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Abstract 
 
 
 
 
The aim of this work is to give a survey of the development status of the Solvency II process 
and to compare several European standard models. Our approach has been motivated by the 
recent developments in the insurance (Solvency II) and finance business (Basel II, 
MARISK (December 2005)), where risk management and risk measures have become 
indispensable to calculate capital requirements. To give an idea of the methods that are 
currently available in practice, the structure of geophysical models is analyzed and 
subsequently mathematically evaluated. 
 
Another topic of this thesis is the analysis of the risk based German standard model developed 
by the GDV (German Insurance Association) and the BaFin (Federal Financial Supervisory 
Authority). We are particularly interested in the calculation of the solvency capital (Solvency 
Capital Requirement (SCR)). For this reason the two prevalent risk measures Value at Risk 
and Expected Shortfall are tested for their advantages and disadvantages.  
 
The dependences between risks play an essential role in Solvency II, since their negligence 
can lead to a substantial misestimation of the solvency capital. This is particularly critical 
when looking at natural catastrophes as, e.g., storm, hail, flood and earthquake, where 
dependences can occur due to close regional distances or climatic triggers. Also, when 
looking at the risk measures Value at Risk and Expected Shortfall it becomes apparent how 
strong the influence of the underlying dependence structure is, even in the case of 
uncorrelated risks. On the basis of these considerations, established dependence structures as 
copulas, linear correlation, rank correlation, and dependences in the tail are explicitly 
examined. Furthermore, an approach which essentially consists in an approximation of the 
underlying copula by certain grid type copulas is introduced, for which the distribution of the 
sum of more than three risks can be calculated explicitly. 
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Zusammenfassung 
 
 
 
 
Ziel dieser Arbeit ist es, einen Überblick über den Entwicklungsstand von Solvency II zu 
geben und Europäische Standard-Modelle miteinander zu vergleichen. Motiviert wird unsere 
Untersuchung durch die jüngsten Entwicklungen im Versicherungs- (Solvency II) und 
Bankenbereich (Basel II, MARISK (Dezember 2005)), wo Risikomanagement und Risikomaße 
zur Berechnung der Kapitalanforderungen unabdingbar geworden sind. Um eine Vorstellung 
über die derzeitig zur Verfügung stehenden Methoden in der Praxis zu erhalten, wurde u. a. 
die Struktur von geophysikalischen Modellen analysiert und anschließend mathematisch 
ausgewertet.  
 
Ein weiteres Thema dieser Dissertation ist die Analyse des risikobasierten Deutschen 
Standard-Modells von GDV und BaFin. Insbesondere sind wir an der Berechnung der 
Solvenzkapitalanforderung (Solvency Capital Requirement (SCR)) interessiert. Aus diesem 
Grund werden die beiden weit verbreiteten Risikomaße Value at Risk und Expected Shortfall 
auf Vor- und Nachteile untersucht. 
 
Für die Solvency II Diskussion spielen Abhängigkeiten zwischen Risiken eine wesentliche 
Rolle, da eine Vernachlässigung dieser in einem Versicherungsportfolio zu einer erheblichen 
Fehleinschätzung des Solvenzkapitals führen kann. Dies ist besonders kritisch bei der 
Betrachtung von Naturkatastrophen wie zum Beispiel Sturm, Hagel, Hochwasser und 
Erdbeben, wo Abhängigkeiten aufgrund enger räumlicher Distanz oder gemeinsamer 
klimatischer Ursachen auftreten können. Auch bei der Betrachtung der beiden Risikomaße 
Value at Risk und Expected Shortfall wird deutlich, welchen starken Einfluss die zugrunde 
liegende Abhängigkeitsstruktur hat, sogar im Fall von unkorrelierten Risiken. Aufgrund 
dessen werden in dieser Arbeit bekannte Abhängigkeitsstrukturen wie Copulas, lineare 
Korrelation, Rangkorrelation und Abhängigkeiten im Verteilungsende explizit betrachtet. 
Außerdem wird für die verwendete Copula ein Approximationsverfahren mittels 
Gittercopulas vorgestellt, für welche die Summe der Verteilung für mehr als drei Risiken 
explizit berechnet werden kann. 
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Chapter 1 
 
 
 
 

Introduction 
 
 
In the paper “Design of a future prudential supervisory system in the EU” (in short: 
“Solvency II”), being published by the European Commission, Internal Market DG in 
March 2003 (MARKT/2509/03 (2003), page 3), one can find some general statements which 
are given below in condensed form: 
 

“The new system should provide supervisors with the appropriate tools 
to assess the “overall solvency” of an insurance undertaking. This 
means that the system should not only consist of a number of 
quantitative ratios and indicators, but also cover qualitative aspects that 
influence the risk-standing of an undertaking (management, internal 
risk control, competitive situation etc.). … The solvency system should 
encourage and give an incentive to insurance undertakings to measure 
and manage their risks. In this regard, there is a clear need for 
developing common EU principles on risk management and 
supervisory review. Furthermore the quantitative solvency 
requirements should cover the most significant risks to which an 
insurance undertaking is exposed. This risk-oriented approach would 
lead to the recognition of internal models (either partial or full) 
provided these improve the undertaking’s risk management and better 
reflect its true risk profile than a standard formula.” 

 
The Solvency II discussion reveals dependences between risks to play an essential role, since 
their negligence within an insurance portfolio can lead to a substantial misestimation of the 
solvency capital as risks rarely are independent and even can have rather intricate dependence 
structures. The actual discussions of appropriate risk measures to be used for the calculation 
of capital requirements in the Solvency II process have concentrated mainly on Value at Risk 
and Expected Shortfall. However, only recently the possible influence of dependence 
structures between the various types of risk or lines of business on such risk measures has 
drawn more attention (see e.g. WÜTHRICH (2003) or EMBRECHTS, HÖING AND 
PUCCETTI (2005) for a detailed discussion in connection with Value at Risk).  
 
In this thesis, we want to show that the proper consideration of dependences between risks 
beyond correlation is of essential importance in the Solvency II discussion. In particular, we 
emphasize that the concept of correlation which is wide-spread in Solvency models such as 
the Swiss Solvency Test (SST; see e.g. KELLER AND LUDER (2004)), but also in geophysical 
simulation software (see e.g. DONG (2001)) is not appropriate for the description of the 
distributional properties of aggregated risks. See also BLUM, DIAS AND EMBRECHTS (2002), 
page 353 f. for a case study, or EMBRECHTS, STRAUMANN AND MCNEIL (2000) and 
EMBRECHTS, MCNEIL AND STRAUMMANN (2002) for a more substantial discussion. 
 
Outline. This thesis has a dual goal. In the first part of this thesis we give a survey of 
Solvency II, of the European standard models and of available commercial and non-
commercial Dynamic Financial Analysis (DFA) software tools in use (Chapter 2) as well as 
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of the structure of geophysical models (Chapter 3). In Chapter 4 we present a survey of the 
possible mathematical use of geophysical modeling output. In Chapter 6, 7 and 8 we analyze 
different stochastic dependence structures. The second part of this thesis is devoted to a new 
approach where sums of dependent risks allowing explicitly for more than three aggregated 
components are considered. 
 
This thesis is organized in seven basic chapters. Chapter 2 is devoted to the presentation of 
the economic background of Solvency II. We discuss four European Models and analyze their 
different approaches in the non-life parts. We concentrate mainly on the categorization and 
calculation of the available risks in the current German standard model which is taken up in 
Section 7.5 again to calculate the Solvency Capital Requirement (SCR). 
 
Chapter 3 presents the mathematics of geophysical modeling software products which are 
widely used in insurance businesses for decision making e.g. regarding pricing, loss 
mitigation and underwriting. For a better orientation in this subject, we present the structure 
of catastrophe models. Thereafter, we analyze the ascertainment of claims and distribution 
models for geophysical models and discuss the use of geophysical models in the context of 
risk management. 
 
The aim of Chapter 4 is to give a survey of the possible mathematical use of the geophysical 
models’ output. First, we describe the collective model of risk theory which concentrates on 
the calculation of the aggregate loss. A special focus is laid upon the mathematical analysis of 
the typical output of geophysical simulation models which is presented in Event Loss Tables 
and Exceeding Probability curves (EP curves). Event Loss Tables contain the examination of 
the ascertained types of loss (typical, occurrence and aggregate loss) of providers. The next 
section is devoted to the description and discussion of EP curves. EP curves provide 
information about various levels of the potential loss from a natural catastrophe, about the 
probability of exceeding a specified level of loss and about the frequency per year that an 
event occurs. The users of geophysical models put their special attention to the right tail of the 
EP curve, where the largest losses appear. To draw the analyzed Aggregate Loss Exceeding 
Probability curve (AEP curve), we need to know the distribution of the aggregate loss. The 
calculation of this usually requires the computation of convolution powers even in the case of 
discretized individual losses. We discuss two basically different techniques here: Panjer’s 
recursive algorithm and the discrete Fourier transform. 
 
Chapter 5 concentrates on the discussion on the basic definitions and properties of copulas 
which are used in the chapters later (including the independence copula, Fréchet-Hoeffding 
lower and upper bound copulas and their properties). In the last section of Chapter 5 we 
analyze how conditional probabilities can be described in terms of copulas. In Chapter 6 we 
discuss two famous copula families, namely elliptical and Archimedean Copulas (the 
Gaussian copula and the -copula as well as Frank, Clayton and Gumbel family). We analyze 
some of their properties like dependence structures and construction methods. 

t

 
Chapter 7 is dedicated to risk measures. It contains the introduction of the axioms of risk 
measures which concentrate on the coherence property of ARTZNER, DELBAEN, EBER AND 
HEATH (1999, 2002). Subsequently, we analyze the two popular risk measures Value at Risk 
and Expected Shortfall in terms of properties and methods of calculation followed by a 
discussion of advantages and disadvantages of both risk measures. A new contribution here is 
Section 7.5, where we examine the calculation of the SCR in the German standard model 
(“square root formula”) regarding a possible underestimation of capital requirements of 
independent risks. 
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The goal of Chapter 8 is to give a brief introduction to the interaction between copulas and 
dependence measures. We present the mathematical concepts needed and summarize facts 
and definitions about dependence concepts. We will concentrate on the most popular bivariate 
dependence measure “Pearson’s linear correlation coefficient” and on tail dependence. For the 
sake of completeness, two measures of concordance, Kendall’s tau and Spearman’ rho, are 
also discussed. 
 
Until here, everything not explicitly marked as new can be found in various sources in the 
literature, although information is often spread over many different places and can rarely be 
found in one source. The chapters 5 and 6 are based on the introductory monograph by 
NELSEN (1999). 
 
The main new contribution is Chapter 9. The purpose of Chapter 9 is to investigate in more 
detail, using a new approach, how the total risk distribution depends on different underlying 
dependence structures (copulas) while keeping the marginal distributions fixed, and how at 
least approximately such distributions can be calculated explicitly. We give several examples 
of uncorrelated (but dependent) risks with the same marginals, which show a completely 
different behavior for the aggregated risk distribution, in particular for the corresponding 
Value at Risk and Expected Shortfall. Further, the influence of co- and countermonotonicity 
of the marginal risks is shown to be totally different in the cases where the expectation of the 
individual risks is finite or infinite. These observations make it clear that the concept of 
correlation which is widely used e.g. in geophysical modeling and other professional 
Dynamic Financial Analysis (DFA) tools is not an appropriate dependence measure when risk 
aggregation or reinsurance of combined risks is considered. 
 
In Appendix A some additional information to the Saffir–Simpson scale of hurricane 
intensity are listed. To make this thesis more readable the Maple worksheets used for the 
construction of many figures are transferred to Appendix B. 
 
Throughout this thesis we always assume that all relevant random variables and processes are 
defined on a large enough probability space ( ), , PΩ A  which will not be explicitly mentioned 
in all cases. 
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Chapter 2 
 
 
 
 

Economic Background 
 
 
Over the past years, risk management1 and risk measures2 have increasingly gained 
importance. Managing risks is supposed to optimize the administration of the scarce “capital 
of security” in a way that on one hand the risks3 are covered and on the other hand the least 
possible capital of security is kept. The aim is to define a corporation-wide objective criterion 
to determine the capital of security, which quantifies the risk of business activity. Therefore, 
the complex risks have to be reduced to a one-dimensional risk measure. 
 
At the moment, the insurance supervisor in Germany has to regard the manifold norms of the 
Insurance Supervisory Law (VAG), the regulation of external financial statements of the 
German Commercial Code (§§ 341 – 341 o HGB), the guidelines of the Insurance Contract 
Law (VVG) as well as the regulations, administrative acts and circular letters of the Federal 
Financial Supervisory Authority (BaFin). 
 
The insurance supervisor’s task is to ensure that the interests of the policyholders are 
protected and the security of the underwriters is guaranteed. Therefore, rules for a sufficient 
capital of security as well as associated methods of risk management have to be fixed. 
 
It is the aim of this chapter to give an overview about the current development of Solvency II, 
European models and the used internal models in insurance companies. 
 
 
2.1 Solvency II 
 
The basis for the European solvency rules for the insurance industry is two directives which 
were enacted in the seventies of the last century: the non-life insurance directive4 (1973) and 
the life insurance directive5 (1979), in place until 2004. Both directives have an enormous 
drawback of the real general conditions of insurance companies, since they neither reflected 
the development of risk theory nor did they consider other risks than the underwriting risk. In 
1992 an important step to create the European insurance market was set with the introduction 
of the “third generation” of European directives (non-life insurance directive 92/49/EEC and 
life insurance directive 92/96/EEC)6. They contain the following important rules: firstly the 
abrogation of the preventive product controls and, secondly the introduction of the principle 

                                                 
1  Information about requirements of corporate risk management is given in PERLET AND GUHE (2005). 
2 A good survey of the used risk measures to evaluate the single risk types in the insurance companies is 

provided by the study of CAPGEMINI (2004), page 39. Detailed information on the risk measure Value at Risk 
and Expected Shortfall can be found in Chapter 7. 

3  See Section 7.1, page 120. 
4  See first non-life directive 73/239/EEC (1973). The structure of the first, second and third non-life directives is 

described in SANDSTRÖM (2006), Section 3.3, page 23 ff. 
5 See first life directive 79/267/EEC (1979). The structure of the first, second and third life directives is 

described in SANDSTRÖM (2006), Section 3.4, page 28 ff. 
6  European Economic Community is also referred to as EEC. 



6 

of supervisory authority in the member state of the company’s head office on mutual 
acceptance of harmonized controlling norms. The principle of supervisory authority in the 
member state of the company’s head office states that if insurance works in another country 
within the European economic area, the member state in which the head office is situated has 
to supervise this insurance company. The third and most significant improvement of the rules 
of control is the creation of an adequate solvency margin. With the generation of the 
European internal market there were endeavors to edit existing rules and to adapt them to the 
changed circumstances. 
 
The modernization of the solvency rules in Europe started in 1994 with the appointment of a 
commission under the direction of Dr. HELMUT MÜLLER, the former vice president of the 
Federal Insurance Commission. The so-called Müller-Report7, which was formulated by the 
commission, was published in April 1997. It contains different suggestions to adapt the 
established system to the changed market conditions by modernizing the European solvency 
supervisory authority and the available solvency system. The result consisted of two other EU 
directives (non-life insurance directive 2002/13/EC and life insurance directive 2002/83/EC), 
which were finally adopted under the heading of “Solvency I” in 2002.8 Those modified 
regulations have been valid since January 2004. The quintessence of Solvency I is the 
extension of the warrant of control to make an early “intervention”9 against an underwriter 
possible and also requirements for insurance businesses, which must now guarantee the 
necessary solvency in non-life and life insurance at any time during the year. Indeed, the 
existing solvency system was not fundamentally changed by these amendments. However, the 
existing rules (directive 73/236/EEC) were merely extended and aggravated. A central point 
of criticism focuses on the fact that the European Union solvency rules10 merely take into 
account the scope of the underwriters and not its risk structure. The threshold levels for the 
computation of the premium index and of the claim index (to ascertain the required solvency 
margin), were raised to 50 million and 35 million Euro, respectively. The percentage rates of 
contribution of 16 – 18 % used to compute the premium index and of 23 – 26 % used to 
compute the claim index, as well as the maximum consideration of the passive reinsurance at 
50 % were retained. Only premium and claim amounts of aviation, inland navigation and third 
party liability insurance are to be multiplied by 1.5 in the future to adjust comparatively 
higher risks in these classes of insurance to calculate the demanded solvency margin. 
Furthermore, a minimum guarantee fund of two million Euros for the liability business and of 
three million Euros for the credit- and guaranty insurance has to be available. If its percentage 
difference amounts to at least 5 %, an adjustment of the values is left open (article 1, 
number 5 of the directive 2002/13/EC). Consequently, prescriptions only refer to quantitative 
factors of equity capital; the quality of the risk management keeps does not have any 
consequences. Regulations are neither related to the future nor dynamic and they disregard the 
developments of risk theory of the last 50 years. Furthermore, the regulations only consider 
underwriting risk. The underwriting risk of an insurance business can only be found 
incompletely in these regulations. There are modified regulations, which are scarcely in 
effect. However, those regulations do not satisfy the requirements and the complexity of the 
insurance business. Hence, they can only be a temporary solution. 
 

                                                 
7  See article “Solvency of Insurance Undertakings” of the Conference of Insurance Supervisory Services of the 

Member States of the European Union in April 1997 and SANDSTRÖM (2006), Section 4.1. 
8  For the development of Solvency I exists a large amount of literature, e.g. by SANDSTRÖM (2006). 
9  See SCHRADIN (2003), page 28 f. and the references given therein. 
10 See article 1, number 4 of the directive 2002/13/EG, article 28 and 29 of the directive 2002/83/EG and 

SCHRADIN (2003), page 29 f. for non-life insurance. 

http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=Federal
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=Insurance
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=Commission
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Thus, at the beginning of 2000 the EU Commission decided to reform the existing supervision 
system fundamentally and to modernize it via the project “Solvency II”. The aim of this 
project was to harmonize the EU-wide supervisory legislation and to bring the supervisory 
regulations into accordance to those for credit institutes (specified in Basel II, see “Minimum 
requirements on the risk management”, MARISK (December 2005)), to provide the same 
conditions of competition between insurance industry and the financial sectors. Moreover, 
international organizations and associations (e.g. the International Association of Insurance 
Supervisors11 (IAIS) and the International Actuarial Association12 (IAA) as well as the 
national supervisor agencies) were involved in the development and the arrangement of the 
regulations under the leadership of the EU Commission to make them Europe-wide 
compatible. The main aim of the development of a solvency system is to determine the actual 
risks of an underwriter realistically, i.e. the minimum equity capital of insurance companies is 
supposed to mirror more strongly the actual risks taken. The solvency rules for a whole 
insurance company have to be established. Therefore, a differentiation of five risk categories 
is to be considered in the solvency system: the operational risk (system failures, fraud, etc.)13, 
the credit risk (related to the shortfall of reinsurers and of debtors in the investment), the 
asset liability mismatch risk also known as liquidity risk (coordination of active-passive-
values), the market risk (volatility of the values of investments) and the underwriting risk14 
also known as actuarial risk (calculation of premiums, reinsurance and reservation), which is 
to be determined with the aid of a risk-based model instead of a factor model. 
 
Solvency II15, which is characterized by the risk-based approach, is divided into two phases: 
the first phase began in 2000 and was completed with the publication of the European 
Commission’s document MARKT/2539/03. In this phase, the general form of the solvency 
system was determined. The analysis of the following field reports came to the fore: the Risk-
Based Capital systems (RBC systems) of the United States, Australia and Canada16 were 
examined, the use of internal models was analyzed, the regulations of Basel II were 
considered and experiences of member states were consulted, etc. In May 2002, the audit firm 
KPMG published a study assigned by the EU Commission (KPMG-Report).17 The study 
recommends an approach to the regulations of the banking industry (Basel II). The aim of that 
study is an improvement of the underwriters’ accomplishments to understand their own risk 
profile and hence, the resulting financial consequences in order to give them the possibility to 
cover the risks with equity. Furthermore, the Conference of European Insurance Supervisory 
                                                 
11 Established in 1994, the IAIS represents insurance supervisors of some 180 jurisdictions in more than 

130 countries. The aim of the IAIS is to promote the global cooperation of insurance supervisors, to develop 
international principles and standards for supervision of insurance companies and to coordinate the 
cooperation with inspectorates of other financial service providers like banks or international financial 
institutes. A suitable paper to introduce the activities of the IAIS is “The IAIS framework for insurance 
supervision and EU Solvency II” by KAWAI (2005). A list of the published principles, standards, and 
guidelines by IAIS can be found on the website: http://www.iaisweb.org/ and in SANDSTRÖM (2006), 
Appendix E. 

12 The IAA is the continuation of the “Comité Permanent des Congrès d’Actuaires” established in 1895 as an 
association of individuals, which was renamed IAA in 1968. The IAA issues international actuarial principles, 
guidelines and standards. Suggestions of a global system to assess the solvability of insurance companies can 
be found in the article by BOLLER AND HUMMEL (2005). More information on the IAA can be found on the 
following website: http://www.actuaries.org. 

13 More details on this topic can be found e.g. in CHAVEZ-DEMOULIN AND EMBRECHTS (2004) in EMBRECHTS, 
FURRER AND KAUFMANN (2003) as well as in EMBRECHTS, KAUFMANN AND SAMORODNITSKY (2004). 

14 See HARTUNG (2005). 
15 All documents on the project Solvency II can be found on the website of the European Commission: 

http://europa.eu.int/comm/internal_market/insurance/solvency/solvency2-workpapers_en.htm. For the current 
development status of Solvency II exists a large range of literature, e.g. by GRÜNDL AND PERLET (2005). 

16 See Markt/2085/01. 
17 See KPMG DEUTSCHE TREUHAND-GESELLSCHAFT (2002) as well as MARKT/2535/02, page 3 ff. 
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Authorities formulated the Sharma-Report18. Experience reports from other countries show 
that models for the entire risk of a business are very complex and are liable to mistakes due to 
a lot of assumptions which are not specially adjusted to a certain insurance company. For 
example, the bankruptcy of an insurance company can not be prevented by RBC systems 
(MARKT/2535/02, page 18). The causes for the insolvencies of insurance companies were 
varying over the past years. However, the problems were often caused by deficiencies in the 
structure of the companies, e.g. poorly conceived internal management or inadequate internal 
controls (that make the company vulnerable to external negative events). The core statement 
of the studies is that the regulation of capital requirement is not sufficient and has to be 
completed with qualitative aspects. The IAA writes in this regard: 
 

“Required capital can be thought of as a second line of defence 
protecting an insurance company’s solvency and its policyholders. The 
first line of defence is solid risk management.” (INTERNATIONAL 
ACTUARIAL ASSOCIATION (2004), page 9) 

 
To guarantee a coherent method of examination there, more preventive actions should be 
used. 
 
The KPMG study19 proposed a “Three Pillar” system (compare Figure 2.1.1) similar to 
Basel II as the central element of Solvency II. In addition to the increased requirements of 
solvency capital of the companies (Pillar I), a coherent method of supervisory authority is 
established which demands qualitative minimum assumptions on the risk management of 
underwriters (Pillar II) and which is completed by regulations about disclosure and 
transparency to increase the market discipline of all insurance companies (Pillar III). 
 
 

 
 

Figure 2.1.1: The three pillar system 
 
 
Pillar I contains mainly regulations about financial resources of insurance companies, i.e. 
supervisory authority rules concerning technical reserves of insurance, investments and the 
solvency margin. The solvency capital should be geared to the underwriting risk of the 

                                                 
18 See SHARMA-REPORT (December 2002), MARKT/2535/02, page 4 ff. as well as SANDSTRÖM (2006), 

Section 5.5.6 and the references given therein. 
19 See MARKT/2535/02. 



 9

insurance business. The MINIMUM CAPITAL REQUIREMENT (MCR) should be relatively easy 
to determine with an objective standard calculation, as in Solvency I, the RBC systems or the 
procedures of rating agencies, which are based on absolute values. That absolute minimum 
represents a lower bound. If the capital falls below this threshold, MCR, the supervisory 
authority can immediately trigger sanctions to minimize the insolvency risk for the company. 
The following definition is used at the moment: 
 

“The minimum capital requirement reflects a level of capital below 
which an insurance undertaking’s operations present an unacceptable 
risk for policyholders and therefore, immediate supervisory action is 
needed.” (MARKT/2507/05 (2005), Appendix, page 7) 

 
The MCR should be amended with the SOLVENCY CAPITAL REQUIREMENT (SCR)20 called 
target capital. This target capital can be used as an early warning system for a company with 
financial problems. Furthermore, the target capital should correspond to the desirable capital 
equipment. For the present is defined as follows: 
 

 “The solvency capital requirement should reflect the amount of capital 
necessary to meet all obligations over a specified time horizon 
(including the present value of future obligations to a defined 
confidence level, taking into account all significant, quantifiable 
risks).” (MARKT/2507/05 (2005), Appendix, page 7) 

 
In the case, the solvency capital falls below the target capital, SCR, the insurance control has 
the authority to demand for the recovery of solvency from the management of an insurance 
business. The capital equipment can be determined by means of a EU standard risk model, 
which is not yet defined at the moment. Another possibility to determine the capital 
equipment is the use of an internal model21 (either partial or full), which is accredited by the 
supervisory authority. Both, standard risk and internal model, consider the size of the business 
with respect to the complexity of the model and to the requirement of capital to guarantee an 
active risk management for every insurance business as a protection against insolvency. Many 
insurance companies follow the RBC structure, which is also integrated into German standard 
model22. The orientation of the equity requirement on the real risk should help to understand 
the importance of an active internal risk management. The evaluation of the fair value or the 
market value with the underlying rules of the International Financial Reporting 
Standards (IFRS)23 is used for the specification of the risk-oriented equity equipment in 
Solvency II. This means that a transformation or transfer of a balance sheet into IFRS rules 
yields other available equity. 
 
The second Pillar contains rules for the development of internal models and procedures of 
risk management by the insurance company as well as regulations for risk control and for the 

                                                 
20 The SCR is defined as difference between an appropriate risk measure and equity capital per risk (expected 

value as base factor plus surcharges (see principle of premium calculation). The SCR is a multiple of the 
standard deviation of risk when managing normally distributed risks. The SCR for the whole risk is calculated 
by the second root of sum of squares of single SCR’s. 

21 The Allianz Group developed an internal risk capital model, which is implemented and integrated. More 
information on this model can be found in the paper by WAGNER (2005).  

22 See Section 2.2.4, page 20 ff. 
23 A survey of the current integration of IFRS into Solvency II is given by MEYER (2005) and in the references 

given therein. The differences between IAS/IFRS accounting and German Commercial Code accounting and 
the resulting changes in the framework of loss and casualty for insurers can be found in SCHWAKE AND 
BARTENWERFER (2005), Chapter 3. 
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law of intervention.24 The commission has based this “second Pillar” on the so-called 
“Sharma Report”. Crucial points of the “Sharma Report” are e.g. internal control and 
administration, risk management, adequate methods for the assessment of reserves, etc. The 
aim of Pillar II is to obtain an ongoing inspection of the reinsurer’s financial standing and to 
establish an insurance control which is orientated to the quality of risk management. 
 
The third Pillar contains regulations of transparency, which are supposed to promote the 
market discipline of insurance companies. The aim is to increase the transparency, 
comparability and coherence between insurance businesses. A great part of these regulations 
are taken over from Basel II and the IAS/IFRS of the International Accounting Standards 
Board (IASB)25. Concerning the disclosure of supervisory regulation information, conflicting 
points like the usefulness of information to the public (particularly policyholders) and the 
competitive interests of insurers should be balanced against each other. This applies 
especially to insurance companies which have problems with the compliance to supervisory 
regulations and for which the publication of this information would worsen the situation 
seriously. However, for the third pillar there is no detailed information available, because the 
basic principles are not yet defined. 
 
In the second phase of Solvency II a four level approach is used, the so-called Lamfalussy 
method 

26 (also referred to as comitology method). At the EU Commission level, the project 
management and the award of membership for single devised topics are conducted as well as 
rough guidelines are composed. The explicit definition of the regulations occurs on the level 
of the supervisory boards. In four (originally five) working groups (life / non-life (Pillar I), 
supervisory reviews (Pillar II), market transparency (Pillar III) and questions, which contain 
the three pillars) of the Committee of European Insurance and Occupational Pensions 
Supervisors27 (CEIOPS), which are staffed with representatives from the national supervisory 
boards, as well as in the European Insurance Occupational Pensions Committee28 (EIOPC) 
technical details and implementation rules will be worked out. The CEIOPS also considers the 
interest of the market participants, who are represented in an advising Market Participants 
Consultative Panel. Consequently, underwriters, consumers and actuaries have the possibility 
to contribute to the future body of rules and regulations for solvency. 
 
In September 2003, the EU Commission defined five topics, which cover the three pillars of 
Solvency II. The areas deal with the consistent adjustment of underwriting reserves for life 
and non-life underwriters, of MCR and SCR, of internal models as well as of the market 
discipline. Furthermore, the EU Commission made suggestions for an all-embracing risk 
management system and for a supervisory regulation method for examination. These topics 

                                                 
24 Information on insolvency insurance systems are given by HEMELING AND HARTWIG (2005). 
25 The IASB was preceded by the Board of the International Accounting Standards Committee (IASC), which 

operated from 1973 until 2001. The new structure came into effect on April 1, 2001. The IASB is responsible 
for setting accounting standards and designated IFRS. For more information see the IASB website: 
http://www.iasb.org. 

26 More information on this topic can be found e.g. in SCHANTÉ AND CAUDET (2005), page 75 and 
SANDSTRÖM (2006), Section 5.5.1 and the references given therein. 

27 CEIOPS was established as an independent advisory group on insurance and occupational pension under the 
terms of the European Commission Decision 2004/6/EC on November 5, 2003. It performs the functions of 
the Level 3 Committee for the insurance and occupational pensions sectors in applying the “Lamfalussy” 
Process. It is also a forum of cooperation and information exchange between insurance and occupational 
pensions supervisors. More information can be found on the CEIOPS website: http://www.ceiops.org. 

28 EIOPC was established under the terms of the European Commission Decision 2004/9/EC. It was set up to 
replace the Insurance Committee and to assist the European Commission in implementing measures for EU 
Directives. More information can be found on the EIOPC website: 
http://europa.eu.int/comm/internal_market/insurance/committee_en.htm. 
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were defined by other documents of the year 2004. These documents also included the 
suggestions for the discussion of the detailed work of the working groups. 
 
The question of “the” risk measure was discussed in the paper MARKT/2543/03 under 
topic 20, page 33. Several risk measures like Value at Risk or Expected Shortfall29, which is 
prescribed by the Swiss Solvency Test (SST) for non-life insurance, were suggested. 
Expected Shortfall is approved for events with low occurrence but high individual claims. The 
basis for the EU Commission are the results of the IAA, which approves Expected Shortfall as 
an appropriate risk measure for rare extreme events and catastrophe risks, which possess 
distributions with heavy tails (INTERNATIONAL ACTUARIAL ASSOCIATION (2004), page 45). A 
higher confidence level must be used for Value at Risk than for Expected Shortfall, however, 
the ruin probability should generally not exceed 0.5 % (MARKT/2505/05 (2005), page 3). 
The consideration of dependences between natural risks also effects the applied risk measures. 
Expected Shortfall can easily reach a multiple of Value at Risk with respect to the catastrophe 
risks. Whether natural catastrophes will be calculable for the insurance economy will 
essentially depend on the supervisory regulation specifications for the risk measure. 
 
The chosen risk measure should be easily evaluable and stable. Furthermore, the risk measure 
applied to explicit characterized sub-stock should be stipulated consistently all over Europe, 
because different risk measures would lead to different values and thus result in regulatory 
arbitrage. 
 
In the course of Solvency II the Comité Européen des Assurances (CEA)30 (as a 
representative organization for the European insurance and reinsurance business) has 
analyzed the most important models for the calculation of the solvency of insurance 
companies together with Mercer Oliver Wyman in collaboration with all European insurance 
markets. The aim of this study was to find optimal solutions for some open problems, which 
focused on Pillar I of Solvency II, i.e. on the quantitative solvency requirements. The report 
“Solvency Assessment Models Compared – Essential Groundwork for the Solvency II 
Project” by CEA relates to a variety of solvency models in the world, an evaluation of 
questionnaires and a comparison of the systems with the guidelines of the EU Commission, 
the IAIS and the IAA. In this comparison, the SST came in first place in contrast to the other 
solvency calculations analyzed. 
 
The basic concepts of Solvency II have been developed so far; however, the details are not yet 
worked out. The EU Commission will approach the unsettled questions in three “waves”. 
Since June 2004 the EU Commission has published three “Specific Calls for Advice” to 
CEIOPS working groups. The first wave (MARKT/2506/04) examines topics from Pillar II. 
The second wave centers around questions about actuarial reserves, requirements of internal 
models, the modeling of the RBC structure and the definition of “Solvency Control Levels”. 
In the third wave (MARKT/2501/05) issues like the exceptions for small insurance businesses 
and questions about allowable equity capital are discussed. The proposals of the CEIOPS 

                                                 
29 See e.g. ARTZNER et al. (1999) and Chapter 7, page 119 ff. 
30 The CEA was established in 1953. Its aim is and was the exchange of information between European insurers 

and the representation of the Organization for Economic Cooperation and Development Insurance Committee. 
Today the CEA consists of 33 national associations of insurance companies. Its mission is to resolve issues of 
strategic interest to all European insurers, focusing on the regulatory environment. Important CEA documents 
are e.g. “Solvency II Structural Issues” and “Solvency II: Why care should be taken when using Basel II as a 
starting point for Solvency II”. More information can be found on the CEA homepage: 
http://www.cea.assur.org. 
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working groups to the first31 and second32 wave have been finished in June and October 2005, 
respectively. The elaboration of the proposals to the third33 wave has been finished in 
May 2006. Furthermore, a first draft of the “Solvency II Framework Directive” will be 
presented in July 2007 (MARKT/2502/05-rev.2). In this second phase lots of details shall be 
resolved and specified. The work of the CEIOPS groups and the whole legislative procedure 
at the European level is supposed to be finished by the end of 2008. 
 
The Quantitative Impact Study (QIS) task force of CEIOPS performs QIS’s in order to 
determine, calibrate and backtest quantitative requirements, as indicated in the three “Specific 
Calls for Advice” as well as in CEIOPS’ documents. In Germany, these inquiries are taken on 
by the BaFin which works together closely with the GDV.  
 
In October 2005 CEIOPS started the first Quantitative Impact Study (QIS 1) to evaluate the 
quantitative effect of Solvency II on the European market and the insurance companies.34 The 
study35 compares the current demand of actuarial reserves with the stochastically determined 
reserves, which would be required after the introduction of Solvency II.36 The second 
Quantitative Impact Study (QIS 2) started in May 2006 and is focused on the ruin probability 
and the design of the solvency requirements (SCR and MCR). More QISs will be proceeded 
half-yearly during the Solvency II project in order to assess the impact of solvency 
requirement levels in detail. 
 
QISs are performed by the respective national supervisory authorities in cooperation with life 
and non-life insurers and reinsurers. If precise data from a business cannot be obtained, then 
approximations may be used for the studies. The participation of a business in QISs are also 
reasonable, if companies are unable to complete the whole survey. 
 
The results of the QISs will be involved in the legislative procedure of the European 
framework directive to Solvency II.37 CEIOPS hopes that these QISs will also provide 
information about the practicability of the calculations involved. 
 
The aim of the EU Commission is the commencement of the new solvency regulations in the 
year 2009 or 2010. According to experience, insurance businesses need at least two years to 
adapt and convert their management processes to the new requirements. All those companies 
with a great ability to adjust will profit from the introduction of Solvency II, therefore 
companies already start making adequate arrangements for future operative and strategic 
decisions. 
 
 

                                                 
31 See CEIOPS (June 2005), Consultation Paper No. 4 and CEIOPS (June 2005): “Answers to the European 

Commission on the first wave of Calls for Advice in the framework of the Solvency II project.” 
32 At the end of June 2005 CEIOPS presented the draft answers to the second wave of Calls for Advice. See 

CEIOPS (October 2005), Consultation Paper No. 7 and CEIOPS (October 2005): “Answers to the European 
Commission on the second wave of Calls for Advice in the framework of the Solvency II project.” 

33 See CEIOPS (May 2006): “Answers to the European Commission on the third wave of Calls for Advice in the 
framework of the Solvency II project.” 

34 See CEIOPS (October 2005), Consultation Paper No. 7, Section “CfA 13” and CEIOPS (October 2005): 
“Answers to the European Commission on the second wave of Calls for Advice in the framework of the 
Solvency II project.” 

35 The QIS 1 package includes a cover note, a spreadsheet, term structures and a qualitative questionnaire. 
36 Interim considerations of CEIOPS on the estimation of reserves can be found in CEIOPS (October 2005), 

Consultation Paper No. 7, Sections “CfA 7” and “CfA 8”.
37 See MARKT/2502/05-rev.2 (July 2005), page 5. 



 13

2.2 European Models 
 
The requirements for a standard model for solvency are very complex. The function of the 
model is to optimize the present equity capital, to use the equity capital under yield return-
risk-aspects and to deposit sufficient capital to cover the taken risks. The aim is to create an 
easy standard model which is transparent for the supervisory authority and needs only a few 
parameters. Furthermore, the model should evaluate all basic risks in the company uniformly 
and should measure all basic risks through one quantitative factor, so that two periods or two 
businesses can be compared. However, the model can only be an early indicator and can not 
replace a detailed inspection. 
 
The development of risk orientated supervision and solvability systems began several years 
ago in the Netherlands, in Great Britain, in Switzerland and in Germany. Figure 2.2.1 
summarizes the main differences. 
 

Criteria Germany Netherlands United Kingdom Switzerland 

Schedule Not yet settled Valid from 01.01.2006 Valid from 
01.01.2005 

2004 and 2005 
field tests, valid 

2006 
Valuation38     

Assets Market value Market value Market value Market value 

Liabilities Market value /      
best estimate 

Best estimate Best estimate Best estimate 

Minimum and 
target levels 

 

    

Minimum level 
(Minimum Capital 

Requirement, MCR) 
 

MCR Use of EU rules on 
solvency MCR MCR 

Target level 
(Solvency Capital 

Requirement, SCR) 
SCR SCR Enhanced Capital 

Requirement (ECR) SCR 

Solvency classification     
Risk factor based Yes Yes Yes 

 
– 

Scenario based Not, expect for 
natural perils Yes Yes: MCR 

 
Yes 

Principle based Yes Yes Yes: ECR Yes 

Confidence level 99.50 % 99.50 % 
(insurance undertaking) 99.50 % 99.00 % 

Risk measure Value at Risk no information Value at Risk Expected Shortfall

Time horizon (in years) One One + multi One One 

Internal models Are strongly 
recommended Are recommended Are recommended Are strongly 

recommended 
 

Figure 2.2.1: The current differences of European approach in the non-life models39

                                                 
38 The terms “best estimate”, “fair value” and “market value” are not uniquely determined by GDV and BaFin 

for Germany (see e.g. GDV (2005), Section 7.2.5 (market value) and page 60 (fair value)). The are several 
definitions for the fair value, e.g. it can be interpreted as the best estimate, or as the best estimate together with 
a margin, of the loss reserves (see GDV (2005), Appendix 4). 

39 Source: SANDSTRÖM (2006), page 178 and LEITERMANN (2005), page 310. A detailed description of the four 
countries can be found in GDV (2005), Appendix 24. 
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The consequences of Solvency II will be significant for the whole insurance business Europe-
wide. First structural changes in the management of investment are presently recognizable. 
The early examination of the development of risk orientated supervision and solvability 
systems ensures to keep up with the intensified requirements of competition. 
 
 
2.2.1 The Financial Assessment Framework of the 

Netherlands 
 
In 1999, the Dutch pensions and insurance supervisory authority, Pensioen- & 
Verzekeringskamer (PVK)40, constituted the necessity for a new Financial Assessment 
Framework (FTK, Dutch translation is Financieel toetsingskader) due to rapid changes in the 
financial world. Therefore, the supervisors set up a project, which led to the publication of a 
draft principles paper in 2000. Thus, the Netherlands were the first in Europe to develop a 
new system of supervisory authority in consideration of the future Solvency II rules. After 
several consultations with the pensions and insurance sector and after considering the so 
called “White Paper of the Swiss Solvency Test” by KELLER AND LUDER (2004), a 
quantitative study for the FTK was carried out involving the five largest pensions funds and 
the three largest insurers in the Netherlands in 2003. In October 2004, a revised consultation 
paper on the solvency framework was published by the PKV41 with a new FTK42, which 
includes the realistic value of investments and liabilities, solvency tests and continuity 
analyses. In the current Dutch framework only life insurers and pension funds are regulated 
by the solvency assessment, yet. The forthcoming extensions will also include non-life 
insurance (including health insurance). 
 
Realistic value is a rating principle for both assets and liabilities. The realistic value of assets 
can be equated with the actual market value. Due to the lack of a market for insurance 
liabilities the realistic value of liabilities should be defined as the realistic value of the assets 
that would replicate the liabilities. It is made up of the expected value, also referred to as best 
estimate, which is the present value of the expected cash flows arising from the liability based 
on underwriting principles, plus a realistic risk surcharge (ideally a market value margin). The 
Solvency test is carried out in two steps. The first step consists of determining the surplus 
obtained by a realistic valuation of assets and liabilities (available capital). In the second step, 
the institution has to assess its current risks (market risk, credit risk, underwriting risk, 
operational risk and concentration risk) and the associated financial buffers, covering a time 
horizon of one year (target capital or desired solvency). For the implementation of the 
solvency test there are three versions: the internal model method based on the institution’s 
own internal model, the standardized method and the simplified method.43 The continuity 
analysis evaluates the insurer’s financial position against the background of realistic long-
term scenarios and associated risks, the insurer’s strategic policy as well as its management 
and adjustment mechanisms like revising the investment, indexation and contribution policies. 
Figure 2.2.1.1 shows the framework of the continuity analysis. 
 
 

                                                 
40 PKV merged with the Dutch central bank (De Nederlandsche Bank, DNB) on October 30, 2004. 
41 For more details on the Dutch Financial Assessment Framework see PENSIOEN- & VERZEKERINGSKAMER 

(October 2004). 
42 More information on the financial assessment framework can be found in SANDSTRÖM (2006), Section 6.5. 
43 More information on the three versions of the implementation of the solvency test is provided by 

SIEGELAER (2005), page 608 ff. 
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  Part Nature Purpose 

A Business objectives, ambitions, policy 
and policy instruments 

Prospective, 
qualitative 

Substantiation of the future 
projections (see C) 

B 
Best-estimate assumptions and 
expectations on the economic 

environment for the future 

Prospective, 
quantitative 

Substantiation of the future 
projections (see C) 

C 
Future projections based on the 

institution's own expectations  (base 
scenario) 

Prospective, 
quantitative 

Insight into future developments on 
the basis of the institution's 

expectations 

D Sensitivity analysis Prospective, 
quantitative 

Insight into the sensitivity of the 
results under different assumptions

E Stress tests for market risk, credit risk 
and underwriting risk 

Prospective, 
quantitative 

Reflects policy and results in 
unfavorable circumstances 

F Variance analysis between previous 
expectations and realizations Retrospective Insight into the realism of the 

proposed policy and assumptions 

 
Figure 2.2.1.1: Framework of the continuity analysis44

 
 
The aims of the FTK are the assessment of the solvency, of the financial position and of the 
financial policy of insurers and pension funds, the constitution of risk-sensitive capital 
requirements, the increase of the transparency of the relations between assets and liabilities 
and the encouragement of insurance companies and pension funds to develop internal models 
in consideration of five main categories of risk (market risk, credit risk, underwriting risk, 
operational risk and concentration risks). 
 
As the FTK is in line with the principles underlying Solvency (compare with Figure 2.2.1.2), 
it is likely that the FTK will become (partially) needless after the implementation of Solvency 
II in Europe. Until Solvency II is embedded in legislation the Netherlands will not introduce a 
new statutory solvency requirement for insurers in the FTK.  
 

                                                 
44 Compare with SIEGELAER (2005), page 615 and SANDSTRÖM (2006), Section 6.5.3. 
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Figure 2.2.1.2: Comparison between FTK and Solvency II45

 
 
2.2.2 The Supervision System of the United Kingdom 
 
The creation of the British Financial Services Authority (FSA)46 (independent non-
governmental body) in 1999 and the establishment of the Financial Services and Markets Act 
(FSMA) in 2000 as well as a series of publications from 1999 to 2001 have provided the new 
framework for an integrated approach to the regulation and supervision of insurance 
companies which is risk focused and broadly analogous to the approach adopted in other parts 
of the financial sector. The new supervision system took effect in the United Kingdom on 
January 1, 2005. 
 
For Pillar I the FSA proposed the “Enhanced Capital Requirement” (ECR) as a risk-based 
minimum regulatory capital requirement for both life and non-life businesses in 2002. The 
ECR formula is a complement to MCR of Solvency II, i.e. in Pillar I both MCR and the ECR 
are considered, which is called the twin peaks approach. The MCR is binding, even if the 
ECR results in less capital than MCR. The calculation of ECR is primarily based on 
simulations and stochastic modeling, e.g. it can be conducted by Dynamic Financial Analysis 
(DFA)47, and charge factors, which apply to assets, premiums and technical provisions. There 
exist several methods to calculate the ECR of non-life and life insurance. The procedures are 
described in detail in the paper “Enhanced capital requirements and individual capital 
assessments for non-life insurers” and in the article “Enhanced capital requirements and 
individual capital assessment for life insurers” by the FSA (2003). In non-life insurance the 

                                                 
45 Source: SIEGELAER (2005), page 598. 
46 More information can be found in VIPOND (2005), in SANDSTRÖM (2006), Section 6.9 and on the following 

website: www.fsa.gov.uk. 
47 See Section 2.3, page 27 f. 
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ECR is calibrated to a 0.005 probability of failure within a 12-month timeframe (a 1:200 year 
event), i.e. the Value at Risk is used as risk measure. 
 
The Individual Capital Adequacy Standards (ICAS) provide the new framework of 
supervision of insurance companies in Pillar II. The ICAS framework is a risk-based 
approach and includes the Individual Capital Assessment (ICA) and the Individual Capital 
Guidance (ICG). The ICA requires the management to realize a comprehensive risk 
assessment and to keep it up-to-date. The ICA comprises the following risks: insurance risk 
(product selection, pricing, claims administration / leakage, delegated authority, reserving 
aggregation – verification and controls), credit risk, market risk (including asset liability 
mismatch) and concentration risk (asset valuation, administration and fund manager 
performance). The ICG is usually at or above ECR, and is affected by whether a company’s 
risk assessment processes follow all the FSA’s guidance. 
 
 
2.2.3 The Swiss Solvency Test (SST) of Switzerland 
 
The Federal Office of Private Insurance started a project called “Swiss Solvency Test” 
(SST)48 together with the insurance industry in 2003. The SST aims at developing a principle-
based supervisory system (in contrast to the factor-based standard model by the GDV and 
BaFin) and includes principally the same ideas as Solvency II, i.e. to improve the protection 
of policyholders and to enhance the company’s risk management within a more transparent 
system. The following requirements have been postulated besides the compatibility with 
Solvency II: it is supposed to be a risk- and premium-based model, which is consistent in 
assessment with the supervisory authority of banking in order to permit comparability and 
which includes the following quantitative and qualitative risks (see Figure 2.2.3.1).  
 
 

                                                 
48 Most information on the SST is taken from the website of the FEDERAL OFFICE OF PRIVATE INSURANCE. 
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Figure 2.2.3.1: Quantitative and qualitative risks considered in SST49

 
 
Both measurements (MCR and SCR) have been included in the SST. The MCR is based on 
the statutory balance sheet. The target capital has to be determined by the market conditions 
and the real requirements as close as possible. Therefore, the SCR is currently defined with a 
time horizon of one year as follows: 
 

“… the derived target capital is the amount needed to be sure on the 
chosen confidence level that the assets at the end of the year are 
sufficient to cover the liabilities.” (KELLER AND LUDER (2004),    
page 12 or KELLER, LUDER AND STOBER (2005), page 571) 

 
It is an aim of the SST to give incentives to companies to develop and use internal models for 
their target capital calculations. If the internal model is completely integrated into the process 
of insurance business and the management and the regulator accept this model, it will support 
the ascertainment of target capital. However, the Federal Office of Private Insurance also 
provides a clearly formulated standard model. The basic idea is to determine the present risk 
bearing capital. The risk bearing capital must not fall below a minimum amount within one 
year with a given probability (e.g. 99 %). Thereby, it should be prevented that claims of 
policyholders are not covered at the end of the year due to a highly risky business activity of 
an underwriter. The minimum amount is equal to the capital, which could be needed by 
another insurance company to take over insurance portfolio (asset and liabilities) of an 
insurance company in case of insolvency. That means, the minimum capital covers all claims 
and guarantees the protection of the capital of policyholders. 
                                                 
49 Source: KELLER AND LUDER (2004), page 14 or KELLER, LUDER AND STOBER (2005), page 575. 
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The Expected Shortfall is applied as the risk measure of the changes of the risk-based capital 
in non-life insurance. Due to the prevailing statutory insurance structure in the areas of natural 
hazards (in 19 of 26 cantons) hardly any problems occur according to the reinsurance 
structure. However, the situation in Switzerland is not transmissible to Germany or Austria. 
So it could be problematic to use the Expected Shortfall. 
 
For non-life insurance the damages are divided into normal (up to an insured sum of less than 
5 millions CHF) and large claims. The size of the claim’ amount of normal losses (high 
frequency, low severity) per year is modeled with a Gamma distribution, the claims frequency 
of large losses (low frequency, high severity) which are typical for natural losses, is modeled 
with a compound Poisson distribution and the size of claim’ amount is modeled with a Pareto 
distribution in the SST of 2004. Maybe it is reasonable to describe the size of the claim’ 
amount of all losses (normal and large losses) using the Fréchet distribution50 or a mixture 
distribution. At the time, the size of claim’ amount of normal losses for all Lines of 
Business (LoB) without natural losses is modeled with a lognormal distribution in the 
standard model of SST. In contrast, the natural losses are modeled deterministically with the 
expected value, because the risk has a small influence of normal losses for non-life insurance. 
 
To increase the safety of the model, scenarios are given by the regulatory authority. These 
scenarios must be integrated into the risk analysis as well as other scenarios, which are 
purpose-built for the insurance company. 
 
The parameters of the single distributions are supposed to be specified by currently running 
model tests, i.e. the regulatory authority fixes the exact specifications. Distribution 
adjustments by insurance companies become unnecessary when using the standard model. In 
2004, a general test run with 10 insurance companies and a number of scenarios51 took place 
to remedy weaknesses and possible mistakes of the SST. The field test was able to specify 
requirements of internal models and simplify the SST. Another test run (duration four 
months) with 45 insurance companies (15 life, 15 non-life and 15 health insurance businesses) 
has been carried out in summer 2005.52 This field test included all large and most mid-sized 
Swiss insurance companies as well as a number of smaller companies. The main result was 
that the standard model can be used even by small companies. The work load ranged from 
one month for small companies to more than one year for international groups. 
 
However, neither the SST nor the German standard model includes basic approaches to 
dependence structures, in particular for risks concerning natural catastrophes. This topic is 
currently not paid enough attention to in discussions about Solvency II. 
 
 

                                                 
50 See Table 3.4.1, page 44. 
51 The scenarios which have been defined for the field test in 2004 can be found in LUDER AND KELLER (2004), 

page 26 ff. or KELLER, LUDER AND STOBER (2005), page 585 ff. 
52 More Information for the field test in 2005 can be found in FEDERAL OFFICE OF PRIVATE INSURANCE (2006). 
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Figure 2.2.3.2: Scheme of the “Swiss Solvency Test” (non-life) in 200453

 
 
The figure above illustrates that dependences are covered for investment by consideration of 
correlations; however, this is only reasonable when managing normally distributed risks. The 
risks of non-life insurance are implicitly assumed to be independent of each other 
(convolution, see Section 4.1). This could be criticized, to this compare the discussion in 
Chapter 9. Probably, dependences may lead to systematical undervaluation of the solvency 
capital, in particular concerning catastrophe risks. Therefore, approved internal models should 
consider the dependence structures adequately. 
 
The new supervisory act became effective in 2006. From then on performing the SST is 
mandatory for all insurers in Switzerland. 
 
 
2.2.4 The German Standard Model 
 
The German Insurance Association (GDV)54 has published the first considerations on a risk-
based standard approach in 1997. This approach was supposed to initiate the development of 
a new concept of insurance supervision. The GDV developed a risk-based standard model in 
consideration of class-specific features called GDV Model for life insurers, health insurers and 
non-life / casualty insurers. A lot of insurance companies have applied the GDV Model in risk 
management practice since its publication in August 2002. 
 

                                                 
53 Source: FILIPOVIC (September 2004), page 22. 
54 The GDV was established in Cologne in 1948. Since February 1998, the GDV has been in Berlin. Today the 

GDV represents 455 insurance companies, thereof 40 subsidiaries of foreign insurance companies and six 
companies based in foreign countries. 
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Since spring 2004 representatives from the GDV and the BaFin have revised the model 
together (referred to as German standard model55) against the background of Solvency II. 
The resulting German standard model agrees with the global model approach developed by 
the IAA56 on the main lines and corresponds to RBC models57. In this dissertation attention is 
only paid to the model for non-life / casualty insurers. 
 
 
2.2.4.1 Basic Properties of the German Standard Model  
 
The current German standard model uses Value at Risk (see Section 7.2, page 124 ff.) as risk 
measure with a return period of 200 years (reasons for this can be found in GDV (2005), 
Appendix 1). The required risk capital is aggregated to the total capital needs in assumption of 
the idea of correlation effects by means of the so-called square root formula (also referred to 
as covariance formula; see Section 7.5, page 146 ff.). In the supervision model, an annual 
probability of ruin is used to measure risks. The risks are weighted with equity capital and 
analyzed in segments.58 Capital requirements are compute over a time horizon of one year. 
 
It is useful to categorize the available risks in risks spanning various LoB and line specific 
risks for the evaluation of SCR. Investment risk (G1-risk) and operational risk (G2-risk) 
belong to risks spanning various LoB. In the life and non-life / casualty model G1-risk and 
G2-risk are considered in the same manner. However, class specific features are modeled 
differently for the risk category of life-insurance (L-risk), health insurance (K-risk) and of 
non-life / casualty insurance (S-risk). The following figure gives an overview over the 
subcategories of the SCR. 
 
 

 
 

Figure 2.2.4.1.1: Structure of the current German standard model 59

                                                 
55 Most information on the GDV is taken from the website of the GERMAN INSURANCE ASSOCIATION. A detailed 

description of the current German standard model can be found in GDV (2005, 2006). 
56 See GDV (2005), Section 3.1 and INTERNATIONAL ACTUARIAL ASSOCIATION (2004). 
57 A short definition of risk based capital models can be found in the study of CAPGEMINI (2004), page 33 or in 

AON (2004) Chapter 2, page 16 ff. 
58 More information on this topic can be found in LUDKA (2005), page 209. 
59 Source: SCHUBERT AND GRIEßMANN (2005), page 1638 and SCHWAKE AND BARTENWERFER (2005), page 339. 
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The following arguments can be brought forward for an implementation of the German 
standard model at the European level: 
 

• An adequately simple, probability based model of factors is applied in the standard 
approach. All relevant risks have been taken into consideration.60 

• The structure of the model is modular. Thus, it can easily be handled by insurance 
companies. Furthermore, the structure facilitates the transition to internal models and 
an integration of national characteristics from other European countries. 

• The model uses market values which are derived from figures from the German 
Commercial Code (HGB). Thus, companies which did not adapt their balances to 
IAS/IFRS are not pushed to reorganization to international accounting regulations due 
to the new Solvency rules. The approach is a platform which reflects the ideas of 
IAS/IFRS however; it is also possible to use local / international principles (United 
States Generally Accepted Accounting Principles (US-GAAP)). 

• Asset Liability Management (ALM)61 is considered in the model, as required by the 
EU Commission, within the modeling of the risk of change in interest rate 
(see GDV (2005), Section 5.1.1.3.1) for fixed-interest investments. 

