to satisfy
2d + 2cx < degh. Then PRINCBASMAT requires at most O™~ (n“d) operations in k and
returns a matrix with degree bounded by 2d + 2cx. By Lemma 6.5.1, INTEGRALDIVISION
requires at most O~ (n“(2d + 2cx)) operations in k and returns a matrix with degree
bounded by 2d 4 2c¢x + (ux +2)cx = 2d+ (ux +4)cx. Note that REDUCEBASISMATRIX
in line 5 does nothing in the case ¢ = false since it only calls REDMAT which is already
called inside of INTEGRALDIVISION. Again, by Theorem 5.7.20, the computation of g at
line 8 requires at most O~ (n“(2d+ (ux +4)cx)) operations in k and returns a vector with
degree bounded by 4d+ (2ux + 8)cx. Thus, to apply Theorem 6.3.32, the precomputed h
need to satisfy 4d+ (2ux +8)cx +2cx = 4d+ (2ux +10)cx < degh. Then PRINCBASMAT
requires at most O~ (n“(4d + (2ux + 10)cx)) operations in k and returns a matrix with
degree bounded by 4d + (2ux + 10)cx. By Lemma 6.5.1, INTEGRALDIVISION at line 10
requires at most O~ (n“(4d + (2ux + 10)cx)) operations in k and returns a matrix with
degree bounded by 4d + (2ux + 10)ecx + (ux + 2)ex = 4d + (Bux + 12)cx. Finally, by
Theorem A.2.7, REDMAT at line 15 requires O™~ (n“(4d + (3ux + 12)cx)) operations in
k. The running time is clearly bounded by O~ (n“(4d + (3ux + 12)cx)) operations in k.
The assumption cx € O(d) now provides that the overall running time is bounded by
O~ (n¥d).

Let us now consider the case ¢ = true. By Proposition 4.6.7, REDUCEBASISMATRIX
at line 2 requires at most O~ (n“d) operations in k and provides a basis matrix 77 in
n-block-form whose i-th row block has degree bounded by (degy, I;)/ni + ¢; x < d. By
Theorem 5.7.23, the vector f = (f1,..., fm)? computed in line 3 satisfies

deg f; < ((degy I;)/n; + ¢i x) +cx; < (degy I;)/ni + 2¢; x. (5:6)

To apply Theorem 6.3.38, the precomputed polynomials h; need to satisfy deg h; > deg f;+
3cx,; and thus, by the above,

deg h; > (degy, I;) /ni + 5¢i x

is sufficient. In this case PRINCBASMAT in line 4 returns a matrix whose i-th row block
is degree bounded by (degy, I;)/n; + 5c; x and it requires at most O™~ (n“d) operations in
k to do so. Now (degy, I;)/n; + 5¢; x is a common degree upper bound for the i-th row
block of Ty and T7. Thus § := max]",{(degy I;)/n; + 5¢; x} < d+ 4cx is a common
degree upper bound of Ty and T7. Therefore, by Lemma 6.5.1, INTEGRALDIVISION in line
5 requires at most O™~ (n“d) operations in k and returns a matrix with degree bounded
by § + (ux + 2)ex < d+ (ux + 6)cx € O(d). Also in line 5, by Proposition 4.6.7,

REDUCEBASISMATRIX returns a matrix whose ¢-th row block has degree bounded by

(degy, Ji)/ni + ci x = (degy, fiRio — degy Ii)/ni + ¢i x
Eq. (56) ~ < (degk I + Qci,Xni - degk IZ)/TLZ + ¢ x
= 3Cz’,X € O(d)
In particular, degT; < 3cx. Since the input matrix had degree bounded by d + (ux +

6)cx € O(d), REDUCEBASISMATRIX requires at most O~ (n“d) operations in k to compute
T;. Now as before with f, we see that the vector g = (g1,...,9m)’ computed in line 8
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satisfies
deg g; < (degy, Ji)/ni + ci x + cx, = (degy, J;) /ni + 2¢; x < 4¢; x. (5:7)

To apply Theorem 6.3.38, the precomputed polynomials h; need to satisfy deg h; > deg g;+
3cx, and thus, by the above, degh; > 7c; x is sufficient. In this case PRINCBASMAT in
line 9 returns a matrix whose i-th row block is degree bounded by 7c¢; x. Therefore,
Tcx € O(d) is a common degree bound for both Ty and T';. Therefore, by Lemma 6.5.1,
INTEGRALDIVISION requires at most O~ (n“d) operations in k and returns a matrix with
degree bounded by 7cx + (ux + 2)cx = (pux + 9)cx € O(d). By Proposition 4.6.7,
REDUCEBASISMATRIX in line 10 returns a matrix whose ¢-th row block has degree bounded
by

(degy H;)/ni + cix < 2¢x + ¢ix = 3¢, x,

see Corollary 5.8.8. Moreover, since the degree of the input matrix was bounded by
(ux + 9)ex € O(d), it only requires at most O~ (n“d) operations in k. This proves the
running time assertion.

REDUCEREPRESENTATIVE is successful if and only if the two calls of INTEGRALDIVI-
SION are successful. This probability is lower bounded by

(1 . 2—rt)2 — (1 . 2—7’t+1 + 2—27"15) > (1 . 2—rt+1)
which completes the proof. O

The algorithms INTEGRALDIVISION, D1vISION and REDUCEBASISMATRIX together pro-
vide a toolkit to compute in Z, /P, and thus in CaCl?(X), CaCl’(X) as well as in Pic’(X).
The DIVISION algorithm can either be seen to already carry out the group law of Pic®(X)
or it can be applied twice to compute products instead of quotients respectively sums
instead of differences. Moreover, being able to compute quotients respectively differences
of group elements using DIVISION, we can therefore also compute the inverse of a given
element. After every such operation, the algorithm REDUCEBASISMATRIX can be applied
to reduce the resulting representative and to obtain one that is given by either a matrix
in n-block-form with row blocks of degree bounded by 3¢; x (in the component depen-
dent case) or by a matrix with degree bounded by (i, + 2)cx < 4cx in the component
independent case.

Therefore, the only missing part of a complete toolkit for the arithmetic in Pic(X) is
to give an algorithm that tests whether a given element is the neutral one of the group or
equivalently (given the possibility to carry out the group law and computing the inverse)
one that decides whether two given elements are equal. This is what follows next.

Propositions 5.9.4 and 5.9.8 did already show what is needed to test whether a given
representative F represents the trivial class in Pic?(X). From this we deduce the following
algorithms in the respective cases. We start with the component independent case.
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Algorithm 21 Zero test if X is irreducible
Precomputed | Reduced basis Q of Ry; m-invariants —|X|; < ... < —|X], of X
Input | T € k[z]"™" representing Ox-ideal F
Output | true if F represents the trivial element in CaCl%(X); otherwise false

1: procedure ZEROTESTINTEGRAL(TF)
2 di,...,dy < PIINVARIANTS(T'F)

3: if d; <0 then

4 return t{rue

5 return false

Lemma 6.5.4. The algorithm ZEROTESTINTEGRAL, see Algorithm 21, is correct. More-
over, if d is a common upper bound of degTr and —|X|,, then ZEROTESTINTEGRAL
requires at most O~ (n“d) operations in k.

Proof. By Lemma 4.3.21, the algorithm PIINVARIANTS requires at most O~ (n“d) opera-
tions in k£ and thus the assertion follows. O

Now we state the respective algorithm in the component dependent case.

Algorithm 22 Zero test if X is reducible

Precomputed | Basis 2" of R(J{ or basis ) of Ry dependent on the Boolean ¢; for all
i=1,...,m: m-invariants —|X;[1 < ... < —|Xj[n, of X;
Input | Tr basis matrix of Ox-ideal F = Ox(D) with D = Dy +
Y icaTi(%)i 00 either with respect to Q7" (¢ = true) or with respect to
Q (¢ = false); c Boolean whether T'r is with respect to 27" or {2
Output | true if F represents the trivial element in CaCl2(X), false otherwise

1: procedure ZEROTEST(T ¢)

2 Ti,..., Ty < COMPUTECOMPONENTMATRICES(T, ¢)
3 fori=1,...,mdo

4: a; < SUBMATRIX(T;, (1,1), (n;, 1)))

5: di < (din,...,dip,;) < PIINVARIANTS(T;)
6 r; + DEGOFIDEAL(T;, ¢)/n;

7 if r; < d; then

8 return false

9: a < COLUMNCONCAT(a1, . . ., Qi)

10: (98,9) < RATIONALSYSTEMSOLVE(T, )

11: if deg(g) # 0 then

12: return false

13: return {rue

Lemma 6.5.5. The algorithm ZEROTEST, see Algorithm 22, is correct whenever Tr rep-
resents an element of CaCl2(X). Moreover, if Tr has degree bounded by d and d is also
an upper bound for all —|X1|n,, ..., —|Xml|n,,, then ZEROTEST requires at most O™~ (n*d)
operations in k.

Proof. We first prove the correctness. Let F = Ox(E) with E = D + . 4 ri(%)i 00
Note that £ = D + 7(z)x is possible. We abbreviate F; := Fix,. Foralli=1,...,m
let a;1,...,in, denote a reduced basis of Fi(V;o) and define o to satisfy ¢om(a) =
o, (1,1) ~ ... —~ ¢q,, (m,1). By Proposition 5.9.8, F represents the trivial class if and
only if degy, Fi(Vio)/ni =ri > —|Fi|s foralli =1,...,m and o € F(V}). Before the for
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loop, COMPUTECOMPONENTMATRICES computes the basis matrices T, of reduced bases
i1y, 0p, of Fi(Vig). That COMPUTECOMPONENTMATRICES does indeed return the
asserted matrices and that it at most requires O™~ (n“d) operations in k, follows from
Proposition 4.6.5.

The i-th iteration of the for loop computes

(i) by «a; the coefficient vector ¢gq,(c;,1), this is due to what SUBMATRIX does, see
Notation A.1.1 (vi),

(ii) by r; it computes the number r; from the representation of E above; this is due to
the fact that
degy, Fi(Vio)/ni = ri

and Proposition 5.6.9, Proposition C.4.18 (ii) as well as what DEGOFIDEAL does,
see Algorithm 9,

(iii) by d; = —|F;|1 the respective first invariant of F;, this is due to the correctness of
PIINVARIANTS, see Lemma 4.3.21.

By what we have said above, see Proposition 5.9.8, if in some iteration of the for loop we
have r; < d;, then F is indeed not principal. After we have passed the loop completely,
we know that r; > —|F;|; and thus F is principal if and only if o € F(Vp). Due to
what COLUMNCONCAT does, see Notation A.1.1 (viii), we know that the computation of
« is indeed correct and has constant cost, see Lemma A.1.2 (viii). Since T has non-zero
determinant, by Theorem A.2.13, we know that the algorithm RATIONALSYSTEMSOLVE
computes a tuple (g3,g) where § € k(z)" is a solution of Tr - 8 = « and g € k[z] of
minimal degree such that g8 € k[z]". In particular, § € k[z]" if and only if deg(g) = 0.
Therefore, o € F(Vp) if and only if deg(g) = 0 which finally provides the correctness of
ZEROTEST.

Now we prove the asserted running time complexity. By assumption, the matrix T" has
degree bounded by d. Hence, by Proposition 4.6.5, the matrices 11, ..., T}, have degree
bounded by d as well. By Lemma A.1.2 (vi), calling SUBMATRIX in line 4 has constant
cost. Since degT; < d, by Lemma 4.3.21, the algorithm PIINVARIANTS in step 5 requires
at most O~ (n¥d) operations in k. Moreover, by Lemma 6.1.8, DEGOFIDEAL requires at
most O~ (nYd) operations in k. Hence each iteration of the for loop requires at most
O~ (n¥d) operations in k. Now we have

ingjd:d‘in‘i"gd‘ (im) =d-n"
i=1 i=1 i=1

and therefore, the for loop altogether requires at most O™~ (n“d) operations in k.

Since T; has degree bounded by 2d, the same is true for a; computed in line 4. Again,
calling COLUMNCONCAT has constant cost as mentioned above. Therefore, the input
matrix 7T has degree bounded by d and « has degree bounded by 2d and thus, by Corol-
lary A.2.14, the algorithm RATIONALSYSTEMSOLVE in step 10 requires at most O~ (n“d)
operations in k£ which finally completes the proof. O

The algorithms presented in this section constitute a complete toolkit to compute in
Pic’(X) solely depending on the degree and the dimension of the input matrices (and
bounds for the invariants —| X |,, respectively —| X;|,,) representing the respective elements
in Pic’(X). In the next section we summarise all of this in a theorem that represents the
main result of this thesis.
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6.6 Main Result

The following theorem summarises that the presented algorithms provide a complete
toolkit to compute in Pic’(X). It also represents the main result of this thesis.

Theorem 6.6.1. Let X be a reduced cover of Pi.. The elements in Pic®(X) can be repre-
sented by matrices in k[x]" ™" with degree in O(cx). The combination of the Algorithms 19
and 20 provides randomised algorithms to compute both the group law in Pic®(X) and the
tnverse of a given element. Moreover, Algorithms 21 and 22 provide a deterministic al-
gorithm to test whether a given element in Pic’(X) is the neutral element. All the above
algorithms use at most O~ (n“cx) operations in k and the randomised algorithms have
positive constant success probability.

Proof. That we can represent every element in CaCl(X) with a matrix in k[z]"*" follows
from Lemma 6.1.4 in the case that X is integral and from Lemma 6.1.6 when X is reducible.
By Corollaries 5.8.6 and 5.8.9, for each such representative there exists a basis matrix with
degree in O(cx).

By Lemma 6.5.2, Algorithm 19 computes a matrix representation of the difference
of two divisor representatives which is the same as the division of the corresponding
Rp-ideals. Now we can use subtraction as the group law of CaCl®(X) or just subtract
twice to compute the sum of two given divisor representatives respectively the product
of two given ideal representatives. Using Algorithm 20 after each call of Algorithm 19
guarantees that the degree of the respective divisor and representing matrix is still in
the desired order. To compute the inverse of a given element in CaCl?(X), we can call
Algorithm 19 to divide the neutral element by the given representative. By Lemma 6.5.2,
Algorithm 19 requires at most O™~ (n“d) operations in k if d is an upper bound for both
the degree of the input matrix and the invariants —|Xj|n,, ¢ = 1,...,m, and —|X|,. By
Corollaries 4.3.24 and 4.5.2, we know that cx itself is a bound for all the above invariants.
As we have seen above, the input matrices have degree in O(cx) which thus provides that
Lemma 6.5.2 requires at most O™~ (n“cx) operations in k. Also note that we precompute
the polynomials hi,...,h, such that their degree bounds the degree of all appearing
instances of modification functions and still have degree in O(cy). The statement about
the success probability follows immediately since we need to apply Algorithms 19 and 20
at most in succession, and therefore, the assertion follows from Lemmas 6.5.2 and 6.5.3.
With the same arguments as above the asserted running time for Algorithms 21 and 22
follow from Lemmas 6.5.4 and 6.5.5. O

Theorem 6.6.1 states that the asymptotic running time complexity of the problem of com-
puting in Pic’(X) for a reduced cover X of P} is bounded by O~(n%cy) operations in
k where n denotes the degree of X over Pk and cy an invariant of X defined in Defini-
tion 2.4.10. For simplicity, in the case of X being irreducible, cx is roughly equal to g/n
where g denotes the arithmetic genus of X and in the case of X being reducible, cx is
roughly equal to the maximum of the cx, of the irreducible components of X, see Re-
mark E.2.21. For a thorough comparison of Theorem 6.6.1 with the existing algorithms,
see Section 1.3 and Table 1.2.

Remark 6.6.2. We note that Theorem 6.6.1 does not discriminate between the component
dependent and the component independent representation of the elements in CaCl?r(X )
since the asymptotic running time is the same. Though the basis matrices in these two
cases have the same degree (maximal appearing degree), we would like to emphasise that
the component dependent representation is better than the component independent repre-
sentation with respect to the following: In the component independent case the restrictions
of the represented divisor satisfy the same degree bound which depends on a global in-
variant of X. But in the component dependent case each restriction satisfies a different
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degree bound that only depends on an invariant of the component (and additionally on the
order of the components). In a nutshell, this means that in the component independent
case the degree bounds of the restrictions of the represented divisor are all the same and
in the component dependent case they can be chosen to be optimal with respect to the
respective component. A

Theorem 6.6.1 unites the results of the two approaches we presented in this thesis, the
component independent and the component dependent case. Both cases are very similar in
the sense that they both follow the strategy we outlined in Strategy 6.1.10. Though both
work with different type of representatives of elements in PicO(X ), we were able to prove
the existence of representatives of both types that have bounded degree and therefore
have representing matrices of bounded degree as well. In both cases we heavily rely on
the modification functions which can be employed to reduce the general division of two
ideals to the case of integral division of ideals, see Strategy 6.1.10 (II). Moreover, we can
use them to find new representatives of a given class in Pic’(X) that have bounded degree
again, see Strategy 6.1.10 (IIT). Therefore, both approaches rely on modification functions,
but they need to compute them in a different way due to the different representation types.
However, the test whether a given element is the neutral element of Pic’(X) is independent
from modification functions and needs to be implemented differently depending on whether
X is irreducible or reducible.

Additionally, we want to note that we can easily compute the neutral element of
Pic’(X) within our representation setup: The identity matrix of dimension n works in
both the component independent and component dependent case.

211



6.6. Main Result Chapter 0

212



Appendices

213






Appendix A

Used Algorithms

A.1 Basic Matrix Algorithms

In this section we collect some basic matrix algorithms that use naive attempts to solve
simple tasks with respect to matrices over the polynomial ring k[z]. The reason we mention
such algorithms and collect them here is the readability of the algorithms we propose
throughout this thesis.

The following enumeration determines names of algorithms together with a description
of what these algorithms compute. We will explicitly assume that we use the fastest known
implementations of algorithms solving the described task. In Lemma A.1.2 we will give
naive and known bounds for the running time of those algorithms.

Notation A.1.1.

(i)

(vii)

(viii)

By MurLTiPLYROW we denote an algorithm that computes, given a matrix M €
k[z]™*", a polynomial f € k[z] and an index i € {1,...,m}, the matrix obtained
by multiplying the i-th row of M with f. Moreover, by SCALEROWS we denote an
algorithm that computes, given M as above and a list of polynomials fi,..., fm €
k[z|, the matrix we obtain by successively applying MuLTiIPLYROW(M, i, f;) for i =
1,...,m.

By we DETERMINANT denote an algorithm that computes, given a matrix M €
k[z]" ", the determinant det M of M.

Let h € klz]. By RED; we denote an algorithm that reduces any M € k[z]™*"
entry-wise modulo h.

By DEGREE we denote an algorithm that computes, given a matrix M € k[z]™ ",

the degree deg M of M.

By LEADCOEFFMAT we denote an algorithm that computes, given a polynomial
matrix M € k[z]™", the matrix LC(M). See Definition 4.3.1.

By SUBMATRIX we denote an algorithm that returns for given matrix M = (m; ;)i ;
the submatrix SUBMATRIX(M, (4, j), (m,n)) of M whose top left entry is m;; and
which has dimension m x n.

By BIGMATRIX denote an algorithm that computes, given matrices Tjg,,...,T3,,T},
the big matrix M (J, p1,...,Bp) from Proposition 6.2.5, see Definition 6.2.6.

By CoLuMNCONCAT we denote an algorithm that returns, given matrices M, ..., M,
with M; € k[z]", the concatenated block matrix M € k[z]>i=1""*¢ whose i-th row
block is given by M;.
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(ix)

By RANDOM we denote an algorithm which returns, given a finite subset ¥ of the
field k, a uniformly random chosen element in X.

Since coming up with a random integer in the range 1,...,#2 yields a random
element in Y, the cost of RANDOM in our cost model is constant. See Section 1.2. A

Now we give naive and more involved bounds for the running time of the above algorithms
with respect to our cost model, see Section 1.2.

Lemma A.1.2.

(i)

(i)

(i#3)

(iv)
(v)
(vi)
(vii)
(viii)

Let d be a common bound of the degree of the i-th row of M and of deg f. Then
MuLTIPLYROW requires at most O™ (nd) operations in k.

Let d be a common bound of deg M and max[" ,{deg f;}. Then SCALEROWS requires
at most O™~ (mnd) operations in k.

We note that the algorithms MULTIPLYROW and SCALEROWS may also be applied
for f = x7" with the same running time under the assumption that all the affected
entries of M are multiples of x*.

Let M € k[z]™™" have degree d. Then DETERMINANT requires at most O~ (n“d)
operations in k.

Let d be a common bound of the degree of h € k[x] and of the degree of M € k[z]™"".
Then REDy, requires at most O~ (mnd) operations in k.

DEGREE has constant running time.
LEADCOEFFMAT has constant running time.
SUBMATRIX has constant running time.
BIGMATRIX has constant running time.

COLUMNCONCAT has constant running time.

Proof.

(i)

Let d be a common bound of the degree of the i-th row of M and of deg f. The
algorithm MULTIPLYROW then obviously requires at most n multiplications in k[z]
of polynomials with degree bounded by d. These require at most O™ (nd) operations
in k, see Proposition A.2.3.

Let d be a common bound of deg M and max]",{deg f;}. The algorithm SCALEROWS
then calls MuLTIPLYROW m times and thus obviously requires at most O™ (mnd)
operations in k, see Proposition A.2.3.

This is Theorem A.2.10.

Let M € k[z]|™*™ with degh, deg(M) < d. Obviously, RED;, computes mn divisions
with remainder with polynomials that have degree bounded by d. Therefore, by
Proposition A.2.1, RED, requires at most O™~ (mnd) operations in k.

Comparing degrees only require operations in Z and thus due to our cost model,
these do not count. Since determining the degree of a polynomial has constant cost
in our cost model, the same is true for DEGREE.

That LEADCOEFFMAT has constant running time is due to our cost model, see
Section 1.2.
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(vi) That SUBMATRIX has constant running time is due to our cost model, see Section 1.2.
(vii) That BIGMATRIX has constant running time is due to our cost model, see Section 1.2.

(viii) That COLUMNCONCAT has constant running time is due to our cost model, see
Section 1.2. n

A.2 Linear Algebra Algorithms over Polynomial Rings

In contrast to Section A.1, we will collect statements about more advanced algorithms for
solving more involved problems with regards to matrices over k[z].

Recall that 2 < w < 3 denotes the matrix multiplication constant, that is, multiplying
two n X n matrices over a field k uses O(n“) operations in k. To the best knowledge of
the author the best bound is w < 2.373, see [Will2].

Proposition A.2.1. Let a,b € R[z] be two polynomials over the commutative ring R.
Assume deg(b) < deg(a) and deg(a) € O(deg(b)). Then division with remainder of a by b
uses O~ (deg(b)) operations in R.

Proof. This follows directly from [GGO03, Theorem 9.6]. O

Definition A.2.2. Let k£ be a field. By M(d) we denote the number of operations in
k needed for computing the product of two polynomials in one indeterminate over k of
degree d. By B(d) we denote the number of operations in k£ needed for computing the ged
of two polynomials in degree d over k. A

Proposition A.2.3. Let k be a field. Then M(d) € O~(d) and B(d) € O~(d).

Proof. The first assertion is the last Theorem (without numbering) in [CK91]. Regarding
the second: The Euclidean algorithm uses at most log d many divisions with remainder of
which each work with polynomials of degree at most d. But division with remainder in
degree d uses O™~ (d) operations in k, see Proposition A.2.1. O

Remark A.2.4. Let M, D € R™ ™ be two square matrices over a ring R where D is diagonal.
Moreover, let b € R™. Then the multiplication of M with D requires n? multiplications
in R. Obviously, the transposed versions is also true. Moreover, computing the product
M - b requires at most n? multiplications and n(n — 1) additions in R. A

Lemma A.2.5. Let M, D € k[z]"*" with D diagonal. Moreover, let b € k[z]™. Assume
that d is a bound for the degrees of M, D and b. Then computing the products M - D and
M - b both require at most O~ (n“d) operations in k.

Proof. By Remark A.2.4, we know that both computations requires at most O(n?) oper-
ations in k[z]. These operations are either additions or multiplications which by Proposi-
tion A.2.3 require at most O™~ (d) operations in k which already proves the assertion. [

Theorem A.2.6. Let M € k[z]™*™ be a matriz of degree d. Then there exist an algorithm
MATRIXKERNEL which computes a basis of the k[x]-module ker M = {p € k[z]" | Mp = 0}
in form of a matric N € k[z|"** whose columns are the basis vectors. Moreover, the
matriz N is column reduced, that is, the basis represented by N has the lowest degrees of
all possible bases of M." The computation of N uses O ,(n“[md/n]) operations in k.

IThis is congruent with our definition of a polynomial matrix being reduced, see Definition 4.3.3. Note
that we only formulated the sqaure matrix case, but being reduced can be formulated for rectangular
matrices as well, see [Hes02, p. 1].
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Proof. Algorithm 1 in [ZLS12] computes ker M in form of the required matrix. That
matrix is column reduced since Algorithm 1 in general computes a §-reduced basis where
§=[s1,...,5m] € Z™. Regarding the definition see [Z1.512, 2.1]. We are only interested in

the case § = [d, ..., d] from which one can deduce that N is column reduced. The fact that
the running time of Algorithm 1 is indeed in the asserted order follows from [Z1.512, Cor.
4.6]. O

Now we turn to an algorithm which reduces a matrix over k[z] in a sufficiently small
amount of steps in k, see [GSSV12].

Theorem A.2.7 (See Theorem 18 in [GSSV12]). There exist an algorithm REDMAT
which computes for given regular matriz M € k[x]™*™ of degree d a right equivalent matriz
of M such that it has minimal column degrees among all right equivalent matrices of
M .? The algorithm REDMAT uses O (n* ((logn)®M (d) + B(d))) operations in k. Here
B(d) denotes the complexity of solving the gcd-problem in degree d and M (d) denotes the
complexity of multiplying two polynomials in one indeterminate of degree d.

Corollary A.2.8. Ifdeg M € O(d), then by Theorem A.2.7 and Proposition A.2.3 RED-
MAT uses O~ (n“d) operations in k to reduce M.

Remark A.2.9. We can use algorithm REDMAT to reduce any matrix M € k(x)"*" if we
find d € k[z] such that dM € k[x]"*"™. Then REDMAT provides a right equivalent matrix
dMT of dM which has minimal column degrees among all right equivalent matrices of
dM , and, evidently, the same is true for MT'. A

Theorem A.2.10 (See [ZL14]). Let M € k[z]™*™ be of degree O(d). Then there exists an
algorithm DETERMINANT which computes det(M) using O~ (n“d) operations in k.

Lemma A.2.11 (9.7 in [GGO03]). Let R be a commutative ring with unity and let f €
R[t] be a monic polynomial of degree n. Then the multiplication in R[t]/fR][t] (including
division with remainder) uses O~ (n) operations in R.

Theorem A.2.12 (Solution of Problem 2.3a (LIN-SOLVE1) on p. 104 in [BP94]). Let
A be an arbitrary m X n matrixz over the field k and b € k™. Then there is an algorithm
SOLVELESy computing a solution vector x € k™ such that Az = b which requires at most
O(n*~'m) operations in k.

Theorem A.2.13 (Theorem 12 in [GSSV12]). Let M € k[z]™*™ be a polynomial matriz
of degree d and non-zero determinant. Let b € k[z]"*! have degree in O(nd). If the
solution A='b satisfies A~tb € k[z]", then there is an algorithm RATIONALSYSTEMSOLVE
that computes A~'b. If A='b ¢ k[z]", then RATIONALSYSTEMSOLVE computes (gA™'b, g)
with g € k[x] with minimal degree such that gA~'b € k[z]™. In both cases the algorithm
has cost O(n®(logn)?M (d) + nB(nd)).

Corollary A.2.14. Let M € k[z]™*™ be a polynomial matriz of degree d and non-zero
determinant. Let b € k[z]™*! have degree in O(nd). Then the cost of computing A~1b is
O~ (n“d).

Proof. This is Theorem A.2.13, together with Proposition A.2.3. O

Theorem A.2.15 (Theorem 6.2 and lemma 5.1 in [Z113]). There exists an algorithm
COLUMNBASIS that computes, given a matriz M € k[z]™"
a matriz C € k[x]™" of full rank whose columns form a basis of the column space of
M. If s denotes the average column degree of M, then COLUMNBASIS requires at most
O~ (m“~1ns) operations in k and then C has degree bounded by s.

of rank r such thatr < m < n,

2See Footnote 1.
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Theorem A.2.16. There exists an algorithm POPOV that computes, given a non-singular
matriz M € k[z]"*", a matriz P € k[z]"*" in Popov form. If d = deg(M), then PorPov
requires at most O™~ (n“d) operations in k.

Proof. By [SS11, Thm. 13 and 18], there exists an algorithm that computes for given
reduced M € k[z]"" (it even works for m x n with M > n) a matrix in Popov form and
that requires at most O~ (n“d) operations in k. Hence we only need to reduce the input
matrix by using REDMAT which requires as well at most O~ (n“d) operations in k, see
Theorem A.2.7. O
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Appendix B

Foundational Theory

In this chapter we collect some of the foundational definitions and statement about some
of the objects that are involved in this thesis. This chapter has evolved as a growing source
of reference within this thesis and is not intended to be standalone. That is, we do not
cover (in any sense) all of the material needed in this thesis. We rather state propositions
we need and that we have not found in the literature (at least not in a way appropriate
for this thesis).

This chapter is organised as follows: In Sections B.1 and B.2 we provide most of the
basic definitions and statements for presheaves and sheaves on topological spaces and on
schemes. Section B.3 provides the basic theory for treating the irreducible components of
a scheme X in an iterative way. This will be key for examination of the relation of divisors
on X and divisors on the irreducible components of X. In Sections B.4 and B.5 we provide
rather foundational statements with respect to commutative algebra respectively algebraic
geometry.

B.1 Presheaves and Sheaves

In this section we introduce (and mostly recall) the notion of sheaves, those objects which
play a central role in this thesis and, of course, in all of algebraic geometry. We do not state
every definition and proposition that is used in this thesis, and we do not claim to provide
an introduction to sheaves as a whole. We only state those definitions and propositions
which turned out to be useful to state in the context of this thesis. The interested reader
is referred to the standard texts as [Liu02], [GW10], [Stal8], [Har77], [EH14], [THPIns75]
as well as every other standard textbook on algebraic geometry.

We define sheaves the same way [LLiu02] does, that is, as sheaves of abelian groups. This
definition easily translates to the definition of sheaves of rings, of modules and algebras of
a fixed ring etcetera. We want to keep the definition as brief as possible and do not want
to define sheaves as functors in all of its generality.

Definition B.1.1. Let X be a topological space. A presheaf on F (of abelian groups)
on X consists of the following data

e an abelian group F(U) for each open subset U of X and

e a group homomorphism p{(F) : F(U) — F(V) for every inclusion of open subsets
V C U called the restriction morphism

such that
1. F(0) =0,
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3. if there are three open subsets W C V C U of X, then p\,(F) = pli,(F) o p¥(F).

The elements s € F(U) are called sections of F over U. Let V' C U be open subsets of X.
We also denote the image of s € F(U) under the restriction map p{(F) : F(U) — F(V)
by s and call it the restriction of s to V. Consider the following two conditions a
presheaf F on X may (or may not) satisfy:

(a) (Separatedness) For any open subsets U C X of X and open cover U = U;c;U; any
two sections s,t € F(U) are equal if and only if pgi (F)(s) = pgi (F)(t) for all i € I,
Le. sy, =tjy, forall i € I.

(b) (Gluing local sections) For any open subset U C X of X, open cover U = U;¢c;U; and
sections s; € F(U;) such that for all i, j € I we have s;jy,ny, = Sijv,nu, 0 F(U:;NU;)
there exists s € F(U) such that sy, = s; for all i € I. In this case we sometimes say
that s glues together from the sections s;.

A presheaf F on X is called separated if it satisfies condition (a). If F further satisfies
condition (b), then it is called a sheaf 7 on X. A subpresheaf G of a presheaf F is a
presheaf G such that for all open subsets U C X we have that G(U) C F(U) is a subgroup
and the restriction maps of G are induced by those of F. If both G and F are sheaves,
then G is called a subsheaf of F. In both cases, G being a subpresheaf or subsheaf of F,
we write G < F. A

Example B.1.2. Let X be a topological space and F,G be two subpresheaves of the
presheaf #H, i.e. F,G < H. Then the rule U — F(U) N G(U) defines a subpresheaf F NG
of H. Here the restriction maps are just those of F (or G and by definition those of H as
well). Furthermore, if 7 and G are sheaves, then F NG is a sheaf as well. AN

Remark B.1.3. In a analogous way we define presheaves and sheaves (and all related
definitions in Definition B.1.1) of rings, of modules or algebras over a given ring etcetera.
If F is a sheaf on the topological space X, then the section s glued together is unique.
Indeed, if there are s,t € F(U) such that S|y, = tyy, for all 7 € I, then the separatedness
axiom (a) in Definition B.1.1 ensures that s = ¢ in F(U). A

Definition B.1.4. Let X be a presheaf on the topological space X. Let P € X be
arbitrary. We define the stalk of F at P as the direct limit

Fp= lim F(U)
UCX, PeU

where U runs over all open neighborhoods of P in X. If F is a presheaf of R-modules, then
Fp is an R-module and if F is a presheaf of rings, then Fp again is a ring. By definition,
any element in Fp is given by some section s of F over U where P € U, denoted by (U, s).
Any two such representations (U, s) and (V,t) define the same element in Fp if and only
if there is some open neighborhood W C U NV such that sy =ty

For any open subset U C X such that P € U we have a natural map (group homo-
morphism) F(U) — Fp sending s to the element defined by (U, s) in Fp. We denote the
image of s under this map as sp and call it the germ of s at P. A

Definition B.1.5. Let X be a topological space and F a presheaf on X. Then for any
f € F(X) we call the set

Supp(f) := Supp(F. f) := {P € X | fp # 0 in Fp}

the support of f on X. A
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Lemma B.1.6. Let X be a topological space and F a presheaf on X. Then for any
f € F(X) the support Supp(f) is closed in X.

Proof. Consider the complement Z(f) of Supp(f) in X which consists of those points
P € X for which fp = 0. Then, by definition of the stalk Fp of F, for every P € Z(f)
there exists an open neighborhood Up of P for which fii;, = 0 in F(Up). Moreover, for
every Q € Up we obviously have fg = 0. In particular, Up C Z(f) and thus the open
subsets Up C X for P € Z(f) cover Z(f). Whence Z(f) is open in X and therefore
Supp(f) is closed in X. O

Remark B.1.7. Let F be a presheaf on the topological space X and U C X an open subset
of X. Let s € F(U) be a sections of F over U. Then s defines a function which we (by
slight abuse of notation) also denote by s : U = [[pcyy Fp, P+ sp.

Now let ¢t € F(V) be another sections of F but over V. C X with W =UNV # 0.
Now if sjyy = ¢j in F (W), then by construction the functions s and ¢ agree on W and
hence we may consider the function

w:UUV — ]_[ Fp, P

{SP, PcU
PeUUV

tp, PeV

defined on U U V. This interpretation of sections of F as functions into the stalks of F
does suggest that this function u should correspond to a section u € F(U U V). But this
need not hold in general. It does hold for arbitrary U and V if and only if F satisfies the
gluing local sections condition (b) in Definition B.1.1.

This already suggests how we should overcome this missing property of F, namely
by adding such functions u as above. We will see this later in detail when talking about
sheafification which does also want to ensure the separatedness condition (a) in Defini-
tion B.1.1. A

Lemma B.1.8. Let F be a presheaf on the topological space X. Then F is separated if
and only if the natural map F(U) — [[pey Fp, s = (sp)pev is injective for all open
subsets U C X.

