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Abstract

The aim of this work is to give a survey of the development status of the Solvency Il process
and to compare several European standard models. Our approach has been motivated by the
recent developments in the insurance (Solvency Il) and finance business (Basel I,
MARIsk (December 2005)), where risk management and risk measures have become
indispensable to calculate capital requirements. To give an idea of the methods that are
currently available in practice, the structure of geophysical models is analyzed and
subsequently mathematically evaluated.

Another topic of this thesis is the analysis of the risk based German standard model developed
by the GDV (German Insurance Association) and the BaFin (Federal Financial Supervisory
Authority). We are particularly interested in the calculation of the solvency capital (Solvency
Capital Requirement (SCR)). For this reason the two prevalent risk measures Value at Risk
and Expected Shortfall are tested for their advantages and disadvantages.

The dependences between risks play an essential role in Solvency I, since their negligence
can lead to a substantial misestimation of the solvency capital. This is particularly critical
when looking at natural catastrophes as, e.g., storm, hail, flood and earthquake, where
dependences can occur due to close regional distances or climatic triggers. Also, when
looking at the risk measures Value at Risk and Expected Shortfall it becomes apparent how
strong the influence of the underlying dependence structure is, even in the case of
uncorrelated risks. On the basis of these considerations, established dependence structures as
copulas, linear correlation, rank correlation, and dependences in the tail are explicitly
examined. Furthermore, an approach which essentially consists in an approximation of the
underlying copula by certain grid type copulas is introduced, for which the distribution of the
sum of more than three risks can be calculated explicitly.
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Zusammenfassung

Ziel dieser Arbeit ist es, einen Uberblick tiber den Entwicklungsstand von Solvency Il zu
geben und Europdische Standard-Modelle miteinander zu vergleichen. Motiviert wird unsere
Untersuchung durch die jlngsten Entwicklungen im Versicherungs- (Solvency I1) und
Bankenbereich (Basel 1l, MARIsk (Dezember 2005)), wo Risikomanagement und Risikomalie
zur Berechnung der Kapitalanforderungen unabdingbar geworden sind. Um eine Vorstellung
Uber die derzeitig zur Verfugung stehenden Methoden in der Praxis zu erhalten, wurde u. a.
die Struktur von geophysikalischen Modellen analysiert und anschlieBend mathematisch
ausgewertet.

Ein weiteres Thema dieser Dissertation ist die Analyse des risikobasierten Deutschen
Standard-Modells von GDV und BaFin. Insbesondere sind wir an der Berechnung der
Solvenzkapitalanforderung (Solvency Capital Requirement (SCR)) interessiert. Aus diesem
Grund werden die beiden weit verbreiteten RisikomaRe Value at Risk und Expected Shortfall
auf Vor- und Nachteile untersucht.

Fur die Solvency 1l Diskussion spielen Abhéngigkeiten zwischen Risiken eine wesentliche
Rolle, da eine Vernachlassigung dieser in einem Versicherungsportfolio zu einer erheblichen
Fehleinschatzung des Solvenzkapitals fuhren kann. Dies ist besonders kritisch bei der
Betrachtung von Naturkatastrophen wie zum Beispiel Sturm, Hagel, Hochwasser und
Erdbeben, wo Abhangigkeiten aufgrund enger rédumlicher Distanz oder gemeinsamer
klimatischer Ursachen auftreten kdnnen. Auch bei der Betrachtung der beiden Risikomalie
Value at Risk und Expected Shortfall wird deutlich, welchen starken Einfluss die zugrunde
liegende Abhéngigkeitsstruktur hat, sogar im Fall von unkorrelierten Risiken. Aufgrund
dessen werden in dieser Arbeit bekannte Abhé&ngigkeitsstrukturen wie Copulas, lineare
Korrelation, Rangkorrelation und Abhdangigkeiten im Verteilungsende explizit betrachtet.
Aullerdem wird fur die verwendete Copula ein Approximationsverfahren mittels
Gittercopulas vorgestellt, fir welche die Summe der Verteilung fur mehr als drei Risiken
explizit berechnet werden kann.
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Chapter 1

Introduction

In the paper “Design of a future prudential supervisory system in the EU” (in short:
“Solvency I1””), being published by the European Commission, Internal Market DG in
March 2003 (MARKT/2509/03 (2003), page 3), one can find some general statements which
are given below in condensed form:

“The new system should provide supervisors with the appropriate tools
to assess the “overall solvency” of an insurance undertaking. This
means that the system should not only consist of a number of
guantitative ratios and indicators, but also cover gqualitative aspects that
influence the risk-standing of an undertaking (management, internal
risk control, competitive situation etc.). ... The solvency system should
encourage and give an incentive to insurance undertakings to measure
and manage their risks. In this regard, there is a clear need for
developing common EU principles on risk management and
supervisory review. Furthermore the quantitative solvency
requirements should cover the most significant risks to which an
insurance undertaking is exposed. This risk-oriented approach would
lead to the recognition of internal models (either partial or full)
provided these improve the undertaking’s risk management and better
reflect its true risk profile than a standard formula.”

The Solvency Il discussion reveals dependences between risks to play an essential role, since
their negligence within an insurance portfolio can lead to a substantial misestimation of the
solvency capital as risks rarely are independent and even can have rather intricate dependence
structures. The actual discussions of appropriate risk measures to be used for the calculation
of capital requirements in the Solvency Il process have concentrated mainly on Value at Risk
and Expected Shortfall. However, only recently the possible influence of dependence
structures between the various types of risk or lines of business on such risk measures has
drawn more attention (see e.g. WUTHRICH (2003) or EMBRECHTS, HOING AND
PuUccEeTTI (2005) for a detailed discussion in connection with Value at Risk).

In this thesis, we want to show that the proper consideration of dependences between risks
beyond correlation is of essential importance in the Solvency Il discussion. In particular, we
emphasize that the concept of correlation which is wide-spread in Solvency models such as
the Swiss Solvency Test (SST; see e.g. KELLER AND LUDER (2004)), but also in geophysical
simulation software (see e.g. DONG (2001)) is not appropriate for the description of the
distributional properties of aggregated risks. See also BLuM, DIAS AND EMBRECHTS (2002),
page 353 f. for a case study, or EMBRECHTS, STRAUMANN AND MCNEIL (2000) and
EMBRECHTS, MCNEIL AND STRAUMMANN (2002) for a more substantial discussion.

Outline. This thesis has a dual goal. In the first part of this thesis we give a survey of
Solvency Il, of the European standard models and of available commercial and non-
commercial Dynamic Financial Analysis (DFA) software tools in use (Chapter 2) as well as



of the structure of geophysical models (Chapter 3). In Chapter 4 we present a survey of the
possible mathematical use of geophysical modeling output. In Chapter 6, 7 and 8 we analyze
different stochastic dependence structures. The second part of this thesis is devoted to a new
approach where sums of dependent risks allowing explicitly for more than three aggregated
components are considered.

This thesis is organized in seven basic chapters. Chapter 2 is devoted to the presentation of
the economic background of Solvency Il. We discuss four European Models and analyze their
different approaches in the non-life parts. We concentrate mainly on the categorization and
calculation of the available risks in the current German standard model which is taken up in
Section 7.5 again to calculate the Solvency Capital Requirement (SCR).

Chapter 3 presents the mathematics of geophysical modeling software products which are
widely used in insurance businesses for decision making e.g. regarding pricing, loss
mitigation and underwriting. For a better orientation in this subject, we present the structure
of catastrophe models. Thereafter, we analyze the ascertainment of claims and distribution
models for geophysical models and discuss the use of geophysical models in the context of
risk management.