• The model considers conservatively the idea of correlation effects and thus, 
reproduces processes of the balance of risks in the insurance company (diversification 
effects). 

• If necessary, the parameters of the model are specified to facilitate the handling. 
Furthermore, the individual data of the businesses are used to avoid using a 
simplifying average for the ascertainment of risk factors (personalized factor-based 
model). The individual data are chosen in a way that an easy identification of the 
insurance companies and an easy examination by the supervisory authority are 
possible. The company’s internal fluctuations of the combined ratio62 are used to 
evaluate the underwriting risk in the non-life model. In the life model internal data are 
used to compute the risk factors within the calculation risk (L-risk). However, the 
evaluations of the parameters have to be under examination every year. 

• Companies are given an incentive to develop internal models by simplified modeling 
and conservative parameterization.63 

• The calculation formula of the model is made available based on spreadsheets. 
 
In the German standard model the principle to calculate the Available Solvency 
Margin (ASM) is formulated. Considering the essential solvency requirement, SCR and MCR 
are distinguished, as provided in Solvency II. The insurance businesses can calculate the SCR 
by means of the available standard approach of GDV and BaFin (see Section 7.5, 
page 146 ff.) or by an internal model which is approved by the supervisory authority. 
However, the current standard approach does not consider the calculation of the MCR. 
 
The German standard model is a risk-based standard model, i.e. all relevant risks of an 
insurance business are examined and their capability of loss is calculated as monetary value. 
The individual capabilities of risks are aggregated to SCR considering the assumption of 

                                                 
60 See CEIOPS (October 2005): CEIOPS-DOC-07/05. 
61 ALM is a central control instrument. It describes the coordinated control of assets and liabilities in insurance 

companies. ALM facilitates the management into the decision-making process. However, ALM can, should 
and may not take decisions away from the management. More information to this topic can be found e.g. in 
JAQUEMOD (Ed.) (2005). 

62 Combined ratio is a frequently used profitability parameter in insurance business. Combined ratio indicates the 
relationship between premium income and expenses for losses, administration and acquisition costs. 

63 See CEIOPS (October 2005): CEIOPS-DOC-07/05. 



 23

certain distributions and their relationships among each other. Thereafter, the SCR is opposed 
to the ASM. An insurance business is sufficiently capitalized in terms of this solvency 
analysis if SC  on condition that SCR . Therefore, the approach comes 
from a 

R ASM≤ MCR>
comparison of target and actual business results. Thus, the whole risk situation of an 

insurance business is examined. 
 
 
2.2.4.2 Modeling Investment Risk 
 
Investment risk (G1-risk) has a significant influence on the amount of the required equity 
capital, since it determines the reduction of the market value of the investment in the next 
financial year. One can classify the investment risk into the following categories: credit risk, 
market risk and concentration risk. In the current German standard model, the idea of 
correlation effects are considered in the aggregation of the investment risk. Affiliated 
companies and shares are not integrated in the German standard model. Hence, affiliated 
companies and shares should be treated as stocks in order to avoid distortions and allocation 
problems. The G1-risk considers the following investments: real estates, stocks and fixed 
income divided into rating classes and mortgages. Fixed income are fixed-interest products 
including bonds (e.g. of government issuers, credit institutions and other businesses), 
mortgage loans, other receivables (e.g. bonded loans and registered shares), policy loans and 
cash positions. 
 
The G1-risk considers particularly the link of assets and liabilities. However, the present 
model is not a steering tool in terms of a stochastic asset liability management due to its static 
character and its restriction to an annual period. 
 
 
2.2.4.2.1 Credit Risk 
 
Credit risk, also referred to as address risk, is calculated for corporate bonds, mortgages and 
other receivables. For instance, the risk of the insolvency of a debtor or the risk of an increase 
of a credit spread by categorization in a worse rating class and the risk of a reduction of the 
market value of bonds belong to the category of credit risks. The illustration of the credit risk 
is modeled by beta-distributed risk factors divided into rating classes for fixed income and 
mortgages (compare to GDV (2005), Appendix 6), which are multiplied with the market 
value of the respective fixed-interest investment. 
 
 
2.2.4.2.2 Market Risk 
 
Market risk includes the fluctuation of the stock market, the real estate / realty market and the 
market of fixed-interest products (fixed income) (compare with GDV (2005), Section 5.1.1.3). 
Due to the consideration of ALM aspects the market risk distinguishes between risk of change 
in interest rate, risk of change in the price and currency risk. The modeling of the risk of 
change in interest rate is performed by means of a stochastic interest model                  
(Black-Karasinski model64) for risk of decreasing interest rate and risk of increasing interest 
rate. The market trend of the risk of change in price is modeled by a lognormal distribution 
for stocks and real estate. Potential losses are included in currency risk. Currency risk is 

                                                 
64 More information on this topic can be found in REITZ, SCHWARZ AND MARTIN (2004). 

http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=comparison
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=of
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=target
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=and
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=actual
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=business
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=results
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considered in case of incongruity with respect to fixed-interest investments and real estates. 
The risk factors are derived from the normal distribution. 
 
 
2.2.4.2.3 Concentration Risk 
 
Concentration risk results from a minor dispersion of investment. The boundaries given in the 
European directives and in § 3 investment regulation for Germany provide the basis for the 
concentration risk. In the future, investments are assessed at market value.  
 
 
2.2.4.3 Calculation of Underwriting Risk (Non-Life) 
 
Underwriting risks have a great influence on the risk situation of an insurer. In the actuarial 
practice of non-life / casualty insurance the risk is split into the following partial risks: 
premium- and reserve risk (S1-risk) and risk of reinsurance failure (S2-risk).  
 
 
2.2.4.3.1 Premium- and Reserve Risk 
 
Both the premium- (also referred to as fixed rates risk) and reserve risk (S1-risk) describe the 
risk of scarce calculated premiums and insufficient loss reserves. The business of non-life / 
casualty insurance can be classified into eleven LoB65. Each LoB is multiplied with risk 
carrier and risk factor. Only proportional reinsurance is considered. 
 
The basis for risk estimation is the combined ratio from the profit and loss account. The 
adequate risk capital is computed by coupling each individual business with a combined ratio 
and by considering the idea of Pearson’s linear correlation coefficient between business areas 
to obtain subadditivity. Thus, the model considers diversification effects by the fix rates risk. 
 
In the current model the premium risk and the reserve risk are used together. The separation 
of premium and reserve risk results in great instabilities of the data of small businesses in 
comparison to the application of a combined ratio for the calculation. One advantage of the 
German standard model is the use of regional company data (personalized factor approach). 
Moreover, the use of the combined ratio facilitates the transfer from assessment according 
HGB to assessment according IAS/IFRS, because the combined ratio is more robust in 
comparison to the loss reserves. 
 
Concerning natural perils, currently the model includes only windstorm risks. The actual 
calculation of the windstorm includes a counter-value of a two hundred year storm event in 
the German market (estimated to 8.2 billion € by the GDV; see GDV (2005), Appendix 19). 
 
The model is based on a market-wide loss distribution. The risks of natural disasters are 
modeled for separate LoB with no effect of diversification to other LoB. The potential 
premiums for risks of natural disasters are derived from market data as a proportion of a claim 
on all identified large losses. Consequently, potential premiums are specified as standardized 
percentages in the German standard model. The individual business claim is calculated by 
multiplication of the standardized percentage with the individual business premium. 
Proportional and non-proportional reinsurance cover is considered in the storm model. 
                                                 
65 More information to the eleven LoB can be found in GVD (2005), page 60 f. 
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Regional differences in the exposures of individual insurance companies and the Probable 
Maximum Loss (PML, see Section 7.2, page 131 f.) of companies in Germany are not 
considered in the model. 
 
 
2.2.4.3.2 Risk of Reinsurance Failure 
 
Risk of reinsurance failure (S2-risk) is defined as the risk of default of claims against 
reinsurances 

 S2SCR β λ= ⋅ , 
 
where  is the risk factor and λ  denotes the risk carrierβ 66 which contains provisions for 
outstanding claims.67 In the current German standard model, the risk factor β  is calculated 
similarly to the system of the major rating agencies: 
 
 

Category of risk Risk factor  β

Reinsurer with rating AAA 0.5 % 

Reinsurer with rating AA 1.2 % 

Reinsurer with rating A 1.9 % 

Reinsurer with rating BBB68 4.7 % 

Reinsurer with rating BB 9.6 % 

Reinsurer with rating B 23.8 % 

Reinsurer with rating CCC 49.7 % 

Reinsurer with rating R 50 % 

Reinsurer without rating 25 % 

 
Table 2.2.4.3.2.1: Risk factor for the risk of reinsurance failure 

 
 
2.2.4.4 Operational Risk 
 
Operational risk (G2-risk) is defined as the risk of deficit (e.g. system failures, fraud, human 
error, errors of internal methods etc.) as in Basel II. The risk category is difficult to express in 
numbers, because there exists no pool of insurance companies. The estimation of risk factors 
relies on a company’s internal computation which is based on Corporate Sector Supervision 

                                                 
66 The risk carrier is the sum of the shares of the reinsurers in settlement receivables, provision for unearned 

premiums, cover reserves, reserves for outstanding claims, reserves for premium refund and other reserves 
minus letters of credit and reinsurance deposits (compare with GDV (2005), Section 5.3.2). 

67 See LUDKA (2005), slide 13. 
68 Reinsurance companies which are rated lower than BBB (according to Standard & Poor’s notation) and are 

subject to the European supervision authority are weighted with failure probability of 4.7 %. 
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and Transparency Act risk catalog (KonTraG risk catalog)69 and is subsequently doubled. 
The necessary capital requirement equals the maximum of 3 % of the earned gross premiums 
and of 3 % of the actuarial reserves. 
 
 
We conclude the German standard model with the following remarks: 
 

• The notion of “SCR” is not unique in the German standard model. Sometime it refers 
to relative quantities, sometimes to absolute quantities (see GDV (2005)). A definite 
separation between the notation of relative and absolute quantities can be found in 
SANDSTRÖM (2006), where SCR denotes a relative quantity and Solvency Capital 
Level is the notation for the absolute quantity. 

• The individual risks (G1-risk, S1-risk and S2-risk) use the idea of Pearson’s linear 
correlation coefficient to obtain subadditivity (see Definition 7.1.1, Axiom 4, 
page 121 f.) for diversification effects, but this is not a “real” correlation                  
(see GDV (2005)). 

• A catalog with specifications on the risk capital and a corresponding definition does 
not exist (compare SAUER (2006), Section 2.3.3.2). 

• Factor-based solvency approaches can only determine capital requirements 
approximately, because balance sheet values can give little to no information about 
risks (compare SAUER (2006), Section 2.3.3.1). 

• The used combined ratio to evaluate the underwriting risk is based on historical 
observations. The valuation is not actuarial but rather deterministic. 

• An accurate evaluation of the 200 year event is questionable for the S1-risk, because 
the results of providers of geophysical models have high volatility 
(compare Section 3.5, page 50 f.). 

• The S1-risk does not consider flood risks, hail storm risks and earthquake risks in the 
German standard model. 

• Dependences between natural catastrophes and other LoB (e.g. physical damage 
insurance) are not considered in S1-risk. 

• The estimation of storm risks using market shares is questionable if the storm risks are 
only locally concentrated (e.g. in the case of small mutual insurance companies). 

• A mixture of different risk measures to evaluate the S1-risk is useful, e.g. the use of 
the Expected Shortfall for normal losses (high frequency, low severity) and of the Value 
at Risk with other quantile for large losses (low frequency, high severity) (compare 
Chapter 7). 

• A useful orientation to improvement of the GDV Standard Model is provided in the 
SST in Figure 2.2.3.2, page 20. 

• The German standard model is compatible with the EU-requirements of a standard 
model according to the Solvency II rules (see the first CEIOPS interim report). 
Moreover, the model satisfies the requirements of the IAA. Unfortunately, individual 
business structures are only insufficiently considered and, therefore, its use in 
applications is rather restricted for corporate management. Internal models can solve 
this problem. 

                                                 
69 The responsibility of the board of management, the supervisory board and the auditor is expanded with the 

KonTraG. The core statement of KonTraG is § 91, paragraph 2 of the German Stock Companies Act (AktG). 
This regulation forces the company management to introduce and to use companywide risk management 
systems and to publish the risk structure in the status report of the company. A good introductory reading on 
the topic risk management and KonTraG is WOLF AND RUNZHEIMER (2003). 
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2.3 Internal Models for Insurance Companies 
 
With the introduction of internal models70 insurance companies for the first time have the 
possibility to choose an individual model in dependence of their own state of development 
and business system. Supervisors have recognized the importance of risk measures and their 
management. Therefore, the new supervisory system requires in addition to the pure 
computation of a solvency measure (risk measure) the review of risk management, too. In 
particular, the acceptance and the use of internal models presuppose the concordance of 
quantitative and qualitative criteria. Only insurance companies which meet the requirements 
are allowed to use internal models for the ascertainment of their capital resources. Insurance 
companies have to undergo a performance test by the insurance supervisor a priori before they 
can use internal models. Models which are constructed exclusively in order to calculate the 
solvency capital are excluded as internal models. The quality of internal models presents a 
competitive factor for the amount of equity. 
 
Many insurance companies have already started to develop internal risk models. The most 
widespread pattern is the RBC model. One useful method is Dynamic Financial Analysis 
(DFA) to combine economic and mathematical concepts and methods in non-life insurance 
and reinsurance.71

 
“Dynamic Financial Analysis (DFA) is the process by which an 
actuary analyzes the financial condition of an insurance enterprise. 
Financial condition refers to the ability of the company's capital and 
surplus to adequately support the company's future operations through 
an unknown future environment.  
[…] 
The process of DFA involves testing a number of adverse and 
favorable scenarios regarding an insurance company's operations. DFA 
assesses the reaction of the company's surplus to the various selected 
scenarios.” (CAS (1995), pages 1 and 3) 

 
DFA is a platform which integrates various models and techniques from financial and 
actuarial science into one multivariate dynamic simulation model. The essential aim of DFA 
is to determine the financial effects of different economical scenarios and developments of the 
business process, which are controlled on the one hand by random impacts and on the other 
hand by the corporate act. A primary function of DFA is to evaluate the financial strength of 
an insurance company and to assess the adequacy of its capital and reserves (the probability 
of ruin). The main driving force behind the emergence and development of DFA in Solvency 
II was, and still is, the Casualty Actuarial Society (CAS). Its website72 provides a variety of 
background materials on the topic, e.g. a paper by WARTHEN and SOMMER of the Casualty 
Actuarial Forum73 from 1996 and a handbook with 
 

“The purpose … to provide suggestions and guidance to actuaries in 
performing DFA studies.” (CAS (1995), page 2) 

 

                                                 
70 In the journal „Versicherungswirtschaft“ two useful articles by DIERS AND NIEßEN (2005) about the creation 

and implementation of internal models can be found in issues 21 and 22. 
71 An overview on the historical development and today’s usage of DFA can be found e.g. in CAS (1995) and in 

EMMA (1999). An introduction to DFA can be found e.g. in KAUFMANN, GADMER AND KLETT (2001). 
72 See http:/www.casact.org. 
73 See WARTHEN AND SOMMER (1996), page 294. 
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A good introduction to DFA is e.g. given in the papers by KAUFMANN et al. (2001) and by 
BLUM AND DACOROGNA (2003). Asset Liability Management models (ALM models) exist 
particularly in life insurance. A stochastic business model can be found in 
JAQUEMOD (Ed.) (2005). Investment models for the asset liability modeling of insurance 
businesses are described by BAUM (Ed.) (2002). 
 
Due to the high complexity of business processes in big insurance companies it is inefficient 
to develop adequate DFA models and tools in-house. There are a number of companies that 
offer software packages or components for DFA. According to BLUM AND DACOROGNA 
(2003) two kinds of DFA software packages can be distinguished: 
 

“1. Flexible, modular environments that can be adapted relatively quickly to 
different company structures, and that are mainly used for addressing 
dedicated problems, usually the structuring of complex reinsurance 
programs or other deals. 

 2. Large-scale software systems that model a company in great detail and 
that are used for internal risk management and strategic planning 
purposes on a regular basis, usually in close connection with other 
business systems.”(BLUM AND DACOROGNA (2003), page 18) 

 
Examples for the first type of DFA software are ReMetrica™ by the Benfield Group74 and 
Igloo™ by English Matthews Brockman (EMB)75, respectively. ReMetrica™ features a 
DFA-Tool on the basis of including risk-based capital analysis, reinsurance evaluation and 
business planning. Igloo™ is appropriate for finance and risk simulation. The following main 
fields of application are implemented: Enterprise Risk Management (ERM), DFA, 
assessment of financial resources, reinsurance assessment and reinsurance optimization, 
ascertainment of the capital requirement of risk, allocation of the risk capital, e.g. the class of 
business, development of (stochastic) business plans and risk-pricing. 
 
Of the second type are systems like Finesse™ by SS&C76 for property / casualty insurance, 
the general insurance version of Prophet by B&W Deloitte77, which includes pricing and 
quotes, reserving, claims management and finance and business planning, and CARA® by 
General Re-New England Asset Management, Inc.78 for capital and risk analytics. Other 
software packages are MoSes™ and TAS: P/C Actuarial Software by Tillinghast79 for 
property / casualty insurance or Advise™ by DFA Capital Management Inc.80, which 
includes ERM for property / casualty insurance, and the freeware DFA software DynaMo™ 
by Pinnacle Actuarial Resources Inc.81, which is based on spreadsheets. Furthermore, there 
are some companies which have created their own proprietary DFA systems that they offer to 
customers in conjunction with their consulting and brokerage services, e.g. Guy Carpenter82 
(MetaRisk®) and AON83 (Prime/Re®). 
 

                                                 
74 See http://www.benfieldgroup.com/remetrics/risk+software/remetrica.htm. 
75 See http://www.emb-d.de/software/igloo.html. 
76 See http://www.ssctech.com/finesse/. 
77 See http://www.deloitte.com/dtt/section_node/0,1042,sid%253D26090,00.html and  

http://www.prophet-web.com/Products/ProphetGeneral, respectively. 
78 See https://www.grneam.com. 
79 See http://www.towersperrin.com/tillinghast/default.htm. 
80 See http://www.dfa.com. 
81 See http://www.pinnacleactuaries.com/pages/products/dynamo.asp. 
82 See http://www.guycarp.com/portal/extranet/model.html?vid=32. 
83 See http://www.aon.com/us/busi/reinsurance/treaty/products_services/services.jsp. 
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The initiative of insurance companies is caused by the desire of independence from the 
regulatory mechanisms and the interest in early-warning indicators to control risks and to 
have the possibility of acting flexibly. 
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Chapter 3 
 
 
 
 

Geophysical Models 
 
 
There exist a multitude of practical applications of mathematical models, especially 
applications which deal with actuarial problems, each having its special aims and demands. In 
particular, larger insurance and reinsurance companies use professional software tools 
(e.g. geophysical software models of the providers AIR, EQECAT or RMS) to cope with 
natural perils, e.g. storms, earthquakes1 and floods, because natural disasters may cause high 
losses even though they are extremely uncertain. The aim of catastrophe models is the 
development of strategies to optimize the expected losses in the future and to provide 
insurance companies with appropriate risk profiles for the entire insurance industry, for 
individual company portfolios or for individual buildings. The realistic generation of a 
multitude of different scenarios is essential for the software tools. 
 
The geophysical models are imbedded in the following schematic procedure: 
 
 

 
 

Figure 3.1: Schematic procedure 
 
 
A natural hazard causes losses in large geographical areas (between  ) 
and may consist of several single risks. Geophysical models are useful for a good portfolio 
management of natural hazards. In this regard, an accurate understanding of risk and the 

  1000 and 100 000 2km

                                                 
1 A lot of information on modeling earthquakes can be found in DONG (2001). 
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available instruments are essential to reduce the probability and dimension of catastrophic 
losses. The geophysical software products depend on mathematical assumptions. These 
assumptions facilitate the necessary computations in the models. From time to time it is 
important to check the computations due to new mathematical developments. Presently, the 
discussion focuses on stochastic dependence structures in geophysical models, which exceed 
correlation or covariance as parameter. 
 
A detailed and unique description of geophysical models is not easily available and not 
rigorous mathematical in last consequence (compare to DONG (2001), KHATER AND 
KUZAK (2002), GUIN (2003), KUZAK, CAMPBELL AND KHATER (2004), GROSSI AND 
KUNREUTHER (2005) or RMS (2005)). These results from the fact that most catastrophe 
modelers employ their own internal staff of scientists (including meteorologists, seismologists 
and geophysicists), who combine their knowledge of the underlying physics of natural 
catastrophes with the historical data on past events. However, there are usually only a few 
mathematicians in the internal staffs of scientists. Models, even if widely spread in the 
market, often possess insufficient transparency and are not straightforward in details 
concerning data content and the complexity of the used data set. Furthermore, the 
computation does not always underlay comprehensive and consistent risks concepts, as 
required by global insurance businesses. For a better understanding of the discussion, the 
physical and engineering aspects of geophysical simulation models for hurricane catastrophe 
models (see e.g. WHITAKER (2002)) we will be introduced and discussed in this chapter. 
 
Before starting with a survey of the history of catastrophe models, we want to cite the 
following statement in order to clarify a model’s nature: 
 

“A model is a simplified mathematical description which is constructed 
based on the knowledge and experience of the actuary combined with 
data from the past. […] The model provides a balance between 
simplicity and conformity to the available data. 
The simplicity is measured in terms of such things as the number of 
unknown parameters (the fewer the simpler); the conformity to data is 
measured in terms of the discrepancy between the data and the model. 
Model selection is based on a balance between the two criteria, 
namely, fit and simplicity.” (KLUGMAN, PANJER AND 
WILLMOT (1998), page 2) 

 
In the next sections, the mathematics of geophysical modeling software products will be 
analyzed in more detail. As a representative example, we consider RMS, since there exists a 
thorough (though not always mathematically precise) handbook written by RMS’ chief 
developer WEIMIN DONG (see DONG (2001)) and an article on the “RMS™ U.S. Hurricane 
Model” (see RMS (2005) and the references provided therein). 
 
 
3.1 History of Catastrophe Models 
 
The collective risk model is one of the main tools of actuarial science. The natural 
catastrophe models (also known as nat cat models) were developed to understand the nature 
of the natural risks and to model the damages caused in order to assess the future loss burden. 
The common measurement of hurricane intensity and earthquake magnitude started in the 
1800s after the modernization of the anemometer and the invention of the first modern 
seismograph. In the first part of the twentieth century, the measurement of natural perils for 
scientific purposes increased rapidly. The first simple deterministic catastrophe models were 
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available in the 1970s. In the late 1970s, the collective risk model was used, e.g. for insurance 
decisions by members of the Casualty Actuarial Society (CAS). The rapid changes resulted in 
estimates of the impact of hurricanes, earthquakes, floods etc., and many hazard and loss 
studies were compiled. In the late 1980s and early 1990s it was recognized that a combination 
of mapping the risks and measuring the hazards is useful for natural catastrophe models as 
shown in Figure 3.1.1. 
 
 

 
 

Figure 3.1.1: Structure of catastrophe models2

 
 
Previously, actuaries had capitalized on issues like the Probable Maximum Loss (PML, see 
Section 7.2, page 131 f.), maximum foreseeable losses, extrapolating loss results from the past 
or rules of thumb. The development of geophysical models was initiated by the academic and 
scientific community. The catastrophe modelers took this developed model and adapted it to 
the requirements of the insurance industry. Catastrophe models, usually embedded in large 
software programs, are a complex series of mathematical functions, algorithms and 
engineering assumptions. These models are used to document historical natural catastrophes, 
e.g. storms, earthquakes, floods, etc., to simulate the geophysical process of natural 
catastrophes with stochastic variations and they try to predict the probability and severity of 
potential future catastrophe events, so that companies can adequately prepare for their 
financial consequences. The computer-based catastrophe models for measuring catastrophe 
loss potential using stochastic simulation techniques provide estimates of catastrophe losses 
by overlaying the properties at risk with the potential natural hazard(s) sources in the 
geographic area. Catastrophe models are designed to produce a complete range of potential 
annual aggregate and occurrence loss experience from natural catastrophes. 
 
Three well-known providers of geophysical models to analyze extreme losses are 
 

• RMS (Risk Management Solutions).3 RMS was founded at Stanford University 
in 1988. RMS is a provider of products and services for the quantification and 

                                                 
2 Source: GROSSI AND KUNREUTHER (2005). 
3 For more information about RMS, see http://www.rms.com/. 
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management of catastrophe risks with the following software products:        
RiskLink®-Aggregate Loss Module, RiskLink®-Detailed Loss Module 
(RiskLink®

 DLM), Risk Browser® and RMS® Data Wizard. RMS is majority-owned 
by DMG Information, Inc., a division of the UK-based Daily Mail and General Trust, 
plc. media enterprise. 

• EQECAT (EQECAT, Inc.).4 EQECAT began as a wholly-owned subsidiary of EQE 
International in 1994 in San Francisco, which was taken over by the ABS Consulting 
Group in 2001. EQECAT is a provider of state-of-the-art products and services for 
managing natural and manmade risks with the software tool WORLDCATenterprise™. 

• AIR (Applied Insurance Research).5 AIR was formed in 1987 in Boston. AIR is a 
modeling and technology firm specializing in risks associated with natural and      
man-made catastrophes, weather and climate. AIR offers several desktop applications 
(CLASIC/2™, CATRADER® and CATMAP®/2) and online applications 
(CATStation®, AIRProfiler®, AIRWeather™ and ALERT™). AIR is a wholly-owned 
subsidiary of Insurance Services Office, Inc. (ISO).  

 
Other providers than those mentioned are the New Zealand Earthquake Commission (EQC),6 
Aon Re Services and Mathias Raschke. The EQC provides a suite of models that combines a 
geographical information system, a catastrophe model and a dynamic financial analysis 
model. One of the EQC’s main tasks is to manage a model, with which homes and their 
contents (household insurance) are insured against damage caused by earthquake, volcanic 
eruption, natural landslip, hydrothermal activity, tsunami and fire. Aon Re Services7 provides 
the first and sole geophysical model (HailCalc Europe) to estimate the damages by hailstorms 
for the most endangered areas in Europe (Germany, Switzerland, Austria, France, Northern 
Italy, Liechtenstein, Low Countries and Denmark). Mathias Raschke8 provides a geophysical 
model (QuakeRisk) to estimate the damages caused by earthquakes for Bosnia Herzegovina, 
Bulgaria, Croatia, Czech Republic, Hungary, Macedonia, Poland, Romania, Serbia 
Montenegro, Slovakia and Slovenia. 
 
The importance of computer-based catastrophe models for the insurance industry was proven 
by Hurricane Andrew in August 1992. At least eleven insurers became insolvent as a result of 
their losses and approximately $ 20 billion in insured damage. The insurance and reinsurance 
industry became aware that their risk management was inadequate and that they should 
estimate and manage their risks more precisely due to devastating effects of heavy natural 
catastrophes. 
 
In connection to Hurricane Andrew, the U.S. government has recognized that studies and 
models are required for a better estimation of risks of natural catastrophes. Therefore, the 
Federal Emergency Management Agency (FEMA)9 funded a study from which the 
development of “Hazards U.S.” (HAZUS) resulted in 1992. HAZUS is a public domain 
methodology for earthquake vulnerability assessment, which objectively measures the 
intensity. HAZUS-MH (Multi Hazard), which was released in mid-February 2004, is an 

                                                 
4  More information on EQECAT can be found on the following website: http://www.eqecat.com/. 
5  More information on AIR can be found at http://www.air-worldwide.com/_public/index.asp. 
6  For more information about EQC, see http://www.eqc.govt.nz/home.aspx. 
7  More information on HailCalc Europe can be asked from Aon Re Services, Mr. Reinhard Maeger, (e-mail: 
    Reinhard_Maeger@aon-rueck.de). 
8  More information on QuakeRisk can be asked from Mr. Mathias Raschke (e-mail: 
   MathiasRaschke@t-online.de). 
9 More information on HAZUS can be found on the HAZUS website http://www.hazus.org/ or on the website of 

FEMA http://www.fema.gov/hazus/hz_meth.shtm. 
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extended software program of HAZUS that contains three models for the estimation of 
potential losses caused by earthquakes, floods and hurricanes. 
 
Today, catastrophe modeling is widely used for decision making regarding pricing, 
underwriting, risk transfer, loss mitigation, portfolio optimization and the development of new 
strategies within insurance / reinsurance companies. 
 
 
3.2 The Structure of Catastrophe Models 
 
The modeling of future natural catastrophes depends on the precision of received claims data. 
All models used by the main global catastrophe modeling companies have an output of 
similar structure. Most geophysical models are based on a Poisson frequency model and have 
four primary components (compare to MAHDYIAR AND PORTER (2005), RMS (2005), 
page 15 ff. for a hurricane model and DONG (2001), page 6 ff.): 
 

1. the inventory module (geophysical registration of an insured portfolio); 
2. the hazard module (map of locations, intensity and frequency of occurrence of 

potential future natural hazard); 
3. the vulnerability module (damage function linking natural risk and damage on the 

insured object) and 
4. the loss module (the loss resulting from given levels of damage).10 

 
The modeling of losses of natural catastrophes is based on the computer simulation of a huge 
amount of potential loss events (Event Sets). The loss event is estimated by combining the 
four primary sections. “Each of the four modules can influence the results of the model 
dramatically. In other words, the final outcome is only as strong as the weakest link in the 
module chain.” (Source: ZIMMERLI ET AL. (2003), page 28) 
 
 
3.2.1 The Inventory Module 
 
The inventory module covers the geophysical registration of the whole inventory or insured 
portfolio subdivided into the type of insurance and insurance coverage. The important 
parameter of the inventory module is the location (intensity of risk exposure) of each property 
at risk. The assignment of geographic coordinates (longitude and latitude) is called geocoding 
process. In practical applications, the Catastrophe Risk Evaluating and Standardizing Target 
Accumulations (CRESTA)11 determine country-specific zones along recognized political 
boundaries to uniformly and detailed report accumulation risk data relating to natural 
catastrophes and to create corresponding zonal maps for each country. When applied to a 
particular portfolio analysis, only those entries of the (Stochastic) Event Sets12 are selected 
which refer directly to the portfolio under consideration, e.g. by looking at street addresses or 
zip codes of the locations.  
 
However, uncertainty exists in this module due to incomplete information, e.g. unknown 
building classes. The decomposition of the input data in respect to geographical data has a 

                                                 
10 We concentrate on the description on the structure of RMS. 
11 Both CRESTA and CRESTAplus are uniform structures for the processing and the electronic transfer of 

information concerning liabilities between insurer and reinsurer or for providing models of natural hazards. 
12 See Section 4.2. 63 ff. 
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significant effect on uncertainty. A distinction is drawn between zip code, country or 
CRESTA zone data. Thus, zip code data will produce different results with lesser uncertainty 
than country or CRESTA zone data. 
 
 
3.2.2 The Hazard Module 
 
The hazard module comprises the simplified presentation of the complex meteorological 
physical and geophysical criteria13, i.e. hazard source and attenuation models with attenuation 
functions, which summarize physical laws as well as historic and scientific hazard 
information. This module characterizes the risk of natural hazard and is expressed in terms of 
probability distributions, frequency of occurrence and intensity. The natural hazard, as e.g. in 
RMS, is affected by the quality and completeness of the used data. In the geophysical models, 
the principles of the modeling of risks14, e.g. for earthquakes, floods, tornadoes, etc., are 
similar. For example, the hurricane15 hazard is a probabilistic event in the North Atlantic 
Ocean / Caribbean with a certain level of severity. The hurricane catastrophe model starts 
with the comparison of historical events of hurricanes for the area concerned. Then a number 
of criteria are selected for every modeled hurricane, which can vary from model to model, but 
the model can not be modified by the user. Most models of hurricanes include the following 
characteristics by WHITAKER (2002, page 105), CLARK (1997, page 276) or RMS (2005): 
 

• forward speed of the hurricane (the speed over land) (the forward speed is modeled as 
a smoothed empirical distribution by landfall gate by RMS; see RMS (2005), 
page 228); 

• radius of maximum wind speed (distance between the eye of the hurricane and the 
maximum wind) (the radius of maximum wind speed is modeled as a lognormal 
distribution with the mean and standard deviation dependent on the central pressure 
and latitude of the storm at landfall by RMS; see RMS (2005), pages 88, 98 and 228, 
respectively); 

• central pressure (the central pressure is modeled with a smoothed empirical 
distribution by landfall gate by RMS; see RMS (2005), page 228); 

• hurricane size is usually measured with the Saffir-Simpson Intensity (SSI) scale16 
(see Appendix A.1, page 207 f.); 

• landfall location (where an offshore hurricane hits land); 
• peak wind speed; 
• direction of the hurricane track (hurricane tracks are simulated using a random-walk 

Monte Carlo technique in RMS; see RMS (2005, page 83); 
                                                 
13 A lot of information on the physical criteria of natural catastrophes (e.g. tropical cyclones, tornadoes, 

earthquakes) and dependence between the natural catastrophes can be found in WOO (1999). 
14 Information about Turkish earthquake risk modeling are given in KUZAK, CAMPELL AND KHATER (2004), 

page 49 ff. More information on hurricane, earthquake and flood modeling can be found in WHITAKER (2002), 
page 104 ff. Further information on hurricane and earthquake modeling are available in KHATER AND 
KUZAK (2002), page 281 ff. 

15 The terms “hurricane” (the North Atlantic Ocean / Caribbean) and “typhoon” (the Northwest Pacific Ocean) 
are regionally specific names for a strong “tropical cyclone” (The Indian Ocean and the South Pacific Ocean). 
More information on this topic can be found, e.g. in RMS (2005) and on the following website 
http://www.aoml.noaa.gov/hrd/tcfaq/tcfaqA.html. The three already mentioned well-known providers use the 
following software products to model hurricanes: RiskLink® DLM (by RMS), CLASIC/2™ (by AIR) and 
WORLDCATenterprise™ (by EQECAT). 

16 The SSI Hurricane scale was developed in 1975. This integer-valued SSI scale is based on 1-5 ratings (5 being 
the most damaging) which are derived from the hurricane’s present intensity and dependent on the maximum 
wind speed and pressure. 
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• wind profile (asymmetric due to Coriolis force caused by the rotation of the Earth); 
and 

• surface roughness (used to estimate the slowing effect of the terrain on the forward 
speed of the hurricane). 

 
Additionally, the RMS hurricane model includes the hurricane decay rates, which are 
assumed to have a Gaussian distribution (see RMS (2005), page 95) and the landfall 
frequency, which is modeled with a Poisson frequency distribution by landfall gate (see 
RMS (2005), page 228). 
 
More climate data and information about hurricanes are offered e.g. by the National Hurricane 
Center17, the Atlantic Oceanographic and Meteorological Laboratory18, the Japan 
Meteorological Agency19, the Cooperative Institute for Research in the Atmosphere20, the 
National Oceanic and Atmospheric Administration’s National Weather Service21 or the 
Florida Climate Center22. 
 
Having regulated the list of criteria information of the hazard data, e.g. hurricane data, the 
data will be assigned to the characteristics and then the density functions and cumulative 
distribution functions will be fitted to these parameters. A hazard curve typically defines the 
hazard level’s probability of exceedance within a year (see Section 4.3, page 75 ff.). A natural 
catastrophe is characterized by a high level of uncertainty, since it is modeled on the basis of 
historical catalogs and only a limited amount of historical data is available. Another source of 
uncertainty is the effect of terrain on the wind speed, which is also not predictable. 
 
 
3.2.3 The Vulnerability Module 
 
The vulnerability module is otherwise known as the engineering or damage module and 
integrates modern building codes23 and engineering analyses into the decision making 
process. The role of the vulnerability function24 is to provide estimates of the mean damage 
ratio25 of the various insured objects (building, personal belongings, contents of a building, 
etc.) on the basis of the natural hazard intensity of the modeled event. This function is 
affected by the quality of the building (ground plan symmetry, quality of materials - primarily 
roofing -, coverage, past retrofits, number of stories, construction, the age of a building), the 
failure modus (encompasses the causes of damage and the hence resulting damages, e.g. wind 
loading exceeding the dead weight, damaged frontage, loss of roof covering, broken windows, 
etc.), the resultant loss of this damage and results from three different types of information 

                                                 
17 See http://www.nhc.noaa.gov/. 
18 See http://www.aoml.noaa.gov/. 
19 See http://www.jma.go.jp/. 
20 See http://www.cira.colostate.edu/index.html. 
21 See http://www.nws.noaa.gov/. 
22 See http://www.coaps.fsu.edu/climate_center/. 
23 “The changes in building codes and building construction practices are modeled through “year modifiers” that 

scale the base vulnerability functions based on the year of construction of the building.” (RMS (2005), 
page 105) 

24 “Development of the vulnerability functions is to be based on a combination of the following: (1) historical 
data, (2) tests, (3) structural calculations, (4) expert opinion, or (5) site inspections. Any development of the 
vulnerability functions based on structural calculations or expert opinion shall be supported by tests, site 
inspections, or historical data.” (RMS (2005), page 105) 

25 The mean damage ratio is defined as the ratio of the repair cost divided by the replacement cost of the asset, 
i.e. the damage ratio may assume values between 0 and 100 percent. 
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(empirical information, engineering consensus and engineering reliability analyses) in 
combination. 
 
The damage is defined as a percentage of the amount of the building’s value, of indemnity or 
repair cost. The problem of this module is the calculation of damage together with the hazard 
estimate. Some information about geology and geography of the location (mountain, ocean, 
etc.), construction type (wood frame, steel frame, concrete shear wall, reinforced concrete, 
mobile home, masonry, etc.) and occupancy (nonresidential, single family, multiple families) 
is included into this module type. Since the available information for the vulnerability 
modules is limited, it makes sense to ensure the decomposition of each model for a realistic 
estimation of the risk. However, it is not always possible to analyze the features for all insured 
objects in detail, e.g. each residential building. Therefore, insured objects are grouped 
together in one risk class to produce one common vulnerability curve. The uncertainty in 
building results from a number of different sources, e.g. the type of building or the 
construction quality, and may be also caused by the lack of data under extreme loads. 
Uncertainty may also come from a limited experience of extreme events, which negatively 
effects the construction of damage functions. 
 
The vulnerability varies enormously between insurance lines (property, automobile, etc.), 
client claims (residential, commercial or industrial) and the insured objects (building, personal 
belongings, contents of a building, business interruption, etc.). Therefore, a lot of models exist 
for quantification of the vulnerability. In all geophysical models the damage functions are 
region-specific and are constructed for structural damage, content of buildings and time 
element losses, e.g. business interruption, worker compensation or relocation expenses. In the 
majority of cases standardized curves are usually specified within the geophysical models. 
The basis for the financial analysis of vulnerability is the damage ratio (ratio of repair cost 
divided by replacement cost of the asset (e.g. buildings). The damage ratio can range from 
0 % to 100 %, or total loss. Some damage curves construct and relate structural damage to a 
severity parameter, e.g. peak gust wind speed. Figure 3.2.3.1 shows a typical damage 
function. In RMS the damage caused by hurricanes and by earthquakes is generally agreed on 
as being beta-distributed (see DONG (2001), page 123 and RMS (2005), page 24). However, 
theoretically more than one type of distribution could be used. RMS does not provide any 
justification by statistical estimators and statistical methods for the mathematical rationale 
behind the beta distribution. 
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Figure 3.2.3.1: Typical damage function26

 
 
3.2.4 The Loss Module 
 
The loss module is otherwise known as the actuarial module. This module comprises the 
calculation of the loss resulting from given levels of damage derived from building structures 
that have been analyzed and characterized as being of direct or indirect nature. Direct losses 
include the cost to repair and / or replace a building structure. Indirect losses include business 
interruption impacts (e.g. loss of power) and relocation costs. The content losses are 
dependent on the damage to the building structure. The policy conditions include deductibles 
by coverage (e.g. a fixed amount, a percentage of the sum insured, a percentage of the loss), 
site-specific or blanket deductibles, coverage limits and sublimits, loss triggers, coinsurance, 
attachment points and limits for single or multiple location policies (including e.g. a fixed 
amount, a percentage of the sum insured) and risk specific reinsurance terms. Consequently, 
the function of the loss module is to translate the physical damage in total or ground up losses. 
Insured losses are calculated by applying policy conditions to the estimates of total loss. Some 
actuarial modules have the additional ability to calculate the impact of reinsurance including 
excess of loss, to involve hazard-specific event limits or to include a time component, e.g. 
annual loss limits. 
 
In the software (RiskLink®) of RMS, a beta-distributed approach is used to estimate net losses 
of deductibles and limits for each event (see RMS (2005), page 135). 
 
The loss module is influenced by many factors, e.g. the time of occurrence of an event loss. 
Thus, loss uncertainty27 can occur. This uncertainty may result from the loss obtained, 
because the real natural event can yield a different value than calculated in the model. When 
modeling losses differentiation between single risk and portfolio risk make sense. Therefore, 
when modeling event losses for aggregate individual risks, a scatter of the loss is made due to 
the loss uncertainty. This scatter is contained in a small interval because of the balance 
between the single insured objects within one considered zone, e.g. in a CRESTA zone. 

                                                 
26 Source: MAHDYIAR AND PORTER (2005), page 63. 
27 See Section 3.3, page 41. 
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However, this is not the case for single risks. Consequently, the scatter of loss has a greater 
influence on the probability of the maximum loss of a single risk, because for a single event a 
100 % loss could occur, which could never happen for a portfolio of aggregated individual 
risks. 
 
For example, for windstorm risk only 100 years of data are available for most parts of the 
world, and additionally the information is very limited for the early years. 100 years of 
collected data is a very short period in comparison to the usually considered return period of 
catastrophe events. Therefore, the estimated losses might yield a lower estimate or might 
overestimate the future losses due to missing or including one or more extreme losses in the 
short time horizon. These defects in the data can cause some problems for the tail of the 
distribution, which is particularly important for Solvency II.  
 
Over the past years, both the hurricane sizes (see Appendix A.1) and consequential claims 
have increased. To account for these new circumstances, the following changes were made in 
the hurricane models by providers of geophysical models in 2005 (AON RE SERVICES (2005), 
page 19): 
 

• “Updated historical storm set to include all land falling and bypassing storms through 
2004. 

• Implementation of an aggregate demand surge function. 
• Capability to annual deductibles, as mandated by the Florida legislature. 
• Updated manufactured home vulnerability curves based upon loss information from 

the 2004 storms (RMS). 
• Updated high-resolution geocoding data files.” 

 
 
3.3 Understanding Uncertainty 
 
Uncertainty plays an important role in the modeling of natural catastrophes, as little changes 
in parameters can result in large changes of the expected loss. 
 

“Where the sum insured is large enough to be of interest for 
reinsurance purposes, claim size distributions should be 
constructed. Where possible, these should be based on a 
combination of the insurer’s own data and industry experience. For 
reinsurance purposes, the incidence of large claims is particularly 
important. […] Reinsurance is mainly about controlling variability and 
so is focused on the expected number and size of large claims. […] 
Finally, it is important to remember that the information analyzed is 
past data. […] It is also necessary to allow for economic, social and 
technological changes, even though such adjustments can be very 
difficult to quantify.” (HART, BUCHANAN AND HOWE (1996), 
page 465) 

 
Thus, the calculation of premiums is based on estimates of stochastic events, and a particular 
uncertainty in the modeling of catastrophe models will remain. 
 
In practice, geophysical models use statistical techniques to calculate confidence bounds 
(although not statistically perfect) to understand the uncertainty inherent in these tools. A 
significant uncertainty is derived from the scarceness of historical event data, e.g. of 
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earthquakes, relatively to the return periods of occurrence of the largest events (hundreds of 
years), however it can be attempted to create Stochastic Event Sets by random permutation of 
the geophysical parameters to confine this uncertainty. 
 
The uncertainty depends on scientific knowledge and varies with it. Within the model, there 
exists a part of uncertainty, which is explicitly calculated. However, which elements of 
uncertainty are calculated is not uniform since modelers do not reveal their choices and do not 
make their models transparent. A general consensus is that the modelers distinguish between 
the following types of uncertainty within the geophysical models: 
 

• Event uncertainty, otherwise known as rate uncertainty and primary uncertainty, 
describes the uncertainty, that a random hazard event will occur in a given time 
period. It includes the size and location of the event and affects the loss exceeding 
probability (see DONG (2001), Appendix A, page 69 ff.). 

• Loss uncertainty, otherwise known as secondary uncertainty and distributed loss (see 
DONG (2001), page 10), is made up of the size of the loss when a specified event has 
occurred, of insurance details, soil conditions, geocoding, etc. The size of the loss 
depends on, e.g., the speed of the wind (hazard parameter), accurate information about 
a building, information regarding repair costs as well as business interruption costs. 
For example, for earthquakes (see DONG (2001), Appendix A, page 66 ff.), loss 
uncertainty can be divided in the following three parts: ground motion attenuation 
uncertainty, vulnerability uncertainty given the ground motion and incomplete 
information. 

• Parameter uncertainty plays a significant role in geophysical models for underwriting 
and depends on the quality (e.g. lack of data) and amount of data as well as on the 
parameters that define the model. An incomplete description of a hazard source, the 
geology, the topography or partial information on a structure of building can cause 
erroneous results. According to WHITAKER (2002) the uncertainty lies in an interval 
which should include the mean value of that parameter for any component of the 
geophysical model, e.g. activity rate, vulnerability of a portfolio of buildings, 
decomposition of hazards. It may occur that parameter uncertainty affects several lines 
of insurance simultaneously. The modelers assume that, in practice, parameter 
uncertainty generates dependences between and within the risks. However, it is 
necessary to reflect whether correlation is an appropriate measure of dependences, as 
it is usually used by the modelers (see Chapter 9). 

• Process uncertainty (in engineering literature called aleatory uncertainty) and model 
uncertainty depend on the choice of the method of modeling and the validity and the 
accuracy of the model. Process uncertainty and model uncertainty have a significant 
impact on the result of geophysical models, e.g. the choice of the distribution, the 
appropriate choice of the algorithm for the computation of powers of convolution, 
which will be examined in Chapter 4, page 53 ff. 

 
In literature epistemic uncertainty can also be found, which consists of model uncertainty and 
parameter uncertainty. 
 
Finally, statements on probability distributions on the basis of empirically observable events 
can only be made in consideration of levels of significance. In principle, a deficient modeling 
is not excluded, because insured claims will basically appear randomly. The probability of 
extreme events always exists, independently of precision of modeling. However, engineers 
use historical data to control the geophysical models by comparing model results with actual 
data from historical events. In addition to the detailed analyses of actual claims modelers 
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perform sensitivity analysis, goodness-of-fit (Chi-square goodness of fit test or Kolmogorov-
Smirnov test), and stress tests to minimize the uncertainty in geophysical models. Logic trees 
and simulation techniques are used to incorporate uncertainty into catastrophe modeling 
(compare to GROSSI AND WINDELER (2005), Sections 4.4.1 and 4.4.2). With accurate 
measures of uncertainty, stakeholders can potentially lower the cost of dealing with 
catastrophe risk. 
 
 
3.4 Ascertainment of Claims and Distribution 

Models 
 
The basis for geophysical models is the historically incurred and registered claims. An 
extensive catalog of historical data28 allows to establish the relationship between geographical 
distribution, occurrence frequency and intensity. The aim is to transform the empirical data 
into a preferable structure and to thereby derive a prediction about future loss events. 
Observation of historical events can provide insights into the frequency with which events 
occur and into the severity of these events. This analysis of an extensive set of historical 
losses is indispensable in order to exactly describe the observation of historical events and to 
provide input for the simulation. 
 
To be used effectively, the geophysical models require the following data of events (compare 
to WHITAKER (2002), page 109): 
 

• location; 
• value of risk; 
• type of coverage (i.e. buildings, contents or business interruption); 
• classification by commercial, industrial and residential; 
• policy conditions as applied at both policy level and site level to include limits, 

deductibles and attachment points, respectively; 
• construction and occupancy. 

 
Note that most of the parameters have to be estimated and, therefore, most parameters possess 
uncertainty. The primary source of parameter uncertainty is changing over time. Thus, 
parameter uncertainty (compare to Section 3.3, page 40 f.) is a very important component in 
any collective risk model when it is applied to an entire insurance company. If data exist 
about historical losses, they are usually sparse. Stochastic Event Sets are helpful for the 
simulation of claims with high severity and low probability. 
 
As a general rule it can not be assumed that natural catastrophes or causes are comparable and 
temporarily stable. Therefore, the actual conditions at the time of the event can not be 
duplicated exactly. The ascertainment of claims and their storage can be influenced by 
 

• inflation, 
• trends (economic, e.g. updated building codes, climatic), 
• lack of data (temporal breaks, data loss), 
• changes in the general economy (mergers & acquisitions, introduction / action of new 

business areas, changes in policy structures), 

                                                 
28 RMS access the National Hurricane Center’s North Atlantic hurricane database (HURDAT) to develop 

frequency distributions for hurricane characteristics (see RMS (2005), page 229). 
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• demographic increase, e.g. in regions which are endangered by earthquakes, 
• insurance market penetration and 
• technical mistakes (input data errors, conversion errors). 

 
If no other systematic sources of error exist, the data has to be filtered and adapted. 
 
New methods (explorative data analysis), e.g. for decomposition of distributions (cluster 
analysis, Multi Dimensional Scale (MDS), etc.), are widely used in this regard in the non-life 
insurance in addition to the trend elimination (linear, exponential, etc.). 
 
A typical problem for reinsurance companies is the adjustment of appropriate statistical 
distributions to the data of losses. A distinction is drawn between univariate and multivariate 
distribution models. In univariate models significant variations can occur when the models are 
based on no or only little data of losses. The theoretical results of extreme value statistics29 
provide assistance for these typically large losses. Furthermore, a distribution model could be 
applied for large losses, but not for minor losses, which is important, e.g., for the aggregate 
distribution of a model of losses in Solvency II. 
 
The following table contains a range of distributions which are implemented in some software 
products with  for the data of losses.0x> 30

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                                 

1.

29 See e.g. EMBRECHTS, KLÜPPELBERG AND MIKOSCH (1997) and REISS AND THOMAS (2001). 
30 In the following,  denotes the shape parameter,  is the scale parameter, and  denotes the Euler gamma 

function. If , then  
α β Γ

( ) ( )1 ! 1 2n n n nΓ + = = ⋅ − ⋅ ⋅ ⋅…n ∈`
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Distribution Density ( )f x  Expected value ( )E X  

Fréchet 
(inverse Weibull) 

1 expx
x

α
α α β

αβ − −
⎛ ⎞⎛ ⎞ ⎟⎜ ⎟⎜ ⎟⎜− ⎟ ⎟⎜⎜ ⎟⎜ ⎟⎝ ⎠ ⎟⎜⎝ ⎠

,  , 0α β>
11β
α

⎛ ⎞⎟⎜⋅Γ − ⎟⎜ ⎟⎜⎝ ⎠
,  1α>

Pearson Type V 
(inverse Gamma) ( )

1 expx
x

α
αβ β

α
− − ⎛ ⎞⎟⎜− ⎟⎜ ⎟⎜⎝ ⎠Γ

,  , 0α β>
1

β
α−

,  1α>

Loglogistic 

1

2

1

x

x

α

α

α
β

β
β

−⎛ ⎞⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠
⎛ ⎞⎛ ⎞ ⎟⎜ ⎟⎜ ⎟⎜ + ⎟ ⎟⎜⎜ ⎟ ⎟⎟⎜⎜ ⎝ ⎠ ⎟⎜⎝ ⎠

,  , 0α β>
( )sin /
βπ

α π α
,  1α>

Pareto 
( ) 1x

α

α

α β

β +

⋅

+
,  , 0α β>

1
β

α−
,  1α>

Lognormal 
( )2

2

ln1 exp
22
x

x
β

αα π

⎛ ⎞− ⎟⎜ ⎟⎜− ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠
,  0,α> β ∈\

2

exp
2
α

β
⎛ ⎞⎟⎜ ⎟+⎜ ⎟⎜ ⎟⎜⎝ ⎠

 

Gamma ( )
( )1 expx x

α
αβ

β
α

− −
Γ

,  , 0α β>
α
β

 

Weibull 1 exp xx
α

α ααβ
β

− −
⎛ ⎞⎛ ⎞ ⎟⎜ ⎟⎜ ⎟⎜− ⎟ ⎟⎜⎜ ⎟ ⎟⎟⎜⎜ ⎝ ⎠ ⎟⎜⎝ ⎠

,  , 0α β>
1β

α α
⎛ ⎞⎟⎜Γ ⎟⎜ ⎟⎜⎝ ⎠

,  1α>

 
Table 3.4.1: Distribution functions 

 
 
In order to model losses, the losses are divided into normal losses (high frequency, low 
severity) and large losses (low frequency, high severity) e.g. in KAUFMANN, GADMER AND 
KLETT (2001) or in KELLER AND LUDER (2004), page 23 f. For both situations, the classical 
collective model of risk theory is recommended (see Section 4.1, page 55 ff.). 
 
Typical heavy tail distributions for large losses are the Pearson type V distribution, the 
loglogistic distribution and primarily the Fréchet distribution, which is a classical extreme 
value distribution. The loglogistic distribution, the Pareto distribution and the Fréchet 
distribution are tail equivalent (see BINGHAM, GOLDIE AND TEUGELS (1987)). The Pearson 
type V distribution and the Fréchet distribution agree for choice of shape parameter  
These types of distributions are “dangerous”, as large losses have a low frequency and a high 
severity (heavy tail) which are typical for natural catastrophes. In contrast, the gamma 
distribution (see the Swiss Solvency Test, Section 2.2.3, page 19) and the Weibull distribution 
are used to model the normal losses. The lognormal distribution is used to model less 
dangerous losses and lies between these “extreme” distributions from the graphical point of 
view. The Pareto distribution, which is widely used in reinsurance, is qualified for large losses 
because of the conditional distribution. 

1.α=
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Another possible class of loss models is the class of mixture models which model the normal 
and the large losses differently; such models can be useful if large discrepancies show up 
when comparing sampled data to a single model. It should be noticed that models with 
“many” parameters adapt better to the existing data than models with few parameters. 
 
The choice of a suitable model gets more complicated if stochastic dependence between the 
hazards or risks is considered, instead of assuming independence. In general, statistical 
dependence between similar areas, e.g. household insurance and insurance of buildings, is 
modeled in insurances due to the spatial proximity e.g. in case of flood damage and storm 
damage. Concerning large losses it might be useful to examine other dependence measures as 
alternatives to correlation. 
 
The following list corrects several erroneous assumptions which are often made.31 These 
assumptions often seem to be intuitive and may be justified in some special cases (elliptically 
distributed risk factors). For several of them, we will later show that their assumption can lead 
to a huge underestimation or overestimation of risks: 
 

• the joint distribution of risks is not uniquely determined by the marginal distributions 
and the (pairwise) correlation; 

• there does not always exist a joint distribution which realizes every given correlation 
in interval [ ]1,1−  for two arbitrary marginal distributions; 

• a correlation of zero does not imply stochastic independence of risks; 
• the correlation is not invariant under the transformation of risks, e.g., with a logarithm 

function, a root function, etc.; and 
• the correlation is not necessarily a useful dependence measure for risks of extreme 

events. 
 
The following example by PFEIFER (2003, page 13 f.) depicts the first misjudgment. Let 

 ,  and X Y Z  be the three margins of Figure 3.4.1, which are all uniformly distributed. 
Pearson’s linear correlation32 is  The two random vectors ( ) ( ), , 7 /15.L LX Y X Zρ ρ= =

( ),X Y  and ( ),X Z  obviously do not have the same joint distribution structure. The random 

vector ( ),X Y  fills out a section of a radius-one-circle centered on (  while the random 

vector 

)0,1 ,

( ),X Z  takes values only on two lines in the unit square. 
 

                                                 
31 Background on these incorrect assumptions can be found in EMBRECHTS, MCNEIL AND STRAUMANN (2002). 
32 See Section 8.1, page 156 ff. 
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Figure 3.4.1: Same linear correlation, but different dependence structures33

 
 
The next example by PFEIFER (2005a, page 3 ff.) contains two uncorrelated but dependent 
uniformly distributed risks X  and  with  The joint probability distribution 
is given by the following table: 

Y {, 0,1,2X Y ∈ }.