Proof. Assume that F is separated. Let U C X be any open subset of X and s € F(U)
with sp = 0 in Fp for all P € U. Thus, by definition, for every P € U there is an open
neighborhood Up C U of P such that s|;;, = 0. Since the Up cover U, the separatedness
of F provides s = 0 in F(U).

Conversely, let F(U) — [[pcy Fp be injective. Let s,t € F(U) satisty sy, = ¢y, for
all ¢ € I for some open cover U = U;c;U;. In particular, s — ¢ restricts to zero on every
U;. Since the U; cover U, the germ (s — t)p is zero for every P € U and hence s — t must
be zero by the injectivity assumption. O

Lemma B.1.9. Let F, G be presheaves (of abelian groups) on the topological space X
such that G < F as presheaves. If F is separated, then G is separated.

Proof. By definition, for every open subset U C X we have G(U) C F(U) is a subgroup and
the restriction map G(U) — G(V) is simply the restriction of the restriction homomorphism
F(U) — F(V) for every open subset V. C U. Now let U = U;c;U; be an open cover,
s € G(U) such that s, = 0 for all i € I. Since s € F(U) and sy, = p{/(F)(s) we can use
that F is separated which yields s = 0 in F(U). But since G(U) C F(U) and s € G(U),
this yields s = 0 in G(U) as well. Hence G is separated as asserted. O
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Definition B.1.10. Let X be a topological space and F, G two presheaves (of abelian
groups) on X. A morphism of presheaves f : F — G is a collection of group homo-
morphism f(U) : F(U) — G(U) for all open subsets U C X such that for all open subsets
V C U the following diagram commutes.

FU) —= G(U)
)| I£22
Fv) LY g

If F and G are sheaves on X, then a morphism of sheaves f : F — G is a morphism
of the presheaves F and G. Every morphism of presheaves f : F — G provides for any
P € X a morphism of the stalks fp : Fp — Gp mapping (U,s) to (U, f(U)(s)) and
satisfying (f(U)(s))p = fp(sp). We call fp the morphism induced by f on the
stalks. We say that f is injective if f(U) is injective for all open subsets U C X. We
say that f is surjective if the induced map on the stalks fp is surjective for all P € X.
We say that f : F — G is an isomorphism if it has a two-sided inverse g : G — F. A
morphism of sheaves is just a morphism of presheaves f : 7 — G where F and G are
sheaves. A

Remark B.1.11. If a morphism of presheaves is injective, then the induced map on the
stalks is injective. The converse is true for a morphism of separated presheaves.

If for all open subsets U C X the map f(U) is surjective, then f is surjective. But if
f is surjective, then f(U) need not be surjective for all open subsets U C X. A

Whether a morphism of sheaves is an isomorphism or not can be checked on the level of
stalks.

Lemma B.1.12 ([Liu02], 2.2.12). A morphism of sheaves f : F — G is an isomorphism
if and only if fp is an isomorphism for all P € X.

The same is not true for presheaves since we are not able to glue a preimage together from
local sections that agree on overlaps.

Remark B.1.13. Morphisms of sheaves ¢ : F — G on the topological space X provide
some natural examples of presheaves on X. Let U C X be any open subset of X. Then
the following mappings define presheaves on X:

1. The presheaf kernel of ¢ defined by U — ker(¢(U)),
2. the presheaf image of ¢ defined by U — im(¢(U)),
3. the presheaf cokernel of ¢ defined by U > coker(¢(U)).

Here the presheaf kernel of ¢ is also a sheaf on X, but the presheaf cokernel and presheaf
image of ¢ are no sheaves on X in general. The presheaf kernel of ¢ is a subsheaf of F and
the presheaf image of ¢ is a subpresheaf of G. If F,G are two sheaves on the topological
space X such that G < F, then we have an inclusion morphism G — F and its presheaf
cokernel is separated. A

The next definition tries to come up with a sheaf F# starting from a presheaf F by adding
those sections glued from local sections of F agreeing on intersections (ensuring the gluing
local sections condition) and dropping those knocking out the separatedness condition.
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Definition B.1.14. Let F be a presheaf (of abelian groups) on the topological space X.
Consider

f#(U)::{f:U—> H]-'pVPGUEIVPQUEIse}"(Vp):VQEfo(Q):sQ}
PcU

for any open subset U C X. Taking the restriction of functions as the restriction maps
this defines a presheaf (of abelian groups) on X. We call F# the sheafification of 7. A

The name already suggests that F# will indeed be a sheaf. The following lemma provides
this fact and does also show that this construction of a sheaf from the presheaf F is
universal.

Lemma B.1.15 ([Liu02], 2.2.15). Let F be a presheaf (of abelian groups) on the topological
space X. Then F7 is a sheaf (of abelian groups) on X and it comes with a morphism
of presheaves 0 : F — F*. Moreover, the pair (F7,0) satisfies the following universal
property: For every morphism of presheaves B : F — G, where G is a sheaf, there exists a
unique morphism o : F#* — G such that B = a0 6.

Remark B.1.16. The morphism of presheaves # : F — F7 is the obvious one: For any
open subset U C X and s € F(U) the section s defines a function s : U — [[pcyr Fp
via P +— sp as already introduced in Remark B.1.7. Note that 6p : Fp — }"ﬁ is an
isomorphism.

Moreover, if we identify the sections s € F(U) over U for any given presheaf F with the
functions s : U — [[pcyy Fp given by P — sp, as in Remark B.1.7, then the sheafification
F# simply adds those functions U — [{pey Fp such that there is an open cover U =
U;erU; and functions s; : U; — HPeU,- Fp given by sections s; € F(U;) that agree (as
functions to the stalks) on the overlaps U; N U; for all 4, j € I. Then 6p will not only be
an isomorphism for all P € X, but also the identity map. A

A morphism of presheaves that is an isomorphism on the level of stalks need not be an
isomorphism of presheaves. But we will see now that the respective sheafifications are
isomorphic.

Lemma B.1.17. Let f : F — G be a morphism of presheaves on the topological space X .
If the induced homomorphism fp is an isomorphism for all P € X, then F# = G#,

Proof. We compose f with fg : G — G# and obtain a morphism of presheaves F — G#
with the codomain being a sheaf. By Lemma B.1.15, this morphism factors through F#
and hence we obtain a commutative diagram:

F—1og

afl |t

#
On the level of stalks this provides a commutative diagram

9?,Pl l9g,P

(F*)p 7, (G%)p

which together with the fact that 0 p, g p and fp are isomorphisms provides that the

induced map f# is an isomorphism as well. Then Lemma B.1.12 provides f# : F# — G#
is an isomorphism of sheaves. O
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Definition B.1.18. Let ¢ : G — F be a morphism of sheaves on the topological space X.
We denote the sheafifications of the presheaf kernel, presheaf cokernel and presheaf image
by ker(¢), coker(¢) respectively im(¢). If G < F and ¢ is the inclusion morphism, then
we define F/G = coker(¢) to be the quotient sheaf of F by G. A

The proof of the following lemma in the case of O x-modules can be found in every standard
algebraic geometry textbook, for instance [GW10, (7.3.1)-(7.3.3)]. But the same line of
argument works for sheaves of abelian groups where no Ox-module structure need to be
involved.

Lemma B.1.19. Let ¢ : G — F be a morphism of sheaves (of abelian groups) on the
topological space X. Let P € X be arbitrary. Then ker(¢)p = ker(¢pp), coker(¢p)p =
coker(¢pp) and im(¢)p = im(¢p). In particular, for G < F we have (F/G)p = Fp/Gp.

Definition B.1.20. Let F be a presheaf on the topological space X. Let U C X be an
open subset of X. For f,g € F(U) we say that f and g are equal on a cover, denoted
by f =y g, if and only if there is a cover U = J,c; U; such that for each i € I we have
flu, = 9ju,- Being equal on a cover obviously defines an equivalence relation on F(U). A

Remark B.1.21. If F is a separated presheaf on the topological space X, then being equal
on a cover and being equal is the same for sections of F. That is, for every open subset
U C X two sections f,g € F(U) we have f =, g if and only if f = g in F(U). A

Lemma B.1.22. Let F be a presheaf on the topological space X .

(i) For every open subset U C X and s,t € F(U) we have s =y t if and only if sp =tp
for all P € U. That is, two sections are equal on a cover if and only if their induced
functions into the stalks are equal.

(ii) Every section of F* over U can be represented by a family of sections of F that
are pairwise equal on a cover. That is, for every s € F#(U) there is an open cover
U = UierU; and sections s; € F(U;) such that $i|UnU; =0 S |u,ny; foralli,j € I.
Such a family of sections is often called o weakly matching family of F and
denoted by (Uj, 8;)icr-
In particular, if F is separated, then for every s € F#(U) there is an open cover
U = UierU; and sections s; € F(U;) such that SilUNU; = Sijvnu; in F(U; N Uj) for
alli,j e 1.

(77i) Two weakly matching families (U;, fi)ier and (Vj, g;)jes of sections of F represent
the same section of F# over U if and only if for all (i, j) € I x J we have fi.av, =0

gJ|U~LﬁV3 :
Proof.

(i) Let f,g € F(U) be sections of F over the open subset U C X. Assume that f = ¢,
that is there is an open cover U = U, U; such that fy, = gy, for all i € I. Since
the U; cover U, for every P € U there is some ¢ € I such that P € U; and fp = gp.

Conversely, let fp = gp for all P € U. Then for every P € U there are open
neighborhoods Uy p and Uy p of P such that (U p, f) and (Uy p, g) define the same
element in Fp. That is, there is some open subset Uy, p C Uy p N U,y p containing
P such that fiy, . = 9u,, - Obviously, these Uy,g p cover U and hence f =y g.

ii) Let f: U — Fp be an element of F#(U). Hence for every P € U there is
PeU

some Vp C U and s(P) € F(Vp) such that for all Q € Vp we have f(Q) = s(P)qg.

Now consider the family (Vp, s(P)) of sections of F. Let P, P’ € U be two distinct
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points in U such that W := Vp N Vpr # (. Then by definition of F#(U), we have
5(P)q = s(P')q for all @ € W and hence, by Item (i), we obtain s(P)y =u s(P')jw-

The particular part now follows from Remark B.1.21.

(iii) Let (Vp,s(P))pev and (Wp,t(P))pecu be two weakly matching families coming from
U = pewFp, [ € F#(U), as above. That is, for all Q € Vp we have
s5(P)g = f(Q) and for all @ € Wp we have t(P)g = f(Q). In particular, for all
Q € VpNWp we have s(P)q = t(P)g. By Item (i), this means sjy,qw, =u tjv,nwp-

Conversely, let (Vp, s(P))pey be a weakly matching family coming from f : U —
Upewy Fp, f € F#(U), and (Wp, t(P)) per another weakly matching family coming
from g : U = [{pey Fp, 9 € F7(U), such that s(P)vprwp =u t(P)vprwp- By
Item (i) again, this yields that for all @ € Vp N Wp we have s(P)g = t(P)¢g which
means that f(Q) = ¢g(Q) for all @ € Vp N Wp. Now since the intersections Vp N Wp
for P € U constitute an open cover of U, we obtain that f and g are equal as
functions from U to the stalks of F and therefore as sections of F#. O

Corollary B.1.23. Let G < F be two sheaves on the topological space X. Then every
global sections of F /G is represented by a weakly matching family (U;, fi +G(U;))ier where
X = UierUi, fi € F(Ui) and for every i,j € I we have fiy,ny, +G(UiNU;) = fijo,ou, +
G(U; NUj), that is fijvnu; — fj|U,-ﬁUj € G(U;NUj). Two such representations (Us, f; +
G(Ui))ier and (Vj, hj +G(Vj))jcs define the same global section of F/G if and only if for
all (i,7) € I x J we have fiy,qv, — hj|UmVj € G(U;NV;). Here we denoted the group law
of G and F additively.

Proof. By Remark B.1.13, the presheaf U — F(U)/G(U) is separated. Moreover, F/G is
its sheafification. Thus Lemma B.1.22 already provides the assertion. O

If a presheaf is not separated, then being local equal on a cover is the most we can ask for
in a representation of a section of the sheafification. That is the restrictions of the local
sections do not agree on the intersection but only on some cover of the intersection. The
following example shows a presheaf that is not separated and for which we find a section
of the sheafification whose local sections of the presheaf do not agree on the intersection.
Example B.1.24 is taken from a mathoverflow post!.

Example B.1.24. Let X be the topological set X = {a,b, c,d} where the open sets are
given by X, 0, {a},{b},U = {a,b,c},V ={a,b,d},UNV = {a,b}. Then we define

Z, We{X,U,V,UnV}
FW)={17/2Z, W € {{a},{b}}
0, W=20

and the restriction maps F(W) — F(Y) for Y C W are given by either the canonical
surjection Z — Z/27, the identity map on Z or the zero map. This defines a presheaf
F on X. Since the points a,b € X form open subsets of X, the stalk Fp equals Z/27Z
for P € {a,b}. The only two open neighborhoods of ¢ € X are U and X. Hence every
element of F, is given by (U,s) with s € F(U) = Z. Analogously, the only two open
neighborhoods of d € X are V and X. Hence every element of F; is given by (V,t) with
t € F(V) =Z. Consider the natural map

Z=FUNV)— [[ Fp=Fax Fo 2 Z/2L x Z/2L
pPeU

Tht tps://mathoverflow.net/questions/31372/describing-global-sections-of-sheafifications

227


https://mathoverflow.net/questions/31372/describing-global-sections-of-sheafifications
https://mathoverflow.net/questions/31372/describing-global-sections-of-sheafifications

B.1. Presheaves and Sheaves Chapter 2

sending s € F(U) to the sequence of its germs (sp)pey, that is s — (s mod 2, s mod 2).
Obviously, its kernel is 2Z and hence it is not injective providing that F is indeed not
separated, see Lemma B.1.8.

Let us now consider what the global sections F#(X) of the sheafification F# are. By
definition those are maps

f: X ={a,bc,d} = Fo X Fy x Fe X Fq =2 ZLJ27 X L]27 X 7 X Z

for which there are open neighborhoods Vp for every point P € X on which f is given by
a section of F(Vp). The neighborhoods of ¢ and d which are not all of X (in this case f
is given by some s € F(X) = Z, that is f(P) = s for all P € X) are U respectively V.
Therefore, by definition, f(P) = u for some u € F(U) =Z for all P € U and f(P) = v for
some v € F(V) =Z for all P € V. In particular, f(P) =u=wvforall P e UNV = {a,b}.
That is, v and v coincide in the stalks F,, F, which are both given by Z/27Z. Hence
v = v mod 2. Thus every f € F7(X) is already completely determined by (u,v) € Z?
such that u = v mod 2. Consider f € F#(X) given by (0,2), that is the map

{a,b,c,d} = 727 x )27 x 7. x 7.

maps a — (0,0,0,0), b — (0,0,0,0), ¢ — (0,0,0,0) and d — (0,0,0,2). Then f is
represented by the weakly matching family fy =0 € F(U) and fy =2 € F(V) for which
we obviously have (fu)p = (fv)p for all P € UNV and thus (fv)unv =u (fv)jvnv by
B.1.22 (i). This can also be seen by covering U NV = {a, b} by {a} U {b} for which we
then have (fu)i(ay = (fv){ay and (fu)py = (fv)|ge} since the restriction map F(U) =
F(V)— F({a}) = F({b}) is the projection Z — Z/27.

But the restriction of fiy =0 € Z = F(U) to F(UNV) = Z is 0 again and that of
fv=2€Z=FV)to F(UNV) =7Zis 2 and hence fy and fiy do not coincide on
unv. A

There are ways of transporting sheaves along continuous maps of topological spaces.

Definition B.1.25. Let f: X — Y be a continuous map. Let F be a presheaf on X and
let G be a presheaf on Y.

1. We define a presheaf f,F on Y by the rule
Ve F(FH(V)

for any open subset V' C Y. The restriction maps are given by those of F. We call
f«F the direct image of F under f and sometimes the pushforward of F by
f. Note that if F is a sheaf on X, then f,F is a sheaf on Y.

2. We define a presheaf f~'G on X by the rule

U lim Gg(v)
V2 f(U), VCY open

for any open subset U C X and take the restriction maps to be induced by those of
G. We denote it sheafification by f~'G and call it the inverse image of G under
f. A

Definition B.1.26. A sheaf F on a topological space X is called flasque if for every
inclusion U C V C X the restriction map F(V) — F(U) is surjective. A

Definition B.1.27. Let X be a topological space and F a sheaf (of abelian groups) on
X. The support of F is defined as Supp(F) = {P € X | Fp # 0}. We say that F is a
skyscraper sheaf if it has finite support. A
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Lemma B.1.28. If F is a skyscraper sheaf on the topological space X with support con-
sisting of closed points of X, then for all open U C X we have F(U) = HPeUmSupp(J-‘) Fp.

Proof. Let U C X be any open subset of X. As a sheaf is separated by definition, by
Lemma B.1.8, the natural map

F(U)—) HFP, S'—><Sp)peU

is injective. Since the stalk of F at P is zero for every P ¢ Supp(F), the map F(U) —
11 PeUNSupp(F) Fp is also injective. To prove the assertion, we show that this map is also
surjective. Let {P,..., P,} be the finitely many closed points constituting U N Supp(F).
Let I = {1,...,n} and let (s;)icr € [[,c; Fp, be arbitrary. Then for every i € I there is
an open neighborhood U; of P; and a section s* € F(U;) such that sp, = si. Now since
the points P; are closed, we may remove every point P; with j # 4 from U; and thus we
may assume that the U;, ¢ € I, form a disjoint open cover of U. This provides that the
sections s’ agree on intersections (since those are empty) and thus the gluing local sections
condition (b) in Definition B.1.1 provides a unique section s € F(U) such that s, = s’
and thus s gets mapped to (s;);c; under the considered map. ]

Lemma B.1.29. Let F be a subsheaf of H on the scheme X. Then for any open subset
UCX and h € H(U) we have h € F(U) if and only if hp € Fp for all P € U.

Proof. By definition, if h € F(U), then hp € Fp. Conversely, let h € H(U) satisfy
hp € Fp for all P € U. Thus for every P € U there is an open neighborhood Up of
P such that hyy, € F(Up) € H(Up). The Up cover U and then we have (hy,)jv, =
hupnug = (hjug) v, as sections of F since h € H(U) and the restriction maps of F are
those induced by the restriction maps of H. That is, we have a collection of sections of F
on an open cover of U that agree on intersections and hence they glue to a section f in
F(U). Now since gluing is unique, we have f = h in H(U) and hence h € F(U). O

Corollary B.1.30. Let F,G < H be two subsheaves of H on the scheme X. Then F =G
as subsheaves of H if and only if Fp = Gp as subsets in Hp for all P € X.

Proof. The only if part is trivial. Since both F and G are subsheaves of H, their restric-
tion maps are those induced by those of H. Hence it suffices to prove that for all open
subsets U C X we have F(U) = G(U) as subsets of H(U). Let f € F(U) C H(U). By
Lemma B.1.29, this is equivalent to fp € Fp for all P € U. Now since Fp = Gp, we have
fp € Gp for all P € U and thus Lemma B.1.29 again provides f € G(U). By symmetry,
this proves the assertion. ]

Proposition B.1.31. Let f : X — Y be a morphism of schemes and F a sheaf on X.
Then we have a natural morphism

whose image consists of those pairs (f_l(U),sf_1(U))N with x € f~YU) and sp-1u) €
F(f~YU)) for open subsets U CY. Moreover,

(FHO), sp-10)) e = (FTH V) sp-100))~ & (Spm10))w = (sp-100))w

for some W C f~Y (U NV). Furthermore, if every open subset W C f=Y(U) is of the
form W = f=Y(W") for some open subset W' C X, e.g. f open, then (feF) p(a) = Fu 18
bijective.
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Proof. By definition, we have a map

(o F)py = lm FGW) =l FEUU) - lim FOV) = 7
Usf(x) zef~1(U) zeV

which sends a tuple (f~1(U), $¢-1(17))~; to the tuple (f~HU), S§-1(17))~y- Here

(FHU), sp-10))mn = (FTHV) 82100 mn 0 (Sp-100))1 =100y = (Sp-100) -1 (w1

for some open W/ C U NV and

(FHU) sp-10)) s = (FTHV) 842100 )mn € (Sp-100)) v = (Sp-10)) W

for some open W C f~1(U NV). Thus if every open subset W C f~1(U) is of the form
W = f~Y(W’) for some open W’ C X, this provides injectivity. Moreover, the surjectivity
also follows since the index sets over which the direct limits run coincide. O

Remark B.1.32. Let X be a topological space. We want to note that at least for sheaves,
it is enough to define it on a base of the topology of X to obtain a unique sheaf on X. The
reader is referred to the section Bases and sheaves in [Stal8, Tag 009H]. In particular,
note the statements [Stal8, Tag 009R] and [Stal8, Tag 009U]. A

Definition B.1.33. A sequence

Qi1 o Qi1
—).7:1'—1)]:@41 —_— ...

of sheaves is called exact if im(«;) = ker(a;41) for all 4. A

Lemma B.1.34. Any exact sequence of sheaves F; on X

Qj—1 Q41

o
— Fi = Figl —— ...

provides for any open U C X an ezract sequence

G|\U 11U

% Faw s (Fip)p —

Proof. Let o : F — G be a morphism of sheaves. Note that the presheaves defined by
V= im(a(V)) and W im(a;(W)) for W C U open coincide if restricted to U. Hence
im(a)|y = im(c)yr) as sheaves where im denotes the sheafification of V' + im(a(V')). The
same is true for the kernel sheaf: ker(a); = ker(ayy7). This provides the assertion. O

Definition B.1.35. Let X be a topological space and O a presheaf of rings on X. A
presheaf of O-modules on X is a presheaf F of abelian groups on X together with a
morphism of presheaves of sets O x F — F such that for every open subset U C X the
map O(U) x F(U) — F(U) makes the group F(U) into an O(U)-module. If additionally,
both O and F are sheaves, then we call F a sheaf of O-modules on X. If (X,Ox) is a
ringed space, then we call any sheaf of Ox-modules on X an Ox-module. JAN

Lemma B.1.36. Let
0 —F —=G—H—0 (1:1)

be an exact sequence of Ox-modules where F is quasi-coherent. Let U C X be an affine
open subset. Then
0— FU) —GWU) —HU) —0 (1:2)

is an exact sequence of Ox(U)-modules.
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Proof. By Lemma B.1.34, the sequence
0—Fuv—Gu—Hy—0

is exact and Fjyy is still quasi-coherent. Then the assertion follows from [GW10, 12.34]
since the global sections of Fj; are F(U). O

In the following lemma one should think of R as being the sheaf of regular functions on a
scheme.

Lemma B.1.37 (Stalks of a sheaf of units). Let X be a topological space and R be a sheaf
of rings on X. Then for any open subset U C X the rule U — R(U)* defines a sheaf of
abelian groups on X. Moreover, for any P € X we have (R*)p = (Rp)*.

Proof. First of all, since R is a sheaf of rings, R(U)* is an abelian group and a subset of
R(U). Since units get sent to units under ring homomorphisms p{.(R) : R(U) — R(V) for
U C V, we have that p{/(R) restricted to R(U)* yields a homomorphism of abelian groups
R(U)* — R(V)*. We take these homomorphisms as the restriction maps of U — R(U)*.
This easily defines a presheaf of abelian groups on X which we denote by R*. To prove
that R* is a sheaf, note that if s € R*(U) = R(U)* restricts to the unit in R*(U;) for
an open cover U = U;crU;, then the separatedness axiom of R provides s = 1 in R(U)
and thus in R*(U). Thus R* satisfies the separatedness axiom. To prove the gluing
local sections axiom, let U = U;c;U; be an open cover of an open subset U and write
Uij = UiNUj;. Then let s; € R*(U;) be such that SilUy; = Sijs, for all 4,7 € I. The
gluing local sections axiom of R provides the existence of a unique section s € R(U) which
restricts to the s; on U;. Hence we are left to prove that s € R*(U). By assumption, we
have s; € R*(U;) for all i € I. Therefore, there are t; € R*(U;) such that s;t; = 1 in
R*(U;). In particular, for all 4, j € I we also have Siu,.; * tijv;; = 1. Hence t;y, ; is the
unique inverse of Siju; ; in R(U;). But since this is also true for tj|Um_ by construction, we
obtain tijy, ; = tj, = forall i,j € I. We deduce that there is a unique section ¢ € R(U)
such that ¢y, = (sp,) . Hence (st)y, =1 for all i € I and thus st = 1 in R(U) since R
was a sheaf. This proves that R* indeed is a sheaf on X.

To prove the second assertion, consider the direct system consisting of the groups
(R*)(U;) = R(U;)* with group homomorphisms f; j : R(U;)* — R(U;)* for all U; C U;.
Note that since R(U;)* C R(U;), we obtain maps ¢; : R(U;)* — (Rp)* sending g;
to the germ (g;,U;) whose inverse in (Rp)* is given by (g; ', U;). Hence we obtain the
commutative diagram (the dashed arrow is left out with respect to the commutativity)
where U; C U;:

Now we argue that we find the dashed morphism making the whole diagram commute.
Then, since the direct limit satisfies the universal property, the same would be true for
RIXD. This would prove, due to the uniqueness of the direct limit, that

(R*)p = lim R(W)* =R}
WsP
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Let g € Ry be arbitrary. Since R C Rp and the latter itself is a direct limit, we find a
representation of g as (g, U;) with U; being an open neighborhood of P and (¢g~!, U;) being
its inverse. Hence (g,U;) € R(U;)”™ is a preimage of g under v; and can thus be mapped
to h_m)W9PR(W)X via ¢;. Since both (R*)p and R} are direct limits, the choice of the
representation of ¢ is irrelevant for the map and hence the latter is well-defined. O

Lemma B.1.38. Let X be topological space and U;,i € I, an open cover of X. Let F;
be sheaves on U; and assume that for each i,j € I with U; j :== U; NU; # 0 we have an
isomorphism ¢ij : (Fi)jv,; — (Fj)u,, satisfying the cocycle conditions

¢ii =id and VY i,5,k €l withU;NnU; NUj #0: Ok 0 bij = Dik-

Then there exists a sheaf F on X which is unique up to isomorphism such that there exists
isomorphisms ¥; : Fiy, — Fi, it € I with ¢jo 1/;1._1 = ¢;j onU; ;.
The sections of F are defined as

F(U) = {(Si)iel e [[RUinU) | (s))wnv,, = ¢i,j((8z‘)|UmUi,j)}

el
and F is called the sheaf glued from the F; along the ¢; ;.

Proof. The assertion is easily verified with the definition of the sections of F given above.
O

Definition B.1.39. Let O be a presheaf of rings on the topological space X. Let F,G
be two presheaves of O-modules on X. Then we define the presheaf tensor product of
presheaves of O-modules on X by the rule

Uw— FU) o) Gu)

for every open subset U C X and denote it by F ®€9 G. If O is a sheaf of rings and both
F and G are sheaves of O-modules, then we call the sheafification of the above presheaf
the tensor product of O-modules and denote it by F ®¢, G or more commonly by

F®og. A

The following lemma shows that it does not matter if we sheafify the presheaves F, G and
O and then form the tensor product or if we just sheafify right away the presheaf tensor
product of F and G over O.

Lemma B.1.40. Let O be a presheaf of rings on the topological space X. Let F,G be two
presheaves of O-modules on X. Then we have an isomorphism

(F @ G)* — F# @5, G7.
Proof. We have a natural morphism of presheaves

F oeh ¢ — Ft @b, g*
FU) &ouy GU) — FHU) ®orw) G#(U)

using the natural morphism 6 : F — F# as in Lemma B.1.15. Since #p is an isomorphism
for all P € X, it is obvious that the induced homomorphisms on the level of stalks are
isomorphisms of Op-modules. Then Lemma B.1.17 provides that the sheafifications are
isomorphic and since the sheafification of the codomain is by definition F# Qs G#, the
assertion follows. O
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Let f:Y — X be a continuous map of topological spaces and H, F be two sheaves on X
such that H < F. For the restriction resp. pullback of divisors we will later need that we
have a natural morphism of sheaves on X provided by the pushforward f,:

SFfH — fo(F/H)

To explicitly see how this map works, we unpack the definitions of the quotient sheaf (as
a sheafification of a presheaf) in general and apply it to the quotients appearing above.

The definition of sheafification of a presheaf provides a description of the sections
of a sheafification over some open subset, see Lemma B.1.22, and thus gives us, using
Corollary B.1.23, the following lemma.

Lemma B.1.41. Let H,F be two sheaves (say of abelian groups) on a topological space
X such that H < F. Then the sections of the quotient sheaf F/H (whose group law we
denote additively) over the open subset U C X are classes of families (U;, s; +H(U;)) with
{Ui | i € I} an open cover of U and s; + H(U;) € F(U;)/H(U;) sections that agree on
overlaps, that is

(Si)|UiﬂUj - (Sj)|UiﬂUj S ’H(Ui N Uj)

for alli,j € I. Two such families (U, s; +H(U;)) and (V;,t; + H(V;)) define the same
class if and only if for alli,j € I we have (t;)jv,nv; — (i) v.nv; € H(U: NVj).

Corollary B.1.42. Let f: Y — X be a morphism of schemes and F, H be Oy -modules
or sheaves of abelian groups on'Y . The sections of f.JF/fH over U C X open are classes
of families

(Ui, si + H(fH(U3)))

with {U; | i € I} an open cover of U and s; + H(f~H(U;)) € ]:( L(Uy))
sections that agree on overlaps, i.e. (si)r-1w,nu;) — (7)1 winu;) € H(f~ o
all i,7 € I. Two such families

JH(fH(U))
U;NUj)) for

(Ui, si + H(FTHU)))  and (Vi t; +H(fTH(V))
define the same class if and only if for all i,j we have

()11 winvy) — (0|1 winvy) € HUFTH (Ui N V7).

Corollary B.1.43. Let f: Y — X be a morphism of schemes and F, H be Oy -modules
or sheaves of abelian groups on Y. Then (f«(F/H)(U) = (F/H)(f~H(U)) consists of
classes of families

(Vi, si + H(Vi))
with {V; | i € I} an open cover of f~Y(U) and s; + H(V;) € F(V;)/H(V;) sections that
agree on overlaps, i.e. (si)v;nv; — (8j)jviny; € H(ViNVj) for alli,j € I. Two such families

(Viysi +H(Vi)) and (W, t; +H(Wj))
define the same class if and only if for alli, j we have (t;)|v,aw, — (si)jvinw; € H(VinWj).

We have seen above that the sections of both f.(F/H) and f.F/ f«’H over the open subset
U C X are locally given by elements in F(V;)/H(V;) where V; form an open cover of
f~Y(U) and the local representations coincide on the overlaps. The difference is that for
f«(F/H) the open subsets V; covering f~!(U) may be arbitrary and for f.F/f.H they
need to be preimages of an open cover U; of U. But this tells us that we can find a natural
map from the latter to the former.
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Proposition B.1.44. Let f : Y — X be a morphism of schemes and F, H be Oy -modules
or sheaves of abelian groups on Y. We have a natural map ¢ : foF [fH — fo(F/H)
with ¢(U) sending Uy, si + H(f~H(U3))) to (f~1(Us), si + H(f~H(U3)).

Proof. Let (U, s; + H(f~1(Uy)) € (f+F/ [ H)(U) with U = U;c; Us. Then f~1(U;), i € 1
defines an open cover of f~1(U) and thus (f~Y(U;),s; + H(f~1(U;)), i € I, does indeed
define an element in (f.(F/H))(U). If (W;,t; + H(f~1(W;))), j € J, defines the same
element in (f.F/f H)(U) as (Us,s; + H(f 1 (U;))) does, then for all i € I, j € J we have
(si) 11wy — (&)1 wirwy) € HFTH U 0 Wy)). Now (f~H (W), t; + H(F~H(W)))),
j € J, defines the same element as (f~1(U;), s; + H(f*(U;))) does: For alli € I, j € J
we have

()1 -1 w1y + HUE T Ui NW5)) = () -1 winwy) + HE T (U N W)
= () |y-1winw,) + HUTHUN W)
= (s1)p-2wans-1owy) + HETH U N W),

That ¢ is compatible with the restriction maps follows immediately since the sections in
question stay the same: For (U, s;) as a section of f,F/f.H over U with cover U; and
V' C U we have the following diagram which obviously commutes and thus provides the
assertion:
1 ¢(U) —1 —1
(Ui, si + H(f(Ui))) » (fHUi), s + HFH(UR)))
res}‘/H,f_l(Ui)»f_l(UiﬁV)l fesf/wf—l<Ui>,f—1<UmV>

(Ui OV, sy + HE LU V)) 22 (£1U0 V), (s + HF LU0 V))

O]

Corollary B.1.45. If every open cover of f~1(U) is induced by an open cover of U, e.g.
f is the morphism embedding Y as a subscheme in X (open or closed), then the morphism
in Proposition B.1.44 maps as the identity and induces an isomorphism.

B.2 Sheaves on Schemes

We omit the definition of schemes and its fundamental properties.

Definition B.2.1. Let X be a scheme. By X% we denote the set of generic points of the
irreducible components of X. By X, we denote the set of closed points of X. A

Proposition B.2.2. Let X be a locally noetherian scheme with a finite number of irre-
ducible components, e.g. X noetherian. Furthermore, assume that X has no embedded
points. Forn € X0 let Jn : Spec(Ox ) — X denote the canonical map of schemes. Then

(i) Kx = @ (n)«Oxn= 11 (n)«Oxn,

nexo neXo
(i) Kx(U)= @ Oxy,= & Frac(Ox,), forU C X open,
nelnxo netunxo

(’L’L’L) ’Cx,p = (’CX)P = FI‘aC(OX,p),
(iv) Kx is a quasi-coherent sheaf of Ox-algebras, and

(v) Kx(U) = Frac(Ox(U)) for every affine open U C X.
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Proof. Since X is locally noetherian, the weakly associated points of X coincide with the
associated points of X, see [Stal8, Tag 05AR]. Moreover, each of these is by assumption
a generic point of an irreducible component of X. Hence the requirements for X in
[Stal8, Tag OEME] are met. All of the assertions are proven there. The only exception is
Item (ii) which directly follows from Item (i) and the definitions:

Oxn(Spec(Ox ) = Oxy, €U

((Gn)«Ox ) (U) = OXW(].W_I(U)) = {OX (@) =0 neu
)=,

Note that the assumption we impose on X are stronger than the one given in [Stal8, Tag
0EMF], see [Stal8, Tag 05AR]. O

Corollary B.2.3. Let X and the notation be as in Proposition B.2.2 with X1,...,Xmn
being the irreducible components of X. Let 1, : X; — X denote the closed immersion
corresponding to X;. Then Kx = @i~ (7:)«Kx,.

Proof. Let n; denote the generic point of X; and by j; = jy, : Spec(Ox;, ;) — X we denote
the natural morphism. The latter obviously factors through X;, i.e. j; = 705, with j;,, :
Spec(Ox; ;) — Xi. By definition, we have Kx, = (ji;)«Ox,n and by Proposition B.2.2
(i), we have

Kx = @(ji>*oX,m = @(TZ 0 Jimi )+ Ox i = @(Tl)* (i)« Oxmy) - [
=1 i=1 =1 4

—Kx,
Lemma B.2.4. The sheaves Kx and K% are both flasque and satisfy H' (X,Kx) =0 and
H' (X,K%) =1 for all i > 0.

Proof. The statement about the cohomology groups follows from [Har77, III 2.5] once we
have shown the flasqueness of Kx and K%. First of all, by Lemma B.1.37, K% is indeed
a sheaf of rings on X. By Proposition B.2.2 (ii), the restriction maps Kx (V) — Kx(U)
for open U C V are given by the identity map whenever U N X% = V' N X? and otherwise
by projecting. Hence the restriction maps are surjective and thus Kx is flasque. By
Proposition B.2.2 (ii), Kx (U) is the direct sum of its localisations at points in U N X°.
Thus

X
(KX)U) =Kx(U)* = <@neUﬂX0 ,CX’") - @UEUDXO ,C)X(ﬂ? - 69neUmXO (K3 )n

and hence for K%, as for Kx before, its sections are given by a finite sum of its localisations
which analogously to the argument above provide that the restriction maps of K% are
surjective and therefore, that K% is flasque as well. 0

Lemma B.2.5. Let X be a locally noetherian scheme. Then for every open subscheme
U C X with open immersion i : U — X the following are equivalent.