The aim of Chapter 4 is to give a survey of the possible mathematical use of the geophysical
models” output. First, we describe the collective model of risk theory which concentrates on
the calculation of the aggregate loss. A special focus is laid upon the mathematical analysis of
the typical output of geophysical simulation models which is presented in Event Loss Tables
and Exceeding Probability curves (EP curves). Event Loss Tables contain the examination of
the ascertained types of loss (typical, occurrence and aggregate loss) of providers. The next
section is devoted to the description and discussion of EP curves. EP curves provide
information about various levels of the potential loss from a natural catastrophe, about the
probability of exceeding a specified level of loss and about the frequency per year that an
event occurs. The users of geophysical models put their special attention to the right tail of the
EP curve, where the largest losses appear. To draw the analyzed Aggregate Loss Exceeding
Probability curve (AEP curve), we need to know the distribution of the aggregate loss. The
calculation of this usually requires the computation of convolution powers even in the case of
discretized individual losses. We discuss two basically different techniques here: Panjer’s
recursive algorithm and the discrete Fourier transform.

Chapter 5 concentrates on the discussion on the basic definitions and properties of copulas
which are used in the chapters later (including the independence copula, Fréchet-Hoeffding
lower and upper bound copulas and their properties). In the last section of Chapter 5 we
analyze how conditional probabilities can be described in terms of copulas. In Chapter 6 we
discuss two famous copula families, namely elliptical and Archimedean Copulas (the
Gaussian copula and the t-copula as well as Frank, Clayton and Gumbel family). We analyze
some of their properties like dependence structures and construction methods.

Chapter 7 is dedicated to risk measures. It contains the introduction of the axioms of risk
measures which concentrate on the coherence property of ARTZNER, DELBAEN, EBER AND
HEATH (1999, 2002). Subsequently, we analyze the two popular risk measures Value at Risk
and Expected Shortfall in terms of properties and methods of calculation followed by a
discussion of advantages and disadvantages of both risk measures. A new contribution here is
Section 7.5, where we examine the calculation of the SCR in the German standard model
(“square root formula”) regarding a possible underestimation of capital requirements of
independent risks.



The goal of Chapter 8 is to give a brief introduction to the interaction between copulas and
dependence measures. We present the mathematical concepts needed and summarize facts
and definitions about dependence concepts. We will concentrate on the most popular bivariate
dependence measure “Pearson’s linear correlation coefficient” and on tail dependence. For the
sake of completeness, two measures of concordance, Kendall’s tau and Spearman’ rho, are
also discussed.

Until here, everything not explicitly marked as new can be found in various sources in the
literature, although information is often spread over many different places and can rarely be
found in one source. The chapters 5 and 6 are based on the introductory monograph by
NELSEN (1999).

The main new contribution is Chapter 9. The purpose of Chapter 9 is to investigate in more
detail, using a new approach, how the total risk distribution depends on different underlying
dependence structures (copulas) while keeping the marginal distributions fixed, and how at
least approximately such distributions can be calculated explicitly. We give several examples
of uncorrelated (but dependent) risks with the same marginals, which show a completely
different behavior for the aggregated risk distribution, in particular for the corresponding
Value at Risk and Expected Shortfall. Further, the influence of co- and countermonotonicity
of the marginal risks is shown to be totally different in the cases where the expectation of the
individual risks is finite or infinite. These observations make it clear that the concept of
correlation which is widely used e.g. in geophysical modeling and other professional
Dynamic Financial Analysis (DFA) tools is not an appropriate dependence measure when risk
aggregation or reinsurance of combined risks is considered.

In Appendix A some additional information to the Saffir-Simpson scale of hurricane
intensity are listed. To make this thesis more readable the Maple worksheets used for the
construction of many figures are transferred to Appendix B.

Throughout this thesis we always assume that all relevant random variables and processes are
defined on a large enough probability space (Q,A, P) which will not be explicitly mentioned

in all cases.






Chapter 2

Economic Background

Over the past years, risk management’ and risk measures® have increasingly gained
importance. Managing risks is supposed to optimize the administration of the scarce “capital
of security” in a way that on one hand the risks® are covered and on the other hand the least
possible capital of security is kept. The aim is to define a corporation-wide objective criterion
to determine the capital of security, which quantifies the risk of business activity. Therefore,
the complex risks have to be reduced to a one-dimensional risk measure.

At the moment, the insurance supervisor in Germany has to regard the manifold norms of the
Insurance Supervisory Law (VAG), the regulation of external financial statements of the
German Commercial Code (88 341 — 341 o HGB), the guidelines of the Insurance Contract
Law (VVG) as well as the regulations, administrative acts and circular letters of the Federal
Financial Supervisory Authority (BaFin).

The insurance supervisor’s task is to ensure that the interests of the policyholders are
protected and the security of the underwriters is guaranteed. Therefore, rules for a sufficient
capital of security as well as associated methods of risk management have to be fixed.

It is the aim of this chapter to give an overview about the current development of Solvency I,
European models and the used internal models in insurance companies.

2.1 Solvency 11

The basis for the European solvency rules for the insurance industry is two directives which
were enacted in the seventies of the last century: the non-life insurance directive* (1973) and
the life insurance directive® (1979), in place until 2004. Both directives have an enormous
drawback of the real general conditions of insurance companies, since they neither reflected
the development of risk theory nor did they consider other risks than the underwriting risk. In
1992 an important step to create the European insurance market was set with the introduction
of the “third generation” of European directives (non-life insurance directive 92/49/EEC and
life insurance directive 92/96/EEC)°. They contain the following important rules: firstly the
abrogation of the preventive product controls and, secondly the introduction of the principle

! Information about requirements of corporate risk management is given in PERLET AND GUHE (2005).

2 A good survey of the used risk measures to evaluate the single risk types in the insurance companies is
provided by the study of CAPGEMINI (2004), page 39. Detailed information on the risk measure Value at Risk
and Expected Shortfall can be found in Chapter 7.

% See Section 7.1, page 120.

* See first non-life directive 73/239/EEC (1973). The structure of the first, second and third non-life directives is
described in SANDSTROM (2006), Section 3.3, page 23 ff.

> See first life directive 79/267/EEC (1979). The structure of the first, second and third life directives is
described in SANDSTROM (2006), Section 3.4, page 28 ff.

¢ European Economic Community is also referred to as EEC.



of supervisory authority in the member state of the company’s head office on mutual
acceptance of harmonized controlling norms. The principle of supervisory authority in the
member state of the company’s head office states that if insurance works in another country
within the European economic area, the member state in which the head office is situated has
to supervise this insurance company. The third and most significant improvement of the rules
of control is the creation of an adequate solvency margin. With the generation of the
European internal market there were endeavors to edit existing rules and to adapt them to the
changed circumstances.