 
 
   X  

  0 1 2 Σ  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Table 3.4.2: Joint probability distribution of X  and Y  

                                                 
33 Source: PFEIFER (2003), page 13. 

0 
1

6
 0 

1

6

1

3
     

1 0 
1

3

1

3
 0  Y 

2 
1

6
 0 

1

6

1

3
  

1

3

1

3

1

3
    1  Σ



 47

For example, we obtain the value 1/6 for the joint probability that both risks have the value 
zero, risk  has the value zero and risk Y  has the value 2, risk X X  has the value 2 and risk Y  
has the value zero or both risks have the value 2. The marginal distributions of these risks are 

also uniformly distributed with the expected value ( ) ( ) ( )1 0 1 2 1.
3

E X E Y= = + + =  Then we 

get: 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1 1 10 0 0 0 1 0 2 0 1 0 1 1 0 1 2
6 6 3
1 1 2 0 0 2 1 2 2 1.
6 6

E XY = ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅

+ ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ =
 

 
Therefore, the risks are uncorrelated, but obviously not independent, as in that case, every 
entry in the table would have the value 1/9. Hence the joint distribution is not uniquely 
defined by the marginals distributions and the (pairwise) correlations. The following table 
shows another dependence structure for the joint probability distribution: 
 
 
 X     
   0 1 2  Σ 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Table 3.4.3: Joint probability distribution of X  and Y  

       with another dependence structure 
 
 
From this, it follows that 
 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1 8 3 7 2 30 0 0 1 0 2 1 0 1 1 1 2
36 36 36 36 36 36
4 2 62 0 2 1 2 2 1.

36 36 36

E XY = ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ + ⋅ + ⋅ ⋅ + ⋅ ⋅

+ ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ =
 

 
Therefore, these risks are also uncorrelated. A comparison of the two joint probability 
distributions from the tables above shows that the dependence structure is different. In 
Table 3.4.2, five different risk combinations are possible, i.e. have probability  However, 0.>
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in Table 3.4.3 we can find nine different possible risk combinations. For the distribution of 
the aggregate risks we receive the following table: 
 
 

0 1 2 3 4   x
1
6

2
3

1
6

   0 0Example 1   

1
9

2
9

3
9

2
9

1
9

Independence      ( )P X+ Y = x  

1
36

15
36

Example 2   9
36

 5
36

 6
36

 

 
Table 3.4.4: Distribution of the aggregate risks 

 
 
The table consists of the probabilities  
 

( ) ( ,
y

P X Y x P X x y Y y
∈

+ = = = − =∑
]

)

}

 

 
by decomposition of the single events { }  according to all 

possibilities of realizations 

{ ,
y

X Y x X x y Y y
∈

+ = = = − =
]
∪

.x of Y  with a constant total amount  y
 
Now we will show the significant difference between the three cases. We assume a stop loss 
reinsurance contract with a layer { }2,3,4 ,  i.e. the primary insurer has to pay for all losses up 
to a franchise of level 1. All losses above level 1 will be paid by the reinsurer up to level 2. 
We compute the required premium  (as expected value) for the three cases using 
Table 3.4.4 

p

3 4 3 40
9 9 9 3

2 3 42
3 6 36 6

p p= + = >= + + =>
9 10 18 37

36 36 36 36
p = + + =  

 
Example 1                 Independence                     Example 2 

 
In all three cases we obtain different required premiums. The highest premium is given by 
Example 1 and the least premium is given by Example 2. 
 
If we change the franchise of level 2 then we have a new situation with layer { }  3,4 :
 

2 2 16
9 9 36

p = >= +
5 12 17

36 3
2 12

6 3 6 366
pp = = ==+ >  

 
    Independence               Example 2            Example 1 

 
In contrast to the stop loss reinsurance contract with a layer { }2,3,4 ,  we obtain now the 
highest premium in the case of independence and we get the least premium for Example 1. 
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These examples show clearly that uncorrelated risks can result in different premiums when 
using joint probability distributions for a stop loss reinsurance contract. In addition, the 
premium calculation significantly depends on the choice of layer. Therefore, the (pairwise) 
correlations and the marginal distributions alone do not uniquely determine the underlying 
joint distribution. The dependence structure of (correlated) risks has significant consequences 
on reinsurance. The study of correlation between risks is not sufficient for an accurate 
calculation of reinsurance premiums or for an accurate assessment of risk potential of an 
insurer (compare with Section 9.4, page 178 ff.). The dependences of risks must be 
considered in geophysical models in another way than by correlation (compare to Sections 9.5 
and 9.6, page 185 ff.). 
 
Traditionally, insurance companies usually assumed individual risks to be independent, e.g. 
when buying reinsurance for a certain Line of Business (LoB) (insurance risk factor). The 
quantitative analyses of such isolated risk management tools did not (or did only rarely) 
require a deep understanding of dependence between various risk factors.  
 
While these isolated risk management tools are relatively easy to handle and easy to analyze; 
they do not necessarily offer the most cost-effective protection if we look at the company as a 
whole. The fact that a company depends on various stochastic risk factors creates the 
possibility to look if dependence structures exist. For example, WANG (1997) suggested a set 
of tools for explicitly modeling and combining correlated risks in risk portfolios. BÄUERLE 
AND MÜLLER (1998) introduced natural models for multivariate risk portfolios with different 
degrees of dependence and the same marginal distribution. 
 
For a map of the real structures, dependence structures have to be integrated into the 
geophysical models. This concerns dependences within a well-defined business in force, the 
dependences between sub-stocks of underwriting as well as dependences of claims payments 
on other variables and influences. 
 
Simple statistical analyses of claims and finance data including their correlation do not suffice 
to describe the complex contexts of finance and insurance business. The concept of copulas 
(see NELSEN (1999), EMBRECHTS et al. (2000), (2001) and (2002), BÄUERLE AND 
GRÜBEL (2005), DEMARTA AND MCNEIL (2004), and NEŠLEHOVÁ (2004), and the references 
given therein) offers a possibility to model stochastic dependences in a more general way 
(compare to Chapters 5 and 6). In case of continuity, the joint cumulative distribution function 
of risks transformed to uniform marginals is the associated copula C . Copulas separate the 
marginal distributions from the underlying dependence structure and, together with the 
marginal distributions, determine uniquely the joint distribution of the risks. Moreover, they 
avoid the problems of correlation discussed later (see Section 8.1, page 156 ff.).  
 
The use of copulas has advantages and disadvantages. First, copulas help in the understanding 
of dependence at a deeper level. Copulas describe the joint dependence between hazards more 
exactly than correlation, because the joint distribution of hazards is not uniquely determined 
by correlation. Thus, copulas “think” beyond linear correlation. Copulas make complex 
systems transparent especially in Integrated Risk Management, Dynamic Financial Analysis 
(DFA), Dynamic Solvency Testing etc. and are adequate tools for simulation. The rule in 
practice is that positively dependent risks enlarge and negative dependent risks diminish the 
target capital. This general statement is only accurate conditionally. Appropriate counter-
examples can be found in Chapter 9. The simulation of claims and mutual dependence as well 
as consequential transformations (aggregate loss, maximum loss, etc.) can be done with 
copulas. In addition, copulas remain invariant under continuous and strictly increasing 
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transformations of the underlying random variables. A disadvantage of copulas is that we do 
not have both, an easy description of the joint distribution between risks and an easy way to 
simulate. If we use the family of Archimedean copulas we can easy describe the joint 
distribution function, but these copulas are complicated to simulate. The reverse situation is 
given by the family of elliptical copulas. This family is easy to simulate, but, however, the 
description of the joint distribution function is complicated. Another disadvantage of some 
copula models is that they only depend on one or two parameters, e.g. the Archimedean 
copula, and that models with more than two parameters are generally very complex (see 
MCNEIL, FREY AND EMBRECHTS (2006)). The accuracy of the statistical analysis of copulas 
may depend on the preceding transformation of data (sensitivity analysis of parameters). The 
calculation of the densities of copulas is not easy and requires specific procedures, e.g. 
spectral analysis or conditional distributions. Furthermore, the efficiency of copulas crucially 
depends on the accurate ascertainment of all complexities within the systems. 
 
Nevertheless, copulas are the only possibility to describe complex structures as the ones 
appearing for natural catastrophes. Unfortunately, copulas are not explicitly considered in 
geophysical models. Most geophysical models yield univariate outputs, i.e. the dependence 
structure is only considered on an event basis in the Event Loss Table (compare to 
DONG (2001), page 53). The most used dependence measure which can be found in 
geophysical models is linear correlation in connection with secondary uncertainties (see 
DONG (2001), page 46 ff.). 
 
 
3.5 The Discussion about Geophysical Models 
 
Geophysical models are a very good addition to the actuarial statistical analyses, especially in 
comparison to the short data–time series with typical period between 20 and 30 years. 
However, the following problems occur to the users of geophysical models (compare e.g. with 
MAEGER AND KAISER (2005)) in addition to criticism on the mathematical point of view of 
geophysical models (see Section 4.3, page 80): 
 

• In general, the exceeding probability curves (see Section 4.3, page 75 ff.) computed by 
providers of geophysical models do not agree even for the same input data. 

• Providers of geophysical models often argue that standard statistical tools are 
inappropriate to estimate future hazards, because the claims from the past can not be 
used to predict the future (see CLARK (1997), page 275, DONG (2001), page 2 and 
KHATER AND KUZAK (2002), page 272). This argument is legitimate, although this 
sharpness is not justified. A lot of examples have shown that actuarial standard tools 
with proper models provide qualified results. The criticism sometimes also applies to 
geophysical models. Geophysical models depend on historical events for the 
estimation of parameters (see e.g. CLARK (1997), page 276), which need not be 
absolutely representative for future developments, e.g. due to climate changes. 

• Basic losses (risks with small return periods) are partially underestimated in 
geophysical models. In the case of storms, this yields problems with pricing 
(e.g. commission for quota treaties). 

• In geophysical models some characteristics of reinsurance are not considered e.g. 
Annual Aggregate Deductible (AAD), reinstatement, limited duration of liability on 
proportional contracts (per occurrence / per year) and combination of excess of loss 
and stop loss. 
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• In the finance module of geophysical models only Value at Risk (see Section 7.2, 
page 124 ff.) is used as risk measure. 

• In general, the geophysical models provide point estimates for the parameter and 
quantiles derived from e.g. PML34 values. However, a better comparison of the 
different model results is possible by the calculation of confidence regions which are 
not provided. But the actuarial computation for PML can do this.  

• None of the geophysical models can handle both the risks storm and flood. The 
calculation of the joint PML in such cases is only possible if one calculates the PML 
for storm and the PML for flood with different geophysical models. The cause is that, 
in geophysical models, the dependence structure is only considered on an event basis. 

• New versions of software packages might produce different results than older versions 
for the same input data due to modified model internals which are not known to the 
user (black box). 

• Basically, the output of geophysical models does not give risk assessments according 
to Solvency II; for this, further computations and simulations are necessary. 

 

                                                 
34 Compare to Section 7.2, page 131 f. 
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Chapter 4 
 
 
 
 

Evaluation of Geophysical Models 
 
 
The output of geophysical models may be used in the insurance / reinsurance industry, e.g. to 
manage claims, portfolio risks and future catastrophe loss potential, to optimize the   
insurance / reinsurance portfolio, to perform sensitivity tests, to develop underwriting 
guidelines, for underwriting and risk screening, for risk transfer (reinsurance or retro covers), 
for catastrophe bonds, etc. For evaluating catastrophe models, different factors are important, 
e.g. the ease of use, the structure of geophysical models, the inherent uncertainty, the transfer 
of territorial hazards to the available models, the regard to the insurance structure (the 
different cover of policy level data) and the run-time of geophysical models. It should be 
noted, however, that under current conditions the simulation run-time for particularly 
complex models can take weeks even on the fastest computers. It makes sense to use more 
than one geophysical model with differing assumptions to confirm and approve the available 
results, because of considerable variability in the model’s results. It is important, that all 
assumptions and results are well reviewed in order to avoid blind trust in results, which could 
lead to risk management problems for the whole insurance company. Attention has to be paid 
to the fact that the results might vary from model to model for the same risks, because risk 
estimation is done in various ways by the different providers of geophysical models (compare 
with the discussion in Section 3.5, page 50 f.). 
 
The most geophysical models only use correlation (e.g. see DONG (2001), page 19) to 
describe dependences, which proves inappropriate in many cases. In a lot of models, mainly 
the modeling of mere individual risks (DFA, Solvency II) can be found; often there are little 
possibilities to simulate individual claims. Furthermore, the models frequently do not fit well 
to the available data, e.g. as a result of small return periods.  
 
Another possibility to model dependences is to use copulas. Copulas are useful, because they 
“think” beyond linear correlation; they allow some kind of worst case analysis under 
incomplete information and thus eventually give a better risk model (see Sections 9.5 and 9.6, 
page 185 ff.). 
 
In most geophysical models, only the Poisson distribution is used in the collective model of 
risk theory. The Poisson distribution is required for mathematical reasons, e.g. in Ammeter’s 
Theorem (see Theorem 4.2.1, page 69). Moreover, it is one of the few distributions for which 
Panjer’s recursion (see Section 4.4, page 80 ff.) can be applied. 
 
The aims of catastrophe models are to ascertain the amount of coverage for a cedent and to 
provide the cost of coverage to both, the insurer and reinsurer. The output of geophysical 
models can be divided into deterministic and probabilistic, which will be explained in the 
following. 
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Deterministic 
The deterministic model output evaluates the impact of a hazard by analyzing the severity of a 
single possible result. At the present time, there exist three main types of deterministic events 
in geophysical models: 

• the significant historical event (real events from an event set); 
• the worst case scenario (hypothetical events, specified by the user, with features such 

as size and location); and 
• Lloyds Realistic Disaster Scenarios (events causing a significant loss to the insurance / 

reinsurance market suggested by Lloyds of London). 
 
But a deterministic analysis is generally not useful for the performance of geophysical model, 
because the same event with the same parameters and severity is unlikely to happen in the 
same place again. 
 
Probabilistic 
The output of the probabilistic model provides the parameters for a probabilistic loss 
distribution (see Section 3.4, page 42 ff.) e.g. for windstorms, floods or earthquakes and 
computes the parameter for the random variable “frequency” (compare to Section 4.1, 
page 55). Subsequently, the actuary uses the probabilistic model’s output for the calculation 
of “Exceeding Probability” (EP) curves (compare to Section 4.3, page 75 ff.) and as a basis 
for pricing reinsurance treaties. 
By random permutation of the geophysical parameters, the Historic Event Sets can be 
artificially enlarged, resulting in the so-called Stochastic Event Sets (compare to Section 4.2, 
page 66 ff.). These can easily have up to  entries and more. The size of the event 
databases varies by risk and by country. If we choose scenarios which effect a certain 
insurance portfolio, we can simulate in vitro many hundred or thousand years of potential 
future losses. In this way, we obtain important information about the individual claims 
distribution and the aggregate loss distribution for this portfolio. Apart from historical 
databases a hypothetical probability model should be used as well as the opinion of experts 
should be asked for. In this procedure, the existence of a lot of possible distributions which 
differ in the tail, the kind of dependence structures between the events and the influence of 
subjective expert opinions are critical. 

 50 000

 
The unknown parameters of the aggregate claims distribution for future losses are numerically 
determined by means of the historical event database and with the method of moments, the 
maximum likelihood method or a Bayesian analysis. Tests of goodness-of-fit (e.g. Chi-square 
goodness of fit test, Kolmogorov-Smirnov test or Anderson-Darling test) help the modelers to 
evaluate the quality of the aggregate claims distribution. 
 
The aim of Chapter 4 is to give a survey of the possible mathematical use of the geophysical 
models’ output. The outline of this chapter will be the following: first, we define the used 
collective model of risk theory in Section 4.1. Thereafter, we will pay attention to the types of 
loss and their modeling. Section 4.3 is devoted to the presentation of the Exceeding 
Probability (EP) curve for the typical loss, the occurrence loss and the aggregate loss. Finally, 
in Sections 4.4 and 4.5 we will present two methods, Panjer’s recursive algorithm and the 
discrete Fourier transform, to compute the aggregate loss distribution. 
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4.1 The Collective Model of Risk Theory 
 
The following are the basic mathematical assumptions for this model1: 
 

• The number  of claims (losses) within a certain period is a non-negative, integer 
valued random variable, called frequency. The point probabilities of  are denoted by 

N
N

( ):np P N n= =  for . 0,1,2,n = …

• The individual claims (losses) occurring during this period, { } , are 
stochastically independent, identically (like 

k k
X

∈`

X ) distributed (i.i.d.), positive random 
variables, also independent from the frequency  .N

 
The aggregate claim or aggregate loss (for the period under consideration) is given by 
 

1

:
N

k
k

S X
=

=∑  

 
with the convention that the “empty sum” is interpreted as being zero. 
 
A frequently observed problem with geophysical models is that they usually do not reproduce 
consistent results in the observable period. Due to model assumptions, the geophysical models 
regularly deliver a positive value for the annual probability 
 

( ) ( ) ( )0 0 expP S P N λ= = = = − >� 0,

⎪⎪⎬⎪

.

                                                

 
 
while a total loss of zero hardly occurs in real portfolios in practice. This problem could be 
circumvented e.g. by assumption of negatively dependent (Poisson distributed) counting 
variables; for the modeling of two of such random variables, see e.g. NEŠLEHOVÁ (2004), 
Chapter 8. For this reason, the consideration of dependence structures in geophysical models 
is necessary. 
 
The aggregate loss  is a random sum of random variables. The following reformulation 
shows that  is measurable: 

S
S

 

{ } { }
0 1

n

k
n k

S B N n X B
∞

= =

⎛ ⎞⎧ ⎫⎪ ⎟⎪⎜ ⎟∈ = = ∩ ∈⎜ ⎨ ⎟⎜ ⎟⎪⎜⎝ ⎠⎪ ⎪⎩ ⎭
∑∪  for any (Borel-)set  B∈B

 
with B being the Borel σ -algebra over  .\
 
If not said otherwise, we shall always assume that the probability distributions for the claims 
(losses) are continuous with a density function  and a cumulative distribution function  
given by 

f ,F

( ) ( )
0

, 0
x

F x f u du x= ≥∫  

 
1 Two other models for multivariate risk portfolios with different degree of dependence and same marginal 

distribution are proposed by BÄUERLE AND MÜLLER (1998). The main difference to Wang’s paper 
(WANG (1998)) is that the two authors mainly investigate how dependences affect the riskiness of portfolios. 
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The corresponding survival function is given by 
 

( ) ( ) ( ): 1 , 0.
x

F x F x f u du x
∞

= − = ≥∫  

 
Definition 4.1.1 (Convolution): 
Let X  and Y  be real-valued, stochastically independent random variables. Then the 
distribution of the sum  is called the convolution of the distributions of X Y+ X  and  :Y
 

.X Y X YP P P+ = ∗  
 
Lemma 4.1.1: 
Let X  and Y  be real-valued, stochastically independent random variables. Let  and 
denote the cumulative distribution functions and, in case of continuity, 

XF YF  

Xf  and Yf  denote the 
corresponding density functions.  denotes the cumulative distribution function of their 
convolution  and 

XF F∗ Y

Y,X YP P∗ Xf f∗  denotes the corresponding density function. Then we have 
the following equalities: 
 

( )( ) ( )( ) ( ) ( )

( )( ) ( )( ) ( ) ( ) , .

X Y Y X X Y

X Y Y X X Y

F F z F F z F z y f y dy

f f z f f z f z y f y dy z \

∞

−∞

∞

−∞

∗ = ∗ = −

∗ = ∗ = − ∈

∫

∫
 

Proof: 
See e.g. BEHNEN AND NEUHAUS (2003), Proposition 22.10 and HÜBNER (2003), Theorem 5.19 
and Corollary 5.20.                                                                                                                      
 
Lemma 4.1.2: 
The cumulative distribution function of the aggregate claim (loss)  is given by: SF
 

( ) ( ) ( )0
1

,    0.n
S n

n

F z P S z p p F z z
∞

∗

=

= ≤ = + ≥∑  

 
Here ( ):np P N n= =  denote the point probabilities of  for  and  denotes 
the -fold convolution of  the cumulative distribution function of the individual claims 
(losses). 

N 0,1,2,n = … nF ∗

n ,F

 
Further, we have the following result for the conditional cumulative distribution function and 
the density function of  given that  ,S 0 :S >
 

( )
( )
( )

( ) ( )
( )

( )
10

0 0 1| 0 ,
0 1 0 1

S S n
n

nS

P S z F z F
P S z S p F z z

P S F p

∞
∗

=

< ≤ −
≤ > = = = ≥

> − − ∑ 0  

and 

( ) ( )
10

1| 0
1

n
S n

n

f z S p f z
p

∞
∗

=

> =
− ∑  for  0,z ≥
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where nf ∗  denotes the -fold convolution of  the density function of the individual claims 
(losses). 

n ,f

 
Proof: 
See e.g. KLUGMAN, PANJER AND WILLMOT (1998), page 296, and HIPP AND MICHEL (1990), 
pages 10 – 13.                                                                                                                              
 
Remark 4.1.1: 
1. It should be pointed out here that though the individual claims (losses) follow a 

continuous distribution, this (in general) is no longer true in the collective model. Namely, 
in case that  the aggregate claims distribution has an atom at zero. However, the 
conditional distribution of  given  remains continuous. 

0 0,p >
,S 0,S >

2. The above result thus says that the distribution of  can be seen as a mixture of two 
distributions, namely the Dirac distribution  at zero with weight 

S
0ε 0p  and the distribution 

of  under  with weight S 0S > 01 .p−  
 
For special cases, the aggregate claims distribution can be calculated explicitly. In the 
following lemma, the resulting distribution of  is a mixture between the Dirac distribution 

 at zero with weight and an exponential 
S

0ε p ( )pλE  distribution with weight 1 : p−

 
Lemma 4.1.3: 
Let  follow a geometric distribution given by N
 

,n
np pq=   with some parameters 0,1,2,n = … ( )1 0,p q= − ∈ 1 ,

0.

 
 
and let the individual claims (losses) follow an exponential distribution  with parameter 

 Then we have: 
( )λE

0.λ>
 

( ) ( ) ( )( )1 1 ,    pz
SP S z F z p p e zλ−≤ = = + − − ≥  

 
Further, the aggregate claim (loss)  follows another exponential distribution S ( )pλE , under 
the condition  0.S >
 
Proof: 
The distribution of a sum of independent, exponentially distributed  random variables is 
of Erlang type (a special gamma distribution), i.e. we have for  

( )λE
:n∈`

 

( )
( ) ( )

1 1

, 0
1 !

n n n
n n z zz zf z e e z

n n
λ λλ

λ
− −

∗ − −= ⋅ = ≥
Γ −

.  

This implies 
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( ) ( )
( )

( )
( )

( )

1
1

1 1

1

1

exp

1| 0
1 !

                   , 0,
1 !

n n
n n n z

S
n n

n
z pz

n

qz

zf z S pq f z pq e
q n

qz
p e p e z

n

λ

λ λ

λ

λ

λ
λ λ

−∞ ∞
∗ −

= =

−∞
− −

=

=

> = =
−

= =
−

∑ ∑

∑
��	�


−

≥
 

 
i.e.  is S ( )pλE  distributed, under  Hence, we can conclude using Lemma 4.1.2, as 0.S >

( ) ( ) ( )0 01 0SF z p p P S z S= + − ≤ > 0.z ≥ for                                                                        
 
In general, the numerical calculation of the aggregate claims distribution can be simplified by 
the use of (probability) generating functions. The following Definition and Theorem are based 
on Definition 2.2.6 and Theorem 2.2.3 of MATHAR AND PFEIFER (1990), respectively. 
 
Definition 4.1.2 (Generating functions for the individual claim): 
Let X  be a real-valued random variable such that, for some subset , the expression I ⊆\
 

( ) ( ): ,tX
X t E e tψ = ∈ I  

 
remains finite for all  The mapping , defined on .t I∈ Xψ ,I  is then called the moment 
generating function of X  or of the distribution  .XP
The mapping defined by 
 

( ) ( ) ( ) { }: ln ,  : |X I t
X Xs s E s s e e tϕ ψ= = ∈ = I∈  

 
is called the probability generating function of X or of the distribution  .XP
 
The moment generating function  characterizes the distribution  uniquely, if the set Xψ XP I  
contains some interval [  with  The corresponding proof usually requires methods 
from Fourier analysis and is omitted here; see e.g. BILLINGSLEY (1986), Theorem 30.1. 

],δ δ− 0.δ>

 
Theorem 4.1.1: 
Let X be a real-valued random variable such that for some , the moment generating 
function  exists. Then the following statements are true: 

I ⊆\
Xψ

 
a) We always have  If further ( ) ( )0 1X Xψ ϕ= =1. ( )X tψ  exists for some 

 then it also exists for 0 or 0,t t t t∗
∗= > = < [ ]0, or ,0 ,t t t t∗

∗
⎡ ⎤∈ ∈⎢ ⎥⎣ ⎦  respectively. If we 

denote 
( ){ } ( ){ }: sup | , : inf | ,X Xt t t t t t\ \ψ ψ+ −= ∈ <∞ = ∈ <∞  

 
then ( )X tψ  exists for all ( ),t t t− +∈ , )

∞

 and  exists for all  (with the 

convention ). Under the condition that  or  almost surely, 
we have  or  respectively. 

( )X sϕ ( ,t ts e e
− +

∈

0,e e−∞ ∞= = 0X ≥ 0X ≤

t− =−∞ ,t+ =+∞
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b) Let  Then all absolute moments {0 min ,t tδ + −< < − }. ( ),kE X k ∈`,  exist,  is 

differentiable at the origin of any order, and we have 
Xψ

 
( ) ( ) ( )

( )
( )

0

0 , a

, .
!

k k
X

k
k

X
k

E X k

E X
t t

k

ψ

ψ δ
∞

=

= ∈

= ≤∑

` nd

t

.

 

In particular, we have 
( ) ( )

( ) ( ) ( )( )2

'

'' '

0    and       

0 0

X

X X

E X

Var X

ψ

ψ ψ

=

= −
 

 
Further,  is differentiable at  of any order, and we have ( )X sϕ 1s =
 

( ) ( ) ( )

( )
( )

( )

1

0

1

0

0

1 , and

1 , 1 1 .
!

k
k

X
i

k

ki
X

k

E X i k

E X i
s s s

k
δ

ϕ

ϕ

−

=

−

∞
= −

=

⎛ ⎞⎟⎜= − ∈⎟⎜ ⎟⎟⎜⎝ ⎠
⎛ ⎞⎟⎜ − ⎟⎜ ⎟⎟⎜⎝ ⎠

= − −

∏

∏
∑

`

e≤ −

 

 
In particular, we have 

 
( ) ( ) ( ) ( ) ( ) ( )( )' '' '1 , 1 1 1 1 .X X XE X Var Xϕ ϕ ϕ= = + − '

Xϕ  

 
c) In case that ( ) 1P X +∈ =]  where  i.e. { }: 0,1,2,+ =] ,… X  takes only non-negative 

integer values almost surely, then  can be naturally extended, i.e.  

exists also for all 
Xϕ ( ) ( )X

X s E sϕ =

1,s ≤  with 
 

( ) ( )
( )

( ) ( )
0

0
, and    

!

, 1

k
X

k
X

k

P X k k
k

s P X k s s

ϕ

ϕ
∞

=

= = ∈

= = ≤∑

`

.
 

 
d) Let X  and Y  be stochastically independent, real-valued random variables with moment 

generating functions  and  both existing on the same subset  Then the 
random variable 

Xψ ,Yψ .I ⊆\
Z X Y= +  also possesses a moment generating function, which is given 

by 
( ) ( ) ( ),X Y X Yt t t tψ ψ ψ+ = ⋅ ∈ I

e

 
and 

( ) ( ) ( ), .I
X Y X Ys s s sϕ ϕ ϕ+ = ⋅ ∈  
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Proof: 
a) The first statement is trivial because  Applying Hölder’s Inequality,0 1.e = 2 we obtain, for 

: 0 t t∗< ≤

( ) ( ) ( )( ) ( )( )
/ /t t t ttX t X

X Xt E e E e tψ ψ
∗ ∗

∗ ∗= ≤ =  

 

(with the choice 
*

und 1),tp Y
t

= ≡  replacing X  by  there. By analogous arguments, 

we obtain for : 

tXe

0t t∗ ≤ <
 

( ) ( ) ( )( )( ) ( )( )( )( ) ( )( )
/ /

.
t t t tt X t XtX

X Xt E e E e E e tψ ψ
∗ ∗∗− − − −

∗= = ≤ =  

 
Hence  exists for all ( )X tψ ( ),t t t− +∈  and  exists for all ( )X sϕ ( ),t ts e e

− +

∈ .  For  

almost surely we always have  for  almost surely, i.e. we have  
Similarly,  if  almost surely. 

0X ≥

1tXe ≤ 0t ≤ .t− =−∞
,t+ =+∞ 0X ≤

 
b) For t δ≤  define for every  a measurable map n∈` ( ) ,nG t i  given by 
 

( )
0

, : ,
!

kn
k

n
k

xG t x t x
k=

= ∈∑ \.  

 
Then, for  and n∈` ,t δ≤  
 

( )
0 0

, :
! !

kk
tX t X Xk X

n
k k

XtXG t X t e e e e e Z
k k

δ δ δ
∞ ∞

−

= =

≤ ≤ = = ≤ ≤ +∑ ∑ ,X =  

 
and Z  is integrable with  Further, ( ) ( ) ( ) ( ) ( ).X X

X XE Z E e E eδ δ ψ δ ψ δ−= + = + −

 

( )
1

0 0

0

,
! ! !

k k nn n
k k n

n
k k

X X X X
G X

k k n
δ δ δ δ

−

= =

≥

= = + ≥∑ ∑
��	�
 !

n
n

n
δ  

 

then   ( )! !,n
nn n

n nX G Xδ
δ δ

≤ ≤ Z  for all  ,n∈`

 

i.e. there exist all absolute moments of X , because ( ) ! .n
n

nE X E Z
δ
⎛ ⎞⎟⎜≤ <⎟⎜ ⎟⎜⎝ ⎠

∞

                                                

 Since 

 
 

2 For random variables ,  X Y  for which pX  and qY are integrable with 1 1
1, , 1,p q

p q
+ = ≥  also the product 

X Y⋅  is absolutely integrable, and ( ) ( )( ) ( )( )
1 / 1 /p qp qE X Y E X E Y≤⋅ ⋅  (Hölder’s inequality). 
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( )lim , fortX
nn

e G t X t δ
→∞

= ≤  

 
the conditions of Lebesgue’s Dominated Convergence Theorem3 are fulfilled, such that 
 

( ) ( ) ( )( ) ( )( )

( ) ( )
0

0 0

lim , lim , lim
!

lim , ,
! !

kn
tX k

X n nn n n
k

k kn
k k

n
k k

Xt E e E G t X E G t X E t
k

E X E X
t t t

k k

ψ

δ

→∞ →∞ →∞
=

∞

→∞
= =

⎛ ⎞⎟⎜ ⎟= = = = ⎜ ⎟⎜ ⎟⎜⎝ ⎠

= = ≤

∑

∑ ∑
 

 
as stated. The differentiability of  of all orders at zero follows from element-wise 

differentiation of this series, with 
Xψ

( ) ( ) ( )0 ,k k
X E X kψ = ∈`.  

 
The last statement follows in a similar way via the series expansion (generalized binomial 
formula) 

( )( )
( )

( )

1

0

0

1 1 1 , 1 1,  .
!

k

x kx i

k

x i
s s s s x

k

−

∞
=

=

−
= + − = − − < ∈

∏
∑ \ 4

 
c) Under the conditions specified  can be represented by Xϕ
 

( ) ( ) ( )
( ) ( )

0 0

0
,

!

k
XX k

X
k k

s E s s P X k s
k

ϕ
ϕ

∞ ∞

= =

= = = =∑ ∑ k  

 

where the series converges absolutely for 1s ≤  because of . This 

proves the given statement. 

( )
0

1
k

P X k
∞

=

= =∑

 
d) The independence of X  and Y  immediately implies the independence of  and  for 

all t , which in turn leads to 
tXe tYe

∈\
 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ),t X Y tX tY tX tY
X Y X Yt E e E e e E e E e t t t Iψ ψ+
+ = = ⋅ = = ψ ∈

ϕ

                                                

 

and 
( ) ( ) ( ) ( ) ( ) ( ) ( ),   .X Y X Y X Y I

X Y X Ys E s E s s E s E s s s s eϕ ϕ+
+ = = ⋅ = = ∈  

 
 
For convenience, we will give two tables showing the generating functions of several 
distributions which are important in insurance mathematics. 
 
We start with some discrete probability distributions. 

 
3 If there exists an integrable random variable  with Y nX Y≤  for all  then ,n ∈` nX X→  almost surely 

implies ( ) 0nE X X− →  and, hence, also  for  ( ) ( )nE X E X→ .n →∞

4 This series is finite for non-negative integer values of ,x  since  for  ( )
1

0

0
k

i

x i
−

=

− =∏ .k x>
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XP  Distribution ( ) ( )f k P X k= =   ( )X
sϕ  ( )E X  ( )Var X  

nL  
Discrete 
uniform 

(Laplace) 

1 ,
n

  1, ,k n= …
1

1

ns s

n s

−
⋅

−
, 

 1s ≠

1

2

n +
 

2 1

12

n −
 

( ),n pB  Binomial 
( )1

n kk
n

p p
k

−
−

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠
, 

0, ,k n= … , , 0 1  0n > p≤ ≤
( )1

n
p ps− +  np  ( )1np p−

( ), pβNB  Negative 
binomial 

( )
1

1
kk

p p
k

β
β + −

−
⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

, 

0,1, 2,k = …, , 0 1  0β > p≤ ≤

1 (1 )

p

p s

β

− −

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠
, 

1

1
s

p
<

−
 

1 p

p
β

−
 

2

1 p

p
β

−
 

( )λP  Poisson 
!

k

e
k

λ λ− ,  0,1, 2,  and 0k λ= >… ( 1)seλ −  λ  λ  

 
Table 4.1.1: Discrete probability distributions 

 
 
It should be pointed out that the negative binomial distribution ( ), pβNB  is also defined for 
non-integer valued parameter  in that case, let 0;β>
 

( ) ( )1 1 2
, 0,1,2,

!
k

k

k k
k

k
…

…
β β β β+ −⎛ ⎞ + − ⋅ + − ⋅ ⋅⎟⎜ = =⎟⎜ ⎟⎜⎝ ⎠

. 

 
In the particular case  the geometric distribution 1,β = ( )pG  is obtained. 
 
We proceed with some continuous distributions. 
 
 

XP  Distribution ( )f x  ( )X
tψ  ( )E X  ( )Var X  

[ ]( ),a bU  Continuous uniform 
1

, a x b
b a

≤ ≤
−

,  a b<
( )

bt ate e

t b a

−

−
,  0t ≠

2

a b+
 ( )2

12

b a−

( )λE  Exponential , 0 and x xe λλ λ− ≥ > 0  ,  t
t

λ
λ

λ−
<  

1

λ
 

2

1

λ
 

( ),α λΓ  Gamma 
( )

1

, , , 0xx
e x

α
α λλ α λ

α

−

− >
Γ

 ,  t
t

α
λ

λ
λ−

⎛ ⎞⎟⎜ <⎟⎜ ⎟⎜⎝ ⎠
 

α

λ
 

2

α

λ
 

( )2,µ σN  Normal 

( )2

22

1
exp

22

x µ

σπσ

−
−
⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠

 

 
2,  and 0x µ σ∈ >\  

2 2

exp
2

t
t

σ
µ+

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎟⎜⎝ ⎠
 µ  2σ  

 
Table 4.1.2: Continuous distributions 

 
 
Note that the exponential distribution is a special case of the gamma distribution for  1.α=
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Some of these distributions possess particular convolution properties: 
 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
( ) ( )

 

2 2

         , , ,           [ , , 0 1]    
, , ,        [ , 0, 0 1]   
                  [ , 0]          

, , ,            [ , , 0]        

 , ,

n p m p n m p n m p
p p p pβ γ β γ β γ

λ µ λ µ λ µ

α λ δ λ α δ λ α δ λ

µ σ ν τ µ

∗ = + ∈ < <
∗ = + > < <

∗ = + >

Γ ∗Γ =Γ + >

∗ = +

B B B
NB NB NB

P P P

N N N

`

( )2 2 2 2, [ , , ,ν σ τ µ ν σ τ+ ∈ >\ 0].

 

 
The following theorem shows how in the collective risk model, the generating function for the 
aggregate claim (loss) can be computed from the generating functions of the frequency and 
individual claim size distributions. 
 
Theorem 4.1.2: 
If the probability generating function  of the frequency exists for  with  

and the moment generating function 

( )N sϕ 0 s η≤ < 1η>

( )X tψ  of individual claim sizes X  exists for  
with some  then 

0 t δ≤ <

0,δ>

( ) ( )( ), ,S N Xt tψ ϕ ψ= ∈t I  
 
where I  is a suitable interval, containing zero, with the property that ( ) [ )0, .X Iψ η⊆  For a 
discrete claim size X  with values in  it is `
 

( ) ( )( ) [ ], 0I
S N Xt t t eϕ ϕ ϕ= ∈ ,1 .∪  

 
In particular, all (absolute) moments of the aggregate claim (loss)  exist, and we have S
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )2
, .E S E N E X Var S E N Var X Var N E X= ⋅ = ⋅ + ⋅  

 
Proof: 
Chose  small enough, such that 0τ> ( )0 Xψ τ η≤ < ; this is possible as according to 

Lebesgue’s Dominated Convergence Theorem, it holds ( )
0

lim 1Xt
tψ

→
=  and 1.η >  With an 

arbitrary choice of  we are done, since, by assumption, we have  and, 
hence,  is monotone increasing. Due to the independence assumptions made above, for 

 we now have: 

( ,I τ⊆ −∞ ) 0X >

Xψ
t I∈
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( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

1 11 0

0

1 11 1

1

exp

        0 0

k k

k k k

N N n
tX tXtS

S k
k kk n

n n
tX tX tX

k kn n

t E e E t X E e P N n E e N n

P N E e P N n E e P N P N n E e

ψ
∞

= == =

∞ ∞

= == =

=

⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎟⎜ ⎟ ⎟ ⎟⎜ ⎜ ⎜⎟= = = = = ⋅ =⎟ ⎟ ⎟⎜ ⎜ ⎜ ⎜⎟⎟ ⎟ ⎟⎜ ⎜ ⎟ ⎟⎜ ⎜⎟⎟⎜ ⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠
⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜= = ⋅ + = ⋅ = = + = ⋅⎟ ⎟⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

∑ ∑∏ ∏

∑∏ ∏
��	�


( ) ( ) ( )( ) ( ) ( )( ) ( )( )
1 0

        0 .
n n

X X N X
n n

P N P N n t P N n t tψ ψ ϕ ψ
∞ ∞

= =

= = + = ⋅ = = ⋅ =

∑

∑ ∑

1k=
∏

 
For X  being discrete, we have, according to Theorem 4.1.1, 
 

( ) ( ) ( )( ) ( )( )ln ln , .I
S S N X N Xt t t t tϕ ψ ϕ ψ ϕ ϕ= = = ∈ e

X
X t E tϕ≤ = ≤ 1,t≤ ≤

 
 
Furthermore it is true that  for 0  so that  exists also for 

 

( ) ( )0 1 ( )S tϕ

[ ]0,1 .t ∈
 
The existence of all (absolute) moments is guaranteed by Theorem 4.1.1 again; in particular, 
 

( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( )( ) ( )( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( ) ( )( )
( )( ) ( )( ) ( ) ( ) ( ) ( )( )

' '

2 2 2'' '

2 2'' '

2 22

' ' '

'' ' ' ''

''

0 0 0 1 0 ,

0 0 0 0 0 0

1 1 0

 1

S N X X N X

S S N X X N X X

N N X

E S E N E X

Var S E S

E X E S

E N N E X E N E X E N E X

ψ ϕ ψ ψ ϕ ψ

ψ ψ ϕ ψ ψ ϕ ψ ψ

ϕ ϕ ψ

= = ⋅ = ⋅ = ⋅

= − = ⋅ + ⋅ −

= ⋅ + ⋅ −

= − ⋅ + ⋅ −

 

( ) ( )( ) ( )( ) ( ) ( ) ( )( )

( ) ( )( ) ( ) ( )

22 2 22 2

2

         

,

E N E N E X E N E X E X

Var N E X E N Var X

⎡ ⎤ ⎡= − ⋅ + ⋅ −⎢ ⎥ ⎢⎣ ⎦ ⎣

= ⋅ + ⋅

⎤
⎥⎦  

 
as stated.                                                                                                                                      
 
It is possible to show that the last formulas remain valid even without the assumptions of the 
existence of all moment generating functions; it suffices to assume the existence of the first 

( ) ( ) ( )( )for E S E N E X= ⋅  or the second  

moments only (see SCHMIDT (2002), Theorem 7.1.4). 

( ) ( ) ( ) ( ) ( )( )( )2
for Var S E N Var X Var N E X= ⋅ + ⋅

 
For practical applications, in particular with RMS and EQECAT output, it is useful in most 
cases to perform a suitable discretization of claims (losses), because then calculations can be 
performed with the simpler probability generating function (rather than the more complicated 
moment generating function). There are different ways to discretize; an overview of several 
such methods can be found in KLUGMAN, PANJER AND WILLMOT (1998), Appendix C. One 
way to proceed is as follows: one considers multiples of a fixed monetary unit, such as 

 € (or $). If we denote this “step size” with  then, by rounding up, the underlying 
random variable 

 1000 0,∆>
X  is transformed into its discrete equivalent 
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{ }: min |X ,X k k X∆

⎡ ⎤
⎢ ⎥= = ∈ ∆≥
⎢ ⎥∆⎢ ⎥

`  

with probabilities 
 

( ) ( ) ( )( )1 1X XP X k P k P k k F k F k∆

⎛ ⎞⎡ ⎤ ⎛ ⎞⎟⎜ ⎟⎜⎢ ⎥= = = = − < ≤ = ∆ − − ∆⎟ ⎟⎜ ⎜⎟ ⎟⎜⎜ ⎟⎢ ⎥ ⎝ ⎠∆ ∆⎝ ⎠⎢ ⎥
,

∆

 . k ∈`

 

The resulting “aggregate claim (loss)”  then possesses the probability 

generating function 

,
1

N

k
k

S X∆
=

=∑

( ) ( )( ), 1S N Xs sϕ ϕ ϕ
∆ ∆

= ≤ .s  
 
Expanding this function into its Taylor series around zero, the probabilities ( )P S k∆ =  for all 

 are obtained as the coefficients of  Thus the aggregate claims distribution can 
be calculated – at least approximately – even in cases where closed formulas are not available. 

0,1,2,k = … .ks

 
Example 4.1.1: 
Suppose that the frequency  follows a Poisson distribution with parameter  and the 
discrete claim sizes 

N 3λ=
X∆  follow a binomial ( ),n pB  distribution with parameters  and 

, with step size  The corresponding probability generating function is 
then given by 

20n=

0.5p =  20 000.∆=

 

( ) ( )( ) ( )( )( ) ( )( )( )
( )( )( )20

exp 1 exp 1 1

 exp 3 1 0.5 0.5 1 , 1

n
S N X Xs s s p ps

s s

ϕ ϕ ϕ λ ϕ λ
∆ ∆ ∆

= = − = − +

= − + − ≤

−
 

with 
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( )

( )( ) ( )( )( )

2

2

   30  and

            1 1 90,

E S E N E X np

Var S E N Var X Var N E X

np p np p

λ

λ λ

∆ ∆

∆

= ⋅ = ⋅ =

= ⋅ + ⋅

= ⋅ − + ⋅ − =

 

 
which results into a standard deviation of 9.49. The expected total loss  is thus 
approximately equal to  €. It is possible to expand this function numerically, which 
we do in Appendix B.1 with the computer algebra system Maple 9.5. 

( )E S
 600 000

 
Obviously, products like RMS or EQECAT do not make use of computer algebra systems. It 
is therefore necessary to provide other numerical tools in order to expand the probability 
generating function of the aggregate claims distribution for discretized individual claim sizes. 
To compute convolution powers, there are appropriate algorithms, which are mostly based on 
an appropriate discretization of the losses. The two most important and widely used methods 
here are Panjer’s recursive algorithm and the discrete Fourier transform (see Section 4.4 
and 4.5, respectively); both will be discussed later. Other methods to calculate the aggregate 
loss distribution can be found in HECKMAN AND MEYERS (1983) and in WANG (1998), page 
870 ff. A statistical evaluation of the AEP curve (see Section 4.2 and 4.3, respectively) can 
alternatively be performed with Monte Carlo simulation. This is done by averaging over a 



66 

large number of random observations in the model and by evaluation of the empirical 
distribution of the samples. Depending on the parameter situation some  samples and 
more are usually used. 

 100 000

 
 
4.2 Types of Loss and their Modeling 
 
A typical output of geophysical models is then given by a table like this one, called Event 
Loss Table: 
 
 

 
 

Figure 4.2.1: Event Loss Table5

 
 
The entries given under “Scenario” refer to those events listed in the Stochastic Event Set 
which (possibly) affect the portfolio under consideration. “Exposed Sum Insured” denotes the 
insured sum which is exposed to the event in that row; note that this might not be the whole 
insured sum for that portfolio. The entries given in the header “Modelled Loss” refer to the 
corresponding portfolio losses modeled by the program, depending not only on the 
geophysical parameters of each scenario, but also on the kind of construction and location of 
buildings in the portfolio, say. “Standard Deviation” denotes the corresponding (statistical) 
standard deviation related to “Modelled Loss”. Depending on the supplier different 
distributions can be used for the “Modelled Loss”, e.g. lognormal distributions or beta 
distributions. For the number of (windstorm) events per year a Poisson distribution or a 
negative binomial distribution will be assumed in most instances. The entries in “Rate” refer 
to the parameter of the loss frequency for this row, which typically is assumed to be Poisson 
distributed – for reasons that become clear a little later. Hence “Rate” also denotes the 
expected number of occurrences of the particular scenario in a year. 
 
It is important to note that only deterministic losses (claims) are calculated (DONG (2001), 
page 138) in the so-called Basic Event Loss Table of RMS (which contains no standard 
deviations). This means that it is assumed that whenever a geophysical event occurs that 
affects the portfolio under consideration, the damage for each building is always the same for 
the same scenario. Here, the randomness only appears in the frequency. Standard deviations 
are provided only in the so-called Extended Event Loss Table of RMS, which refers to the 
so-called loss uncertainties (see Section 3.3, page 41). 
 
In the Basic Event Loss Table by RMS, it is also implicitly assumed that all Collective Risk 
Models are independent of each other. For a further statistical analysis of such an output, it is 
therefore necessary to investigate the mathematical structure of superposition of independence 
                                                 
5 Source: FOORD (2002), slide 3. 
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of multiple collective risk models a little more detailed. The Poisson assumption for the 
frequencies made by RMS turns out to be of essential importance here. 
 
In the geophysical simulation models, every single scenario i  constitutes a collective model. 
In the sequence, let  denote the number of scenarios in the Event Loss Table (= number of 
rows in the table) and  the row-wise frequencies. The individual claim sizes 
(losses) are given by , and are assumed to follow row-wisely the same 
distribution  Note that in the Basic Event Loss Table, these distributions are Dirac 
distributions. All random variables are assumed to be independent. We then obtain: 

n
1 2, , , nN N N…

, 1 ,ijX i n j≤ ≤ ∈`
.iQ

 

1

1 1 1

: , 1, , (s )    

: (
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i ij
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Nn n

i ij
i i j

S X i n cenario loss

S S X aggregate loss

=

= = =

= =

= =

∑

∑ ∑∑

…

),
 

 
scenario loss  hence means the yearly total loss induced by a single scenario  while 
aggregate loss  corresponds to the yearly total loss induced by all scenarios together. Note 
that a scenario loss  can be zero (if and only if  i.e. no claim occurs at all in this 
scenario), and that multiple losses within the same scenario are possible if  

iS ,i
S

iS 0,iN =
2.iN ≥

 
We will now show that the superposition of several independent Collective Risk Models with 
Poisson frequencies leads to another equivalent Collective Risk Model with a single Poisson 
frequency and individual claim size distributions which are mixtures of the given claim size 
distributions mathematical. 
 
First, we need some preparatory results. This approach is similar to the one in HIPP AND 
MICHEL (1990), page 10 ff., in that it shows how mixtures of distributions can be achieved. 
 
Lemma 4.2.1: 

1, , nZ Z…

}

Let  be (not necessarily stochastically independent) random variables with 
distributions  Further let  be a random variable with values in the index set 

 independent of the 
1, , .nQ Q… J

{1, , ,n… iZ  with 1, , .i … n=  Then also JZ  is a random variable, and its 

distribution JZP  is given by the following mixture of the distributions : 1, , nQ Q…
 

( )
1

.J

n
Z

i
i

P P J i
=

= =∑ Q  

Proof: 
First observe that 
 

{ } { } {(
1

n

J
i

})iZ B J i Z
=

∈ = = ∩ ∈∪ B  for any (Borel-)set  .B∈B

 
This explains why JZ  is a random variable (i.e. measurable). For the distribution itself, we 
obtain: 
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for any (Borel-)set  which proves the Lemma.                                                                ,B ∈B
 
According to Lemma 4.2.1, a mixture of given distributions  for arbitrary random 
variables 

1, , nQ Q…

1, , nZ Z…  can thus be realized by first choosing some index  randomly among 
 according to the distribution of  and then realize a value of the random variable 

i

{1, , ,n… } ,J

iZ . 
 
Obviously, we obtain for the corresponding cumulative distribution function and density 
function 

( ) ( ) ( )
1

J

n

Z i
i

F x P J i F
=

= =∑ x        and 

( ) ( ) ( )
1
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J

n

Z i
i

f x P J i f x x
=

= = ∈∑ \  

 
where  and 1, , nF F… 1, , nf f…  denote the cumulative distribution functions and density 
functions of the random variables 1, , ,nZ Z…  respectively. 
 
Lemma 4.2.2: 
In the situation of Lemma 4.2.1, there holds: if the random variables iZ  possess moment 
generating functions, defined on a joint interval ,I  then the moment generating function of 

JZ  exists likewise on the same interval I , and we have 
 

( ) ( ) ( )
1

, .
J i

n

Z Z
i

t P J i t tψ ψ
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= =∑ I∈  

 
If the random variables iZ  are discrete, the probability generating function of JZ  exists with  
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, 1
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Proof: 
By the independence assumption for  we have ,J
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and, if the random variables iZ  are discrete, 
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The following is the central result of this section. 
 
Theorem 4.2.1 (Ammeter’s Theorem; HIPP AND MICHEL (1990), Proposition (a), page 25): 
Let  be stochastically independent, Poisson distributed random variables 
(frequencies) with parameters . Further let 

1 2, , , nN N N…

1 2, , , 0nλ λ λ >… , 1 ,ijX i n≤ ≤   be 
independent, positive random variables (claims, losses), also independent of the frequencies, 
such that all 

j ∈`

iX •  follow the same distribution . Denote by iQ
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S S
= = =

= =∑ ∑∑ jX

N

 

 
the aggregate loss. Then the distribution  of  is identical with the aggregate claims 
distribution  for the loss  given by 

SP S
SP � S�
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S X
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=∑
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from a single Collective Risk Model where  is a Poisson distributed frequency 

with parameter 
1

n

i
i

N
=

=∑�
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λ λ
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and the iX�  are independent, positive random variables (also independent of ) with the 

distribution , which is the mixture of the original claim size distributions  with 
N�

Q� iQ
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.
n

i
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i

Q Qλ
λ=

=∑�
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Proof: 
For the sake of simplicity, we will use generating functions here. According to Theorem 4.1.2 
and Lemma 4.2.2 we have 
 

( ) ( )( ) ( )( )( )exp 1
i i i iS N X i Xt t tψ ϕ ψ λ ψ= =

i i
−  and 
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for  with a suitable interval t I∈ I  containing zero. From Theorem 4.1.2 and Lemma 4.2.2 
again, we immediately recognize that the distributions of  and  are identical, as stated. 

Note that the ratios 

S S�

iλ
λ�

 can be considered as probabilities ( )P J i=  for the discrete random 

variable  as in Lemmata 4.2.1 and 4.2.2.                                                                                 J
 
The similarity of the models outlined above actually goes a lot further. Before showing this, 
we first need to introduce the concept of a Poisson process. For this, we follow PFEIFER AND 
NEŠLEHOVÁ (2004), page 352 f. 
 
Definition 4.2.1 (Finite point process): 
a) Let  For a non-negative integer-valued random variable  and a family 

of independent and identically distributed random vectors  the 
random measure 

.d ∈` :N +Ω→ ]
: ,  nd
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is called a (finite) point process with counting variable  and multiple event points N
{ }n n

X
∈` . Here,  denotes the Dirac measure for  i.e. it is defined by aε ,da ∈\
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for .
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d
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a A
A A

a A
ε
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b) To a finite point process ξ  one associates a (possibly infinite) measure, the intensity 

measure Eξ , via 
( ) ( )( ) ( ) ( ):  f  X dE A E A E N P A Aξ ξ= = ⋅ ∈Bor ,  

 
where  denotes the distribution of one (and, therefore, of every) event point XP ,nX  

 .n∈`
 

c) The point process ξ  is called locally homogeneous on some interval  if the 
restriction of 

,dJ ⊆\
Eξ  to  is a finite multiple of the Lebesgue measure  over  J dm .J

This is equivalent to the statement that the conditional distribution ( )  
XP Ji  of an event 

point nX  under  equals the uniform distribution over  J .J
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Remark 4.2.1: 
Let  If ξ  is a point process as defined above, the usual (time-oriented) representation as 
a counting process  for ,  is given via 

1.d =

( ){ }:
t J

N t \
∈

Ω→ [ ]0,J T= 0T >

 
( ) ( ]( ) { } [ ]0, # 0  for 0, .nN t t n X t t Tξ= = ∈ < ≤ ∈`  

 
By definition, we have ( )( ) ( ]( )0, ;E N t E tξ=  therefore, the intensity measure of the interval 

 gives the expected amount of occurrences of event points in ( ]  (0, t ] 0, .t

More generally, the random variable ( ) { }# ,  d
nA n X A Aξ = ∈ ∈ ∈` B  can be interpreted as 

the number of “events” generated by the event points { }n n
X

∈`  within the “time set” ,A J⊆  

and ( )E Aξ  as the expected number of event points { }n n
X

∈`  within the “time set”  .A
 
Using the measure theoretic definition of a point process instead of starting with counting 
processes has several advantages; e.g., it is easier to generalize to more than one dimension, 
which can be useful for modeling occurrences of more than one type of claims, as 
windstorms, hailstorms, floods, etc. See the discussion after the next definition, or e.g. in 
PFEIFER AND NEŠLEHOVÁ (2004), page 352 f. 
 
Definition 4.2.2 (Poisson process): 
A Poisson point process is a point process  whose counting variable  is Poisson 
distributed with mean  

ξ N
0.λ>

 
Again, in the situation of  and , a locally homogeneous Poisson point process 

 can be considered the modeling of the first (random) amount of “arrivals” of an ordinary 
time-homogeneous Poisson counting process (as e.g. defined in MCNEIL, FREY AND 
EMBRECHTS (2006), Definition 10.24). 

1d = [0,J = ]T

]T

ξ

 
Next, we generalize the classical collective model in risk theory using point processes as in 
PFEIFER AND NEŠLEHOVÁ (2004), Chapter 5. First, note that if  is a one-dimensional Poisson 
process with associated Poisson counting process  , and a family 

ξ

( ){ } ,
t J

N t
∈

[0,J =

{ }n n
Z

∈`  of independent, identically distributed non-negative random variables (claims) which 

are independent of the ( ),  ,N t t J∈  the collective risk model can be reobtained as  of the 

aggregated claims process 
( )1R
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∈
 defined by 
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 .R t Z t
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Next, this can also be modeled as a two-dimensional point process  if the interval ,ξ

[ ]0,J T += ×\  is considered, the first components of  are interpreted as the 
occurrence times of the events, and the second components of  as the claims which 
occur at these times. This time, we can recover the aggregated claims process 

,  nX n∈`
,  nX n∈`

( ){ }t J
R t

∈
 by 
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R t X t
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where ( )nX k  denotes the -th component of the random vector k .nX  More generally, by 

using intervals [ ] ( ) 1
0,

d
J T

−+= × \  with  one can model  dependent or 

independent claims  occurring at the same time  

2,d > 1d −

( ) ( )2 , ,n nX X… d

n

( )1 .nX
 
Similarly to the case of the collective model of risk theory, if one has several independent 
such generalized (in the above sense) Collective Risk Models  (given as point 
processes in the above form), which are Poisson point processes, their superposition 

,  1, ,i iξ = …
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n

i
i

ξ ξ
=

=∑  

 
is again a Poisson point process (see PFEIFER AND NEŠLEHOVÁ (2004), Theorem 4.3). 
Therefore, in this generalized setting, we have an analogue of Ammeter’s Theorem 4.2.1. 
 