(i) U is schematically dense in X,
(ii) i* : Ox — i.Oy is injective, and

(iii) for every open subscheme V. C X the only closed subscheme Y of V' such that
UNV CY isV itself.

Proof. The proof is the combination of [Liu02, 7.1.9] and [GW10, 9.19]. O

Lemma B.2.6. Let X be a locally noetherian scheme. Let i : U — X be the open
immersion of a schematically dense open subset U C X. Then
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(i) Kx = i.Ky, 1.5 = (iKp)* 2 KX,
(it) Ox — 1.0y as well as O — (i.Oy)* =i, O are injective, and

(iii) all the above provide a monomorphism .0} /O% — K% /O%.

Proof. The isomorphism Kx 2 i, Ky is [Liu02, 7.1.15] and the injectivity of Ox — i.Opy
(this is even an if and only if) is [Liu02, 7.1.9]. The identities i,./C;; = (i.Ky)* and
(1+Op)* = 1,0y follow by definition. Now since injectivity can be checked at the level of
stalks, Lemma B.1.37 provides the second assertion. Now we prove the last assertion. The
monomorphism O < K[; provides the monomorphism i,O}; < ./, which composed
with the isomorphism i,K}; — K% provides the monomorphism .0}y < K%. The latter
morphism is compatible with the monomorphisms O% — .0 and O% — K% in the
sense that the diagram

O —— K%

I ]

X id X

Ox » Ox
is commutative. Now composing i,O}; < K% with the projection K% — K% /O% provides
the desired monomorphism ¢,0[; /0% — K% /O%. O

Remark B.2.7. For a more detailed and elaborated analysis of the third statement of
Lemma B.2.6, we refer the reader to Proposition 5.3.1. A

Lemma B.2.8. Let F be a skyscraper sheaf on the scheme X. Then for i > 0 we have
H (X, F)=0.

Proof. Obviously, skyscraper sheaves are flasque since their restriction maps are given by
projecting. Now [Har77, III 2.5] provides the assertion. O

Lemma B.2.9 ([Stal8], Tag 0AVL). Let X be a locally noetherian scheme. Let ¢ : F — G
be a map of quasi-coherent Ox-modules. Assume that for every x € X at least one of the
following happens

1. F, — G, is injective, or
2. x & Ass(F).

Then ¢ is injective.

B.3 Irreducible Components

Let X and Y be two schemes. Let U; form an open cover of Y and let f; : U; — X be
morphisms of schemes. If the f; agree on intersections, i.e. for all 7, j we have ( fi)‘UmUj =
(fi)|v:nu;,» then there is a unique morphism of schemes f : Y — X such that fiy, = f;.
We can use this property of gluing morphisms of schemes to obtain a natural map
from the disjoint union of the irreducible components of a scheme X to X itself: Let X be
a scheme with finitely many irreducible components X7y, ..., X, and closed immersions
7; + X; = X. By Y we denote the disjoint union of the X1, ..., X,,. Obviously, the X; are
open since their complements are finite unions of closed subsets (here we need that Y is
the disjoint union). Moreover, they cover Y and we have morphisms 7; : X; — X which
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agree on intersections since these are empty. Hence there is a unique morphism 7: Y — X
such that the following diagram commutes:

X; s Y =", X,
P
X

Here v; denotes the inclusion map which is both an open and a closed immersion of the
connected and irreducible component X; of Y respectively.

The structure sheaf Oy of Y is given by the direct sum of the structure sheaves of the
X;, that is Oy = @, Ox, with Oy (U) = @;", Ox,(U N X;). Moreover, the restriction
map for V C U is given by the sum of the restriction maps of Oyx;.

The corresponding morphisms of structure sheaves Ox — (7;):Ox,, Oy — (v;).Ox,
and Ox — 7.Oy satisfy that the composed morphism

OX — T*Oy — T*((Ui)*OXZ-) = (T ¢} Ui)*OX.

3

equals Ox — (7;)«Ox,. That is, for every open subset U C X the following diagram
commutes:

Ox( @Z 1(9)( UﬁX)

\ 7

@ X U N X; )
We fix this situation in a definition where we intentionally omit the morphisms v;.

Definition B.3.1. Let X be a scheme with finitely many irreducible components X;,
i =1,...,m and closed immersions 7; : X; — X. By Y we denote the disjoint union of
the components of X and the morphism glued together from the closed immersions 7; is
denoted by 7:Y — X. It comes with a morphism of sheaves

m

OX — T*OY - @(TZ)*OX,L

=1

which is the product of the morphisms Ox — (7;)«Ox,. That is, for U C X open with
I={ie{l,....,m}:UNX; #0} it maps

Ox(U) = Dic;Ox,(UNX;)=,;c; Ox(U)/F;
[ = (f+P)icr

where {P; | i € I} denote the minimal prime ideals of Ox (U). A

(3:3)

Proposition B.3.2. The morphism 7:Y — X as in Definition B.3.1 is finite.

Proof. Note that being a finite morphism is a local property in the sense that it is equiv-
alent to finding an affine open cover for which the induced morphisms are finite, see
[Stal®, Tag 01WI]. Furthermore, closed immersions are finite morphisms, see [Stal8, Tag
035C]. Since the affine open covers of the X; yield an affine open cover of Y, we obtain
that 7: Y — X is a finite morphism. O

Proposition B.3.3. The morphism Ox — 1.0y as in Definition B.3.1 is injective if and
only if X is reduced.

Proof. The ring homomorphisms Ox (U) — @,.; Ox(U)/P; as in Eq. (3:3) have kernel
Nicr Pi- Hence the kernel is the nilradical of Ox (U) which is zero if and only if Ox(U) is
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reduced. By [Liu02, 2.4.2], this holds for every open subset U C X of X if and only if X
is reduced. O

Since the morphism Ox — 7Oy is injective whenever X is reduced, we consider the
corresponding exact sequence of sheaves:

Definition B.3.4. Let X be a reduced scheme with finitely many irreducible components
Xi,i=1,...,m. Let Y = [ | X; be as in Definition B.3.1. By ./ = #y,x we denote
the cokernel of the injective morphism Ox — 7.0y = @~ (73)+Ox,. Hence we have an
exact sequence of sheaves

0— Ox — @(Ti)*OXi — 7/ — 0. (3:4)
i=1 A

Lemma B.3.5. Let the situation be as in Definition B.3.1. We have an isomorphism

(:Oy)p = @ Ox.p/TJip

PeX;

where J; denotes the sheaf of ideals on X that cuts out the irreducible component X;.
Moreover, by J; p we denote the stalk of J; at P.

Proof. Since direct limits commute with direct sums, we have

(:0v)p = P((7:):0x,) p = P(Ox/Ti)p,
i=1 i=1
and since (Ox/J;)p = 0 for all P ¢ X;, we obtain the desired result. O

Remark B.3.6. Let X be a scheme with finitely many irreducible components X;, i =
1,...,m. Let X' := X\U;;in C X; and set U’ := U N X for any U C X. Since there
are only a finite number of irreducible components, X is open in X and hence U* is open
for any open U C X. By construction, U’ has no intersection with any other irreducible
component of X. That is, the family of non-empty open subsets of X that meet X; has
a cofinal subfamily consisting of those open and non-empty subsets meeting X; and no
other irreducible component. Now computing direct limits for a given directed set is (up
to isomorphism) the same as computing it for a cofinal subset. Therefore, whenever we
consider a direct limit running over all open neighborhoods of a generic point n; of X; of
X, then we might as well compute it via running over all open subsets of X that only
meet X; and no other irreducible component. A

In Corollary 3.2.15 we will see that the morphism Ox — 7.0y will extend to Kx — 7Ky .
But by the definition of the sheaf Kx, we will see that the sheaves Kx and 7,Ky are
isomorphic when we take into account that the respective local rings at the same generic
point of X are isomorphic as the following lemma shows.

Lemma B.3.7. Let X be a reduced scheme with irreducible components X1, ..., X,,. Let
Y denote the disjoint union of the X;, see Definition B.3.1. Then for any generic point
n; of X; we have

Oximi = Oxp = Oy

where we identified the generic point n; of X; with the corresponding generic point of X
and Y.
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Proof. In Remark B.3.6 we have seen that we might compute the respective direct limits
via the cofinal directed set of those open subsets which are contained in X; and do not
meet any other irreducible component of X. Hence

Oy, = lim Oy (UL, Uj) = lim P Ox, ()
|_|§”:l U;CY open |_|;":1 U;CY open j=1
Remark B.3.6 ~~ &~ %n Ox, (U;)

U;CX; open in X

- OXMH'

Now the surjective morphism Ox — (7;)+«Ox, gives a surjective homomorphism of rings
Ox,n — Ox, ;- But since both X and Xj; are reduced, the rings Ox,, and Oy, ,, are
fields, see Lemma B.4.29. But any ring homomorphism of fields is clearly injective and
thus we obtain the desired isomorphism. O

Corollary B.3.8. The morphism Kx — 7Ky is an isomorphism of sheaves on X.

Proof. This follows from Proposition B.2.2 and Lemma B.3.7. O

B.4 Commutative Algebra

The following Theorem is called the Nullstellensatz in its general form, it can be found in
[Eis95, 4.5]. A Jacobson ring is a ring in which every prime ideal is the intersection of
maximal ideals. This is trivially true for fields.

Theorem B.4.1. Let R be a Jacobson ring. Let f : R — S make the ring S into a finitely
generated R-algebra. Then S is a Jacobson ring. Further, if n C S is a maximal ideal,
then f~(n) is a mazimal ideal of R, and S/n is a finite field extension of R/ f~1(n).

Corollary B.4.2. Let f : A — B be a k-algebra homomorphism of the finite k-algebras
A and B. Then f~'(m) is a mazimal ideal of A for every mazimal ideal m of B.

Proof. Without loss of generality, we assume that k C A and k C B such that the
embedding is compatible with f. We can regard C = A/f~!(m) as a k-subalgebra of the
field B/m. Hence we have ring extensions k <— C — B/m. By Theorem B.4.1, B is a
Jacobson ring and the extension B/m over k is a finite extension of fields. In particular,
the dimension of B/m over k is finite and thus the same is true for C'. This already implies
that C is a field: Every non-zero element in C' provides via multiplication an injective k-
vector space automorphism (since C' is a domain as it is contained in a field) which is

thus also surjective. This provides an inverse element and hence C' is a field. Whence
A/f71(m) is a field and therefore f~!(m) a maximal ideal of A. O

Definition B.4.3. Let R be a k-algebra. We call R a k-algebra of finite residual-type
or a finite residual-type k-algebra if for all maximal ideals P € Spec(R)( the k-vector
space R/P = Rp/PRp has finite dimension. AN

Lemma B.4.4. Every finitely generated k-algebra is a finite residual-type k-algebra.

Proof. Let f : k — R be the k-algebra homomorphism that makes R into a k-algebra.
Then, by Theorem B.4.1, we see that for any maximal ideal P € Spec(R)q the k-vector
space R/P has finite dimension. However, we have Rp/PRp = R/P as rings since lo-
calisation commutes with taking quotients, see [Stal8, Tag 00CT]. This proves the asser-
tion. 0
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Lemma B.4.5 (Prime Avoidance lemma, see [Stal8] Tag 00DS). Let R be a ring. Let

LCR,i=1,...,r, and J C R be ideals. Assume
(i) JLI; fori=1,...,r, and
(i) all but two of I; are prime ideals.

Then there exists an x € J such that x ¢ U[_,1;. In particular, if J C U]_,I;, then J C I;
for some 1.

Lemma B.4.6. Let R be a semi-local commutative ring, that is, R has only a finite
number of maximal ideals. Then every invertible fractional ideal of R is principal.

Proof. Suppose that I C Frac(R) is a non-zero invertible ideal of R with inverse J C
Frac(R), i.e. IJ = R. We denote the maximal ideals by my,...,m,. For all j € {1,...,¢}
there are a; € I and b; € J such that a;b; € R\ m; since otherwise IJ C m;. Moreover, we
find \j; € m;\ (m;Nm;) for all j # i and can set \; = H#i Aji with \; € m; for all j # ¢ and
Ai ¢ m;. Let a = Zle Nia; € Tand b= Z?:l Ajbj € J. Then we have ab = Z” AiAjagb;.
By construction, Aj\ja;b; ¢ m; and for j # ¢ we have A\;jAja;b; € m;, that is ab ¢ m; for all
i € {1,...,¢}. Whence ab is a unit in R and thus I = abl C alJ = aR which together
with aR C I yields the assertion. O

Lemma B.4.7. Let k be a field. Let R be a noetherian k-algebra of Krull dimension
one. Let I be an ideal of R such that R/I has Krull dimension zero. Then for all A €
{Spec(R),V(I),Spec(R)o} we have

R/T= P Rp/Ip.

PeA

Moreover, if R is of finite residual-type (e.g. R is a finite k-algebra, see B.4.4), then for
all such A the sum
dimy R/I =) dimy, Rp/Ip
PeA

18 finite.

Proof. By assumption, the quotient R/I has Krull dimension zero. Since any noetherian
ring of dimension zero is artinian, see [Stal8, Tag 00KH], R/I is artinian. Then, by
[Stals, Tag 00JB], we have R/I = @pey ;) Bp/Ip. For any P € Spec(R) not contained
in V(I) the quotient Rp/Ip is trivial since Ip then is equal to Rp. Hence we might also
let P run through all prime ideals of R. Every ideal in V' ([) is maximal and thus we might
also let P only run over all maximal ideals of R. This proves the first assertion.

Now assume that the residue class fields of R, i.e. R/P = Rp/PRp for P € Spec(R),
have finite dimension over k. We are left to prove that S = Rp/Ip has finite dimension
over k. By [Stal8, Tag 00KJ], S is a zero-dimensional and local artinian ring whose
maximal ideal m is nilpotent. Denote by k = S/m the residue class field of S which is a
finite dimensional k-vector space since it is isomorphic to Rp/PRp. We obtain a filtration
of the k-vector space S

0=m"Cm"'C...cm’CmCS
whose quotients x and m’!/m*! have finite k-dimension: Indeed, dimy « is finite by as-
sumption and the k-vector spaces m‘/m'™! = mé/mm’ are of finite dimension since m
(recall that R and thus S is noetherian) and thus m' is finitely generated as an S-module.
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In particular, the multiplicativity of the dimension of vector spaces implies that m!/m*+!
is also of finite dimension over k. We have a short exact sequence of k-vector spaces

0—m—85—x—0

which yields (since k is a free module over k and thus projective, i.e. the short exact
sequence splits) S = m @ k as k-vector spaces. Hence S is of finite k-dimension if both
k and m are. Since k is finite-dimensional over k, it is left to show that m is finite-
dimensional over k. But the same argument shows that m is finite-dimensional over k if
both m? and m/m? are. Proceeding as above (or using induction) we see that S is finite-
dimensional over if all quotients m?/m‘*! are (since m" = 0) and this has already been
proven above. ]

Proposition B.4.8. Let R be a ring with I C R being an ideal. Let M be an R-module.
Then M ®r R/I and M/IM are isomorphic as R-modules and as R/I-modules.

Proof. We have the canonical exact sequence
0—I—R-—R/I—0

of R-modules. Now tensoring this sequence with M over R provides, by [Stal8, Tag 00DF],
an exact sequence

TorM -2 Ror M 25 RIT@r M — 0

with ¢(r®m) =r®@m and Y(r@m) = (r+ 1) @ m. We identify R ®r M with RM = M
and under this identification we have ¢(I @ g M) = IM. Hence the exactness of the above
sequence implies

M ®p R/I = (M) M/ker(yp)) = M/$(I @5 M) = M/IM.

Clearly, both M/IM and M ®g R/I are R/I-modules. The isomorphism we obtain from
above is given by

M®rR/I —- M/IM, m@(r+I)—rm+IM

which is clearly also R/I-linear providing the last part of the assertion. O

Lemma B.4.9. Let n = > n;. Given two matrices A = (Aij)i;, B = (Bij)ij €
klx]"*™ in n-block-form, see Definition 4.4.6, we can multiply those by treating their block
entries as entries of a normal matriz, that is

AB = (Cz',j)i,j with  C;j = ZAM By ;.
(=1

Proof. The (i, j)-entry of the product AB of two arbitrary matrices A, B with compatible
dimensions is given by the product of the i-th row of A with the j-th column of B. This
directly provides the assertion. O

Lemma B.4.10. Let B O A be a finite ring extension such that A is a domain with field
of fractions Frac(A) = K. Then B®4 K = Frac(B).

Proof. By assumption, B® 4 K is a finite dimensional K-vector space. Since B C B® 4 K,
we have Frac(B) C Frac(B ®4 K) and hence it suffices to show Frac(B®4 K) = B®y K.
To do this, we show that every regular element of B ® 4 K is invertible: By assumption,
the linear map given by multiplying with a regular element is injective and hence by the
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rank-nullity theorem also surjective. This provides an inverse linear map corresponding
to an inverse element. O

Lemma B.4.11. Let N C M be two free k[x]-modules of the same rankn. Let T be a basis
transformation matriz from a basis of M to a basis of N. Then dimy M /N = degdetT.

Proof. Let m1,...,m, and ny,...,n, be bases of M respectively N such that
(mi,...,mp) - T = (n1,...,0p). (4:5)

Let S = diag(fi,..., fn) denote the Smith-Normal-Form of 7', then Eq. (4:5) becomes
(M1, my) S =(N1,...,0). (4:6)

with mq, ..., m, and n1,...,n, bases of M respectively N. Note that we have degdetT =
degdet S =" | deg fi. Now we obviously have

_ Di, mik[z] _ Di, mik(] ~ T k[x]
MIN= @ Tuklal ~ @ mifikla] EB Al @ Tbl]

and the latter has dimension )" ; deg f; over k. This provides the assertion. O

Definition B.4.12. Let R be a noetherian ring and M a finite R-module. Let i > 0 be
an integer. Then we say that M has property Sy or is Sy if for every prime ideal P of R
we have depthp, (Mp) > min{i,dim Supp(Mp)}. A

To prove that every minimal prime ideal of any ring solely consist of zero-divisors, we cite
a result which we will use.

Lemma B.4.13 ([[Kap70], Theorem 84). Let R be a ring and let M be a non-zero R-
module. Let P be a prime ideal of R which is minimal over Anng(M). Then P is
contained in the set of zero-divisors of R.

Corollary B.4.14. Let R be a ring. Then any minimal prime ideal of R solely consists
of zero-divisors.

Proof. Consider M = R as an R-module. Then Anng(M) = 0 and thus, by Lemma B.4.13,
any prime ideal of R which is minimal over 0 is contained in the set of zero-divisors of R.
But the prime ideals of R that are minimal over 0 are exactly the minimal prime ideals of
R. O

In a reduced ring, we also have that every zero-divisor is contained in some minimal prime
ideal.

Lemma B.4.15 ([Stal8], Tag 00EW). Let R be a reduced ring. Then the union of the
minimal prime ideals of R equals the set of zero-divisors of R.

We can extend the definition of zero-divisor to modules.

Definition B.4.16. Let R be a ring and let M be an R-module. An element a € R is
called a zero-divisor on M if there is some non-zero m € M such that am =0in M. A

We want to call a module M on which this cannot happen to be torsion-free. But since any
zero-divisor pair a, b of R with ab = 0 provides (independently of M!) zero-divisors a,b on
M with a - (bm) = 0, we restrict the definition to those elements not being zero-divisors
in R:
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Definition B.4.17. Let R be aring and let M be an R-module. We say M is a torsion-free
R-module or torsion-free over R if any zero-divisor on M is a zero-divisor in R. A

Every annihilator Anng(m) of an element m € M is an ideal only consisting of zero-divisors
on M. Obviously, the union of all such annihilators provides the set of zero-divisors on
M. Whenever R is noetherian, the set of all such annihilator ideals has maximal elements
which turn out to be prime ideals and are called the associated primes of M. This provides
the following lemma.

Lemma B.4.18 ([Stal8], Tag 00LD). Let R be a noetherian ring and M an R-module.
Then the set of zero-divisors on M is equal to UPGASSR(M) P.

Definition B.4.19. Let R be a ring and M an R-module. The elements of Assp(M)
which are not minimal in Assp(M) are called the embedded associated primes of M or
sometimes short embedded primes of M. A

The following lemma and its corollary draw a connection between being torsion-free and
being S;.

Lemma B.4.20 ([Stal8], Tag 0310)). Let R be a noetherian ring and M a finite R-module.
Then M is Sy if and only if M has no embedded primes.

A direct implication of the definition of torsion-free and Lemma B.4.18 is:

Corollary B.4.21. Let R be a noetherian ring satisfying S1 and M a torsion-free R-
module. Then every associated prime of M is a minimal prime ideal of R. In particular,
M has no embedded primes and thus, if M is finite, by Lemma B.4.20, satisfies Si.

Proof. By definition, the set of zero-divisors on M is a subset of the set of zero-divisors in
R. Since R satisfies S1, it has no embedded primes and thus, by Lemma B.4.18, the set of
zero-divisors in R is the union of the minimal primes of R. Hence every associated prime of
M is contained in the union of the minimal primes of R. Thus the prime avoidance lemma
Lemma B.4.5 provides that every associated prime of M is contained in and hence equal to
a minimal prime of R. The particular part follows immediately from Lemma B.4.20. [

Lemma B.4.22 ([BH98], Proposition 1.2.1). Let R be a noetherian ring and M a finite
R-module. If an ideal I C R consists of zero-divisors on M, then I C p for some p €
Assp(M).

Lemma B.4.23. Let R be a noetherian ring satisfying S1. Let M be an R-module. If
M s torsion-free over R, then Assgr(M) C Spec(R)?. Conversely, if M is finite over R,
then Assgp(M) C Spec(R)Y implies that M is torsion-free over R. In particular, any finite
R-module M is torsion-free if and only if Assg(M) C Spec(R)°.

Proof. Let M be torsion-free and P € Assp(M). By Corollary B.4.21, we have Assg(M) C
Spec(R)? and M satisfies S;. Conversely, let M be finite over R such that Assp(M) C
Spec(R)?. Let a € R be a zero-divisor on M with non-zero m € M such that am = 0.
Then aR C Anng(m) and hence it solely contains zero-divisors on M. By Lemma B.4.22,
aR is contained in an associated prime of M. Hence, by assumption, a € Upespec( Ry P is
a zero-divisor.

The following proposition shows that being torsion-free is a local property whenever the
ground ring satisfies S1, is noetherian and of dimension one.

Proposition B.4.24. Let R be a noetherian ring of dimension one which satisfies S1 and
let M be a finite R-module. Then M is torsion-free over R if and only if Mp is torsion-free
over Rp for all mazimal ideals P in R.
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Proof. By Lemma B.4.23, M is torsion-free over R if and only if Assgr(M) C Spec(R)°.
Since R is noetherian, by [Stal8, Tag 0310], we have P € Assg(M) if and only if PRp €
Assg,(Mp). The minimal primes of Rp correspond to the minimal primes of R contained
in P. Assume that M is torsion-free and thus Assg(M) C Spec(R)°. Let P be a maximal
ideal of R and QRp € Assgr,(Mp). Then QRp is either a minimal prime in Rp and thus
minimal in R or @ = P. If Q = P, by [Stal8, Tag 0310], P € Assgr(M) which is minimal
by assumption.

Conversely, assume that Assg,(Mp) C Spec(Rp)° for all maximal ideals P of R. Let
P € Assp(M) be arbitrary. By [Stal8, Tag 0310], we have that PRp € Assg,(Mp) C
Spec(R)? is minimal in Rp and thus minimal in R. O

Injectivity of module homomorphisms is decided at the prime ideals not associated to the
domain. The proof was adopted from the statement [Stal8, Tag OAVL] which states this
fact for quasi-coherent Ox-modules on a locally noetherian scheme.

Lemma B.4.25. Let R be a noetherian ring and M, N two R-modules together with an
R-module homomorphism f : M — N. Then f is injective if and only if the induced
homomorphism fp: Mp — Np is injective for all P € Assr(M).

Proof. Clearly, if f is injective, then fp : Mp — Np is injective for all prime ideals of
R. Conversely, consider the R-module K = ker(f) < M. By assumption, Kp = 0 for all
P € Assg(M). For every R-module, the associated primes are a subset of the support.
Now any associated prime of K is an associated prime of M and hence Assp(K) = () which
is only possible for the zero module since R is noetherian, see [Stal8, Tag 0587]. O

Lemma B.4.26. Let R be a noetherian ring and M a finite R-module. If Mp is isomor-
phic to Rp as Rp-modules for some P € Spec(R), then there is some f € R\ P such that
Mf = Rf.

Proof. First we choose h € R\ P such that A : My — Mp is injective as follows: Consider
the coherent sheaves M~ and Mp on X = Spec(R) where the latter is the skyscraper
sheaf located at P € X. The localisation homomorphism Ap : M — Mp provides a
morphism of sheaves ¢ : M~ — Mp. Obviously, ¢p = id and thus the sheaf ker(¢)
satisfies ker(¢)p = 0. Now since ker(¢)p = ligheR\P ker(¢)n, we know that there is some

h € R\ P such that ker(¢), = 0 and thus A : M;, — Mp is injective.
Let x1, ...,y be a generating set of M), as an Rp-module and let m/r be a generator
of Mp over Rp. There are are uniquely determined a;/s; such that
a; m
Azy) = ——.
( Z) S; T
Now set g = r[[;~, s; and then we see that m generates M, over Rpy. In particular, we
have an exact sequence
0— K — Rpg — Mpg — 0

where the map R, — Mj, sends 1 to m. Now localising at P we see that Kp = 0
and since K is finitely generated, there is some b € R\ P such that K, = 0. Now set
f =ghbe R\ P and we obtain My = Ry as asserted. O

Remark B.4.27. Lemma B.4.26 holds more generally. The statement stays true if we
replace Mp is isomorphic to Rp with Mp is isomorphic to R, for some r > 1 which then
provides My = R;}. The proof is basically the same and we just need to take care about
the denominators of all of the basis elements of Mp. A

Proposition B.4.28 ([Stalg], Tag 0311). Let R be a noetherian ring and let M be an
R-module. Then the canonical map M — HPeAssR(M) Mp is injective.
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Lemma B.4.29 ([Stal8], Tag 00EU ). Let R be a reduced ring and let P be a minimal
prime of R. Then Rp is a field.

Corollary B.4.30. Let R be a reduced ring and let P be a minimal prime of R. Let M
be an R-module. Then (M/PM)p = Mp.

Proof. We know that M/PM = M ®gr R/P and hence we obtain
(M/PM)p = Mp ®r, Rp/PRp = Mp ®pr, Rp = Mp
where we have used PRp = 0 since Rp was a field, see Lemma B.4.29. O

Lemma B.4.31. Let R be a reduced noetherian ring and let P be a minimal prime ideal
of R. Then

:(R/P R
¢: (R/ )P(zz/i? : gP (4:7)

s an isomorphism of rings.

Proof. By Lemma B.4.29, we know that PRp = 0 and thus ¢ is well-defined. It is obviously
surjective. Moreover, if /s = 0 in Rp, then there is some ¢ € R\ P such that tr =0 in R.
In particular, t+ P # 0+ P and (t+ P)(r+ P) = 0 in R. Since R/P is an integral domain,
¢ is therefore injective as well. Finally, the homomorphism property is evident. O

Lemma B.4.32. Let R be a reduced noetherian ring and let P be a minimal prime ideal
of R. Let M be a finite R-module which is invertible at P. Then Mp can be considered
as an R/P-module and

(4:8)

m
r+P r

¢ (M/PM)P(E%Q : gp

is an isomorphism of R/P-modules.

Proof. First of all, Rp is an R/P-algebra and as such, isomorphic to Frac(R/P). We
have a map R/P — Rp that maps r + P to r/1 and since PRp is the zero ideal, see
Lemma B.4.29, we see that it is indeed well-defined. Moreover, it is an injective ring
homomorphism. The homomorphism property is evident and if /1 = 0 in Rp, then there
is some s € R\ P such that rs = 0 in R. In particular, rs € P and thus r € P. This makes
Rp into an R/P-algebra. Now since Mp = M ®pr Rp, we see that Mp also carries the
structure of an R/P-module and we have PMp = 0 since PRp = 0, see Lemma B.4.29.
The scalar multiplication is thus defined by (s + P) - (m/r) = (sm)/r. Now consider the
map ¢ from Eq. (4:8). Since PMp = 0, we know that ¢ is well-defined. It is obviously
surjective. If m/r = 0 in Mp, then there is some s € R\ P such that sm = 0 in M. In
particular, s+ P # 0+ P and (s+ P)(m+ PM) = 0 in M/PM. Hence ¢ is also injective.
Finally, we prove that ¢ is R/P-linear. Let s+ P € R/P, (m+ PM)/(r+ P) be arbitrary.
Then

¢<(8+P).m+PM> _ <sm+PM> sm

r .

r+ P r+P
Moreover,
m + PM m  sm
P) - il p). - =2
(s +P) ¢( r+ P ) (s +P) r r
which completes the proof. O
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Corollary B.4.33. Let R be a reduced noetherian ring and let M be a torsion-free R-
module. Let P be a minimal prime of R. If M is invertible at P, then M /PM 1is invertible
at P(R/P).

Proof. By Lemma B.4.32, we have (M/PM)pr/py = Mp and, by Lemma B.4.31, we have
(R/P) p(r/p) = Rp. The latter isomorphism is also an isomorphism of Rp-modules and
thus we obtain

(M/PM)pr/py = Mp = Rp = (R/P)p(r/p)

as asserted. O

Lemma B.4.34. Let R be an integral domain and let M be a torsion-free R-module which
is invertible at the zero ideal (0). Then

M = Mgy — R(g) — Frac(R)

is an R-module embedding of M into Frac(R).

Proof. Since M is a torsion-free R-module, we know that the localisation homomorphism
M — My is injective. By assumption, we have an isomorphism M) — R and the
latter is obviously isomorphic to Frac(R). Composing the above homomorphisms provides
the asserted R-module embedding. O

We can even state a more general form of Corollary B.4.33.

Lemma B.4.35. Let R be a noetherian reduced ring with minimal prime ideals { Py, ..., Ppn}.
Let B C{P1,...,Pp} and I = (\peg P. Let M be a torsion-free R-module which is in-
vertible at the minimal primes of R. Then M /IM is invertible at the minimal prime ideals
of R/I.

Proof. The prime ideals of R/I are those given by P + I with P € B. Note that for a
minimal prime P+ I the multiplicative set (R/I)\ P+ I is the image of the multiplicative
set R\ P under the canonical projection R — R/I. Therefore, by [Stal8, Tag 00CT], we
have

(R/I)py1 = Rp/IRp = Rp (4:9)

where the latter equality is due to the fact that Rp is a field, see Lemma B.4.29. In
particular,

(M/IM)p,+1 = (M ®r R/I)®p/ (R/I)p+1 = (M @g R/I) @p/1 Rp,
= M ®gr Rp,
~ Mp. = Rp,
Eq. (4:9) ~ = (R/1)pyr

providing the assertion. O

Remark B.4.36. We have seen in Lemma 4.1.2 that freeness of an R-module M at the
minimal primes of R provide an R-module embedding into Frac(R). By Lemma B.4.35,
we see that the same is true for M/IM as well. One should note that the proof of
Lemma 4.1.2 embeds M into Frac(R) using the isomorphism Mp = Rp for minimal
primes P € Spec(R)". The proof of Lemma B.4.35 in turn shows that the isomorphism
(M/IM)pr/r) = (R/I)p(r/r) stems from that of Mp = Rp. This provides a commutative
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diagram as follows:
Frac(R) ——  Frac(R/I)

J J

M —E" s M @p R/T=M/IM

From this we can deduce that for any regular g € R such that gM C R, we have (g +
IN(M/IM) — R/I. Indeed, since the diagrams

R —— Frac(R) R ——— Frac(R)
o7 |
gM ——— M R/I —— Frac(R/I)

commute as well, (g+1)(M/IM) = (id ®7)(gM) embeds into Frac(R/I) and has preimage
under Frac(R) — Frac(R/I) which is contained in R and thus it embeds into R/I. A

Proposition B.4.37. Let R be a reduced noetherian ring and let M be a finite and
torsion-free R-module. Then the natural map M — HPeAssR(M) M/PDM is injective.

Proof. By Lemma B.4.25, it suffices to show that the induced local homomorphism for all
associated primes of M is injective. By Lemma B.4.23, we have Assg(M) C Spec(R)° and
thus it suffices to show the injectivity at minimal primes of R. Let p € Spec(R)® be a mini-
mal prime of R. Then the localised homomorphism is My — []pespec(ryo (M/PM),. Now
by Corollary B.4.30, we have (M/PM), = M, for P = p and hence the homomorphism
embeds M, as a direct summand in the codomain and is therefore injective. O

Remark B.4.38. The statement stays true for M being an R-algebra and the homomor-
phism M — []pe Ass(r) M /PM being an R-algebra homomorphism. Moreover, note that
since M is a torsion-free R-module, by Lemma B.4.23, we have Assr(M) C Spec(R)°.
Therefore, M — HPeSpec(R)O M/PM is injective. A

Corollary B.4.39. Let R be a reduced noetherian ring and let M be a torsion-free R-
module. Then (\peags () PM = 0.

Lemma B.4.40. Let R be any ring and I,J two ideals in R with INJ = 0. Then the
following sequence

0—R-SR/ITGR/T S R/(I+J)—0

with ¢(a) = (a+ I,a+ J) and Yp(a+ 1,04+ J) = (a—b+ 1+ J) is exact.

Proof. Obviously, a € ker(¢) if and only if a € I N J = 0. Moreover, since v is taking the
difference of the entries, 1) o ¢ = 0. Now let ¢)(a + I,b+ J) be zero, that isa—b e I + J.
Hence there are a’ € I and & € J such that a —a’ =b—b in R. Then (a+ I,b+ J) =
(a—ad +1,b—b+J)=¢(a—ad) and thus ker(y)) C im(¢). O

Lemma B.4.41. Let R be a reduced ring with minimal prime ideals Py, ..., P,. Let
I=NicaPiand J=\ycp P with A,BC{1,...,m}, AUB ={1,...,m} and ANB = 0.
Then the injection R — R/I ® R/J extends to an isomorphism Frac(R) — Frac(R/I) ®
Frac(R/J).
Proof. We use the fact that for reduced rings R, the injection R < @;", R/P; extends
to an isomorphism Frac(R) — ;" Frac(R/P;), see [Liu02, 7.5.1]. So by assumption, we
have

R/I— D (R/D/(B/I)  and  R/J =D R/I)/(P/])

—_— —_—

€A 2 wp €8 = jpp,
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and these homomorphisms extend to isomorphisms

Frac(R/I) = EBR/P respectively  Frac(R/J) = EBR/P
icA i€B

In particular, the inclusion R — &, 4 5 R/F;, which does extend to an isomorphism
Frac(R) — @,;c 45 Frac(R/F;), factors through R/I ® R/J. Now since the homomor-
phisms R — @, 4,5 Frac(R/P;) and R — R/I ® R/J — @, 45 Frac(R/P;) coincide,
the assertion follows. O

Corollary B.4.42. Let R be a reduced ring with minimal prime ideals P, ..., Py, and we
set I; = ﬂ;zl P;. Then for alli=2,...,m the following sequence

0— R/ -2 BRI ® R/P; 25 R)(Ti1 + P) — 0

with ¢i(a+1;) = (a+ Li—1,a+ P;) and Yi(a+ Li—1,b+ P;) = (a — b+ I_1 + F;) is ezact.