The modernization of the solvency rules in Europe started in 1994 with the appointment of a
commission under the direction of Dr. HELMUT MULLER, the former vice president of the
Federal Insurance Commission. The so-called Miiller-Report’, which was formulated by the
commission, was published in April 1997. It contains different suggestions to adapt the
established system to the changed market conditions by modernizing the European solvency
supervisory authority and the available solvency system. The result consisted of two other EU
directives (non-life insurance directive 2002/13/EC and life insurance directive 2002/83/EC),
which were finally adopted under the heading of “Solvency I” in 2002.® Those modified
regulations have been valid since January 2004. The quintessence of Solvency | is the
extension of the warrant of control to make an early “intervention”® against an underwriter
possible and also requirements for insurance businesses, which must now guarantee the
necessary solvency in non-life and life insurance at any time during the year. Indeed, the
existing solvency system was not fundamentally changed by these amendments. However, the
existing rules (directive 73/236/EEC) were merely extended and aggravated. A central point
of criticism focuses on the fact that the European Union solvency rules'® merely take into
account the scope of the underwriters and not its risk structure. The threshold levels for the
computation of the premium index and of the claim index (to ascertain the required solvency
margin), were raised to 50 million and 35 million Euro, respectively. The percentage rates of
contribution of 16 — 18 % used to compute the premium index and of 23 — 26 % used to
compute the claim index, as well as the maximum consideration of the passive reinsurance at
50 % were retained. Only premium and claim amounts of aviation, inland navigation and third
party liability insurance are to be multiplied by 1.5 in the future to adjust comparatively
higher risks in these classes of insurance to calculate the demanded solvency margin.
Furthermore, a minimum guarantee fund of two million Euros for the liability business and of
three million Euros for the credit- and guaranty insurance has to be available. If its percentage
difference amounts to at least 5 %, an adjustment of the values is left open (article 1,
number 5 of the directive 2002/13/EC). Consequently, prescriptions only refer to quantitative
factors of equity capital; the quality of the risk management keeps does not have any
consequences. Regulations are neither related to the future nor dynamic and they disregard the
developments of risk theory of the last 50 years. Furthermore, the regulations only consider
underwriting risk. The underwriting risk of an insurance business can only be found
incompletely in these regulations. There are modified regulations, which are scarcely in
effect. However, those regulations do not satisfy the requirements and the complexity of the
insurance business. Hence, they can only be a temporary solution.

" See article “Solvency of Insurance Undertakings” of the Conference of Insurance Supervisory Services of the
Member States of the European Union in April 1997 and SANDSTROM (2006), Section 4.1.

® For the development of Solvency | exists a large amount of literature, e.g. by SANDSTROM (2006).

% See SCHRADIN (2003), page 28 f. and the references given therein.

10 See article 1, number 4 of the directive 2002/13/EG, article 28 and 29 of the directive 2002/83/EG and
SCHRADIN (2003), page 29 f. for non-life insurance.


http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=Federal
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=Insurance
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=Commission

Thus, at the beginning of 2000 the EU Commission decided to reform the existing supervision
system fundamentally and to modernize it via the project “Solvency I1”. The aim of this
project was to harmonize the EU-wide supervisory legislation and to bring the supervisory
regulations into accordance to those for credit institutes (specified in Basel I1, see “Minimum
requirements on the risk management”, MARISK (December 2005)), to provide the same
conditions of competition between insurance industry and the financial sectors. Moreover,
international organizations and associations (e.g. the International Association of Insurance
Supervisors™ (IAIS) and the International Actuarial Association®* (IAA) as well as the
national supervisor agencies) were involved in the development and the arrangement of the
regulations under the leadership of the EU Commission to make them Europe-wide
compatible. The main aim of the development of a solvency system is to determine the actual
risks of an underwriter realistically, i.e. the minimum equity capital of insurance companies is
supposed to mirror more strongly the actual risks taken. The solvency rules for a whole
insurance company have to be established. Therefore, a differentiation of five risk categories
is to be considered in the solvency system: the operational risk (system failures, fraud, etc.)*?,
the credit risk (related to the shortfall of reinsurers and of debtors in the investment), the
asset liability mismatch risk also known as liquidity risk (coordination of active-passive-
values), the market risk (volatility of the values of investments) and the underwriting risk™
also known as actuarial risk (calculation of premiums, reinsurance and reservation), which is
to be determined with the aid of a risk-based model instead of a factor model.

Solvency 11*°, which is characterized by the risk-based approach, is divided into two phases:
the first phase began in 2000 and was completed with the publication of the European
Commission’s document MARKT/2539/03. In this phase, the general form of the solvency
system was determined. The analysis of the following field reports came to the fore: the Risk-
Based Capital systems (RBC systems) of the United States, Australia and Canada'® were
examined, the use of internal models was analyzed, the regulations of Basel Il were
considered and experiences of member states were consulted, etc. In May 2002, the audit firm
KPMG published a study assigned by the EU Commission (KPMG-Report).!” The study
recommends an approach to the regulations of the banking industry (Basel Il). The aim of that
study is an improvement of the underwriters’ accomplishments to understand their own risk
profile and hence, the resulting financial consequences in order to give them the possibility to
cover the risks with equity. Furthermore, the Conference of European Insurance Supervisory

1 Established in 1994, the IAIS represents insurance supervisors of some 180 jurisdictions in more than
130 countries. The aim of the IAIS is to promote the global cooperation of insurance supervisors, to develop
international principles and standards for supervision of insurance companies and to coordinate the
cooperation with inspectorates of other financial service providers like banks or international financial
institutes. A suitable paper to introduce the activities of the 1AIS is “The IAIS framework for insurance
supervision and EU Solvency I1” by Kawal (2005). A list of the published principles, standards, and
guidelines by IAIS can be found on the website: http://www.iaisweb.org/ and in SANDSTROM (2006),
Appendix E.

2 The IAA is the continuation of the “Comité Permanent des Congrés d’Actuaires” established in 1895 as an
association of individuals, which was renamed IAA in 1968. The IAA issues international actuarial principles,
guidelines and standards. Suggestions of a global system to assess the solvability of insurance companies can
be found in the article by BOLLER AND HUMMEL (2005). More information on the IAA can be found on the
following website: http://www.actuaries.org.

3 More details on this topic can be found e.g. in CHAVEZ-DEMOULIN AND EMBRECHTS (2004) in EMBRECHTS,
FURRER AND KAUFMANN (2003) as well as in EMBRECHTS, KAUFMANN AND SAMORODNITSKY (2004).

14 See HARTUNG (2005).

1> All documents on the project Solvency 11 can be found on the website of the European Commission:
http://europa.eu.int/comm/internal_market/insurance/solvency/solvency2-workpapers_en.htm. For the current
development status of Solvency Il exists a large range of literature, e.g. by GRUNDL AND PERLET (2005).

16 See Markt/2085/01.

7 See KPMG DEUTSCHE TREUHAND-GESELLSCHAFT (2002) as well as MARKT/2535/02, page 3 ff.



Authorities formulated the Sharma-Report®. Experience reports from other countries show
that models for the entire risk of a business are very complex and are liable to mistakes due to
a lot of assumptions which are not specially adjusted to a certain insurance company. For
example, the bankruptcy of an insurance company can not be prevented by RBC systems
(MARKT/2535/02, page 18). The causes for the insolvencies of insurance companies were
varying over the past years. However, the problems were often caused by deficiencies in the
structure of the companies, e.g. poorly conceived internal management or inadequate internal
controls (that make the company vulnerable to external negative events). The core statement
of the studies is that the regulation of capital requirement is not sufficient and has to be
completed with qualitative aspects. The IAA writes in this regard:

“Required capital can be thought of as a second line of defence
protecting an insurance company’s solvency and its policyholders. The
first line of defence is solid risk management.” (INTERNATIONAL
ACTUARIAL ASSOCIATION (2004), page 9)

To guarantee a coherent method of examination there, more preventive actions should be
used.

The KPMG study™ proposed a “Three Pillar” system (compare Figure 2.1.1) similar to
Basel 11 as the central element of Solvency Il. In addition to the increased requirements of
solvency capital of the companies (Pillar 1), a coherent method of supervisory authority is
established which demands qualitative minimum assumptions on the risk management of
underwriters (Pillar 11) and which is completed by regulations about disclosure and
transparency to increase the market discipline of all insurance companies (Pillar I11).