This generalized model is of great importance if RMS or EQECAT output is intended to be 
used in stochastic simulations. 
 
Information on modeling multi-dimensional Poisson point processes can be found in PFEIFER 
AND NEŠLEHOVÁ (2004), Chapter 4. 
 
A detailed study of the mathematical structure of these point processes can be found, e.g., in 
KINGMAN (1993) or ROLSKI, SCHMIDLI, SCHMIDT AND TEUGELS (1998). 
 
We return to the classical Collective Risk Model and to the Event Loss Tables of RMS. For 
the Basic Event Loss Table of RMS, where losses are deterministic, the resulting mixing 
distribution is a simple discrete distribution, concentrated on these losses, and with 

probabilities iλ
λ�

 for the potential loss from scenario  .i

However, for reinsurance purposes, it is sometimes necessary to restrict the complete random 
table to a subset of these losses, in particular, if no or only a few reinstatements are possible. 
Suppose that the number of reinstatements is restricted to the number  Then at most  
of these losses can be taken into consideration. If the complete random table is available, this 
can be achieved by randomly selecting up to  entries out of this table. This reflects the 
assumption that losses from the superposed model occur randomly in time well, with 
occurrence times being uniformly distributed in the time interval [  Alternatively, the 

required sequence 

.m∈` m

m

]0,1 .

{ }{ 1, ,min ,kX k N m=� … }� can be simulated, with the kX�  being created 

according to Theorem 4.2.1. For the rest of this section we will continue as in PFEIFER (2004). 
 
Definition 4.2.3: 
Under the assumptions of Theorem 4.2.1 and in connection with XL-reinsurance treaties 
without reinstatements, we obtain a random variable 
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which is called the typical loss. Thus we can define the typical loss as a randomly selected 
individual claim from the model. 
 
Its distribution is given in the following result: 
 
Lemma 4.2.3 (PFEIFER (2004), page 475): 
Under the assumptions of Theorem 4.2.1, the typical loss distribution is given by the mixture 
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and  denotes the Dirac distribution  at zero. The corresponding cumulative distribution 
function has the form 

0ε 0ε

 

( ) ( ) ( ) ( ) ( ) ( )
1

1 1
n

i
L i

i

F z P L z e e F z e e F z zλ λ λ λλ
λ

− − − −

=

= ≤ = + − = + − ∈∑� � � � � \� , .  

 
The conditional distribution of the typical loss under  (i.e. at least one real loss has 
occurred) is given by 
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with cumulative distribution function 
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Proof: 
The second statement follows immediately from 
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This also proves the first statement. The last two statements follow from the fact that by 
definition, 

( )  0 .L XP N P> = =� ��i Q  
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To complete the mathematical analysis for RMS and EQECAT output, we shall also consider 
the distribution of the occurrence loss, in the spirit of RMS. Note that in RMS, the term 
“occurrence loss” denotes the maximum loss and not its literal meaning. We start with 
 
Lemma 4.2.4 (PFEIFER (2004), page 471): 
In the classical Collective Risk Model, let 
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denote the maximum loss. We then have: 
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where as usual, ( ):np P N n= =  for . 0,1, 2,n = …
 
Proof: 
By computations as in Lemma 4.1.2, we obtain 
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The difference of the distributions of the aggregate and the maximum loss is hence given by 
the fact that in the former distribution, convolution powers appear in the formula, while in the 
latter distribution, ordinary powers appear. 
 
Remark 4.2.2: 
For the Poisson model, i.e. ( )NP λ=P  with  this means: 0λ>
 

( ) ( ) ( )( ) ( )( ) ( )( )1 1 , ,F z F z
M NP M z F z F z e e zλ λϕ − − −≤ = = = = ∈\  

 
which resembles the formula for the moment generating function of the aggregate loss. 
 
Lemma 4.2.5 (PFEIFER (2004), page 472): 
Under the conditions of Theorem 4.2.1, let  
 

{ }: max |1 , 1ij iM X j N i= ≤ ≤ ≤ n≤  
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denotes the occurrence loss6. Due to the assumptive independence of all individual claims, the 
cumulative distribution function of M is given by  
 

( ) ( )( ) ( )( )
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i i
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P M z F z F z z� � \λ λ
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Proof: 
According to the remark above, this means for the geophysical simulation models that we 
obtain the following formula for the corresponding cumulative distribution function if we 
consider the maximum scenario loss { }: max |1 :i ij iM X j N= ≤ ≤  
 

( ) ( ) ( )( )1 , .i i

i

F z
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Because of the assumed independence of all individual claims, the cumulative distribution 
function of the annual-maximum loss can be indicated directly: 
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with 

( ) ( )
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n

i
i
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F z F z zλ
λ=
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which defines the distribution function of the mixing distribution                                        .Q�
 
This shows, together with the above remark, that, under the assumptions of Theorem 4.2.1, 
we can interpret the maximum loss of the superposed Collective Risk Model as the maximum 
loss of equivalent single Collective Risk Model. 
 
 
4.3 Exceeding Probability Curve (EP curve) 
 
The geophysical models produce as output a so-called Exceeding Probability curve 
(EP curve). The EP curve provides information about various levels of potential loss from a 
natural hazard, about the probability of exceeding a specified level of loss and about the 
frequency per year that an event occurs. The users of geophysical models put their special 
attention to the right hand tail of the EP curve, where the largest losses are situated. The 
EP curve can help insurers and reinsurers to determine the size and distribution of their 
portfolio’s potential losses. It is important to consider, that only a limited number of 
distributions is available to the users of geophysical models. These distributions are not 
                                                 
6 Note that this is the notation from RMS; a more appropriate notation would be Maximum Loss as in 

Lemma 4.2.4. 
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always representative for the researched data set. The insurance and reinsurance industry can 
use the EP curve to determine what coverage to offer based on an acceptable level of risk and 
what premium to calculate. Insurers can also use EP curves to examine the effect of changing 
deductibles and coverage limits on the existing portfolio and to determine how much 
reinsurance should be bought and / or which parts of the insurance risks are useful to transfer 
to the capital markets. 
 
The return period can be interpreted as the expected length of time between recurrences of 
two natural catastrophe events (e.g. hurricanes or earthquakes), or (almost equivalently) as the 
inverse of the annual loss exceedance probability or as a specific level of loss with similar 
features. In the majority of cases, a return period of one year is used. The probabilities can 
also be expressed as return periods, that is the loss associated with a return period of 50 years 
is likely to be exceeded only 50 % of the time or, on average, in one year out of fifty. A 
mathematical definition of the return period can be found on page 126 in Section 7.2. 
 
There are different quantities (for different purposes) which can be illustrated by EP curves: 
damage loss (total amount of loss without application of deductible or deduction), gross loss 
(damage loss less any deductibles, limits, deductions and proportional shares) and net loss. 
The financial view which reinsurer and insurer are interested in is the following: 
 

• Typical Loss Exceeding Probability (TEP). A visualization of the probability that a 
randomly selected individual claim exceeds the threshold. 

• Occurrence Loss Exceeding Probability (OEP). A visualization of the probability that 
a single occurrence claim exceeds the threshold. 

• Aggregate Loss Exceeding Probability (AEP). A visualization of the probability that 
the aggregate claim, per year (i.e. the sum of the losses for all events per year) exceeds 
the threshold. 

 
Note that the typical loss according to the Definition 4.2.3, page 72 f. is not directly available 
in e.g. three providers of geophysical models RMS, AIR and EQECAT. Instead, the so-called 
occurrence loss is considered. This is somewhat misleading, because occurrence loss here 
denotes the maximum loss (see e.g. DONG (2001), page 15, KHATER AND KUZAK (2002), 
page 293 and KUZAK, CAMPBELL AND KHATER (2004), page 49, respectively) in the 
framework of Theorem 4.2.1, page 69. Thus the occurrence loss is always greater or equal to 
the typical loss (and, of course, bounded from above by the aggregate loss). However, the 
calculations for the typical loss can easily be integrated into any analysis using e.g. RMS, AIR 
or EQECAT according to the formulas above (e.g., with the aid of spreadsheets). 
 
We shall now present explicit formulas to calculate the cumulative distribution functions and 
the survival functions of the typical loss, the occurrence loss and the aggregate loss for the 
Basic Event Loss Table of RMS; these functions have been studied in PFEIFER (2004). Note 
that the survival functions of the occurrence loss and the aggregate loss are usually denoted 
as OEP curve (Occurrence Loss Exceeding Probability) and AEP curve (Aggregate Loss 
Exceeding Probability) by RMS. 
 
We know that the claim can not be higher than the sum insured of the insured object. Because 
of this, the distributions  and the cumulative distribution functions  have explicit finite 
right endpoints: 

iQ iF

( ){ }sup 1i it F t\ϖ = ∈ < ,  1, , .i n= "
 



 77

Since in the Basic Event Loss Table of all geophysical models, all scenario losses  are 
deterministic, i.e. the distributions  are Dirac distributions concentrated on  we can 
assume that they are ordered according to size: 

iϖ

iQ ,iϖ

 
1 2 .nϖ ϖ ϖ≤ ≤ ≤…  

 
This can always be achieved by a proper sorting of the rows in the Event Loss Table. Note 
that loss sizes can potentially be equal for some scenarios; this typically happens if discretized 
versions of the losses are considered as on page 65 in Section 4.1. In particular, this ordering 
implies 
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For the superposed model (see Section 4.2), we thus obtain 
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or, more generally, 
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with  by convention. From here, we immediately obtain the cumulative 
distribution functions and survival functions for the typical loss, the occurrence loss and the 
aggregate loss. 

1 :nϖ + =∞

 
The formulas above show that by including so-called loss uncertainties (see Section 3.3, 
page 41), i.e. by consideration of real random single losses which are expressed by iX i  and 

,X�  essentially nothing changes the construction. Concluding, we summarize these more 
general constructions: 
 
Lemma 4.3.1 (PFEIFER (2004), page 475): 
Under the conditions of Theorem 4.2.1, we have, for the Basic Event Loss Table of RMS, 
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Here TEP refers to Typical Loss Exceeding Probability. 
 
Proof: 
Obvious from Theorem 4.2.1 and Lemmata 4.1.2, 4.2.3 and 4.2.5 and the Remarks from the 
preceding page. 

 
 
Note that in DONG (2001), page 47 f., the derivation and presentation of the formulas for the 
OEP and the AEP curves are a bit unclear as the same identifiers are used for different 
objects. 
 
The following graph7 shows these three curves for an artificial example with 500 scenarios 
and  created with Maple 9.5. The maximum observed individual loss was given 
here by  For the calculation of the AEP curve, a discretization with step 

size  was chosen. Note that all curves start with a value of 1  at the 
origin. 

2.088λ=�
 300 261193.18.ϖ =

 3 000∆= 0.876e λ−− =
�

 
 

 
 

Figure 4.3.1: EP curve using Event Loss Table 
                                                 
7 The source code can be found in Appendix B.2. 
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From the above graph, it can be seen that there are significant differences between the OEP 
and the TEP curves, which makes a blind use of the OEP curve in connection with many 
reinsurance applications at least questionable. 
Because of the complex structure of catastrophe models, there exists some amount of 
uncertainty (event, loss, parameter, process and model uncertainty) concerning their 
modeling. Their effect on losses is summarized in the Extended Event Loss Table. Concerning 
the Extended Event Loss Table of RMS, where also standard deviations and expected values 
are given, we can proceed completely similar if the type of the individual claim size (loss) 
distribution is known. Suppose that we can consider “Modelled Loss” as location parameter 

 and “Standard Deviation” as scale parameter  for an appropriate class of 
distributions (like lognormal, gamma, Fréchet, Pareto etc.), then the basic formulas in 
Lemma 4.3.1, page 77 f. remain valid, i.e. we still have, for  

0µ> 0σ>

0,z ≥
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In order to be able to apply the methodology derived above, one could again discretize these 
distributions accordingly. The following graph8 shows the corresponding result for the 
analysis of the virtual Extended Event Loss Table (with consideration of event and loss 
uncertainty). It is related to the preceding example where we assume that the individual losses 
are exponentially distributed, with scenario parameters mean = standard deviation = 1 / 
modeled loss, i.e. 

( ) ( ),
1 1

1 ,i

i i

n n
zi i

i i

F z F z e zϑ
µ σ

λ λ
λ λ

−

= =

= = −∑ ∑� \� � ,∈

                                                

 

 
where  is the modeled loss from scenario  The dotted curves are those from the preceding 
graph, where loss uncertainties are not considered. 

iϑ .i

 
 

 
8 The source code can be found in Appendix B.2. 



80 

 
 

Figure 4.3.2: EP curve using Extended Event Loss Table 
 
 
General criticism of the mathematical part in the geophysical models output: 
 

1. The calculation of the OEP and AEP curves for the Basic and Extended Event Loss 
Table relies heavily on the Poisson assumption for the scenario frequencies, due to 
Ammeter’s Theorem 4.2.1. Without this assumption, no simple equivalent Collective 
Risk Model for the Event Loss Table exists, and no simple closed formulas for the 
OEP and AEP curves are available. 
From a statistical point of view, the Poisson assumption for the scenario frequencies is 
not justified in many practical cases; rather, from experience, the negative binomial 
distribution is more appropriate here. 

2. The assumption of row-wise independence of frequencies in the Basic Event Loss 
Table is questionable since a major part of the entries is created by a perturbation of 
geophysical parameters of the same historic scenario; likewise for the row-wise 
independence of losses for the Extended Event Loss Table.  

3. The notion of occurrence loss is misleading since it refers to the maximum loss over 
all scenarios instead of a kind of typical loss for a single event. Our notion of a typical 
loss could be a way out here; however, if no time-homogeneity can be guaranteed in 
the model, one must likewise be cautious in applications. 

 
 
4.4 Panjer’s Recursive Algorithm 
 
To draw the AEP curve, we need to know the distribution of the aggregate loss. 
Unfortunately, the calculation of this usually requires the computation of convolution powers, 
even in the case of discretized individual losses. In order to calculate this distribution 
numerically, Panjer developed a simple recursion formula, which can only be used if the loss 
frequency is either Poisson, binomial or negative binomial distributed. RMS uses Panjer’s 
recursive algorithm particularly in connection with the Extended Event Loss Table. Good 
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references for this topic are e.g. KLUGMAN, PANJER AND WILLMOT (1998), MCEIL, FREY AND 
EMBRECHTS (2006), HIPP AND MICHEL (1990). 
 
We assume again that a Collective Risk Model is given (either in standard form or as a 
superposition of models as in Ammeter’s Theorem). In addition we suppose the individual 
losses X  to be discretized according to 
 

{ }: minX ,X k k X∆
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`
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with step size  In this section, we include the case that 0.∆> ( )0 0P X∆ .= >  Furthermore we 
suppose that the distribution of the frequency  is of Poisson, binomial or negative binomial 
type (so-called Panjer class of distributions). In this case, the distribution of the aggregate 

claim (loss)  can be calculated recursively, in a very efficient way. Here, we use 

the following standard parameterization for the probability generating function of  
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with suitable real numbers  and  By comparison with Table 4.1.1, page 62 we 
obtain: 

,A B \∈ .s∈\

 
Poisson distribution: ( ) ( 1)s
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for 1.s ≤  In these cases,  is called a generating function of Panjer type. Nϕ
 
The essential property of these probability generating functions is obtained through 
differentiation: 
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These equations are basic for the following important result. 
 
Theorem 4.4.1 (Panjer’s recursion): 
Let the generating function  be of Panjer type, and  Nϕ
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be the point probabilities of the discretized positive individual claim sizes, ,kf  and the 
discretized aggregate loss,  respectively. Then it holds that: ,kg
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Proof: 
See e.g. KLUGMAN, PANJER AND WILLMOT (1998), Theorem 4.4 or MACK (2002), page 114 ff. 
In the special case 0 0,f =  see e.g. HIPP AND MICHEL (1990), Theorem, page 64 f. or MCEIL, 
FREY AND EMBRECHTS (2006), Theorem 10.15.                                                                          
 
Remark 4.4.1: 

X∆In case that  possesses a right endpoint  the number of summands in the 
recursion is bounded, and we have, because of  for  
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Panjer’s recursion can easily be implemented in any programming language. As an example, 
we present a Maple worksheet (see Appendix B.3), which can serve as a reference 
implementation. 
 
Example 4.4.1: 
Let  be binomially distributed as N ( ),n pB  with  and . Let further the 
distribution of discretized individual claims 

6n= 0.2p =

kf  is given by the following table: 
 
 
 



 83

k  0 1 2 3 4 5 6 

kf   0  0.05 0.20 0.15 0.25 0.20 0.15
 

Table 4.4.1: Distribution of discretized individual claims kf  
 
 

with the parameters 0.25
1

pA
p

= =−
−

 and . Then the distribution of 

discretized aggregate loss  is given by the following table: 

1.5B nA=− =

kg
 
 

k  0 1 2 3 4 5 6 7 
kg  0.262 0.020 0.079 0.064 0.112 0.100 0.096 0.045 

 
k  8 9 10 11 12 13 14 15 

kg  0.051 0.044 0.039 0.027 0.019 0.012 0.010 0.007 
 

Table 4.4.2: Distribution of discretized aggregate loss  kg
 
 
4.5 The Discrete Fourier Transform 
 
Although elegant and efficient, Panjer’s recursion (and related methods) cannot be used with 
arbitrary frequency distributions. As an alternative, the discrete Fourier transform can be 
applied to aggregate loss calculation. The computation of the discrete Fourier transformation 
and its application in computing the distribution of  is well known and can be found in 
many sources in literature, e.g. in KLUGMAN, PANJER AND WILLMOT (1998) and HEILMANN 
(1987). Nonetheless, instead of referring the reader to literature, we want to give all necessary 
definitions and results required to understand and implement the computation, together with 
basic error estimation. 

S∆

 
The central idea is to use discrete Fourier transformation to efficiently evaluate the function 

 Now, we do not consider real arguments  but complex arguments 

 with . Here i  denotes, as usual, the complex unit 
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The discrete Fourier transform can generally be defined for sequences  of real numbers, 
which we shall denote as . The set of all such sequences is denoted by  

f
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Definition 4.5.1: 
Let 
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For  we call 1f ∈ A f  the ( )1-A norm of  Further we define the convolution  of two 
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In the language of Functional Analysis, the set  forms a Banach space, i.e. a complete1A 9, 
normed vector space (here: of sequences of real numbers as elements). The vector space 
structure is given by  
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with   and  1, ,f g ∈ A α∈\ .k +∈]
 
Lemma 4.5.1: 
The space A  is closed under convolutions, i.e. we have 1

 
1f g∗ ∈ A  for all  1,f g ∈ A

with 
1, ,f g f g f g∗ ≤ ⋅ ∈ A .  

 
Proof: 
We have, for  ,k +∈]
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and, therefore, 
 

                                                 
9 Completeness means that every Cauchy sequence {  of elements in the space converges in norm. }nf
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g i g

j j

f g k f j k j

f j g k j f j g k j

f j g k j f j g k j

f j g g f j

∞

=

∞ ∞

= = =

∞

= = ≤ ≤ <∞

∞ ∞ ∞ ∞

= = = =

≤ =

∞ ∞

= =

∗ = −

≤ ⋅ − = ⋅

= ⋅ − =

∑

= ⋅ =

∑ ∑∑

∑∑ ∑∑

∑∑ ∑ ∑

∑ ∑

−

−
���	��


f g= ⋅

 

for all                                                                                                                           1,f g ∈ A .
 
Remark 4.5.1: 
For 1f =  we have f g g∗ ≤  (contraction). 
 
Definition 4.5.2 (Discrete Fourier Transform): 
The function  defined by ˆ :f →\ ^

,∈

 

( ) ( ) 1

0

ˆ : ,   for  ikt

k

f t f k e t f
∞

−

=

= ∈∑ \ A  

 
is called discrete Fourier transform of the sequence  1.f ∈ A
 
Lemma 4.5.2: 
The discrete Fourier transform  of a sequence  satisfies the following inequality: f̂ 1f ∈ A
 

( )ˆ , .f t f t \≤ ∈  

 
In particular, the series in Definition 4.5.2 converges absolutely. 
 
Proof: 
We have 

( ) ( ) N ( )
0 0

1

ˆ , .ikt

k k

f t f k e f k f t
∞ ∞

−

= =
≡

≤ ⋅ = =∑ ∑ \∈  

 
 
Lemma 4.5.3: 
Let  and  be the discrete Fourier transforms of the sequences  Then the 
following holds: 

f̂ ĝ .1,f g ∈ A

( ) ( ) n ( )ˆ ˆ , .f t g t f g t t \⋅ = ∗ ∈  
Proof: 
For  we have t \∈
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( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) n ( )

0 0 0 0

0 0 0

ˆ ˆ

               .

k
i k l tikt ikt ilt

k k k l

k
ikt ikt

k l k

f t g t f k e g k e f l e g k l e

e f l g k l e f g k f g t

∞ ∞ ∞
− −− − −

= = = =

∞ ∞
− −

= = =

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⋅ = ⋅ = −⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎝ ⎠ ⎝ ⎠

= − = ∗ = ∗

∑ ∑ ∑∑

∑ ∑ ∑
 

 
 
Remark 4.5.2: 
If Z  is a random variable with values in  and if +] Zf  denotes the sequence of corresponding 
point probabilities, i.e. then ( ) ( ), ,Zf k P Z k k ]+= = ∈
 

( ) ( ) ( ) ( ) ( )
0

ˆ , .ikt itZ it
Z Z

k

f t e P Z k E e it e t \ψ ϕ
∞

− − −

=

= = = = − =∑ Z ∈  

 
In other words: the discrete Fourier transform of the sequence of point probabilities coincides 
with the corresponding probability generating function, evaluated at the complex arguments 

 which parameterizes the unit circle in ^  for 0  ,its e−= 2 .t π≤ ≤
If we denote with 

( ){ } ( ){ }0 0
: , :

k k
f P X k g P S k

∞ ∞

∆ ∆= =
= = = =  

 
the sequences of point probabilities for the discretized individual claims and the discretized 
aggregate loss, respectively, then 
 

( ) ( ) ( )( ) ( )( )ˆˆ , .it it
S N X Ng t e e f t t \ϕ ϕ ϕ ϕ
∆ ∆

− −= = = ∈  

 
This follows along the lines of proof of Theorem 4.1.2, page 63 f., extending the real 
arguments to complex ones. 
 
Theorem 4.5.1 (Fourier Inversion Theorem I): 
The discrete Fourier transform  of a sequence  is integrable over the interval f̂ 1f ∈ A [ ]0,2 ,π  
and the following inversion formula holds: 
 

( ) ( )
2

0

1 ˆ
2

iktf t e dt f k
π

π
=∫  for all  .k +∈]

 
Proof: 
The integrability can be concluded from Lemma 4.5.2 which says that ( )f̂ t  is bounded, and 

likewise ( )ˆ :iktf t e  

( )N ( )
N

2 2

0 01

ˆ ˆ 2 .ikt

f

f t e dt f t dt f
π π

π−

≡ ≤

≤ ≤∫ ∫  

 
STEP 1:  To simplify the proof, we first assume that the sequence  is finite, i.e. there exists 

some number  with the property 
f

M ∈`
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( ) 0f k =  for . k M>
Then it follows that 

 

( ) ( )

( ) ( )

2 2 2
( )

0 00 0 0

2
( )

0 0

ˆ ( )

2 ,

M
ikt ijt ikt i k j t

j j

M
i k j t

j

f t e dt f j e e dt f j e dt

f j e dt f k k

π π π

π

π

∞
− −

= =

− +

=

⎛ ⎞⎟⎜ ⎟= =⎜ ⎟⎜ ⎟⎜⎝ ⎠

= = ∈

∑ ∑∫ ∫ ∫

∑ ∫ ]
 

since 
 

( )( ) ( )( )
2 2 2

( )

0 0 0

2 , if   
cos sin

0, if   .
i k j t j k

e dt k j t dt i k j t dt
j k

π π π π−
⎧ =⎪⎪= − + − =⎨⎪ ≠⎪⎩

∫ ∫ ∫  

 
STEP 2:  Let  be an arbitrary element of  For each  we define the sequence f 1.A ,M ∈` Mf  

by 

( ) ( ),:
0, .M

f k k M
f k

k M

⎧ ≤⎪⎪=⎨⎪ >⎪⎩
 

 
Then also Mf  and :M Mg f f= −  are elements of  As  the sequence 1.A 1f ∈ A

{ } ,M M
c

∈`  where ( )
1

:M M M
k M

c g f f f k
∞

= +

= = − = ∑ , satisfies , and we 

have 

0M M
c

→∞
→

 

( ) ( ) ( )
2 2 2 2

0 0 0 0

ˆ ˆ ˆ 2 2ikt ikt .M M M M Mg t e dt g t e dt g t dt g dt g c
π π π π

π π≤ = ≤ = =∫ ∫ ∫ ∫ M

∞

 

 
 It follows that 

 

( ) ( ) ( )

( ) ( ) ( )

2 2 2

0 0 0
2

0

ˆ ˆ ˆ

ˆ                   2 2  for .

ikt ikt ikt
M M

ikt
M M

f t e dt f t e dt g t e dt

f k g t e dt f k M

π π π

π

π π

= +

= + → →

∫ ∫ ∫

∫
 

 
Another proof of Theorem 4.5.1 can be found in HEILMANN (1987), Theorem 1.22.                
 
Theorem 4.5.2 (Fourier Inversion Theorem II): 
Let  be finite sequence, i.e. there exists some number  with the property 1f ∈ A M ∈`
 

( ) 0f k =  for . k M≥

 
Then it holds precisely that 
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( )
2 1

2 /

00

1 1 2ˆ ˆ
2

M
ikt ijk M

j

jf t e dt f e
M M

π
ππ

π

−

=

⎛ ⎞⎟⎜= ⎟⎜ ⎟⎜⎝ ⎠∑∫  for all  .k +∈]

 
Proof: 
We have, for  k +∈]
 

( ) ( )
( )

( ) ( )
( )( )
( )

( )

1 1 1 1 1
2 / 2 / 2 /

0 0 0 0 0

1

0

22ˆ exp

exp 2 1
,

2
exp 1

j
M M M M M

ijk M imj M ijk M

j j m m j

M

m
m k

i k mjf e f m e e f m
M M

i k m
f k M f m f k M

i k m
M

π π π ππ

π

π

− − − − −
−

= = = = =

−

=
≠

⎛ ⎞⎛ ⎞⎛ ⎞⎛ ⎞ − ⎟⎜ ⎟⎜⎟⎜⎟⎜ ⎟⎟⎜= =⎟ ⎜⎟ ⎜ ⎟⎜ ⎟⎟ ⎜⎟ ⎜⎜ ⎜ ⎟ ⎟⎟⎜⎝ ⎠ ⎟⎜⎝ ⎠ ⎝ ⎠⎝ ⎠

− −
= ⋅ + = ⋅

⎛ ⎞− ⎟⎜ ⎟−⎜ ⎟⎜ ⎟⎜⎝ ⎠

∑ ∑ ∑ ∑ ∑

∑
 

 
which together with Theorem 4.5.1 proves the Theorem.                                                          
 
Remark 4.5.3: 
The restrictive assumption on the finiteness of  in Theorem 4.5.2 is essential, since for 
infinite sequences  we have in general only 

f
f

 

( ) ( )
2 1 1

2 2 /2
00 0

1 1ˆ ˆ ˆ2
2

M
ikt iks ijk M

j

jf t e dt f s e ds f e
M M

π
π ππ

π
π

−

=

⎛ ⎞⎟⎜= ≈ ⎟⎜ ⎟⎜⎝ ⎠∑∫ ∫ ;k +∈]

1

 for all 10

 
see e.g. HEILMANN (1987), Section 3.7. 
 
This approximation formula corresponds to rectangular integration from Numerical Analysis. 
An estimation of the approximation error is possible by means of the decomposition 

1M Mf f g−= + −  as in the proof of Theorem 4.5.1, giving 
 

( )

( ) ( )( )

( ) ( )

2 1
2 /

00

2 1
2 /

1 1 1
00

2

1

0

2 1
2 /

1 1
00

0

1 1 2ˆ ˆ
2

1 1 2ˆ ˆˆ   
2

1 ˆ
2

1 1 2ˆ ˆ   
2

M
ikt ijk M

j

M
ikt ijk M

M M M
j

ikt
M

M
ikt ijk M

M M
j

j
f e dt f e

M M

j
f g e dt f e

M M

g e dt

t

t t

jt f t e dt f e
M M

π
π

π
π

π π
π

π

π

π

π

π

π
π

−

=

−

− − −
=

−

−

− −
=

=

−

+ −

+

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

⎛ ⎞⎟⎜= ⎟⎜ ⎟⎜⎝ ⎠

⎛ ⎞⎟⎜= − ⎟⎜ ⎟⎜⎝ ⎠

∑∫

∑∫

∫ ∑∫
�

( ) ( ) ( )

( )

2 2 2

1 1 1

0 0 0

2

1

0

1 1 1ˆ ˆ ˆ
2 2 2

1
    

2

   

.

ikt ikt
M M M

M
k M

g e dt g e dt g dt

g dt f

t t t

k

π π π

π

π π π

π

− − −

∞

−
=

≤ =

≤ =

= ∫ ∫ ∫

∑∫

���������������������������������

 

 

                                                 
10 The error coming up here is also called Aliasing; it is e.g. of importance in the conversion of analogous to 

digital audio and video signals and vice versa. 
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For explicit calculations with the discrete Fourier transform and its inverse, we can elegantly 
make use of Linear Algebra, as can be seen in the following lemma, which, together with its 
consequences, is also described in HEILMANN (1987), Section 3.7: 
 
Lemma 4.5.4: 

Let  and  denote rsv rsw 2 1 2: exp , exprs rs
rs

i i rs⎟⎟⎟v rs w
M v M
π π⎛ ⎞ ⎛ ⎞⎟⎜ ⎜= − = =⎟⎜ ⎜⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

0 , 1r s M≤ ≤ − for  and 

 as well as M ∈` [ ]: .M M
rsV v ×= ∈\  Further let 

 
( ) ( ) ( )1 : 0 , 1 , , 1

T
,M

Mf f f f M… \G −
⎡ ⎤= −⎣ ⎦ ∈  

( )
( )

1

2 12 4ˆ ˆ ˆ ˆ ˆ: 0 , , , ,
T

.M
M

M
f f f f f

M M M
ππ π

−

⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞ − ⎟⎜⎢ ⎟ ⎟ ⎥⎜ ⎜ ⎟= ∈⎜⎟ ⎟⎜ ⎜ ⎟⎢ ⎥⎟ ⎟ ⎜⎜ ⎜ ⎟⎜⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦
… \G  

 

Then we have [ ]1 1: ,M M
rsV W w

M
− = = ∈\ ×

1M−G

 and under the assumptions of Theorem 4.5.2, we 

get 
1

ˆ
Mf V f− = ⋅G  as well as 1 1

ˆ
M Mf W f− −= ⋅G G . 

 
Proof: 
We have, for 0 ,  1r t M≤ ≤ − ,
 

( )

( )( )

( )
1 1

0 0

exp 2 1
0,2 2exp exp 1

, ,

M M

rs st
s s

i t r
r ti iv w s t r t r

M M
M r t

π
π π− −

= =

⎧⎪ − −⎪⎪ = ≠⎪⎛ ⎞ ⎛ ⎞⎪⎪⎟ ⎟⎜ ⎜= − = − −⎟ ⎨ ⎟⎜ ⎜⎟⎜ ⎟⎜⎪⎝ ⎠ ⎝ ⎠⎪⎪⎪ =⎪⎪⎩

∑ ∑  

 

i.e.  (unit matrix) and, hence, V W E⋅ = [ ] 11
rsw W V

M
−= =  and  The vector 

representation of 

.W V E⋅ =

1M̂f −G  and 1Mf −G  now follow immediately from the definition of the discrete 
Fourier transform, and Theorems 4.5.1 and 4.5.2.                                                                      
 
Remark 4.5.4: 
It is possible to substantially increase the speed of calculation for the matrix multiplication by 
exploiting the structure of the matrices V  and  The resulting procedure is called Fast 
Fourier Transform (FFT) and is implemented in many software packages, e.g. in MAPLE. 

.W

 
Lemma 4.5.4 gives an efficient alternative to calculate the aggregate claims distribution in the 
discretized collective model of risk theory, i.e. the AEP curve in RMS (see Section 4.3, 
page 75 ff.). Let again 
 

( ){ } ( ){ }0 0
:   and   :

k k
f P X k g P S k

∞ ∞

∆ ∆= =
= = = =  

 
denote the sequences of point probabilities for the discretized individual claims and the 
discretized aggregate loss, respectively. We proceed in three steps: 
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1. Fourier transform: choose a suitable number  and M ∈`
 
 Compute 1 1

ˆ .M
M Mf V f− −= ⋅ ∈\G G  

 
2. Transform the result coordinate-wise with the probability generating function  of 

the frequency: 
Nϕ

 Compute ( )1
ˆ .M

N Mfϕ − ∈\G  

 
3. Inverse Fourier transform: 

 
 Compute ( )1 1

ˆ .M
M N Mg W fϕ− −= ⋅ ∈\G G  

 
The vector  contains (approximatively) the first 1Mg −G M  components of  If the aggregate 

claim  is bounded above by some number  then this result is exact, otherwise 
we obtain some Aliasing error, which can be estimated by Markov’s Inequality by the term 

.g

S∆ 1,Mϖ≤ −

 

( ) ( ) ( ) ( ) ( ) ( )( )N XSS M
M M

k M k M

tt
g k P S k P S M P t t

t t

ϕ ϕϕ
∆∆∆

∞ ∞

∆ ∆
= =

= = = ≥ = ≥ ≤ =∑ ∑  

 
for any  1.t >
 
A corresponding calculation for Example 4.4.1 (see Panjer’s recursive algorithm) above, 
within the MAPLE 9.5 environment, can be found in Appendix B.4. 
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Chapter 5 
 
 
 
 

Copulas 
 
 
Let X  and  be a pair of random variables with distribution functions  

and  respectively, and a joint distribution function 

 Consequently, we can assign to each pair (

Y ( ) ( )F x P X x= ≤

( ) ( ),G y P Y y= ≤

( ) ( ), ,H x y P X x Y y= ≤ ≤ . ),x y  of real numbers 

a point ( ) ( )( ),F x G y  in the unit square [ ] [ ]0,1 0,1×  and this ordered pair in turn implicates a 

number ( ),H x y  in [  It can be shown that this correspondence, which associates the 
value of the joint distribution function with each ordered pair of values of the individual 
distribution functions, is indeed a function. Such functions are called copulas. 

]0,1 .

 
The word “copula” was first used by Sklar in 1959 in the context of probabilistic metric 
spaces. During the last years, the theory of copulas has been developed rapidly and has 
attracted a lot of interest. Copulas allow us to describe scale invariant dependences between 
random variables. An understanding of such stochastic dependence structures has become 
very important in many fields of probability theory. Copulas have been particularly useful in 
the construction of appropriate multivariate models in the areas of modern risk management 
and stress testing (e.g. the allocation of the available venture capital, the pricing of 
reinsurance contracts or the analysis of the dependence between payment of compensations 
and claims settlement costs). An overview of recent developments and applications can be 
found e.g. in NELSEN (1999), EMBRECHTS et al. (2000), (2001) and (2002), NEŠLEHOVÁ 
(2004), MCNEIL, FREY AND EMBRECHTS (2006), BÄUERLE AND GRÜBEL (2005) and DEMARTA 
AND MCNEIL (2004), and the references given therein. 
 
 
5.1 Preparations 
 
Let \  denote the extended real line [ ],−∞ +∞ , and 

n
\  the extended n -dimensional real 

space ,× × ×\ \ … \  i.e. 
2

\  is the extended real plane .×\ \  
 
We will use the following (partial) ordering on ,

n
\  

 
≤x y  if and only if 1 1 .n nx y x≤ ∧ ∧ ≤… y

i

 
 
If ix y<  for all , we will write 1, ,i = … n .<x y  
 
Definition 5.1.1: 

,
n

∈x y \  and ≤x yIf , then the (half open) -box  is defined as the Cartesian product 

of  (half open) intervals in 

 n ( ],x y

n :\  
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( ] ( ] ]1 1, , .n( ,nx y x y= × ×x y …  
 
For ,  let [ ],x y  denote the -box [ ] [ ] [ ]1 1 2 2, , ,n nB x y xn≤x y ,x y= × × ×…  the Cartesian 

roduct of tervals. The unit -cube  is the product  where 
 T tices

y

p n  closed in n nI ,× × ×I I I…
[ ]=I he ver  of an n -box 0,1 . B  are  each kv  equals 

either k

the points where ( )1, , ,nv v=v …  
x  or .k y  For each vertex, sgn( )v  is give by  

 

( ) ]( ),
  1 if n even num  of 's

sgn :
1

k⎧⎪⎪= =

n 

   for a ber
sgn

if   for an odd number of 's.
k k

k k

v x
v x k

=
⎨[ ⎪− =⎪⎩

x  

For a function 

yv v

 
:H A B→  we write DomH A=  for the domain of ,H  and 

( ){ }RanH h a a A= ∈ B⊆  for the range of .H  In the following, we will consider functions 

: .
n

H →\ \  
 
Note that the Cartesian product B  of two closed intervals is [ ] [ ].B a a b b= ×  This is a 1 2 1 2, ,

rectangle in 
2
.\  The closed 2-box [ ] [ ]0,1 0,1×  is the product  describing the unit square Ι×Ι

2.I  The vertices of the rectangle B  are the points ( )1 2, ,a a  ( )1,b a2 , ( )1 2,a b  and ( )1,b 2b . In the 

2-dimensional case H  is a 2-place re  function, where mal-valued Do H  is a subset of 
2
.\  

finition 5.1.2
 
De : 
An n -place real-valued function H is called right-continuous f  in Dom ,or all H  if for any x

 in DomH  in DomH  with ≤x y   and any  such that for all 0,ε>  there exists a 0δ> yx
and ,δ− <y x  we have 

( ) ( )H H ε− <y x . 
 
Definition 5.1.3: 

DomH  is a Cartesian product of the form here each  is nonempty having a  1 nS S× ×…  iSIf  w

,ib ∈\  then we say that the -place real-valued function n Hmaximal element  has margins. 
place r c

 var
A nsional margin (or k -margin) is a eal-valued fun tion defined by fixing 
n− iables in 

k -dime k -
k H  to the corresponding i erefore, the nivariate margins are 

functions kH  on kS ed by 
 

( ) ( )1 1, , , , , ,k k k nx H b b x b b− += … …  for all 

 s. Th u
in

H

b ’
 def

1 x  in .kS  
 
Definition 5.1.4: 
Let H  be an n -place real-valued function and  an .  Then the [ ],a b n -box with [ ], DomH⊆a b

volume of  is given by [ ],a b-H
 

[ ]( ) ( ) ( )
[ ] vertex of ,

, : : sgn .∑a
v a b

 HV H H=Δ =ba b v v
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2
,\  and let DomH let  and  be nonempty subsets of 1S 2S \For our example in  of our 2-

place real-valued function H  be . Let ] be a rectangle in 1 2DomH S S= × [ ] [1 2 1 2, ,B x x y y= ×
2

\  such that all vertices of B  are in the domain of .H  Then the H -volume of B  is defined 
by  

( ) ( ) ( ) ( ) ( )2 2, ,HV B H x= −1 1 2 1 1 2, , .H x y H x y y H x y+ −  
 

nition 5.1.5Defi : 
An -place real-valued function n H  is -increasing if or all oxes  whose 

ertices lie in the domain of 
n  0HΔ ≥b

a  f n -  [ ],a bb
.H  v

 
Definition 5.1.6: 
Let H  be an n -place real-valued function with  where each  has a 

ini l element 
1Dom nH S S= × ×… iS

 is grounded if ( ) 0H =cma ia ∈\  for all  in the  c. Then we can say that Hm
domain of H  such that i ic a=  for at least one .i  
 
We are now in the position to close this section with an important theorem concerning 
grounded n ncreasing f ns with margins.-i unctio  
 
Theorem 5.1.1: 
Let H  be an n -place grounded and n -increasing real-valued function with one-dimensional 
ma s  and domain rgin  kH [ ]: ,S = a b  with .

n
≤ ∈a b \  Then 

 

( ) ( ) ( ) ( )
1

n

kH H H y H x−y x  k k k
k=

− ≤∑

for any  and  in 
 

roof

 
x y [ ], .a b  

P : 
L Á 04, T eorem, 2.1.1).                                                                                   See NEŠ EHOV  (20 h

 
Remark 5.1.1: 

he assumUnder t ptions of Theorem 5.1.1, if all margins are continuous, then H  is continuous 
as well (see NEŠLEHOVÁ (2004), Remark 2.1.2). 
 
 
5.2 Definition of Copulas 
 
Definition 5.2.1: 

dimensi -valued function  with Dom
n

H = \  An n - onal joint distribution function is a [ ]0,1 H
and the following properties: 
 

1. H  is right-continuous, 
2. H  is n -increasing, 
3. H  is grounded, 
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4. ( ), , 1.∞ ∞ =…  H
Def ioninit  5.2.2 ( n -copu

n -copula (or briefly,
la): 

An   copula) is a function  in  variables whose domain is the whole 
 and which satisfies: 

.

2.  is grounded, i.e. for every  in  if at least one coordinate of  is 

 and  in 
so called monotonicity); 

n u 0 ,→  i.e. if al

or the -th, then 

C  na
n -cube unit [ ]0,1 n

 
1  The range of C  is the unit interval [ ]0,1 ;  

C u [ ]0,1 ,n  ( ) 0C u = u
zero; 

3.  is n -increasing, i.e. for every a b  such that ,≤a b  ( ]( ), 0CV ≥a b  
(this is
Th

C [ ]0,1 n

 al  Δ -
4. e o e-dimensional margins are the identity f nction [0,1 ,1 l 

coordinates of a point u  are 1 except f

] [ ]
k ( ) kuC u = . 

 
The following corollary follows 
 

orollary 5.2.1

directly from Theorem 5.1.1. 

C : 
Let C  be an n -dimensional copula. Then 
 

( ) ( )
1

i
i

vC v C u
=

− ≤ −∑
n

iu  for all  and  in 

Hence every copula is uniformly continuous o i
 

roof

u v Dom .C  

 
n its doma n. 

P : 
 Definition 5.2.2.                        

 5.2.1

The inequality follows with Theorem 5.1.1 and Property 4 in
 
Remark : 

imensional joint distribution functions with uniform margins when restricted to the dom  

heorem 5.2.1

The continuity property together with the definition of copulas shows that copulas are n -
d ain
of C . 
 
The following Theorem is called Fréchet-Hoeffding bounds inequality (FRÉCHET (1957)). 
 
T  (Fréchet-Hoeffding bounds): 

,0 : : min , , ,n
i

u u
=

= ≤ ≤ =⎬⎪
u C u uM …  

where  denotes the Fréchet-Hoeffding lower bound and  is the Fréchet-Hoeffding 
upper bound. 

For any n -copula C  and any ,n∈u I  
 

( ) ( ) ( ) { }1
1

max 1iu n⎪ + −⎨⎪⎪ ⎪⎩ ⎭
∑ W

n
n n⎧ ⎫⎪ ⎪⎪

 
W M

 
Proof: 
See NELSEN (1999, Theorem 2.2.3).                                                                                           
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In two dimensions, both Fréchet-Hoeffding bounds are copulas themselves, but in higher 
dimensions, the Fréchet-Hoeffding lower bound  is no longer -increasing. However, the 

(

n 
e set of -copulas. 

W n
inequality on the left-hand side cannot be improved, since for any u  from the unit n -cube, 
there exists a copula uC  such that ( ) ( )= uu C uW see NELSEN (1999), Theorem 2.10.12). 
 
The Fréchet-Hoeffding bounds inequality can be used to justify the following partial order o

 

th  n
 
Definition 5.2.3: 
Let C  and C  be -copulas. Copula  is smaller than copula  in symbols  (or 

op

1 2≤u C

Hence, the Fréchet-Hoeffding lower bound  is smaller than every copula , and the 
réchet-Hoeffding upper bound  is larger than every copula  This order is called the 

 v

.3 Sklar’s Theorem 
although similar ideas and results can be 

aced back to Hoeffding (1940). The name “copula” was chosen to emphasize the way in 

 1 2

C  is larger than 
n 1C 2 ,C 1 2 ,C C≺

2 c ula 1C , in symbols 2 1C C; ) if for all 
 

( ).C u  

,n∈u I  

( )
 

W C
F  M .C
concordance ordering, and will be important later in Chapter 6, when we discuss the 
relationship between copulas and dependence properties for random ariables. 
 
 
5
 
Abe Sklar introduced the word copula first in 1959, 
tr
which copula couples a joint distribution function with its univariate margins. This statement 
is called Sklar’s Theorem and is a starting point for a lot of research done on multivariate 
distributions. 
 
Theorem 5.3.1 (Sklar’s Theorem): 

etL  H  be an n -dimensional joint distribution function with margins . Then there 1 2, , , nF F F…

exis n n -copula C  such that for all x  in ts a ,\  
 

( ) (1 1 1, nH x x P X x= ≤ ≤

n

1 1 1 1

1 1

, , ,

                   , ,

                    , , .

n n

n n n n

n n

X x

P F X F x F X F x

F x F x

= ≤ ≤

= C

… …

…

…

 (5.3.1) 

 
The copula  is uniquely determined on F . In particular, if all 

argins  , are continuous, the whole copula  is uniquely determined. 
eudo-inverses1 of the marginal distribution 

                                                

)
( ) ( ) ( ) ( )( )
( ) ( )( )

 

 

C 1 2Ran Ran an nF F R× × ×…
m i

Furthermore, if 1 1 1
2, , , nF F F− − −…  are ps

functions, then the copula C  satisfies 
 

F , 1, ,i n= … C

1

 
1 1

XF−  denotes the pseudo-inverse function of XF , i.e. for [ ]0,1x ∈  it is ( ) ( ){ }1 infX XF x t F t− = ∈ ≥\ x , where 

 and in . For , inf ∅=+∞ f =−∞\ ( )0,1x ∈ ( )1
XF x−  is always in  .\



96 

( ) ( ) ( ) (( )1 1 1
1 1 1 2 2, , , , ,n nu u H F u F u F u− − −=C … … )n               (5.3.2) 

 
for every  in F

y  is any -copula and  are one dimensional distribution 
h

u 1 2Ran Ran Ran .nF F× × ×…  
Conversel , if C n 1 2, , , nF F F…
functions, then t e function H  defined by an n -dimensional joint distribution 
function with margins 1 2, , .nF F F…  
 

(5.3.1) is 

roof

,

P : 
LSEN (1999, Theorem 2.10.9) and the references given therein.                                     

emark 5.3.1

See NE
 
R : 

 are never continuous, then the copula  is not necessarily unique. 
problem in p

xample 5.3.1

If the margins 1 2, , , nF F F… C
This is a major the discrete case, as the following exam le shows. 
 
E : 
Let 1 2,X X  be random variables which have a bivariate Bernoulli distribution and the 
probabilities given by 
 

( ) ( )

( ) ( )

1 2 1 2

1 2 1 2

1 20, 0 , 0, 1 ,
9 9
2 41, 0 , 1, 1 .
9 9

P X X P X X

P X X P X X

= = = = = =

= = = = = =
 

 

ence, ( ) ( )1 2
10 0
3

P X P X= = = =H  and the marginal cumulative distributions  and  of  1F 2F

1X  and 2X  are the same. We know u
 

)
 

r all 

sing Theorem 5.3.1 (Sklar’s Theorem) that  

( ) ( )
( ) (( ) 

1 2 1 1 2 2

1 1 2 2

, ,

               ,

H x x P X x X x

P X x P X x

= ≤ ≤

= ≤ ≤C
 

1 2,x x  in 
2

\fo  and some copula  The range of  (and ) is given by .C 1F 2F

1 2
1Ran Ran 0, ,1 .
3

F F
⎧ ⎫⎪ ⎪⎪ ⎪= =
⎪ ⎪⎪ ⎪⎩ ⎭

at ⎨ ⎬  The only constraint on the copula C  is th 1 1 1, .
⎛ ⎞⎟⎜ =⎟C  

is constraint is a copula of ( )X X  e.g. the independence 

copula (see Section 5.4, page 98) or the Clayton cop ( ) ( )ln 2 / ln 3θ=  (see 
Section 6.2.2, page 114 f.). 
 

klar’s Theorem provides a m

3 3 9⎜ ⎟⎜⎝ ⎠

Therefore, any copula fulfilling th

otivation for calling a copula a dependence structure. In fact, 

1 2, ,

ula for 

S
equation (5.3.1) means that the copula C  couples the margins iF  to the joint distribution 
function .H  
 

rom thi oF
univariate uniform dist

s p int of view, Sklar’s Theorem presents copulas as multivariate extensions of the 
ribution: if every  is continuous, then the random vector 

 possesses the copula  as its joint distribution function. 
iF

( ) ( )( )1 1 , , n nF X F X… C
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Remark 5.3.2: 
Consequently, it is p

• Every multivariate distribution can be obtained by specifying the margin distributions 
uitable) choice of a copula. This application of Sklar’s Theorem is of great 

analysis and modeling of 
marginal distributions is a standard task for actuaries, e.g. in (re)insurance businesses 

• 

portant copula families, e.g. elliptical copulas, 

 
In add
strictly
Moreov all their first-order partial derivatives exist 
lmost everywhere, which is a useful property especially for computer simulations. 

ossible to use Sklar’s Theorem in two ways: 
 

and a (s
importance for practical actuarial work, because the 

for the estimation of the Probable Maximum Loss (PML) of a portfolio as a certain 
high quantile of the loss distribution (in finance, Value at Risk or Expected Shortfall 
are similar concepts; see Chapter 7). 
If the marginal distributions are all continuous, then equation (5.3.2) yields a method 
for constructing the dependence structure by means of copulas from multivariate joint 
distribution functions, which can be analyzed afterwards by further appropriate tools. 
This procedure provides several im
which will be introduced in Section 6.1. 

ition, Sklar’s Theorem shows that copulas remain invariant under continuous and 
 increasing transformations (like the logarithm) of the underlying random variables. 
er they are uniformly continuous and 

a
 
Notation 5.3.1: 
Let H  be an n -dimensional joint distribution function with continuous margins. We denote 
by HC  the underlying copula (i.e. the copulas satisfying (5.3.1)). Similarly, let X n - be an 

dom vector with joint distribution function dimensional ran H  and continuous m rgins. Then a
XC  l stand or the copula satisfying (5.3.1). 

 
wil f

Proposition 5.3.1: 
Let ( )1, , nX XΧ= …  be a random vector with marginal d ribution functions , , ,F F F…  ist n

nd copula  defined on the range F  Let  be a component-wise 
and continuous transformation on 

1 2

 XC 1 2Ran Ran an .nF F R× × ×… αa
strictly increasing 1 2Ran Ran Ran nX X X× × ×… , then the 

formed vector trans ( ) ( ) ( )( )1 1 , , n nX XX α α= …  has the same copula, i.e. 
 

α

( ) .α = XXC C  
 
Proof: 

ee EMBRECHTS et al. (2002, Proposition 2).                                                                              
 

heorem 5.3.2

S

T : 
Let X  and Y  be continuous random variables with copula  If the functions  and g  , .X YC f
are strictly increasing on RanX  and RanY , respectively, then the joint copula is 

( ) ( ) ,, X Yf X g Y =C C .  Thus,  is invariant under strictly increasing transformations of ,X YC X  and 
.Y  

 
Proof: 
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See NELSEN (1999, Theorem
 

u pose we have a probability model for dependent insurance losses of various kinds. If we 
o model rather the logarithm of the losses, the copula will not change. Similarly, if we 

 2.4.3).                                                                                           

pS
prefer t
change from a model of returns on several financial assets to a model of logarithmic returns, 
he copula will not change, but only the marginal distributions change. t

 
Proposition 5.3.2 (NELSEN (1999, Theorem 2.4.4): 
Let X  and Y  be continuous random variables with copula ,X YC . In addition, let XF  and YF  
be the distribution functions of X  and ,Y  respectively, and let α  and β  be continuous and 
stri mon ne on  and  respectively. Then for all ctly oto  RanX Ran ,Y ( ) 2, ,u v ∈ I  
 

1. If α   strictly increasing and β  is strictly decreasing n 
 

 is , the

( ) ( ) ( ) ( ),, ,1 ;X Yu v u u vα = − −C C  ,X Yβ

 

 
2. If α  is strictly decreasing and  is strictly increasing, then β

( ) ( ) ( ) ( ),, , 1X YX Y u v v u vα β = − −C C , ;  
 

3. If α  and β  are both strictly decreasing, then 
 

( ) ( ) ( ) ( ),, , 1 1 ,1X YX Y u v u v u vα β = + − + − .C C  

Pro

−

 
of: 

See NEŠLEHOVÁ (2004, Proposition 3.1.2).                                                                                
 

Basic Examples of Copulas 
 this section we assume that  The most well-known copula is perhaps the so-called 
dependence copula or product copula. This copula is the -place real-valued function: 

nΠ =u

e can see that random variables with continuous distributions are independent if and only if 
their dependence structure is given by (5.3.1) using Sklar’s Th , particularly equation 
(5.3.1). 

 
5.4 
 

2.n≥In
nin

 
n

( )
1

.i
i

u
=
∏  (5.4.1) 

 
W

eorem

 
The n -place function 

( ) { }1min , ,n
nu u=u …M  

 
is an -copula, too, and is called the Fréchet-Hoeffding upper bound. This copula is the joint 

b  the random vector  where 
The -place real-valued function 

 n
( ), , ,U U=U … ( )0,1 .U U∼  distri ution function of

n
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( ) m ,0
n

n n
⎧ ⎫⎪ ⎪⎪ ⎪=uW  

1

ax 1i
i

u
=

+ −⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭
∑

 usually denoted as the Fréchet-Hoeffding lower bound. In contrast to the independence 
copula and the Fréchet-Hoeffding upper bound, this is a copula if and only if  The 
Fréchet-Hoeffding lower bound is the joint distribution function of the random vector 

= −  where 

 
is

2.n =

( ),1 ,U UU ( )0,1 .U U∼  
 
 

           
 

Figure 5.4.1: Fréchet-Hoeffding lower bound, independence copula and  
 Fréchet-Hoeffding upper bound (from left to right)2

 

 the biva ula have 
the followi

heorem 5.4.1

 
In riate case, both Fréchet-Hoeffding bounds as well as the independence cop

ng stochastic representation, as was already noted by HOEFFDING (1940): 
 
T : 

ve biv re between the perfect negative and the 
perfect positive dependence under the concordance ordering (see Section 9.2, page 173 ff.). 
 

ar  of  gen -dimensional case: the random vector 

 
 

                                                

Let U and V be random variables uniformly distributed over the unit interval [ ]0,1 .  Then their 

joint distribution function restricted to the unit square [ ] 20,1  is equal to 
 

1. W  if, and only if, 1U V= −  almost surely, 
2. Π  if, and only if, U  and V  are independent, 
3. M  if, and only if, U V=  almost surely. 

 
E ry ariate dependence structure is somewhe

nP t 2  Theorem 5.4.1 eralizes to the 
( )1, , nU U=U …  with uniform margins has independent components if, and only if, Π  equals 

the joint distribution function of U  restricted to the unit n -cube .nI  
 

 
2 The source code for the figures can be found in Appendix B.5. 



100 

 
Remark 5.4.1: 

n  are of the same kind, 
at is M Π  and , respectively. 