Proof. Since R is reduced and Py, ..., P,, are all the minimal prime ideals of R, we have
PiNn...NP, =0in R. More general, R/I; is also reduced since all its minimal prime
ideals are P; + I;,..., P; + I; and thus their intersection equals the zero ideal I; of R/I;.
Moreover, I; 1N P; = I; and hence we can use Lemma B.4.40 to deduce the assertion. [J

Remark B.4.43. Let R be a ring and Iy C I, C ... C [, any chain of ideals. Let
fi + R — R/I; denote the canonical epimorphism r +— 7 + I;. Then f,, factors through
any R/I; for i = 1,...,m — 1. Moreover, we can naturally compose the f; to obtain a
homomorphism

R— R/ = R/Is — ...~ R/I,,_1 — R/I,

where R/I; — R/I;—1 maps r + I; to fiy1(r) = r + I;11. Then the above homomorphism
equals fp,. A

Definition B.4.44. We can extend the homomorphisms ¢; by the sum id; := id® of
m — i identity maps to obtain the maps

¢ @id;: R/L; & € R/P;— R/Li1 & R/Pi& P R/P;.
J=i+1 Jj=i+1

Now by Remark B.4.43, the composition (¢2 @ id2) o ... 0 (¢n—1 @ idp_1) 0 ¢ : R —
", R/P; equals the homomorphism ¢ : R — @;~, R/P; sending f to (f + P1,...,f +
Py). A

The following lemma just tells us that finding preimages of (fi+Pi, . .., fm~+Pn) iteratively
under ¢; @ id; yields a preimage under ¢.

Lemma B.4.45. Let the situation be as in Corollary B.4.42. Then (fi + Pi,..., fm +
P,) € @, R/P; lies in the image of ¢ : R — @, R/P; if and only if for alli = 2,...,m

(i7" + Lica, fi + Pi) € im(y). (4:10)

Here f{_l—FIZ’fl = (lsl-_jl(fl—l-Pl, o ,fifl —i—Pi,l) € R/Iifl fO’f’i > 3 and fll—l—Iz;l = f1 +P.
Proof. First of all, (fi_l + 11, fi + P;) € im(¢;) if and only if

(4 Lt i+ Py fn+ Pa) € (o, 81y,

We prove the assertion by induction on m, the number of minimal prime ideals of R. In
the case m = 2 we have I} = Pj, Iy = P; N P, and the homomorphism ¢ : R = R/l —
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R/P, & R/P» coincides with the homomorphism ¢9 : R/Iy — R/P, & R/P>. Hence the
assertion is true for m = 2.

Now assume the assertion to be true for all rings with m — 1 minimal prime ideals,
m > 2. Then consider R to have m minimal prime ideals Py,..., Py,. Then S := R/I,,_1
has m — 1 minimal prime ideals P.5,..., P,_15. Note that for all : = 1,...,m — 1 we
have an isomorphism given by

a;: R/P, —5 S/PS, r+ Pirs (r+ In_1) + Pi(R/Im_1).
Fort=2,...,m — 1 we set
Ji =N5_ (P;S) = (N5 P)S=LS C S

for which N
Bi : R/[i — S/JZ‘, r+1; — (T + Im—l) —I-IZ'(R/Im_l)

is an isomorphism for all ¢ = 1,...,m — 1. Let ¢; : S/J; — S/Ji—1 ® S/P;S and ¢; :
R/I; — R/I;_1 ® R/P; denote the respective diagonal homomorphisms. Then we easily
see that the following diagram commutes for all i =2,...,m — 1:

S)J - )0y @ S/PS

/31'1\ Tﬁi—l Tai (4:11)

R/I "% R/I,, & R/P
In particular, for f_l, fi € R we have
( f_l + IZ‘, fz + Pi—l) S 1m(¢z) = ( f_l + JZ‘, fz + Pz-_lS) & lm(”th) (4:12)

for all i = 2,...,m — 1. Here ff_l + J; and f; + P;_1.S denote the respective elements
induced by f{fl and f; in S/J;_1 respectively S/P;S. The following diagram is rather
obviously commutative:

Pm

» S®R/Pyy, ———— R/(Im—1+ Pp) — 0

¢m71@id

V-

@ 'S/PS®R/P, (4:13)

Yritarteid

~

@i, R/P & R/ P
Thus, by the commutative diagram in (4:13) and Corollary B.4.42, we have that
(fl +P17'-‘7fm—1 +Pm—17fm+Pm) € 11’Il((f))

if and only if

(i) (fi + A1S,..., fm—1+ Pyn—15) lies in the image of ¥,,_1, with preimage, say f{”‘l,
and

(11) 1m71 - fm € Imfl + Pm
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By induction hypothesis, (i) is equivalent to

( f_l + Ji, fi+ Pi—1S) € im(yy;)  forall i=2,...,m—1
and thus, by Eq. (4:12), equivalent to

(it + I, fi + P_q) €im(¢y)  forall i=2,....m—1

where f{ '+ I,y = ¢, (fi+P1,..., fic1+Pi—1) € R/Ii—1. By Corollary B.4.42, we have
that (ii) is equivalent to ( {"_1 + I—1, fm + Py) € im(¢y,) which thus finally provides
the assertion for the case m and thus finishes the proof. O

One wishes to extend the above insights into how to find preimages under the R-module
homomorphism M — []peags,(r) M/PM for suitable R-modules M. That is, can we
replace R by M and R/I by M/IM in the above analysis? The answer in general is
no. But if we consider M to be finite and torsion-free over R and R to be reduced and
noetherian, then we can extend the above theory to such modules.

Lemma B.4.46. Let R be a reduced noetherian ring with minimal prime ideals Py, . .., Pp,.
Let I = (Nica P and J = (\jep Py for A, B C{1,...,m} such that AUB = {1,...,m}.
Let M be a finite, torsion-free R-module. Then the sequence of R-modules

0— M -2 MJIM @& M/JM -2 M/(IM + JM) — 0

with ¢(m) = (m + IM,m + JM) and Y(m + IM,m' + JM) =m —m/ + (IM + JM) is
eract.

Proof. In general, we have
m
(ﬂ R) M = Zajmj | mj € M,a; € ﬂPi,mGN
icA j=1 icA
Let Z;”Zl ajmj € ((Niea Pi)M. Then a; € P; for all i € A and thus ajm; € ()4 PiM.
Therefore
IM = (ﬂﬂ)Mg () PM.

1€EA I€EA
The kernel of ¢ is obviously ker(¢) = IM N JM. Therefore,

IMNJMC ()| PM= ﬁRM
1€AUB i=1

and the latter is the zero submodule of M by Lemma B.4.23 and Corollary B.4.39. The
kernel of v is

ker(¢)) = {(m +IM,n+ JM) | m,n € M,m—n € IM + JM}.

Let (m + IM,n + JM) € ker(y). Then there are a € IM and b € JM such that
m+a=mn+0bin M. Hence

(m+IM,n+JM)=(m+a+IM,n+b+JM)=m+a+IM,m+a+JM)=¢(m+a)
and thus ker(¢) C im(¢). Conversely, any ¢(m) = (m + IM, m + JM) trivially satisfies

m —m = 0 € ker(y)). The surjectivity of ¢ is evident. O
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Corollary B.4.47. Let R be a reduced noetherian ring with finitely many minimal prime
ideals Py, ..., Py, and we set I; = ﬂ}zl P;. Let M be an R-ideal. Then for alli =2,...,m
the sequence of R-modules

0 — M/LM -2 M/I;_M & M/P,M -2 M/(I_1M + P,M) — 0

with ¢;(m + LM) = (m + Li_iM,m + P,M) and ¥;(m + L_1M,n+ PM) = m —n +
(l;—1 M + P;M) is exact.

Proof. We use Lemma B.4.46 successively starting with A = {1,...,m—1} and B = {m}.
This provides the exact sequence

0 — M = M/IyM 2% M/I,_1M & M/PyuM ™ M/(In1M + Py M) — 0.

By Lemma C.1.8, we know that the restriction M/I,,,_1M of the R-ideal M to R/I,;,—1
as defined in Definition C.1.9 is isomorphic to an R/I-ideal. This implies that we can
apply Lemma B.4.46 again to M /I,,—1 M and thus the assertion follows by induction on
the number m of minimal prime ideals of R. O

Lemma B.4.48. Let R be a local ring containing a field k and whose maximal ideal is m.
Let M be an R-module. Then leng(M) - dimy R/m = dimy(M).

Proof. We prove the assertion by induction on the length of M over R. By [Stal8, Tag
00J2], we have that leng(M) = 1 if and only if M = R/m as R-modules. Hence the
assertion is true for lengr(M) = 1. Now let the assertion be true for all modules of length
n. Let M be any R-module of length n 4+ 1 and let

0=MyC M C...C M, C Mpy1 =M
be a composition series for M. Consider the short exact sequence
0— M, — My11 — My1/M, — 0. (4:14)
Since the length is additive in short exact sequences, see [Stal8, Tag 00IV], we have
lenp(My11) = leng(M,) + leng(Mp4+1/M,).

By definition, the quotient M,1/M, is a simple R-module. Hence it has length one and
now the induction hypothesis provides
dimg (M,,)
1 M) = ———2>+1
enr(Ma+1) dim; R/m *
dlmk(Mn) dimk R/m
dimg R/m  dimy R/m

and hence leng (M, 1) -dimy R/m = dimy, R/m+ dimy(M,). The exact sequence in (4:14)
considered as a sequence of k-vector spaces splits and thus provides

dimg R/m + dimy, (Mn) = dimy, My 1
which completes the proof. ]

Lemma B.4.49. Let (R,m, k) be a local reduced k-algebra of dimension one where k is
a field. Assume R to have finitely many minimal prime ideals Py, ..., Py. Then for any
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reqular element a € R we have

dimy R/aR =Y _dim; R/(aR + P;).
=1

Proof. The proof relies on the equality

leng(R/aR) = Z leng, (Rp,) - leng/p,(R/aR + P;) (4:15)

=1

which is proved for R in the proof of [Liu02, 7.5.7]. Note that since R is reduced, by
Lemma B.4.29, we obtain that Rp, is a field and thus leng, (Rp,) = 1. Moreover, by

Lemma B.4.48, we obtain leng(R/aR) = dim;, R/aR - (dimj, k) ~! and analogously

leng/p,(R/aR + P;) = dimy R/aR + P; - (dimy(R/P;)/(m/P;))™!
= dimg R/aR + P; - (dimy R/m)~!
= dimy R/aR + P; - (dimy &) 1.

Plugging this into Eq. (4:15) provides the assertion. O

Lemma B.4.50. Let R be a ring and let M be a finite R-module. Then for any two ideals
I,J C R of R we have IM + JM = (I + J)M.

Proof. Let mq,...,m, be a generating set of M over R. Every element of the submodule
IM of M has the form > ;| a;m; with a; € I. We have

IM+JM={a+blacIMbe JM}

and thus

n n
IM+ JM = Zaimi+2bimi|aiel,biezf}
=1 =1

= {zn:(m%—bi)mi\aiGLbiGJ}

i=1

B.5 Algebraic Geometry

Recall that a topological space is called Kolmogorov if for any two distinct points z, 2’ €
X, x # 2/, there is a closed subset of X that contains exactly one of the two points.
Since singletons {z} C X of a topological space X are irreducible and the closure of
irreducible sets is irreducible, {QT} is a closed and irreducible subset of X. Therefore, if
X is Kolmogorov, then any two distinct points have distinct closures. Furthermore, recall
that a topological space X is called sober if every irreducible and closed subset of X
has a unique generic point. Thus, by definition, a topological space X is Kolmogorov
respectively sober if and only if the map

X — {Y|Y C X closed and irreducible}

v o (o) (5:16)
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is injective respectively bijective. In particular, sober topological spaces are Kolmogorov.
By [Stal8, Tag 0115], a scheme is sober and thus Kolmogorov.

Lemma B.5.1. Let X be non-empty, noetherian and irreducible topological space which
is sober. Then X has a unique generic point & with @ = X. Furthermore, any proper
closed subset Y C X does not contain €& and any non-empty open subset U C X contains
&, If X is moreover of dimension one, then any point x € X with x # £ is a closed point.
In particular, any finite set Y C X which does not contain & is closed in X.

Proof. Since X is sober, X has a unique generic point £ € X and thus X is the smallest
closed subset of X that contains £&. Hence every proper closed subset ¥ C X can not
contain £&. Now if U C X is a non-empty open in X, then its complement is a proper
closed subset of X and thus it cannot contain £ and hence £ € U.

Now assume X to be of dimension one. Since every noetherian space is quasi-compact,
see [Stal8, Tag 04ZA], we deduce that X has a closed point, see [Stal8, Tag 005E]. Let
y € X be distinct to € and set Y = {y}. Since {y} is irreducible, its closure Y = {y}
is irreducible, see [Stal8, Tag 004W]. Since y # &, the injectivity of the map in (5:16)
provides Y C X. Thus, by [Liu02, 2.5.5], we deduce dim(Y) = 0. Hence Y is a zero-
dimensional, noetherian and irreducible topological space which is Kolmogorov. Hence
there are no proper irreducible closed subsets of Y and thus {:T} =Y for every z € Y and
thus, by sobriety of Y, we deduce that z = y for all x € Y and thus Y = {y} is closed.

In particular, every set Y C X not containing £ only contains closed points and is thus
closed itself if it is finite. O

Proposition B.5.2. Let X be a noetherian and irreducible scheme of dimension at most
one. Then any proper closed subset of X is finite.

Proof. If X has dimension zero, every of its irreducible components has dimension zero as
well. But irreducible schemes of dimension zero are singletons. Since X is noetherian, it
has only finitely many irreducible components, see [Stal8, Tag 0BAg], and thus X itself
is finite. Let us consider the case that X has dimension one. Since X is noetherian,
it is quasi-compact, see [Stal8, Tag 04ZA]. Therefore, we can cover it by finitely many
affine open subsets. Thus it suffices to prove the assertion for X being affine. So let
X = Spec(R) such that R is a noetherian of dimension one with unique minimal prime
ideal Py. Now any proper closed subset V(I), with Py C I C R being an ideal of R, has
only finitely many irreducible components, see [Stal8, Tag 0BAS]. Any such component
corresponds to a prime ideal P O I D Py which is thus maximal since R is of dimension
one. Therefore, V(1) is the finite union of its components which are all closed points by
the above. Hence V(1) itself is finite. O

Lemma B.5.3. Let X be a noetherian scheme of dimension one and X1, ..., X, finitely
many distinct closed irreducible subschemes of X. For all i,j € {1,...,m}, i # j, the
number #X; N X of intersection points is finite. In particular, the total number of points
lying in at least two of the subschemes is also finite.

Proof. The intersection X; N X; is closed in both X; and X;. Since X is one-dimensional,
the subschemes X; are at most one-dimensional. By assumption, X; # X; for all 7 # j
and hence X; N X; is a proper closed subset of a noetherian and irreducible scheme of
dimension at most one. Therefore, Proposition B.5.2 provides the assertion. O

Lemma B.5.4. Let M be an R-module and let P C @ be two prime ideals of R. If
Mg =0, then Mp =0 as well. In particular, if Mp # 0, then Mg # 0 for all Q O P.
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Proof. Since P C @, we have R\ @Q C R\ P. By definition, every element of Mg can be
written as m/r with m € M and r € R\ Q. Moreover, m/r = 0 in M if and only if there
is some s € R\ @ such that sm = 0 in M. Assume Mg = 0, then by the above, for all
m € M there is s € R\ @ such that sm = 0. Let m/r € Mp with r € R\ P arbitrary be
an arbitrary element of Mp. By assumption, there is s € R\ @ C R\ P such that sm =0
and thus m/r is zero in Mp. Therefore, Mg = 0 implies Mp = 0. In particular, Mp # 0
implies Mg # 0. O

Corollary B.5.5. Let X be a non-empty noetherian scheme and let F be a quasi-coherent
Ox-module. If F¢ # 0 for some generic point of an irreducible component Z of X, then
Z C Supp(F).

Proof. Since the statement is of local nature, we may assume that X = Spec(R) is affine

and since F is quasi-coherent, we have F = M~ for some R-module M. Then the
statement follows from Lemma B.5.4. O
Lemma B.5.6. Let X be a reduced scheme with irreducible components Xi,..., X,.

Then for any schematically dense open subset U C X the ring monomorphism Ox(U) —
B, Ox,(UNX;) extends to an isomorphism

Frac(Ox (U)) — €D Frac(Ox, (U N X))
=1

Proof. This follows from [Liu02, 7.5.2]. O

Lemma B.5.7. Let X either be a projective scheme over an affine base or itself an affine
scheme. Then for every open cover U = {U; | i € I} of X, there is an affine open cover
V ={V; | j € J} which is a refinement of U, that is, for all j € J there is some i € I such
that V; C U;.

Proof. In both cases, X being projective over an affine base or itself being affine, for
every inclusion {P} C U; C X with P € X and open subset U; C X we find, due to
Corollary D.1.4 and Corollary D.1.3, an affine open subset V; p such that {P} C V; p C Uj.
Obviously, the V; p for P € U; cover U;. Thus V = {V; p |i € I, P € U;} is an affine open
cover of X which is a refinement of I/ as asserted. ]

Remark B.5.8. Let the situation be as in Proposition 3.2.3. Then Oy (f*D) = f*Ox (D).
We give the proof for the general Y and X as indicated in the proof of Proposition 3.2.3:

Consider D € Div(X) given by a configuration {U;, b;/a; }ier with a;,b; € Ox(U;). We
have Ox (D)y, = (ai/b;)Oy,. Now fix some U; along with its open immersion j : U; — X
for which then j*Ox (D) = Ox(D)y, holds. Then set V; = f~1(U;) along with its open
immersion h : V; — Y. Then, by construction, foh = jo fjy; and hence (f o h)*Ox (D) =
(jo fiv,)"O x (D). Since the pullback along the composition of morphisms is the reversed
composition of pullbacks, we obtain

R (fF(Ox(D))) = (foh)*Ox(D) = (j o fiv;)"Ox (D) = fjy,(i"Ox (D)) = f,Ox (D) ;-
As above, we have h*(f*(Ox(D))) = f*(Ox (D)), and thus

[ (Ox(D)v; = v, Ox (D), = fv,(ai/bi)Ou;,.
By definition of the pullback of sheaves of Ox-modules along f|y;, we have

fviaifb)Ou, = Ov, @510, fiy; (ai/bi)Ou,
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where the tensor product is defined over f“_/.l(’)Ui and Oy; is an fﬁ,}@yi—module via the
pullback morphism ffé : f‘;/.llCUi — Ky, (being the extension of fﬁ; : fﬁ/,lOUi — Oy,)
which itself is the restriction of the pullback morphism f# : f~'1Kx — Ky. Now we are
pretty much done since now locally the generator a;/b; can be pulled to the other factor of
the tensor product using the morphism ffé : fﬁ/l Ku, — Ky, over which the tensor product
is defined. The rest of the proof is the technical elaboration of the above idea.

By Lemma B.1.40, we have F# ®@po# G# = (F &%, G)# where O is a sheaf of rings on
X, F,G are presheaves of O-modules on X and ®% denotes the presheaf tensor product
as defined in Definition B.1.39. Applying this we obtain

Ovi ®fﬁ/}OUi fﬁ/ll (az/bz)OUz = O‘#/é ®(fﬁ}’p(9Ui)# (f|;/117p(al/b2)OUz)#

= (Oy; & fivi ¥ (i /b:)Ou, )

—1,p
f\Vi Ou;

where f‘;}vpf denotes the presheaf defined by V' +— lim fiv: (V)CU F(U) whose sheafification
k3 V; -

is fﬁ}]-" . Now we can apply that the tensor product commutes with direct limits, that
is, for (A;)ier a direct system of rings and (M;);er as well as (N;);es direct systems of
A;-modules, we have

@Mi Olig _ A; thz = @(Mi ®a; N;).
el iel iel

This provides an isomorphism of presheaves on V;
Ov @150 iy, P (ai/b:)Ou, — | V = limy Ov:(V) @ox ) (ai/bi)juOx (U))
v; Ui U: fiv,(V)CUCU;

where the tensor product on the right hand side is defined via the ring homomorphism
1 (V) 1 Ku(U) = Ky, (V). Hence

Oy, (V) ®oy ) (ai/bi)juOx (U)) = f@(V)(ai/bi)Ow(V)
and therefore

O, &1, iy " (@i/1)O0, = [V lim I (V) (@i /b)) Ov (V)
v Ui U: fiv, (VICUCU;

as presheaves. We easily see that the sheafification of the latter is the sheaf f‘ﬁ (Vi)(ai/bi) Oy,
and thus isomorphic to the sheafification of the former, which is f*(Ox (D)) ;. Therefore

as asserted. A

Lemma B.5.9 (Projection Formula, [Stal8], Tag 01ER). Let f : X — Y be a morphism
of locally ringed spaces. Let F be an Ox-module. Let G be a finite locally free Oy -module.
Then there are isomorphisms for all v > 0:

G ®o, R fx F — R" fo(F ®0, f7G)
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In particular, G @0y, f«F — fo(F @0y [*G).

Theorem B.5.10 ([GW10], 11.51). Let F be a locally free sheaf of rank r on PL. Then
there are uniquely determined integers di > ... > d, such that F = @._, Op1(d;).

Lemma B.5.11. Let A € Z. Then we have

0 ¢<0 -1, £<0
dimy, H® (P}, Opi(£)) =< . dimy H' (P, Op1(0)) = ’
k HY (P, Opi (0)) {erl, 0>0 k H' (P, Opi(0)) 0, 00
(5:17)
Proof. This is the combination of [BPoMSS02, Lemmas 6.2, 6.7, 6.8, 6.9]. O

Lemma B.5.12 ([GW10], 12.37). Let f: X — Y be an affine morphism of schemes and
let F be a quasi-coherent sheaf on X. Then H (Y, f.F) = H' (X, F).

Definition B.5.13. Let k be a field. Let X be a proper scheme over k. Let F be a
coherent Ox-module. The Euler-Poincaré characteristic of F over k or shorter the
Euler characteristic of F over k is defined as the integer

Xe(X, F) =) dim H (X, F).
i>0

Sometimes if k¥ and X is known from the context, we may write x(F) instead of x (X, F).
A

Lemma B.5.14 ([Stalg], Tag 08AA). Let k be a field. Let X be a proper scheme over k.
Let 0 = F; — Fo — F3 — 0 be a short exact sequence of coherent Ox-modules. Then

Xk(X, F2) = xk(X, F1) + xk(X, F3).
Lemma B.5.15 ([Stal8], Tag 0AYT). Let k be a field. Let X be a proper scheme over k.

Let F be a coherent sheaf with dim(Supp(F)) < 0. Then
(i) F is generated by global sections,

(ii) HY(X,F) =0 fori>0,
(iii) x(X,F) = dim; I'(X, F), and
(iv) x(X, F®&)=nx(X,F) for every locally free module £ of rank n.

Lemma B.5.16. Let f : Y — X together with f# : f~1Ox — Oy be an affine morphism
of schemes for which the restriction of divisors is defined (see Definition 3.2.5). Let
H = hOx with h € Kx(X)* be an Ox-ideal. Then f*H = f#(X)(h)Oy.

Proof. First of all, by Remark 3.2.1, we have a pullback map of regular functions f# :
f~1Ox — Oy. By assumption on f, Ox — f.Oy extends to Kx — f.Ky and, by
[GW10, 2.27], we obtain that this datum is equivalent to f~'x — Ky. Here the latter
indeed is the extension of f~!Ox — Oy and hence, by a bit more abuse of notation, we
denote f'Kx — Ky also by f7.

By assumption on f, any affine open cover X = U;c;U; of X provides an affine open
cover Y = U;erV; of Y with V; = f~1(U;). Then, by definition, we have (fﬁ,}]—")(Vz) =
F(U;). By [Liu02, 5.1.12], we have

(f*F)Vi) = (Oy @10, [T F) (Vi)
= (Oy (Vi) ®(r10x)(vi) (fT R W)
= Oy (Vi) ®oxw,) F(Ui)
= Oy (Vi) ®oxw,) M, Ox (Us).
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The tensor product is defined via the morphism f# : f~1Oy — Oy which extends to
f#: f~'Cx — Ky. Hence

(f*F)(V;) = F#(Vi) (hp,) Oy (Vi) ®o ) Ox (Us) = f# (V) (b, ) Oy (Vi)
= [#(X)(h)v, Oy (Vi)

and thus (f*F)y, = f#(X)(h),Ov, = (f#(X)(h)Oy)y,. Thatis, f*F as an Oy-subsheaf
of Ky is equal to the sheaf f#(X)(h)Oy, see Corollary B.1.30. O

Lemma B.5.17. Let X be a noetherian scheme. Then for every point x € X and affine
open neighborhood U of x there is some non-zero-divisor g € Ox (U) such that x € Dy (g).

Proof. Since X is noetherian, it has finitely many irreducible components, say X1,..., Xm,
with unique generic points &1, ..., &y, respectively. Set E = {x,&,...,&y,}. Since X is
noetherian, it is quasi-compact and quasi-separated and thus we can apply Lemma D.1.2
to E CW = U and £ = Oy and obtain s € Ox(U) such that E C Xg C U. Since
X, contains E, s¢, is non-zero for all 4 = 1,...,m and thus no zero-divisor in Ox(U).
Furthermore, we have z € Dy (s). O

Lemma B.5.18. Let X be a proper scheme over a field k. If dim(X) < 1, then X is
projective over k.

Proof. This is [Stal8, Tag 0A26] which says that X is H-projective and then we use
[Stal8, Tag 0B45] which states the equivalence of being projective and H-projective for
schemes over some field. O

Corollary B.5.19. Let X be a scheme over a field k with dim(X) < 1. Then X is
projective if and only if X is proper.

Proof. The only if part is [Liu02, 3.3.30] and the if part is B.5.18. O

Lemma B.5.20. Let ¢ : A* — A be a homomorphism of rings such that dim(A") =
dim(A). Let A’ be an integral domain and let the corresponding morphism of affine schemes
be finite. Then ¢ : A" — A is injective.

Proof. This follows from [DG67, 1. 1.2.7]. O

Lemma B.5.21 ([KM98], 5.4). Let f : X — Y be a finite morphism of one-dimensional
schemes. Let F be a coherent sheaf on X with Supp(F) = X. Then f.F is S if and only
fo 18 Sl.
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Appendix C

Properties of R-Ideals and
O x-Ideals

In this chapter we introduce the local respectively affine variants of Ox-ideals, the so
called R-ideals where R is the respective affine coordinate ring. Analogously to Ox-ideals
being a kind of generalisation of sheaves of ideals, R-ideals will be a kind of generalisation
of ordinary ideals of the ring R (which do not solely consists of zero-divisors from R). To
be precise, R-ideals will be fractional ideals of R that are invertible at the minimal prime
ideals of R. We will define the degree of R-ideals and then use it to define the degree of
divisors and the degree of Ox-ideals. To properly define the degree of divisors, we have
seen in Definition 3.1.10 that we need to work on a scheme that has dimension at most
one. Therefore, we will introduce R-ideals for rings R of Krull dimension at most one.
Moreover, we assume R to be an algebra over a field k since we will define the degree of
R-ideals as the finite dimension of a quotient vector space over k. Frankly speaking, the
theory behind R-ideals does form some of the important basis of working with divisors
and Ox-ideals.

The chapter is organised as follows: In Section C.1 we will define R-ideals and their
degree. We will show that there are useful notions of restricting R-ideals to irreducible
components of Spec(R), of how R-ideals may be localised and of the quotient of R-ideals.
We will see that the degree of R-ideals satisfies useful properties. For instance, it may
be computed locally, it behaves additively for products of R-ideals if one of the factors
is invertible and the degree of an invertible R-ideal can be computed as the sum of the
degrees of its restrictions to irreducible components of R.

In Section C.2 we provide a statement that characterises the image of the natural map
M — @, M/P;M where M is an R-ideal and Pi,..., P, denote the minimal prime
ideals of R. This will be used in Section 5.7.1 to prove the existence of modification
functions in a geometric fashion.

In Section C.3 we collect a few general properties of Ox-ideals that are not concerned
with their degree. For instance, we show that quotients of Ox-ideals have finite support
which can be used to apply the Approximation Theorem 5.7.1 in Section 5.7.1.

Finally, in Section C.4 we define the degree of Ox-ideals and examine its properties.
Since the degree of R-ideals could be computed locally, we define the degree of Ox-ideals
locally an then show that it can also be computed globally using the Euler characteristic
of the respective Ox-ideal. We will show that the degree of Ox-ideals naturally inherits
basically all of the properties of the degree of R-ideals. At the end of Section C.4 we
translate the most important properties of the degree of O x-ideals to the degree of divisors.
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C.1 Degree of R-Ideals over k

In this section k£ denotes a field and R a noetherian ring of Krull dimension one which
is a finite residual-type k-algebra, see Definition B.4.3. A common example of such rings
are the rings of regular functions Ox (U) for X a curve of finite residual-type over k and
U C X some open subset.

Remark C.1.1. Let X be a cover of IP’,lg. Then, by Lemma 2.2.20, the affine coordinate ring
R € {Ry, R, Og} of Vjy, Vi respectively S satisfies the above properties. Moreover, R is
also Cohen-Macaulay. A

Definition C.1.2. Let M be a finitely generated R-submodule of Frac(R). We call M
an R-ideal if it is invertible at the minimal primes of R. A

Example C.1.3. Let I C Frac(R) be an invertible ideal of R. Then I is an R-ideal since
it is invertible at all primes of R and a fortiori at the minimal ones. A

Note that for an R-ideal M there always is, by taking the common denominator of a
generating set, a regular element f € R such that fM C R.

Lemma C.1.4. Let M be a finitely generated R-submodule of Frac(R). Then M is in-
vertible at all minimal prime ideals of R if and only if for all reqular f € R such that
fM C R we have R/fM has Krull dimension zero.

Proof. Assume that M is invertible at all P € Spec(R)?. We prove that the ideal fM C R
is not contained in any minimal prime of R. Otherwise, there is some minimal prime P €
Spec(R)? such that fM C P and thus A(f)Mp < PRp where A : R — Rp denotes the
localisation homomorphism. Moreover, by assumption, we have an isomorphism u : Rp —
Mp which provides an Rp-module monomorphism ¢ : A\(f)Rp < PRp. Since ¢ is Rp-
linear, it maps A(f)r — A(f)p(r) into PRp. Since f € R is regular, by Lemma B.4.13, we
have f ¢ P and thus A(f) ¢ PRp. In particular, ¢ provides an Rp-module monomorphism
h : Rp — PRp which is absurd. Indeed, since PRp only contains zero-divisors, see
Corollary B.4.14, the generator h(1) of h(Rp) is a zero-divisor with b € R\ {0} such that
b-h(l) = 0. Hence h(b) = b-h(1) = 0 and thus h maps b to zero. Therefore, if M
is invertible at the minimal prime ideals of R, then fM ¢ P for all P € Spec(R)?. In
particular, R/fM has Krull dimension strictly lower than that of R, that is, dimension
Zero.

Conversely, assume that for all regular f € R such that fM C R we have that R/fM
has Krull dimension zero. In particular, for every minimal prime ideal P € Spec(R)° we
have fM ¢ P. Since f € R is regular, the R-module homomorphism M — fM given
by the multiplication with f is an isomorphism and hence the localised homomorphism
Mp — A(f)Mp stays an isomorphism (due to localisation being exact). Moreover, since
fM embeds into R, exactness of localisation provides again that we obtain a commutative
diagram

M——- fM — R

L)
Mp —— M f)Mp —— Rp

which thus provides that A\(f)Mp embeds into Rp. Hence A(f)Mp is an ideal in Rp whose
corresponding ideal fM in R is not contained in P and thus satisfies A(f)Mp Z PRp.
Hence A(f)Mp = Rp and thus Mp is isomorphic to Rp. O

If R does not only contain the field & but is also a finite ring extension of k[z] of degree n
for some transcendental z, then any R-ideal will be free of rank n over k[z].
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Definition C.1.5. Let R satisfy S;. Let J, I be two R-ideals. Then the R-ideal quotient
of J by I is defined as (J : I) := {a € Frac(R) | al C J}. A

Lemma C.1.6. Let R satisfy S1. Let J,I be two R-ideals. Then (J : I) is an R-ideal.
Moreover, I is invertible if and only if I(R : I) = R. In particular, if I is invertible, then
(J:I)=JI! for all R-ideals J.

Proof. Tt is straight forward to prove that (J : I') is an R-submodule of Frac(R). Since R
satisfies Sq, by Proposition C.1.10, we know that being invertible at the minimal primes
of R is equivalent to containing a regular element of R. Thus there is some f € I and
g € J which are regular. In particular, g C JI C J and thus g € (J : I). Thus we are left
to prove that (J : I) is finitely generated as an R-module. We have a natural R-module
homomorphism
U:(J:I) — Hompg(I,J)
a = ¢q

where ¢, : I — J, b+ ab. If ¥(a) = ¢, = 0, then for all b € I we have ab = 0. But since
f € I regular, we obtain @ = 0. Hence ¥ is an R-module embedding. Since both I, J are
finitely generated and R noetherian, the R-module Homp(7, J) is finitely generated and
a fortiori the same is true for (J : I).

By [Eis95, 11.6 (d)], we have that I is invertible if and only if I(R : I) = R. By
definition, we have J(R : I) C (J : I). Multiplying with I provides (since [ is invertible)
J=J[R:NIC(J: I CJand thus (J: I)I = J. Then multiplying with I=! finally
provides (J : I) = JI~! as asserted. O

Basic properties of localisation provide that being an R-ideal carries over to arbitrary
localisations of R.

Lemma C.1.7. Let M be an R-ideal and S C R a multiplicative subset of R. Then S™'M
can be considered as an S™'R-ideal.

Proof. First of all, since M C Frac(R) and Frac(R) = U~'R for U being the set of regular
elements of R, we have, by [Stal8, Tag 02C6], that S~'M — S~Y(U'R) = (SU)"'R.
Here SU = {su | s € S,u € U} for two multiplicative subsets S,U of R and S denotes
the image of S under the localisation map Ay : R — U~ 'R. By symmetry, we obtain
STIM — (SU)'R = U~1(S7'R) where U denotes the image of U under the localisation
map Ag : R — S™!R. Since \g sends regular elements to regular elements, we have that U
is contained in the set V' C S~!'R of regular elements of S~!R. Hence, by further localising,
we obtain an embedding U~1(S7'R) — V~1(S7!R) = Frac(S™'R) which finally yields
S™IM — Frac(S™'R) as S~!R-modules. Hence we may regard S~ M as an S~ R-ideal.

By assumption, we have Mp = Rp for all Spec(R)". The prime ideals Spec(S~'R)
in ST!R are exactly those of the form S~!P for P € Spec(R) with PN S = () and
Spec(STIR)? = {S71P € Spec(S7'R) | P € Spec(R)"}. Thus consider the localisation
(S~'M)g-1p of STIM at the minimal prime ideal S~!P of S~!R. By [Stal8, Tag 02C(]
again, we have (S™'M)g-1p = Ap(S) ! Mp where A\p : R — Rp denotes the localisation
homomorphism. Since S~'P € Spec(S~!R), we have PNS = () and thus S C R\ P which
provides Ap(S) € Rp*. Moreover, by assumption, we have Mp = Rp as Rp-modules
for all P € Spec(R)?. Hence (S™'M)g-1p = Ap(S)Mp = Mp = Rp and the latter is
isomorphic to (S7!R)g-1p due to [Stal8, Tag 02C6]. O

Lemma C.1.8. Let M be an R-ideal. Let Pi,..., P, denote all of the minimal prime
ideals of R and set I = (\pcp for some B C{Py,...,Py}. Then M/IM is isomorphic to
an R/I-ideal.