Solvency 11
\ Pillar I / \ Pillar IT / \ Pillar I /
quantitative market
evaluation of Supervisory discipline,
whole review transparency/
solvency disclosure

Figure 2.1.1: The three pillar system

Pillar 1 contains mainly regulations about financial resources of insurance companies, i.e.
supervisory authority rules concerning technical reserves of insurance, investments and the
solvency margin. The solvency capital should be geared to the underwriting risk of the

8 See SHARMA-REPORT (December 2002), MARKT/2535/02, page 4 ff. as well as SANDSTROM (2006),
Section 5.5.6 and the references given therein.
19 See MARKT/2535/02.



insurance business. The MINIMUM CAPITAL REQUIREMENT (MCR) should be relatively easy
to determine with an objective standard calculation, as in Solvency I, the RBC systems or the
procedures of rating agencies, which are based on absolute values. That absolute minimum
represents a lower bound. If the capital falls below this threshold, MCR, the supervisory
authority can immediately trigger sanctions to minimize the insolvency risk for the company.
The following definition is used at the moment:

“The minimum capital requirement reflects a level of capital below
which an insurance undertaking’s operations present an unacceptable
risk for policyholders and therefore, immediate supervisory action is
needed.” (MARKT/2507/05 (2005), Appendix, page 7)

The MCR should be amended with the SOLVENCY CAPITAL REQUIREMENT (SCR)% called
target capital. This target capital can be used as an early warning system for a company with
financial problems. Furthermore, the target capital should correspond to the desirable capital
equipment. For the present is defined as follows:

“The solvency capital requirement should reflect the amount of capital
necessary to meet all obligations over a specified time horizon
(including the present value of future obligations to a defined
confidence level, taking into account all significant, quantifiable
risks).” (MARKT/2507/05 (2005), Appendix, page 7)

In the case, the solvency capital falls below the target capital, SCR, the insurance control has
the authority to demand for the recovery of solvency from the management of an insurance
business. The capital equipment can be determined by means of a EU standard risk model,
which is not yet defined at the moment. Another possibility to determine the capital
equipment is the use of an internal model®* (either partial or full), which is accredited by the
supervisory authority. Both, standard risk and internal model, consider the size of the business
with respect to the complexity of the model and to the requirement of capital to guarantee an
active risk management for every insurance business as a protection against insolvency. Many
insurance companies follow the RBC structure, which is also integrated into German standard
model?. The orientation of the equity requirement on the real risk should help to understand
the importance of an active internal risk management. The evaluation of the fair value or the
market value with the underlying rules of the International Financial Reporting
Standards (IFRS)® is used for the specification of the risk-oriented equity equipment in
Solvency I1. This means that a transformation or transfer of a balance sheet into IFRS rules
yields other available equity.

The second Pillar contains rules for the development of internal models and procedures of
risk management by the insurance company as well as regulations for risk control and for the

2 The SCR is defined as difference between an appropriate risk measure and equity capital per risk (expected
value as base factor plus surcharges (see principle of premium calculation). The SCR is a multiple of the
standard deviation of risk when managing normally distributed risks. The SCR for the whole risk is calculated
by the second root of sum of squares of single SCR’s.

! The Allianz Group developed an internal risk capital model, which is implemented and integrated. More
information on this model can be found in the paper by WAGNER (2005).

?2 See Section 2.2.4, page 20 ff.

2 A survey of the current integration of IFRS into Solvency Il is given by MEYER (2005) and in the references
given therein. The differences between IAS/IFRS accounting and German Commercial Code accounting and
the resulting changes in the framework of loss and casualty for insurers can be found in SCHWAKE AND
BARTENWERFER (2005), Chapter 3.
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law of intervention.?* The commission has based this “second Pillar” on the so-called
“Sharma Report”. Crucial points of the “Sharma Report” are e.g. internal control and
administration, risk management, adequate methods for the assessment of reserves, etc. The
aim of Pillar Il is to obtain an ongoing inspection of the reinsurer’s financial standing and to
establish an insurance control which is orientated to the quality of risk management.

The third Pillar contains regulations of transparency, which are supposed to promote the
market discipline of insurance companies. The aim is to increase the transparency,
comparability and coherence between insurance businesses. A great part of these regulations
are taken over from Basel Il and the IAS/IFRS of the International Accounting Standards
Board (IASB)?. Concerning the disclosure of supervisory regulation information, conflicting
points like the usefulness of information to the public (particularly policyholders) and the
competitive interests of insurers should be balanced against each other. This applies
especially to insurance companies which have problems with the compliance to supervisory
regulations and for which the publication of this information would worsen the situation
seriously. However, for the third pillar there is no detailed information available, because the
basic principles are not yet defined.

In the second phase of Solvency Il a four level approach is used, the so-called Lamfalussy
method ?® (also referred to as comitology method). At the EU Commission level, the project
management and the award of membership for single devised topics are conducted as well as
rough guidelines are composed. The explicit definition of the regulations occurs on the level
of the supervisory boards. In four (originally five) working groups (life / non-life (Pillar I),
supervisory reviews (Pillar I1), market transparency (Pillar 111) and questions, which contain
the three pillars) of the Committee of European Insurance and Occupational Pensions
Supervisors?’ (CEIOPS), which are staffed with representatives from the national supervisory
boards, as well as in the European Insurance Occupational Pensions Committee®® (EIOPC)
technical details and implementation rules will be worked out. The CEIOPS also considers the
interest of the market participants, who are represented in an advising Market Participants
Consultative Panel. Consequently, underwriters, consumers and actuaries have the possibility
to contribute to the future body of rules and regulations for solvency.

In September 2003, the EU Commission defined five topics, which cover the three pillars of
Solvency Il. The areas deal with the consistent adjustment of underwriting reserves for life
and non-life underwriters, of MCR and SCR, of internal models as well as of the market
discipline. Furthermore, the EU Commission made suggestions for an all-embracing risk
management system and for a supervisory regulation method for examination. These topics

?* Information on insolvency insurance systems are given by HEMELING AND HARTWIG (2005).

% The IASB was preceded by the Board of the International Accounting Standards Committee (IASC), which
operated from 1973 until 2001. The new structure came into effect on April 1, 2001. The IASB is responsible
for setting accounting standards and designated IFRS. For more information see the IASB website:
http://www.iasb.org.

%6 More information on this topic can be found e.g. in SCHANTE AND CAUDET (2005), page 75 and
SANDSTROM (2006), Section 5.5.1 and the references given therein.

" CEIOPS was established as an independent advisory group on insurance and occupational pension under the
terms of the European Commission Decision 2004/6/EC on November 5, 2003. It performs the functions of
the Level 3 Committee for the insurance and occupational pensions sectors in applying the “Lamfalussy”
Process. It is also a forum of cooperation and information exchange between insurance and occupational
pensions supervisors. More information can be found on the CEIOPS website: http://www.ceiops.org.

%8 EIOPC was established under the terms of the European Commission Decision 2004/9/EC. It was set up to
replace the Insurance Committee and to assist the European Commission in implementing measures for EU
Directives. More information can be found on the EIOPC website:
http://europa.eu.int/comm/internal_market/insurance/committee_en.htm.
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were defined by other documents of the year 2004. These documents also included the
suggestions for the discussion of the detailed work of the working groups.

The question of “the” risk measure was discussed in the paper MARKT/2543/03 under
topic 20, page 33. Several risk measures like Value at Risk or Expected Shortfall®®, which is
prescribed by the Swiss Solvency Test (SST) for non-life insurance, were suggested.
Expected Shortfall is approved for events with low occurrence but high individual claims. The
basis for the EU Commission are the results of the IAA, which approves Expected Shortfall as
an appropriate risk measure for rare extreme events and catastrophe risks, which possess
distributions with heavy tails (INTERNATIONAL ACTUARIAL ASSOCIATION (2004), page 45). A
higher confidence level must be used for Value at Risk than for Expected Shortfall, however,
the ruin probability should generally not exceed 0.5 % (MARKT/2505/05 (2005), page 3).
The consideration of dependences between natural risks also effects the applied risk measures.
Expected Shortfall can easily reach a multiple of Value at Risk with respect to the catastrophe
risks. Whether natural catastrophes will be calculable for the insurance economy will
essentially depend on the supervisory regulation specifications for the risk measure.