.5 Conditional Probabilities and Symmetry 

m marg d 
onal rob ies  as follows: 

For any ,k  2 k n≤ ≤  all k -dime sional margins of M  nΠ  and nW
k k k

,n

th  ,  W
 
 
5
 
Let ( ),U V  be a random vector with [ ]0,1 –unifor ins an copula .C  Then the 
conditi p abilit can be rewritten
 

( ) ( )
( )

0

, ,
lim ,
h

u h v u v
V v U u u v

h u
C C

C
→

+ − ∂⎤≤ = = =⎦ ∂
 for 0 1u< <P ⎡⎣ ;

similar

 

 
and ly, 
 

( ) ( )
( )

0

, ,
lim ,
h

u v h u v
P U u V v u v

h v
C C

C
→

+ − ∂⎡ ⎤≤ = = =⎣ ⎦ ∂
 for .

 
ee NEŠLEHOVÁ (2004), Section 3.3 and the references given therein). Therefore, it is 

ulate the conditional probabilities by using the copula 

 survival functions can be applied to depict symmetry. If 

0 1v< <  

(s
.C  possible to calc

 
In the univariate case, X  is a random 
variable and  a point such that3 a∈\

,
d

X a a X− = −  
 
then X  is symmetric around ,a  i.e. if for any x∈\ , 
 

( ) ( ).P X a x P a X x− ≤ = − ≤  
 
In the case that  is continuous this is equivalent to F
 

( )F a x− = +( ),F a x  

for every  where  denotes the cumulative distribution function and 
 

,x ∈\ F F  is the survival 
nction of  (see Section 4.1, page 55 f.), i.e. ( ) ( ) ( )1F x F x P X x= − = >fu X  (see e.g. 

S ection 3.4). 

In the multivariate case, the understanding of symmetry is ambiguous and can be conceived in 
umber of ways (compare to NELSEN (1999), Section 2.7). The most common approaches are 

rginal 

jointly symmetric random ve
int symmetry seems to be a 

                                                

N
 

ELSEN (1999), ection 2.6 and NEŠLEHOVÁ (2004), S

n
that of ma symmetry, joint symmetry and radial symmetry, all of which can be viewed 
as a generalization of the univariate concept. 
The joint symmetry is the strongest concept, and since ctors must 
be uncorrelated when the required second-order moments exist, jo

 
3  if ,

d
=X Y ( ) ( )F x F y=X Y  for all .  x ∈\
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( )too strong property. Let 1 n 1 n

point in .n\  The random vector X  is called jointly symmetric around ,a  if all random 
vectors ( ) ( )( )1 1 1 , , n n n

, ,X XX= …  be a random vector and let , ,a aa= …  be a ( )

X a X aμ μ− −… , where { }1,1iμ ∈ − , have the same joint distribution. 
The marginal symmetry, on the other hand, seems to be too weak, as there exist marginal 
symmetric distributions which do not agree with an intuitive understanding of symmetry. Let 

( )1, , nX XX= …  be a random vector and let ( )1, , na aa= …  be a point in .n\  The vector X  
is called marginally symmetric aroun ,a  if id X  is symmetric about ia , 1, ,i n= . 
The radial symmetry is neither that weak nor that strong in comparison and the condition can 
be expre

…

ssed in terms of the joint distribution and survival functions in analogy to the 
univariate case. Let ( )1, , nX XX= …  be a random vector and ( )1, , na aa= …  be a point in 

.n\  The vector X  is called radially symmetric around ,a  if −X a  and −a X  have the same 

(

distribution, i.e. 

) ( )1 1 1 1n n n n= . 
 
When the random ve

, , , ,X a X a a X a X− − − −… …
d

 ( )ctor 1,XX= …

radi ur al fun  of

, nX  is continuous, we can express the condition for 

al symmetry in respect of the joint distribution and s viv ctions ( )1, , nX X= …  
(see NEŠLEHOVÁ

X
 (2004), Corollary 3.4.1). 
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Chapter 6 
 
 
 
 

Families of Copulas 
 
 
In this chapter we introduce two families of copulas (elliptical and Archimedean copulas), and 
give some of their properties and construction methods. 
 
For further details about elliptical distributions we refer to HULT AND LINDSKOG (2001) and to 
MCNEIL, FREY AND EMBRECHTS (2006), Section 3.3. Other copulas can be found in 
NELSEN (1999), EMBRECHTS et al. (2002), NEŠLEHOVÁ (2004) and DEMARTA AND 
MCNEIL (2004) and the references given therein. 
 
 
6.1 Elliptical Copulas 
 
The class of elliptical distributions is a generalization of the multivariate normal distribution 
with mean  and covariance matrix Σ . These distributions are affine transformations of 
spherical distributions in  The family of elliptical distributions allows us to model 
multivariate extremes and other forms of non-normal dependences. Copulas corresponding to 
elliptical distributions are called elliptical copulas. Simulations of elliptical distributions are 
easy to execute. Therefore, as a consequence of Sklar’s Theorem, the simulation of elliptical 
copulas is also easy. 

μ
.n\

 
Definition 6.1.1: 
If  is an n -dimensional random vector with a characteristic functionX 1 of the form 
 

( ) ( ) ( )exp ,T Tiφ ψ=X t t μ t Σt  
 
where  is an  vector,  (where denotes the transpose of ) is a positive 
semi-definite  matrix with  and  is a function, then  is said to be 
distributed according to an elliptical distribution 

μ 1n× : T=Σ AA TA A
n n× n n×∈A \ 0:ψ ≥ →\ \ X

 
( ), , ,n ψX μ Σ∼E�  

 
where  denotes the location vector,  is the dispersion matrix and ψ  is called the 
characteristic generator of  

μ Σ
.X

 

                                                 
^

)X

1 The characteristic function of the -dimensional random vector  is the function  defined by 

 The characteristic function completely characterizes the distribution of  in the 

following sense: if  and  are two -dimensional random vectors, then  if, and only if,  

n X : nφ →X \

( ) ( )(exp .TE iφ =X t t X

X Y n
d
=X Y .φ φ=X Y
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It can be shown that in general neither the positive definite  matrix Σ  nor the generator 
 is unique because if 

n n×
ψ ( ) ( ), , , , ,n nψX μ Σ μ Σ��∼ ∼E� E� ψ  then the vector μ  equals � μ  and there 

exists a constant  such that  and  for all u  However, we can 
choose the parameter  such that it corresponds to the covariance matrix of  (see 
NEŠLEHOVÁ (2004), Definition 3.5.2). 

0c> c=Σ Σ� ( ) ( )/u uψ ψ=� c 0.≥

Σ X

 
For  the class of elliptical distributions coincides with the class of one-dimensional 
symmetric distributions. 

1n=

 
Theorem 6.1.1 (FANG AND ZHANG (1990), Section 2.5 and FANG et al. (1990)): 
Let  be an -dimensional random vector with  Then X n )( , , .n ψX μ Σ∼E�
 

1.  has a stochastic representation X ( ),
d

R= + nX μ Au  where  ,T =AA Σ R  is a -

valued random variable and  a random vector distributed uniformly on the unit 
sphere in 

0≥\
( )nu

n
\  which is independent of ;R  

2. If ( )R nu has a density ( )2( )f g=x x  and  is positive definite, then  has a density 

 given by 

Σ X

h

( )
( )

( ) ( )( )11 .
det

Th gx x μ Σ x μ
Σ

−= − −  

 
The density is hence constant on ellipsoids. 

3. Let B  be a  matrix and  Then k n× .k∈b \
 

( ), , .  T
k ψ+ +b BX b Bμ BΣB∼E�

) .n

                                                

 
Thus any affine transformation of an elliptically distributed random vector is also 
elliptically distributed with the same characteristic generator  .ψ

 
One of the main reasons why elliptical distributions are widely used in practice is the last 
Theorem. Theorem 6.1.1 shows in particular that all univariate margins of elliptical 
distributions have the same generator, which together with the mean vector and covariance 
matrix uniquely determines the entire distribution. 
 
In general, elliptical copulas have to be constructed using Formula (5.3.2) of Sklar’s Theorem 
directly, i.e. from 

( ) ( ) ( ) (( )1 1 1
1 1 1 2 2, , , , ,n nu u H F u F u F u− − −=C … …  

 
Now we present two classical members of the family of elliptical copulas.2

 
 

 
2 The source code for the figures of Gaussian and Student copulas can be found in Appendix B.6. 
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6.1.1 The Gaussian Copula 
 
A random vector  with continuous margins and an underlying elliptic copula 
is multivariate normal distributed if, and only if, all univariate margins  are 
Gaussians. The dependence structure between the margins can be developed from 
Formula (5.3.2) by using the multivariate normal distribution with 

( 1, , nX X=X … )
1 2, , , nF F F…

( )0,1N -distributed 

margins, it is given by the unique copula function  (the Gaussian (or normal) copula) Ga
ΣC

 

( )
( ) ( )

( )( ) 11
1

1
1 1

1 1, , exp  ,
22 det

nuu
Ga T

n nn
u u dt dt

π

−− ΦΦ
−

Σ
−∞ −∞

⎛ ⎞⎟⎜= − ⎟⎜ ⎟⎜⎝ ⎠∫ ∫C t Σ t
Σ

… … …  (6.1.1.1) 

 
where  denotes the correlation matrix of  and  is the inverse of the standard 
univariate Gaussian distribution function. 

Σ ,X 1−Φ

 

In the bivariate case, with  and 
1

1

L

L

ρ
ρ

⎛ ⎞⎟⎜ ⎟=⎜ ⎟⎜ ⎟⎜⎝ ⎠
Σ ( ),s t=t , Formula (6.1.1.1) specializes to 

 

( )
( ) ( )( )

( )( )1 1
1 2 2 2

1 2 22

1 2, exp   
2 12 1

L

u u L
Ga

LL

s st tu u ds dt
ρ

ρ

ρπ ρ

− −Φ Φ

−∞ −∞

⎛ ⎞⎟⎜ ⎟⎜ − + ⎟⎜ ⎟= −⎜ ⎟⎜ ⎟⎜ ⎟−− ⎜ ⎟⎟⎜⎝ ⎠
∫ ∫C ,  

 
where  is the linear correlation coefficient of the two random variables. Variables 
with standard normal marginal distributions and this dependence structure, i.e. variables with 
distribution function 

1 1Lρ− < <

( ) ( )( ),L
Ga x y
ρ

Φ ΦC , are standard bivariate normal variables with Pearson’s 

linear correlation coefficient  (see Section 8.1, page 156 ff.). Lρ
 
 

 
 

Figure 6.1.1.1: Gaussian copula with 0.8Lρ = −  
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In the limit, the Gaussian copula can model complete positive dependence structures 
(comonotonicity; see Definition 7.1.2, page 123 and Definition 9.2.1, page 174) if the positive 
definite  correlation matrix  consists entirely of ones:  Note that 

complete negative dependence structure (countermonotonicity; see Definition 9.2.2, 
page 174) is also a limit case of the Gaussian copula. The Gaussian copula can only 
asymptotically model countermonotonicity  if and only if  Therefore, 

in two dimensions the Gaussian copula can be thought of as a dependence structure that 
interpolates between perfect positive and negative dependence, where the parameter  
represents the strength of dependence. 

n n× Σ
1

lim .LL

Ga
ρρ −→

=C M�

1
lim ,LL

Ga
ρρ +→−

=C W 2.n =

Lρ

 
The Gaussian copulas do not possess upper tail dependence for all  (see Example 8.3.1, 
page 170). Since elliptical distributions are radially symmetric (see Section 5.5, page 100), the 
coefficients of upper and lower tail dependence are equal. Hence Gaussian copulas do not 
have lower tail dependence, either. 

1Lρ <

 
 
6.1.1.1 Generation of Gaussian Dependent Losses 
 
In the following, we describe how to create a sample of an -dimensional dependent random 
vector  with the Gaussian copula and [ -uniformly distributed margins and, based on 
this, an n -dimensional dependent random vector  with Gaussian copula and given margin 
distributions. The algorithm needs to construct a normally distributed random vector with a 
positive definite correlation matrix  From the correlation matrix  we can construct a 
lower-triangular -matrix  with  If 

n
U ]

)E

0,1
X

.Σ Σ
n n× A .T =AA Σ 3  is a random 

vector with independent margins, then 
( ) (1, , ,n nY Y=Y 0N… ∼

 
( ),n= 0Ζ AY ΣN�∼  with  .n∈`

 
To determine such a matrix  typically the so-called Cholesky decomposition of  is used. 
The Cholesky decomposition of  is the unique lower-triangular matrix  with positive 
diagonal entries satisfying  and can be computed using the following formula (see 
FRÜHWIRTH AND REGLER (1983), Theorem 2.18, page 104 or KORYCIORZ (2004), 
Appendix K): 

,A Σ
Σ R

,T =RR Σ

1

1
1

2

1
1

j
L
ij it jt

t
ij j

jt
t

r r
r

r

ρ
−

=
−

=

− ⋅
=

−

∑

∑
 (6.1.1.1.1) 

 

                                                 
3 The unit matrix  of size  is the  square matrix with ones on the main diagonal and zeros elsewhere. E n n n×
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with 1  the linear correlation coefficients ,j i n≤ ≤ ≤ ,L
ijρ  being the ( ),i j -th entry of  and 

the convention 

,Σ

( )
0

1
0.

t
i

=

=∑ 4

 
Through the transformation  we then get U
 

( ) ( ) ( )( )1 , , ,
T

nZ ZU Φ Z …= = Φ Φ  
 
the desired random vector  with Gaussian copula  and [ -uniformly distributed 
margins (see WANG (1998), page 890). 

U Ga
ΣC ]0,1

 
Suppose we would like to compute a set of Gaussian dependent risks 1, , nX X…  with 

marginal cumulative distribution functions  and Kendall’s tau ( ) ( )1 1 , , n nF x F x… ( ),ij i jX Xτρ  

or Spearman’s rho ( ,S
ij i j ).X Xρ  If we assume that the dependent structure of 1, , nX X…  is 

described by the Gaussian copula, then the following algorithm can be used: 
 
Algorithm: 
STEP 1: Transform the given Kendall’s tau or Spearman’s rho to Pearson’s linear correlation 

coefficient5 for multivariate normal variables: 
 

( ) ( )2 sin , sin , .
6 2

L S
ij ij i j ij i jX X X Xτπ πρ ρ ρ⎛ ⎞ ⎛= ⋅ =⎜ ⎟ ⎜

⎝ ⎠ ⎝
⎞
⎟
⎠

 

 
STEP 2: Transform the correlation matrix ( )L

ijρ=Σ  using Cholesky decomposition to the 

unique lower-triangular matrix ( )ijrR =  with positive diagonal entries satisfying 

 This step is necessary to generate multivariate standard normal 
distributed random variables with the given dependence structure. 

.T =RR Σ

 
STEP 3: Simulate a column vector  of  independent random variables with ( 1, , T

nY YY = … ) n

( ), .0 EY N∼  
 
STEP 4: Compute  by matrix-vector multiplication; then  ( )1, , T

nZ Z=Z … = RY

n

( ), .0Ζ ΣN�∼
 
STEP 5: Compute  for ( )i iU Z= Φ 1, , ,i …= where Φ  is the standard normal distribution 

function. Hence, we get ( )  1, , T Ga
nU U C… ∼ Σ .

                                                

 

 
j4 For i  the denominator of formula (6.1.1.1.1) equals  > .jjr

5 For information on the dependence measures Kendall’s tau, Spearman’s rho and Pearson’s linear correlation 
coefficient, see Chapter 8. 
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STEP 6: Compute  for ( ) 1
i i iX F U−= 1, ,i n= …  using the pseudo-inverses of the marginal 

distribution functions,  Now we have simulated Gaussian 
dependent losses. 

1 1
1 2, , , nF F F− − −… 1.

 
In many practical situations we only have some indication of the correlation parameters 
without knowing the exact underlying multivariate distribution. In such situations a Gaussian 
copula leads to a simple method of simulating the dependent variables. Furthermore, the 
Cholesky decomposition is implemented in most mathematical software. Therefore, we have 
stated an easy algorithm for the generation of a random vector using the Gaussian n-copula 

 which, for example, can be used in Monte Carlo simulations. ,GaCΣ

 
 
6.1.2 The Student or t -Copula 
 
Another commonly used member of the family of elliptical copulas is the t -copula (or 
Student copula): 

( ) ( ) ( ) ( ) ( )( )1 1
, 1 , 1, , , , ,t n
R n Ru u t t u t uν ν ν ν

− −=C … … n  

 
where  is the cumulative distribution function of an -dimensional random vector with 
density 

,
n

Rtν n

( ) ( ) ( )( )( )
( )

21
, 1 , 1

1

12, , , , 1 ,
...

2

n
n

t t T
R n R n

nn

n

c x x t x t x
x x

ν

ν ν υ υ

ν

ν νπν

⎛ ⎞+ ⎟⎜− ⎟⎜ ⎟⎟⎜⎝ ⎠
−

⎛ ⎞+ ⎟⎜Γ ⎟⎜ ⎟⎜ ⎛ ⎞∂ ⎝ ⎠ ⎟⎜= = + ⎟⎜ ⎟⎜⎛ ⎞ ⎝ ⎠∂ ∂ ⎟⎜Γ ⎟⎜ ⎟⎜⎝ ⎠

C x
R

… … R x  

 
and  denotes the cumulative distribution function of the univariate standard t -distribution 

with  degrees of freedom. The matrix R  with 

tν

ν ij
ij

ii jj

R
Σ

=
Σ Σ

 for  is the 

(positive definite) correlation matrix (for  and the shape parameter otherwise). 

{ }, 1, ,i j n∈ …

2ν>
 
For  the t -copula has the following analytic form: 2n=
 

( )
( )( ) ( )( )

( )
( )( )1 1

1 2

2 / 2

2 2

1 2 2, 2

1 2,  1
12 1

L

t u t u L
t

LL

s st tu u ds dt
ν ν

ν

ν ρ

ρ

ν ρπ ρ

− −
− +

−∞ −∞

⎛ ⎞⎟⎜ ⎟⎜ − + ⎟⎜ ⎟= +⎜ ⎟⎜ ⎟⎜ ⎟−⎜ ⎟− ⎟⎜⎝ ⎠
∫ ∫C    

 
with parameter , which denotes the usual linear correlation coefficient with ν  
degrees of freedom, for  In the limit, the t -copula can model complete positive 
dependence structures (comonotonicity; see Definition 7.1.2, page 123 and Definition 9.2.1, 
page 174) if the positive definite  correlation matrix  consists entirely of ones: 

. Note that complete negative dependence structure (countermonotonicity; see 

Definition 9.2.2, page 174) is a limit case of the t -copula. The t -copula can only 
asymptotically model countermonotonicity  if and only if  However, 

1 1Lρ− < <
2.ν>

n n× Σ

,1
lim LL

t
υ ρρ −→

=C M

,1
lim ,LL

t
υ ρρ +→−

=C W 2.n =
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in contrast to the Gaussian copula, we do not obtain the independence copula since 
uncorrelated multivariate t -distributed random variables are not independent (see MCNEIL, 
FREY AND EMBRECHTS (2006), Lemma 3.5). 
 
 

 
 

Figure 6.1.2.1: Student copula with 0.8Lρ = −  and  3ν =
 
 
The copula of the bivariate t -distribution has upper and (because of radial symmetry (see 
Section 5.5, page 100) equal lower tail dependence for  (see Example 8.3.1, 
page 170). The coefficient of upper tail dependence is increasing in  and decreasing in  
Furthermore, the coefficient of upper (lower) tail dependence tends to zero as the number of 
degrees of freedom tends to infinity for  

1Lρ >−
Lρ .ν

1.Lρ <
 
It is also possible to simulate the t -copula. An algorithm can be found, e.g. in MCNEIL, FREY 
AND EMBRECHTS (2006), Algorithm 5.10 and in EMBRECHTS, LINDSKOG AND MCNEIL (2001), 
Algorithm 5.2. Furthermore, an algorithm exists to simulate skewed -copulas and grouped  

-copulas (compare to MCNEIL, FREY AND EMBRECHTS (2006), Algorithm 5.39 and 
Algorithm 5.40 and DEMARTA AND MCNEIL (2004)). 

t
t

 
The members of the family of elliptical copulas, e.g. the Gaussian copula and the t -copula, 
are fast and easy to implement. The t -copula is usually used in the finance world (see e.g. 
BLUM, DIAS AND EMBRECHTS (2002)) and the Gaussian copula is widely used on the basis of 
the significance of the normal distribution, particularly with regard to Dynamic Financial 
Analysis (DFA, see Section 2.3). Both copulas are useful in practice, because it is relatively 
easy to simulate complex (high dimensional) portfolios. Both elliptical copulas are easily 
parameterized by the linear correlation matrix: for every pair of risks, one parameter is given. 
But only t -copulas yield dependence structures with tail dependence and possess the ability 
to represent the phenomenon of dependent values better. Elliptical copulas have been derived 
from certain families of multivariate distribution functions using Sklar’s Theorem and simply 
are the distribution functions of component-wisely transformed elliptically distributed random 
vectors. However, the elliptical copulas have drawbacks, too. The members of the family of 
elliptical copulas are restricted by radial symmetry and do not have closed form expressions. 
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6.2 Archimedean Copulas 
 
In this section, we discuss an important class of copulas called Archimedean copulas. This 
class represents a great variety of different dependence structures. In contrast to elliptical 
copulas, all known Archimedean copulas have closed form expressions. Since these copulas 
are not derived from multivariate distribution functions using Sklar’s Theorem, we need 
technical conditions to argue that multivariate extensions of Archimedean 2-copulas are 
proper n-copulas. Therefore, it is in general more difficult to simulate Archimedean copulas 
than elliptical copulas. Archimedean copulas with  are interesting for practical 
applications, since they can be easily constructed while yielding a rich family of dependence 
structures. However, we only get positive dependence for Archimedean copulas with  
Usually, Archimedean copulas depend only on one parameter. This makes it easier – though 
still very difficult – to estimate copulas from data. 

2n=

3.n≥

 
We begin with a general definition of Archimedean copulas, which can be found in 
NELSEN (1999), page 90. In this section, we will use a different definition of pseudo-inverse 
than the usual one for cumulative distribution functions we used before and we will use after 
this section. The reason for this is that in literature, the following definition is used for 
defining Archimedean copulas. 
 
Definition 6.2.1 (pseudo-inverse): 
Let  be a continuous, strictly decreasing function such that [ ] [ ]: 0,1 0,ϕ → ∞ ( )1 0ϕ = .  The 

pseudo-inverse of ϕ  is the function [ ] [ ] [ ]1 : 0, 0,1ϕ − ∞ →  with [ ] [1Dom 0,ϕ − = ∞] and 
[ ] [1Ran 0,1ϕ − = ]  given by 

 

[ ] ( ) ( ) ( )
( )

1
1 , 0    0

         0, 0     .
t t

t
t

ϕ
ϕ

ϕ

−
−

⎧⎪ ≤ ≤⎪=⎨⎪ ≤ ≤ ∞⎪⎩

ϕ
 (6.2.1) 

 
Remark 6.2.1: 
The function [ ]1ϕ −  is continuous and non-increasing on [  and strictly decreasing on ]0, ,∞

( )0, 0 .ϕ⎡⎣ ⎤⎦  Furthermore, [ ] ( )( )1 uϕ ϕ− = u  on [  and ]0,1 ,
 

[ ] ( )( ) ( )
( ) ( )

( ){ }1        , 0    0
min , 0 .

0 , 0     
t t

t t
t
ϕ

ϕ ϕ ϕ
ϕ ϕ

− ⎧ ≤ ≤⎪⎪= =⎨⎪ ≤ ≤ ∞⎪⎩
 

 
Definition 6.2.2: 
The function ϕ  is completely monotone if, and only if, for all k  and ∈` ( )0, ,u ∈ ∞  the -th 

derivative of the inverse of  

k

,ϕ ( )1 ,
k

k

d u
du

ϕ−  exists and satisfies 

 

( ) ( )11 0
k

k
k

d u
du

ϕ−− ≥ .  
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Theorem 6.2.1: 
a) Let ϕ  be a continuous, strictly decreasing function such that [ ] [ ]: 0,1 0,→ ∞ ( )1 0ϕ = .  Let 

[ ]1ϕ −  be the pseudo-inverse of ϕ  defined by (6.2.1) and  then 2,n =
 

( ) [ ] ( ) ( )( )1,u v u vC ϕ ϕ ϕ−= +  for  (6.2.2) [, 0,u v∈ ]1

]

 
is a copula  if and only if ϕ  is convex. The function ϕ  is called a generator of the copula. 
Copulas of the form (6.2.2) are called Archimedean copulas. 

C

 
b) Let  be a continuous, strictly decreasing function such that [ ] [: 0,1 0,ϕ → ∞ ( )1 0ϕ = .  Let 

[ ]1ϕ −  be the pseudo-inverse of ϕ  defined by (6.2.1), ϕ  be strict (i.e. ( )0ϕ =∞ ) and  
Then 

2.n≥

( ) (1
1

1

, ,
n

n i
i

u u uC ϕ ϕ−

=

⎛ ⎞⎟⎜= ⎟⎜ ⎟⎜ ⎟⎝ ⎠∑… ) ] for  (6.2.3) [1, , 0,1nu u ∈…

 
is a copula  if and only if ϕ  is completely monotone. If C ( )0ϕ =∞,  we say that ϕ  is a 

strict generator. Copulas of the form (6.2.3) with [ ]1 1ϕ ϕ− −=  are called strict Archimedean 
copulas. 

 
c) Let  be a continuous, strictly decreasing function such that [ ] [: 0,1 0,ϕ → ∞] ( )1 0ϕ = .  Let 

[ ]1ϕ −  be the pseudo-inverse of ϕ  defined by (6.2.1) and  Then, if  is a copula as in 
b), we necessarily have  

2.n> C
.C Π;

 
Proof: 
See NELSEN (1999), Lemma 4.1.2, Theorem 4.6.2 and Corollary 4.6.3.                                    
 
The generator of an Archimedean copula is not unique. For any positive real constant   
is a generator of the same  

,c c ϕ⋅
.C

 
The following theorem summarizes some of the typical properties of Archimedean copulas. 
 
Theorem 6.2.2 (NELSEN (1999), Theorem 4.1.5): 
Let C  be a two-dimensional Archimedean copula with generator ϕ . Then 
 

1.  is symmetric, i.e., C ( ) ( ),u v v uC C= ,  for all  and  in the unit interval; u v

2. is associative, i.e.,  for all ,  and  in the unit 
square;
C ( )( ) ( )( )u, v ,w  = u, v,wC C C C u v w

6 
3. the diagonal section7  of an Archimedean copula C  satisfies Cδ ( )C u uδ <  for all u  

in ( )  0,1 .
 
 

                                                 

t

6 An example can be found in MCNEIL, FREY AND EMBRECHTS (2006), Example 5.50. 
7 The diagonal section of copula  is the function  from I  to I  defined by  with C Cδ ( ) ( ),t tδ =C C [ ]0,1 .t ∈  
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Remark 6.2.2: 
In contrast, let  be a two-dimensional copula such that C ( )C uδ <u  for all  in (  then 
the copula C  is an Archimedean copula (compare to NELSEN (1999), Theorem 4.1.6). 

u )0,1 ,

 
In the following, two aspects will play an important role: concordance ordering and the 
Fréchet-Hoeffding bounds as limiting cases. 
 
Theorem 6.2.3 (NELSEN (1999), Theorem 4.4.2 and Corollaries 4.4.5 and 4.4.6): 
Let  and C  be Archimedean copulas generated, by  and , respectively. Then 1C 2

2

1ϕ 2ϕ
 

1.  if and only if 1C C≺ [ ]1
1 2ϕ ϕ −D  is sub-additive, i.e., 

[ ] ( ) [ ] ( ) [ ] ( )1 1
1 2 1 2 1 2

1x y xϕ ϕ ϕ ϕ ϕ ϕ− −+ ≤ +D D D y− ]1 for all  with . [, 0,x y ∈ 1x y+ ≤

2. If 1

2

ϕ
ϕ

 is non-decreasing on (  then  )0,1 , 1 2.C C≺

3. If, under the condition that both generators are continuously differentiable on ( )  0,1 ,

1

2

ϕ
ϕ
′
′

is non-decreasing on (  then  )0,1 , 1 2.C C≺

 
Theorem 6.2.4 (NELSEN (1999), Theorem 4.4.7 and 4.4.8 and Example 4.16): 
Let  be any nondegenerate interval in  and let Θ \ { θ θ∈ΘC }  be a family of two-
dimensional Archimedean copulas with differentiable generators . Then, for any  in the 
closure of the parameter interval 

θϕ a
Θ , 

 
1.  if, and only if, lim

a θθ→
=C W

 
( )
( )

lim 1
a

s
s

t
θ

θ
θ

ϕ
ϕ→

= −
′

 for all ( ), 0,1s t ∈ ;  

 
2.  if, and only if, lim

a θθ→
=ΠC

( )
( )

lim  ln
a

s
t

t
θ

θ
θ

ϕ
ϕ→

=
′

s  for all ( ), 0,1s t ∈ ;  

 
3.  if, and only if, lim

a θθ→
=C M

 
( )
( )

lim 0
a

t
t

θ

θ
θ

ϕ
ϕ→

=
′

  for all  ( )0,1 .t ∈

 
In the next section, we present three families of Archimedean copulas which are often used.8

 
 
 

                                                 
8 The source code for the figures of Frank, Clayton and Gumbel copulas can be found in Appendix B.7. 
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6.2.1 Frank Family 
 
The Frank family is given by 
 

( ) ( )1
1

1, , ln 1 1 , 0.
1

iun
Fra

n
i

eu u e
e

θ
θ

θ θ θ
θ

−
−

−
=

⎛ ⎞⎛ ⎞− ⎟⎜ ⎜ ⎟⎟⎜ ⎜=− + − >⎟⎟⎜ ⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ −⎝ ⎠⎝ ⎠
∏C … 1⎟  (6.2.1.1) 

 
In the bivariate case the Frank copula can be rewritten as 
 

( )
( )( )1 11, ln 1

1

u v
Fra

e e
u v

e

θ θ

θ θθ

− −

−

⎛ ⎞− − ⎟⎜ ⎟⎜ ⎟⎜=− + ⎟⎜ ⎟⎜ ⎟− ⎟⎜⎝ ⎠
C ,  \ { }  θ∈\ 0 .

 
 

 
 

Figure 6.2.1.1: Frank copula with  1.5θ=
 
 
This family, generated by 
 

( ) 1ln
1

t
Fra et

e

θ

θ θϕ
−

−

⎛ ⎞− ⎟⎜ ⎟⎜=− ⎟⎜ ⎟⎟⎜ −⎝ ⎠
  with    and  0θ> [ ]( ) ( )( ) 1 1 ln 1 1 ,Fra tt e θ

θϕ θ
− − −=− − − e  

 
is also positively ordered, i.e. 

1 2

Fra Fra
θ θC C≺  

 
if and only if  From this it follows easily that putting  yields a negative 
correlation and  a positive correlation. The Frank family of copulas provides the only 
Archimedean copulas which are radially symmetric. Frank copulas are absolutely continuous. 

1 2.θ θ≤ 0θ≤
0θ≥

The limit  leads to countermonotonicity (see Definition 9.2.2, page 174) if  
i.e. complete negative dependence, while  leads to independence and  leads to 

θ→−∞ 2,n =
0θ→ θ→+∞
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comonotonicity (see Definition 7.1.2, page 123 and Definition 9.2.1, page 174), i.e. complete 
positive dependence: 
 

lim Fra
θθ→−∞

=C W  (for ),  and . 2n=
0

lim Fra
θθ→

=ΠC lim Fra
θθ→+∞

=C M

 
The Frank copula is asymptotically independent in both the lower and upper tail (see 
Section 8.3, page 168 ff.). 
 
The members of the Frank family have an interesting application in insurance pricing, see e.g. 
MARI AND KOTZ (2001, page 78); for applications in finance, see e.g. JUNKER AND MAY 
(2002) and BLUM et al. (2002). 
 
 
6.2.2 Clayton Family 
 
Another widely used member of the family of Archimedean copulas is the Clayton copula. In 
literature, it is also called the generalized Cook and Johnson, the Pareto family of copulas or 
Kimeldorf and Sampson, but we will call the copula the Clayton copula. It is given by 
 

( )
1/

1
1

, , 1 , 0
n

Cla
n i

i

u u u n
θ

θ
θ θ

−

−

=

⎡ ⎤
⎢ ⎥= − + >
⎢ ⎥⎣ ⎦
∑C … .

,

 (6.2.2.1) 

 
In the bivariate case, Formula (6.2.2.1) simplifies to 
 

( ) { }1/
, max 1 ,0Cla u v u v

θθ θ
θ

−− −⎡ ⎤= + −⎢ ⎥⎣ ⎦C  [ )1,θ∈ − ∞  \  { }0 .

 
 

 
 

Figure 6.2.2.1: Clayton copula with  1.5θ=
 
 
The Clayton copulas are generated by 
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( ) ( )1 1Cla t t θ
θϕ θ

−= −    with   [ ] ( ) ( ) 1/ 1 1 1 ,Cla t t θ
θϕ θ

−− = +  

 
and are also positively ordered and absolutely continuous. 
 
Each of the copulas in the Clayton family is strict for  and, for  the copula 
expression simplifies to 

0,θ> 2,n =

( )
1/

, 1Cla u v u v
θθ θ

θ

−− − .⎡ ⎤= + −⎢ ⎥⎣ ⎦C  
 
The Clayton family has lower tail dependence for  (see Section 8.3, page 168 ff.). 0θ>
The limit cases are 
 

1
Cla
− =C W  (for ),  and  2n=

0
lim Cla

θθ→
=ΠC lim .Cla

θθ→+∞
=C M

 
Therefore, the Clayton copula can model complete negative dependence structures 
(countermonotonicity; see Definition 9.2.2, page 174), independence or complete positive 
dependence structures (comonotonicity; see Definition 7.1.2, page 123 and Definition 9.2.1, 
page 174). 
 
The members of the Clayton family have an interesting application in finance (see e.g. 
JUNKER AND MAY (2002) and BLUM et al. (2002)), but also in general insurance applications 
(see Section 9.5). 
 
 
6.2.3 Gumbel Family 
 
Another widely used member of the family of Archimedean copulas is the Gumbel (or 
logistic) copula, which is given by 
 

( ) ( )( )
1/

1
1

, , exp ln ,
n

Gu
n i

i

u u u
θ

θ

θ
=

⎛ ⎞⎡ ⎤ ⎟⎜ ⎟⎜ ⎢ ⎥= − − ⎟⎜ ⎟⎢ ⎥⎜ ⎟⎜ ⎣ ⎦⎝ ⎠
∑C … [ )1, .∈ ∞ θ  (6.2.3.1) 

 
In the bivariate case the Gumbel copula is a two-dimensional continuous distribution function 
over the unit square. Formula (6.2.3.1) specializes to 
 

( ) ( )( ) ( )( ) [ )
1/

, exp ln ln ,  1, ,Gu u v u v
θθ θ

θ θ
⎛ ⎞⎡ ⎤ ⎟⎜= − − + − ∈ ∞⎟⎜ ⎢ ⎥ ⎟⎜ ⎣ ⎦⎝ ⎠

C  

 
with  ( ], 0,1u v∈ .
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Figure 6.2.3.1: Gumbel copula with  1.5θ=
 
 

The corresponding density is given by 
 

( ) ( ) ( )
( )( ) ( )( )

( ) ( )
1 1

2
1/ 2 1/ln ln

, , , , 1Gu Gu Gu u v
c u v u v u v k u v k u v

u v uv
C C

θ θ

θ θ
θ θ θ θ

− −

−− −∂ ⎡ ⎤= = − +⎢ ⎥⎣ ⎦∂ ∂
,  

 
with ( ) ( )( ) ( )( ), ln lnk u v u v

θ θ
= − + −  and  ( ], 0,1u v∈ .

 
 

 
 

Figure 6.2.3.2: Density of Gumbel copula with 1.5θ =  
 
 
The Gumbel copula is generated by 
 

( ) ( )( )ln ,Gu t t
θ

θϕ = −   [ )1, .θ∈ ∞
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The inverse of the generator is given by 
 

[ ] ( ) ( )( ) 1 1 1ln ,Gu t t
t

θ

θϕ θ
−− =− −  

 
thus ( )Gu tθϕ  is a strictly decreasing function from [  to ]0,1 [ ]0, .∞  
 
The bivariate Gumbel family has upper tail dependence for  (see Section 8.3, 
page 168 ff.). 

1θ>

 
The limit cases are 

1
Gu =ΠC    and   . lim Gu

θθ→+∞
=C M

 
Therefore, the Gumbel copula can only model independence for  or complete positive 
dependence structures (see Definition 7.1.2, page 123 and Definition 9.2.1, page 174) for 

 in which case the parameter θ  represents the strength of dependence. 

1,n =

2,n ≥
 
The Gumbel copula has for a long time played a central role in the area of statistics of 
extremes where it and others can also be motivated by appropriate limit theorems for joint 
extremes (see e.g. REISS AND THOMAS (2001)). Now, the Gumbel copula has been used in 
particular in the analysis of natural catastrophes (see e.g. PFEIFER (2003)). 
 
 
Archimedean copulas are widely used as dependence models in low-dimensional applications 
and in portfolio credit risk modeling (see MCNEIL, FREY AND EMBRECHTS (2006), 
Chapter 8 and 9). They have simple closed forms; therefore, we can easily describe the joint 
distribution function. Furthermore, an algorithm exists to simulate asymmetric bivariate 
Archimedean copulas (compare to MCNEIL, FREY AND EMBRECHTS (2006), Algorithm 5.49). 
A possibility to describe multivariate Archimedean copulas is the use of Laplace-Stieltjes 
transforms (compare to MCNEIL, FREY AND EMBRECHTS (2006), Algorithm 5.48). In 
Section 5.4.3 in MCNEIL, FREY AND EMBRECHTS (2006) one can find non-exchangeable, 
higher-dimensional Archimedean copulas. The construction of these copulas allows us to 
combine different Archimedean copulas, in the sense that one gets a random vector whose   

-dimensional margins have Archimedean copulas with different generators ϕ . k
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Chapter 7 
 
 
 
 

Risk Measures 
 
 
In recent years, risk management (see e.g. MCNEIL, FREY AND EMBRECHTS (2006), GRÜNDL AND 
PERLET (2005)) and also risk measures (see e.g. ARTZNER, DELBAEN, EBER AND HEATH (1999) or 
ACERBI AND TASCHE (2002)) have gained importance due to Basel II (MARISK (December 2005)) 
in the banking world (see e.g. EMBRECHTS (2004) or KLÜPPELBERG (2002)) and due to the current 
discussions about appropriate risk measures to be used for the computation of capital 
requirements in the Solvency II process in the insurance businesses (see e.g. KORYCIORZ (2004)). 
 
Risk management can be used to optimize the solvency capital of a business. The aim is to 
determine a company-wide solvency capital value which quantifies the risk of business activities. 
Therefore, the risks have to be summarized in a risk measure. Usual risk measures are variance, 
standard deviation, Value at Risk (VaR), Expected Shortfall (ES), Lower Partial Moments 
(LPM) or spectral risk measures (compare to TASCHE (2002), ALBRECHT (2003), ACERBI (2004), 
GRÜNDL AND WINTER (2005), MCNEIL, FREY AND EMBRECHTS (2006) and LANGMANN (2005) 
and the references given therein). 
 
It is often assumed that the risks are stochastically independent, although many insurance risks 
are heavily dependent in the tails. One way of handling dependence structures is to use copulas 
(see Chapter 5 and Chapter 6). 
 
Every insurance business has to compute premiums that are adequate to its risks (premium 
principle). Therefore, the premium is a risk measure in general. In the insurance business, there 
are two applications of risk measures: the calculation of premium rates for the underwriting and 
of risk capital requirements for solvency (calculation of size of solvency capital). In the first case 
usually a premium principle is used (compare to BÄUERLE AND MUNDT (2005), Section 3.1), and 
the second case relates to a risk measure in the narrower sense. A proper premium rate enables a 
company to operate smoothly while making reasonable profits for its shareholders, and the 
capital requirements ensure that the risk of insolvency remains acceptable. For natural 
catastrophes it is critical to adequately model the right hand tail of the Exceeding Probability 
curve (EP curve, see Section 4.3, page 75 ff.) where the loss is large. In this situation, there is a 
significant amount of uncertainty (compare to Chapter 9). 
 
In this chapter we concentrate on the coherence axioms of ARTZNER, DELBAEN, EBER AND 
HEATH (1999) and (2002). We will start by introducing the four important properties of 
coherence. Then we will criticize and extend coherent risk measures in the sense of ARTZNER, 
DELBAEN, EBER AND HEATH. Subsequently, we introduce the two popular risk measures Value at 
Risk and Expected Shortfall in Section 7.2 and Section 7.3, respectively. This leads us to study 
the property of coherence for risk measures followed by a discussion of advantages and 
disadvantages of Value at Risk and Expected Shortfall. In addition, in Section 7.4 we introduce a 
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typical procedure of Dynamic Financial Analysis (DFA) for the calculation of the Value at Risk 
and the Expected Shortfall. Finally, in Section 7.5, we also mention the connection of the risk 
measures and the computation of the Solvency Capital Requirement (SCR) in the German 
standard model of the GDV and the BaFin (Solvency II, see Section 2.2.4, page 20 ff.). 
 
 
7.1 The Axioms of Risk Measures 
 
In general, a risk is the future random value of a financial position, e.g. the equity capital of an 
insurance business or the size of a claim of an insurance contract. Essential components of risks 
are the occurrence probability of an event and the height of damages. There are different 
possibilities of ascertainment of risks.  
 
We will first concentrate on premium principles (for a detailed discussion see e.g. 
HEILMANN (1987), Chapter 4 or SCHMIDT (2002), Chapter 10). Let Z  be a non-empty set of -
measurable nonnegative real-valued random variables (risks)

A
1 which describes the random claims 

amount. Then  denotes the loss of some asset or portfolio over an annual time horizon. X ∈Z
 
Risk Measure and Premium Principles possess together the following fundamental property: 
Let  be the set of all nonnegative real-valued random variables. Then a premium principle Z H  
and a risk measure R  respectively, is a mapping  and ( ):H H +⊆ →ZD \ ( ):R R +⊆ →\ZD  
respectively, with the property2

 
( ) ( ) ( )
( ) ( ) ( ) 

for all , ,

for all , .

X Y

X Y

P P H X H Y X Y H

P P R X R Y X Y R

= ⇒ = ∈

= ⇒ = ∈

D

D
 

 
This means that the premium principle and the risk measure respectively, only depend on the 
distribution of risks. 
 
In practice, premium principles and risk measures can and should have different further 
properties depending on their actuarial use. Premium principle should e.g. possess some of the 
following properties: exceeding the expected value, positive homogeneity, additively, restricted 
maximum loss and stochastic monotonicity. For further details we refer to HEILMANN (1987), 
Section 4.3 and SCHMIDT (2002), Section 10.1. Each premium principle is basically also a risk 
measure. However, usually, specific requirements are imposed on risk measures due to the risk 
measure-based ascertainment of capital requirement of finance institutions (keyword: Basel II for 
capital market and Solvency II for insurance market). 
 
A multitude of views for risk measures exists.3 The simplest method is the computation of central 
moments as risk measures, i.e. the calculation of expected value or variance and standard 
deviation. The disadvantage of these risk measures is that they do not consider whether the 
                                                 
1 In the insurance business the risk X  relates the occurring loss to the monetary value. We interpret large positive 

values of the random variables X  (risks) as losses. This is in contrast to ARTZNER et al. (1999) and BÄUERLE AND 
MUNDT (2005), respectively, who interpret negative values as losses. 

2 This definition is not unique in literature, compare e.g. with SCHMIDT (2002), Section 10.1. 
3 Compare e.g. with ALBRECHT (2003) and the reference given therein. 
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deviation is a shortfall or exceedance of the target value. The degree of asymmetry is not 
considered and therefore, different degrees of exposure of risks are not sufficiently reflected. We 
can say that central moments (as symmetric risk measures) describe the behavior of variation at 
their expected value. Therefore, these central measures are not qualified as risk measures. 
 
Another method for risk measuring is the use of partial moments. When applying partial 
moments to measure a risk, one tries to describe the risk through the lower and upper tails of the 
probability distribution. A distinction is made between Lower Partial Moments (LPM) and 
Upper Partial Moments (UPM). The LPM refer to the left (lower) tail of the probability 
distribution and do not consider the positive variation of the target. The UPM concentrate on the 
right (upper) tail of the probability distribution. For the regulation of solvency of insurance 
companies the UPM of zero order (excess – probability4) and of first order (excess – expected 
value5) matter in particular. Furthermore, a risk measure can be defined as the critical size of loss, 
i.e. as the necessary solvency capital. This approach is amplified through change of legal basic 
conditions for credit risks (Basel II) and ascertainment of solvency (Solvency II) which enforces 
some risk measures for quantification of uncertain quantities. This category of risk measures is 
also called “risk adjusted performance measures” (see ALBRECHT (2003), page 9 and 30) which 
we will examine in detail below. 
 
In relation to the current discussion of Solvency II a discussion is necessary about which risk 
measure is useful for calculation of SCR and MCR.6 The discussion about risk measures, which 
are like premium principles, concentrates on axiomatically defined concepts such as the concept 
of coherence, which was introduced by ARTZNER, DELBAEN, EBER AND HEATH (1999). We 
assume that the interest rate is zero and amounts of money are already discounted. A coherent 
risk measure in the sense of central the articles by ARTZNER et al. (1999) and ACERBI AND 
TASCHE (2002) fulfills the following (sensible) properties: 
 
Definition 7.1.1 (Coherent Measure of Risk):7

A risk measure R  on the set  of real-valued random variables (risks) is called 
coherent if it satisfies the following four axioms: 

( )R ⊆ZD

 
Axiom 1. (Positive homogeneity): 
A risk measure R  is called positively homogeneous, if  
 

( ) (R cX c R X= ) for all 80  and  .c X≥ ∈Z�
 
Axiom 2. (Translation invariance):  
A risk measure R  is called translation invariant, if for all  and  X ∈Z :c∈\
                                                 
4 The safety regulation based on the excess – probability is identical with the Value at Risk (compare to 

KORYCIORZ (2004), page 38 and page 69, or GRÜNDL AND WINTER (2005), page 194). 
5 The risk measure first order UPM considers the occurrence probability and the measure of possible exceedance in 

contrast to the excess – probability. 
6  See Section 2.2, page 13 f. and Section 7.5, page 146 ff. 
7 A detailed explanation to the individual properties can be found e.g. in the in the diploma thesis by 

LANGMANN (2005), Section 4.1 and the references given therein. 
8 A homogeneous risk measure is always standardized, i.e. it satisfies . This follows from ( )0 0R =

  . ( ) ( ) ( )0 0 0 00 0R R R= ⋅ = ⋅ =
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( ) ( ) .R X c R X c+ = +  
 
Axiom 3. (Monotonicity): 
A risk measure R  is called monotone, if for any two random variables  ,X Y ∈Z�
 

X Y≤  implies ( ) ( ).R X R Y≤  
 

Axiom 4. (Subadditivity): 
A risk measure R  is called subadditive, if 
 

( ) ( ) ( )R X Y R X R Y+ ≤ +  for all  , .X Y ∈Z�
 
The property of subadditivity is the most controverse of the four axioms characterizing coherent 
risk measures; see e.g. in MCNEIL, FREY AND EMBRECHTS (2006), Section 6.1 or in 
LANGMANN (2005), Section 4.1 and the further references mentioned therein. Subadditivity 
means that the measure of the sum of two risks should not exceed the sum of the measures of the 
two risks. The condition of subadditivity pays tribute to the diversification effects of risks, 
“economies of scale” and effects of balance within a portfolio at the insurance market. Therefore, 
subadditivity reflects the idea that risk can be reduced by diversification. This is a widely-used 
principle in finance and economy. Another argument why subadditivity is a reasonable 
requirement can be found in MCNEIL, FREY AND EMBRECHTS (2006), page 240: 
 

“If a regulator uses a non-subadditive risk measure in determining the 
regulatory capital for a financial institution, that institution has an incentive 
to legally break up into various subsidiaries in order to reduce its 
regulatory capital requirements. Similarly, if the risk measure used by an 
organized exchange in determining the margin requirements of investors is 
non-subadditive, an investor could reduce the margin he has to pay by 
opening a different account for every position in his portfolio.” 

 
The translation invariance implies 
 

( )( ) ( ) ( ) 0R X R X R X R X− = − =  for all  ,X ∈Z

 
which allows an interpretation of ( )R X  as a solvency capital. The value X - ( )R X  is called R -
adjusted risk and can be interpreted as the minimal additional amount of capital that should be 
added as a buffer to a portfolio with loss given by X  at risk to be acceptable (according to 
ARTZNER et al. (2002), page 150 and ALBRECHT (2003), page 13).  
 
From subadditivity and translation invariance the inequality 
 

( )( ) ( )  R X Y R Y R X+ − ≤  
 
follows for any two risks X  and  .Y
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This means that for a business it is always advantageous to take additional R -adjusted risks 
independent of the dependence structure between the risks (compare to DHAENE et al. (2003), 
page 6). 
 
Axiom 4 (Subadditivity) is the most controversely discussed of the four axioms characterizing 
coherent risk measures especially because Value at Risk as a risk measure is in general not 
subadditive for all risk distributions outside the elliptical world (see discussion in Section 7.2 and 
Example 7.2.1, page 128 ff.). 
 
The actual discussion shows that the notion of a coherent risk measure (see e.g. 
ARTZNER et al. (2002), page 151 ff., ACERBI (2004), page 148 KORYCIORZ (2004), page 41 ff., 
and BÄUERLE AND MUNDT (2005), page 71 ff., and the references therein) depends strongly on 
the field of its application. 
 
A simple but practically not useful coherent risk measure for the solvency capital, which is the 
basis of many premium principles, is the expected value of risk  The use of this 
risk measure is leading to technical ruin with probability one (probability of ruin), because the net 
premium does not cover the “need for security” like Value at Risk (see HEILMANN (1987), 
Chapter 4). 

( ) ( ).E X R X=

 
Thus, it makes sense to ask the question how the introduced concept of coherence of 
ARTZNER et al. (1999) can be reasonable extended. In the following we introduce the features of 
the concept of comonotonicity (see e.g. EMBRECHTS et al. (2002), Section 4.1, 
NEŠLEHOVÁ (2004), Section 4.1, KORYCIORZ (2004), Appendix B and MCNEIL, FREY AND 
EMBRECHTS (2006), Section 5.1.6, and the references given therein) for risk measures9, which are 
satisfied by Value at Risk and Expected Shortfall. 
 
Definition 7.1.2 (Comonotonicity): 
Two random variables (risks)  are called comonotonic, if there exist  with 

 and Y  almost surely such that 
,X Y ∈Z ,X Y′ ′

X X ′= Y ′=
 

( ) ( ) ( ) ( )1 2 1 2 0X X Y Yω ω ω ω⎡ ⎤ ⎡′ ′ ′ ′− −⎣ ⎦ ⎣ ⎤ ≥⎦  for all .1 2,ω ω ∈Ω 10

 
Lemma 7.1.1: 
a) Two random variables  are comonotonic if and only if there exists a risk  

and two monotone, increasing measurable functions  on  such that 
,X Y ∈Z :Z Ω→ \

,f g \
 

( ) ( ),  X f Z Y g Z= =  almost surely. 
 

                                                 
9 Other possible properties to extend concept of a coherent risk measure are the Fatou property and law invariance. 

The Fatou property was introduced by DELBAEN (2002 and 2000) and extended by JOUINI, SCHACHERMAYER AND 
TOUZI (2005). For further information on law invariance, see ACERBI (2004) and further literature mentioned 
therein. 

10 Compare e.g. with DENNEBERG (1994), page 54 or WANG et al. (1997), Definition 2, page 19.
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b) Two random variables  are comonotonic if and only if there exist two continuous 
monotone, increasing functions  on  satisfying 

,X Y ∈Z
,f g \ f g id+ = \  such that 

 
( ) (,    X f X Y Y g X Y= + = + )  almost surely. 

 
Proof: 
See DENNEBERG (1994), page 55 ff.          
 
The comonotonicity of two risks is the strongest form of dependence, because the values of risks 
always change in the same direction (i.e. decrease or increase simultaneously). Therefore, when 
two random variables are comonotonic, then neither of them is a hedge against the other. Two 
comonotonic risks are not able to hedge each other and there is no diversification effect in the 
whole portfolio. Therefore, the subadditivity in Definition 7.1.1, page 121 f. should be substituted 
by additivity for comonotonic risks. 
 
Definition 7.1.3 (Comonotonic additivity): 
A measure of risk is called comonotonic additive if, given two comonotonic risks  , ,X Y ∈Z
 

( ) ( ) ( )R X R Y R X Y+ = + . 
 
The comonotonic additivity is important in the insurance industry (amongst others) in the case of 
splitting a risk between direct insurance and reinsurance (see WANG (1996)). 
 
The international discussion about risk measures as a basis for evaluation of the target capital in 
connection with Solvency II (see Section 2.1, page 5 ff.) is focused on the two risk measures 
Value at Risk and Expected Shortfall for the aggregate risk (compare with aggregate loss, see 

Chapter 4) . Expected Shortfall is e.g. recommended as risk measure to calculate the 

SCR and MCR in the Swiss Solvency Test (SST) in non-life insurance. In contrast to this, the 
German standard model uses the Value at Risk as reference risk measure with a return period of 
200 years (compare to Section 2.2.4, page 20 ff.). These two risk measures are introduced in the 
subsequent sections. 

1

n

i
i

S
=

=∑ X

                                                

 
 
7.2 The Value at Risk 
 
One of the most popular risk measure is the Value at Risk (VaR), which is used due to regulatory 
reasons in finance (Basel II, MARISK (December 2005)) and in the insurance businesses.11 In the 
literature the Value at Risk is also called “Monetary at Risk” or “Capital at Risk”. The Value at 
Risk is a one-sided and monetary as well as future oriented and risk adjusted performance 
measure which corresponds to the percentile principle of the premium principles for insurance 
businesses. 

 
11 Value at Risk is heavily discussed due to its lack of subadditivity in papers like ACERBI, NORDIO AND 

SIRTORI (2001), ACERBI AND TASCHE (2002), ARTZNER, DELBAEN, EBER AND HEATH (1999), EMBRECHTS, 
MCNEIL AND STRAUMANN (2002) or MCNEIL, FREY AND EMBRECHTS (2006). 
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Many slightly different definitions of Value at Risk exist in the literature, which essentially is a 
result of the inaccuracy of authors (e.g. YAMAI AND YOSHIBA (2002), page 59 or TASCHE (2002), 
page 1520), because they do not distinguish between lower and upper Value at Risk. Here, we 
will define the Value at Risk as the ε -quantile with  of the probability of ruin . 1ε= −α α
 
Definition 7.2.1 (Quantiles): 
Let  be a real valued random variable and X ∈Z ( )0,1ε∈ . If  satisfies the inequalities: q
 

( )P X q ε< ≤  and , ( ) 1P X q ε> ≤ −
i.e. 

( ) ( )P X q P X qε< ≤ ≤ ≤ , 
 
then it is called a ε -quantile. 
 