Proof. This is a combination of the Lemmas B.4.35 and 4.1.2. O
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Definition C.1.9. Let M be an R-ideal. Let I = NpcpP for some B C Spec(R)". Then
we define the restriction of M with regards to I as M/IM. If I = P for P € Spec(R)?,
then we call M/PM the restriction of M to the irreducible component Spec(R/P)
of Spec(R). Lemma C.1.8 shows that M/IM is isomorphic to an R/I-ideal. In general,
we will identify M /IM with that R/I-ideal. A

Proposition C.1.10. Let M C Frac(R) be a finitely generated R-module. If M contains
a reqular element, then M is an R-ideal. If R satisfies S1 and M is an R-ideal, then M
contains a reqular element.

Proof. Let M contain the regular element ¢ € R. The finiteness assumption provides a
regular g € R with ga € gM C R being regular. In particular, by Corollary B.4.14, we
have ga ¢ P for every minimal prime ideal P of R. Therefore for any minimal prime P
the image of ga in Mp is a unit in Rp. Hence Mp is invertible at P.

Now assume R to satisfy S;. Let M contain no regular element of R. Then every nu-
merator of M is a zero-divisor and thus, by the finiteness assumption, there is some regular
g € R such that gM C R. Moreover, by [Stal8, Tag 00LD], we have gM C UPGASSR(R) P.
But since R satisfies 1, we have Assr(R) = Spec(R)?. The prime avoidance lemma
Lemma B.4.5 now provides that gM C P for one minimal prime P € Spec(R)". Then
Mp — gMp C PRp and therefore Mp cannot be isomorphic to Rp as an Rp-module since
PRp only contains zero-divisors and thus every Rp-module homomorphism Rp — PRp
fails to be injective (as in the proof of C.1.4). O

Corollary C.1.11. Let R satisfy S1. Then a finitely generated R-submodule of Frac(R)
18 an R-ideal if and only if it contains a reqular element of R.

Remark C.1.12. Let M be an R-submodule of Frac(R), i.e. M is a fractional ideal of
R. Then M is torsion-free as an R-module. Indeed, assume am = 0 where a € R and
m € M. Write m = b/c with b,c € R. Then ab/c = 0 in Frac(R) which is equivalent
to the existence of some regular d € R such that abd = 0. Since d is regular, this yields
ab = 0 and thus a is a zero-divisor in R. A

Proposition C.1.13. Let N C M be two R-ideals. Then Supp(M/N) is finite.

Proof. By [Eis95, Cor. 2.7], we have Supp(M/N) = V(Ann(M/N)). We have Ann(M/N)
={x € R|xM C N}. Moreover, N, M C Frac(A) and there is some regular a € R such
that aM, aN C R. Then zM C N if and only xzaM C aN and hence Ann(M/N) D
Ann(M)UaN. Then

Supp(M/N) C V(Ann(M)UaN) C V(aN)

and since N is an R-ideal, R/aN is a zero-dimensional noetherian ring, see Lemma C.1.4,
and hence artinian, due to [Stal8, Tag 00KH]. Moreover, by [Stal8, Tag 00JB], R/aN is
equal to the finite product of its localisation at its maximal ideals. In particular, V' (aV)
is finite. O]

A lot of the analysis that follows can be easily extended to the more general case of
R-vector-bundles of rank r which we may define analogously to R-ideals as finitely
generated R-submodules of Frac(R") = Frac(R)" that are free of rank r at the minimal
primes of R. These represent the affine respectively local model of generalised vector
bundles which are introduced in Section 4.1 and defined in Definition 4.1.1. Analogously
to the case of R-ideals, R-vector-bundles will be free over any principal ideal domain A
if R is free over A, see Lemma 4.1.8. But similar to our treatment of generalised vector
bundles in Section 4.1 and in this thesis in general, we also restrict ourselves in this section
to the case of R-vector-bundles of rank 1 which are precisely the R-ideals.
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We would like to define a degree of R-ideals over k. For integral R-ideals M we could
define the degree of M in terms of the dimension of the k-vector space R/M. We can
extend this to the general case by using a “wedging element” f € R with fM C R.

Definition C.1.14. Let M be an R-ideal and let f € R be regular with fM C R. We
define the degree of M over k as

degy, M = dimy, R/ fM — dimy M/ fM.

In the following we will call such an f a wedging element of M. The above definition-
itself depends on f, but we will show that it is independent of the choice of f. A

Remark C.1.15. In the case that both R and M have finite dimension over k, we can
consider the two following exact sequences of k-vector spaces

0O — fM — R — R/fM — 0
0O — fM — M — M/fM — 0

for any wedging element f € R for M. This provides

dimkR—dimkM = dimk R/fM - dimk M/fM
= deg; M. A

Next we want to show that the degree of R-ideals is finite. To do so, we need the following
elementary statement.

Lemma C.1.16. Let N < M be two torsion-free R-modules. Let a € R be a reqular

element. Then
¢: M/N — aM/aN
m+N — am+alN

is an isomorphism of R-modules.

Proof. Let m+N = m+n+N € M/N withn € N. Then clearly ¢(m+N) = ¢(m+n+N)
and thus ¢ is well-defined. By definition, we have aM = {am | m € M}. Thus the
homomorphism is surjective. If am + aN = ¢(m + N) is zero in aM/aN, then am € aN
and thus, by the above, we have am = an for some n € N. In particular, a(m —n) = 0
and since a was regular and M is torsion-free, we must have m = n which proves that ¢
is injective. [

Lemma C.1.17. Let M be an R-ideal and let f € R be reqular with fM C R. Then the
degree deg;. M is finite. Moreover, the dimensions over k involved can be computed locally,
that is

dimgy R/fM = ZPGSpeC(R)o dimy Rp/fMp = ZPESPec(R)O deg, fMp and
dimy M/fM = ZPESpeC(R)O dimy Mp/fMp.
yielding
degy M = Y dimy Rp/fMp —dimy Mp/fMp =Y degy Mp.
PeSpec(R)o PeSpec(R)o

Proof. Note that R is a finite residual-type k-algebra. Since M is an R-ideal, fM is
an integral ideal of R such that R/fM has Krull dimension zero, see Lemma C.1.4.
Thus, by Lemma B.4.7, dimy R/fM is finite. Moreover, by Lemma C.1.16, we have a

monomorphism of k-vector spaces M/ fM =N fM/f?M — R/f?M and, by the above,

263



C.1. Degree of R-Ideals over k Chapter 3

the latter has finite dimension over k. That is, both dimy R/fM and dimy M/fM and
thus deg; M is finite. The part about computing the dimension as the sum over the
localisations is also due to Lemma B.4.7. ]

To visualise this, consider the following diagram

M R

& b~
M

in which the number along the arrow indicates the respective k-dimension of the quotient.
Thus we have deg; M = d; — da. Note that if M C R, then we may take f = 1 and thus
do = 0 which then provides deg;,, M = d;.

We now show that the definition is independent of the wedging element. To do so, we
need the following elementary result.

Lemma C.1.18. Let R be a ring and let M be an R-ideal with fM C R and f € R
reqular. Then for all ideals I C R we have the following exact sequences:

0 — fR/fIM — R/fIM — R/fR — 0
0 — fM/fIM — M/fIM — M/fM — 0

In particular, if R contains a field k and if IM C R holds, then we obtain

dimgy R/fIM = dimy R/IM + dimgR/fM
dimy M/ fIM dimy M/IM + dimy M/ fM.

Proof. The exactness of the sequences is evident. The dimension implication follows by the
additivity of the dimension along exact sequences of finite dimensional vector spaces and

by the isomorphism given in Lemma C.1.16. Note that M is torsion-free by Remark C.1.12.
O

Proposition C.1.19. The definition of the degree of R-ideals is independent of the choice
of the wedging element.

Proof. Let M be an R-ideal. By assumption, there is some regular f € R with fM C R.
Now take another regular ¢ € R such that gM C R. Consider the following diagram in
which the numbers attached to an arrow denote the k-dimension of the respective quotient:

e dy
™ : <

By Lemma C.1.16, we have M/fM = gM/qgfM for all regular g € R. By Lemma C.1.18,
the numbers on the arrows in the diagram behave additively, that is, we have d = d2 + €2
and e = e; + do. In particular, e — d = e; — e3. Moreover,

di—dy=dy—dy+ex—ex=di+ex—(da+ex)=e—d
which proves ey — es = di — do. ]

Using the exact sequences of Lemma C.1.18 we obtain a surprising result:
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Lemma C.1.20. Let M be an R-ideal and f € R regular with fM C R. Then dimy; R/fR =
dimg M/fM. In particular,

deng = diIn]C R/fM— dimk R/fR
= deg, fM — deg;, fR.

Proof. We consider the degree of M and expand the terms appearing by another wedging
element g: Let f,g € R be two regular wedging elements for M. Then

deg, M = dimy R/fM — dimy, M/fM
Lemma C.1.16 ~ = dimy gR/gfM — dimy gM /g f M
Lemma C.1.18 ~» = (dimy R/gfM — dimy R/gR) — (dimy M /gfM — dimy M /gM)
= (dimy R/gfM — dimy M /gf M) + dimy M /gM — dimy R/gR.

=deg;,, M

Now subtracting deg; M on both sides provides dimy M/gM = dimy R/gR. O

Hence for integral R-ideals we see that Lemma C.1.20 can be applied to any regular
element of R. This together with the isomorphism from Lemma C.1.16 provides the
following result.

Proposition C.1.21. Let M be an R-ideal. Then for any regular a € R we have
dimy M/aM = dimy R/aR.

Proof. Let f € R be regular with fM C R. We may apply Lemma C.1.20 to fM and any
regular a € R, since any such a is a wedging element for f M, to obtain dimy fM/a(fM) =
dimy R/aR. Now by Lemma C.1.16, we have the isomorphism of R-modules M/aM =
fM/a(fM) which then finally provides the assertion. O

Combining Lemma C.1.20 and Lemma C.1.17 provides the following Corollary.
Corollary C.1.22. Let M be an R-ideal and let f € R be reqular with fM C R. Then

degg M= Y degyMp= Y  deg, Mp
PeSpec(R) PeSpec(R)o

where Mp is regarded as an Rp-ideal, see Lemma C.1.7.

Proof. As mentioned above, the assertion is the combination of Lemmas C.1.17 and C.1.20.
O

Lemma C.1.23. Let M be an R-module and a € R reqular. The map ¢ : a~*M/M —
M/aM with p(a~tm + M) =m + aM is an R-module isomorphism.

Proof. That ¢ is well defined follows from
atm+m'+ M=a"tm+atam + M =at(m+am')+ M
and therefore

olatm+m + M) =pla (m+am)+ M) =m+am’ +aM = m + aM
= ¢(a"tm + M).

The map ¢ is obviously surjective and R-linear. Let p(a™'m 4+ M) = m +aM = aM
which is equivalent to m € aM. Then m = am’ for m’ € M and thus a~'m € M which
finally provides the injectivity. O
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Corollary C.1.24. Let M be an R-ideal and let a € R be a reqular element. Then
dimg a ' M/M = dimy, M /aM = dimy, R/aR.
Proof. Combining Lemma C.1.23 and Proposition C.1.21 provides the assertion. O
Proposition C.1.25. Let M be an R-ideal and I C R be an ideal of R. Then
dimy M/IM = deg;, IM — deg;, M.
Proof. Let f € R be regular with fM C R. Consider the exact sequence
0— fM/IfM — R/IfM — R/fM — 0
which, by Lemma C.1.16, provides
dimy M/IM = dimy R/IfM — dimy R/ fM. (1:1)
By Lemma C.1.20, we have
deg;, M = dimy R/ fM — dimy R/ fR.
Since f is also a wedging element for I M, we analogously have
deg, IM = dimy R/IfM — dimy R/ fR.
Therefore,

degy, IM — deg, M = (dimy R/IfM — dimy R/fR) — (dimy R/fM — dimy, R/ fR)
= dimy R/IfM — dimy R/ fM
(1:1) ~ = dimy M/IM. O

The following two results show that invertible R-ideals behave very well with respect to
the degree. They show that the degree is additive if one of the factors is invertible and
that the degree of an invertible R-ideal can be computed as the sum of the degrees of its
restrictions to the irreducible components of Spec(R).

Proposition C.1.26. If M is an invertible R-ideal and I any R-ideal, then
deg), IM = deg;, I + deg;, M.

Proof. First, we prove the statement for I C R and then extend the result to arbitrary
R-ideals I. By Proposition C.1.25, we have deg;, IM = deg;, M + dimy M /IM and thus
we are left to prove that dimy M/IM = dimy R/I since the latter is equal to degy, I. By
Eq. (1:1) in the proof of Proposition C.1.25, we have

dimy M/IM = dimg R/IfM — dimy, R/ f M.
Hence, if we set J = fM C R, it suffices to show that
dimy R/1J — dimy R/J = dimy, R/I (1:2)

holds for integral and invertible R-ideals J. By Proposition C.1.19, the degree of an

266



Chapter 3 C.1. Degree of R-Ideals over k

integral R-ideal I equals dimg R/I and thus, by Corollary C.1.22, we have

dimg R/IJ = )  dimg Rp/IpJp.
PeSpec(R)

Now since J is invertible, for all P € Spec(R) we have Jp = apRp for some ap € Rp. For
any two integral R-ideals I, J we have the exact sequence

0—J/IJ— R/IJ— R/J—0

which then provides
dimy R/1J = dimy, J/IJ + dimy, R/ J.

Applying this to Ip and Jp = apRp we obtain

dimy Rp/IpJp = dimy Rp/aplp = dimgapRp/aplp + dimy Rp/apRp
Lemma C.1.16 ~ = dimy Rp/Ip + dimy Rp/apRp
= dimkRp/Ip+dimkRp/Jp.

Hence

dimg R/IJ = > dimy Rp/IpJp
PeSpec(R)

= Y dimyRp/Ip+dimy Rp/Jp
PeSpec(R)

= Z dimkRp/Ip—f— Z dimkRp/Jp
PeSpec(R) PeSpec(R)

= dimg R/I + dimy R/J

as desired. This proves the assertion in the case I C R.
Now let I be an arbitrary R-ideal. There are regular wedging elements f,g € R such
that fM C R and gI C R. Now using Lemma C.1.20 we obtain

deg; IM = deg;, fgIM — deg;, fgR. (1:3)
Now since fgI C R, we can apply what we have shown above and have
deg;, fgIM = deg, fgl + deg;, M.
Plugging this into Eq. (1:3), we obtain
deg;, IM = degy, fgl + deg;, M — deg, fgR

and, by Lemma C.1.20 again, we have deg;, fgl —deg; fgR = deg;, I which finally provides
the assertion. ]

Lemma C.1.27. Let I, J be two R-ideals such that J C I. Then deg; J > deg,, I.

Proof. Let f be wedging elements of I, i.e. fJ C fI C R. Then the surjection R/fJ —
R/ fI provides an exact sequence of R-modules

0— fI/fJ— R/fJ — R/fI — 0

where fI/fJ = 1/J by Lemma C.1.16. In particular, since all of the above k-vector spaces
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are finite dimensional, we obtain

dimg R/ fJ = dimg R/ fI + dimy, 1/J
——

= degy, J = degy, I >0

and thus the assertion. O

Lemma C.1.28. Let M € InvId(R) be an invertible R-ideal. Then

m
degy M = deg), M/P;M
=1

where Py, ..., Py, denote the minimal prime ideals of R and M/P;M denotes the restriction
of M to an R/P;-ideal, see Lemma C.1.8 and Definition C.1.9.

Proof. First of all, by Corollary C.1.22, we may compute the degree of M as the sum of
the degrees of Mp for P € Spec(R)p. Since M is invertible, we have Mp = Rp for every
P € Spec(R). There is some regular f € R such that fM C R and thus A\(f)Mp C Rp is
an ideal of Rp and isomorphic to Mp = Rp. Here A : R — Rp denotes the localisation
homomorphism. So

)\P(f)MPv fMgP

Rp, otherwise,

-

and in the former case Ap(f)Mp is a proper ideal of Rp which is free of rank one over
Rp. Hence Ap(f)Mp = Ap(a)Rp for some a € R in that case. In the latter case we have
deg;, Mp = 0 and in the former we have

degy Mp = degy Ap(f)Mp — deg, Ap(f)Rp
= degyapRp — deg, A\p(f)Rp

where we set ap = Ap(a). By Lemma B.4.49, the degree of a principal R-ideal can be
computed as the sum of the degrees of the restrictions to the irreducible components of
Spec(Rp), i.e.

degy, Mp = deg,apRp — deg; Ap(f)Rp

= > (degy(apRp + PiRp) — degy(Ap(f)Rp + PiRp)). (1:4)
P,CP

Now fix some minimal prime P; € {P,..., P,} such that P, C P. By Remark B.4.36,
we have that the f € R from above satisfies (f + P;)(M/P;M) — R/P;. Since M is
invertible, we have (M/P,M)p = Rp/P;Rp = (R/P;)p and thus M/P;M is invertible as
an R/P;-module as well. Similar to above, we have

(Ap(f)+ P;)(Mp/P;Mp), fM,P;C P

((f_'_a)(M/PiM))P_{(R/Pi)P, fMZPVP P

and in the former case (Ap(f) + P;)(Mp/P;Mp) = (Ap(a) + PiRp)(Rp/P;Rp) with the
same a € R as above. Therefore, with the same line of argument as above, we obtain

degy M/P,M = ) degy(M/PM)p
PeSpec(R/P;)o

= Y deg,(Ap(a)Rp + PiRp) — degy(Ap(f)Rp + PRp)
pcp
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which yields

> degy M/P,M = > > degy(\p(a)Rp + P;Rp) — degy(Ap(f)Rp + P;Rp)
i—1 i—1 P,CP

= Y. Y degi(Ap(a)Rp + P,Rp) — deg;,(Ap(f)Rp + PiRp)
PeSpec(R)o PiCP

Eq. (1:4) ~ = Z deg;, Mp
PeSpec(R)o
= deg, M
as asserted. ]

C.2 R-Ideals and Approximation of Elements and Bases

In this short section we provide the analogue of Lemma B.4.45 for R-ideals. The next
lemma tells us how to construct elements in the restrictions M/P;M of an R-ideal M that
will actually come from an element of M itself.

Lemma C.2.1. Let R be a reduced ring with minimal prime ideals Py, ..., Py and we set
Ii = (j=1 . Let M be an R-ideal. Then (m1+ PiIM,....,mm+ Py M) € @2 M/P;M
lies in the image of ¢ : M — @;~, M/P;M if and only if for alli=2,...,m we have

(mi™ + Li_ M, m; + P;M) € im(¢5;). (2:5)

Here mi™t + I,_.1M = ¢; 4 (m1 + PLM,...,m;—y + P,y M) € M/I;_1M for i > 3 and
m% + Li_iM=mq+ P M.

Proof. The proof is literally the same as the one of Lemma B.4.45. We only use Corol-
lary B.4.47 instead of Corollary B.4.42. O

Proposition C.2.2. Let the situation be as in Lemma B.4.46. Assume that R, R/I and
R/J are free ring extensions of k[x] such that

commutes. Then n = ny + no. Assume M to be an R-ideal. Then M is free of rank
n. Moreover, M/IM and M/JM are isomorphic to R/I- respectively R/J-ideals. In
particular, they are free over klx| of rank ny respectively ny. Then we have

im(¢) = {(m+IM,m+z+JM)|meM,zeIM+JM}.

Fiz any bases By and By of M/IM respectively M/JM. Then im(¢) has a k[z]-basis
whose basis matriz with respect to (By,Bs) is of the form

En | O

(n1+n2)x(n1+n2)
N o) € k|x] :
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Here C' can be chosen to be an arbitrary basis matriz of the free submodule (IM+JM)/JM.

Proof. By Lemma B.4.41, we have n = nj + ng since the rank of R over k[x] is equal to
the k(z)-dimension of Frac(R), see Lemma B.4.10. By Lemma 4.1.6, M is free of rank
n. By Lemma C.1.8, M/IM and M/JM are isomorphic to R/I- respectively R/.J-ideals,
and thus Lemma 4.1.6 again provides the statement about the freeness.

Let S={(m+IM,m+z+JM)|me M,z€ IM+ JM}. Then S C ker(¢)) = im(¢)
since m — (m+ z) = —z € IM + JM. Conversely, let (m + IM,n + JM) € ker(¢).
Then m —n € IM + JM and thus n = m + z with z € IM 4+ JM. This proves the
assertion about im(¢). In particular, this shows that if {m; + IM} is a generating set of
M/IM over k[z] and {z; + IM + JM?} is a generating set of (IM + JM)/JM over k[x],
then ¢({m;} U {z}) generates im(¢) over k[z]. Let By = (ay + IM, ..., cn, + IM) and
21+ JM, ..., zn, + JM be bases of M/IM respectively (IM + JM)/JM over k[z]. Set
Z=(a1,...,0an,) and Z = (21,...,2n,). Then

B = (d)(z)a ¢(Z)) = (¢(&1), e '7¢(an1)7¢(zl)7 ) §Z5(Zn2))

generates im(¢). But since im(¢) is free of rank n = nj +mng, B need to be a basis of im(¢)
over k[x]. The basis transformation matrix 7" from (B1,B2) to B is thus given by

E, |0

T'=tx~ 1o

k[x](ﬂ1+n2)><(n1+n2).

The top right zero matrix is due to z; € IM + JM which means that z; vanishes in
M/IM. By construction, C’ is the basis matrix of the basis ¢(Z) of (IM + JM)/JM
over k[z]. Now we may reduce the matrix C’ by unimodular column operations over k[z]
which finally yields

E, |0

TU=t=—Fx T¢

with C being reduced. These unimodular column operations perform a base change of
#(Z) and im(¢) and hence we deduce the assertion. O

Remark C.2.3. The key point here is that M (and thus ¢(M)) and M/IM & M/JM have
the same rank over k[x|. This is the case whenever M is an R-ideal and thus embedded
in Frac(R), see Lemma B.4.41. A

Remark C.2.4. Proposition C.2.2 can be used to find bases of the image of M in M/IM &
M/JM that restricts to a given basis of M/IM and whose restriction in M/JM can be
arbitrarily altered by any basis of (IM + JM)/JM. The algorithm REDUCEBYPOPOV
enables us to reduce the image of the found basis in M/JM by that of (IM + JM)/JM
in terms of matrices. This results in finding a basis whose matrix representation as in
Proposition C.2.2 satisfies deg N < deg C'. We will rely on this in the endeavour of finding
a suitable basis of F (V) for Ox-ideals F that restricts to elements in F(V;o) having
coeflicient vectors with respect to §; with bounded degree. A

C.3 General Properties of Ox-Ideals

If not mentioned otherwise, in this section X will denote a curve of finite residual-type
over k, see Definition 2.1.1.

Lemma C.3.1. Let F < L be two Ox-ideals. Then Supp(L/F) is finite and thus
H' (X,L/F)=0. In particular, if X is projective, then xx(X,L/F) = H®(X,L/F).
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Proof. By assumption, we can cover X by a finite set of affine opens. Hence the support
of L/F is finite if and only if the support of its restrictions to those affine opens are finite.
Thus the first statement follows from Proposition C.1.13. But this means that £/F is a
skyscraper sheaf on X and thus, by Lemma B.2.8, we have H! (X,£/F) = 0. This also

proves the particular part. ]
The sections of sheaves with finite support can easily be characterised by the stalks.

Lemma C.3.2. Let X be a curve over k. Let F be a sheaf on X. If Supp(F) is finite,
then F(U) = [ pey Fp for all open U C X.

Proof. We can define a sheaf F* by F*(U) = [ [ pc;; Fp and obtain a canonical morphism
of sheaves ¢ : F — F*. Since F is a sheaf, it is separated and thus by Lemma B.1.8 the
morphism ¢ is injective. Thus, by Lemma B.1.12, ¢ is an isomorphism if and only if pp
is surjective for all P € X. For instance, this is the case whenever the stalk of F7* at P is
isomorphic to Fp. To show F? =2 Fp, it suffices to show that there is some open subset U
containing P but no other point of S := Supp F. For instance, this is the case if S solely
consists of closed points of X since then we could just remove the other points. We will
prove that this is the case which thus proves the assertion: Every irreducible component
of X is again a curve over k and thus, by Lemma D.2.1, we see that each of them, and
any non-empty affine open subset of it, contains infinitely many points. Therefore, since
S is finite, it cannot contain an irreducible component of X (neither an affine open of a
component). By Corollary B.5.5, we know that & € .S; C Supp(F) implies X; C Supp(F)
which is not possible by the above. Hence .S; does not contain the unique generic point
& of X; and thus, by Lemma B.5.1, it consists solely of closed points of S;. In particular,
the same is true for S which proves the assertion. O

Corollary C.3.3. Let X be a curve over k and let F < L be two Ox-ideals. Then
HY(X,L/F) = 1pex £Lp/Fp. In particular, if X is projective, then xi(X,L/F) =
Zpexdimk:EP/}—P-

Proof. By Lemma C.3.1, Supp(£L/F) is finite and thus Lemmas C.3.1 and C.3.2 provide
the assertions. ]

Lemma C.3.4. Let X be a Cohen-Macaulay curve of finite residual-type over k and let
F be a coherent Ox-submodule of Kx. Then F(U) contains a reqular element of Ox (U)
for all affine open U C X if and only if F is invertible at the generic points of X if and
only if there is an affine cover U = {U,} of X such that F(Uy) contains a regular element
of Ox(Uy) for all U, € U.

Proof. We prove the equivalence between the first two. Let F be invertible at the generic
points of X and let U C X be an affine open. Then the minimal primes of Ox(U) are in
1-to-1 correspondence to the generic points of X contained in U. Since F is quasi-coherent,
F(U) is invertible at the minimal primes of Ox(U) and hence Proposition C.1.10 implies
that F(U) contains a regular element of Ox(U). Conversely, let F(U) contain a regular
element of Ox(U) for all open and affine U C X. Every generic point £ of X lies in an
affine open U and corresponds to a minimal prime P of Ox(U). By the coherence of F,
there is some regular ¢ € Ox(U) such that ¢F(U) C Ox(U). Moreover, by assumption,
there is some regular a € Ox (U) contained in F(U). Hence acF(U)p is an integral ideal
of Ox p containing a regular element and since P was minimal, every regular element in
Ox, p is invertible. Therefore, F¢ = F (U)p = Ox,p. The same argument shows that one
affine cover is sufficient and hence the last equivalence is trivial. O
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C.4 Degree of Ox-Ideals

After we have introduced the notion of degree for R-ideals for every finite residual-type
k-algebra R, the next step is to enlarge this to Ox-ideals for a curve X of finite residual-
type over k. Since the degree of R-ideals can be computed locally in the sense of Corol-
lary C.1.22, we might define the degree of an Ox-ideal F as the sum of the degree of the
Ox, p-ideals Fp.

Throughout this section, if not explicitly mentioned otherwise, k denotes a field and
X a curve of finite residual-type over k.

Definition C.4.1. Let F be an Ox-ideal. We define the degree of F over k as

degk]:: Z degk]:p.
PeXy

Here the definition makes sense since for every P € X there is some affine open neighbor-
hood U = Spec(R) such that F(U) = M"~, see [Liu02, 5.1.7], where M is a finitely gen-
erated R-submodule of Kx (U) = Frac(R), see Proposition B.2.2. Hence M is an R-ideal
and thus, via applying Lemma C.1.7, we see that Mp = Fp is an Rp = Ox p-ideal. A

Another possible way to define the degree of Ox-ideals over k, one that is equivalent to
the one we introduced above, is to find a wedging divisor instead of a wedging element.
This resembles the idea of reducing the question to the integral ideal case. Moreover, in
the definition introduced above we need a wedging element for every Fp, and to give a
regular element for every P € X strongly resembles the idea of a Cartier divisor.

Lemma C.4.2. Let X be a curve of finite residual-type over k. Let F be an Ox-ideal.
Then there exists an (integral) invertible Ox-ideal G < Ox such that FG < Ox. Note
that we also have FG < F.

Proof. Since X is noetherian, it may be covered by finitely many affine opens. Take any
finite affine open cover of X given by U; = Spec(R;) for i € I = {1,...,m}. Since F is an
Ox-ideal, we have that F(U;) is an R;-ideal. Moreover, there is some regular a; € R; such
that a;F(U;) C R;. The idea is now, roughly speaking, to collect all such a; and form an
invertible Ox-ideal G which satisfies G(U;) = a;R; and thus satisfies (FG)(U;) C R;.

Since a; is regular, it is not contained in any minimal prime ideal of R;, see Corol-
lary B.4.14. In particular, R;/a;R; is the affine coordinate ring of the closed subscheme
V(a;) € U; and it is a noetherian ring of Krull dimension zero. Thus, by [Stal8, Tag
00K.J], it is a finite product of local artinian rings. In particular, V'(a;) is not only closed
in U;, but also a finite union of closed points of X. Since A; := V'(a;) does not contain
any minimal prime of R; and thus no generic point of U;, it does not contain any generic
point of X at all. Let X1,...,X,, denote the finitely many irreducible components of X.
Now A; N X; is a finite set not containing the generic point of X; and is thus closed in
X; by Lemma B.5.1. Thus A; = UL, (A; N Xj) is closed in X as well. Then we define an
Ox-ideal G; by (gi)lUi = a;0py, and (gi)X\Ai = Ox\4,- This does indeed define a sheaf
of Ox-modules since a; restricts, by construction, to a unit in (X \ A;) N U;. Moreover,
we even see that (G;)p is invertible for all P € X and thus G; is an invertible Ox-ideal.
Now define the Ox-ideal G as the finite product of the G;. Hence, by Lemma 3.1.24, G
is the invertible Ox-ideal given by Gy, = HjEJ(aj)|UJOUJ on every Uy = Nje U; for
arbitrary J C I. Note that {Uy | J C I} form an open cover of X. Since X is separated
with an affine base, by [Stal8, Tag 01KP], we have that U is an affine open subset of X.
Therefore, by Lemma 3.1.17, we have an embedding

(FOUs) = F(UNGWU,) = (Hj (a;)ju,)F(Us) € Ox(Uy). (4:6)

cJ
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Note that the embedding of Ox (Uy)-modules in (4:6) provides an embedding of quasi-
coherent Oy ,-modules that are compatible with the restriction maps of the corresponding
sheaves. Now since the homomorphisms F — G of general Ox-modules F and G form a
sheaf Homp, (F,G), we obtain a morphism of Ox-modules G — Ox which is injective.

O

In the case of X being a cover of IP’}C, the proof simplifies a lot as the following remark
shows.

Remark C.4.3. Let X be a cover of IP’}C. Let F be an Ox-ideal. Then there exist an effective
divisor D > 0 such that F(—D) < Ox. Indeed, we have seen in Lemma 4.3.12 that for
every Ox-ideal F there are bases of F(Vp) and F(Va) which are related by a matrix
diag(z%). But this means that the common denominator ag € k[z] of the basis of F(V})
and the common denominator a, € k[z~!] of the basis of F (V.. ) will only differ by a power
of @, which itself is a unit in Op1(Uy N Uso) = k[z,7~!]. This means we may define an
effective divisor D > 0 by {(Vo, a0), (Vao, o)} since ag/acs € Ox (Vo N Vy)*. Obviously,
D satisfies F(—D) < Ox since locally on Vj we have F(—D)(Vp) = agF(Vp) € Rp and on
Voo we obtain F(—D)(Vao) = tooF (Vo) € Roo- A

Lemma C.4.4. Let X be a projective curve over k. Let F be an Ox-ideal. Then for
every invertible Ox-ideal G < Ox such that FG < Ox, we have

degy F = x(Ox/FG) — x(F/FG).
Moreover, we also have
degy, 7 = x(Ox) — x(F).

Proof. Let G < Ox be an invertible Ox-ideal such that FG < Ox. Then FG < F, see
Lemma C.4.2. We first prove the equality

X(Ox) = x(F) = x(Ox/FG) — x(F/FG).
By the above, we have two short exact sequences

0 — FG6 — Ox — Ox/FG — 0,
0O — F¢ — F — FJ/FG — 0.

By assumption, X is projective and thus proper over k, see Corollary B.5.19. Hence
the Euler characteristic xx(F) := xx(X,F) is defined, see Definition B.5.13. It behaves
additively on short exact sequences, see Lemma B.5.14. This yields

Xk(Ox) = xk(FG) + xx(Ox/FG) and
x&(F) = xx(FG) + x1(F/FG).

Now subtracting the latter from the former, we deduce
xk(Ox) = xu(F) = xu(Ox /FG) = xu(F/FG).

Next we prove that xx(Ox/FG) — xx(F/FG) is equal to deg;, F. Note that all Ox, F
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and FG are Ox-ideals. Then, by Corollary C.3.3, we obtain

Xe(Ox/FG) — xu(F/FG) = Y dimy Ox p/(FG)p — dimy Fp/(FG)p
pPeX

Lemma 3.1.16 ~ = ) dimg Ox,p/FpGp — dimy Fp/FrGp.
PeX

Now since G is invertible, its stalks are principal Ox p-ideals Gp = apOx p withap € Ox p
and hence, by the definition of the degree of Ox p--ideals, we have

dimp, OXJD/}-PQP — dimy ‘FP/-FPQP = dimy OX,P/GP.FP — dimy, fp/apfp
= degy, Fp
where the latter is the degree of Fp as an Ox p-ideal. Finally, this gives
Xk (Ox/FG) — xx(F/FG) = Z deg;, Fp = deg;, F
PeX
as asserted. O

Corollary C.4.5. Let F < G be two Ox -ideals. Then degy, G = deg;, F—dim;, H® (X,G/F).
In particular, deg, F > degi G.

Proof. By assumption, we have a short exact sequence
0—F —G—G/F—0

which together with Lemma B.5.14 provides x(G) = x(F) + x(G/F). Multiplying this
equation with —1 and then adding x(Ox) on both sides, together with Corollary C.3.3
provides

x(Ox) = x(G) = x(Ox) — x(F) — dim, H* (X, G/F)

which is equivalent to
deg), G = deg;, F — dim H° (X,G/F). O

As is turns out, Ox-ideals with positive degree on integral schemes do not have non-zero
global sections.

Lemma C.4.6. Let X be an integral and projective curve over k. Let F be an Ox -ideal.
If deg;, F > 0, then F(X) = 0.

Proof. Every non-zero global section f of F corresponds to a non-zero element of K x (X) =
F, the function field of X. Thus fOx is an invertible Ox-ideal with fOx < F. By
Corollary C.4.5, this provides

deg), F = deg;, fOx — dimy, H° (X, F/fOx).

By Lemma 3.1.12, we have deg;, fOx = 0 and whence deg;, F = —dim;, H (X, F/fOx) <
0. Hence if degy, F > 0, then we necessarily have H (X, F) = 0. O]

Proposition C.1.26 has shown that the degree of the product of two R-ideals is additive if
one of the factors is invertible. This generalises to Ox-ideals.

Lemma C.4.7. Let F,G be two Ox-ideals such that for all closed points P € X at least
one of the stalks of F or G is an invertible Ox p-ideal. For instance, this is the case if
one of F and G is invertible. Then degy, FG = degy, F ®p, G = degy F + deg;, G.
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Proof. For all P € X we have (F ®o, G)p = (FG)p = FpGp. By assumption, Fp or Gp
is invertible and hence Proposition C.1.26 provides that deg;, FpGp = deg; Fp + deg;, Gp
for all closed P € X. By definition, this provides

deg, FG= Y deg, FrGp

PEX, P cl.
= Z deg;, Fp + deg, Gp
PeX, P cl.
= ) deg,Fp+ Y, deg,Gp
PEX, Pcl. PEX, P cl.
= deg F +deg, G. O

Lemma C.4.8. For any D € Div(X) we have deg, D = —deg;, Ox (D).