The chosen risk measure should be easily evaluable and stable. Furthermore, the risk measure
applied to explicit characterized sub-stock should be stipulated consistently all over Europe,
because different risk measures would lead to different values and thus result in regulatory
arbitrage.

In the course of Solvency Il the Comité Européen des Assurances (CEA)® (as a
representative organization for the European insurance and reinsurance business) has
analyzed the most important models for the calculation of the solvency of insurance
companies together with Mercer Oliver Wyman in collaboration with all European insurance
markets. The aim of this study was to find optimal solutions for some open problems, which
focused on Pillar I of Solvency I, i.e. on the quantitative solvency requirements. The report
“Solvency Assessment Models Compared — Essential Groundwork for the Solvency I
Project” by CEA relates to a variety of solvency models in the world, an evaluation of
questionnaires and a comparison of the systems with the guidelines of the EU Commission,
the 1AIS and the IAA. In this comparison, the SST came in first place in contrast to the other
solvency calculations analyzed.

The basic concepts of Solvency Il have been developed so far; however, the details are not yet
worked out. The EU Commission will approach the unsettled questions in three “waves”.
Since June 2004 the EU Commission has published three “Specific Calls for Advice” to
CEIOPS working groups. The first wave (MARKT/2506/04) examines topics from Pillar II.
The second wave centers around questions about actuarial reserves, requirements of internal
models, the modeling of the RBC structure and the definition of “Solvency Control Levels”.
In the third wave (MARKT/2501/05) issues like the exceptions for small insurance businesses
and questions about allowable equity capital are discussed. The proposals of the CEIOPS

% See e.g. ARTZNER et al. (1999) and Chapter 7, page 119 ff.

% The CEA was established in 1953. Its aim is and was the exchange of information between European insurers
and the representation of the Organization for Economic Cooperation and Development Insurance Committee.
Today the CEA consists of 33 national associations of insurance companies. Its mission is to resolve issues of
strategic interest to all European insurers, focusing on the regulatory environment. Important CEA documents
are e.g. “Solvency Il Structural Issues” and “Solvency Il: Why care should be taken when using Basel Il as a
starting point for Solvency II”. More information can be found on the CEA homepage:
http://www.cea.assur.org.
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working groups to the first** and second® wave have been finished in June and October 2005,
respectively. The elaboration of the proposals to the third®*® wave has been finished in
May 2006. Furthermore, a first draft of the “Solvency Il Framework Directive” will be
presented in July 2007 (MARKT/2502/05-rev.2). In this second phase lots of details shall be
resolved and specified. The work of the CEIOPS groups and the whole legislative procedure
at the European level is supposed to be finished by the end of 2008.

The Quantitative Impact Study (QIS) task force of CEIOPS performs QIS’s in order to
determine, calibrate and backtest quantitative requirements, as indicated in the three “Specific
Calls for Advice” as well as in CEIOPS’ documents. In Germany, these inquiries are taken on
by the BaFin which works together closely with the GDV.

In October 2005 CEIOPS started the first Quantitative Impact Study (QIS 1) to evaluate the
quantitative effect of Solvency Il on the European market and the insurance companies.>* The
study® compares the current demand of actuarial reserves with the stochastically determined
reserves, which would be required after the introduction of Solvency 11.*® The second
Quantitative Impact Study (QIS 2) started in May 2006 and is focused on the ruin probability
and the design of the solvency requirements (SCR and MCR). More QISs will be proceeded
half-yearly during the Solvency Il project in order to assess the impact of solvency
requirement levels in detail.

QISs are performed by the respective national supervisory authorities in cooperation with life
and non-life insurers and reinsurers. If precise data from a business cannot be obtained, then
approximations may be used for the studies. The participation of a business in QISs are also
reasonable, if companies are unable to complete the whole survey.

The results of the QISs will be involved in the legislative procedure of the European
framework directive to Solvency 11.*” CEIOPS hopes that these QISs will also provide
information about the practicability of the calculations involved.

The aim of the EU Commission is the commencement of the new solvency regulations in the
year 2009 or 2010. According to experience, insurance businesses need at least two years to
adapt and convert their management processes to the new requirements. All those companies
with a great ability to adjust will profit from the introduction of Solvency II, therefore
companies already start making adequate arrangements for future operative and strategic
decisions.

31 See CEIOPS (June 2005), Consultation Paper No. 4 and CEIOPS (June 2005): “Answers to the European
Commission on the first wave of Calls for Advice in the framework of the Solvency Il project.”

%2 At the end of June 2005 CEIOPS presented the draft answers to the second wave of Calls for Advice. See
CEIOPS (October 2005), Consultation Paper No. 7 and CEIOPS (October 2005): “Answers to the European
Commission on the second wave of Calls for Advice in the framework of the Solvency Il project.”

%% See CEIOPS (May 2006): “Answers to the European Commission on the third wave of Calls for Advice in the
framework of the Solvency Il project.”

% See CEIOPS (October 2005), Consultation Paper No. 7, Section “CfA 13” and CEIOPS (October 2005):
“Answers to the European Commission on the second wave of Calls for Advice in the framework of the
Solvency Il project.”

% The QIS 1 package includes a cover note, a spreadsheet, term structures and a qualitative questionnaire.

% Interim considerations of CEIOPS on the estimation of reserves can be found in CEIOPS (October 2005),
Consultation Paper No. 7, Sections “CfA 7” and “CfA 8”.

%7 See MARKT/2502/05-rev.2 (July 2005), page 5.
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2.2 European Models

The requirements for a standard model for solvency are very complex. The function of the
model is to optimize the present equity capital, to use the equity capital under yield return-
risk-aspects and to deposit sufficient capital to cover the taken risks. The aim is to create an
easy standard model which is transparent for the supervisory authority and needs only a few
parameters. Furthermore, the model should evaluate all basic risks in the company uniformly
and should measure all basic risks through one gquantitative factor, so that two periods or two
businesses can be compared. However, the model can only be an early indicator and can not
replace a detailed inspection.

The development of risk orientated supervision and solvability systems began several years
ago in the Netherlands, in Great Britain, in Switzerland and in Germany. Figure 2.2.1

summarizes the main differences.

Criteria Germany Netherlands United Kingdom Switzerland
valid from 2004 and 2005
Schedule Not yet settled Valid from 01.01.2006 field tests, valid
01.01.2005
2006
Valuation®
Assets Market value Market value Market value Market value
Liabilities Market value / Best estimate Best estimate Best estimate

best estimate

Minimum and
target levels

Minimum level

Use of EU rules on

(Minimum Capital MCR MCR MCR
Requirement, MCR) solvency
Target level .
(Solvency Capital SCR SCR Ri”ﬂ?fecnignf?ggﬂ) SCR
Requirement, SCR) g
Solvency classification
Risk factor based Yes Yes Yes -
Scenario based Not, expect for Yes Yes: MCR Yes
natural perils
Principle based Yes Yes Yes: ECR Yes
0
Confidence level 99.50 % o 9950% 99.50 % 99.00 %
(insurance undertaking)
Risk measure Value at Risk no information Value at Risk Expected Shortfall
Time horizon (in years) One One + multi One One

Internal models

Are strongly
recommended

Are recommended

Are recommended

Avre strongly
recommended

Figure 2.2.1: The current differences of European approach in the non-life models®

% The terms “best estimate

, “fair value” and “market value” are not uniquely determined by GDV and BaFin

for Germany (see e.g. GDV (2005), Section 7.2.5 (market value) and page 60 (fair value)). The are several
definitions for the fair value, e.g. it can be interpreted as the best estimate, or as the best estimate together with
a margin, of the loss reserves (see GDV (2005), Appendix 4).
%9 Source: SANDSTROM (2006), page 178 and LEITERMANN (2005), page 310. A detailed description of the four
countries can be found in GDV (2005), Appendix 24.
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The consequences of Solvency Il will be significant for the whole insurance business Europe-
wide. First structural changes in the management of investment are presently recognizable.
The early examination of the development of risk orientated supervision and solvability
systems ensures to keep up with the intensified requirements of competition.