The lower -quantile of ε X  is defined as 
 

( ) ( ){ }inf Xq X x F xε ε= ∈ ≥\  
 

and the upper -quantile of ε X  is defined as 
 

( ) ( ){ }inf Xq X x F xε ε= ∈ >\  
 
and, therefore,  is a -quantile if and only if 12q ε ( ) ( ).q X q q Xε

ε ≤ ≤

 
The -quantile  is unique only if  is a point of increase of the cumulative distribution 
function of  

ε q q
.X

 
Definition 7.2.2 (Value at Risk):13

Let X  be a real-valued random variable with   be the cumulative distribution function 
of the (annual) risk 

,X Z∈ F
X  and  be a confidence level. Then the (0,1α∈ ) lower Value at Risk is given 

by 
( ) ( ) ( ){ }

( ){ }
( ){ }
( ){ }

1: inf 1

                                 inf 1

                                 inf

                                 sup

                                 

XVaR X q X x F x

x P X x

x P X x

x P X x

α α α

α

α

α

−= = ∈ ≥ −

= ∈ ≤ ≥ −

= ∈ > ≤

= ∈ ≥ >

=

\

\

\

\

( )1 1 ,XF α− −

 

 
                                                 
12 Compare to DELBAEN (2000), Definition 1, page 5. 
13 Compare to ROCKAFELLAR AND URYASEV (2002), page 5 ff., DHAENE et al. (2004), page 4 f., ACERBI AND 

TASCHE (2002b), page 3 or ACERBI (2004), page 153. 
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i.e. it is the lower ( )1 α− -quantile of  The .X upper Value at Risk is given by 
 

( ) ( ) ( ){ }
( ){ }
( ){ }
( ){ }

1: inf 1

                                 inf 1

                                 inf

                                 sup ,

XVaR X q X x F x

x P X x

x P X x

x P X x

α α α

α

α

α

−= = ∈ > −

= ∈ ≤ > −

= ∈ > <

= ∈ ≥ ≥

\

\

\

\

 

 
i.e. it is the upper ( )1 α− -quantile of  .X
 
Remark 7.2.1: 
The lower Value at Risk  describes the lowest risk ( )VaR Xα X  of  of the worst cases 

of a portfolio  The upper Value at Risk 

100 %α⋅

.Z ( )VaR Xα  describes the worst risk X  of 

( )1 100 α− ⋅ %  of the best cases of a portfolio  .Z
 
Remark 7.2.2: 
The Value at Risk is unique if 

( ) ( )VaR X VaR Xα
α= , 

 
which is the case if and only if ( ) 1P X q α≤ = −  for at most one  .q
 
Now, we would like to relate the Value at Risk and the percentile principle. 
 
Remark 7.2.3: 
The lower Value at Risk  in Definition 7.2.2, page 125 f. is equivalent to the percentile 
principle with probability of ruin : 

( )VaR Xα

α
 

( ) ( ) ( ){ }
( ) 

1

  

: 1 inf | 1

                              , .
X XH X F x F x

VaR X X Z

\

α

α α−= − = ∈ ≥ −

= ∈
. 

 
In the following we concentrate on the lower Value at Risk (VaR ). The VaR , seen as risk 
capital based on actuarial risk, denotes the financial amount which suffices with probability 1  
to cover all financial liabilities of the insurance business within one (the next) year. 

α α

α−

 
The EP curve (see Section 4.3, page 75 ff.) can be used to determine the VaR  with return period 

 which is known as Probable Maximum Loss (PML) in the actuarial practice.
α

1/ ,T α= 14

 
Now we show some of the coherence properties for Value at Risk: 

                                                 
14 See, e.g. GROSSI, KUNREUTHER AND WINDELER (2005), LALONDE (2005) or ALBRECHT (2003). 
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Lemma 7.2.1: 
The Value at Risk is a risk measure for all  such that ,X Y ∈Z
 

( ) ( )X Y
X YP P F F VaR X VaR Y= ⇒ = ⇒ = . 

Proof: 
Obvious. 
 
Lemma 7.2.2: 
The Value at Risk is positively homogeneous, translation invariant and monotone. 
 
Proof: 
Positive homogeneity: 
Let X  be element of . Then Z
 

( ) ( ){ } ( ){ }
( ){ } ( ) 

inf 1 inf 1

               inf 1

VaR cX x P cX x cy P cX cy

c y P X y cVaR X

α

α

α α

α

= ≤ ≥ − = ≤ ≥

= ≤ ≥ − =

−

.

 

 
for any  Obviously  0.c> ( )0 0VaRα =
 
Translation invariance: 
Let  and c . Then X ∈Z ∈\
 

( ) ( ){ } ( ){ }
( ){ } ( ) 

inf 1 inf 1

                  inf 1 .

VaR X c x P X c x y c P X c y c

y P X y c VaR X c

α α

α

+ = + ≤ ≥ − = + + ≤ + ≥ −

= ≤ ≥ − + = +
 

 
Monotonicity: 
Let ,X Y  be real-valued random variables on a probability space Ω  with X Y≤  -almost 
surely. Then 

P

( ) ( )P X x P Y x≥ ≤ ≥  
 
for all  due to the monotonicity of the probability measure. Therefore, x∈\
 

( ){ } ( ){1x P X x x P Y xα≥ ≥ − ⊆ ≥ ≥ − }1 α  and this in turn implies  ( ) ( ).VaR X VaR Yα α≤

 
 
Lemma 7.2.3: 
The Value at Risk is comonotonic additive. 
 
Proof:  
Let  be two comonotonic risks. Under the assumptions of Lemma 7.1.1 b), page 124, 
there exist two continuous monotone functions  on  such that 

,X Y ∈Z
,f g \ f g id+ = \  and ,X Y  
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equals ( )X f X Y= +  as well as ( ).Y g X Y= +  For an increasing and continuous function  it 

holds that  according to Proposition 4.1 in DENNEBERG (a direct 
computation is possible for bijective functions  and cumulative distribution functions  see 
DENNEBERG (1994), page 47 ff.). Then 

f

( )( ) ( ) VaR f X f VaR Xα = D α

+

f ,F

 
( ) ( )( ) ( )

( ) ( )( ) ( ) 

,VaR X VaR f X Y f VaR X Y

VaR Y VaR g X Y g VaR X Y
α α α

α α α

= + =

= + = +

D

D
 

and hence 
( ) ( ) ( ) ( ) ( ).VaR X VaR Y f g VaR X Y VaR X Yα α α α+ = + + = +D  

 
The proof corresponds with Corollary 4.6 in DENNEBERG (1994).                                                  
 
The advantages of Value at Risk are simplicity, wide applicability and universality. The Value at 
Risk is the most widely used risk measure in financial institutions for market risk and credit risk 
due to historic and regulatory developments (see, e.g. in the finance sector the use of standard 
industry solutions e.g. RiskMetrics®-Systems by the RiskMetrics group15 or CreditRisk+ by 
Credit Suisse Financial Products16). The Value at Risk is used in Basel II as well as in life 
insurance and proposed as risk measure in the German standard model. The geophysical models 
only provide point estimates of PML values17. That is, in the finance module of geophysical 
models only Value at Risk is used. Risk managers can control the default risk via the use of 
Value at Risk. However, the Value at Risk also possesses some serious weaknesses. The Value at 
Risk as a risk measure is heavily critized for not being subadditive in general; see the discussion 
in EMBRECHTS, MCNEIL AND STRAUMANN (2002) and in MCNEIL, FREY AND EMBRECHTS (2006). 
In capital market models in most cases the normal distribution is used, which is a member of the 
elliptical distribution family. Then we have the idealized situation where all portfolios can be 
represented as linear combinations of the same set of underlying elliptically distributed risks. 
Thus, the Expected Shortfall (see Section 7.3, page 133 ff.) and the Value at Risk are affine 
functions of mean and standard deviation. Therefore, the Value at Risk provides the same 
information about the tail loss as does the Expected Shortfall. In the elliptical world everything is 
proportional to the standard deviation which in turn is subadditive. Therefore, in the normal 
world both Value at Risk (see MCNEIL, FREY AND EMBRECHTS (2006), Theorem 6.8, page 242 or 
KORYCIORZ (2004), page 278) and Expected Shortfall are subadditive for 0.5 . The 
following example in STRAßBURGER AND PFEIFER (2005) shows that this is no longer true outside 
the elliptical world. 

1α≤ <

 
Example 7.2.1: 
Suppose that the risks 1X  and 2X  follow a Pareto distribution, each having density 
 

( )
( )3

1 , 0
2 1

f x x
x

= ≥
+

.

                                                

 

 
15 See http://www.riskmetrics.com/standard.html. 
16 See http://www.csfb.com/institutional/research/credit_risk.shtml. 
17 See DONG (2001), page 150. 
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and with shape parameter  and form parameter  The cumulative distribution 
function is given by  

1/ 2λ= 1.β =

( ) 11 ,
1

F x x
x

= − ≥
+

0.  

 
Then the density  and cumulative distribution function  of the aggregated risk  
can be explicitly computed in the following case, among others: 

g G 1 2:S X X= +

 
1X  and 2X  are independent risks, then 

 

( )
( )

( )2 3
1 1, 1 2

22 1 1

z zg z G z
zz z z

∼ +
= = −

++ + +
z →∞ for . 

 
From the cumulative distribution functions we get for the aggregate loss: 
 

( ) 2 22

4 2 42 4
1 1

VaR Sα α
α αα

= − − − →
+ −

∼ ( 0)

.

 

for  0 1α< <
 
The Value at Risk for both risks 1X  and 2X  is given by  
 

( ) ( ){ } ( ){ }

( ) ( ){ } ( ){ }

1

2

1 1 2

2 2 2

1inf 1 inf 1 1

1inf 1 inf 1 1

X

X

VaR X x F x x P X x

VaR X x F x x P X x

α

α

α α
α

α α
α

= ≥ − = ≤ ≥ − = −

= ≥ − = ≤ ≥ − = −
 

 
for  0 1α< < .

2

 
This example will be restated more generally in Chapter 9 as Lemma 9.6.1, page 190 ff., and a 
proof can be found there. 
 
The following graphs show the VaR  for the example above. The green curve is identically with 
the curve of the sum . The red curve is equivalent to the . 

α

( ) ( )1VaR X VaR Xα α+ ( )VaR Sα
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       ( )VaR Sα

 
 
 

 
 

( ) ( )1 2VaR X VaR Xα α+  
 
 

       α  
 

Figure 7.2.1: Comparison of the Value at Risk for two independent 
     risks with the aggregate loss of two risks18

 
 
It is obvious that the risk measure Value at Risk violates the property of subadditivity in general. 
Example 7.2.1 shows that it is more “dangerous” to have two independent Pareto distributed risks 
in the same portfolio instead of having the two identical ones; compare e.g. with Examples 6 
and 7 in EMBRECHTS, MCNEIL AND STRAUMANN (2002), ROOTZÉN AND KLÜPPELBERG (1999), 
Section 5! Therefore, a serious disadvantage is that Value at Risk does not consider the structure 
of the distribution of aggregate losses. Additionally, the risks at the tail of the distribution are not 
considered and therefore an underestimation of risks may appear.19 Thus, the Value at Risk does 
not consider the question of “how bad is bad” (ARTZNER et al. (2002), page 169 or DHAENE et 
al. (2004), page 5). The Value at Risk is only related to a frequency estimate of a high claim. 
Therefore, it does not say anything about the severity (conditional expected loss) when that (rare) 
loss happens. From this point of view we can say, that 
 

“…,Value at Risk can provide precious information when used correctly, 
but can be very dangerous in the wrong hands.” (ACERBI, NORDIO AND 
SIRTORI (2001), page 4) 

 
However, in the insurance business distributions of the elliptical distribution family are usually 
not used. Therefore, it is necessary to consider the property of subadditivity. Subadditivity is the 
mathematical equivalent of the diversification effect. For a subbadditive risk measure, portfolio 
diversification always leads to risk reduction, while for a non-subadditive risk measure it may 
happen that the diversified portfolio requires more solvency capital than the original one. Many 
                                                 
18 The source code for the Figure can be found in Appendix B.8. 
19 See e.g. ACERBI (2004), page 155 f., ARTZNER et al. (2002), page 169, KORYCIORZ (2004), page 70 and 

LANGMANN (2005), page 36 ff. and the references given therein. 



 131

examples and references about this topic can be found in the diploma thesis by 
LANGMANN (2005), Section 5.3. 
 
Another disadvantage is the absence of continuity of the Value at Risk as a function of the level 

 for a fixed risk  The Value at Risk as a quantile function is only continuous from the right. 
Therefore, it is possible that for slightly different confidence levels one obtains highly different 
values for the Value at Risk. However, this disadvantage can be corrected by calculation of the 
Value at Risk for many levels. At high divergence of the confidence levels it is useful to regard 
economic considerations in the calculation of solvency capital. 

α .X

 
Hence, we can say that the use of the Value at Risk as risk measure requires caution, because the 
structure of the distribution of aggregate losses is not considered and many different opinions 
exist about the use of the Value at Risk as risk measure. However,  
 

“.., the independent calculation / supervision / verification of Value at Risk 
… poses a major problem implying that there is much, much more to the 
calculation of Value at Risk than just saying that “we are estimating a 
quantile”.” (EMBRECHTS (2004), page 174) 

 
For the remainder of this section we would like to discuss in more detail the notion of the 
“Probable Maximum Loss” (PML)20 and the “return period”, because these two terms have 
caused many misunderstandings by users. We assume that all considered risks { }n n

X
∈`  are 

stochastically independent and distributed as a risk X  with ( )0P X < = 0 , and the associated 

cumulative distribution function  on F +\  is continuous and strictly increasing. 
 
If  denotes a period of years (e.g. 200 years), then the value 0T > Tx  is called a T -annual PML, 
if  

( ) ( ) 11T TP X x F x
T

> = − =  and, hence, 1 11 .Tx F
T

− ⎛ ⎞⎟⎜= − ⎟⎜ ⎟⎜⎝ ⎠
 

 
This means that the value Tx  is exceeded “only once every T  years” on average. Therefore, the 
value Tx  is the Value at Risk for the risk level  If we assume a PML with a return 
period of 200 years, then a loss in the following year does not exceed the PML with probability 
of 99.5 %. Thus, there is a probability of 0.5 % that a loss in the following year exceeds the PML. 
This can be mathematically specified in the following manner: 

1/ .Tα=

 
If we assume, as above, that the losses { }n n

X
∈`  are independent in the single years and 

identically distributed as ,X  and the random variable TZ  is defined as the number of years 
(within T  considered years) in which the value Tx  is exceeded, then: 
 
• TZ  possesses a binomial distribution, i.e. it is given by 

                                                 
20 In practice other versions, e.g. the scenario-based PML approach exist beside the used risk-based PML approach. 
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( ) 1 11
n T n

T

T
P Z n

n T T

−⎛ ⎞⎛ ⎞ ⎛ ⎞⎟⎜ ⎟ ⎟⎜ ⎜= = ⎟ −⎟ ⎟⎜ ⎜ ⎜⎟ ⎟ ⎟⎜ ⎜⎜ ⎟⎜ ⎝ ⎠ ⎝ ⎠⎝ ⎠
{ }0,1, , .n T∈ …,  

 
• The expected value of TZ  is given by 
 

( ) 1 1,TE Z T
T

= ⋅ =  

 
 i.e. the value Tx  is exactly exceeded once in T  years on average. 
 
Alternatively, the waiting time up to the first excess of ,Tx  denoted by ,TM  can be considered: 
 
• TM  possesses a geometric distribution over  i.e. ,`
 

( ) { } { }
11

1

1 11
nn

T n T k T
k

P M n P X x X x
T T

−−

=

⎛ ⎞⎛ ⎞ ⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜⎟= = > ∩ ≤ = −⎟⎜ ⎟⎜ ⎜⎟⎟ ⎟⎜ ⎜⎜ ⎟⎟⎜ ⎝ ⎠⎝ ⎠⎝ ⎠
∩ ,  .n∈`

 
• The expected value of TM  is given by 
 

( )
1

1

1 11 ,
n

T
n

E M n
T T

−∞

=

⎛ ⎞⎟⎜= − ⎟⎜ ⎟⎜⎝ ⎠∑ T=  

 
 i.e. the value Tx  is first exceeded in T  years on average. 
 
It is problematical that Tx  is referred to as the “Probable Maximum Loss”, because the 
probability that the observed actual maximum loss exceeds the value Tx  in T  years is 
 

{ }( ) { }( )

{ }

( )

1 1

 

1

 

max , , 1 max , ,

                                        1

1 1                                        1 0 1 1  1 0.6321

T T T T

T

n T
n

T

T

P X X x P X X x

P X x

P Z
T e

=

> = − ≤

⎛ ⎞⎟⎜= − ≤ ⎟⎜ ⎟⎜ ⎟⎝ ⎠

⎛ ⎞⎟⎜= − = = − − → − =⎟⎜ ⎟⎜⎝ ⎠

… …

∩  

 
for  i.e. the T -annual maximum loss (for large values of T ) exceeds the “PML” with a 
probability larger than 63 %! 

,T →∞
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7.3 The Expected Shortfall 
 
In the context of Solvency II a discussion resulted on how to quantify the actuarial risk using a 
qualified risk measure. The Expected Shortfall ( ES ) is the “smallest” useful coherent risk 
measure above VaR . The Expected Shortfall became increasingly popular in connection with 
Solvency II

α
21 and are already used in the SST22. The IAA working group recommends this risk 

measure for insurance businesses, because through the use of the Expected Shortfall risks with 
high severity and low probability in the tail of distribution are considered. The Expected Shortfall 
is also called Conditional Value at Risk, Tail Value at Risk or Average Value at Risk, which refer 
to the same risk measure. However, one should always pay attention on how the authors define 
the risk measure in their papers, because sometimes the same name describes different risk 
measures. Starting point at this consideration is the following question: what is the (conditional) 
expected loss incurred in the  worst cases of our portfolio? 100%α ⋅
 
Definition 7.3.1 (Tail Conditional Expectation23): 

( )E X + <∞Assume  for some random variable X  be an element in  Then  is the 

tail conditional expectation at level  in (

.Z ( )TCE Xα

α )0,1  given by 
 

( ) ( )( ): .TCE X E X X VaR Xα α= ≥  
 
The tail conditional expectation describes the expected loss in case that the loss exceeds the 
Value at Risk. The definition of tail conditional expectation is not uniform in literature. The 
following definition exists, too: 
 
Definition 7.3.2 (Versions of Tail Conditional Expectation): 
Let  be fixed and  with  Then the following versions of Tail 
Conditional Expectation exist: 

(0,1α∈ ) X ∈Z ( ) .E X + <∞

 
( ) ( )( ) ( )

( ) ( )( )
( ) ( )( )
( ) ( )( )

,

,

,

.

TCE X E X X VaR X TCE X

TCE X E X X VaR X

TCE X E X X VaR X

TCE X E X X VaR X

α α

α α

α α

α α

−

−

+

+

= ≥ =

= ≥

= >

= >

α

                                                

 

 

 
21 Compare e.g. with KORYCIORZ (2004), page 60 – 65 and the references given therein. 
22 Compare to Section 2.2.3, page 17 ff. and information on the website of the FEDERAL OFFICE OF PRIVATE 

INSURANCE. 
23 The Tail Conditional Expectation is also called Conditional Value at Risk or Tail Value at Risk. However, we will 

use the primarily description of ARTZNER et al. (2002). 
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Theorem 7.3.1 (Expected Shortfall): 
Let  be a fixed confidence level and  be a risk with  Then the 

Expected Shortfall  at level α  of 
(0,1α∈ ) X ∈Z ( ) .E X + <∞

ESα X  is also given by 
 

( ) ( )( )

( ) ( )
1

1

1 0

1 1                        .u

ES ES X E X X VaR X

F x dx VaR X du

α α α

α

α
α α

−

−

= = ≥

= =∫ ∫
 (7.3.1) 

 
The  equals the arithmetic average of the Value at Risk over all risk levels up to α  (a good 
paper on this topic is ACERBI (2004)). 

ESα

 
Proof: 
See ACERBI AND TASCHE (2002b), Proposition 3.2.                  
 
Attention should be paid to the fact that Expected Shortfall and the different versions of Tail 
Conditional Expectation do not give the same result in general. The relations between the 
different versions are examined in detail in LANGMANN (2005), Section 6.3. Other comments on 
the relation of Value at Risk and Expected Shortfall can be found in ACERBI AND TASCHE (2002). 
Here we only use  ( ) ( ).ES X TCE Xα α=
 
Now, we relate the Expected Shortfall to the percentile principle. 
 
Lemma 7.3.1: 
The Expected Shortfall is a risk measure for all  such that ,X Y ∈Z
 

( ) ( )X Y
X YP P F F ES X ES Y= ⇒ = ⇒ = . 

Proof: 
Obvious. 
 
Later in this chapter, we will examine the problems that occur when  is used for natural 
catastrophe portfolios due to the resulting extreme capital requirements in detail. 

ESα

 
Theorem 7.3.2: 
The Expected Shortfall is a coherent risk measure. 
 
Proof: 
The positive homogeneity and the translation invariance follow directly from the positive 
homogeneity and the translation invariance of Value at Risk and the linearity of the integral. Fix 

 and  with  Using Theorem 7.3.1 we have (0,1α∈ ) X ∈Z ( ) .E X + <∞

 

( ) ( ) ( ) ( )
0 0

1   for 0,u uES X VaR X du VaR X du ES X
α α

α α

λ
λ λ λ

α α
= = =∫ ∫ λ≥  



 135

and 

( ) ( ) ( )

( ) ( )

0 0

0

1 1  

1                      for all . 

u u

u

ES X c VaR X c du VaR X du c du

VaR X du c ES X c c

α α

α

α

α

α α

α

+ = + = +

= + = +

∫ ∫

∫ \

0

1 α

α

∈

∫
 

 
The monotonicity can be derived as follows: let X Y≤  for some  Then by 
monotonicity of the Value at Risk we get  and, hence, 

,X Y ∈Z�.

α( ) ( )VaR X VaR Yα ≤
 

( ) ( )
0 0

u uVaR X du VaR Y du
α α

≤∫ ∫  i.e. ( ) ( ).ES X ES Yα α≤  

 
The subadditivity of the Expected Shortfall can be proved with a modified indicator function: 
 

{ }

{ } ( )

{ }
( )

( ) { } ( )

,                                      0

, 0

X x

X x X x
X x

P X x

P X x
P X x

P X x

α
α

≥

≥ =
≥

⎧ = =⎪⎪⎪⎪=⎨ − ≥⎪ + =⎪⎪ =⎪⎩

1

1 1
1

>
 

 
A quick computation shows that 
 
 

( ){ } [ ]
  

.0,1
X VaR Xα

α
≥

∈1  (7.3.2) 

and 

 
( ){ }  

.
X VaR X

E
α

α α
≥

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠
=1  (7.3.3) 

 
Moreover, as in LANGMANN (2005), page 50, we can show that 
 

( ){ } ( )
  

.
X VaR X

E XESX α
α

α α
≥

⎛ ⎞⎟⎜ ⎟ ⋅⎜ ⎟⎜ ⎟⎜⎝ ⎠
=1             (7.3.4) 

 
Let Y  with ∈Z ( )E Y + <∞  and  Then : .S X Y= +
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( ) ( ) ( )( )
( )

( ){ } ( ){ } ( ){ }

( ){ } ( ){ } ( ){ } ( ){ }

7.3.4

S      

S  S      

  

          

          

          

VaR SX VaR X Y VaR Y

VaR S VaR SX VaR X Y VaR Y

X V

ES X ES Y ES S

E X Y S

E X Y

E X

α α α

αα α

α αα α

α α α

α α α α

α

≥≥ ≥

≥ ≥≥ ≥

≥

⋅ + −

⎛ ⎞⎟⎜ ⎟= + −⎜ ⎟⎜ ⎟⎜⎝ ⎠
⎛ ⎞⎛ ⎞ ⎛ ⎞⎟⎜ ⎟ ⎟⎜ ⎜ ⎟⎟ ⎟= − + −⎜ ⎜ ⎜ ⎟⎟ ⎟⎜ ⎜ ⎜ ⎟⎟ ⎟⎜ ⎜ ⎟⎜ ⎝ ⎠ ⎝ ⎠⎝ ⎠

=

1 1 1

1 1 1 1

1
( ){ } ( ){ } ( ){ } ( ){ }

( )
( ){ } ( ){ } ( )

( ){ } ( ){ }
7.3

S  S    

S  S      
          

         

VaR S VaR SaR X Y VaR Y

VaR S VaR SX VaR X Y VaR Y

E Y

VaR X E VaR Y Eα α

α αα α

α αα α

α α α α

α α α α

≥ ≥≥

≥ ≥≥ ≥

⎛ ⎞ ⎛⎛ ⎞ ⎛⎟ ⎟⎜ ⎟ ⎜⎜ ⎜⎟ ⎟⎟ ⎟− + −⎜ ⎜⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝⎝ ⎠ ⎝
⎛ ⎞ ⎛⎟ ⎟⎜ ⎜⎟ ⎟≥ − + −⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝

=

1 1 1

1 1 1 1

( )

( )( ) ( )( )
.3

0.VaR X VaR Yα αα α α α− + − =

⎞⎞⎟
⎠⎠

⎞

⎠

X VaR Xα=

 

 
First assume . The estimate for the first expectation follows from the usual 

estimates for integrals: Ω  is first split up into three sets   and 

; in the first case, we have 

( ) 0VaR Xα ≥

( ){ },X VaR Xα< ( ){ }X VaR Xα>

( ){ }
( ){ } ( ){ }    

0
S VaR SX VaR X αα

α α
≥≥

−1 1 ≥  and approximate 

using  (estimation of the integral below). In the second case, we have ( )VaR X Xα <

( ){ } ( ){ }    
0

S VaR SX VaR X αα

α α
≥≥

−1 1 ≤  and approximate using  (estimation of the 

integral above in the negative range). In the third case, we simply pull 

( )VaR X Xα >

( )X VaR Xα=  out of the 

integral. For the case  we can argue analogously. This completes the proof of the 
subadditivity of Expected Shortfall. 

( ) 0VaR Xα <

                                                                                                                                                          
 
Lemma 7.3.2: 
The Expected Shortfall is comonotonic additive. 
 
 
Proof: 
The comonotonic additivity is recalculated by means of Theorem 7.3.1, page 134 and the 
comonotonic additivity of Value at Risk. If  are comonotonic with 

, then: 
,X Y ∈Z

( ) ( ),E X E Y+ + <∞
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( ) ( ) ( ) ( )

( ) ( )( )

( )

( )

0 0

0

0

1 1

1                             

1                             

                             .

u u

u u

u

ES X ES Y VaR X du VaR Y du

VaR X VaR Y du

VaR X Y du

ES X Y

α α

α α

α

α

α

α α

α

α

+ = +

= +

= +

= +

∫ ∫

∫

∫

 

                                                                                                                                                          
 
The Expected Shortfall is in some sense comonotonic additive and a coherent risk measure above 

 (see e.g. MCNEIL, FREY AND EMBRECHTS (2006), Remark 6.17 and the literature given 
therein). This property is useful for the securitization of solvency capital. 
VaRα

 
The key advantage of the Expected Shortfall compared to the Value at Risk is that the Expected 
Shortfall does not only describe but also quantifies the fact of insolvency. Consequently, the 
Expected Shortfall considers the interests of policy holders (performance of the insurance 
contract, protection against assumed risk) in a stronger sense. However, the interests of 
shareholders (distribution of company profits) are weaklier considered in comparison to the 
interests of policy holders. 
 
The main advantage of the Expected Shortfall is the coherence of this risk measure in comparison 
to the Value at Risk. Furthermore, the Expected Shortfall is continuous with respect to the 
confidence level α  and, hence, produces only little differing values for little modifications of the 
confidence level. 
 
Theorem 7.3.1 gives a representation of the Expected Shortfall using the Value at Risk. This 
approach can produce numerical problems for distributions for which the Value at Risk cannot be 
computed without problems. In PFLUG (2000), Chapter 3 as well as ROCKAFELLAR AND URYASEV 
(2000), page 5 and ROCKAFELLAR AND URYASEV (2002), page 20 it is shown that the Expected 
Shortfall can be seen as a minimization problem of a continuous differentiable and convex 
function in  (compare to LANGMANN, Theorem 3, page 49). It is possible to transfer the 
Expected Shortfall into a linear optimization problem with a global optimum under the condition 
that the actuarial rate of return exceeds a determined level. The optimization problem associated 
to evaluating the Value of Risk has, due to the absence of subadditivity for the Value at Risk, 
many local minima. However, the optimization of the Value at Risk is not impossible as 
predicted by SZEGÖ (SZEGÖ (2002), page 1261). Both PFLUG (2000), Chapter 3, as well as 
ROCKAFELLAR AND URYASEV (2000, 2002) show that it is possible to solve Value at Risk 
optimization as a fixed point problem of Expected Shortfall optimization problems.

α

24

 
However, Expected Shortfall does not only possess advantages. Expected Shortfall only reflects 
losses exceeding Value at Risk and therefore is “sensitive mainly to extreme events” (MEYERS 
(August 2002), page 15). Hence the following problems are possible: 

                                                 
24 Compare to PFLUG (2000), Section 3.1 and ROCKAFELLAR AND URYASEV (2000), page 6 ff. 
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• Expected Shortfall is calculated as the expected value of all “worst” losses. However, this 
ignores that every unlikely event will happen sooner or later given enough time (“Paul Lévy’s 
zero one law”, compare to ROOTZÉN AND KLÜPPELBERG (1999), page 5). Therefore, the size 
of the losses will eventually exceed the existing solvency capital. 

• Expected Shortfall reacts sensitively to an adjustment of the distributions, which is a problem, 
because often no sufficient data for extreme events is available. 

• The difference between Value at Risk and Expected Shortfall is in general large, and the 
additional capital invested compared to the Value at Risk only gives a small increase of the 
secured return period of 1/ . Hence, the gap between Value at Risk and Expected Shortfall, 
being a financial strain to the insurance business, is in practice disproportionally high 
compared to its gain and, therefore, not acceptable. 

α

•  can be seen as the average loss above  therefore, one justification of its use is the 
law of large numbers. However, this is not reasonable from an economic point of view, as 
insolvencies are singular events. Due to this perception, from an economical point of view, 
Expected Shortfall may lead to absurd risk capital allocations. Therefore, in the “usual case” 
(i.e. with probability 1 ) risks are not reserved adequately. 

ESα ;VaRα

α−
 
The effectiveness of the Expected Shortfall depends on the stability of the estimation of the 
distribution, and on the choice of testing methods for checking the plausibility of the result. 
Therefore,  is inappropriate for portfolios with low-frequency and high severity events (e.g. 
storm, flood, earthquake, landslide, hail, …) and maybe unknown dependence structures 
(compare to WANG (2001), page 4). The following example based on PFEIFER (2005b) shows a 
portfolio with two risks 

ESα

X  and  where ,Y X  is a natural catastrophe (large loss) and Y  is a 
normal loss (compare to Section 3.4, page 44 f.). Now, we will test the distribution of the 
aggregate loss for independence and dependence and calculate the corresponding risk measures 
Value at Risk and Expected Shortfall: 
 
Example 7.3.1: 
The risks X  and Y  are given by the following distributions (amounts in million Euros) with risk 
level:  corresponding to a return period T  of 200 years: 0.005α=
 
 

x      1      3  100  200 

( )P X x=  0.90 0.085 0.01 0.005 
 

y       1      5 

( )P Y y=  0.20 0.80 
 

Table 7.3.1: Distribution of the risks X  and Y  
 
 
The distribution of the aggregate risk  under independenceS X Y= +  is given by 
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s  2 4 6 8 101 105 201 205 

(P S s= )  0.180 0.017 0.720 0.068 0.002 0.008 0.001 0.004 

( )P S s≤  0.180 0.197 0.917 0.985 0.987 0.995 0.996 1 
 

Table 7.3.2: Distribution of the aggregate risk  under independence S
 
 
From the table above we see that the risk measures Value at Risk and Expected Shortfall for 

 are given by 105s =
 

( ) ( ) 201 0.001 205 0.004105, 204.2.
0.005

VaR S ES Sα α

⋅ + ⋅
= = =  

 
Therefore, we have a difference between both risk measures of 99.2 million Euros. 
 
The risk-based capital allocation with ( )ES Sα  shows that 
 
 

 

      ( ) ( )| 105 200                | 105 4.2 EX E X S EY E Y Sα α= > = = > =
 

 
x  1 3 100 200    y  1 5

( )  105P X x S= >  0 0 0 1  
  ( )

( )

 105P Y y S

P Y y

= >

= =
 0.20 0.80

 
Hence, we have an insufficient capital in 80 % of all cases for the normal loss  !Y
 
Using Table 7.3.2, we get for a risk (loss) of  a return period ( ) 204.2ES Sα =

1 1 250
1 0.996 0.004

T = = =
−

. Thus it appears that a risk risk-based capital allocation with 

 firstly increases the return period of 200 years by only 25 % to 250 years, 
while secondly the capital requirement is 1.9 times as much as with a capital allocation based on 

 

( ) 204.2ES Sα =

( ) 105.VaR Sα =
 
Now, we will examine the risk-based capital allocation with  using Table 7.3.2. We get ( )VaR Sα
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( )
( )

| 105 2.16582...105 105 35.72392...⋅ =
| 105 6.36582...

E X S
EX

E S Sα

≤
= ⋅ =

≤
 

 
x  1 3 100 200 

( )  105P X x S= ≤  0.905 0.085 0.01 0 
 

( )
( )

| 105 4.2105 105 69.27612...
| 105 6.36582...

E Y S
EY

E S Sα

≤
= ⋅ = ⋅ =

≤
 

 
y  1 5 

( ) ( )  105P Y y S P Y y= ≤ = =  0.20 0.80 
 
Thus, we have an insufficient capital in 1 % of all cases there. 
 
Now, we will calculate the optimal risk-based capital allocation using Table 7.3.2. Then, we get 
8 million Euros capital cover both risks at  optimally: 0.005α=
 

               100EXα = EYα = 5

x  1 3     100     200    y  1 5

(   105P X x S= ≤ )  0.905 0.085 0.01 0  
  ( )

( )

 105P Y y S

P Y y

= ≤

= =
 0.20 0.80

 
Concluding we will examine the influence of dependences (e.g. using of copulas) on ( )ES Sα  and 

 using Table 7.3.1. The following table includes the dependence structure: ( )VaR Sα

 
( ),P X x Y y= =  1x=  3x = 100x = 200x =  

1y =  a c -a + b – c + 0.195 0.005 – b 0.2
5y =  0.9 – a a – c + 0.085 c – 0.185 b 0.8

 0.90 0.085 0.01 0.005 
 
with side conditions 

0 0.005
      0.185

0.085 0.195

b
c

c a b c

< <
>

− < < − +
 

 
Then, the distribution of the aggregate risk  under dependenceS X Y= +  is given by 
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s  2 4 6 8 101 105 201 205

( )P S s=  a c 0.9 – a a – c + 0.085 b – a – c + 0.195 c – 0.985 0.005 – b b

( )P S s≤  a c + a 0.9 + c 0.985 + a 1.18 + b – c 0.995 1 – b 1
 

Table 7.3.3: Distribution of the aggregate risk  under dependence S
 
 
and implying 
 

( ) 105VaR Sα =    and   ( )
( )201 0.005 205

201 800
0.005

b b
ES S bα

⋅ − + ⋅
= = + . 

 
Therefore, the Value at Risk of the aggregate risk remains unchanged, but the Expected Shortfall 
varies between 201 and 205. 
 
It is an open problem to analyze to which extent the use of the Expected Shortfall impacts the 
calculation of solvency capital. In KORYCIORZ (2004) and JASCHKE (2002), one can find 
examples of distributions showing that in some cases, the Value of Risk and Expected Shortfall 
only differ in an additive or multiplicative constant (see KORYCIORZ (2004), page 86). Hence, the 
“… choice of Value at Risk over TCE [here: Expected Shortfall] as risk measure is cosmetic” 
(JASCHKE (2002), page 4).  
 
 
7.4 Calculation of Value at Risk and Expected 

Shortfall 
 
Important in this context is the calculation of VaR  and  based on Monte Carlo simulations, 
which are typical for DFA. An estimation

α ESα
25 of VaR  can be made using so called order statistics; 

compare e.g. with THOMSON (1936), who first introduced them, DAVID (1981), Section 2.5, REISS 
AND THOMAS (2001), page 45 ff., REISS (1989) or BASSI, EMBRECHTS AND KAFETZAKI (1996), 
page 6 ff. We can use the following calculation, which provides a confidence level for the 
estimation, if we have enough simulations exceeding the Value at Risk. 

α

 
Suppose that 1, , nX X… ,  are independent, identically distributed random variables. If the 
random variables are arranged point-wisely according to their values, we obtain new random 
variables 

n∈`

1: :, ,n n nX X… , which satisfy 1: :n n nX X≤ ≤… ; these are called the order statistics of 

1, , nX X… . Note that by the continuity of the associated cumulative distribution function  
these values are almost surely distinct from each other. For technical reasons, we put 

,F

                                                 
25 Another method to estimate Value at Risk is based upon stochastic modeling of greatest observation of a sample. 

The so called “Peaks Over Threshold” method (POT method) is a method of estimation for a tail or a quantile 
based on extreme events (extreme value theory). More information to the POT method can be found, e.g., in 
EMMER, KLÜPPELBERG AND TRÜSTEDT (1998), in EMBRECHTS, KLÜPPELBERG AND MIKOSCH (1997), in MCNEIL 
AND SALADIN (1997) and in MCNEIL, FREY AND EMBRECHTS (2006) and the references given therein. 
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0: 1:: und : .n n nX X +=−∞ =+∞  Obviously we have  and (1: 1min , ,n nX X= … )X

( ): 1max , ,n n nX X= … X . The distribution of order statistics can be easily obtained as follows: let 

( )iI x  denote the indicator random variable of the event { }iX x≤  for any fixed  i.e. we 
have 

,x ∈\

( )
1, if
0, otherwise.

i
i

X x
I x

⎧ ≤⎪⎪=⎨⎪⎪⎩
 

 
The ( )iI x  are independent random variables with binomial distribution given by  

 
( ) ( )( ) ( ) ( ): 1 , , 1,i ip x P I x P X x F x x i n= = = ≤ = ∈ = …R , .

i

, .

 
 

From the equation above, it follows that  also is binomially distributed: ( ) ( )
1

n

n
i

S x I x
=

=∑
 

( )( ) ( ) ( )( )1 , 0,n kk
n

n
P S x k p x p x k n

k
−⎛ ⎞⎟⎜= = ⎟ − =⎜ ⎟⎜ ⎟⎜⎝ ⎠

…  

 
Hence the distribution of a single order statistic is given by 
 

( ) ( )

( )( ) ( ) ( )( )

:

 

for at least  of the 

                  1 , , 1, , .

i n j j

n n kk
n

k i

P X x P X x i X

n
P S x i p x p x x i n

k
−

=

≤ = ≤

⎛ ⎞⎟⎜= ≥ = ⎟ − ∈ =⎜ ⎟⎜ ⎟⎜⎝ ⎠
∑ \ …

 

 
The joint distribution of two order statistics :i nX  and :j nX  with  can be derived similarly. 
We only need the following probabilities (see DAVID (1981), page15): 

i j<

 
( ) ( ) ( )

( ) ( )( )

: : : :

1
                               1 , .

i n j n i n j n

j n kk

k i

P X Q X P X Q P X Q

n
p Q p Q Q

k

−
−

=

≤ ≤ = ≤ − ≤

⎛ ⎞⎟⎜= ⎟ − ∈⎜ ⎟⎜ ⎟⎜⎝ ⎠∑ \
   (7.4.1) 

 
Note that by the monotonicity of order statistics we have { } { }: :j n i nX Q X Q≤ ⊆ ≤ . 
 
Formula (7.4.1) provides the possibility to construct confidence intervals for some (unknown) 
quantile  without knowledge of the distribution of Q ,X  in the case that a sufficient number of 
observations is given together with a number ( )0,1q ∈  satisfying 
 

( ) .F Q q=  
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Since ( ) ( )p Q F Q= = q , a confidence interval : :,i n j nX X⎡ ⎤⎢ ⎥⎣ ⎦  for  can be calculated using the 
equation 

Q

( ) ( ) ( )
1

: : : :, 1
j

n kk
i n j n i n j n

k i

n
P Q X X P X Q X q q

k
β

−
−

=

⎛ ⎞⎟⎜⎡ ⎤∈ = ≤ ≤ = ⎟ − ≥⎜⎢ ⎥ ⎟⎣ ⎦ ⎜ ⎟⎜⎝ ⎠∑ 1−

)

 

 
where  denotes the confidence level with  One-sided confidence intervals 

 or [  can also be obtained if we choose  or , respectively. It 

makes sense to let the confidence interval include the empirical quantile 

1 β− ( )0,1 .β ∈

( :, j nX ⎤−∞ ⎥⎦ : ,i nX ∞ 0i = 1j n= +

:k nX  with  
satisfying 

k ∈`
1k q n− ⋅ ≤ . 

 
It must be pointed out, however, that there will not always be a solution of the equation above if 
the number  of observations is too small. For instance, the first type of a one-sided confidence 
interval has to meet the following necessary condition 

n

 
( ) ( ]( ) (( ): :1 1 , , 1n n

n n j nq F Q P Q X P Q X β⎤− = − = ∈ −∞ ≥ ∈ −∞ ≥ −⎥⎦  

 

which is equivalent to .nq β≤  Solving the inequality for  we obtain ,n
( )
( )

ln
ln

n
q
β

≥  as a lower 

bound for the minimum sample size. 
 
For example, if we examine the VaR  with risk level  (this is equivalent to a 200 year 
return period) and quantile  with  and confidence level  we obtain 
the following inequality: 

α 0.005α=
Q 1 0.9q α= − = 95 0.005,β =

1
0.995 0.005 0.995

j
k n k

k i

n
k

−
−

=

⎛ ⎞⎟⎜ ⎟ ⋅ ≥⎜ ⎟⎜ ⎟⎜⎝ ⎠∑ . 

 
Assume that  and the sample size is  For a two sided confidence 
interval we get the following solution: 

9930, 9970i j= =  10 000.n=

 
1 1

1
0.995 0.005 0.99553... 0.995, 0.995 0.005 0.99419... 0.995.

j j
k n k k n k

k i k i

n n
k k

− −
− −

= = +

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⋅ = ≥ ⎟ ⋅ = <⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠∑ ∑  

 
If  and  we obtain 9931i = 9972j =
 

1 1

1
0.995 0.005 0.99525... 0.995, 0.995 0.005 0.99337... 0.995.

j j
k n k k n k

k i k i

n n
k k

− −
− −

= = +

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⋅ = ≥ ⎟ ⋅ = <⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠∑ ∑  

 
In both cases it is useful to estimate VaR  via the empirical quantile . However, we will 
use the second interval because it has a larger confidence level. 

α 9950:10000X
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If the minimum sample size satisfies  then, for the denoted confidence level, there does 
not exist a two sided confidence interval because of 

1057,n ≤

 
1057 1057 1058 10581 0.995 0.005 0.99499... 0.995 .99502... 1 0.995 0.005 .− − = < < = − −  

 
Note that 

1

1
0.995 0.005 1 0.995 0.005 .

n
k n k n

k

n
k

−
−

=

⎛ ⎞⎟⎜ ⎟ ⋅ = − −⎜ ⎟⎜ ⎟⎜⎝ ⎠∑ n  

 
If we have found an estimation for VaR  in terms of α : ,k nX  then 
 

:
1

1ˆ :
n

j n
j k

E X
n kα

= +

=
− ∑  

 
is a qualified estimator for . However,  should be chosen large enough. ESα n
 
Now, we will demonstrate the methods for both risk measures for an example with a lognormally 
distributed risk with parameters  and  and sample size  The following 
figure shows a Quantile-Quantile Plot

15µ= 3,σ =  10 000.n=
26 for the generated output of the logarithm of the values 

with estimated parameters produced with STATISTICA 6.0. 
 
 

                                                 
26 A Quantile-Quantile Plot is a standard visual tool for showing the relationship between empirical quantiles of the 

data and theoretical quantiles of a reference distribution. Compare to REISS AND THOMAS (2001), Section 2.4 and 
the subsequent results. 
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Figure 7.4.1: Quantile-Quantile Plot for normal distribution for  ( )log X
      with ,  and size of simulation of  15µ= 3σ=  10 000n=

 
 
We obtain the estimator  for VaR  and the associated confidence 
interval 

   9950:10000 9177 885 559X = α

[ ]      9931:10000 9972:100005 779 251234; 19 085106176 .X X= =  
 
The estimator for  (based only on 50 values) yields  Now, we compare 
the results with the theoretical values (see KORYCIORZ (2004), page 80 ff.): 

ESα    ˆ 31311549 711.Eα =

 
( ) ( )

( ) ( ) ( )

   

      

1

2

  1

 0,66427

exp exp 15 2.57583 3 7 420 334 693

exp
2

1 200 exp 19.5 1 0.42417 39 094 623 210,

VaR u

ES u

α α

α α

µ σ

σ
µ

σ
α

−

−

≈

= + ≈ + ⋅ ≈

⎛ ⎞⎟⎜ ⎟+⎜ ⎟⎜ ⎟⎜⎝ ⎠ ⎡ ⎤ ⎡ ⎤= −Φ − ≈ ⋅ ⋅ −Φ − ≈⎣ ⎦ ⎣ ⎦����	���


 

 
where Φ  denotes the cumulative distribution function of the standardized normal distribution and 

 is the associated 1u α− ( )1 α− – quantile with ( )1 1u α α−Φ = − .  
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Considering this example we can see that VaR  is given with an error of approximately 23.69 % 
and  is underestimated with an error of approximately 19.91 %. This shows that, when risk 
measures are to be estimated in this way, the number of simulations  has to be chosen carefully. 
The problem worsens significantly with distributions of Pareto type. These distributions are used 
in reinsurance and, in particular, for the modeling of natural disasters. Unfortunately, this 
problem is insufficiently paid attention to in the practice of Dynamic Financial Analysis (DFA). 
Alternatively, parametric or semi-parametric methods can be used (compare to TASCHE (2002)).  

α

ESα

n

 
Under the assumption of a lognormal distribution with the estimated parameters from the above 
Quantile-Quantile Plot 

ˆ 14.9869µ=  and  ˆ 3.0049,σ =
 
we receive the following estimates for the risk measures: 
 

( ) ( )

( )

      

         

1

2

1

ˆ ˆ ˆexp exp 14.9869 2.57583 3.0049 7 416 785 432       (for 7 420 334 693)   

ˆˆexp
2ˆ ˆ1 39 263 439 949                                     (for 39 094 623 210

V u

E u

α α

α α

µ σ

σ
µ

σ
α

−

−

= + ≈ + ⋅ ≈

⎛ ⎞⎟⎜ ⎟+⎜ ⎟⎜ ⎟⎜⎝ ⎠ ⎡ ⎤= −Φ − ≈⎣ ⎦ ),

 
which obviously have significantly smaller errors compared to the order statistics estimate. 
 
Summarizing, we can say: 
 
The most popular and economically reasonable risk measure is Value at Risk, although it does 
not satisfy all the properties of a coherent risk measure. Value at Risk is widely used in the area 
of market risk27 and is the only risk measure used in finance modules of geophysical models. It is 
useful to perform scientific tests and practical trials (e.g. within the scope of SST or the 
Quantitative Impact Studies (QIS) of the Federal Financial Supervisory Authority (BaFin)) 
before a mandatory introduction of Expected Shortfall as a risk measure for Solvency II. For 
modeling natural catastrophes, it is recommended not to use coherent risk measures. Therefore, it 
is not reasonable to introduce Expected Shortfall as the mandatory risk measure for all domains. 
It is a moot point whether a capital allocation28 controlled by a coherent risk measure is 
economically reasonable. In this connection it is obvious that no perfect risk measure exists 
which is appropriate for every risk situation. 
 
 
7.5 The German Standard Model of GDV and BaFin 
 
The German standard model (see Section 2.2.4, page 20 ff.) is a risk-based standard model, i.e. 
all relevant risks of an insurance business are examined and their extent of loss is calculated as 

                                                 
27 See JORION (2000). 
28 See SCHRADIN AND ZONS (2005), Chapter 5 and MCNEIL, FREY AND EMBRECHTS (2006), Section 6.3 and the 

references given therein. 
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monetary value. The individual extent of risks is aggregated to the so called Solvency Capital 
Requirement, SCR, depending on assumptions of distributions and their mutual relationships. 
The model agrees with the global model approach developed by the IAA along general lines and 
corresponds to the RBC models by the NAIC29. Therefore, the SCR for non-life / casualty is 
given by 

2 2
,2total i i j ij CAT i

i i j i

SCR C C C Cρ
<

= + +∑ ∑∑ ∑  with  i iC P γ σ= ⋅ ⋅ i

 
where  denotes the net premium (after reinsurance) for business class   is a factor of 
calibration and  denotes the standard variation of the gross loss cost quotas (last 15 business 
years) for business class   represents the capital requirements of the business area i  and 

 denotes the capital requirements for natural catastrophes. Everything is grouped into nine 
business areas and three classes of duration. One should pay attention to the fact that natural 
catastrophes are considered separately, and that they are considered to be independent from each 
other and from the other business areas (see SST in KELLER AND LUDER (2004)). The  denotes 
the idea of Pearson’s linear correlation coefficient between the Lines of Business  and 

iP ,i γ

iσ
.i iC

, CAT iC

ijρ

i j  (LoB) 
to obtain subadditivity (see Definition 7.1.1, Axiom 4, page 121 f.) for diversification effects, but 
this is not a “real” correlation! 
 
We have to point out here that the notion of “SCR” is not unique in the German standard model 
(see Section 2.2.4, page 20 ff.). Sometime it refers to relative quantities (as well discuss there), 
sometimes to absolute quantities (see GDV (2005)). However, the use of the square root formula 
in the latter case is highly doubtful from a mathematical perspective since this procedure tends to 
underestimate the “true” capital requirement systematically. We come back to this point later in 
Example 7.5.2, page 153. 
 
The concept of the “square root formula” has the following background (compare to 
GDV (2006), Section 1): let  be the Value at Risk to the risk level α  for every individual 
risk 

( )VaR iα

,iX  then we can write 
( ) i iVaR i kα αµ σ= + ,  ,k \α ∈

 
where  is the expected value ( ) and  denotes the standard deviation ( ).iµ iµ ∈\ iσ 0iσ ≥ 30

 
If the risks iX  are normally distributed, then  is independent from  and  for  
and is given by 

kα iµ iσ 1, , ,i n= …

( )1 1kα α−=Φ − ,  where 
 

( ) ( )
21 exp   

22

x xux du u duϕ
π −∞ −∞

⎛ ⎞⎟⎜ ⎟Φ = − =⎜ ⎟⎜ ⎟⎜⎝ ⎠∫ ∫  

                                                 
29 The National Association of Insurance Commissioners (NAIC) is a federal state agency in the USA, which 

represented the controlling institutions of 50 states, the Districts of Columbia and four other US territories. 
30 Both parameters are calculated individually for each business based on the last five and 15 business years per 

branch of business, respectively. However,  is determined by the supervisory authority. kα
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is the cumulative distribution function of a standard normally distributed random variable. 

Under reasonable assumptions31, the aggregate risk  can be assumed to be normally 

distributed with 
1

n

i
i

S
=

=∑ X

µ( )
1

n

i
i

E X µ
=

= =∑  and ( ) 2

1

2 ,
n

i ij
i i j

Sσ σ ρ
= <

= +∑ ∑∑ i jσ σ  

 
where  defines the pairwise correlation between risk ijρ iX  and risk jX . The Solvency Capital 

Requirement for every individual risk   is defined as the difference between the Value 
at Risk and expected value (premium income), 

,i ( ),SCR iα

 
( ) ( ) .iSCR i VaR i kα α αµ= − = iσ⋅  (7.5.1) 

 
Therefore, the total Solvency Capital Requirement,  in the case of normal distributions is 
given by the difference of the Value at Risk and the expected value 

,SCRα

 
( )

( ) ( )( )

( )( ) ( ) ( )

2
 

1

2

1                        

2
 

1                                        

        2

2

       2 ,

n

i ij i j
i i j

n

i ij i j
i i j

n

ij
i i j

SCR VaR k S

k

k k k

SCR i SCR i SCR j

α α α

α

α α α

α α

µ σ

σ ρ σ σ

σ ρ σ σ

ρ

= <

= <

= <

= − =

= +

= +

= +

∑ ∑∑

∑ ∑∑

∑ ∑∑ α

 

 
which is equivalent to the square root formula above. Attention should be paid to the fact that 
natural catastrophe risks will be assumed to be uncorrelated among each other. Furthermore, 
presently the only natural risk which is included in the square root formula due to the 
specifications is windstorm risks.32

 
The Value at Risk follows from the equation (7.5.1) above: 
 

( )( ) ( ) ( )
2

1                                                   

2
n

ij
i i j

VaR SCR SCR i SCR i SCR jα α α αµ µ ρ
= <

= + = + +∑ ∑∑ α . 

 
The Expected Shortfall for the individual risk iX  is given by 
 

                                                 
31 This is the case, for example, if the iX  are the components of a multivariate normally distributed random vector. 
32 More information on this topic can be found in Section 2.2.4.3, page 24. 
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( )
( )

i i

k
ES i α

α

ϕ
µ σ

α
= +  with ( )1 1kα α−=Φ − , 

 
where  denotes the expected value and  is the standard deviation of iµ iσ iX ,  The 
density 

1, , .i n= …

( )xϕ  of the normal distribution is given by 
 

( ) ( )
2

21' ,
2

x

x x eϕ
π

−
=Φ =   x∈\

 
compare to HEILMANN (1987), Example 1.23. For the individual Solvency Capital Requirement, 

, we get an analogous computation: ESCRα

 
( )

( )
( )

( )( ) ( ) ( )

2

1

2

1                                            

2

  2 ,

n

i i
i i j

n

ij
i i j

k k
ESCR ES S

ESCR i ESCR i ESCR j

α α
α α

α α

ϕ ϕ
µ σ σ ρ σ

α α

ρ

= <

= <

= − = = +

= +

∑ ∑∑

∑ ∑∑

j i j

α

σ

 

 
i.e. the square root formula can also be used for this risk measure, where  is given by the 
difference of the Expected Shortfall and the expected value. 

ESCRα

 
 

 
 

Figure 7.5.1: Risk measures Value at Risk (VaR ) and Expected Shortfall ( ), and  α ESα

      Solvency Capital Requirement (SCR) for both risk measures33

                                                 
33 Source: PFEIFER (2005b), slide 17. 
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However, these standard approaches are not without controversy (compare to MADSEN (2002)). 
They can possibly lead to underestimation of the “true” capital requirements, in particular when 
the risks are not normally distributed, as the following example shows. 
 
Example 7.5.1: 
Let 1X  and 2X  be independent risks with continuous uniform distribution on the interval [ ]  
Then 

0,1 .

( ) 1: ,
2iE Xµ = =  ( )2 1: .

12iVar Xσ = =  

 
The distribution of the aggregate risk  is known to follow a triangular distribution 
(compare e.g. with MATHAR AND PFEIFER (1990), Problem 1.8 or USPENSKY (1937) for an even 
more general statement). The corresponding density 

1S X X= + 2

g  and the cumulative distribution function 
 are given by G

( )
,      0 1

and otherwise 0 
2 , 1 2
z z

g z
z z

⎧ ≤ ≤⎪⎪=⎨⎪ − ≤ ≤⎪⎩
 

and 

( )
( )

2

2

0,                  0      

,               0 1
2

11 2 , 1
2

1,                    2.    

z
z z

G z
z z

z

⎧ <⎪⎪⎪⎪⎪⎪ ≤ <⎪⎪=⎨⎪⎪ − − ≤ <⎪⎪⎪⎪⎪ ≥⎪⎩

2
 

 
The Value at Risk for every individual risk iX  is given by 
 

( ) ( ) ( )1 11 1
2i iVaR i F SCR iα αα α µ α µ−= − = − = + − = +  with  0 1α< < ,

 
where F denotes the cumulative distribution function of the individual risks. The Value at Risk 
for the aggregate claim  is given by  S
 

( ) ( 211 1 2
2

G VaR VaRα αα− = = − − )  and, hence, 2 2VaRα α= −  for 1 .
2

α<  

 

For 1
2

α< , the Solvency Capital Requirement for every individual risk  is determined as the 

difference between Value at Risk and expected value 

i

 

( ) ( ) 1 11
2 2

SCR i VaR i kα α µ α α= − = − − = − = α σ⋅    with 112 .
2

kα α
⎛ ⎞⎟⎜= − ⎟⎜ ⎟⎜⎝ ⎠

 

 
Therefore, the Solvency Capital Requirement for the aggregated risk  is given by S
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( ) ( )2 2 11 2 2 2
2

SCR SCR SCR kα α α α σ α
⎛ ⎞⎟⎜= + = ⋅ ⋅ = ⎟⎜ ⎟⎜⎝ ⎠

.−  

 
Hence, the absolute solvency capital for the aggregate risk is given by  
 

( ) ( )
2

2

1

12 1
2i

SC E S SCR SCR iα α αµ α
=

⎛ ⎞⎟⎜= + = ⋅ + = + − ⎟⎜ ⎟⎜⎝ ⎠∑ 2 . 