Proof. We refer the reader to [Liu02] for the definition of the degree of Cartier divisors.
The degree of a divisor D € H° (X, IC)X() with Dp = ap/bp, ap,bp € Ox p, is defined as

deg;, D = Y (lenoy »(Ox,p/ap) = lenoy »(Ox,p/bp)) - [K(P) : k]
PeX

where £(P) denotes the residue class field of Ox p. However, by Lemma B.4.48, we have
lenOXyp(OX7P/aP) . [H(P) : ]{7] = dimk OXJD/GP

and since bp is a wedging element for DpOx p, Lemma C.1.20 provides

degk D = Z dimk ap(’)XJ: - dimk prX,p
pPeX

= Z degy apOx,p — deg, bpOx p
Pex

= > deg;, DpOx p.
PeX

Now since Ox(D)p = DIZIOXJJ, see Proposition 3.1.27, we therefore obtain

degy Ox (D) = ) degy Ox(D)p

PeX
= Z —dengp(’)Xy
pPeX
= —deg;, D. O

Remark C.4.9. The degree of an invertible sheaf £ is in [Liu02, Definition 7.29] defined as
X(L) — x(Ox) and thus the only difference to our definition of the degree of Ox-ideals is
the sign. A

Lemma C.4.10. Let X = Spec(R) be an affine curve of finite residual-type over k. Then
every Ox-ideal F is given by some M~ where M is an R-ideal. Conversely, every R-ideal
M provides an Ox-ideal M~ . This provides an equivalence of categories:

Ox-ideals — R-ideals

F = F(X)
M~ «— M
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Proof. Since R is noetherian, by [Stal8, Tag 010W], X = Spec(R) is locally noetherian.
By [Har77, II, 5.5], there is an equivalence of the category of R-modules and the category
of quasi-coherent O x-modules given by M — M~ for any R-module M and its inverse
F — F(X) for any Ox-module F.

Let F be an Ox-ideal. Then F < Kx implies F(X) C Kx(X) = Frac(R) since X
is affine, see Proposition B.2.2. Since F is coherent and X locally noetherian, F(X) is
finitely generated, see [Liu02, 5.1.11]. Moreover, we have Fp = F(X)p and thus F(X) is
invertible at the minimal prime ideals of R since JF is invertible at the generic points of
X. Whence F(X) is an R-ideal such that F = F(X)™.

Conversely, if M is an R-ideal, then M C Frac(R) and M is invertible at the minimal
prime ideals of R. We claim that this implies that M~ is an Ox-submodule of Kx:
First of all, the basic affine open subsets U = D(f) for some f € R form a base of the
Zariski topology on X. By [GW10, 7.12], we have that M~ (D(f)) = My defines a sheaf
on the base of basic open subsets of X. By Remark B.1.32, this is enough to provide a
sheaf M~ of Ox-modules on X such that M~(D(f)) = My. Now by Proposition B.2.2,
for any U = D(f) we have Kx(U) = Frac(Rs) and Kx is quasi-coherent on X. That
is, K := Kx(X) = Frac(R) satisfies Cx(U) = Ky and thus, again by [GW10, 7.12], K~
defines a sheaf on the base of basic open subsets of X. However, we obviously have M C K
and thus [Stal8, Tag 009U] provides that M~ < K~ = Ky is an Ox-submodule of Kx.
Since M is finitely generated and X locally noetherian, by [Liu02, 5.1.11], M is coherent.
Moreover, since M is invertible at minimal primes of R, M"™ is invertible at the generic
points of X. Therefore, M~ is an Ox-ideal. 0

Corollary C.4.11. Let X = Spec(R) be an affine curve of finite residual-type over k. Let
F be an Ox-ideal. Then degy F = degy, F(X) where the former denotes the degree of the
Ox-ideal Fand the latter the degree of the R-ideal F(X).

Proof. By Lemma C.4.10, we have F = F(X)~ and thus Fp = F(X)p which then
provides the equality due to the definitions of the degree of Ox-ideals Definition C.4.1
and the degree of R-ideals Definition C.1.14. O

Corollary C.4.12. Let X be a cover of P, and V € {Vy,Vo}. Let F be an Ox-ideal.
Then
degy, Fjy = deg, F(V) and degy Fg = degy Fig(S).

Proof. Due to Lemma 2.2.20, we have that V' is an affine (Cohen-Macaulay) curve over k.
In particular, V' is an affine curve of finite residual-type over k. Moreover, |y, is an Oy-
ideal, see Example 3.1.14. Hence, by Corollary C.4.11, the first identity follows. Moreover,
by Proposition 3.2.28, we have that F|g is an Og-ideal. By Lemma 2.2.20, we know that
Qg is an affine curve of finite residual-type over k. Therefore, again by Corollary C.4.11,
the second identity follows. O

An immediate consequence of Corollary C.4.12 is the following statement which enables
us to compute the degree of an Ox-ideal locally on the affine schemes Vy and S.

Corollary C.4.13. Let X be a cover of P. Let F be an Ox-ideal. Then
deg;, F = degy, F(Vo) + degy, F(S).

Proof. By Proposition 3.2.28, we have for all closed points P € Sp the identity (F|s)p =
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Fp and thus we obviously have

deg, F = Z deg, Fp = Z deg;, Fp + Z deg, Fp

PeXyp Pe(Vo)o PeSp
= > degy(Fy)p + Y degy(Fis)p
PE(VQ)O PESO

= degy, Fy, + degy Fis
which then together with Corollary C.4.12 provides the assertion. 0

We shall note that in general, the degree of Ox-ideals does not behave additively with
regards to the restriction to irreducible components. But if the irreducible components
are also the connected components (i.e. they are disjoint) or if the respective Ox-ideal is
invertible, then the degree does indeed behave additively.

Remark C.4.14. The proof in the case of disjoint irreducible components is trivial since
we can compute the degree as the sum over all degree of stalks and no such stalk appears
multiple times due to the disjointness. A

Proposition C.4.15. Let X be a reduced and proper scheme over a field k. Let X1,..., X,
be all of X idrreducible components. Let F be an invertible sheaf on X. Then deg, F =

> iey degy Fix, -

Proof. We denote by 7; : X; — X the closed immersion corresponding to the closed
subscheme X;. The injection Ox — ;" (7:)+Ox, from Definition B.3.1 provides, due to
Proposition B.3.3, an exact sequence

0— Ox — @(Ti)*OXi — & — 0, (4:7)
i=1

where . is a skyscraper sheaf by Lemma B.5.3. Since F is invertible, it is flat, see
[Liu02, 5.2.31 b], and hence tensoring sequence (4:7) with F provides an exact sequence
of Ox-modules

m
0— F — @(Ti)*ﬂXi — S ®oyx F — 0.
i=1
Now applying the FEuler characteristic, see Lemma B.5.14, yields

m

D XX, (1) Fix,) = X(X, F) + X(X,.7 @0y F).
i=1

By Lemma B.5.15 (iv), we have x(X,.¥ ®o, F) = x(X,.¥) and, by Lemma B.5.12, we
deduce

which together provides

m

S (X, Fix,) = XX, F) +x(X,.). (4:8)
=1

Applying the Euler characteristic to sequence in (4:7) and using again the additivity on
short exact sequences, see Lemma B.5.14, we obtain

m

D x(Xi,0x,) = X(X, 0x) + x(X,.7). (4:9)
i=1
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Now subtracting ;" x(Xi, Fx,) from Eq. (4:9) and using Eq. (4:8), we deduce

m m

D X(Xi,0x,) = Y x(Xi, Fix,) = (X, 0x) + x(X,.%) — (x(X, F) + x(X,.#))
=1 =1

which implies
> degy Fix, = > x(Xi,0x,) — x(Xi, Fix,) = x(X,0x) = x(X, F) = deg;, F. O
=1 i=1

Remark C.4.16. There is a proof of this fact in [Liu02, 7.5.7] where the degree of L, as
already mentioned in Remark C.4.9, is set as deg;, £ = xx(X, £) — xx(X, Ox) in contrast
to our definition, see Definition C.1.14 and Lemma C.4.4, deg;, F = xx (X, Ox)—xr (X, F).
Moreover, in [Liu02, 7.5.7] X need not be reduced, but then the equation becomes

degy F =) _ d;degy Fix,
=1

where d; = leno ., (Ox,y,) is the minimal power n; such that the maximal ideal m; satisfies
m = 0 in Ox,, (which is equal to one if X is reduced and thus Ox,, a field, see
Lemma B.4.29). Also note that the author endows the components X; with the reduced
subscheme structure. A

Remark C.4.17. Another proof that only works locally can be derived using Lemma C.1.28
which shows the respective statement for the case of R-ideals where R is local and reduced.
In that case we only need that X is reduced at closed points since computing the degree
can be done only using closed points, see Definition 3.1.13 and Corollary C.1.22. JAN

In the following proposition we collect the most important properties of the degree of
Ox-ideals we have stated above in the special case of divisors on covers of IP’,{;.

Proposition C.4.18. Let X be a curve of finite residual-type over k with irreducible
components X1,...,Xp. Let D, E € Div(X). Then the following assertions are true.

(i) Let X be affine. Then degy(D) = —deg;, Ox(D)(X).
(ii) Let X be a cover of P}. Then
m
degy, D = degy, D)y, + degy, Djg = degy, D)y, + Z degy, Dg, -
i=1
In particular, if deg;, D = 0, then
m
degy, Dy, = —degy, Dig = — Z degy, Dg, -
i=1
(iii) deg, D = >1" degy Dy, and if X is a cover of P}, then
m m
deg, D = Z degy, Dix, = Z degy, Dy, , + degy, Dys;.
i=1 i=1

(iv) deg,(D + E) = degy, D + deg,, E.
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Proof. First of all, we will use the fact deg;, D = —deg;, Ox (D), see Lemma C.4.8. Then
(i) follows from Corollary C.4.11. The former equality from (ii) is the combination of
Corollaries C.4.12 and C.4.13 and the latter is due to the fact that S is the disjoint union
of the S;, see Proposition 5.5.3. The first equality of (iii) is due to Proposition C.4.15
and the second one is the result of applying (ii) to D, x, since X; is a cover of }P’}C, see
Proposition 2.2.5. Assertion (iv) follows from Lemma C.4.7. O
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Appendix D

Properties of Covers of IP’}{

In this chapter we provide some of the fundamental properties of covers of IP’,%U,. For instance,
due to the lack of reference, we provide a proof of the existence of a finite morphism onto
P for every projective scheme over k of dimension n. We deduce from this that for every
projective scheme X over k of dimension one there is a finite and surjective morphism to IF’,&T
which additionally is flat if and only if X is Cohen-Macaulay. Moreover, such morphisms
send closed points to closed points and generic points to generic points.

The chapter is organised as follows: In Section D.1 we provide the existence of the
finite morphism onto IP’I,If and show some of its properties. In Section D.2 we provide a
wide range of properties of covers of IP’,Ic that will be used frequently throughout this thesis.

D.1 Finite Morphism to Projective Space

To prove the existence of a finite morphism onto projective space, we need some existence
lemmas for global sections of ample sheaves whose zero loci have codimension one.

Proposition D.1.1. Let X be a proper scheme over k where k is a field. Let L be
an ample invertible sheaf on X and let s € L(X) be a section of L. Then Xy =
{P e X |spOxp=Lp} is an affine open subset of X.

Proof. By assumption, there is some m > 0 such that £%™ is very ample for a closed
immersion ¢ : X — P}. Then ¢ corresponds to global sections s, ..., s, € L2™(X). We
show that the morphism v : X — Pi*! given by the sections s®™, sq,...,s, € LE(X)
is a closed immersion. Let Y := Py*'\ {(1:0: ... :0)} and consider the morphism
p: Y — P} given by forgetting the first coordinate which was due to s¥™. Then ¢ = po.
Let P be a property of morphisms of schemes such that a closed immersions satisfy P
and P is stable under composition and base change. Let f: X — Y and g: Y — Z be
morphisms of schemes such that g is separated and g o f satisfies P. Then [Liu02, 3.3.15]
provides that f satisfies P. By [Stal8, Tag 01JY and Tag 02V0] and [Stal8, Tag 01KU
and Tag 01KU], being separated and a closed immersion are examples for P. Thus it
suffices to show that p is separated. By [Stal8, Tag 0DVA], the inclusion Y < PZ“ is
separated and hence the composition Y — IP’/Z+1 — Spec(k) of separated morphisms is

separated. Therefore, we may use [Liu02, 3.3.15] again on Y’ TN P} — Spec(k) to complete
the proof. O

Lemma D.1.2 ([GW10] 13.49). Let X be a quasi-compact and quasi-separated scheme.
Let L be an ample Ox-module. For every finite subset E of X and open neighborhood
W of E there ezists an n > 0 and a section s € LZ"(X) such that X, is affine and
ECX,CW.
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Corollary D.1.3. Let X be an affine scheme. Then for any finite subset E of X and
open neighborhood W of E there exists h € Ox(X) such that E C D(h) CW.

Proof. Note that an affine scheme is quasi-separated and quasi-compact, see [Stal8, Tag
01KN] and [GW10, 2.5]. In particular, any affine scheme is quasi-affine, see the definition
in [Stal8, Tag 01P6]. Moreover, by [Stal8, Tag 01QFE], a scheme X is quasi-affine if and
only if Ox is ample. Hence we may apply Lemma D.1.2 to X and £ = Ox which clearly
provides the assertion. O

Corollary D.1.4. Let X be a projective scheme over an affine base scheme Spec(R).
Then for any finite subset E of X and open neighborhood W of E there exists an affine
open subset U C X such that E CU CW.

Proof. First of all, every affine scheme has an ample line bundle: Let £ be an invertible
sheaf on an affine scheme X. Let F be a quasi-coherent sheaf on X. Then L&o, F is quasi-
coherent by [Liu02, 5.1.12] and quasi-coherent sheaves on affine schemes are obviously
generated by global sections. Hence £ is ample on X. Hence we may apply [Stal8, Tag
0B45] which tells us that any projective scheme X — S over an affine base S has an ample
invertible sheaf. By [Stal8, Tag 0B45], we see that X is proper and a fortiori separated.
By [Stal8, Tag 04X U], every universally closed morphism is quasi-compact. Hence every
proper scheme and thus X is quasi-compact. Therefore the requirements of Lemma D.1.2
are met and we can deduce the assertion. O

Proposition D.1.5. Let X be a noetherian scheme and Z a non-empty, closed subset of
X. Let L be an ample invertible sheaf on X. Then there exists an n > 0 and a section
s € LO(X) such that s does not vanish identically on any irreducible component of Z.

Proof. Since X is noetherian and Z is closed, Z decomposes into finitely many, distinct
irreducible components 71, ... Z,, which are closed in X. For each i there is x € X;\ U}’;i
Zj. As a noetherian scheme, X is quasi-compact by definition and quasi-separated by
[Stals, Tag 010Y]. We apply Lemma D.1.2 with E' = {z} and W = X\ U7}, Z;. This
gives s; € L®Mi(X) for some n; > 0 such that z € X5, C W. Now s; vanishes at y € X
if and only if y ¢ X, so s; vanishes on every Z; but not on X;. Then for n = ny---ny,

the section s = Y7, 52"/ ¢ £97(X) satisfies the assertion. O

=1 %

Theorem D.1.6. Let X be a projective scheme of dimension n over the field k. Then
there exists a finite morphism w: X — ]P”,Z:.1

Proof. Let n = dim(X). We will show that there is an ample invertible sheaf £ and global
sections So, ..., s, € £(X) which will define the desired finite morphism X — P}.

As a first step we now prove by induction that for each ¢ with 0 < ¢ < n there
exists an ample invertible sheaf £; and global sections sg, ..., s; such that the intersection
Z; = ﬂé‘:o V (s;) of their zero loci satisfies codim(X;, X) =i+ 1. Then Z,, = () and hence
Uiy Xs, = X. By assumption, there is an ample invertible sheaf £y corresponding to a
closed immersion X — JP’;CV for N > 0. The case ¢ = 0 is provided by Proposition D.1.5.
Now assume there is an ample invertible sheaf £; 1 on X and global sections sg,...,s;-1 €
L;—1(X). Then, by Proposition D.1.5, there is s; € £L&"(X) for some m > 0 such that
s; does not vanish identically on any irreducible component of Z;_1. Thus codim(Z;_1 N
V(si), X) > codim(Z;—1, X) + 1. Moreover, equality holds by Krull’s Hauptidealsatz, see
[Lin02, 2.5.12]. The ample invertible sheaf £} and its sections s§™, ..., s>, s; complete
the induction.

The first step provides an ample invertible sheaf £ and sq,...,s, € £(X) such that
X = Uiy Xs,- Therefore L is globally generated by the s;. From [Liu02, 5.1.31]

!Thanks to Kiran Kedlaya for his useful input.
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we obtain a morphism of k-schemes 7 : X — P} such that X, = YUy, U; =
Spec(k[To/T;, . .., T,/Ti]) and 7% (U;)(Tj/T;) = sj/si. We will show that this morphism
is finite by showing that it is affine and projective, see [GW 10, 13.77] for the equivalence
of these properties. By Proposition D.1.1, the X, are affine and thus, by [GW10, 12.1], it
follows that 7 is affine. Since X is projective over k, 7 followed by the structure morphism
of P} is projective. The structure morphism of P} is separated and thus, by [Liu02, 3.3.32],
we obtain that 7 is projective. O

We will see that the finite morphism constructed above will be surjective and, moreover,
flat if we additionally require X to be Cohen-Macaulay.

Proposition D.1.7. Let X, Y be two schemes of the same finite dimension and Y irre-
ducible. Then every finite morphism 7 : X —'Y is surjective.

Proof. We can restrict m to a morphism ¢ : X — Z, where Z is the scheme theoretic
image of . Since 7 is finite and Z — Y is closed and separated, v is also finite. Moreover,
finite morphisms are closed, so 7(X) is a closed subset of Y, thus Z = #(X) and ¢ is
surjective. Finite morphisms are also integral, so [Stal8, TagOECG] applied to 1 provides
dim(Z) = dim(X). By assumption, dim(Z) = dim(Y’) and Y irreducible and therefore we
finally obtain Z =Y. O

Corollary D.1.8. Let X be a proper scheme of dimension one over k. Then there exist
a finite and surjective morphism w: X — IF’}C. If X is additionally Cohen-Macaulay, then
any finite morphism to P}, is flat.

Proof. First of all, due to Corollary B.5.19, X is projective over k. The existence of 7 is
then given by Theorem D.1.6 and Proposition D.1.7. The second assertion is a consequence
of the so called Miracle Flatness Theorem, see [GW10, 14.128]. O

Remark D.1.9. Let X be a projective scheme over k of dimension n with a finite and
surjective morphism 7 : X — P} as in Theorem D.1.6. Let Z be one of its irreducible
components with closed immersion ¢ : Z — X. Then woi: Z — P} is also finite. But if
dim Z < n, then 7 o4 cannot be surjective. Therefore, if X is of pure dimension n, then
every finite and surjective morphism from X to P} provides such a morphism for every of
its irreducible components. A

Proposition D.1.10. Let f: X — Y be a morphism of projective curves over k. Then f
sends closed points to closed points. It also sends generic points to generic points if and
only if it is finite.

Proof. By [Liu02, 7.3.10], a morphism of projective curves over k is finite if and only if it
sends generic points to generic points.

Since the statement is of local nature, it is enough the prove the statement about
the closed points for the k-algebra homomorphisms induced by an affine open cover of
Y. That is, for any affine open U = Spec(A) of Y, we know that V = f~1(U) is again
affine with V' = Spec(B) and then f}y, is given by a homomorphism of finite k-algebras
A — B. Therefore it is enough to prove that the preimage of a maximal ideal of B under
A — B is a maximal ideal of A. This statement is Corollary B.4.2 of the Nullstellensatz
Theorem B.4.1. O

D.2 Miscellaneous Properties

Lemma D.2.1. Every non-empty affine open subset of a curve over k has infinitely many
points. In particular, every curve over k has infinitely many points.
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Proof. Let U C X be an affine open subset of X. Since X is of finite type over k, i.e. the
structure morphism X — Spec(k) is of finite type, by [Stal8, Tag 01T2], we have that
k — Ox(U) =: R is a ring map of finite type. That is, R is a finitely generated k-algebra
and thus, by [Stal8, Tag 000Y], we obtain a subring S C R such that S = k[z] and the
ring extension R/S is finite. In particular, every prime ideal of S lies under some and at
most under finitely many prime ideals of R. Thus R has at least as many primes as S
does. But Euclid’s proof of the existence of infinitely many primes in Z extends to the
case of S and thus yields the assertion. O

Corollary D.2.2. Let X be a cover of IP)}{. Then each Vo and V; o has infinitely many
closed points. In particular, each irreducible component of X has infinitely many closed
points.

We recall the definition of the set where a global section of an invertible sheaf does generate
the stalk of that sheaf. Let F be an invertible sheaf on the scheme X. Let s € F(X).
Then we set

Xs={re X | Fy =5,0xzs}

If X is affine and F = Oy, then X = D(s).

Proposition D.2.3. Let X be a cover of IP’,Ic with finite morphism 7 : X — ]P’,lc. The pole
divisor (x)eo of x (given by Opi (Up) = k[x]) is ample.

Proof. By [Liu02, 5.1.35], it suffices to show that there are global sections si,...,s, €
Ox((x)0)(X) such that X, are affine subsets of X which cover X. By Lemma 4.2.8, we
have

Ox ((7)o0) (X) = Ox ((%)o0) (Vo) N Ox ()00 ) (Vao) = Ro N2 Reo
where the intersection takes place in Frac(Rp) = Frac(Ro). Now 7 implies that
klz] Nak[z™!] € Ry N2 Ruo

and we claim that =,z — 1 € k[z] N xk[z~!] satisfy the desired properties. By definition,
we have

Oxp, PeV
Ox((@)ec)p =4 ’
:EOXJD, PefSs

and thus X, = {P € Vp | Oxp = 20x p} U{P € S | 2zOx,p = xOx p}. The former set
is the set of points where x does not vanish on Vj, that is, the preimage of the basic open
subset Dy, (x) which is Vp \ 771 (). The latter is all of S. Hence

X, =WV \7 Y P)US =V \ 7 Y P) UV = X\ 7 HPy) = 7 YDy (x0)) = Vo
is affine. Completely analogous we obtain
X, 1= {P eW ’ OXJD = (I‘ — 1)0)(713} U {P es ‘ .%'OX,p = (.%' + 1)0){7]3}

where the former set is the set where z — 1 € Ry does not vanish and the latter is again
all of S since v — 1 =x(1 —271) and 1 — z7! is a unit in Ox p for all P € S. Thus

X, 1= Vo\V(z—1)US = (VU Va)\ V(z—1) = X\ V(z—1)

where V(z —1) C Vh. Now X = (X \ V(z—1)) UV since we even have V(z —1) C V) .
Hence we are left to show that X \ V(z — 1) is affine.

To do so, we use that the elements z and z—1 are pullbacks of functions on }P’,lg and that
the 7 : X — P} is affine (since it is finite). Let P} = Proj(k[zo,z1]) and set x = z1 /0.
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Then P} is covered by the affine subsets Uy = D (7¢) and Us, = D (1) with coordinate
rings k[z] respectively k[z71]. We consider the open subset Dy (xg — 1) of P} which is
affine, see [Liu02, 2.3.36 (a)], and which in turn is covered by D ((zg — x1) - x9) C Up
and Dy ((zo — x1) - 1) C Uso. By [Liu02, 2.3.36 (b)], we have that D4 ((zo — x1) - o) is
isomorphic to the basic open subset

in Uy, that is D4 ((xo — x1) - z0) = Spec(k[z]i—z). Analogously, we have that D ((xo —
x1) - x1) is isomorphic to the basic open subset

D <W> =D <$°$_1x1> —D Ci) —1> — Dz~ —1)

in Uso, that is Dy ((zg — 21) - #1) = Spec(k[z~],-1_;). Note that V(1 —z) = V(z — 1)

X

inside of Uy N Uy = Spec(k[z,z7]) since 1 — 2 = x(z~! — 1) and = € k[z,27!]". In
particular,
Do (zg—21) = (Uo\ V(1 — ) U(Usx \V(z™' = 1)) =P \ Virp (1 — ).
Therefore, the preimage 7~ (D, (29 — x1)) is
X\ Vs iy (7 (U) (1= 2)) = X\ Vi (1= 2) = X1y = X,y
and hence X,_; is affine. ]

The next statement basically says that covers of IP’/,lc have coordinate rings Ox (V') that are
free over Op1 (U).

Proposition D.2.4. Let X be a proper scheme over k of dimension one with finite sur-
jective morphism m: X —Y = Pi. Then the following are equivalent:

1. m.Ox is a locally free Oy -module,
2. X is Cohen-Macaulay, and
3. X has no embedded points.

If the above statements are true, then we say that ™ has degree d where d is rank of m.Ox
over Oy.

Proof. Any proper scheme over k is noetherian. The equivalence between the last two
statements is thus given by [Stal8, Tag 0BXG].

Let X be Cohen-Macaulay. Then, by Corollary D.1.8, 7 : X — P,lg is flat. By [Stals,
Tag 02KB], this is equivalent to m,Ox being a locally free Opi-module.

Conversely, assume that 7m,.Ox is locally free over Opi. By [Stal8, Tag 02KB] again,
m: X — P} is flat and hence the local homomorphisms Op1 , < Ox,p with w(P) = p are
flat ring maps. Now since (’)[[DllC p is Cohen-Macaulay and both X and ]P’/,l€ are noetherian,
[Stal8, Tag 00R5] provides that Ox p is Cohen-Macaulay, too. Now since X is Cohen-
Macaulay if and only if Oy p is Cohen-Macaulay for all P € X, see [Stal8, Tag 021P], we
deduce that X indeed is Cohen-Macaulay. O

Lemma D.2.5. Let f : X — Y be a finite morphism of projective curves with Y integral
and X without embedded points. Then for all non-empty open subsets U CY its preimage
f~YU) is schematically dense in X.
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Proof. By [Liu02, 7.3.10], f sends generic points to generic points. Since U C Y is non-
empty, it contains the generic point of Y and hence f~!(U) contains all generic points
of X. Since X has no embedded points, Ass(Ox) equals the set of generic points of X.
Therefore Ass(Ox) C f~1(U) and thus f~1(U) is a schematically dense open subset of
X. O

Lemma D.2.6. The open immersions ig : Vo — X and i : Voo — X are affine mor-
phisms.

Proof. The situation is completely symmetric and thus we only consider 7o : Vy < X. The
affine open subset Vj and Vo cover X and obviously, i, 1(Vo) = Vp is affine. Moreover,
iy ' (Vo) = Vo \ V(z) which is an affine basic open subset. Thus we have found an affine
open cover of X whose preimages under ip are again affine. Then [Stal8, Tag 0158]
provides the assertion. O

Proposition D.2.7. Let X be a cover of P. Let F be an Ox-ideal. Let U € {Up,Uso},
A= 0p(U) and R = Ox (V) with V = n=Y(U). For a € A let deg(a) denote the degree
in the respective polynomial ring. Let Mx denote a basis matriz of F (V') regarding a fized
basis of R. Then deg, F(V) = deg det Mz where deg f/g = deg f — degg for f, g € A.

Proof. Assume that I = F(Vp) € R. Then Lemma B.4.11 provides the assertion. Now let
I be arbitrary with wedging element w € R such that wl C R. Thus we have deg;, wR =
dimy R/wR = degdet M,, and deg; wl = dimy R/wl = degdet M,,;. Now the definition
of the degree of R-ideals provides

degy, I = dimy R/wl — dimy R/wR = degdet M,,; — deg det M,,.
Since the basis matrix of M, is simply the product of M,, and M, we obtain

degdet M,,; — degdet M,, = degdet M,, + degdet M; — degdet M,,
= degdet My

which finally provides deg; I = degdet M. O

Lemma D.2.8. For any r € Z>o we have dim; Og/z7"Og = dimy R /27" Reo.

Proof. Let R := Ro. Obviously, since R C Og, we have dimy Og/x~"Og > dimy R/z~"R.
We show that a basis of R/z™"R is a generating set of Og/x~"Og over k which then
provides equality: By definition of Og, we only need to show that we can generate elements
of the form 1/h where h € T (recall that T = k[z~!]\ 27 k[z71]). Now h is a unit in
k[z~']/(z~") since it is coprime to x~!. Thus there is some f € k[z~!] with deg f < r
such that h- f = 1 in k[z=1]/(x™"). We use this to generate 1/h with 1,271, ... 2z~ !
over k: 1/h="h-f/h=fin Og/x7"Og. O

Corollary D.2.9. For any s € Z we have degy, 2° R = —sn and deg, 2°Ry = sn. In
particular, deg;, v°Og = deg;, °Roo = —sn.

Proof. Note that for g = z° with s € Z we have s = deg,, g = —deg,-1 g. Then the first
assertion is provided by applying Corollary D.2.12 with g = z°.

Now we prove the particular part. Assume s > 0. By C.1.20 and the fact that z7° is
a wedging element, we have

degy 2°Og = —dimy 2°Og/Og = — dimy, Og/x"*Og = — dimy, R /z” *R

where the second last equality is due to Corollary C.1.24 and the last is due to Lemma D.2.8.
Now since s > 0, we have dimy Roo/2 *Roo = degy 2 *Ro = sn by the first assertion.
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Hence degy 2°Og = —degy 7% Roo = —sn. If s <0, then 2°Og is an integral ideal of Og
and hence

degj, 2°0Og = dimy Og/2°Og = dimy, Roo/2° R = degy, °Roo = —sn.

where the second equality is due to Lemma D.2.8 and the last equality is due to the first
assertion we have already proven. O

Proposition D.2.10. Let F be an Ox-ideal. Then deg;, F((2")o) = degy, F — rn.

Proof. By Proposition 5.6.9, we have degy > ;c 4 7i(Z)i,c0 = Y jc 4 i By Lemma C.4.8,
we obtain degy, Ox (3 ;c 4 Ti(%)i0c0) = D jea —Tini- Note that, by Remark 5.6.10, we have
Y oicaT(T)ioo = (27) oo and thus degy Ox((2")s) = —rn. By Lemma C.4.7, we thus have

degy F((2")oo) = degy, F + deg), Ox ((2")oo) = degy F — rn. B
Proposition D.2.11. Set fp = [k(P) : k] for P € S, then " pcg fp < n.

Proof. [GW10, 12.21] with Y =P} and y = P., says that n = deg(w) = > pcgep - [k(P) :
k] where ep > 1 (since Ox p # 0 for P € S) if 7 is finite locally free. Now [GW10,
12.19] provides that 7 is finite locally free if 7 is finite and flat which is the case due to
Corollary D.1.8. m

Corollary D.2.12. Let X be a cover of P}. Let f,g € k(z) with f = a/b, g = c/d
and a,b € k[z], c,d € k[x™1]. Then degy, fRo = n - (deg,(a) — deg, (b)) and degj, gR =
n - (deg,-1(c) — deg,-1(d)). In particular,

deg, "Ry =rn and degy 2z " Roo =n-deg,1 2" = —rn.

Proof. Since X is a cover of P}, we have k(z)* C Kx(X)*. Set F = Ox(—div(f)) which
satisfies (V) = fRoo. Now apply Proposition D.2.7 to F (V) which yields
degy, F(Vo) = degy, fRo
= deg;, aRy — deg;, bRy
= deg, det M, — deg,, det M,
= n-deg, (a) —n-deg, (b)
=n: (degw(a) - degx(b)>

Now set G = Ox(—div(g)) which satisfies G(Vs) = gR. Analogously, we have

degy, G(Voo) = degy, gRoo
= degy, cRx — deg). dR
= deg,-1 det M, — deg,—1 det My
=n-deg,-1(d) —n-deg,1(d)
= n - (deg,-1(d) — deg,-1(d)).

The particular part now follows immediately. ]

Lemma D.2.13. Let X be a cover of P of degree n. The pole divisor (x)s of z on X
satisfies

1. Supp((z)s) C S,

2' degk(x)oo =n,
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3. ((2)o0))s = divg (@),

Proof. By definition, D := () is given by the configuration {(Vg,1), (Vao,z1)}. Since
on the level of closed points we have S = X \ V{, the first assertion follows immediately
from the definition. We have seen in Lemma C.4.8 that we have deg;, D = —deg;, Ox (D).
Moreover, by Corollary C.4.13, we have deg), Ox (D) = deg), Ox(D)y, + deg, Ox(D)|s-
However, by the first assertion, we have degj, Ox (D), = deg, Ox |y, = 0. By Proposi-
tion 3.2.3, we furthermore have deg), Ox (D)5 = deg;, Os(D)5). By Corollary 3.2.23, the
restriction of D to S is given by Dig = (D)y,.)|s- By Remark 3.2.12, Dyy,_ is given by the
configuration {(Va, 27 !)} and then, by Remark 3.2.20, we have that (D, )|s is given by
{(S,271)}. Hence D)g is the the principal divisor of ™! on S. Therefore

degy, OX(D)|S = degy, OS(D|S) = degy, Os(diVS(iﬁ_l)) = deg;, 20s.

1

Now x~" is a wedging element for the Og-ideal £Og and hence, by definition, we obtain

—degy, D = degy, 105 = dimy, Og/2 120g — dimy, 205 /z 204
= —dimg 20g/0Og.

By Corollary C.1.24, the latter is equal to — dimy Os/2~!Og and hence we obtain deg, D =
dimy Og/x~1O0g. Moreover, by Lemma D.2.8, dim; Og/z 'O = dimy Roo/7 ' Reo
By Proposition D.2.7, the latter equals dimg Roo /2 'R = deg,—1 det M. Here M €
k[z~1]"*" is the basis transformation matrix from any k[z~!]-basis of Ru to one of ' Ry
Obviously, M can be chosen to be the diagonal matrix with z~! on the diagonal and hence
we finally obtain deg;, D = deg, -1 det M = deg,—1(x™") =n.

We prove the third assertion. By Remark 3.2.20, the configuration {(Vp, 1), (Voo, 27 1)}
gets sent to {(S,x71)} since Vj has no closed points in common with S. Here we identified
=1 with its image under the ring monomorphism R, — Og. But {(S,271)} induces

obviously the principal divisor of 2! on S. O

Corollary D.2.14. Since any irreducible component X; of X is also a cover of IP’,IC of
degree n; and in this case (x)x, 0o equals the pole divisor of x on X;, we also have

1. Supp((z) x,.00) € Si,
2. deg(x)x,,00 = Ni,
3. (%) x,00)15, = divs, (@71).

Lemma D.2.15. Let X be a cover of Pl For every i € {1,...,m} there is a basic open
subset D(h;) of Voo such that S; C D(h ) C Voo \ (U7 S5)- Moreover we may assume h;
to be a reqular element of Ry

Proof. Since V is affine, it is quasi-affine and hence Oy, is ample, see [Stal8, Tag
01QE]. Since V4 is affine, it is separated, see [Stal8, Tag 01KN]. Moreover, since Vi,
is noetherian, it is quasi-compact. By Corollary D.2.2, any irreducible component V;
of Vs has infinitely many closed points. Hence for each i = 1,...,m we may choose
m — 1 closed points y; € Vo which are not contained in S;. We denote them by M; =
s Y1, Vi s - Ym )

Now the requirements for Lemma D.1.2 are met and we can plug in V, for X, S; U M;
for B, Vo \ (Ujy; Sj) for W and Oy, for L to obtain h; € Oy, (Vo) = Reo such that
S; UM,; C D(h ) C Voo \ (Ujy; Sj)- Since h; does not vanish identically on any of the
irreducible components of V,,, it need be a regular element of R. O

Proposition D.2.16. We have Ox (Vo ) = Ox (Vo) and Ox (Vo oo) = Ox (Vo) p—1
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Proof. The proof is obvious since the preimage of basic open subsets is basic open. ]

Corollary D.2.17. Let F be a quasi-coherent Ox-module. The restrictions
pro i F(Vo) = F(Voeo) and  py=: F(Vao) = F(Voeo)

are localisation by x respectively x 1.