2.2.1 The Financial Assessment Framework of the
Netherlands

In 1999, the Dutch pensions and insurance supervisory authority, Pensioen- &
Verzekeringskamer (PVK)*, constituted the necessity for a new Financial Assessment
Framework (FTK, Dutch translation is Financieel toetsingskader) due to rapid changes in the
financial world. Therefore, the supervisors set up a project, which led to the publication of a
draft principles paper in 2000. Thus, the Netherlands were the first in Europe to develop a
new system of supervisory authority in consideration of the future Solvency Il rules. After
several consultations with the pensions and insurance sector and after considering the so
called “White Paper of the Swiss Solvency Test” by KELLER AND LUDER (2004), a
quantitative study for the FTK was carried out involving the five largest pensions funds and
the three largest insurers in the Netherlands in 2003. In October 2004, a revised consultation
paper on the solvency framework was published by the PKV* with a new FTK*, which
includes the realistic value of investments and liabilities, solvency tests and continuity
analyses. In the current Dutch framework only life insurers and pension funds are regulated
by the solvency assessment, yet. The forthcoming extensions will also include non-life
insurance (including health insurance).

Realistic value is a rating principle for both assets and liabilities. The realistic value of assets
can be equated with the actual market value. Due to the lack of a market for insurance
liabilities the realistic value of liabilities should be defined as the realistic value of the assets
that would replicate the liabilities. It is made up of the expected value, also referred to as best
estimate, which is the present value of the expected cash flows arising from the liability based
on underwriting principles, plus a realistic risk surcharge (ideally a market value margin). The
Solvency test is carried out in two steps. The first step consists of determining the surplus
obtained by a realistic valuation of assets and liabilities (available capital). In the second step,
the institution has to assess its current risks (market risk, credit risk, underwriting risk,
operational risk and concentration risk) and the associated financial buffers, covering a time
horizon of one year (target capital or desired solvency). For the implementation of the
solvency test there are three versions: the internal model method based on the institution’s
own internal model, the standardized method and the simplified method.* The continuity
analysis evaluates the insurer’s financial position against the background of realistic long-
term scenarios and associated risks, the insurer’s strategic policy as well as its management
and adjustment mechanisms like revising the investment, indexation and contribution policies.
Figure 2.2.1.1 shows the framework of the continuity analysis.

0 PKV merged with the Dutch central bank (De Nederlandsche Bank, DNB) on October 30, 2004.

** For more details on the Dutch Financial Assessment Framework see PENSIOEN- & VERZEKERINGSKAMER
(October 2004).

2 More information on the financial assessment framework can be found in SANDSTROM (2006), Section 6.5.

* More information on the three versions of the implementation of the solvency test is provided by
SIEGELAER (2005), page 608 ff.
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Part Nature Purpose
A Business objectives, ambitions, policy Prospective, Substantiation of the future
and policy instruments qualitative projections (see C)

Best-estimate assumptions and
B expectations on the economic
environment for the future

Prospective, Substantiation of the future
guantitative projections (see C)

Future projections based on the Insight into future developments on

C institution's own expectations (base Prospgcu_v & the basis of the institution's
X guantitative .
scenario) expectations
D Sensitivity analvsis Prospective, Insight into the sensitivity of the
y y guantitative results under different assumptions
E Stress tests for market risk, credit risk Prospective, Reflects policy and results in
and underwriting risk quantitative unfavorable circumstances

Variance analysis between previous
expectations and realizations

Insight into the realism of the

Retrospective . .
proposed policy and assumptions

Figure 2.2.1.1: Framework of the continuity analysis*

The aims of the FTK are the assessment of the solvency, of the financial position and of the
financial policy of insurers and pension funds, the constitution of risk-sensitive capital
requirements, the increase of the transparency of the relations between assets and liabilities
and the encouragement of insurance companies and pension funds to develop internal models
in consideration of five main categories of risk (market risk, credit risk, underwriting risk,
operational risk and concentration risks).

As the FTK is in line with the principles underlying Solvency (compare with Figure 2.2.1.2),
it is likely that the FTK will become (partially) needless after the implementation of Solvency
Il in Europe. Until Solvency Il is embedded in legislation the Netherlands will not introduce a
new statutory solvency requirement for insurers in the FTK.

* Compare with SIEGELAER (2005), page 615 and SANDSTROM (2006), Section 6.5.3.
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Solvency II
Pillar 1 Pillar I1 Pillar 111
Solvency Capital
Requirement
(SCR) Supervisory Disclosure
Minimum Capital Review Process Requirements
Requirement
(MCR)
FTK
_A\_
Solvency Test for Continuity Analysis
determining as self-assessment
the SCR of the insurer

Figure 2.2.1.2: Comparison between FTK and Solvency 11*

2.2.2 The Supervision System of the United Kingdom

The creation of the British Financial Services Authority (FSA)* (independent non-
governmental body) in 1999 and the establishment of the Financial Services and Markets Act
(FSMA) in 2000 as well as a series of publications from 1999 to 2001 have provided the new
framework for an integrated approach to the regulation and supervision of insurance
companies which is risk focused and broadly analogous to the approach adopted in other parts
of the financial sector. The new supervision system took effect in the United Kingdom on
January 1, 2005.

For Pillar I the FSA proposed the “Enhanced Capital Requirement” (ECR) as a risk-based
minimum regulatory capital requirement for both life and non-life businesses in 2002. The
ECR formula is a complement to MCR of Solvency Il, i.e. in Pillar | both MCR and the ECR
are considered, which is called the twin peaks approach. The MCR is binding, even if the
ECR results in less capital than MCR. The calculation of ECR is primarily based on
simulations and stochastic modeling, e.g. it can be conducted by Dynamic Financial Analysis
(DFA)*, and charge factors, which apply to assets, premiums and technical provisions. There
exist several methods to calculate the ECR of non-life and life insurance. The procedures are
described in detail in the paper “Enhanced capital requirements and individual capital
assessments for non-life insurers” and in the article “Enhanced capital requirements and
individual capital assessment for life insurers” by the FSA (2003). In non-life insurance the

** Source: SIEGELAER (2005), page 598.

*® More information can be found in VIPOND (2005), in SANDSTROM (2006), Section 6.9 and on the following
website: www.fsa.gov.uk.

* See Section 2.3, page 27 f.
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ECR is calibrated to a 0.005 probability of failure within a 12-month timeframe (a 1:200 year
event), i.e. the Value at Risk is used as risk measure.

The Individual Capital Adequacy Standards (ICAS) provide the new framework of
supervision of insurance companies in Pillar 1. The ICAS framework is a risk-based
approach and includes the Individual Capital Assessment (ICA) and the Individual Capital
Guidance (ICG). The ICA requires the management to realize a comprehensive risk
assessment and to keep it up-to-date. The ICA comprises the following risks: insurance risk
(product selection, pricing, claims administration / leakage, delegated authority, reserving
aggregation — verification and controls), credit risk, market risk (including asset liability
mismatch) and concentration risk (asset valuation, administration and fund manager
performance). The ICG is usually at or above ECR, and is affected by whether a company’s
risk assessment processes follow all the FSA’s guidance.