 
If the computation is supposed to be conservative, then we should have 
 

( )
2

1 11 1 2 1
2 2

G SCα α α
⎛ ⎞⎛ ⎞⎟⎜ ⎟⎜= − − − ≥ −⎟⎟⎜ ⎜ ⎟⎟⎜⎜ ⎟⎝ ⎠⎝ ⎠

.  

 
However, this is not the case for every value of  as we can see resolving the inequality to α : ,α
 

( )

( )

2

2

2

2

1 11 1 2 1
2 2

1 11 2                            
2 2

1 32 2 2                        
2 4

1 3 11 2 2                     
2 4 2

G SCα α α

α α

α α

α

⎛ ⎞⎛ ⎞⎟⎜ ⎟⎜= − − − ≥ −⎟⎟⎜ ⎜ ⎟⎟⎜⎜ ⎟⎝ ⎠⎝ ⎠

⎛ ⎞⎛ ⎞⎟⎜ ⎟⎜⇔ − − ≤⎟⎟⎜ ⎜ ⎟⎟⎜⎜ ⎟⎝ ⎠⎝ ⎠

⇔ − − ≤ −

⎛ ⎞⎛ ⎞⎟⎜ ⎟⎜⇔ − − ≤ −⎟⎟⎜ ⎜ ⎟⎟⎜⎜ ⎟⎝ ⎠⎝ ⎠

⇔
1 11 2 3 2 2
2 2

α
⎛ ⎞⎟⎜− − ≤ −⎟⎜ ⎟⎜⎝ ⎠

 

 

If 1 ,
2

α<  then 

 
1 11 2 3 2 2 0.292893... 0.207106... 0.085786...
2 2

α≥ − − − = − =  
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Figure 7.5.2: Cumulative distribution function of the absolute 
     solvency capital for the aggregate risk 

 
 
We can see that the relation ( ) 1G SCα α≥ −  required for consistency is violated in the critical 
range of small values of α ! 
 
Therefore, approaches exist for not normal distributed risks to calculate the difference between 
the Value at Risk and expected value as adequate multiple of standard deviation, see e.g. 
SANDSTRÖM (2006), Section 9.3. 
 
They can possibly lead to underestimation of the “true” capital requirements, in particular when 
the risks are not normally distributed, as the following example shows. 
 
In practice, we can sometimes find the statement that the consistency of the square root formula 
follows from the Tschebyscheff inequality. However, this is only true if the Solvency Capital 
Requirement is given by 

( )SCR iα
σ
α

= , 

because then we get  

( ) ( )2 2 21 2SCR SCR SCRα α α σ
α

= + =  

 
and hence with ( )iE Xµ=  
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( ) ( ) ( )

( )
2 2

22

1 1

2 21 1 1 1 1
2

G SC P S SCR P S SCR

P S SCR
SCR

α α α

α
α

σ σ
α

σ
α

= ≤ + ≥ − ≤

= − − > ≥ − = − = −
⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

,  

as requested. 
 

Unfortunately, the approach ( )SCR iα
σ
α

=  yields completely counterproductive capital 

requirements in general. In the previous Example 7.5.1, page 150 we would have 

( ) 1010 2 4.08348...
6

SCR iα σ= ⋅ = =  for  (current solvency standard (2006)). The 

capital requirement for the individual risk is given by 

0.005α=

 
( )   0.5 4.08348... 4.58348...SCR iαµ+ = + =  

 
Therefore, the capital requirement is over four and a half the maximum risk, which is of size 1! 
For the aggregate risk  we get S
 

( )2 2 1 5.77350... 6.77350...SC SCR iα αµ= + = + =  
 
Thus, the aggregate risk is still over three times as large as the maximum risk, which is of size 2! 
 
In the following simple example we take up the use of absolute quantities to estimate the square 
root formula which we discuss at the beginning of this section. 
 
Example 7.5.2: 
Let 1X  and 2X  be two independent normally distributed risks with ( ) 1iE X µ= =  and 

 Then the capital requirement using the square root formula is ( ) 2 0,iVaR X σ= = 1, 2.i =

( ) ( ) ( )2 2 2 2
1 2 11 2 2 1.414... 2SCR S SCR SCR S X Xα α α µ µ= + = + = = < = = 2+ , therefore, 

the “true” capital requirement is underestimate with over 70 %! 
 
 
We conclude this section with the following remarks: 

• The square root formula is based on an approximation using the normal distribution. It is 
questionable whether this method applies to different distributions in a similar way; 
compare to GDV (2005), Appendix 20, page 139. 

• The square root formula is based on the principle of standard deviation in general. Thus, 
the square root formula is based on a different risk measure than Value at Risk and 
Expected Shortfall. 

• In the worst case, the square root formula underestimates the Value at Risk significantly. 
Therefore, the square root formula tends to produce lower SCR’s than an internal model 
of an insurance company. 
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• The square root formula only considers the idea of Pearson’s linear correlation coefficient 
(see Section 8.1) as stochastic dependences. However, the value of the SCR can vary for 
different dependence structures (see Chapter 9), even in the case that the risks are 
uncorrelated. 
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Chapter 8 
 
 
 
 

Dependence Concepts 
 
 
For a long time, in risk theory stochastic independence was a standard assumption for loss 
frequencies and claims. But in practice, we can see that this assumption is not true. In insurance 
portfolios we can find statistical dependence between similar lines of business, e.g. contents 
insurance and insurance of buildings due to spatial proximity, e.g. by flood damage or storm 
damage. In practice, users often apply correlation coefficients to illustrate the dependence 
structure between two random variables X  and  because the economic theory of the capital 
market (keyword: CAPM – Capital Asset Pricing Model, and APT – Arbitrage Pricing Theory) is 
structurally linear. This is no longer true outside the “normal” world where, in the multivariate 
setting, the joint distributions are indeed characterized by pairwise correlation (and covariance, 
respectively). It is critical in particular, if correlation is being considered only as an adaptive risk 
measure. Recently, a lot of writers point out that the linear correlation can lead to very misleading 
results in finance and insurance models (compare to BLUM et al. (2002) or EMBRECHTS et 
al. (2002)), in particular if the assumption of a normal distribution for the individual losses is not 
justified. 

,Y

 
Alternative measures are the well-known bivariate concordance measures Kendall’s tau and 
Spearman’s rho (rank correlation). However, both concepts have the same drawback as 
correlation in that they do not characterize the complete dependence structure. 
 
Copulas reflect the dependence structure between the margins and are therefore of great use in 
various dependence and association concepts (detailed information on Copulas can be found in 
Chapters 5 and 6). Kendall’s tau and Spearman’s rho can also be expressed in terms of the 
underlying copula. However, the role played by copulas in the study of multivariate dependence 
is much more complex and far less well understood. Therefore, it seems necessary to propagate 
the idea behind copulas as “the” standard tool of description of all kind of dependence structures 
to a wider audience, in particular in insurance-linked branches. For further results on the 
relationship between copulas and dependence, see e.g. MARI AND KOTZ (2001), NELSEN (1999), 
JOE (1997), MCNEIL, FREY AND EMBRECHTS (2006) or NEŠLEHOVÁ (2004) and the references 
given therein. 
 
The aim of this chapter is to give a brief introduction to the interaction between copulas and 
dependence measures. We present the mathematical concepts needed and summarize facts and 
definitions about dependence concepts. All of the introduced dependence measures yield a scale 
measurement for a pair of random variables ( ),X Y ,  although the structure and properties of the 
measures are different in each case. We will concentrate on the widespread measure “Pearson’s 
linear correlation coefficient”, the coefficients of tail dependence and two measures of 
concordance, where we refer to EMBRECHTS et al. (2000) as one possible approach for modeling 
tail events in multivariate events or EMBRECHTS et al. (2001, 2002) and MARI AND KOTZ (2001) 
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and the references given therein for modeling tail events in bivariate events. Section 8.1 is 
devoted to the discussion of the most popular bivariate dependence measure (Pearson’s linear 
correlation coefficient). In contrast to Pearson’s linear correlation coefficient, the rank 
correlations (Kendall’s tau and Spearman’ rho) and the coefficients of tail dependence are 
functions of the copula only and can thus be used in the parameterization of copulas. We will 
introduce Kendall’s tau and Spearman’s rank correlation coefficient in Section 8.2. In addition, in 
Section 8.2.4 the relationship between Kendall’s tau and Spearman’s rho is explained. Finally, 
another kind of dependence measure, which is discussed in Section 8.3, are the coefficients of tail 
dependence (see MCNEIL, FREY AND EMBRECHTS (2006), Section 5.2.3 and 5.3.1 and EMBRECHTS 
et al. (2002), Section 4.4; for more information on the theory behind tail dependence, see 
NEŠLEHOVÁ (2004), Section 4.2.2). 
 
 
8.1 Linear Correlation 
 
An especially popular bivariate dependence measure is Pearson’s linear correlation coefficient. 
The linear correlation coefficient is a measure for the linear dependence of the random variables 
X  and  .Y
 
Definition 8.1.1: 
Let X  and Y  be random variables such that ( )Var X  and ( )Var Y  exist with 

. The linear correlation coefficient is defined by ( ) ( )>,  0Var X Var Y
 

( )
( )

( ) ( )
( ) ( ) (

( )
)

( )
,

,L L Cov X Y E XY E X E Y
X Y

Var X Var Y Var X Var Y
ρ ρ

−
= = = ,  (8.1.1) 

 
where  is the covariance between ( ,Cov X Y ) X  and  .Y
 
The linear correlation has the following properties: 
 

1. ( ) ( ), ,L LX Y Y Xρ ρ= ; 

2.  is zero for independent random variables, but the converse is not true. In the case  
is zero, 

Lρ Lρ
X  and Y  are called uncorrelated; 

3. [ ]1,1Lρ ∈ −  and equals  if and only if 1± X  and Y  are perfectly linearly dependent, i.e. 
 almost surely for some , , with  for positive linear 

dependence and  for negative linear dependence (it is worth noting that in the case 
of perfect linear dependence the distribution of Y  is fully determined by the one of 

Y aX b= + ,a b ∈\ 0a ≠ 0a>
0a<

X );1 

                                                 
1 In particular,  implies that 1Lρ = X  and Y  are comonotonic (see Definition 7.1.2 and Lemma 7.1.1, page 123 f.). 

Therefore, comonotonicity extends the concept of perfect linear dependence. Furthermore,  implies that 1Lρ =−
X  and Y  are countermonotonic (see Proposition 9.2.1, page 174). 
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4.  is invariant under increasing linear transformations, i.e. if Lρ X aX b∗ = +  and 
 for some  and , then Y cY∗ = + d 0,b d ∈\ ,a c> ( ) ( ), ,L LX Y Xρ ρ ∗ ∗= Y . 

 
With the following simple example by PFEIFER (2005a, page 2f.) we can show, that the converse 
of the second property is not true: let Y  be ( )25Y X= − −3 , then for a specially chosen X  the 

correlation coefficient is ( ), 0L X Yρ = . We choose X  with ( ) 1
5

P X k= =  for . 1, ,5k = …

 
 

 
 

Figure 8.1.1 Random variables X  and Y  with ( )25Y X= − −3  and ( ), 0L X Yρ =  
 
 

Then we get: 

( ) ( )1 1 2 3 4 5 3
5

E X = + + + + = ,   ( ) ( )1 1 4 5 4 1 3
5

E Y = + + + + =  

( ) ( )1 1 1 2 4 3 5 4 4 5 1 9
5

E XY = ⋅ + ⋅ + ⋅ + ⋅ + ⋅ =  

 
with  and ( ) ( ) ( ) 9 9 0E XY E X E Y− = − = ( ),L X Yρ = 0. Therefore, the risks are uncorrelated, 
which we can see in the horizontal course of the regression line. But the data pairs lie on a 
parabola. So the risks are functionally interdependent, but not in a linear way. This example 
shows that the common idea in the insurance business that a zero correlation implies 
independence is wrong. The full example in PFEIFER (2005a) shows that this can have a major 
impact on premium calculation. Therefore, simply using correlation for modeling dependences is 
dangerous, as it can dramatically underestimate or overestimate the actual risk situation. 
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It can easily be seen (e.g. WANG (1998) or EMBRECHTS et al. (2001)) that  does not only 
depend on the underlying copula and will therefore be influenced by the marginal distributions as 
well. Furthermore, Pearson’s correlation coefficient has the serious deficiency that it is not 
invariant under non-linear strictly increasing transformations  For two jointly 
distributed real-valued random variables 

Lρ

:T →\ \.
X  and  we have in general 

. Correlations coefficients measure the overall strength of the 
association, but give no information on how this varies across the distribution. In contrast, the 
following result from HOEFFDING (1940) suggests that the role played by copulas in this setting 
will be important. 

,Y
( ) ( )( ) (,L T X T Y X Yρ ρ≠ ),L

 
Theorem 8.1.1 (Hoeffding Lemma): 
Let ( ),X Y  be a bivariate random vector with a copula  and marginal distribution functions  

and  such that 

C F

G ( )E X <∞ , ( )E Y <∞  and ( )E XY <∞ . Then the covariance between X  
and Y  can be expressed as 
 

( ) ( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( )( )
2

2

, ,  

                , ,  ,

Cov X Y F x G y F x G y dxdy

F x G y F x G y dxdy

⎡ ⎤= −⎢ ⎥⎣ ⎦

⎡ ⎤= −Π⎢ ⎥⎣ ⎦

∫

∫

C

C
\

\

 

 
where Π  denotes the independence copula. 
 
Proof: 
See e.g. DHAENE AND GROOVAERTS (1996), Lemma 1.                                                                   
 
The result of Theorem 8.1.1 together with the Fréchet-Hoeffding inequality (compare to 
Theorem 5.2.1, page 94), has the following consequence for the correlation coefficient: 
 
Corollary 8.1.1: (PFEIFER AND NEŠLEHOVÁ (2003), Theorem 3.4 and PFEIFER AND NEŠLEHOVÁ 
(2004), Theorem 2.6): 
Let (  be a bivariate random vector with uniform marginal distributions. The corresponding 

correlation coefficient will be denoted by  if the underlying copula is C . Then 
)

2

⎤⎥⎦

,U V

ρC

 
1.  is always bounded by the correlation coefficients corresponding to the Fréchet- 

Hoeffding bounds ; 
ρC

ρ ρ ρ≤ ≤CW M

2. if  and  are copulas, then the relation  yields ; 1C 2C 1C C≺ 1 2ρ ρ≤C C

3. each number in the interval  is equal to ρ  for some copula C . ,ρ ρ⎡⎢⎣
W M C

 
In the following, we elaborate point 3 in more detail. We consider a bivariate random vector 
( ),X Y  with marginal distribution functions  for F X  (in symbols X F∼ ) and G  for  (in 

symbols ) such that the correlation coefficient ρ  and ρ  exist and are finite. Then each 

Y

Y G∼ W M
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number in the interval  is equal to ρ  for some copula C . Also, if we select some ,ρ ρ⎡⎢⎣
W M ⎤⎥⎦

C

[ ]0,1α∈  and define the corresponding copula  by αC
 

( ): 1α α α= ⋅ + − ⋅C W M , 
 
then the corresponding correlation coefficient is given by 
 

( )1 .αρ α ρ α ρ= ⋅ + − ⋅C W M  
 
The thus constructed one-parameter (mixture) family of copulas includes the Fréchet-Hoeffding 
lower  and upper  bound and permits both, negative and positive correlation. However, it 

is mentionable that 

W M
ρ

α
ρ ρ

=
−

M

M W  yields  and a copula  which does not correspond to 

the independence of U  and  Furthermore, the independence copula  can never be 
constructed using the method above. 

0αρ =C
αC

.V Π

 
If the variances of X  and Y  are finite, then a more general statement analogous to 
Corollary 8.1.1 is possible, i.e. minimal and maximal correlation are obtained for the Fréchet-
Hoeffding lower  and upper bounds M . (This Theorem is a central part in HOEFFDING’S 1940 
paper; see also EMBRECHTS et al. (2002), Theorem 4 or NEŠLEHOVÁ (2004), Theorem 4.3.7). The 
disadvantage of Corollary 8.1.1 is that it is generally not possible to construct pairs of random 
variables 

W

( ),X Y  with given marginals X F∼  and Y  and arbitrary correlation. G∼
 
Pearson’s linear correlation coefficient is a well-known but not a copula-based dependence 
measure. The popularity of linear correlation comes from the simplicity with which it can be 
calculated and its application of many years to solve different problems in businesses without 
careful consideration of mathematical correctness. Another advantage is the possibility to be 
extended to measures of conditional dependence (partial correlation, conditional correlation). The 
current German standard model (Solvency II), compare to Section 2.2.4, page 20 ff.) uses the 
idea of Pearson’s linear correlation coefficient to obtain subadditivity (see Definition 7.1.1, 
Axiom 4, page 121 f.) within the non-life / casualty insurance (see GDV (2005)), but this is not a 
“real” correlation! In the geophysical model of RMS (DONG (2001), page 104 ff.), only  
and positive correlation between losses is considered to determine the standard deviations. 

0Lρ =

 
For the linear correlation, the variances of two jointly distributed real-valued random variables 
X  and Y  must be finite; otherwise the linear correlation is not defined. But this is not ideal for a 
measure and causes problems when looking at natural catastrophes, where we have heavy-tailed 
distributions. However, the linear correlation is a natural scalar measure of dependence in 
multivariate spherical and elliptical distributions. The popular members of the elliptical 
distributions are, for example, the multivariate normal and the multivariate t -distribution. But in 
practice, many random variables are not jointly elliptically distributed, and using linear 
correlation as a measure of dependence in such situations might prove very misleading. However, 
even if the random variables are jointly elliptically distributed, the linear correlation as defined in 
Theorem 8.1.1, page 158 may not be suited as a measure of dependence. So we can see that the 
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word “correlation” is often used to describe all possible forms of dependences between 
measurable quantities of technical or economical kinds and that the concept of correlation is 
meaningless unless applied in the context of a well-defined joint model. The real significance and 
interpretation of this statistical notion is frequently ignored.2
To eliminate the shortcomings of the (linear) correlation coefficient, we can use distribution-free 
measures of dependence such as rank correlations, see e.g. EMBRECHTS et al. (2002) or 
KORYCIORZ (2004). 
 
 
8.2 Rank Correlation 
 
Rank correlations are simple scalar measures of dependence that depend only on the copula of a 
bivariate distribution and not on the marginal distributions, unlike Pearson’s linear correlation, 
which depends on both. Now we will successively discuss the two rank correlations, Spearman’s 
rho and Kendall’s tau. Before we obtain these rank correlations, we introduce the concept of 
concordance. 
 
 
8.2.1 Concordance and Discordance 
 
Let ( )1 1, Tx y  and ( )2 2, Tx y  be two observations of a vector ( ), TX Y  of continuous random 

variables. Then ( )1 1, Tx y  and ( )2 2, Tx y  are said to be concordant if ( )  and 

discordant if ( )   

( )1 2 1 2 0,x x y y− − >

( )1 2 1 2 0.x x y y− − <
 
One way to show the role played by copulas in concordance and measures of association is first 
to define a “concordance function” .D  
 
Theorem 8.2.1.1 (NELSEN (1999), Theorem 5.1.1): 
Let ( )1 1,X Y  and ( )2 2,X Y  be independent vectors of continuous random variables with joint 
distribution functions  and , respectively, and with common margins (of 1H 2H F 1X  and 2X ) 
and  (of  and ). Let  and  denote the copulas of G 1Y 2Y 1C 2C ( )1 1,X Y  and ( )2 2,X Y , respectively, 

so that ( ) ( ) ( )( )1 1, ,H x y F x G yC=  and ( ) ( ) ( )(2 2, , ).H x y F x G y= C D Let  denote the 

difference between the probabilities of concordance and discordance of ( )1 1,X Y  and ( )2 2,X Y , 
i.e., let  

( )( )( ) ( )( )( )1 2 1 2 1 2 1 2: 0D P X X Y Y P X X Y Y= − − > − − − < 0 .

1.−

                                                

 
Then 

( ) ( ) ( )
1 1

1 2 2 1
0 0

, 4 , ,D D u v d u v= = ∫ ∫C C C C  

 
 

2 “But correlation, as well as being one of the most ubiquitous concepts in modern finance and insurance, is also one 
of the most misunderstood concepts.” Source: EMBRECHTS et al. (2002), page 177. 
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Many of the results in this section are direct consequences of this theorem. 
 
Corollary 8.2.1.1 (NELSEN (1999), Corollary 5.1.2): 
Let ,  and  be as given in Theorem 8.2.1.1. Then 1C 2C D
 

1.  is symmetric in its arguments: D ( ) ( )1 2 2 1, ,D D=C C C C .

1 2 )

 

2.  is nondecreasing in each argument: if  and  for all (  in [ ] , 

then 

D 1 ′C C≺ 2 ′C C≺ ,u v 20,1

( ) ( )1 2 1 2, ,D D ′ ′=C C C C .  
 
In the following definition desirable properties for a “measure of concordance” which we will 
need in Theorem 8.2.1.2, are specified: 
 
Definition 8.2.1.1 (SCARSINI (1984)): 
A numeric measure κ  of association between two continuous random variables X  and Y  with 
copula  is called a measure of concordance if it satisfies the following properties (we will write 

 for κ  being evaluated for 
C

,X Yκ ( ),X Y ): 
 

1.  depends only on the copula C ; we will write κ  for ; κ C ,X Yκ
2. Domain:  is defined for every pair κ X  and Y  of continuous random variables; 
3. Range: − ≤  κ , ; ,1 1,X Yκ ≤ , 1X X = , 1X Xκ − =−

4. Symmetry: ; , ,X Y Y Xκ κ=

5. Independence: , if , 0X Yκ κΠ= = X  and Y  are independent; 
6. Change of sign: ; , ,X Y X Y X Yκ κ κ− −= =− ,

2

)}
7. Coherence: If  and  are copulas then the relation  yields ; 1C 2C 1C C≺

1 2
κ κ≤C C

8. Continuity: If  is a sequence of continuous random variables with copulas , 

and if {  converges pointwise to  then . 

({ ,n nX Y nC

}nC ,C lim
nn

κ κ
→∞

=C C

 
A consequence of Definition 8.2.1.1 is the following theorem, which gives a relationship of 
concordance measures and the Fréchet-Hoeffding bounds (see Theorem 5.2.1, page 94). 
 
Theorem 8.2.1.2: 
Let κ  be a measure of concordance for continuous random variables X  and Y  with copula  .C
 

1. If Y  is almost surely an increasing function of X , then . , 1X Yκ = ⇔ =C M

2. If Y  is almost surely a decreasing function of X , then . , 1X Yκ =− ⇔ =C W
3. If  and  are almost surely strictly monotone functions on  and  

respectively, then 
α β RanX Ran ,Y

( ) ( ) ,, X YX Yα βκ κ= . 
 
Proof: 
See EMBRECHTS et al. (2001, Theorem 3.6).                                                                                    
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8.2.2 Spearman’s Rho 
 
The rank correlation  of SPEARMAN of 1904 has originally the following empirical structure Sρ
 

( )

2

1
2

6
1

1

N

i
S i

d

N N
ρ =

⋅
= −

⋅ −

∑
 with [ ]1,1Sρ ∈ − , 

 
where  is the sample size and  denotes the difference between the ranks of corresponding 
values of 

N id
X  and  .Y

 
We can show that  is a special case of Pearson’s linear correlation coefficient in which the 
values are converted to ranks before calculating the coefficient (compare to BORTZ, LIENERT AND 
BOEHNKE (1990), Section 8.2.1, page 414 f.). 

Sρ

 
In the following we use the definition of Spearman’s rho in terms of concordance and 
discordance for random pairs (compare to NELSEN (1999), Section 5.1.2). 
 
Definition 8.2.2.1: 
Let ( )1 1,X Y , ( )2 2,X Y ) and (  be independent continuous random vectors with a joint 
distribution function 

3 3,X Y
,H  common margins  and  respectively, and copula  Spearman’s 

rho  is defined as 
F ,G .C

Sρ
 

( ) ( )( )( ) ( )( )( )( )1 3 1 2 1 3 1 2, 3 0 0S S X Y P X X Y Y P X X Y Yρ ρ= = − − > − − − <  

 
(the pair (  could be used equally as well). )2 3,X Y
 
Note that while the joint distribution function of ( ) is 3 2,X Y ( ) ( ),F x G y  since 2X  and  are 

independent, the joint distribution function of 
3Y

( )1 1,X Y  is  The copula of ( ), .H x y 3X  and  is 
. 

2Y
Π
 
Corollary 8.2.2.1: 
Let ( ), TX Y  be a bivariate continuous random vector with copula  Then Spearman’s rho for .C

( ), TX Y  is given by  

( ) ( ) ( )

( )

1 1

0 0

1 1

0 0

, 3 , 12  ,

                      12 , 3.

S S X Y D uv d u v

u v dudv

ρ ρ= = Π =

= −

∫ ∫

∫ ∫

C C

C

3−
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Sρ  can be interpreted as a measure of “average distance” between the copula of X  and Y  (as 
presented by C ) and the independence copula (as presented by Π ). Hence, if  and  are the 
margins of 

F G
X  and  respectively, and we let  and  then, U  and V  are 

uniformly distributed and each have mean 1/  and variance 1/ , thus  can be rewritten as 

,Y ( )U F X= ( ),V G Y=

2 12 Sρ
 

( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( )

( )
( ) ( )

( ) ( )( )

1 1

0 0

, 12  , 3 12 3

1/ 4
                      

1/12

,
                      

                      , .

S S

L

X Y uv d u v E UV

E UV E UV E U E V

Var U Var V

Cov U V

Var U Var V

F X G Y

ρ ρ

ρ

= = − = ⋅

− −
= =

=

=

∫ ∫ C −

 

 
From this it follows that Spearman’s rank correlation coefficient of the random variables X  and 

 is equal to Pearson’s linear correlation coefficient of  and Y ( )F X ( ),G Y  where  and G  are 
the margins of 

F
X  and  .Y

 
In case of continuity of X  and  we can easily extend Corollary 8.2.2.1 to arbitrary random 
variables, as 

,Y
( )F X  and  are each uniformly distributed. ( )G Y

 
Remark 8.2.2.1: 
The coefficient “3” in the Definition 8.2.2.1 is a normalization constant. It is due to the fact that 

( ) 1 1,
3 3

D
⎡
⎢Π ∈ −
⎢⎣ ⎦

C ,
⎤
⎥
⎥
 (compare with NELSEN (1999), Theorem 5.1.6). 

 
Corollary 8.2.2.2: 
Let ( ),X Y  be a bivariate random vector with arbitrary fixed continuous marginal distribution 
functions. In case that the underlying copula is C , the corresponding rank correlation coefficient 
will be denoted by  Then .ρC

 
1.  is always bounded by the rank correlation coefficients corresponding to the Fréchet-

Hoeffding bounds ; 
ρC

ρ ρ ρ≤ ≤CW M

2. if  and  are copulas, then the relation  yields ; 1C 2C 1C C≺ 2

⎤⎥⎦

M

1 2ρ ρ≤C C

3. each number in the interval  is equal to ρ  for some copula  ,ρ ρ⎡⎢⎣
W M C .C

 
In fact, we can use the mixture copula  from the linear correlation to 

construct the pair 

( ): 1Cα α α= ⋅ + − ⋅W

( ),X Y  via the (pseudo-)inverted cumulative distribution functions  and 

 to achieve the rank correlation  for 

1F−

1G− ( )1α ρ α ρ⋅ + − ⋅W M [ ]0,1 .α∈  
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8.2.3 Kendall’s Tau 
 
Kendall’s tau  is a well-known measure of concordance for bivariate random vectors (see e.g. 
example, KRUSKAL (1958) or BORTZ, LIENERT AND BOEHNKE (1990), Section 8.2.2, page 422 ff.). 
The empirical illustration of Kendall’s tau  is given by  

τρ

τρ
 

( )1 / 2
S

N N
τρ =

⋅ −
 with [ ]1,1τρ ∈ − , 

 
where  is the sample size of two samples, N X  and  each of size  The total number of 
possible pairings of 

,Y .N
X  and Y  observations is   denotes the difference between 

the number of concordant (ordered in the same way) and discordant (ordered in the opposite way) 
pairs. 

( )1 / 2.N N⋅ − S

 
Kendall’s tau is invariant of the copula. That is, to any variables the same value will be assigned 
if they have the same copula. In literature there are different definitions of Kendall’s tau (see e.g. 
FERGUSON et al. 2000), all sharing the property that they only depend on the copula C  and not on 
the marginal distributions of X  and Y  (see NELSEN (1999) or EMBRECHTS et al. (2002)). 
 
Definition 8.2.3.1: 
Let ( )1 1,X Y  and ( )2 2,X Y

0

 be independent and identically distributed random vectors with joint 

distribution functions  and , respectively. Then Kendall’s tau  is defined as the 
difference of the probability of concordance and discordance between the two vectors: 

1H 2H τρ

 
( ) ( )( )( ) ( )( )( )

( )( )( )
1 2 1 2 1 2 1 2

1 2 1 2

, 0

                      2 0 1.

X Y P X X Y Y P X X Y Y

P X X Y Y

τ τρ ρ= = − − ≥ − − − <

= − − ≥ −
 

 
In the case that iX  and  with  are continuous, we have iY 1, 2i =
 

( )( )( ) ( ) ( )
( )

1 2 1 2 1 2 1 2 1 2 1 2

1 2 1 2

0 , ,

                                         2 , .

P X X Y Y P X X Y Y P X X Y Y

P X X Y Y

− − ≥ = ≥ ≥ + < <

= ≥ ≥
 

Then we get 
( )( ) ( )( )1 2 1 2 1 2 1 24 , 1 4 ,P X X Y Y P X X Y Yτρ = < < − = ≥ ≥ 1.−  

 
As in the case of Spearman’s rho,  can be expressed using copulas only. τρ
 
Theorem 8.2.3.1: 
Let ( ), TX Y  be a bivariate continuous random vector with copula C . Then Kendall’s tau for 

( ), TX Y  is given by  
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( ) ( ) ( ) ( )
1 1

0 0

, , 4 , ,X Y D u v d u vτρ = = ∫ ∫C C C C 1.−  

Proof: 
See Theorem 8.2.1.1.                                                                                                                        
 
Note that the integral can also be viewed as the expected value of the function ( ),U VC , where 

 and V  are uniform (U )0,1  random variables with joint distribution function  i.e. ,C

( ) ( )( ), 4 , 1X Y E U Vτρ = ⋅ −C . 
 
Let  and V  be independent random variables, i.e. they have the copula U ( ), ,u v uv=C  then 

 and hence . However, if U  and V  be continuous random variables 

with copula  (M  is the Fréchet-Hoeffding upper bound) and  then 

 will be 1. Hence, this copula expresses complete positive dependence (see Definition 9.2.1, 
page 174). If U  and V  be continuous random variables with copula  (  is the Fréchet-
Hoeffding lower bound) and  then . Hence, this copula expresses 
complete negative dependence (see Definition 9.2.2, page 174). 

( )( ), 1/E U V 4C

2,

0,

= 0τρ =

=C M ( )( ), 1/E U V =C
τρ

=C W W
( )( ),E U V =C 1τρ =−

 
 
8.2.4 The Relationship between Kendall’s Tau and 

Spearman’s Rho 
 
We know that Kendall’s tau for a copula  can be expressed as a double integral of  But 
Spearman’s rho does not possess such an elegant form, thus we can not explicitly specify it for 
the Gumbel and the Clayton copula. The double integral for Kendall’s tau is in most cases not 
straightforward to evaluate. However, for an Archimedean or elliptical copula (see LINDSKOG et 
al. (2003)), Kendall’s tau can be expressed as an (one-dimensional) integral of the generator and 
its derivative. The following table gives a summary of popular bivariate members of these 
families (see e.g. NELSEN (1999), NEŠLEHOVÁ (2004) or VENTER (2002)). 

C .C
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Copula ( ),u vC  Kendall’s tau Spearman’s rho 

Independence ( ),u v uvΠ =    0    0  

Fréchet-
Hoeffding 

upper bound 
( ) { }, min ,u v u v=M    1   1 

Fréchet-
Hoeffding 

lower bound 
( ) { }, max 1,0u v u v= + −W  1−  1−  

Gaussian 
( )

( ) ( )( )
( )( )1 1

2 2

22

1 2, exp   
2 12 1

L

u v L
Ga

LL

s st tu v ds dt
ρ

ρ

ρπ ρ

− −Φ Φ

−∞ −∞

⎛ ⎞⎟⎜ ⎟⎜ − + ⎟⎜ ⎟= −⎜ ⎟⎜ ⎟⎜ ⎟−− ⎜ ⎟⎟⎜⎝ ⎠
∫ ∫C , 

 1 1ρ− < <

( )2 arcsin Lρ
π

 
6 arcsin

2

Lρ
π

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠
 

Student 
( )

( )( ) ( )( )

( )
( )( )1 1

2 / 2

2 2

2, 2

1 2,  1   
12 1

L

t u t v L
t

LL

s st tu v ds dt
ν ν

ν

ν ρ

ρ

ν ρπ ρ

− −
− +

−∞ −∞

⎛ ⎞⎟⎜ ⎟⎜ − + ⎟⎜ ⎟= +⎜ ⎟⎜ ⎟⎜ ⎟−⎜ ⎟− ⎟⎜⎝ ⎠
∫ ∫C , 

 1 1ρ− < <

( )2 arcsin Lρ
π

 
6 arcsin

2

Lρ
π

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠
 

Frank ( )
( )( )1 11, ln 1

1

u v
Fra

e e
u v

e
C

θ θ

θ θθ

− −

−

⎛ ⎞− − ⎟⎜ ⎟⎜=− + ⎟⎜ ⎟⎜ − ⎟⎟⎜⎝ ⎠
,  \  θ∈\ { }0 ( ) 2

0

4 41  
1t

t dt
e

θ
τρ θ

θ θ
⎛ ⎞⎟⎜= − + ⎟⎜ ⎟⎜⎝ ⎠−∫

( ) 2
0

2

3
0

121  
1

24            
1

S
t

t

t dt
e

t dt
e

θ

θ

ρ θ
θ

θ

⎛ ⎞⎟⎜= − ⎟⎜ ⎟⎜⎝ ⎠−

⎛ ⎞⎟⎜ ⎟+ ⎜ ⎟⎜ ⎟⎜ −⎝ ⎠

∫

∫
 

Clayton ( )
1/

, 1Cla u v u vC
θθ θ

θ

−− −⎡ ⎤= + −⎢ ⎥⎣ ⎦ ,  0θ> ( )
2

τ θ
ρ θ

θ
=

+
  

Gumbel ( ) ( )( ) ( )( )
1/

, exp ln lnGu u v u vC
θθ θ

θ

⎛ ⎞⎡ ⎤ ⎟⎜= − − + − ⎟⎜ ⎢ ⎥ ⎟⎜ ⎣ ⎦⎝ ⎠
,  [ )1,θ∈ ∞ ( ) 1τ θ

ρ θ
θ
−

=   

 
Table 8.2.4.1: A summary of popular copulas3

                                                 
3 If the parameter of the Frank copula yields  Kendall’s tau will give negative values of  0,θ< .τ
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Table 8.2.4.1 shows that Kendall’s tau and Spearman’s rho have the same form for the Gaussian 
copula and the Student copula. In addition, we can see that the relation between Pearson’s linear 
correlation coefficient and both rank correlations, Kendall’s tau and Spearman’s rho, holds more 
generally for all elliptically distributed random vectors with continuous univariate marginals. A 
proof for Kendall’s tau of a general result applying to all elliptical distributions has been derived 
in LINDSKOG et al. (2003) and NELSEN (1999). Kendall’s tau and Spearman’s rho are not based on 
the existence of certain moments for elliptical distributions. Kendall’s tau is invariant in the class 
of elliptical distributions with continuous univariate marginals and a fixed dispersion matrix (up 
to a positive constant factor) (proved in LINDSKOG et al. (2003)). This requires that the robust 
estimator of Kendall’s tau can be applied to estimate linear correlation coefficients without any 
other condition on the underlying distribution than that of continuity of the univariate margins 
and being jointly elliptical. In relation to Kendall’s tau one might expect Spearman’s rho to be 
invariant in the class of elliptical distributions with continuous univariate marginals and a fixed 
dispersion matrix Σ  as well, but this is not true. A counterexample can be found in HULT AND 
LINDSKOG (2001), page 16. However, there exist several inequalities which estimate the 
difference between Spearman’s rho and Kendall’s tau. For more information on this subject, see 
NELSEN (1999, Section 5.1.3.) and references given therein. 
 
Kendall’s tau and Spearman’s rho are measures of the degree of monotonic dependence between 
two random variables X  and  whereas linear correlation measures the degree of linear 
dependence only. The extension of  and  to higher dimensions  can be done 
analogously to that of linear correlation: we write pairwise correlations in a -matrix.  

,Y
Sρ τρ 2n>

n n×
 
We conclude this section with a summary of properties of Kendall’s tau and Spearman’s rho: 
 
Theorem 8.2.4.1: 
Let X  and Y  be random variables with marginal distribution functions  and  and copula 

. The following properties are satisfied: 
F G

C
 

1. ( ) ( ) ( ) ( ), ,  and , , .S SX Y Y X X Y Y Xτ τρ ρ ρ ρ= =  

2.  if ( ) ( ), , 0S X Y X Yτρ ρ= = X  and Y  are independent, but the converse is not true. 

3. . ( ) ( )1 , , ,S X Y X Yτρ ρ− ≤ ≤1

)
)

4.  almost surely with T  increasing. ( ) ( ) (, , 1S X Y X Y Y T Xτρ ρ= = ⇔ = ⇔ =C M

5.  almost surely with T  decreasing. ( ) ( ) (, , 1S X Y X Y Y T Xτρ ρ= =− ⇔ = ⇔ =C W

6.  and  are invariant under strictly monotone transforms, that is, if both  and τρ Sρ f g  
are strictly increasing functions, then also 

 
( ) ( )( ) ( ), ,f X g Y X Yτ τρ ρ= , 

 
and if both f and g are strictly decreasing functions, then 
 

( ) ( )( ) ( ), ,S Sf X g Y X Yρ ρ= . 
 



168 

7. If  and  are the cumulative distribution functions of two continuous random 

variables, we have 
XF YF

( ) ( )( ) (, ,X Y )F X F Y X Yτ τρ ρ=  and ( ) ( )( ) ( ), ,S S
X YF X F Y X Yρ ρ= . 

Thus, Kendall’s tau and Spearman’s rho are often measured in terms of uniform random 
variables over [ ] [ ]0,1 0,1× . 

 
Proof: 
See EMBRECHTS et al. (2002, Theorem 3).                                                                                       
 
In the next Theorem, we will see that Kendall’s tau and Spearman’s rho are measures of 
concordance according to the Definition 8.2.1.1, page 161. 
 
Theorem 8.2.4.2 (NELSEN (1999), Theorem 5.1.9): 
If X  and Y  are continuous random variables whose copula is C , then Kendall’s tau and 
Spearman’s rho satisfy the properties in Definition 8.2.1.1 and, therefore, in Theorem 8.2.1.2 for 
a measure of concordance. 
 
We can see that both Kendall’s tau and Spearman’s rho measure the probability of concordance 
between random variables with a given copula and possess a similar structure, but for one pair of 
random variables their values can be quite different. More information to this topic can be found 
in NELSEN (1999, Section 5.1.3) and the references given therein. 
 
 
8.3 Tail Dependence 
 
The coefficients of tail dependence are measures of pairwise dependence that depend only on the 
copula of a pair of random variables X  and Y  with continuous marginal distributions functions, 
i.e. tail dependence measures the dependence between the variables in the upper-right quadrant 
and in the lower-left quadrant of  Tail dependence is mostly used to study dependence 
structures of extreme values in insurance and finance. Note that a number of other definitions of 
tail dependence exist. We will use the phrasing from MCNEIL, FREY AND EMBRECHTS (2006), 
Section 5.2.3 and EMBRECHTS et al. (2002). 

2.I

 
Definition 8.3.1 (MCNEIL, FREY AND EMBRECHTS (2006), Definition 5.30): 
Let X  and Y  be random variables with continuous distribution functions  and  The 
coefficient of upper tail dependence is  

F .G

 
( ) ( ) ( )( )1 1

U U
1

: , lim
t

,X Y P Y G t X F tλ λ
−

− −

→
= = > >  

 
provided a limit  exists. Similarly, the coefficient of lower tail dependence is [U 0,1λ ∈ ]
 

( ) ( ) ( )( )1 1
L L

0
: , lim

t
,X Y P Y G t X Fλ λ

+

− −

→
= = ≤ ≤ t

]

 

 
provided a limit  exists. [L 0,1λ ∈
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It can be shown that the coefficients depend only on the unique copula  of C X  and  and that ,Y
( ) ( )L L, ,X Y Y Xλ λ=  and ( ) ( )U U,X Y Y Xλ λ= , .  Therefore, we have 

 
Theorem 8.3.1: 
Let X  and  be random variables with continuous cumulative distribution functions  and G  
and let 

Y F
Uλ  and Lλ  be the coefficients of tail dependence defined by Definition 8.3.1. If C  is the 

bivariate copula for ( ),X Y  such that the coefficients of tail dependence exists, then  
 

( )
U

1

1 ,
2 lim ,

1t

t t
t

λ
−→

−
= −

−
C

   
( )

L
0

,
lim .
t

t t
t

λ
+→

=
C

 

 
Proof: 
We have 

( ) ( )( )
( ) ( )( )

( ) ( )( ) ( ) ( )( )( )
( ) ( )( ) ( ) ( )( )( )
( ) ( )( )

( )( )
( ) ( )

1 1

1

1

1

1 1

lim

    lim

1 , ,

 , ,

 ,
    lim

1 2 , 1 ,
    lim 2 lim

1 1

U
t

t

t

t t

P Y G t X F t

P G Y t F X t

P F X t G Y t P F X t G Y t

P F X t G Y t P F X t G Y t

P F X t G Y t
P F X t

t C t t C t t
t t

λ
−

−

−

− −

− −

→

→

→

→ →

= > >

= > >

− > ≤ + ≤

− ≤ > + ≤

+ ≤ ≤
=

>

− + −
= = −

− −

≤

≤  

and 
 

( ) ( )( ) ( ) ( )( ) ( )1 1
L

0 0

,
lim lim lim .
t t

t t
P Y G t X F t P G Y t F X t

t
λ

+ +

− −

→ →
= ≤ ≤ = ≤ ≤ =

C
0t +→

 

 
 
Remark 8.3.1: 

( ]U 0,1 ,λ ∈If  then X  and Y  are said to have upper tail dependence or to be asymptotically 
dependent in the upper tail. If  then U 0,λ = X  and Y  are said to be asymptotically independent 
in the upper tail or to have no upper tail dependence. Similarly for  L.λ
 
For Archimedean copulas (see Section 6.2, page 110 ff.) the coefficients of tail dependence can 
be specified straightforward, because these copulas have a closed form. We get the following 
table: 
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Archimedean copula Coefficient of 
lower tail dependence 

Coefficient of upper 
tail dependence 

Frank copula L 0λ =  U 0λ =  

Clayton copula 1/
L 2 ,θλ −=   0θ> U 0λ =  

Gumbel copula L 0λ =  1/
U 2 2 ,θλ = −   1θ>

 
Table 8.3.1: Coefficient of tail dependence for Archimedean copulas 

 
 
Elliptical copulas (see Section 6.1, page 103 ff.) do not have a simple closed form. An interesting 
contrast is that Gaussian copulas are asymptotically independent in the tail, but the -copula has 
tail dependence, as the following example shows. 

t

 
Example 8.3.1 (Tail dependence of Gaussian copula and -copula): t
The tail dependence of the Gaussian copula is given by 
 

( ) ( )U L
1

2 lim 0
1

L L

L
Ga Ga

Lx

x
ρ ρ

ρ
λ λ

ρ→−∞

⎛ ⎞− ⎟⎜ ⎟⎜= = Φ ⎟⎜ ⎟⎜ ⎟⎜ +⎝ ⎠
C C =    for  1,Lρ <

 
where  denotes the standard Gaussian distribution function and  is the linear correlation 
coefficient. Hence, the Gaussian copula is asymptotically independent in both the lower and 
upper tail. Regardless of how high we choose the correlation, if we go far enough into the tail, 
extreme events appear to occur independently in each margin. (See e.g. MCNEIL, FREY AND 
EMBRECHTS (2006), Example 5.32 and EMBRECHTS et al. (2002), Section 4.4). 

1−Φ Lρ

 
However, if we compute the tail dependence for the -copula, we get t
 

( ) ( ) ( )( )
U L 1, ,

1 1
2

1L L

L
t t

Ltνν ρ ν ρ

ν ρ
λ λ

ρ+

⎛ ⎞⎟+ −⎜ ⎟⎜ ⎟= = −⎜ ⎟⎜ ⎟+⎜ ⎟⎟⎜⎝ ⎠
C C    for  1,Lρ >−

 
where  denotes the cumulative distribution function of the univariate standard t -distribution 
with  degrees of freedom and  denotes the usual linear correlation coefficient. Hence, the 
bivariate -distribution is asymptotically dependent in both the lower and upper tail. (See e.g. 
MCNEIL, FREY AND EMBRECHTS (2006), Example 5.33 and EMBRECHTS et al. (2002), Section 4.4). 

tν
ν Lρ

t
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Chapter 9 
 
 
 
 

Sums of Dependent Risks 
 
 
Insurance companies have the possibility of developing “internal models” in Solvency II (see 
Chapter 2). The development of internal models is particularly challenging due to the high 
complexity of mutual dependences of risks within the liability and asset side each, but also 
between risks of these two categories. This fact is, however, still not sufficiently reflected by 
the present-day commercial and non-commercial DFA software tools. For instance, the 
meanwhile commonly accepted geophysical simulation software packages (see e.g. 
PFEIFER (2004) for more technical details) do not allow for a proper consideration of 
dependences between different types of risks (such as windstorm and flooding or hailstorm) 
or between different regions. Likewise, software tools especially designed for Solvency II 
purposes can frequently not account for more sophisticated dependence structures due to the 
modular programming technique that is mainly underlying those products. 
 
Many insurance risks can seem to be almost independent, but are heavily dependent in the 
extreme. One way of handling this is to use copulas. If one recognizes a zero linear 
correlation between two risks, but at the same time recognizes a high tail correlation (e.g. 
Pearson’s linear correlation, Spearman’s rho or Kendall’s tau; see Chapter 8) one simple way 
of using this knowledge on tail dependence would be to change the zero correlation for the 
high tail correlation in the modeling. 
 
In this chapter, we want to show that the proper consideration of risk dependences beyond 
Pearson’s linear correlation is of essential importance in the Solvency II discussion. In 
particular, we emphasize that the concept of correlation which is wide-spread in Solvency 
models such as the Swiss Solvency Test (SST; see e.g. KELLER AND LUDER (2004)), but also 
in geophysical simulation software (see e.g. DONG (2001)) is not appropriate for the 
description of the distributional properties of aggregated risks. See also BLUM, DIAS AND 
EMBRECHTS (2002), page 353 ff. for a case study, or EMBRECHTS et al. (2000) and (2002) for 
a more substantial discussion. 
 
 
9.1 Grid-type Copulas 
 
A central role in modeling dependences between risks is played by the concept of copulas 
(compare to Chapter 5, the monograph of NELSEN (1999), and PFEIFER AND NEŠLEHOVÁ 
(2004), and the references given therein), which is nowadays widely used in risk management 
and finance (see e.g. EMBRECHTS, STRAUMANN AND MCNEIL (2000), EMBRECHTS et al. 
(2002), CHERUBINI, LUCIANO AND VECCHIATO (2004), or MCNEIL, FREY AND 
EMBRECHTS (2006)). 
 
A copula is essentially a multivariate distribution function restricted to the unit cube that has 
continuous uniform margins (compare to Sklar’s Theorem 5.3.1, page 95). Copulas have 
many useful properties, among them uniform continuity and (almost everywhere) existence of 
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all partial derivatives (see e.g. NELSEN (1999), Theorem 2.2.4 and Theorem 2.2.7). Moreover, 
every copula lies between the sharp so-called Fréchet-Hoeffding bounds (see Theorem 5.2.1, 
page 94): 

( ) ( ) ( ) { }1
1

max 1 ,0 min , , .
n

n n
i n

i

u n u u
=

⎧ ⎫⎪ ⎪⎪ ⎪+ − = ≤ ≤ =⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭
∑ u C u uW M …  

 
In two dimensions, both Fréchet-Hoeffding bounds are copulas themselves, but in higher 
dimensions, the Fréchet-Hoeffding lower bound  is no longer -increasing. W n
 
Copula models considered in the literature so far are typically parametric, such as the family 
of elliptical copulas comprising the Gaussian and t-copulas, and the family of Archimedean 
copulas comprising the Gumbel, Frank and Clayton copulas, to mention some (compare to 
Chapter 6, page 110). In many cases these copulas are symmetric, which does frequently not 
match the observed data situation or the number of parameters is small in comparison with the 
dimensionality of the data. Further, for practically all non-trivial copula models of the above 
type, it is impossible to derive explicit expressions for the sum of dependent risks for which 
the dependence structure is given by such a copula. The recent paper by EMBRECHTS, HÖING 
AND PUCCETTI (2005) is one of the few that deals with explicit (and not just asymptotic) 
representations of the distribution of aggregate dependent risks for two or three summands. 
However, very specific copula models are considered here which arise from the problem of 
finding dependence structures that produce extreme Value at Risk (VaR ) (see Section 7.2, 
page 124) scenarios. 

α

 
In this section, we follow a different approach which essentially consists in an approximation 
of the underlying copula by certain grid-type copulas, for which the distribution of the sum of 
two or three (or even more) risks can be explicitly calculated in terms of piecewise defined 
polynomials. This enables also an explicit (approximate) calculation of a Value at Risk and its 
corresponding Expected Shortfall (see Chapter 7), at least if the risks involved have compact 
support. This approach is related to considerations in the paper by EMBRECHTS, HÖING AND 
JURI (2003), Section 4.2.  
 
Definition and Proposition 9.1.1: 

Let  and define intervals ,d n∈` ( )
1 , , 1

1
:

d

d

,j j
i i j

i i
I n

n n=

⎛ ⎤−⎜ ⎥= ⎜⎜ ⎥⎜⎝ ⎦
×"  for all possible choices 

 For every tuple ({1, , : 1, ,d ni i N n∈ =… }.… )1, , d
di i N∈… n , let ( )

1 , , di ia … n  be a non-negative 
real number with the property 
 

( )
( ) ( )

1

1

, ,
, ,   

1
d

d k

i i
i i J i

a n
n∈

=∑ …
…

 for all   { } {1, ,  and 1, , ,kk d i∈ ∈… … }n

.k=
 
with  Then the function  ( ) ( ){ }1: , , |d

k n n kJ i j j N j i= ∈…
 

( ) ( )
( )

1 , ,1
1

, ,
, ,

:
d i idd

d n

d
n i i I n

i i N

c n a n
∈

= ∑ …"
…

1  
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is the density of a d-dimensional copula, called grid-type copula with parameters 
 Here  denotes the indicator random variable of the event ( ) ( ){

1 , , 1| , , .
d

d
i i d na n i i N∈… … } A1 ,A  

as usual. 
 
Proof: 
This follows directly from the construction in the following Remark 9.1.1: the requirement 
that the sum equals 1/  is equivalent to that the marginals are uniformly distributed on [ ]  
which by Remark 5.2.1, page 94 ensures that the cumulative distribution function is a copula. 

n 0, 1 ,

 
 

 
Remark 9.1.1: 
A simple interpretation of grid-type copulas is as follows: suppose that the discrete random 

vector ( 1, , d )Z Z=Z …  has support  with  

Further assume that the random vectors  are uniformly distributed over the interval 
1

,
d

d
n j

N
=

=× nN ( ), .( )
11 ,, ,

di d d i iP Z i Z i a n= = = ……

1 , , di iX …

( )
1 , , di iI n…  each, for ( )  and are independent of  Then the random vector  

has the density 
1, , ,d

d ni i N∈… .Z ZX

nf  above. In other words, the distribution of  is a mixture of standard 
multivariate uniform distributions over the disjoint intervals 

ZX

( )
1 , , ,

di iI n…  with weights given by 

the ( )
1 , , 1, , , ;

di i d na n i i N∈… …  this can be shown analogously to Lemma 4.2.1, page 67. 
 
It is easy to see that in case of an absolutely continuous -dimensional copula  with 
continuous density 

d ,C

 

( ) ( ) ( ) (1 1 1
1

, , , , , , , 0,1 ,
d

d
d d

d

c u u u u u u
u u
∂

= ∈
∂ ∂

C… … …
…

)d  

 
c  can be approximated arbitrarily close by a density of a grid-type copula. We only have to 
choose 

( )

1

 
1

1

, , 1 1 1
1 1

: , , , , ,

d

n

d n

d

i i
n n

i i d d d n
i i

nn

a c u u du du i i N
− −

= =Δ∫ ∫ β
αC… … … … … ∈  

 

with 1, , 1,k k
nk nk

i i k
n n

α β
−

= = = …, .d  This follows e.g. from the classical multivariate 

mean-value-theorem of calculus. Moreover, a sequence of random vectors { }  with a 
grid-type copula density  of this type for each  converges weakly to a random vector X 
with the given copula  

n n∈
X `

nc nX
.C

 
 
9.2 Perfect Dependence 
 
Comonotonicity and Countermonotonicity are particularly interesting cases. They represent 
extreme dependence situations. There are many ways to define the concept of comonotonicity 
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(compare with Definition 7.1.2, and Lemma 7.1.1, page 123 f.) and of countermonotonicity. 
We will now use the copula (compare to Section 5.4, page 98 and EMBRECHTS, FREY AND 
MCNEIL (2006), Section 5.1.2) Fréchet-Hoeffding upper bound M  (Fréchet-Hoeffding lower 
bound ) to give a general definition of comonotonicity (countermonotonicity) for any 
random vector (continuous margin or otherwise). 

W

 
Definition 9.2.1 (Comonotonicity): 
The random variables (risks)  are called comonotonic (perfectly positive 
dependence), if they have as copula the Fréchet-Hoeffding upper bound 

1, , nX X ∈Z…

 
( ) { 1min , ,n

nu u=u …M }  for any nI∈u  and  .n∈`
 
Definition 9.2.2 (Countermonotonicity1): 
The random variables (risks)  are called countermonotonic (perfectly negative 
dependence), if they have as copula the Fréchet-Hoeffding lower bound 

,X Y ∈Z

 
( ) { }2

1 2 1 2, max 1,u u u u= + −W 0  for any  2
1 2, .u u I∈

 
Proposition 9.2.1: 
Two random variables  are ,X Y ∈Z countermonotonic if and only if there exists a 
measurable risk  and a monotone increasing function ( ): , ,Z PΩ →A \ f  on  and a 
monotone decreasing function  on , or vice versa, such that 

\
g \

 
( ) ( ),  X f Z Y g Z= = . 

 
Proof: 
See EMBRECHTS et al. (2002, Theorem 2).                                                                                  
 
Remark 9.2.1: 
In the case where X  and Y  are continuous we have the simpler result that 
countermonotonicity is equivalent to ( )Y T X=  almost surely for a decreasing function  .T
 
Comonotonicity (countermonotonicity) characterizes the risks of the portfolio as being 
increasing (decreasing) functions of a common random factor. It is therefore a strong 
dependence, and measures of dependence such as Kendall’s  or Spearman’s  will 
describe  or  as a perfect structure, i.e. 

τρ Sρ
M W ( ) ( ) 1Sτρ ρ=M M =

−

 or 

, respectively, holds if the margins are continuous (see Section 8.2.4, 
Table 8.2.4.1, page 166). For an in-depth discussion of comonotonicity 
(countermonotonicity), see e.g. DHAENE et al. (2002). 