Proof. The open subsets Vy, Voo and Vj o are all affine by construction and thus the re-
striction map p“fo L1 F(V) = F(Vo,0) is given by localisation, i.e. F(V) — F(V)®o(v)
Ox (Vo,00), see [Liu02, 5.1.14 (b)]. Thus we have p“fgoo : F(Vo) = F(Vo), and p“;?w

]:(Voo) —)]'—(Voo)x—l. OJ

Remark D.2.18. By [Stal8, Tag 00K.J], every zero-dimensional, noetherian ring R is iso-
morphic to B pegpec(r) P-

The following proposition collects facts about the points lying over the point at infinity
Py of Y.

Proposition D.2.19. For P € Spec(Rw) the following are equivalent: (i) PNT =0, (i)
PNklz™Y = Py, (ii) P2 Ps.

Proof. The proof is immediate since f maps closed points to closed points, see Proposi-
tion D.1.10. O

Remark D.2.20. Obviously, for any P € {quasi-coherent, coherent, invertible} we know
that F|g is P if F was P.

Lemma D.2.21. Let X be a cover of]P’}ﬁ. Let F be an Ox-ideal. Then Fig is (as a sheaf
of Og-modules) an Og-ideal and F|s(S) is (as an Og-module) an Og-ideal.

Proof. By Example 3.1.14, we know that Fjy, is an Ouc-ideal. By Lemma C.4.10, this
implies that (Vi) is an Rec-ideal. By definition, we have Fg(S) = T~ ' F(Vi). There-
fore, by Lemma C.1.7, .7:|S(S) can be considered as an Og-ideal and, by Lemma C.4.10
again, this also provides that F |5 is an Og-ideal. ]

Corollary D.2.22. Let F be an Ox-module. Then
Fis = (F (Vo) ®no Os5)™ 2= (T F(Veo))™
Moreover, if F is invertible, then Fi5 = hOg for some h € Kx (X)*.

Proof. By basic properties of the pullback of sheaves, we have
pH(F) = (ot ) (F) = 13 (Flr,) = F(Voo) @ry OF = (F(Vio) Or O5)~ = (T F (Vo)™

where the first appearing isomorphism is [GW10, 7.24]. Now if F is invertible, we may
assume (see [Liu02, 7.1.19]) that F < Kx and hence F(Vy) C Kx (V) = Frac(Og). Thus
My := F (Vo) @R, Os C Frac(Og). By Remark D.2.20, we know that F|g is an invertible
Spec(Og)-module and hence Mo, C Frac(Og) is invertible. Hence, by Lemma B.4.6,
My = hQOg is a principal ideal with h € Kg(S)*. But since Kg(S) = Frac(Og) =
Frac(Ro) = Kx(X), h corresponds to a regular element in x (X)* as asserted. O

Lemma D.2.23. For every quasi-coherent Ox-module F we have

F((#)o0) (Vo) = F(Vo) - and - F((27)oo) (Vo) = 2" F (Vo).
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Moreover,
F(div(z")o) (Vo) Z 2" F(Vo) and F(div(z")o)(Vae) = F(Vao).

Proof. By definition, we have Ox (div(z")o)v, = 27" Oy, and Ox (div(z")o)v,, = Oy, and
similarly Ox ((z")s0)vy, = Oy, and Ox((2")oo)v,, = " Oy,,. The assertion now follows
from the fact that the restriction to affine opens of the tensor product of quasi-coherent
sheaves is given by the product of the restrictions, see [Liu02, 5.1.12]. O

Corollary D.2.24. Let F be an Ox-module and let (")~ denote the pole divisor of x.
Then F((2")oo)|s = " F(S)™.

Proof. By Corollary D.2.22, we have F((2")so) |5 = [T F (Vo) @0 (V) Ox (7)o ) (Vi) ™
From Lemma D.2.23 we know Ox ((2")c0) v, = 2" Oy, and thus we obtain F((2")s)|s =
2" F(S)~. O
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Appendix E

Dualising Sheaft and the Dual of
O x-Ideals

In this chapter we will recall some basic notions of the dualising (r-dualising) sheaf of
a proper morphism of schemes. The 1-dualising sheaf wyx helps us to express the first
cohomology term of any quasi-coherent sheaf F on a scheme X over a field k as the global
sections of its wx-dual Homoe, (F,wx). In particular, these have the same dimension as
k-vector spaces and thus the first cohomology term of F vanishes if and only if its wx-dual
vanishes. We will use this connection and the decomposition of vector bundles over IP,{: into
a direct sum of invertible sheaves to deduce a vanishing theorem for the first cohomology
term of F(r(x)e) for r sufficiently large in terms of the degree of F|x, and the invariant
cx. This establishes a variant of the Riemann-Roch equation for Ox-ideals which makes
it possible to give an explicit formula for the dimension of the global sections of Ox-ideals
of the form F(r(z)s) and r sufficiently large.

This chapter is organised as follows: In Section E.1 we define the r-dualising sheaf,
refer to proofs of its existence in the case of = 1 for noetherian projective schemes of
dimension one and prove and provide some fundamental properties. Moreover, we will see
that the 1-dualising is isomorphic to an Ox-ideal for reduced, projective curves over k. In
Section E.2 we will define the degree of coherent and torsion-free sheaves which extends
the definition of the degree of Ox-ideals and already provides a Riemann-Roch equation.
We will define the wy-dual, prove some of its fundamental properties and define the
decomposition invariants of coherent and torsion-free sheaves F that uniquely determine
the pushdown m,F to the projective line. In the case of Ox-ideals these coincide with
the m-invariants. This enables us to draw a connection between the m-invariants of Ox-
ideals and the decomposition invariants of its wx-dual. This culminates in a description
of the dimension of H'(X, F(r(x)s)) solely in terms of the m-invariants of F and 7. This
description provides sufficient condition for H*(X, F(7(2)s)) to vanish. The latter implies
the mentioned Riemann-Roch equation providing an explicit description of the dimension
of the global sections of F(7(z)) solely in terms of invariants of X, the degree of F and
r for Ox-ideals F and r sufficiently large in terms of the degree of its restrictions to the
irreducible components of X. To the best of the author’s knowledge, there is no such
explicit formula present in the relevant literature.

E.1 The Dualising Sheaf and its Properties

Throughout this section, if not mentioned otherwise, X will be a noetherian, projective
Cohen-Macaulay scheme of dimension one over the field k. By Corollary D.1.8, for such
curves there is a finite and surjective morphism 7 : X — ]P’,l€ which is also flat. Examples
for such curves are reduced curves over k. Now we define the r-dualising sheaf for a proper
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morphism of schemes which is, for instance, introduced in [Liu02, Section 6.4].

Definition E.1.1. Let ¥ : X — Y be a proper morphism of schemes with fibres of
dimension < 7 where Y is locally noetherian. The r-dualising sheaf of v is a quasi-
coherent sheaf wy,, on X, endowed with a morphism of Oy-modules

try, Rrw*ww — Oy
such that for any quasi-coherent sheaf F on X, the natural bilinear map

Y Homo, (F,wy) X R F — Riipywy -5 Oy
induces an isomorphism
i/J*fHOInOX (.F, W¢) = Homoy (Rrw*j_'7 Oy). (1:1)

Here R"Y.F denotes the higher direct image of F, for further information see [Liu02,
5.2.28]. A

Remark E.1.2. Since R%,F = 9,F, see [Lin02, 5.2.29], the 0-dualising wy, of 1) satisfies
P Homo  (F,wy) = Homp,, (. F, Oy ). AN

The definition of R"¢,F for ¢ : X — Spec(A) with A some ring provides the following
property of wy we will heavily use later on. We will only use it for A being a field.

Lemma E.1.3. Let X be any scheme. Let 1) : X — Spec(k) be a proper morphism with
fibres of dimension <r (e.g. dim(X) < r). Then for every quasi-coherent sheaf F on X
we have an isomorphism

Homo, (F,wy) = H (X, F)”

where the dual is seen as the dual of the k-vector space H" (X, F). In particular,
dimy, H? (X, Homo,, (F,wy)) = dimg H" (X, F).
Proof. This is [Liu02, 6.4.20]. O

Lemma E.1.4 ([Liu02] 6.4.25). Let f : X — Y be a finite morphism of locally noetherian
schemes. For every quasi-coherent sheaf G on'Y we set

f!g = %OmOy(f*OXa g)

which is canonically endowed with the structure of a quasi-coherent Ox-module. Moreover,
there is a morphism trg : f*(f!g) — G. Then f'Oy together with tro, s the 0-dualising
sheaf for f.

Example E.1.5. Let ¢ : Pi — Spec(k) be the projective and smooth structure morphism.
By [Liu02, 6.4.22, 6.4.32 and 6.1.22], the 1-dualising sheaf wy exists and is isomorphic to
Op1(—2). In particular, it is invertible and thus the same is true for 7*w, for every
morphism 7 : X — IP’,lc. A

Since we know that the 1-dualising exists for ]P’,lﬁ, we can show that the 1-dualising of every
noetherian projective scheme ¢ : X — Spec(k) exists and that it is related to that of
¢ : P, — Spec(k).

Proposition E.1.6. Let X be a noetherian projective scheme of dimension one over the
field k. Let 1) : X — Spec(k) denote the projective structure morphism which decomposes
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into a finite morphism m : X — Pi followed by ¢ : Pi — Spec(k), see Theorem D.1.6.
Then the 1-dualising wy, exists and satisfies

wy = Twg = wr oy T Wy

where wy is the 0-dualising sheaf for m and wy the 1-dualising sheaf for ¢ as in Exam-
ple E.1.5.

Proof. By [Liu02, 6.4.26], w, does indeed exist and satisfies w, = m'wy. By definition of
77!%5, see Lemma E.1.4, we have 7r!w¢ = Homo,, (f+Ox,wys) and since wy is locally free,
we obtain by how Homo, (f«Ox,ws) is considered an Ox-module, the isomorphism

Homop, (f+Ox,wy) = Homo, (f+Ox,Oy) @0, T wg

which finally with Lemma E.1.4 provides that wy = wr ®0, m*wg where w; denotes the
0-dualising sheaf for . O

Notation E.1.7. Let X be a noetherian projective scheme of dimension one over the field
k. If the morphism 1 : X — Spec(k) is given by the context, we denote the 1-dualising
sheaf for ¢ simply by wx. For instance, if (X, 7) is a cover of IP%;, then v = ¢ o ™ where
¢ : P+ — Spec(k). A

For the sake of the argument, we will now introduce the notion of TfSs-sheaves and of
TfSe-dualising sheaves which are introduced in [Kol18] as the “correct analogs” of reflexive
sheaves on non-normal schemes, see [[Kol18, p. 1,4]. We will see in Proposition E.1.13 that
the 1-dualising sheaf wx on a projective Cohen-Macaulay scheme of dimension one over a
field k is also a TfSo-dualising sheaf on X. This enables us to deduce some properties for
wx, see for instance Corollaries E.1.15 and E.2.3

Definition E.1.8. Let X be a scheme. Let F be a coherent sheaf on X. Then F is called
torsionfree if Assp, (F) C X, i.e. if the associated points of F are generic points of X.
Sheaves that are coherent, torsionfree and Sy are called TfS;-sheaves. A

Remark E.1.9. The notion of being torsionfree, as in Definition E.1.8, coincides with our
notion of being torsion-free if X is 51, see Lemma B.4.23. Thus if X is a Cohen-Macaulay
scheme of dimension one, then, by Corollary B.4.21, F is TfSs-sheaf if and only if F is
coherent and torsion-free. A

Definition E.1.10. A TfS;-dualising sheaf on X is a TfS,-sheaf wx such that for all
TfSs-sheaves F the natural map

F — Homop, (Homo (F,wx),w0x)

is an isomorphism. If X = Spec(R) and wx is TfS2-dualising on X given by the module
R-module wg, then Wg is called a TfSy-dualising module on R. A

Remark E.1.11. If X is non-empty and the TfSs-dualising sheaf exists, it is non-zero.
Indeed, by definition, we have Ox = Homp, (Homp, (Ox,wx),wx) and if wy = 0, then
Homop, (Ox,wx) = 0 and thus Ox = 0 which is absurd. A

Proposition E.1.12 ([Koll18], Cor. 40). Let X be a regular scheme. Then a coherent
sheaf F is TfSa-dualising if and only if F is invertible.

Proposition E.1.13. Let X be a noetherian, projective Cohen-Macaulay scheme of di-
mension 1 over the field k. Then the 1-dualising sheaf wx on X is also a TfSa-dualising
sheaf on X.

293



E.1. The Dualising Sheaf and its Properties Chapter 5

Proof. By Corollary D.1.8, we know that there is a finite morphism 7 : X — P} which
is surjective and flat. Since X is Cohen-Macaulay, by Proposition D.2.4, we know that
m.Ox is a free Oy-module. Now any torsion-free Ox-module F thus satisfies that m,F
is torsion-free over m,Ox. Now since m.Oyx is free over Op1, it is a fortiori torsion-free
over Op1 and hence the same is true for m, F. If F is coherent, by [Liu02, 5.1.14 (d)], m«F
is coherent as Opi-module. In particular, each stalk of 7, F is a finitely generated and
torsion-free module over a principal ideal domain and thus free. Hence m,F is locally free.
Thus m,F is locally free if F is coherent and torsion-free on X. In particular, the same
holds true for all TfSy-sheaves F. Clearly, any locally free sheaf is a TfSo-sheaf and thus
we may apply [Kol18, Prop. 32] and see that W!&P}c is a TfSs-dualising sheaf on X for every

TfSs-dualising sheaf JJP}C on ]P’}C. By [Kol18, Cor. 40], being TfSs-dualising is equivalent to
being invertible. Now let wp1 = Opt (—2) be the 1-dualising sheaf on P}, which is invertible

and thus, by [Koll8, Cor. 40], a TfSy-dualising sheaf on P;. By [Liu02, 6.4.26 (a)], we
know that wx = TI'!LL)HJ;IIC is the 1-dualising sheaf on X and, by [Kol18, Prop. 32], it is also
a TfSs-dualising sheaf on X. O

Remark E.1.14. By Proposition E.1.6, we know that wx exists. Moreover, if X is addi-
tionally Cohen-Macaulay, by Proposition E.1.13, wx is also a TfSs-dualising sheaf on X
and therefore Remark E.1.11 provides that it is non-zero. A

Corollary E.1.15. Let X be a noetherian, projective Cohen-Macaulay scheme of dimen-
sion 1 over the field k. Then the 1-dualising sheaf wx on X is also a TfS>-sheaf on X
and thus coherent, Sy and satisfies Asso, (wx) C X°. Since X is Cohen-Macaulay, by
Lemma B.4.23, the latter is equivalent to wx being torsion-free.

Definition E.1.16. Let X be a scheme of dimension one. We say that X is Gorenstein
in codimension 0, denoted by “X is Gg”, if the local rings Ox p for all generic points
P € X9 of X are local Gorenstein rings. A

Remark E.1.17. A local noetherian ring (R, m, k) is, by definition, a Gorenstein ring if
it has finite injective dimension, that is, if sup{i | Ext% (s, R) # 0} is finite. Now
since EXt%(K’,, R) = Hompg(k, R), we know that if R is itself a field, then R = k and
thus Hompg(k, R) # 0 providing that fields are local Gorenstein rings. In particular, by
Lemma B.4.29, every reduced scheme is both Cohen-Macaulay and Gorenstein in codi-
mension 0. A

Proposition E.1.18. Let X be a projective curve over k which is Cohen-Macaulay and
Gorenstein in codimension 0 (e.g. X reduced). Let wx be the 1-dualising sheaf on X.
Then wx is isomorphic to some Ox -ideal.

Proof. Since X is reduced, it is S7 and since it is of dimension 1, it also satisfies Sy for
all d > 1. Thus, by [Kol18, Lem. 27], we know that F is a TfSs-dualising sheaf on X if
and only if Fp is a TfSs-dualising module on Ox p for all P € X. By Corollary E.1.15,
the 1-dualising wy is also a TfSs-dualising sheaf on X and hence wx p is a TfS2-dualising
module on Ox p. In particular, this holds for the generic points of X as well. Since X
is noetherian, the local ring Ox p for P € X Y is a zero-dimensional noetherian ring and
thus, by [Stal8, Tag 00KH], it is artinian. Now the TfSs-duality on artinian schemes is
the same as the Matlis-duality since on such a scheme every coherent sheaf is So. Now
combine [BH98, 3.2.12] and [Eis95, 21.1 and 21.2] to see that every TfSs-dualising module
2 on a local artinian ring (A, m, ) is isomorphic to the injective hull E(x) of k. See
also [Kol18, Lem. 35]. Therefore, wx p is isomorphic to the injective hull E(x(P)). By
[BHO8, 3.2.12], we know that any finite faithful R-module (where (R, m, k) is a noetherian
local ring) of type 1 is isomorphic to E (k). Moreover, by [BH98, 3.3.13], if R is additionally
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Cohen-Macaulay, then the so called canonical module of R is a faithful maximal Cohen-
Macaulay R-module of type 1 and thus, by the above, isomorphic to E(k). Finally,
since X is reduced, by Lemma B.4.29, Ox p is a field for every P € X° and therefore,
by Remark E.1.17, it is a local Gorenstein ring. Now [BH98, 3.3.7] provides that the
canonical module of a local Gorenstein ring R is isomorphic to R and hence we deduce
that wx p = E(k(P)) = Ox p. Now since wx is invertible at the generic points of X
and the latter is Cohen-Macaulay, we can apply Lemma 4.1.2 to deduce that there is an
Ox-module embedding wx — Kx. By Corollary E.1.15, we know that wx is coherent
and thus we conclude that wx is isomorphic to some Ox-ideal, see Definition 3.1.13. [

Proposition E.1.19. Let X be an integral, noetherian and projective Cohen-Macaulay
scheme of pure dimension over the field k. Let n € X be the generic point of X. Then

WX, 75 0.

Proof. By [Stal8, Tag 0587], we have wx # 0 if and only if Assp, (wx) # 0. By Corol-
lary E.1.15, we know that Assp, (wx) € X° = {n}. Moreover, by Remark E.1.14, we know
that wy # 0 and hence, by the above, Assp, (wx) # 0. Therefore, Assp, (wx) = {n} and
[Stal8, Tag 05AD] tells us that that Assp, (wx) C Supp(wx) which provides the asser-
tion. O

E.2 The wx-Dual and the Riemann-Roch Equation

Throughout this section, if not mentioned otherwise, X will be a noetherian, projective
Cohen-Macaulay scheme of dimension one over the field k. By 7 : X — P} we denote a
finite morphism which does exist due to Corollary D.1.8.

As a generalisation of the degree of Ox-ideals we define analogously the degree of
coherent and torsion-free sheaves on X.

Definition E.2.1. Let F be a coherent and torsion-free sheaf on X. Then we define
degy, F = x(Ox) — x(F).

If F is an Ox-ideal, then the above degree coincides with the degree of F as an Ox-
ideal. A

In the usual sense, the Riemann-Roch equation connects the Euler characteristic of an
invertible sheaf (resp. that of a divisor) with its degree (resp. the degree of the corre-
sponding divisor). Moreover, one wishes that the first cohomology term vanishes if the
degree is large enough and thus one can predict the exact dimension of the global sections
of the given sheaf (the Riemann-Roch space of the divisor) over k. There are two ways of
coming up with such an equation:

(i) One defines the degree of such a sheaf independent of its Euler characteristic (e.g.
as the degree of the corresponding divisor), then proves the Riemann-Roch equation
and tries to find a way to show that the first cohomology term vanishes for large
enough degree, or

(ii) one defines the degree of the given class of sheaves such that a Riemann-Roch equa-
tion holds by definition and proves the vanishing of the first cohomology term for
large enough degree.

Definition E.2.1 provides a notion of degree for coherent and torsion-free sheaves which im-
mediately provides an equation in the sense of Riemann-Roch. The reader should note that
the degree of Ox-ideals coincides with the definition of degree given in Definition E.2.1,
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see Lemma C.4.4, and thus Ox-ideals naturally satisfy a Riemann-Roch equation. The
reader may compare with [Liu02, 7.3.17 and 7.3.26] where such an equation is provided for
invertible sheaves corresponding to divisors on projective schemes of dimension one over
a field k. Moreover, if X is an integral and local complete intersection projective curve
over k, [Liu02, 7.3.33] states the vanishing of the first cohomology term if the degree of
the given divisor exceeds 2p,(X ) —2. In this section we will show a sufficient condition for
the first cohomology term to vanish if we increase the degree of a given sheaf by tensoring
with a suitable multiple of the pole divisor of . We emphasise that the mentioned van-
ishing works for the large class of schemes X as mentioned in the beginning of this section
(noetherian, projective Cohen-Macaulay scheme of dimension one over the field k).

To prove what we have said above, we need to introduce the wx-dual of coherent
Ox-modules and prove some of its fundamental properties.

Definition E.2.2. For every coherent Ox-module F we define its wx-dual or simply
dual by F* = Homop, (F,wx). JAN

Corollary E.2.3 (of Proposition E.1.13). For all coherent and torsion-free sheaves F on
X we have F™* = F.

Proof. By Proposition E.1.13, the statement is true for all TfSs-sheaves on X. By Re-
mark E.1.9, the assertion holds for all coherent and torsion-free sheaves on X. ]

Lemma E.2.4. Let X be any scheme. If F,G are coherent Ox-modules, then the same
is true for Homop, (F,G). If F,G are invertible at a common set Y C X of points in X,
then the same is true for Homp, (F,G).

Proof. Since F and G are coherent, by [Stal8, Tag 01CQ)], the same is true for Homoe , (F,G).
By definition, any coherent Ox-module is finitely presented and thus, by [Stal8, Tag
01CP], we know that

’HOmOX (]:, g)p — Hom@X,P (]:p, gp)
is an isomorphism for all P € X. Now for all P € Y let fpOx p = Fp and gpOx p = Gp

be the generators of Fp respectively Gp. Then every element in

Homoy ,(Fp,Gp) = Homoy . (frOx P, 9pOx,pP)

corresponds uniquely to an element in Ox p (¢ corresponds to ¢(fp)) providing

Homo, ,(frPOx,pr,9pOx.p) = Ox p
and thus the assertion. O

Proposition E.2.5. Let X be a noetherian scheme. Let F,G be coherent Ox-modules.
Then
Assp, (Homo, (F,G)) C Asso, (G).

Proof. First of all, since X is locally noetherian, by [Stal8, Tag 05AG], we have G # 0 if
and only if Assp, (G) # 0. Thus if Assp, (G) = 0, then G = 0 and thus Homop, (F,G) =
0 as well which again provides Assp, (Homo, (F,G)) = (. Hence suppose that both
Asso (Homop, (F,G)) and Assp, (G) are non-empty. Let P € Assp, (Homp, (F,G)),
then POx p € Assoy ,(Homo, (F,G)p) by definition. Since F is of finite presentation,
by [Stal8, Tag 01CP], we have the isomorphism

(Homox (]:" g))P — HomOX,P (.FP, gp)

Hence POx p is the annihilator of a non-zero homomorphism f : 7p — Gp. In particular,
Fp,Gp # 0. Therefore, for all p € POx p we have pf(a) = 0 for all a € Fp. Hence POx p
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annihilates the non-zero (otherwise Fp = 0 or f = 0) Ox p-submodule f(Fp) C Gp. In
particular, POx p only consists of zero-divisors on Gp and since the latter is finitely
generated over Ox p, by Lemma B.4.22, we know that P C @ for some Q € Asso ,(Gp).
Since P was maximal in Ox p, we have P = @ and thus P € Assp, ,(Gp). O

Proposition E.2.6. Let F be a coherent, torsion-free Ox-module. Then the same is true
for F*. Moreover, if X is Gorenstein in codimension 0 and F is invertible at the generic
points of X, then same is true for F* as well.

Proof. First of all, by Corollary E.1.15, we know that wx is coherent and satisfies
Assp, (wx) C X0

Now since F is coherent by assumption, by Lemma E.2.4, we know that F* is coherent,
too. Moreover, since X is Cohen-Macaulay, by Lemma B.4.23, we know that a coherent
Ox-module H is torsion-free if and only if Assp, (%) € X°. By Proposition E.2.5, we
have

Asso, (F*) C Asso, (wx) € X°

and hence F* is torsion-free. By Proposition E.1.18, we know that if X is Gorenstein in
codimension 0, then wyx is isomorphic to some Ox-ideal. In particular, wy is invertible at
all generic points of X. Thus, if F is invertible at P for all P € XY, then, by Lemma E.2.4,
we know that the same is true for F7* as well. O

Corollary E.2.7. Let F be a quasi-coherent Ox-module. By Lemma E.1.3, we obtain
dimy H' (X, F) = dimy, H° (X, F*).

Proposition E.2.8. Let F be a coherent and torsion-free Ox-module. Then m,F 1is free
of finite rank r and there are uniquely determined integers |F|y > ... > |F|, such that

mF = D Op (| F):).

=1

Proof. By [Liu02, 5.1.14], m.F is a coherent Opi-module since P}, is locally noetherian.
Since X is Cohen-Macaulay, the finite morphism 7 is flat, see Corollary D.1.8. By [Stal8,
Tag O0ONX], finitely generated modules over noetherian rings are locally free if and only
if they are flat. Hence m,Ox is a locally free Opi-module. Hence the torsion-freeness of
F as an Ox-module implies that 7, F is a torsion-free Opi1-module. That is, each stalk of
mF is a torsion-free and finitely generated module over a principal ideal domain of rank
r (since P} is regular) and hence 7.F is locally free of some rank r. That is, m.F is a
locally free Opi-module and thus, by Theorem B.5.10, it is isomorphic to a direct sum of
r invertible sheaves Opi(d;) for unique integers dy > ... > d, on P} which provides the
assertion. O

Remark E.2.9. The notation |F|; was already used for the m-invariants of Ox-ideals. But
as we will see in Corollary E.2.13, these notions will coincide if F is an Ox-ideal. A

Corollary E.2.10. Let (X,7) be a Cohen-Macaulay cover of PL. Let F be an Ox-ideal.
Then m.F is free of rank n and there are uniquely determined integers |F|1 > ... > |F|y
such that

m.F = P Opi (| F),).

i=1
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Proof. We only need to prove that the rank of m,F over Op: is equal to n since the rest
follows from Proposition E.2.8. However, by Proposition 4.1.12, we know that (7.F)(U) =
F(n~1(U)) is free of rank n for all non-empty affine open subsets U C P}. O

Proposition E.2.11. Let F be a coherent, torsion-free Ox-module. Then m,F* and meF
have the same rank r and

T F =@, Op(—|Fi —2) and thus |F*|; = —|F|; —2

Proof. Let m,F have rank r. Due to Proposition E.1.6 we have wx = w; ®0y ™" wy where
wr is the O-dualising sheaf for 7 and w, is the 1-dualising sheaf for ¢ : Pi — Spec(k).
Moreover, by Example E.1.5, we know that wy = Op1(—2) and thus 7*wg is invertible. In
particular, we deduce

F* =Homp, (F,wx) = Homop, (F,wr) Qo T we,

see [GW10, 7.7]. Since both F and w, are coherent, Homp, (F,w;) is coherent, see
Lemma E.2.4. Since wy is invertible and hence flat, we can use the Projection Formula
B.5.9 to deduce

T« (Homo  (F,wr) Q0 T'wy) = mHome, (F,wr) R0, We-
The defining property of the 0-dualising w,, see Eq. (1:1) in Definition E.1.1, provides
T = Homo,, (m:.F, Op1) @0, w
Plugging in wy = Op1(—2) and Home,, (m+F, Op1) = (m.F)" provides
rF* 2 (@, Opi (1F10)" 20, O (—2). (2:2)

Now obviously

@Opl | F:) VN@OHM bt VN@OHM | F i)~ @oﬂm —|F1:)

since F¥ = F~! for invertible sheaves F. Plugging this into Eq. (2:2) finally provides
mF* =@ Op (—|F|i — 2). (2:3)
This proves that m,F™ also is locally free of rank r. O

Lemma E.2.12. Let F be a coherent, torsion-free Ox-module. For r € 7Z we have
[F(r(@)oo)li = |Fli + 7.

Proof. By Remark 3.2.6, we have 7(z)s = W*(r(x)P}woo). By Proposition 3.2.3 (i), we
have Ox (r(z)s) = Tr*Op((x)P}woo). Since Oy (divy (2")s) is invertible, we may use the
Projection Formula B.5.9 to deduce

T (Fr(@)so)) = m(F @0y Ox(r(@)oo)
= 1 (F ®oy 7 O0p (r(2)p1 o))
— 7. F 80y Op (r(@)p1 00)- (2:4)

By Theorem B.5.10, we have Op: (r(m)]pllwoo)) 2 Opi1 (¢) for some uniquely determined ¢ € Z.
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Now due to Lemma C.4.4, the degree of the Opi-ideal satisfies

degy, Op1 (£) = x(Op1) — x(Op1(£))
= x(Op1) + dimy, H' (P, Op1 (€)) — dimy, H? (P}, Op1 (£))
= — L (2:5)

where the last equation is due to Lemma B.5.11. Since P,lg has degree one as a cover of P,lg,
by Lemma D.2.13, we have degk(r(a:)P}woo) = r and hence, by Proposition 3.1.27 (iii), we
obtain deg;, Op: (T(I‘)Pllwoo)) = —r. Therefore, by Eq. (2:5), this means Op: (r(a:)P}cpo)) =
Opi1(r). Plugging this into Eq. (2:4) provides

T (F(r(2)o0)) = meF @0y Opr ()

= P 01 (171i) ®0,, Opi (r)

i=1
m
= P Ow(|Fli +7)
i=1
where m is the rank of 7, F. By the uniqueness of the integers | F|;+7, see Theorem B.5.10,
we deduce that |F(r(x)eo)|i = |Fli + 7. O

Corollary E.2.13. Let (X, ) be a cover ofIP)}C. Let F be an Ox-ideal. Then the uniquely
determined integers d1 > ... > d, such that

mF = D Opi (d;)
=1

equal the m-invariants of F, see Definition 4.3.8 and Theorem 4.53.15, that is, for all
i=1,...,n we have |F|; = d;.
Proof. By Theorem 4.3.15, the integers |F|; > ... > |F|, are uniquely determined by the
property

dimg H (X, F(r(z)o)) = > (IFli+7+1)

‘-7'—|i+7'20

for all r € Z. By definition, H® (P}, m.F(r(z)x)) = H° (X, F(r(z)s)) and thus, by
Lemmas B.5.11 and E.2.12, we do have

dimy H (X, F(r(z)e)) = Y (di+7+1)
d;+r>0

which therefore provides that for all i = 1,...,n we have |F|; = d; as asserted. O

Proposition E.2.14. Let F be a coherent, torsion-free Ox-module on X. Then x(F*) =
—x(F). In particular, degy, F* = degy, F + 2x(F).

Proof. This first assertion follows from Propositions E.2.11 and E.2.16. By Proposi-
tion E.2.6, F* is also coherent and torsion-free and thus deg; F* is defined. To prove
the latter assertion, we obtain by Lemma C.4.4 and Definition E.2.1

degy, F — degy, F* = (x(Ox) — x(F)) — (x(Ox) — x(F7))
= —x(F) +x(F)
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and thus, by the first assertion, this becomes
degy, F —deg, F* = — 2x(F)
and hence degy, F* = degy, F + 2x(F) as asserted. O]

Corollary E.2.15. For coherent, torsion-free Ox-modules F we have
deg), F* + deg;, F = —2g.
In particular, deg, wx = —2g.
Proof. By definition, we have
degy F* + degy F = x(Ox) = x(F7) + x(Ox) — x(F)
and, by Proposition E.2.14, we have —x(F*) = x(F) and thus this becomes
deg), F* + deg;, F = 2x(Ox)

as asserted. Now we plug in F = Ox in the equation above and note that wxy = O% as
well as deg; Ox = 0. Thus we obtain deg, wx = —2g. O

Since Op1 (€)(P}) = 0 for £ < 0, we see that if 7 is chosen appropriately, then F(r(z)) has
no global sections. We can use this together with the dualising property of wx to deduce
that H! (X, F(r(2)s)) = 0 for appropriate r € Z.

Proposition E.2.16. Let F be a coherent, torsion-free Ox-module on X such that meJF
has rank r. Then

dimy, H* (X, F) = ¥y m,50(1Fli +1)  and  dimy, HO (X, F*) = = 32 21 o (1Fs + 1)

Therefore, we have x(F) =Y i (|Fli +1).

Proof. Since F(X) = (m.F)(P}), we have dimy F(X) = >, dimy Opi (| F|;)(P}). Then,
by Lemma B.5.11, we directly obtain dimy H° (X, F) = >iF>0([Fli +1). Now using
Proposition E.2.11 we analogously obtain

dim, F(X)= > (Fli+)= > (~|F:-1)

|[F*[;>0 —|F|i=2>0

and since —|F|; —2 > 0 is equivalent to |F|; < —1 and the summand —|F|; — 1 for
|Fli = —1 does not change the sum, we finally obtain dimy F*(X) =3, 7, oo(=|Fli — 1).
By the dualising property of the 1-dualising wx, see Lemma E.1.3, we have

X(F)

dimy, HY (X, F) — dimy, H' (X, F)
= dimy H® (X, F) — dimy H® (X, F*)
= Y (Fi+1 - > (-1Fi-1)

|Fl:>0 |Fl:<0
r

= > (IFli+1). O

i=1

Proposition E.2.16 characterises exactly when the first cohomology term of a coherent
and torsion-free sheaf F vanishes. It does if and only if |F|; > 0 for all i = 1,...,r
where 7 is the rank of 7,F. Meeting the wish of the vanishing of H! (X, F) just if the
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degree of F is large enough is simply not possible for reducible X in general. But the
following statement shows that if we tensor with Ox(r(x)s) for r large enough, then
H' (X, F(r(z)s)) vanishes independently of X being reducible or not.

Corollary E.2.17. Let F be a coherent, torsion-free Ox-module on X such that w,F has
rank n. Then

dimy, H' (X, F(r(x)o)) = > (=|Fli =7 —1).
—|Fli>r

In particular, H' (X, F(r(2)s0)) = 0 if and only if r > —|F|,.

Proof. By Proposition E.2.16, we have

dimy H' (X, F(r(@)s0)) = — Y. (F(@r(2)ec)li + 1)
| F(r(x)oo) i <0

and, by Lemma E.2.12, we have |F(r(x)s)|i = |F|i + r and thus we obtain

dimy H' (X, F(r(z)oe)) = = > (IFli+r+1)
‘]:|i+7'<0
- 3 Fi-r-1)
*|]:|i>7’
providing both assertions. O

We have shown in Lemma 4.5.1 (i) that there is an upper bound for the m-invariants of
an Ox-ideal F depending on the degree of F and thus we obtain the following result for
Ox-ideals.

Corollary E.2.18. Let X be reducible with irreducible components X1, ..., X;,. Let F be
an Ox-ideal. Then H* (X, F(r()o0)) = 0 if

degy Fx,
r> ngX{ng(L +2Ci,X} .
=1 n;

In particular, if r > max]™ {(degy, Fx,)/ni} + 2cx, then H' (X, F(r(x))) = 0.
Proof. This follows from Lemma 4.5.1 (i) and Corollary E.2.17. O

Remark F.2.19. Note that if X is integral, then a similar result was already provided by
Theorem 4.3.22. A

Corollary E.2.20. Recall the definition of the arithmetic genus g = —x(Ox) in Defini-
tion 2.4.8. By Proposition E.2.16, we have g = (3_;—, —|X|;) — n where n denotes the
rank of m.Ox. Now Corollaries 4.3.24 and 4.5.2 provide g < ncx —n = n(ecx — 1) and
thus g/n < cx.

Remark E.2.21. Hence, by Definition 2.4.10, we see that if X is integral, then cx is quite
a good approximation of g/n since we have
2(g +n) +dimy H°(X,Ox)

g cx < .
n n

IN

Moreover, if X is reducible, then we have

m
< cx < max
i=1

SRS

{2(91‘ + n;) + dimg HO(X, Ox,;) + x(#) } ‘

ng
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By Corollary E.2.17, we know that an upper bound s of the invariants —|F|; shows that
H' (X, F(r(z)o0)) vanishes for r > s. To give such a bound requires a bit of work, see
Section 4.4.2 and Lemma 4.5.1 (i). But a lower bound can be easily derived as we will see
NOW.