2.2.3 The Swiss Solvency Test (SST) of Switzerland

The Federal Office of Private Insurance started a project called “Swiss Solvency Test”
(SST)* together with the insurance industry in 2003. The SST aims at developing a principle-
based supervisory system (in contrast to the factor-based standard model by the GDV and
BaFin) and includes principally the same ideas as Solvency Il, i.e. to improve the protection
of policyholders and to enhance the company’s risk management within a more transparent
system. The following requirements have been postulated besides the compatibility with
Solvency II: it is supposed to be a risk- and premium-based model, which is consistent in
assessment with the supervisory authority of banking in order to permit comparability and
which includes the following quantitative and qualitative risks (see Figure 2.2.3.1).

8 Most information on the SST is taken from the website of the FEDERAL OFFICE OF PRIVATE INSURANCE.



18

Figure 2.2.3.1: Quantitative and qualitative risks considered in SST*

Both measurements (MCR and SCR) have been included in the SST. The MCR is based on
the statutory balance sheet. The target capital has to be determined by the market conditions
and the real requirements as close as possible. Therefore, the SCR is currently defined with a
time horizon of one year as follows:

“... the derived target capital is the amount needed to be sure on the
chosen confidence level that the assets at the end of the year are
sufficient to cover the liabilities.” (KELLER AND LUDER (2004),
page 12 or KELLER, LUDER AND STOBER (2005), page 571)

It is an aim of the SST to give incentives to companies to develop and use internal models for
their target capital calculations. If the internal model is completely integrated into the process
of insurance business and the management and the regulator accept this model, it will support
the ascertainment of target capital. However, the Federal Office of Private Insurance also
provides a clearly formulated standard model. The basic idea is to determine the present risk
bearing capital. The risk bearing capital must not fall below a minimum amount within one
year with a given probability (e.g. 99 %). Thereby, it should be prevented that claims of
policyholders are not covered at the end of the year due to a highly risky business activity of
an underwriter. The minimum amount is equal to the capital, which could be needed by
another insurance company to take over insurance portfolio (asset and liabilities) of an
insurance company in case of insolvency. That means, the minimum capital covers all claims
and guarantees the protection of the capital of policyholders.

* Source: KELLER AND LUDER (2004), page 14 or KELLER, LUDER AND STOBER (2005), page 575.
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The Expected Shortfall is applied as the risk measure of the changes of the risk-based capital
in non-life insurance. Due to the prevailing statutory insurance structure in the areas of natural
hazards (in 19 of 26 cantons) hardly any problems occur according to the reinsurance
structure. However, the situation in Switzerland is not transmissible to Germany or Austria.
So it could be problematic to use the Expected Shortfall.

For non-life insurance the damages are divided into normal (up to an insured sum of less than
5 millions CHF) and large claims. The size of the claim’ amount of normal losses (high
frequency, low severity) per year is modeled with a Gamma distribution, the claims frequency
of large losses (low frequency, high severity) which are typical for natural losses, is modeled
with a compound Poisson distribution and the size of claim’ amount is modeled with a Pareto
distribution in the SST of 2004. Maybe it is reasonable to describe the size of the claim’
amount of all losses (normal and large losses) using the Fréchet distribution® or a mixture
distribution. At the time, the size of claim’ amount of normal losses for all Lines of
Business (LoB) without natural losses is modeled with a lognormal distribution in the
standard model of SST. In contrast, the natural losses are modeled deterministically with the
expected value, because the risk has a small influence of normal losses for non-life insurance.

To increase the safety of the model, scenarios are given by the regulatory authority. These
scenarios must be integrated into the risk analysis as well as other scenarios, which are
purpose-built for the insurance company.

The parameters of the single distributions are supposed to be specified by currently running
model tests, i.e. the regulatory authority fixes the exact specifications. Distribution
adjustments by insurance companies become unnecessary when using the standard model. In
2004, a general test run with 10 insurance companies and a number of scenarios™ took place
to remedy weaknesses and possible mistakes of the SST. The field test was able to specify
requirements of internal models and simplify the SST. Another test run (duration four
months) with 45 insurance companies (15 life, 15 non-life and 15 health insurance businesses)
has been carried out in summer 2005.°? This field test included all large and most mid-sized
Swiss insurance companies as well as a number of smaller companies. The main result was
that the standard model can be used even by small companies. The work load ranged from
one month for small companies to more than one year for international groups.

However, neither the SST nor the German standard model includes basic approaches to
dependence structures, in particular for risks concerning natural catastrophes. This topic is
currently not paid enough attention to in discussions about Solvency 1.

%0 See Table 3.4.1, page 44.

*! The scenarios which have been defined for the field test in 2004 can be found in LUDER AND KELLER (2004),
page 26 ff. or KELLER, LUDER AND STOBER (2005), page 585 ff.

52 More Information for the field test in 2005 can be found in FEDERAL OFFICE OF PRIVATE INSURANCE (2006).
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Dependency of nonlife provisions on interest rate taken into
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Figure 2.2.3.2: Scheme of the “Swiss Solvency Test” (non-life) in 2004

The figure above illustrates that dependences are covered for investment by consideration of
correlations; however, this is only reasonable when managing normally distributed risks. The
risks of non-life insurance are implicitly assumed to be independent of each other
(convolution, see Section 4.1). This could be criticized, to this compare the discussion in
Chapter 9. Probably, dependences may lead to systematical undervaluation of the solvency
capital, in particular concerning catastrophe risks. Therefore, approved internal models should
consider the dependence structures adequately.

The new supervisory act became effective in 2006. From then on performing the SST is
mandatory for all insurers in Switzerland.

2.2.4 The German Standard Model

The German Insurance Association (GDV)>* has published the first considerations on a risk-
based standard approach in 1997. This approach was supposed to initiate the development of
a new concept of insurance supervision. The GDV developed a risk-based standard model in
consideration of class-specific features called GDV Model for life insurers, health insurers and
non-life / casualty insurers. A lot of insurance companies have applied the GDV Model in risk
management practice since its publication in August 2002.

>3 Source: FILIPOVIC (September 2004), page 22.

> The GDV was established in Cologne in 1948. Since February 1998, the GDV has been in Berlin. Today the
GDV represents 455 insurance companies, thereof 40 subsidiaries of foreign insurance companies and six
companies based in foreign countries.
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Since spring 2004 representatives from the GDV and the BaFin have revised the model
together (referred to as German standard model®) against the background of Solvency II.
The resulting German standard model agrees with the global model approach developed by
the IAA>® on the main lines and corresponds to RBC models®’. In this dissertation attention is
only paid to the model for non-life / casualty insurers.

2.2.4.1  Basic Properties of the German Standard Model

The current German standard model uses Value at Risk (see Section 7.2, page 124 ff.) as risk
measure with a return period of 200 years (reasons for this can be found in GDV (2005),
Appendix 1). The required risk capital is aggregated to the total capital needs in assumption of
the idea of correlation effects by means of the so-called square root formula (also referred to
as covariance formula; see Section 7.5, page 146 ff.). In the supervision model, an annual
probability of ruin is used to measure risks. The risks are weighted with equity capital and
analyzed in segments.® Capital requirements are compute over a time horizon of one year.

It is useful to categorize the available risks in risks spanning various LoB and line specific
risks for the evaluation of SCR. Investment risk (G1-risk) and operational risk (G2-risk)
belong to risks spanning various LoB. In the life and non-life / casualty model G1-risk and
G2-risk are considered in the same manner. However, class specific features are modeled
differently for the risk category of life-insurance (L-risk), health insurance (K-risk) and of
non-life / casualty insurance (S-risk). The following figure gives an overview over the
subcategories of the SCR.