( ) ( ) 1Sτρ ρ= =W W

 
The problem of determining explicitly the distribution of a sum of two ore more dependent 
risks is generally non-trivial outside the world of normal distributions. In the latter case, it is 
clear that if 1, , nX X…  are jointly normally distributed random variables with mean vector 

                                                 
1 The concept of countermonotonicity does not generalize if , because the Fréchet-Hoeffding lower bound 

 is a copula if and only if  
2n>

W 2.n =
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( )1, , T n
nμ μ=μ … ∈\  and variance-covariance matrix n n

ijσ ×⎡ ⎤Σ= ∈⎢ ⎥⎣ ⎦ \  for some  then 

 is also normally distributed with mean  and variance  

where 1  is the column vector consisting of the entry 1 in every component. This is in general 
no longer true if the joint distribution is not normal, even if the marginals are still normal. 
Cases in which explicit expressions for the distribution of the sum of dependent random 
variables are known are rare, except for the trivial case of identical summands 

,n ∈`

1

:
n

n
i

S
=

=∑ iX
1

n

i
i

μ
=
∑

1 1

,
n n

T
ij

i j

σ
= =

⋅Σ⋅ =∑∑1 1

1iX X=  for 
 which corresponds to the case of perfect comonotonicity. In most cases, Monte 

Carlo simulations are performed from which the cumulative distribution function for the 
aggregated risk is estimated; see e.g. BLUM, DIAS AND EMBRECHTS (2002) for an example. 

2, ,… ,i n=

 
 
9.3 Multidimensional Uniform Risks 
 
In this Section, we shall mainly concentrate on the case of multidimensional uniform risks as 
in Section 3.2 of EMBRECHTS, HÖING AND PUCCETTI (2005), although the ideas developed 
here can be applied more generally at least in the case of multidimensional risks with compact 
support. 
 
Lemma 9.3.1: 
Let U  be independent standard uniformly distributed random variables,  and 

let 

1, , dU… ,d ∈`

df  and  denote the density and cumulative distribution function of  

respectively. Then 

dF
1

: ,
d

d i
i

S U
=

=∑

 

( )
( )

( ) ( ) ( ) [ ] ( )

( ) ( ) ( ) ( ) ( )( ) [ ] ( ) ( ] ( )

1
0,

0

0, ,
0

1 1 sgn
2 1 !

1 1 sgn
2 !

d
k d

d d
k

d
k d d

d d d
k

d
f x x k x k x

kd

d
F x k x k x k x x

kd

−

=

∞
=

⎛ ⎞⎟⎜= − ⎟ − −⎜ ⎟⎜ ⎟⎜− ⎝ ⎠

⎛ ⎞⎟⎜= − ⎟ − + − − +⎜ ⎟⎜ ⎟⎜⎝ ⎠

∑

∑

1

1 1
   for  x∈\

 

with                                                                                                         ( )
1,    0

  0,    0
   1,    0.

x
sgn x x

x

⎧− <⎪⎪⎪⎪=⎨⎪⎪ >⎪⎪⎩

=

 
This follows e.g. from USPENSKY (1937), Example 3, page 277, who attributes this result 
already to Laplace. 
 
Remark 9.3.1: 
The density df  and cumulative distribution function  are assumed to  for  

and 
dF ( ) 0df x = 0x<

x d>  as well as  for  and ( ) 0dF x = 0x< ( ) 1dF x =  for x d>  in this section. 
 
Another mathematical illustration can be found e.g. in DWASS (1970), Paragraph 9.3, 
Example 2, page 279 f. Note that there is a typing error in the formula (3). 
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Lemma 9.3.2: 
Let U  be independent standard uniformly distributed random variables,  and 

let 

1, , dU… ,d ∈`

df  and  denote the density and cumulative distribution function of  

respectively. Then 

dF
1

: ,
d

d i
i

S U
=

=∑

 

( )
( )

( ) ( ) [ ] ( )

( ) ( ) ( ) ( ) [ ] ( ) ( ] ( )

1

0,
0

0, ,
0

1 1
1 !

1 1 1
!

d dk
d d

k

d dk d
d d d

k

d
f x x k x

kd

d
F x k x k x x

kd

−+

=

+

∞
=

⎛ ⎞ ⎡ ⎤⎟⎜= − ⎟ −⎜ ⎢ ⎥⎟⎜ ⎟ ⎣ ⎦⎜− ⎝ ⎠

⎡ ⎤⎛ ⎞ ⎡ ⎤⎡ ⎤⎟⎜⎢ ⎥= − ⎟ − + − − +⎢ ⎥⎜ ⎢ ⎥⎟⎢ ⎥⎜ ⎟ ⎣ ⎦⎜ ⎢ ⎥⎝ ⎠ ⎣ ⎦⎣ ⎦

∑

∑

1

1 1
   for  .x∈\

 
Corollary 9.3.1: 
With the same notations as in Lemma 9.3.1, let  be a fixed real number and  

 be independent random variables such that  is uniformly distributed over the 

interval  with some integer  for all  Then  has 

density and cumulative distribution function 

0h> 1, , ,dV V…
,d ∈` iV

( )1 ,ij h j⎡ −⎣ ih⎤⎦ }dij
+∈] {1, , .i ∈ …

1

:
d

d i
i

T V
=

=∑
( );df h i  and ( ); ,dF h i  respectively, given by 

 

( )

( )

1

1

1;

;

d

d d
i

d

d d
i

x
i

i

f h x f d j
h h

xF h x F d j
h

=

=

⎛ ⎞⎟⎜= + − ⎟⎜ ⎟⎜ ⎟⎝ ⎠
⎛ ⎞⎟⎜= + − ⎟⎜ ⎟⎜ ⎟⎝ ⎠

∑

∑
   for 

1

0 .
d

i
i

x h j
=

≤ ≤ ∑  

 
Proof: 
Follows immediately from the fact that  can be represented as  where 

 has a standard uniform distribution over [  such that  
iV ( )1 ,i iV j h hU= − + i

d

iU ]0,1 ,
 

( )
1 1 1

1 :
d d d

d i i i d d
i i i

T h j h U h j hd hS m hS
= = =

= − + = − + = +∑ ∑ ∑ . 

 
Hence, we have  

( ) ( ); d d
d d d d

x m xF h x P T x P S F
h h

⎛ ⎞ ⎛− −⎟ ⎟⎜ ⎜= ≤ = ≤ =⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎝ ⎠ ⎝
m ⎞

⎠
  

 

and, thus, also ( ) ( )
1

1; ; ,i

d

d d d
i

d xh x F h x f d j
dx h h =

⎛ ⎞⎟⎜= = + − ⎟⎜ ⎟⎜ ⎟⎝ ⎠∑
1

.
d

i
i

 for 0f x h j
=

≤ ≤ ∑                   

 
The preceding results allow us to formulate the main result of this section. 
 
Theorem 9.3.1: 
Let (  be a random vector whose joint cumulative distribution function is given by a 
grid-type copula in the sense of Definition and Proposition 9.1.1, with density 

)1, , dX X…
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( ) ( )
( )

1 , ,1
1

, ,
, ,

:
d i idd

d n

d
n i i I n

i i N

c n a n
∈

= ∑ ……
…

1 .  Then the density and cumulative distribution function 

( );df n� i  and  respectively, for the sum  is given by ( );dF n� i , iX
1

:
d

d
i

S
=
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( ) ( )
( )

( ) ( )
( )

1

1

1

1

, ,
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, ,
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d
d

d n

d
d
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d

d i i d j

j

f
ji i N

d

d i i d
ji i N

n x n a n f nx d i

F n x a n F nx d i

=∈

=∈

⎛ ⎞⎟⎜ ⎟= ⋅ + −⎜ ⎟⎜ ⎟⎜⎝ ⎠

⎛ ⎞⎟⎜ ⎟= ⋅ + −⎜ ⎟⎜ ⎟⎜⎝ ⎠

∑ ∑

∑ ∑

…
…

…
…

�

�
,x ∈\   for  

 
with density df  and cumulative distribution functions  from Lemma 9.3.1. dF
 
Proof: 
Let the random vectors ( )1, , dZ Z=Z …  and  ( )

1 1 1, , , , ;1 , , ;, , ,
d d di i i i i i dX X… … …=X … ( )1, , d

d ni i N∈"  

be as in Remark 9.1.1. Then we can assume ( )1, , dX X ZX… = .  Now 
 

( ) ( ) ( )
( )

( ) ( )
( )
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1 1 1

1

1 1 1 1 1
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                .
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∑
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1 , , ;di i kX …  is uniformly distributed on 1,ki i
n n

⎛ ⎤−⎜ ⎥⎜⎜ ⎥⎝ ⎦
k ; therefore, by Corollary 9.3.1, 
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∑

∑ ∑

di i

 

 
what we were claiming. By differentiation the formula for the density follows.                       
 
It is easy to see that Theorem 9.3.1 extends readily in an approximate manner to the case of 
aggregated dependent risks in the situation where the joint distribution has a compact support 

and a continuous density since it is always possible to find a sequence  of disjoint 
unions of closed non-empty symmetric hypercubes in  dimensions which are close to X , 
i.e.  where  denotes Lebesgue measure and +  denotes the symmetric 

difference of sets. Likewise, the joint density can be approximated by step functions defined 
on  in the same way as for grid-type copulas. The corresponding details will be left to the 
reader; some examples will be given in Section 9.5. 

X nX
d

( )lim 0,d
nn→∞

=X Xm + dm

nX

 
Theorem 9.3.1 and its extensions allow for an explicit representation of the density and 
cumulative distribution function of several dependent (uniformly distributed) risks in terms of 
piecewise defined polynomials of degree  and therefore also for explicit expressions for the 
Value at Risk and the Expected Shortfall of the aggregated risk. This might be a good 
alternative to simulation studies which otherwise must be performed in order to obtain such 

,d
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kind of information. Also, with this approach, the dependence of the Value at Risk and the 
Expected Shortfall on parameters of the distribution can be studied on a theoretical basis. 
 
 
9.4 Sums of Dependent Uncorrelated Risks: Some 

Case Studies 
 
In this section we want to show that even for uncorrelated risks2, a broad range of different 
aggregate sum distributions and representations for Value at Risk and Expected Shortfall are 
possible. We start with the most general case of a grid-type copula with 9 subsquares, i.e. we 
first consider the situation  and  in Definition and Proposition 9.1.1, page 172. 
The weights 

2d = 3n=
( )ija n  for the copula density can then be described in matrix form as 

 

( ) ( )
1/ 3

3 3 1/ 3
1/ 3 1/ 3 1/ 3

ij

a b a b
A a c d c d

a c b d a b c d

⎡ ⎤− −
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⎡ ⎤ ⎢ ⎥= = − −⎢ ⎥⎣ ⎦ ⎢ ⎥
⎢ ⎥− − − − − + + + +⎣ ⎦

 

 
with suitable real numbers [ ], , , 0,1/ 3a b c d ∈  such that all entries in the matrix are  It 
follows that the covariance of the corresponding random variables 

0.≥

1, 2X X  using 
Remark 9.1.1, page 173 and two independent uniformly distributed random variables is 
given by 

,U V
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vanishing in the case 

1 4 2 2 .d a b c= − − −  
 

                                                 
2  Although we stressed in the introduction to this chapter and earlier that correlation is no appropriate measure 

of dependence, it still seems to be the standard dependence measure in practice (compare to Section 8.1, 
page 156). 
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The case of uncorrelated (but possibly dependent) risks hence corresponds to a three-
parameter grid-type copula with parameter ( ), ,a b cγ =  given by 

 

( ) ( )
1/ 3

3 3 1 4 2 2 2 / 3 4 2
1/ 3 2 / 3 4 2 2 / 3 3

ij

a b a b
A a c a b c a

a c a b c a b c

⎡ ⎤− −
⎢ ⎥

⎡ ⎤ ⎢ ⎥= = − − − − + + +⎢ ⎥⎣ ⎦ ⎢ ⎥
⎢ ⎥− − − + + + − − −⎣ ⎦

b c

2

. 

 
The density and cumulative distribution function of the aggregated risk  are 
thus, by Theorem 9.3.1, page 176 f., given by 

2 1:S X X= +
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Note that both functions only depend on the sum  and not on b or c alone. The following 
graphs

b c+
3 show five different densities  and cumulative distribution functions 

 for the sum  for various choices of 
(2 3; ;f γ� i

(2 3; ;F γ� i 2 1 ,S X X= + ( ), , .a b cγ = 4

 

                                                 
3 The source code for all Figures in Section 9.4 can be found in Appendix B.9. 
4 Note that all Figures in Chapter 9 are produced with MAPLE 9.5. 
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Figure 9.4.1: Densities ( )2 3; ;f xγ�  
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Figure 9.4.2: Cumulative distribution functions ( )2 3; ;F xγ�  

 
 
Next, we want to find the “worst” possible Value at Risk in this scenario for . 
We do this by using the following heuristic: we minimize the cumulative distribution function 

2 1:S X X= + 2

 

( ) [ ]( ) [ ]( ) [ ]( )2
2

33; ; 6 9 3 3 4 6 18 11 54 18
2

F x a b c x a b c x a b cγ = − + + + + − − + + − + + +�  

 

at the point 5 .
3

x =  This heuristic is justified as we are interested at the Value at Risk for 

small  and as the course of the cumulative distribution function near to  seems to be ,α 2x =
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mostly determined by the value of the cumulative distribution function near to 2, for example 

at 5 .
3

x =  This minimization is a solution of the following linear programming problem: 

 
minimize!  under the conditions 6 2 2a b+ + c

 

 
1  
3
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3
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+ + ≤

+ + ≥

+ + ≤
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This follows from the fact that the entries in the matrix  above have to be . ( )3A 0≥
 

The solution of this problem is given by all ( )0, ,b cγ =  fulfilling the condition 4 .
9

b c+ =  In 

particular, 2
9

b c= =  is a feasible solution, which is among the cases shown in Figure 9.4.1 

and 9.4.2 above (blue line). In a similar way, we can determine the “best” Value at Risk 

scenario here, which is uniquely determined by the parameter 2 ,0,0 .
9

γ
⎛ ⎞⎟⎜= ⎟⎜ ⎟⎜⎝ ⎠

 This case is also 

shown above (pink line).  
 
It is also possible to express the quantile function for all choices of γ  in an explicit 

way, by solving the appropriate quadratic equations in the representation of  

above. For instance, for 

(3; ;Q γ i )
( )2 3; ;F γ� i

2 ,0,0 ,
9

γ
⎛ ⎞⎟⎜≠ ⎟⎜ ⎟⎜⎝ ⎠
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γ α
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−
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53; ; 1 1
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F γ α
⎛ ⎞⎟⎜ ≤ − ≤⎟⎜ ⎟⎜⎝ ⎠
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with  For the following numerical example, we shall, for simplicity, restrict 

our considerations to the range of 

[: 3 .K a b c= + + ]
20
9

α≤ ≤ . For the three cases “worst” Value at Risk 

scenario, independence and “best” Value at Risk scenario, we obtain 
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( )

12 ,            0 ,
2 29 0, ,

4 1 1 2 9 92 9 , ,
3 3 9 9

2 1 1 13; ;1 2 2 ,         0 , , ,
9 9 9 9

5 1 2 22 ,         0 , ,0,0 .
3 2 9 9
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α α
γ

α α

γ α α α γ

α α γ
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[1]

[2]

[3]

Figure 9.4.3: Cumulative distribution functions for “worst” Value at Risk [1], 
independence [2], and “best” Value at Risk [3] scenario 
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[1]

[2]

[3]

                α  
 

Figure 9.4.4: Quantile functions  for “worst” Value at Risk [1], (3; ;1Q γ α− )
 independence [2], and “best” Value at Risk [3] scenario  

 
 
Likewise, for the Expected Shortfall, we obtain 
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3 9 2 20, ,2 36 2 9 92 9 1 227 81 , ,
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− ≤ ≤

∫

0 .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪ ⎛ ⎞⎪ ⎟⎜⎪ ⎟⎜⎪ ⎟⎜⎪ ⎝ ⎠⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

=

 
 
The following graph shows both the Value at Risk and Expected Shortfall in the range 

20
9

α≤ ≤ ,  for the three cases considered. 
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ES [1]

VaR [2]

ES [2]
VaR [1]

ES [3]

VaR [3]

                 α  
 

Figure 9.4.5: Value at Risk (VaR) and Expected Shortfall (ES) for  
               “worst” Value at Risk [1], independence [2], and 

    “best” Value at Risk [3] scenario 
 
 
For instance, we obtain 
 
 

 worst case independence best case
VaR0.1 1.6838 1.5528 1.4430
ES0.1 1.7892 1.7019 1.5269
VaR0.01 1.9000 1.8586 1.5960
ES0.01 1.9333 1.9057 1.6225
VaR0.005 1.9293 1.9000 1.6167
ES0.005 1.9411 1.9167 1.6260

 
Table 9.4.1: Value at Risk (VaR) and Expected Shortfall (ES) 

 for “worst” Value at Risk, independence, and “best” 
 Value at Risk scenario with  0.1,  0.01,  andα α= =
  0.005α=

 
 
Interestingly, the Value at Risk and Expected Shortfall values in the worst case are between 
16 % and 19 % larger than in the best case in this scenario, which shows that even in the case 
of uncorrelated risks, the range of values for the most popular risk measures for the aggregate 
risk is still enormous! 
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9.5 Sums of Dependent Risks: More General Cases 
 
In this section we will show that the concept of grid-type copulas and their generalizations 
outlined above is numerically very attractive and easy to implement, for instance by use of 
computer algebra systems. This applies especially to situations where the dimension is larger 
than 2 (compare to EMBRECHTS, HÖING AND PUCCETTI (2005)). 
 
Example 9.5.1: 
Suppose that the risks 1X  and 2X  are each uniformly distributed and their joint cumulative 
distribution function is a copula of Clayton or Gumbel type (see Section 6.2, page 114 ff.), i.e. 
 

( ) ( )

( ) ( ) ( )( )

1/

1

1/

2

; , 1 (Clayton)   or

; , exp ln ln (Gumbel)

C u v u v

C u v u v

θθ θ

θθ θ

θ

θ

−− −= + −

⎛ ⎞⎟⎜= − − + − ⎟⎜ ⎟⎜⎝ ⎠

 

 
for ( ) ( )2, 0,1u v ∈ , ≥

2.

000

 with θ  1.
 
We consider the distribution of the aggregated risk The following graph shows 
the calculated densities for  under these copulas, for a grid-type copula approximation 
(see Remark 9.1.1, page 173), with 10  subsquares of the unit interval of equal area each. 

2 1:S X X= +

2S
 

 
 

 

Clayton copula, 1θ= Clayton copula, 2θ=
Gumbel copula, 2θ=

Gumbel copula, 3θ=

Figure 9.5.1: Approximation of densities for two aggregate dependent risks5

 
 
 
 
 
                                                 
5 The source code for the Figure 9.5.1 can be found in Appendix B.10. 
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Example 9.5.2: 
Suppose that the risks 1,  2X X  and 3X  are each uniformly distributed and their joint 
cumulative distribution function is a grid-type copula with  subcubes of the unit 
cube, with equal volumes each, for some  with weights 

32 8m = m

,m ∈`
 

( ) 1: 1
8

i j k
ijk ma p+ += − +  for  and { }, , 1, , 2mi j k ∈ … 1 .

8mp <  

Then 

( )
( )

2

2

3
2

, 0
2
3 3 , 1 2
4 2

3
, 2

2
0, otherwise

x x

x x
f x

x
x

⎧⎪⎪ ≤ ≤⎪⎪⎪⎪⎪ ⎛ ⎞⎪ ⎟⎪ ⎜− − ≤ ≤⎟⎪ ⎜⎪ ⎟⎜⎝ ⎠=⎨⎪⎪⎪ −⎪⎪ ≤ ≤⎪⎪⎪⎪⎪⎪⎩

1

3

 

 
with the density 3f  from Lemma 9.3.1, and the density ( )3 2 ;mf� i  of the aggregate risk 

 is given by 3 1 2:S X X X= + + 3

 

( ) [ ]( )
2 2 2

3 3
1 1 1

2 ; 2 2 3
m m m

m m m
ijk

k j i

f x a f x i j
= = =

= + − +∑∑∑� 0 3.x≤ ≤

,

k+   for  

 
Note that due to  
 

( ) ( ) ( ) ( ) ( )
2 2 2 2

1 1 1 1

1 1 1 0 1 1
m m m m

i j k j k i i j k i j k

i i j k

p p p+ + + + + + +

= = = =

− = − − = = − = −∑ ∑ ∑ ∑ p

3

 

 
the  actually define a copula. The following graphs show the density of the aggregated risk 

 for  and 

ijka

3 1 2S X X X= + + { }1,2m∈
1

8 1mp =
+

 (green line) together with the density 

resulting from independence (red line). 
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copula copula

independence independence

                        2m=  1,m =
 

Figure 9.5.2: Densities of three aggregate dependent risks6

 
 
In the following example we have five risks with densities , which are constant 
interval-wise. This has the advantage that the density and the cumulative distribution function 
for the aggregate risk can be computed exactly. 

1, ,g g… 5

 
Example 9.5.3: 
Here we consider five dependent risks 1, , 5X X…  with different marginal distributions and 
joint density given by 

 

( ) ( ) (
20 20 20 20 20

1 5 ( , , , , ) 1
1 1 1 1 1

, , , , , , , ,I i j k l m
i j k l m

)5f x x i j k l m x xβ
= = = = =

= ⋅∑∑∑∑∑… …1  

 
with ( ) ( ] ( ] ( ] ( ] ( ]I , , , , : 1, 1, 1, 1, 1,i j k l m i i j j k k l l m m= − × − × − × − × − { }, , , , 1, , 20 .k l m∈ …, i j  
The weights for the local five-dimensional uniform distribution are given by 
 

( )
( )

2 3

4 sin1 3, , , ,
4

i j k
i j k l m

K i j k l m
β

+ + +
= ⋅

+ + + + −
   for i j  { }, , , , 1, ,20 ,k l m∈ …

 
with the normalizing constant  
 

( )20 20 20 20 20

2 3
1 1 1 1 1

4 sin
3 12198.

4i j k l m

i j k
K

i j k l m= = = = =

+ + +
= ≈

+ + + + −
∑∑∑∑∑  

 
Note that the support of the joint distribution of five single risks consists of  
disjoint hypercubes in  of equal Lebesgue measure.  

520 3200000=
5\

                                                 
6 The source code for the Figure 9.5.2 can be found in Appendix B.11. 
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The following graph shows the resulting marginal densities  of these five risks. rg
 
 

 

5g

2g
4g

1 3g g=

Figure 9.5.3: Marginal densities7

 
 
The density of the aggregate risk is now given by 
 

( ) ( ) [ ]( )
20 20 20 20 20

sum 5
1 1 1 1 1

, , , , 5
i j k l m

f x i j k l m f x i j kβ
= = = = =

= ⋅ + − + +∑∑∑∑∑ 100x≤ ≤l m+ +  for 0  

 
with the density 5f  from Lemma 9.3.1. The following graph8 shows the result, in comparison 
with the corresponding case of independence. 
 
 

                                                 
7 The source code for the Figure 9.5.3 can be found in Appendix B.12. 
8 The source code for the Figures in 9.5.4 and 9.5.5 can be found in Appendix B.13. 
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copula
independence

Figure 9.5.4: Density of five aggregated risks, dependent versus independent case 
 
 
The following view of the associated cumulative distribution function shows how the        
200-annual PML (see Section 7.2, page 131) shifts upwards in case of dependence. 
 
 

 

independence copula

   X
Figure 9.5.5: Cumulative distribution function, dependent versus independent case 

 
 
Obviously, in all of the above examples, the influence of the copula on the aggregate sum 
distribution is not negligible. In the last example (see Figure 9.5.5), the Value at Risk at a 
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safety level of 99.5 % is 69.2 for the independent case, but 72.4 in the dependent case, which 
is about 4.6 % larger. 
 
 
9.6 Sums of Dependent Risks with Heavy Tails 
 
In the preceding sections, all calculations were based on the fact that the risk distributions had 
in some way a compact support. In the actuarial practice, however, it is convenient to consider 
also unbounded risks, especially those with heavy tails. Such distributions are of relevance 
e.g. when natural perils have to be modeled. Although the approximation argument would be 
applicable here as well, it is interesting to see what the consequences of dependence between 
risks explicitly are in this area. It turns out that the existence of expectations is crucial here. 
 
The following results sharpen in some sense Examples 6 and 7 in EMBRECHTS, MCNEIL AND 
STRAUMANN (2002) as well as Example 2.4 in TASCHE (2002) and discuss the consequences 
of dependence of the risk measure Value at Risk. 
 
Lemma 9.6.1: 
Suppose that the risks 1X  and 2X  each follow a Pareto distribution with density 
 

( )
( )3

1 , 0
2 1

f x x
x

= ≥
+

 

 
and with shape parameter  and form parameter  The cumulative distribution 
function is given by  

1/ 2λ= 1.β =

( ) 11 ,
1

F x x
x

= − ≥
+

0.

2

 

 
Then the density  and cumulative distribution function  of the aggregated risk 

 can be explicitly calculated in the following cases: 
2Sg

2SG

2 1:S X X= +
 
 Case 1: 1X  and 2X  are independent: 
 

( )
( ) ( )

( )
2 22 3

1 1, 1 2 ,
22 1 1

S S
z zg z G z z

zz z z

+
= ≈ = −

++ + +
0;≥  

 
Case 2: 1X  and 2X  are comonotonic, i.e. the corresponding copula is the upper Fréchet 

bound  :M�
 

( )
( ) ( )

( )
2 23 3

1 1 2, 1 ,
24 1 / 2 2 1

S Sg z G z z
zz z

= ≈ = −
++ +

0;≥  

 
Case 3: 1X  and 2X  are countermonotonic, i.e. the corresponding copula is the lower Fréchet 

bound  :W�
 



192 

( )
( ) ( )

( )
( )

2

2

3 3

2

4 2 3 1 ,
6 4 3 3 2 1

8 12 8 4 3
, 6.

2

S

S

z zg z
z z z z

z z z z
G z z

z

+ − +
= ≈

+ − + + ⋅ + +

+ + − + ⋅ +
= ≥

+

z

 

 
Here, ≈  means that the expressions have the same limit for .z →∞  
 
Proof: 
In the independent case, we have 
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 the statement follows. 

 
Case 2 is trivial since the distribution of  is identical to that of 2S 12X  Case 3 follows from 
the observation that for the cumulative distribution function  of F iX , , we have 1, 2i =
 

( )
( )

1
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1 1, 0 1.
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F u u
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Hence  is distributed as 2 1S X X= + 2 ( ) ( )
( )

1 1
22

1 11 2
1

F U F U
U U

− −+ − = + −
−

 for a 

standard uniformly distributed random variable U. Since the mapping ( ) , 0,1 →\
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u for the inequality 
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is given by the compact interval  
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It follows readily that 
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2 1 022
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The density given above now follows by differentiation.                                                           
 
It is interesting to see that asymptotically, Case 1 and Case 3 are equal, and that in all three 
cases the density of the aggregate sum is – up to a constant factor – of the same Pareto type as 
the distribution of each summand. 
 
The following graphs9 show the cumulative distribution functions and Value at Risk’s for  
in the three cases above. 

2S

 
 

 
9 The source code for the Figures 9.6.1 and 9.6.2 can be found in Appendix B.14. 



194 

 

Case 2: comonotonicity

Case 3: countermonotonicity

Case 1: independence

Figure 9.6.1: Cumulative distribution functions for the three cases 
 
 

 

Case 1: independence

Case 3: countermonotonicity

Case 2: comonotonicity

α  
Figure 9.6.2: Value at Risk’s for the three cases 

 
 
Surprisingly, Case 3 with countermonotonicity produces the “worst” Value at Risk scenario 
here, while Case 2 with comonotonicity corresponds to the “best” Value at Risk scenario!  
 
A little more calculus shows that we have indeed: 
 

Case 1: ( )2 2 22

4 2 42 4
1 1

( 0)Sα α
α αα

= − − − →
+ −

∼VaR  

Case 2: ( )2 2

2 2VaR  Sα α
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Case 3: ( )
( )2 22 2

4 4 42 2
2

VaR Sα α
α αα

= − + + →
−

∼ ( 0)

.

 

 
for  0 1α< <
 
Therefore, the required capital for a portfolio consisting of two independent or 
countermonotonic risks of the same type is strict greater than the sum of required capital for 
two portfolios with one risk for every portfolio. This seems to contradict the intuition that 
countermonotonicity creates a diversification effect since “large” risks are always coupled 
with “small” risks. Furthermore, the required capital for a portfolio of two independent risks 
of the same type is asymptotic equivalent (for large return period) to the required capital for a 
portfolio of two negative dependent risks of the same type, which means that independence is 
near to the worst case! 
 
If we use the square root formula (see Section 7.5, page 146 ff.) to compute the solvency 

capital for both individual VaR -values, we get for small  α ,α 2 2

1 22 1
α α
⎛ ⎞⎟⎜ − ≈⎟⎜ ⎟⎜⎝ ⎠

 in 

comparison to 2

4 4
α α

− ≈ 2

4  for the independent case. This is asymptotically a rate of 1 to 2.8 

( 2 : 4 1: 2 2 1: 2.8= ≈ ). Therefore, the square root formula would underestimate the 
required capital about 65 %! 
 
Lemma 9.6.2: 
Suppose that the risks 1X  and 2X  each follow a Pareto distribution with density 
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and with shape parameter  and form parameter . The cumulative distribution 
function is given by  
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+

0.

2

 

 
Then the density  and cumulative distribution function  of the aggregated risk 

 can be explicitly calculated in the following cases: 
2Sg

2SG

2 1:S X X= +
 
 Case 1: 1X  and 2X  are independent: 
 

( )
( )

( ) ( )( ) ( )

( )
( )

( )

2

2

3 2

2

2

ln 1 2 24 ,
2 1 2 1

2 2ln 1
, 0;

2

S

S

z zg z
z z z

z z z
G z z

z

+
= + ≈

+ + + +

+ − +
= ≥

+

2z
 

 
Case 2: 1X  and 2X  are comonotonic, i.e. the corresponding copula is the upper Fréchet 

bound  :M
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Case 3: 1X  and 2X  are countermonotonic, i.e. the corresponding copula is the lower Fréchet 

bound  :W�
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Here, ≈  means that the expressions have the same limit for .z →∞  
 
Proof: 
In the independent case, we have 
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 the statement follows. 

 
Case 2 is again trivial since the distribution of  is identical to that of 2S 12 .X  Case 3 follows 
from the observation that for the cumulative distribution function  of F iX , , we have 1, 2i =
 

( )1 1 1, 0 1.
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Hence  is distributed as 2 1S X X= + 2 ( ) ( )1 1 1 11 2
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F U F U
U U

− −+ − = + −
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 for a standard 

uniformly distributed random variable U. Since the mapping ( ) , 0,1 →\ 1 1 2
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u
u u
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−
6  is 

again strictly convex and symmetric with respect to the point u and attains its minimum 
there (having value 2), we see that the feasible set of real valued solutions u for the inequality 
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is given by the compact interval  
 

0 1
1 1 2 1 1 2: ,
2 2 2 2 2 2

z zu u
z z

⎡ ⎤− −⎢ ⎥= − + =⎢ ⎥+ +⎢ ⎥⎣ ⎦
: .  

 
It follows again readily that 
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The density given above again follows by differentiation.                                                         
 
The following graphs10 show the cumulative distribution functions and Value at Risk’s for  
in the three cases above. 

2S

 
 

 

Case 2: comonotonicity Case 1: independence

Case 3: countermonotonicity

Figure 9.6.3: Cumulative distribution functions for the three cases 
 
 

                                                 
10 The source code for the Figures 9.6.3 and 9.6.4 can be found in Appendix B.14. 



198 

 

Case 1: independence
Case 1: independence

Case 3: countermonotonicity

Case 2: comonotonicity

α  
Figure 9.6.4: Value at Risk’s for the three cases 

 
 
Unlike above, Case 1 with independence produces the “worst” possible Value at Risk in this 
scenario for small values of  while Case 2 with comonotonicity again corresponds to the 
“best” possible Value at Risk in this scenario for  Note, however, that there is 
exactly one intersection point between Case 1 and Case 3, and that all Value at Risk scenarios 
are asymptotically equivalent. This will be discussed later in more detail. 

,α

2 1:S X X= + 2.

 
Note also that in Case 1, no explicit representation of the Value at Risk is possible. For the 
other two cases, we obtain: 
 

Case 2: ( )
( )

2

2 1 2 ( 0)Sα

α
α

α α
−

= →∼VaR  

 

Case 3: ( )
( )2

2

1 1 2 2 ( 0
2

)Sα

α
α

α α α
+ −

= ⋅ →
−

∼

.

VaR  

 
for  0 1α< <
 
Lemma 9.6.3: 
Suppose that the risks 1X  and 2X  each follow a Pareto distribution with density 
 

( )
( )3

2 , 0
1

f x x
x

= ≥
+

,

= =±

 

 
and with shape parameter λ  and form parameter β . The cumulative distribution 
function is given by  

2 1

( )
( )2

11 ,
1

F x x
x

= − ≥
+

0.  
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Then the density  and cumulative distribution function  of the aggregated risk 
 can be explicitly calculated in the following cases: 

2Sg
2SG

2 1:S X X= + 2

 
Case 1: 1X  and 2X  are independent: 
 

( )
( )

( )
( )

( ) ( ) ( )

( )
( ) ( )

( )
( )

2

2

2

5 4 2

3 2

3 4

4 10 1048ln 1 4 ,
2 2 1 1

12 ln 17 16 6 , 0;
2 1 2

S

S

z z zz
g z

z z z

zz z zG z z z
z z z

+ ++
= + ≈

+ + + +

⋅ ++ + +
= −

+ + +

3z

≥

 

 
Case 2: 1X  and 2X  are comonotonic, i.e. the corresponding copula is the upper Fréchet 

bound  :M

( )
( ) ( )

( )
( )2 23 3 2

8 8 4, 1 ,
2 1 2

S Sg z G z z
z z z

= ≈ = −
+ + +

0;≥  

 
Case 3: 1X  and 2X  are countermonotonic, i.e. the corresponding copula is the lower Fréchet 

bound  :W�
 

( )
( )

( ) ( )

( )
( )

( ) ( ) ( )

2

2

2 3
2 2 2 2

4 2 2
2

4 2 4 ,
14 2 2 4 5 4 5 1 4 5

1 2 4 2 8 8 2 1, 2.
2

S

S

z
g z

zz z z z z z z z

G z z z z z
z

+
= ≈

++ + − + + ⋅ + + − + +

= + − + − − + + ≥
+

 

 
Here, ≈  means that the expressions have the same limit for .z →∞  
 
Proof: 
In the independent case, we have 
 

( ) ( ) ( )
( ) ( )2 3 3

0 0

1 14
1 1

z z

Sg z f x f z x dx dx
x z x

= − =
+ + −∫ ∫  for  0.z>

Let  

( )
( ) ( ) ( )( ) ( ) ( ) ( )5 4 2

24 1 2 1 2 1: ln 12 2
1 1 1 1 1

a
x x a x ah x

a xa a x a x a x

⎛ ⎞+ − + − +⎟⎜= + +⎟⎜ ⎟⎜⎝ ⎠−+ + + − + +
2 2a x−

 

 
for 0 x a≤ <  with  Then 0.a>
 

( )
( ) ( )3 3

4' :
1

ah x
x a x

=
+ −

 for 0 .x a≤ <  

Thus 
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( )
( ) ( ) ( )( ) ( ) ( ) ( )1 5 4 2 2

24 1 2 2: ln 12 2
12 2 1 1 2 1

z
x x z x zh x

z xz z x z x z x
+

⎛ ⎞+ − −⎟⎜= + +⎟⎜ ⎟⎜⎝ ⎠+ −+ + + + − + +
21 z x+ −

 

 

is the indefinite integral of 
( ) ( )3

2 2
1 1 3x z x

⋅
+ + −

 and hence we have 
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0
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for  With 0.z> ( )
( ) ( )

( )
( )2

3 2

3

12 ln 17 16 6
2 1 2

S

zd z z zg z z
dz z z z

⎛ ⎞⋅ ++ + + ⎟⎜ ⎟⎜= − ⎟⎜ ⎟⎜ ⎟⎜ + + +⎝ ⎠
4  the statement follows. 

 
Case 2 is again trivial since the distribution of  is identical to that of 2S 12 .X  Case 3 follows 
from the observation that for the cumulative distribution function  of F iX , , we have 1, 2i =
 

( )1 1 1, 0 1.
1

F u u
u

− = − < <
−

 

 

Hence  is distributed as 2 1S X X= + 2 ( ) ( )1 1 1 11 2
1

F U F U
U U

− −+ − = + −
−

 for a 

standard uniformly distributed random variable U. Since the mapping ( ) , 0,1 →\
1 1 2

1
u

u u
+

−
6 −  is again strictly convex and symmetric with respect to the point 

 and attains its minimum there (having value 1/ 2u = 2 2 2− ), we see that the feasible set of 
real valued solutions u for the inequality 
 

1 1 2 , 2 2
1

z z
u u
+ − ≤ ≥

−
2−  

 
or, equivalently, by taking squares on both sides, 
 

( ) ( )
( )21 2 2 , 2 2

1 1
z z

u u u u
+ ≤ + ≥

− −
2−

] v

 

 
is given by the compact interval [  with (substitute ) 0 1,u u ( )1u u− =
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It follows again readily that 
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2 1 0

4 2 2
2
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1
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The density given above again follows by differentiation.                                                         
 
The following graphs11 show the cumulative distribution functions and Value at Risk’s for  
in the three cases above. 

2S

 
 

 

Case 2: comonotonicity Case 1: independence

Case 3: countermonotonicity

Figure 9.6.5: Cumulative distribution functions for the three cases 
 
 

                                                 
11 The source code for the Figures 9.6.5 and 9.6.6 can be found in Appendix B.14. 
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Case 1: independence

Case 3: countermonotonicity

Case 2: comonotonicity

α  
Figure 9.6.6: Value at Risk’s for the three cases 

 
 
Note that here Case 2 with comonotonicity produces the “worst” possible Value at Risk in 
this scenario for small values of  while Case 3 with countermonotonicity corresponds to the 
“best” possible Value at Risk in this scenario for  This is in accordance with 
intuition. Also, there is exactly one intersection point between Case 2 and Case 3 with Case 1.  

,α

2 1:S X X= + 2.

Also note that in Case 1, again no explicit representation of the Value at Risk is possible. For 
the other two cases, we obtain: 
 

Case 2: ( )2
2 2VaR  Sα α

= −

 

Case 3: ( )
( )2

2

1 1 12 22 2 (
2

0)Sα

α
α

αα α

+ − −
= − − →

−
∼

.

.

VaR  

 
for  0 1α< <
 
 
The fact that pairwise intersections between the cumulative distribution functions and the 
quantile functions, respectively for the dependent cases and the independent case occur in 
Lemma 9.6.3 is due to the fact that the expectation of the risks exists here. Namely, if F and G 
are different cumulative distribution functions for non-negative risks with the same 
expectation, then 

( )( ) ( )( )
0 0

1 1F x dx G x dx
∞ ∞

− = −∫ ∫  

 
Hence it is not possible that we can have  for all  such 
that at least one intersection point between F and G must exist. [The examples in Sections 9.4 
and 9.5 show that we can even have arbitrarily many.] This implies also that a uniformly 

( ) ( ) ( ) ( )  or  F x G x F x G x< > ,x ∈\
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“worst” or “best” Value at Risk scenario cannot exist in case of finite expectation, as was also 
pointed out in EMBRECHTS, HÖING AND PUCETTI (2005). Note however, that in Lemma 9.6.2 
this is possible, since all risks have infinite expectation here. 
 
 
9.7 Implications for DFA and Solvency II 
 
It should have become clear from the preceding discussion that neglecting dependences 
between risks in an insurer’s portfolio can lead to a substantial misspecification of the target 
or solvency capital, which is strongly related to the overall (aggregated) risk of the company. 
For example, in the SST (see e.g. KELLER AND LUDER (2004)), all typical insurance risks are 
considered to be independent, as becomes clear from the use of the word “convolution” 
everywhere. 
 
The present discussion about which risk measure should be used to calculate the target or 
solvency capital concentrates on Value at Risk and Expected Shortfall mainly. However, both 
measures are heavily influenced by the underlying dependence structure, even in the case of 
uncorrelated risks, as has been shown in Section 9.4. This is particularly crucial when natural 
perils such as windstorm, hailstorm, flooding, earthquakes and others are considered. The first 
mentioned hazards have sometimes joint climatic triggers, which lead to dependences 
especially of the larger losses, due to spatial or temporal dependence. 
 
The following graph12 shows a scatterplot pertaining to an empirical copula derived from a 
portfolio consisting of windstorm (U) and flooding (V) losses. The following matrix shows 
the relative frequency of points in the grids used for discretization: 
 

1 0 3 4 4 0 12 16
2 2 2 3 8 8 8 121 1
2 4 2 1 8 16 8 434 136
3 3 2 0 12 12 8 0

⎡ ⎤ ⎡
⎢ ⎥ ⎢
⎢ ⎥ ⎢
⎢ ⎥ ⎢= =⎢ ⎥ ⎢
⎢ ⎥ ⎢
⎢ ⎥ ⎢
⎣ ⎦ ⎣

F

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

                                                

. 

 
It can be clearly seen that the corresponding copula is not symmetric, and that – due to a lack 
of data – there is not necessarily a tail dependence visible in the right upper part of the square. 
 
 

 
12 This example can be found in PFEIFER (2005a). 
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Figure 9.7.1: Empirical copula for windstorm versus flooding 

 
 
If we perform a -test for example above, with three cells (one marked in green and two in 
red), and hence 2 degrees of freedom, we get a test statistic of  corresponding to a 
p-value of . If we have independence, then we expect to get  points in the 
middle in comparison to 3 observed points top left and down right, and  in comparison 
to 28 observed points in the middle of the fields. So it is reasonable to assume that there is 
some dependence between these risks. Therefore, windstorm and flooding losses have a (low) 
positive dependence with high probability, which we can see on the position of the points 
toward diagonal in the figure above. The data can be well fitted to a 4  grid-type copula 
represented by the following weight matrix

2χ
5.7176T =

0.0574 6.375
21.25

4×
13 (see Section 9.4, page 178 ff.): 

 
13 8 8 5
12 15 7 01
8 17 7 12136
1 4 12 17

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

A . 

 
Note that if we relate the weights  to the physical cells in the scatterplot above, we obtain 
the following picture: 

ija

 
 
 
 

                                                 
13 We have multiplied 34 by 4 so that the side conditions of constant marginal sums are fulfilled with “little” 

changes. 
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14a  24a  34a  44a  

13a  23a  33a  43a  

12a  22a  32a  42a  

11a  21a  31a  41a  

 
 

To illustrate the usefulness of grid-type copulas, we assume for simplicity and purposes of 
comparison that the marginal distributions of windstorm and flooding are of the same Pareto 
type as in Lemma 9.6.3 above. The following graph shows the empirical quantile function for 
the aggregate risk from a Monte Carlo study with 100 000 simulations using this copula: 
 
 

 

Case 1: grid-type copula (blue)

Case 2: independence (red)
Case 3: comonotonicity (green)

    α  
Figure 9.7.2: Value at Risk’s for aggregate risk 

 
 
It is clearly seen that the Value at Risk for the aggregate risk under the grid-type copula is 
strictly above the Value at Risk under independence for values of  and close to the 
Value at Risk under comonotonicity for values of  around 0.1. 

0, 4α<
α

 
Using grid-type copulas or related concepts of dependence can thus improve very much the 
reliability of estimations of the target or solvency capital in the Solvency II process. 
 
Finally, it should be pointed out that most DFA tools such as commercial geophysical 
modeling software (see e.g. DONG (2001), GROSSI AND KUNREUTHER (2005), KATHER AND 
KUZAK (2002)) do not properly implement dependence structures, but rather rely on 
correlation. The use of grid-type copulas or related dependence concepts could likewise 
improve the performance of such products. The mathematical background of the typical 
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modeling approach used here is explicitly described in PFEIFER (2004). This approach is 
based on a special case of the classical collective risk model, consisting of Poisson distributed 
claim numbers and random or deterministic claim sizes. This is also an element of the SST 
(see Section 2.2.3, page 17). 
 
The modeling of dependence of entire processes will be important in the context of Solvency 
II. An approach can be found, e.g. in PFEIFER AND NEŠLEHOVÁ (2004) and NEŠLEHOVÁ 
(2004). Copulas are examined in conjunction with qualified point processes there. 
 
As a last thing we want to point to EMBRECHTS AND PUCCETTI (2006) and MCNEIL, FREY AND 
EMBRECHTS (2006) and the references given therein, where general lower and upper bounds 
for Value of Risk of sums of dependent random variables (risks) are given. The problem of 
finding the copula for which the sum of the  marginals have a worst possible Value at Risk, 
given  and the marginal distributions, was recently examined by EMBRECHTS AND 
HÖING (2006). 

n
2n>
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Appendix A 
 
 
 
 

A.1 Saffir–Simpson scale of hurricane intensity 
 
 

SSI 
scale1 Wind Speed 

Storm Surge 
(feet) Damage caused 

Examples for 
Hurricanes 

1 
74 – 95 mph 

(119 – 153 km/hr) 4 – 5 

No real damages are to 
building structures. Damages 
are mainly to shrubbery, trees 
and unanchored mobile 
homes. Some coastal road 
flooding and minor pier 
damage. 

2002: Hurricane Lili 
2004: Hurricane 
          Gaston 
 

2 
96 – 110 mph 

(154 – 177 km/hr) 6 – 8 

Damages are to buildings 
(window, door and roofing). 
Considerable damage to 
unprotected mobile homes, 
shrubbery, trees with some 
trees blown down and poorly 
built piers. Coastal and low-
lying escape routes flood 2 to 
4 hours before arrival of 
hurricane eye. Small craft in 
unprotected anchorages break 
moorings. 

2003: Hurricane  
          Isabel 
2004: Hurricane  
          Frances 

3 
111 – 130 mph 

(178 – 209 km/hr) 9 – 12 

Mobile homes and poorly 
constructed signs are 
destroyed. Some structural 
damage to small buildings. 
Damages are to shrubbery, 
large trees blown down and 
some trees lose their foliage. 
Flooding near the coast 
destroys smaller structures, 
with larger structures 
damaged by floating debris. 
Terrain continuously lower 
than 5 ft above mean sea level 
may be flooded inland 8 miles 
(13 km) or more. Evacuation 
of low-lying residences with 
several blocks of the shoreline 
may be required. 

2004: Hurricane  
          Jeanne 
2004: Hurricane  
          Ivan 

                                                 
1 Source: KHATER AND KUZAK (2002), page 285 and http://www.nhc.noaa.gov/aboutsshs.shtml, respectively. 



208 

SSI 
scale Wind Speed 

Storm Surge 
(feet) Damage caused 

Examples for 
Hurricanes 

4 
131 – 155 mph 

(210 – 249 km/hr) 13 – 18 

Mobile homes are complete 
destroyed. Shrubs, trees, and 
all signs are blown down. 
Significant damages occur to 
roofs, doors and windows. 
Major damage to lower floors 
of structures near the shore. 
Terrain lower than 10 ft 
above sea level may be 
flooded requiring massive 
evacuation of residential areas 
as far inland as 6 miles (10 
km). 

2004: Hurricane  
          Charley 
2005: Hurricane  
          Dennis 

5 
> 155 mph 

(> 249 km/hr) > 18 

Complete destruction of roofs 
on many homestead and 
industrial buildings. Mobile 
homes are complete 
destroyed. All shrubs, trees, 
and signs are blown down. 
Significant and expensive 
damages occur to roofs, doors 
and windows. Some small 
buildings overturned and 
blown away. Low-lying 
escape routes are cut by rising 
water 3-5 hours before arrival 
of the center of the hurricane. 
Major damage to lower floors 
of all structures located less 
than 15 ft above sea level and 
within 500 yards of the 
shoreline. Massive evacuation 
of residential areas on low 
ground within 5-10 miles (8-
16 km) of the coast may be 
required. 

1992: Hurricane  
          Andrew 
2005: Hurricane  
          Katrina2

 
 

                                                 
2 More information to Hurricane Katrina can be found in AON RE SERVICES (2005). 
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Appendix B 
 
 
 
 

Source Code 
 
 
B.1 Collective model of risk theory 
 
With the aid of a computer algebra system (such as MAPLE, for instance) it is possible to 
expand the function in Example 4.1.1 numerically, say up to the order 150: 
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For instance, form the output above, we can read off 
 
( )90 0,000329P SΔ = = , or, by summation,  ( )80 100 0,008308176060.P SΔ≤ ≤ =

 
Due to the relatively large standard deviation, many of these terms are necessary in order to 
order 200 or more are necessary. The same MAPLE worksheet produces, for instance, 
reproduce the aggregate claims distribution appropriately. Thus it may happen that term of  
 

( ) 11 200 19 3003.242115364 10 1.107461642 10S s s… …ϕ
Δ

− −= + + + +s … . 
 
The following graph shows the corresponding cumulative distribution function for the 
discretized aggregate loss  SΔ

 

ΔSF (x) 

 
 
 
with the following source code: 
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B.2 EP curve 
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B.3 Example for Panjer’s recursive algorithm 
 
A possible way to perform the recursion is MAPLE. We compute the first 16 terms of 
Panjer’s recursion here. 
 

 
 
Note that in MAPLE, list indices start with 1. Therefore no extra definition of kf  for  
is necessary. 

0k =
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B.4 Example for the discrete Fourier transform 
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B.5 Figure 5.4.1: Fréchet-Hoeffding lower bound, independence copula and  
   Fréchet-Hoeffding upper bound 
 

 



 215 

B.6 Elliptical copula 
 
 

Gaussian copula (with ) 0.8Lρ =−
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Student copula (with  and ) 0.8Lρ =− 3ν =
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B.7 Archimedean copula 
 
 
Frank copula (with 1.5θ = ) 
 

 
 
 
Clayton copula (with 1.5θ = ) 
 

 
 
 
Gumbel copula and corresponding density (with 1.5θ = ) 
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B.8 Figure 7.2.1: Comparison of Value at Risk for two independent risks 
  with the aggregate loss of two risks 
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B.9 Sum of dependent uncorrelated risks:  
 some case studies 
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B.10 Approximation of densities for two aggregate dependent risks 
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B.11 Densities of three aggregate dependent risks 
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B.12 Marginal densities 
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B.13 Density and cumulative distribution function of five aggregated risks, 
 dependent versus independent case 
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B.14 Sums of dependent risks with heavy tails 
 
 
Lemma 9.6.1 
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Lemma 9.6.2 
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Lemma 9.6.3 
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List of Symbols 
 
 
 
 
Symbol   Page
    
B Borel -algebra on \  σ   

dB  Borel -algebra on  σ d\   
( ), , PΩ A  Probability space   

Z  Non-empty set of -measurable nonnegative real-valued 
random variables (risks) 

A   

,X   ,Y Z  Random variables   
X ,   ,Y Z Real-valued random vectors   
{ }n n

X
∈` , { }n n

Y
∈` , 

{ }n n
Z

∈`  

Sequences of identically distributed non-negative random 
variables (claims, losses) 

  

Γ  Euler gamma function      43 
N  Number of claims (losses), frequency      55 
S  Aggregate claim (aggregate loss)      55 
F  Survival function of the cumulative distribution function  F      56 

XP  Distribution of X       56 
X YP P∗  Convolution of the distributions of X  and Y       56 
X YF F∗  Cumulative distribution function of their convolution 

 X YP P∗
     56 

Xf  Density function of X       56 

X Yf f∗  Density function of their convolution  X YP P∗      56 

SF  Cumulative distribution function of the aggregate claim  
(loss) 

S      56 

( ):np P N n= =  Point probabilities of  for  N 0,1,2,n = …      56 
nF ∗  n -fold convolution of  F      56 
nf ∗  n -fold convolution of f       57 

Xψ  Moment generating function of individual claims X  or of 
the  

  

 distribution  XP      58 
Xϕ  Probability generating function of X or of the distribution 

 XP
     58 

nL  Discrete uniform distribution (Laplace distribution)      62 

( ),n pB  Binomial distribution with parameter  and  n p      62 

( ), pβNB  Negative binomial distribution with parameter  and β p       62 

( )λP  Poisson distribution with parameter λ       62 

Continuous uniform distribution with parameter  and b  a
 

     62 [ ]( ),a bU  

( )λE  Exponential distribution with parameter λ       62 
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( ),a λΓ  Gamma distribution with parameter  and λ  α      62 

( )2,μ σN  Normal distribution with parameter μ  and       62 

I  Suitable interval containing zero      63 
Δ  Step size      65 
XΔ  Claim size      65 

ijX  Independent, positive random variables (claim sizes,   
 losses) with ) 1 ,i n j≤ ≤ ∈`      67 

iS  Scenario loss (the yearly total loss induced by a single   
 scenario ) i      67 

iQ  Claim size distribution for every single scenario i       67 

Q�  Mixture distribution      69 
ξ  (finite) point process      70 

aε  Dirac measure for  da ∈\      70 
Eξ  Intensity measure      70 

dm  Lebesgue measure on  d\      70 
( )  

XP Ji  Conditional distribution of an event point nX  under  J      70 

( ){ }t J
N t

∈
 Counting process for ,  [ ]0,J T= 0T >      71 

( ){ }t J
R t

∈
 Aggregated claims process for ,  [ ]0,J T= 0T >      71 

L  Typical loss      73 
M  Maximum loss      74 

iϖ  Finite right endpoints for every single scenario i       76 

iϑ  Modeled loss from scenario i       79 

kf  Discretized positive individual claim size probabilities      82 

kg  Discretized aggregate loss probabilities      82 
F  Set of sequences      83 
f  ( )1-A norm of f       84 

ˆ ,f   ĝ Discrete Fourier transform of a sequence  1,f g A∈      85 

( ) ( )F x P X x= ≤  Distribution functions of random variable X       91 

( ) ( )G y P Y y= ≤  Distribution functions of random variable Y       91 
n

\  Extended -dimensional real space n      91 
x  Vector in 

n
\       91 

( ],x y  Half open -box inn
n

\       91 

[ ],x y  n -box in 
n

\       92 
nI  Unit -cube inn

n
\       92 

DomH  Domain of a function H       92 
RanH  Range of a function H       92 

kH  Univariate margin of an -place real-valued function n H       92 

[ ]( ),HV a b ,  HΔb
a

H -volume of an -box n      92 

C  Copula      94 
nW ,  W Fréchet-Hoeffding lower bound copula      94 
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nM ,  M Fréchet-Hoeffding upper bound copula      94 
≺  Concordance ordering      95 

1F−  Pseudo-inverse function of distribution function  F      95 
HC  Copula corresponding to a distribution function H       97 

XC  Copula corresponding to a random vector  X      97 
nΠ , Π  Independence copula      98 
( ), ,n ψμ ΣE�  Elliptical distribution    103 

( )det Σ  Determinant of a matrix  Σ    104 
Ga
ΣC , L

Ga
ρ

C  Gaussian copula    105 

,
t

Rcν  Density of the -copula t    108 

,
t

RνC , 
, L

t
ν ρ

C  t -copula    108 

[ ]1ϕ −  Pseudo-inverse of an Archimedean generator    110 

Cδ  Diagonal section of an Archimedean copula  C    111 
Fra
θC  Frank copula    113 
Cla
θC  Clayton copula    114 
Gu
θC  Gumbel copula    115 

Gucθ  Density of Gumbel copula    116 
R  Risk measure    121 
Q  Quantile with  and α  be the probability of ruin  1q α= −   
 (level) with  ( )0,1α∈    125 

VaR,   VaR ,α Value at Risk   

VaRα      125 
T  Return period    126 
D  Composition of functions    128 

Tx  T -annual PML    132 
ES, , ESα ES α  Expected Shortfall    129 

1: :n n nX X≤ ≤…  Order statistics of 1, , nX X… .    141 

( )iI x  Indicator random variable of the event { }iX x≤  for any 
fixed  x∈\

   142 

totalSCR  Total Solvency Capital Requirement for non-life / casualty    147 
SCα  Absolute solvency capital for the aggregate risk    151 

( )SCR iα  Solvency Capital Requirement for every individual risk iX     148 

SCRα  Total Solvency Capital Requirement in the case of normal 
distribution 

   148 

ESCRα  Individual Solvency Capital Requirement in the case of 
normal distribution 

   149 

( )VaR iα  The Value at Risk for every individual risk iX     147 

( )ES iα  The Expected Shortfall for every individual risk iX     149 
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