Proposition E.2.22. Let F be an Ox-ideal. Then

—|Fln =

deg, F + g
—

Proof. By Corollary E.2.17, we have r > —|F|,, if and only if H! (X, F(r(7)s)) = 0. Since
F and Ox(r(r)s) are Ox-ideals, by Definition 3.1.15, the same is true for F(r(x)so).
Therefore, by Lemma C.4.4, we have

degy, F(r(z)os) = x(Ox) — X(F(r(z)x))
= —g—dimy H® (X, F(r(x)so))) + dimg H! (X, F(r(x)s)))

which, by rearranging, provides

dimy, H' (X, F(r(2)o0))) = degy, F(r(2)oo) + g + dimy, H* (X, F(r(2)o0)))
> degy F(r(x)eo) + g- (2:6)

Now since F(r(x)oe) = F - Ox(r(2)) and Ox(r(x)s) is an invertible Ox-ideal, by
Lemma C.4.7, we obtain deg;, F(r(x)s) = deg, F + degi, Ox(7(x)s). By combining
Lemmas C.4.8 and D.2.13, we obtain deg;, Ox(r(z)s) = rn. In particular, if

dimy, H' (X, F(r(z)s))) = 0,

by Eq. (2:6), we obtain r > (deg, F + g)/n. Now plugging in r = —|F|,, we obtain the
desired result. O

Corollary E.2.23. Let F be an Ox-ideal. Then H' (X, F) = 0 implies (degy, F)/n <
—g/n.

Proof. By Proposition E.2.22, we have —|F|,, > (deg, F + g)/n and, by Corollary E.2.17,

we see that H'(X,F) = 0 if and only if 0 > —|F|,. Thus H'(X,F) = 0 implies
0 > (degy, F + g)/n and hence the assertion follows. O

In this section we have defined the degree of coherent and torsion-free sheaves which satis-
fies a kind of Riemann-Roch equation by definition. Moreover, this degree coincides with
the degree of Ox-ideals and thus we saw that Ox-ideals do satisfy with the local defini-
tion of their degree a Riemann-Roch equation. We have characterised in Corollary E.2.17
the vanishing of H! (X, F(r(x)xo)) in terms of the m-invariants of the Ox-ideal F. This
allowed us to give a sufficient criterion for the vanishing of H! (X, F(r(z)s)) only depen-
dent on the maximum of the degree of the restrictions F|x, and the invariant cx. The
latter part need to be emphasised since without further investigation it is not at all clear
how to prove the vanishing without choosing 7 as large as m - maxj”,{deg; Fx,}. We
have seen in Corollary E.2.23 that F does indeed need to satisfy a degree condition for
H' (X, F) to vanish, but we do not know how to provide a condition solely dependent on
the degree of F such that H! (X, F) vanishes in general. Thus we have come up with a
vanishing result for H' (X, F(r(x)s)) which mimics the degree growth by multiples of n
which eventually leads to the vanishing of H' (X, F(7(x)s)). That is, instead of “a large
enough degree leads to vanishing H'-term” we have “we may tensor with Ox (r(z)eo) with
sufficiently large r such that the H'-term of the resulting sheaf vanishes”.
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If X is projective over k (or proper over any affine base) and £ an ample and in-
vertible sheaf on X, then for every coherent F on X there is an integer ng(F) such that
HY (X, F ®p, L") = 0 for all n > no(F). Moreover, in this case L£" is very ample for
X — Spec(k) for sufficiently large r. For further information, see [Liu02, 5.3.6]. There-
fore, since (x)s is an ample divisor on X, see Proposition D.2.3, we have proven a bound
for no(F) dependent on the degree of F.
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Appendix F

More on m-Invariants

In this chapter we provide some more observations regarding the m-invariants —|X|; <
... < —|X]|, for some cover X of P}.

In Section F.1 we observe that giving an upper bound of —|X|,, is equivalent to the
existence of a divisor on IP’,lC whose pullback to X has vanishing first cohomology term. In
Section F.2 we examine the explicit case of (X, ) being a cover of P which is embedded
in ]P’{fv such that 7 : X — ]P’,lC is given by the projection onto two coordinates. In this case
we provide an explicit formula for the invariant —|X|,, from which we can also give an
explicit formula for the arithmetic genus of X solely in terms of its defining polynomials,
N and n. If not mentioned otherwise, (X, 7) will denote a cover of Pj.

F.1 Relation to Divisors on P}

In this section we prove the simple observation that every upper bound for —|X|,, is given
by an integer d € Z such that 7*Op1(d) has vanishing first cohomology term.

Lemma F.1.1. For every d > 0 there is some effective divisor D > 0 on IP’,IC such that
Opi1(d) = Op1 (D).

Proof. By [GW10, 11.14.3], we have the isomorphism deg : CaCl(P}) — Z and thus every
divisor class is characterised by its degree. Since

deg Op1(d) = x(Op1(d)) — x(Op1)

= dimy H° (P}, Op1(d)) — H' (P}, Op1(d)) — x(Op1)
1
= d+1 =0 =

=d,

we know that there is some divisor D € Div(P}) of degree d such that Opi (D) =
Opi(d). By the theorem of Riemann-Roch, there is some homogeneous polynomial f €
Op1(d)(P}) = k[zg,z1]q of degree d and hence fOp1 < Opi(d). Therefore we have
Op1(D) = f~1Opi(d) > Op1 for some divisor D of degree d. But Opi(—D) < Op is
equivalent to D > 0. ]

Lemma F.1.2. Letd € Z. Then
H' (X, 7Oy (d) = H' B}, @), Op (~|X]; -2 - d)).

Proof. Since 7 is finite, it is affine and thus, by [Stal8, Tag 089W], we have HP (X, F) =
Hp (IP’,IG, T ) for every quasi-coherent Ox-module F. Therefore,

H' (X, 7m0y (d)) 2 H' (P}, 7,7 Oy (d)) .
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By [Liu02, Ex. 5.1.1 (c)], we have m,m*Oy (d) = m.Ox ®0, Oy (d). Combining this with
Grothendieck duality on ]P’,}/, we deduce

12

HY (X, 7*Op1(d)) =2 H' (X, 7.7 Op1 (d))

=~ H' (P}, m.0x ®o,, Opi(d))
~ [0 (P}w (m.0x ®o,, Op1(d))Y Q0 Oml(—2))
=~ H(PL (D), Or (-|X1:) ®0,4 Op1 (~d —2))
~ HP}, P Op(~|X|;—2-d)
as asserted. -

Corollary F.1.3. Let d € Z. Then
—|X|, <d+2< H (X, 7*Oy(d)) = 0.
Proof. By Lemma B.5.11, we have dimy H? (P}, Opi(r)) = 0 if and only if » < 0 and > 1
otherwise. Taking dimensions in Lemma F.1.2, we therefore obtain
n
0= dimy, H' (X, 7Oy (d)) = > _ dimy, Op1 (—|X|; — 2 - d)
i=1

if and only if we have —|X|,, < d + 2. O

F.2 Finite Morphism is the Projection onto Coordinates

In this section we examine the special case of a cover X of IP’,lf which is embedded in
some projective space PV and endowed with a finite morphism onto IE”,lC which is just the
projection onto two of the coordinates of PYV. In this case we can explicitly prove what
the w-invariants are and how we may compute the arithmetic genus g from a given set of
generators of the ideal cutting out X in PV,

Proposition F.2.1. Let X C Pfc\] be a cover of ]P’/,lC such that
X = Proj(klzg, x1,...,2N]/I)
where I is a homogeneous ideal. Assume that I = (fa,..., fs) where
fi= ai it + > o1, T T
(3055130012 b Je=0i

is homogeneous of degree a; > 2 and o, g jy,....j; € k. Moreover, assume that m: X — ]P’,lc
s given by projection onto the first two coordinates xg,x1. Then

n'(zijizai—(N—l))—f—Zn
2

N
g= and  —[X[, =) ai— (N-1)
=2

which provides
=2 (2 1) <o (?)

Proof. Let A = k[z1,21,...,2n]. Let U; = Di(z;) C Pi for i = 1,2 be the standard
affine open cover of P}, with Op1 (Up) = k[z1/20] and Op1 (Uy) = k[zg/x1]. By assumption,
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this induces the affine open cover Vo = Dy (x9) C PY and Voo = Dy (x1) C PY. Then,
by [Lin02, 2.3.36], we have Vo = Spec(A/1(,,)) and Vo = Spec(A/I(,,)) where [,y =
TAzy N Ay and I () = T Az, NA(g,). By Lemma 2.2.4, Ox (V) and Ox (V) are both free
of rank n over k[x1 /x| respectively k[xo/x1]. Moreover, by assumption, foralli = 2,..., N
the following relation holds . U
i i X1

Ty To X1 T1 Xo

Tg Tl

Now let 2 = x1/x¢ and y; = x;/x0, @ > 2, as well as 27! = xg/x1 and z; = x; /71, 7 > 2.

Then the above gives y; = z;x for all : = 2,..., N. By assumption, we have

Two) = (f2,0,--- fs0) and Iy = (f21,.-, fs1)

where
PP ¢ 7 L o d1,,02 Ji
fio =i y;" + E : o j1,eni T Y2 0 Y
(J0sd1eeerdi ) kg Je=ai
RN ¥ . ) —1\jo ,J2 Ji
fin =i 2" + E : Qo jarge (T77)029% oo 2"

(30,01 5-238) 12 Je=ai

Set B@o = k[l’, Y, ... ,yi]/(fg(), . ,f@o) and Bi,l = k[w‘l, 22y ... ,Zi]/(fgl, . ,fi71). Then,
by the above, we have that B; g is finite free of rank a; over B;_1 o with basis 1, y;, ..., yf"_l

And similarly that B; ; is finite free of rank a; over B;_1 1 with basis 1, z;, ..., zf"fl. Hence

By is finite free over k[z] of rank Hf\; 5 a; with basis
{3 uN 10<ji<a; -1}
over k[r]. Analogously, By is finite free over k[z~!] of rank HZ]\LQ a; with basis
{zfz%v |0 <yj;<a;—1}.
These two bases are now related by the relation
: : N . :
y%2 . y]NN $( 21:231) — Z%Q Z]]\I]\I

Now since we have found bases of Ry and R., over k[z] respectively k[z~!] which are

related by a diagonal transformation matrix whose diagonal elements are aXit2di where
0<ji<a;—1,theset {3V, 5 | 0<j; <a;—1} coincides with {—|X|; | i =1,...,n},
see Corollary 4.3.6. Now since g —n =Y ;" ; —|X|;, we thus have

g—n= > ZN:ji

{(2;,-»dN)[0<ji<a;—1} i=2

= D> Gat.t D> in (2:1)

(j27"'7jN) (]277]1\1)

For a fixed k € {2,..., N} we have

> k= R D N S > (2:2)

(J25--9N) (9253 N ), Jk=0 (J25--3N) k=1 (325-53N ) k=N
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and for £ € {1,...,a; — 1} we have

> dk=t-#Ga

(J25--5d N )sJk=
=/ —0. —
o=t 2
i#k

JIN) | e =2,0<j; <a; —1}

We substitute this back into Eq. (2:2) and obtain
k(ag + 1) n(ag + 1) (2:3)

N
n
e METEE S WA
ak ag 2 2
(J25-:3n) (=1 =1
Substituting this back into Eq. (2:1) we finally obtain
Z Jo ..+ Z JN
(j27"'7j]\7)
+1
N n(aN2 )

g—n=
(j27"'7jN)
n(as + 1
(az )+

2
n(a; + 1)
2

()00

Now let a = Zf\ig a;. Then the above implies
2
I~ (a— (N -1))+2.

n

I
M\3 =
=

We obviously have

N
—[X|n =max{} 5i|0<ji<a—1}= (a;—1)=a—(N-1)
=2 =2

which thus provides
X =2 (9—1) 60(3).
n n
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Appendix G

Conclusion and Future Work

In this thesis we provide a toolkit to compute asymptotically fast in the degree zero Picard
group Pic?(X) of rather general algebraic curves X over a field k. In particular, these may
have large genus, have singularities, be non-plane and be reducible. To the authors’ best
knowledge our algorithms are the first ones that implement the group law in Pic®(X) for
this kind of curves. Moreover, our algorithms require O™~ (n“cx) operations in k where
n denotes the degree of a finite morphism X — IP>,1C and cx is an invariant of X which
is roughly equal to g/n where g denotes the arithmetic genus of X. In particular, our
algorithms do not only enlarge the class of curves for which fast arithmetic in Pic®(X) is
available, but they are also at least as fast as the fastest known algorithms for irreducible,
plane and non-singular curves over k.' Therefore, our main contribution is that we gave
the problem of how to compute fast in Pic’(X) a comprehensive answer by providing
algorithms that implement the arithmetic in Pic’(X) and that have a uniform running
time.

At this point we would like to briefly discuss possible future work that may generalise
our contribution to science. First of all, we can not imagine another way of implementing
the arithmetic in Pic®(X) which is significantly faster than ours. But there might be slight
improvements and also generalisations. We conject that our general idea should work
out the same way if we drop the assumption that the intersection points of irreducible
components of covers of Pi do not meet S, see Definition 2.1.3 (ii). Alternatively, we
believe that it should not be too hard to argue that every reduced projective curve over
k admits a finite morphism to P} satisfying Definition 2.1.3 (ii). Another possible way
to generalise our result is to work over an affine base Spec(A) given by a ring A that is
not necessarily a field k. That is, analogous to Ivey-Law who generalised in [[L.12] the
ideas of Khuri-Makdisi given in [KKM04], there might be a way to generalise our result to
suitable rings A. In [IL12] the new ground rings A (which the author called amenable
rings) needed to admit fast linear algebra of projective modules over A. Analogously, the
new ground ring for our approach should admit fast linear algebra over A[z]. Although
this should be hard enough, another point where this should get difficult is by coming up
randomly with ideal generating sets of ideals by using the probabilistic statements given
in Section 6.2.2. These methods do not apply to more general rings A off-handedly. This
seems to be the same reason why [I1.12] could not profit from the speedup Khuri-Makdisi
gave in [KMO7] in contrast to [[KXMO4].

!For a more thorough classification of our result with respect to the previous work, see the Abstract at
the beginning of this document and Section 1.1.
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List of Algorithms
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Computing basis matrix of a reduced basis. . . . . . .. .. ... ... ...
Computing w-invariants of Ox-ideal . . . . . .. ... ... .. ... ....
Reducing a matrix by a matrix in Popov form . . . . . .. .. .. .. ..
Compute component reduced basis matrix . . . . . ... ... ... ... ..
From a basis matrix with respect to {2 to one with respect to /" . . . . ..
Compute row block reduced basis matrix . . ... ... ... ... .....
Computing a modification function in the component independent case . . .
Computing a modification function in the component dependent case . . . .
Computing the degree of an Rp-ideal . . . . . . . . . ... ... ... ....
Test for ideal generating set . . . . . . . . . . .. ... ... .. ...
Compute ideal quotient which is integral . . . . . . . . ... ... ... ...
Randomised attempt to compute an ideal generating set . . . . . .. .. ..
Providing an ideal generating set . . . . . . . ... .. o 0.
Computing product of elements . . . . . . . ... .. ... oL
Computing basis matrix of principal ideal: component independent case . .
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Computing basis matrix of principal ideal: component dependent case . . .
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List of Symbols

What follows is an overview of symbols used in this document together with the page
number where they first appear.

Ideal arithmetic related symbols

(J:1) = {a € Frac(R) | al C J} quotient of two R-ideals, page 255
Vi(T) = {P € Spec(R) | T C PI}, page 176

Divisor related symbols

(Dyvy> Dysys - - - Dys,,,) image of the divisor D on the cover X of P} under the embedding
Div(X) < Div(Vp) x @;~, Div(S;); also denoted by Dy, + Djs, +
...+ Dg,,, page 128

(Dyvy, Dys) image of the divisor D on the cover X of IP’,lC under the embedding
Div(X) < Div(Vp) x Div(S); also denoted by Dy, + Djs, page 128

(") 00 extension by zero of pole divisor of = on irreducible component X;
to X; given by configuration {(X \ S;,1), (D(h;),z~")}, page 130

CaCl(X) = Div(X)/ Princ(X), group of Cartier divisor classes on X, page 52

CaCl1o(X) = Dy(X)/ Princ(X), degree zero divisor class group of X, page 129

CaC12(X) = Div2(X)/ Princ, (X); degree zero divisor class group of X with
respect to 7, page 132

CllnvId(X) class group of invertible Ox-ideals, page 56

ClInvId® (X ) group of degree zero invertible O x-ideals, see Definition 5.0.5, page 110

Div(X) = H% (X,K%/0%), group of Cartier divisors on X, page 52

Div?r(X) degree zero divisor group of X with respect to 7, page 132

- invertible Rp-ideals whose restriction to an irreducible component

X; NV of Vp has degree r;n; for some r; € Z, page 133
InvId(X) group of invertible Ox-ideals, page 56

Do(X) divisors on X with degree zero restrictions to the irreducible com-
ponents of X, page 129

9 those divisors on X restricting to a principal divisor on every com-
ponent of X, page 126

R kernel of the divisor restriction map Div(X) — ;" Div(X;), page 126
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Monold(X)
Pic(R)

Pic(X)
Pic’(X)
Pr

Princ(X)
Princ, (X)
Princld(X)
C(R)

Dy

the monoid of Ox-ideals on X, see Definition 3.1.15, page 55

the Picard group of the ring R; the group of isomorphism classes of
invertible R-modules, page 111

Picard group of the scheme X, see Definition 5.0.1, page 109
degree zero Picard group of X, see Definition 5.0.3, page 110

principal invertible Ry-ideals whose generator satisfies the conditions
of Corollary 5.6.13, page 133

subgroup of principal Cartier divisors on X, page 52
= Div2(X) N Princ(X), page 132
group of principal invertible Ox-ideals, page 56

the group of Cartier divisors of the ring R; the group of invertible
R-ideals, page 111

restriction of the divisor D € Div(X) to the scheme Y where f :
Y — X is a morphism of schemes for which the restriction of divisors
is defined; see Definition 3.2.5, page 67

Sheaf related symbols

Ass(F)
Xk<X7 ]:)

f

F/G

FG
f*

Fit
Fp
Fly

associated points of the sheaf F, page 230

or x(F); Euler characteristic of the Ox-module F on the proper
k-scheme X, page 250

presheaf or sheaf (of abelian groups, rings, modules or algebras (for
a fixed ring)) on a topological space X, page 215

quotient sheaf of F by the subsheaf G, defined as the sheafification
of U— F(U)/G(U), page 219

product of the Ox-ideals F and G, page 55

= Homp, (F,wx) where wx denotes the 1-dualising sheaf on X,
page 288

sheafification of the presheaf F, page 219
stalk of the presheaf or sheaf F at the point P, page 216

restriction of the sheaf F on X to the scheme Y where f:Y — X
is a morphism of schemes, see Definition 3.2.25, page 67

the presheaf or sheaf G is a subpresheaf or subsheaf of F, page 216
sheaf of stalks of meromorphic functions of X, page 52

presheaf whose sheafification is x, page 52

sheaf of rings, page 225

restriction map F(U) — F (V) of the presheaf F, page 215
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54 Skyscraper sheaf sitting at intersection points of irreducible compo-
nents, page 45

7 Skyscraper sheaf sitting at intersection points, page 46

Supp(F) support of the sheaf F, page 222

f=uyg the sections f,g € F(U) of the presheaf F are equal on a cover,
page 220

f:F—=G morphism of the presheaves or sheaves F and G, page 218

g inverse image of G under the map f, page 222

v direct image of F under the map f, page 222

fp:Fp—Gp morphism induced by f : F — G on the stalks, page 218

sp the germ of s € F(U) at the point P € U of the presheaf F, page 216

S|V = pl(F)(s), restriction of the section s of F over U to a section of

F over V| page 216

| F i the i-th m-invariant of the Ox-ideal F defined in Definition 4.3.8 ,
page 78
|D|; the i-th m-invariant of the Ox-ideal Ox (D) corresponding to the

divisor D defined in Definition 4.3.8, page 78
Algorithm input related symbols

by finite subset of the ground field £ from which the randomised al-
gorithms that try to provide ideal generating sets choose uniformly
random elements to compute a Y-random element, page 178

c Boolean that encodes whether the input basis matrices of ideals
represent the respective basis with respect to Q! (in this case, the
representation depends on the components, thus ¢ =true) or with
respect to ) (then ¢ =false) , page 103

r,t € Z>1 probability parameters of randomised algorithms that affect the
lower bound of the probability of the respective algorithm to be suc-
cessful. Here r affects the number of Y-randomly chosen elements
trying to come up with ideal generators and t affects the total num-
ber of tries coming up with an ideal generating set , page 179

Linear algebra related symbols

(M, )i matrix M € k[z]"*" defined by matrices M, ; € k[z]"*" where
n =3, nj, see Definition 4.4.6, page 89

LC(M) Leading Coefficient matrix of the polynomial matrix M € k((z~1))"*",
page 77

Running time related symbols

Y—random see Definition 6.2.18, page 176
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number of operations in a ground field k£ needed for computing the
greatest common divisor of two univariate polynomials with degree
at most d, page 211

number of operations in a ground field k& needed for computing
the product of two univariate polynomials with degree at most d,
page 211

Scheme related symbols

nx

Ci

Go

Pa(X)
XO
Xo

| X1

integer depending on whether X is irreducible or not, see Nota-
tion 5.8.1, page 156

2pa (Xi)+x ()

order of irreducible components X, ..., X,, of X, page 145

-‘ ; invariant of the scheme X with regards to a fixed

= —x(X, Ox); arithmetic genus of X, see Definition 2.4.8 and the
discussion in Remark 2.4.7, page 48

= 2po(X) +2(m —1) — x(“x) = 2(g + m) — x(-x); invariant of
the scheme X, page 145

a scheme X of dimension one is Gy if its local rings Ox p for P € X0
are local Gorenstein rings, page 286

=1— x(X,Ox), see Definition 2.4.8, page 48
set of generic points of the irreducible components of X, page 228
set of closed points of X, page 228

the ¢-th m-invariant of the Oxdefined in Definition 4.3.8 , page 78

Symbols Related to Covers of IP’%;

(wij)ij

Ha

Ha,i

= (Wi, ,Win,)i=1,.,m basis of @ R;o constituted by the re-
duced bases of R; o, page 90

= (Vi1,---,Vin,)i=1,..m basis of @;", Fi(Vio) constituted by the
reduced bases of F;(V; ), page 90

Pole divisor of the function z € Lx(X) on X, page 39
= (%) x:,00) 5, Page 130
Pole divisor of the function z € Kx,(X;) on X;, page 39

= r(x) multiple of the pole divisor of x of the function z € Kx(X)
on X, page 39

= F|x, where F is an Ox-ideal on the cover X of IP}C, page 90

< Oy, sheaf of ideals on X; cutting out Y;—1 N X; in X;, page 89
= lig © loo; Morphism S — Vo — X, page 40

Morphism S — V, page 40

Morphism S; — V; o corresponding to R; oo — T_IRLOO, page 41
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7% Morphism S; — X;, page 41

v index of S = k[z,y] in Ry where y is primitive element of K x (X)/k(x)
and X a cover of }P’,lc, page 186

Oxo = T k[z71]; local ring of P, € P}, page 40

Og = T~ R.; structure sheaf of S; Og = D", Os,, page 40

Q = (w1,...,wy) a fixed reduced basis of Ox respectively Ry, see

Notation 6.1.1, page 167

Q; = (Wi 1,...,win,) a fixed reduced basis of Oy, respectively R; g, see
Notation 6.1.1, page 167

Qm = (wi,j)i,; the fixed basis of Rg constituted by Q,...,Q,, see No-
tation 6.1.1, page 167

Og, = T_lRiyoo; structure sheaf of S;, page 40

IP’}C Projective line over the field k, page 37

s Finite morphism X — ]P’,l~C of the cover X of IP)}C, see Definition 2.2.1,
page 37

; Restriction of the finite morphism 7 : X — IP’,IC to X;, page 39

Qi =wi1,...,win, fixed reduced basis of R; o, page 90

Qr = (Wi, Win,)i=1,..m basis of @, R;o constituted by the re-
duced bases of R; o, page 90
C; basis transformation matrix from w; 1, ...,w;pn, toci 1, ..., Cin,;, page 90
cx max;" {¢; x }, here X denotes a cover of IP),IC and X1,...,X,, its irre-
. 0
ducible components; if X is integral, then cy = 2+dime Hn(X’OX )+n
page 49
Cils-- ) Cing reduced basis of J;(V;0)Fi(Vip) where F is an Ox-ideal on the

cover X of P}C, page 90

) +2g;+dimy, HO(X;,0x. )+n;
i X X(71) +20: £ HO(Xi:Ox,) , here X denotes a cover of P} and X;

ng
its i-th irreducible component, page 49

D; = D|x, where D is a divisor on the cover X of P}, page 90

oo Open immersion V,, — X, see Definition 2.2.1, page 37

10 Open immersion Vy — X, see Definition 2.2.1, page 37

m Number of irreducible components of the cover X of P}, page 38
Mx basis transformation matrix from (w; ;) ; to v1,...,vn, page 90
Mp basis transformation matrix from (w;;);; to vi,...,v, for F =

Ox (D), page 90
n Degree of the cover X of P}; equal to >, i, page 37

n; Degree of the curve X; over Pi, page 39
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r-dualising

Point at infinity of IP’}C, page 40

Minimal prime ideal of R, corresponding to the irreducible compo-
nent V; o, see Definition 2.2.6, page 39

Minimal prime ideal of Ry corresponding to the irreducible compo-
nent V; o, see Definition 2.2.6, page 39

of a proper morphism % : X — Y satisfies a duality property, see
Definition E.1.1, page 284

Coordinate ring of the affine open patch V, of the cover X of P},
see Definition 2.2.1, page 37

Coordinate ring of V; «, see Definition 2.2.6, page 39

Coordinate ring of the affine open patch Vj o of the cover X of P,
see Definition 2.2.1, page 37

Coordinate ring of the affine open patch Vj of the cover X of Py,
see Definition 2.2.1, page 37

= @.", Ri, coordinate ring of disjoint union of the V; ¢, see Defi-
nition 2.2.6, page 39

Coordinate ring of V; o, see Definition 2.2.6, page 39
Affine scheme with closed points corresponding to 771 (P, ), page 40

Affine scheme with closed points corresponding to =, Y(Py); irre-
ducible component of S, page 40

= k[z7 1\ 7 1k[z1], page 40
basis transformation matrix from (w; ;)i ; to (vi ;)i j, page 90

= Tr for F = Ox (D), page 90

basis transformation matrix from (v;;);; to vi,...,v,, page 90
basis transformation matrix from w; 1, . .., w;n; t0 V1, ..., Vin,, Page 90
basis transformation matrix from w; 1, ...,w; n;, to Vi 1,. .., V;n, Where

the latter is a reduced basis of Ox,(D;)(Vio), page 90

Standard affine patch of P with coordinate ring k[z '], see Defini-
tion 2.2.1, page 37

Intersection of Uy and U, with coordinate ring k[z, 1], see Defi-
nition 2.2.1, page 37

Standard affine patch of P} with coordinate ring k[z], see Defini-
tion 2.2.1, page 37

Affine patch of the cover X of IP’,Ii lying over Uy, see Definition 2.2.1,
page 37

=VeoNX; = w;l(Uoo), page 39

= Vo NV, see Definition 2.2.1, page 37
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Vo Affine patch of the cover X of P} lying over Up, see Definition 2.2.1,
page 37

Vi, ..., Up basis of F (Vo) where F is an O x-ideal on the cover X of P}, page 89

Vio =VoNX; =7, ' (Uo), page 39

Vily- - Vin, reduced basis of F;(V; o) where F is an Ox-ideal on the cover X of IP’}C,
page 90

X; The i-th irreducible component of the cover X of IP’}C, page 38
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Glossary

Notation

Description

R-ideal

Y-random

m-invariants

wx-dual

n-block-form

r-dualising

Ox-ideal

absolute curve over k

arithmetic genus

common zeros relative to [

an R-ideal of the finite residual-type k-algebra
R is a finitely generated R-submodule of
Frac(R) that is invertible at the minimal
primes of R, see Definition C.1.2.

for the subset ¥ C k of the field k, an el-
ement w of the k-vector space W with ba-
sis wi,...,wy is chosen Y-randomly if w =
oy Aiw; where Aj,...,\, € ¥ are chosen
independently and uniformly random from ¥,
see Definition 6.2.18.

m-invariants |F|; > ... > |F|, of an Ox-ideal
F as defined in Definition 4.3.8.

for a coherent Ox-module F the wx-dual F*
of F is given by Homop, (F,wx), see Defini-
tion E.2.2.

a matrix M € k[z]™*™ is in n-block form, if
there is a partition n = ZTzl n; and M;; €
E[z]"*™ such that M = (M;;);;, see Defini-
tion 4.4.6.

see Definition E.1.1.

is a coherent Ox-submodule of Kx which is
invertible at the generic points of X, see Def-
inition 3.1.13.

a curve of finite residual-type over k which is
of finite type over k; the same as a curve over
k.

arithmetic genus of the one-dimensional
scheme X over k, defined as g = —xx (X, Ox);
see Definition 2.4.8.

Vi(T) = {P € Spec(R) | T C PI}, see Defini-
tion 6.2.16.
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Notation

Description

component dependent case

component independent case

configuration

cover of IP’/,l€

curve of finite residual-type over k

curve over k
degree of a divisor

degree of a morphism

degree of an Ox-ideal
degree of an R-ideal
degree zero divisor class group

divisor

effective

equal on a cover

this is the approach of computing in
CaCl2(X) by working with representatives
of the form D + >, 4 7i(2)i0, see Nota-
tion 5.6.31.

this is the approach of computing in
CaCl%(X) by working with representatives of
the form D + r(x)~, see Notation 5.6.31.

a configuration is a weakly matching family
of a global section of K% /O% and thus repre-
sents a divisor on X.

a curve X over k which is projective and
Cohen-Macaulay together with a finite mor-
phism onto P} satisfying specific conditions,
see Definition 2.1.3.

separated, non-empty and noetherian scheme
of dimension one over k whose irreducible
components have dimension one as well.

the same as absolute curve over k.

the degree of a divisor D on X over k is de-
fined in Definition 3.1.10.

degree of m : X — ]P’,%/,, where X is Cohen-
Macaulay, is defined as the rank of m,Ox
as an Opi-module, see for instance Defini-
tion 2.2.2 for the case of X being a cover of
PL.

the degree of an Ox-ideal is defined in Defi-
nition C.4.1.

the degree of an R-ideal is defined in Defini-
tion C.1.14.

defined as the quotient group CaCl’(X) =
Do(X)/ Princ(X), see Definition 5.6.1.

a global section of K%/O%, see Defini-
tion 3.1.5.

a divisor D is effective if D > 0, or
equivalently, if it lies in the image of
H' (X,0x NK%) — Div(X) .

two sections f, g € F(U) are equal on a cover
if there is an open cover {U; | i € I} of U such
that fiy, = gy, for all i € 1.

322



Chapter 6

Glossary

Notation

Description

Euler characteristic

finite residual-type

flasque

generalised vector bundle

Gorenstein in codimension 0

group of degree zero Cartier divisor classes

group of divisors

group of Cartier divisor classes

index of N in M

linearly equivalent

modification function

monoid of Ox-ideals

the Euler characteristic of the Ox-module F
is defined as x(F) = xx(X,F), see Defini-
tion B.5.13.

a k-algebra R is of finite residual-type if its
residual class fields have finite dimension over
k, see Definition B.4.3; there is also the notion
of curves of finite residual-type over k.

a sheaf F is flasque or flabby if every restric-
tion map of F is surjective. For instance,
skyscraper sheaves are flasque.

a generalised vector bundle of rank r on
a cover X of P,lc is an Ox-subsheaf of ICE'?"
which is free of rank r at the generic points of
X.

a scheme X of dimension one is Gorenstein in
codimension 0 if Ox p is a local Gorenstein
ring for all generic points P € X, see Defini-
tion E.1.16.

group of degree zero Cartier divisor classes
is the quotient of the degree zero group of
divisors by the group of principal divisors .

the abelian group H° (X,K%/0%).

group of Cartier divisor classes is the quotient
of the group of divisors by the group of prin-
cipal divisors .

for N C M being free modules over the ring
R, the index denotes the determinant of a ba-
sis transformation matrix from M to N, see
Definition 6.3.12 for the application.

two divisors D, FE are linearly equivalent if
they differ additively by a principal divisor.

generators f of elements in Princ,(X) are
called modification function. If furthermore
f € Ox(D)(Vp) holds, then f is called modifi-
cation function of D respectively Ox (D)(Vp),
see also Definition 5.6.24.

the monoid of Ox-ideals on X with neutral
element Ox and the product of Ox-ideals as
binary operation, see Definition 3.2.25.
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Notation

Description

Picard group

pivot index

pole divisor of x

Popov form

principal divisor

pullback of meromorphic functions

reduced basis

reduced matrix

restriction of Ox-module

restriction of divisors

schematically dense

separated

sheafification

skyscraper

support of a divisor

group of isomorphism classes of invertible
sheaves on a scheme X, see Definition 5.0.1.

the pivot index of a column v € k[z]™*" is the
row index of the lowermost non-zero entry in
LC(v), see Definition 4.4.10.

see Definition 2.2.9.

a reduced matrix with further properties, see
Definition 4.4.10.

X

a divisor defined by an element of x(X)*;
an element in the image of H (X, IC)X() —
H' (X,K%/0%).

along the morphism f : Y — X of schemes
is defined if the morphism f# : f~1O0x —
Oy sends elements of Sx to Sy, see Defini-
tion 3.1.3.

a k[z]-basis vi,...,v, of F(Vp) is reduced if
{2v; | 1 <i < n0<j <r+|F|;} forms
a k-basis of F(r(2)e0)(X) for all r € Z, see
Theorem 4.3.15.

a matrix M € k((x=1))"*" is reduced if it
satisfies the equivalent conditions of Defini-
tion 4.3.3.

the restriction of an Ox-module F along a
morphism of schemes f : Y — X is defined
as Fly = f*F, see Definition 3.2.25.

along the morphism f : Y — X of schemes is
defined if the morphism Ox — f.Oy extends
to Kx — f«Ky, see Definition 3.2.5.

an open subset U C X is schematically dense
in X if it satisfies the equivalent conditions of
Lemma B.2.5, see also Definition 3.2.10.

a presheaf is separated if it satisfies the sepa-
ratedness condition (a) in Definition B.1.1.

the sheafification of a presheaf is defined in
Definition B.1.14.

a sheaf is a skyscraper sheaf if it has finite
support.

the support of a divisor is defined as the sup-
port of it as a global section of K% /O%.
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Glossary

Notation

Description

support of a section

support of a sheaf

torsion-free R-module

torsion-free O x-module

weak Popov form

weakly matching family

wedging element

zero relative to [

the support of a section s of a presheaf F on
X is the set of points P € X where the germ
sp is non-trivial (not equal to the neutral el-
ement).

the support of a sheaf F on X is the set of
points where the stalk of F is non-zero.

an R-module M is torsion-free if the only
zero-divisor on M in R are zero-divisors of

R.

a quasi-coherent sheaf F is torsion-free if for
every open affine U the Ox (U)-module M is
torsion-free.

a reduced matrix with whose pivot indices are
distinct, see Definition 4.4.10.

a weakly matching family of a global section
of a presheaf F is a collection of sections of F
on an open cover which are pairwise equal on
a cover.

f € R is a wedging element of M C Frac(R)
if fM C R holds.

f € R has a zero at P € Spec(R) relative to
1 if f € IP, see Definition 6.2.16.
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