Solvency Capital Requirement (SCR)
\

. . !
investment risk (G1) underwriting risk operational risk (G2)
credit risk 1 life risk (L)
market risk | health risk (K) -
premium and
reserve risk (S1)
concentration risk —non-life risk (S) [

risk of reinsurance
failure (82)

Figure 2.2.4.1.1: Structure of the current German standard model *°

% Most information on the GDV is taken from the website of the GERMAN INSURANCE ASSOCIATION. A detailed
description of the current German standard model can be found in GDV (2005, 2006).

*® See GDV (2005), Section 3.1 and INTERNATIONAL ACTUARIAL ASSOCIATION (2004).

> A short definition of risk based capital models can be found in the study of CAPGEMINI (2004), page 33 or in
AON (2004) Chapter 2, page 16 ff.

%8 More information on this topic can be found in LuDKA (2005), page 209.

%9 Source: SCHUBERT AND GRIEBMANN (2005), page 1638 and SCHWAKE AND BARTENWERFER (2005), page 339.



22

The following arguments can be brought forward for an implementation of the German
standard model at the European level:

e An adequately simple, probability based model of factors is applied in the standard
approach. All relevant risks have been taken into consideration.®

e The structure of the model is modular. Thus, it can easily be handled by insurance
companies. Furthermore, the structure facilitates the transition to internal models and
an integration of national characteristics from other European countries.

e The model uses market values which are derived from figures from the German
Commercial Code (HGB). Thus, companies which did not adapt their balances to
IAS/IFRS are not pushed to reorganization to international accounting regulations due
to the new Solvency rules. The approach is a platform which reflects the ideas of
IAS/IFRS however; it is also possible to use local / international principles (United
States Generally Accepted Accounting Principles (US-GAAP)).

e Asset Liability Management (ALM)®! is considered in the model, as required by the
EU Commission, within the modeling of the risk of change in interest rate
(see GDV (2005), Section 5.1.1.3.1) for fixed-interest investments.

e The model considers conservatively the idea of correlation effects and thus,
reproduces processes of the balance of risks in the insurance company (diversification
effects).

e If necessary, the parameters of the model are specified to facilitate the handling.
Furthermore, the individual data of the businesses are used to avoid using a
simplifying average for the ascertainment of risk factors (personalized factor-based
model). The individual data are chosen in a way that an easy identification of the
insurance companies and an easy examination by the supervisory authority are
possible. The company’s internal fluctuations of the combined ratio® are used to
evaluate the underwriting risk in the non-life model. In the life model internal data are
used to compute the risk factors within the calculation risk (L-risk). However, the
evaluations of the parameters have to be under examination every year.

e Companies are given an incentive to develop internal models by simplified modeling
and conservative parameterization.®®

e The calculation formula of the model is made available based on spreadsheets.

In the German standard model the principle to calculate the Available Solvency
Margin (ASM) is formulated. Considering the essential solvency requirement, SCR and MCR
are distinguished, as provided in Solvency Il. The insurance businesses can calculate the SCR
by means of the available standard approach of GDV and BaFin (see Section 7.5,
page 146 ff.) or by an internal model which is approved by the supervisory authority.
However, the current standard approach does not consider the calculation of the MCR.

The German standard model is a risk-based standard model, i.e. all relevant risks of an
insurance business are examined and their capability of loss is calculated as monetary value.
The individual capabilities of risks are aggregated to SCR considering the assumption of

%0 See CEIOPS (October 2005): CEIOPS-DOC-07/05.

. ALM is a central control instrument. It describes the coordinated control of assets and liabilities in insurance
companies. ALM facilitates the management into the decision-making process. However, ALM can, should
and may not take decisions away from the management. More information to this topic can be found e.g. in
JAQUEMOD (Ed.) (2005).

%2 Combined ratio is a frequently used profitability parameter in insurance business. Combined ratio indicates the
relationship between premium income and expenses for losses, administration and acquisition costs.

63 See CEIOPS (October 2005): CEIOPS-DOC-07/05.
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certain distributions and their relationships among each other. Thereafter, the SCR is opposed
to the ASM. An insurance business is sufficiently capitalized in terms of this solvency
analysis if SCR <ASM on condition that SCR > MCR . Therefore, the approach comes
from a comparison of target and actual business results. Thus, the whole risk situation of an
insurance business is examined.

2.2.4.2  Modeling Investment Risk

Investment risk (G1-risk) has a significant influence on the amount of the required equity
capital, since it determines the reduction of the market value of the investment in the next
financial year. One can classify the investment risk into the following categories: credit risk,
market risk and concentration risk. In the current German standard model, the idea of
correlation effects are considered in the aggregation of the investment risk. Affiliated
companies and shares are not integrated in the German standard model. Hence, affiliated
companies and shares should be treated as stocks in order to avoid distortions and allocation
problems. The G1-risk considers the following investments: real estates, stocks and fixed
income divided into rating classes and mortgages. Fixed income are fixed-interest products
including bonds (e.g. of government issuers, credit institutions and other businesses),
mortgage loans, other receivables (e.g. bonded loans and registered shares), policy loans and
cash positions.

The G1-risk considers particularly the link of assets and liabilities. However, the present
model is not a steering tool in terms of a stochastic asset liability management due to its static
character and its restriction to an annual period.

2.24.2.1 Credit Risk

Credit risk, also referred to as address risk, is calculated for corporate bonds, mortgages and
other receivables. For instance, the risk of the insolvency of a debtor or the risk of an increase
of a credit spread by categorization in a worse rating class and the risk of a reduction of the
market value of bonds belong to the category of credit risks. The illustration of the credit risk
is modeled by beta-distributed risk factors divided into rating classes for fixed income and
mortgages (compare to GDV (2005), Appendix 6), which are multiplied with the market
value of the respective fixed-interest investment.

2.2.4.2.2 Market Risk

Market risk includes the fluctuation of the stock market, the real estate / realty market and the
market of fixed-interest products (fixed income) (compare with GDV (2005), Section 5.1.1.3).
Due to the consideration of ALM aspects the market risk distinguishes between risk of change
in interest rate, risk of change in the price and currency risk. The modeling of the risk of
change in interest rate is performed by means of a stochastic interest model
(Black-Karasinski model®) for risk of decreasing interest rate and risk of increasing interest
rate. The market trend of the risk of change in price is modeled by a lognormal distribution
for stocks and real estate. Potential losses are included in currency risk. Currency risk is

% More information on this topic can be found in REITZ, SCHWARZ AND MARTIN (2004).


http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=comparison
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=of
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=target
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=and
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=actual
http://dict.leo.org/se?lp=ende&p=/Mn4k.&search=business
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considered in case of incongruity with respect to fixed-interest investments and real estates.
The risk factors are derived from the normal distribution.

2.2.4.2.3 Concentration Risk

Concentration risk results from a minor dispersion of investment. The boundaries given in the
European directives and in § 3 investment regulation for Germany provide the basis for the
concentration risk. In the future, investments are assessed at market value.

2.2.4.3  Calculation of Underwriting Risk (Non-L.ife)

Underwriting risks have a great influence on the risk situation of an insurer. In the actuarial
practice of non-life / casualty insurance the risk is split into the following partial risks:
premium- and reserve risk (S1-risk) and risk of reinsurance failure (S2-risk).

2.2.4.3.1 Premium- and Reserve Risk

Both the premium- (also referred to as fixed rates risk) and reserve risk (S1-risk) describe the
risk of scarce calculated premiums and insufficient loss reserves. The business of non-life /
casualty insurance can be classified into eleven LoB®. Each LoB is multiplied with risk
carrier and risk factor. Only proportional reinsurance is considered.

The basis for risk estimation is the combined ratio from the profit and loss account. The
adequate risk capital is computed by coupling each individual business with a combined ratio
and by considering the idea of Pearson’s linear correlation coefficient between business areas
to obtain subadditivity. Thus, the model considers diversification effects by the fix rates risk.

In the current model the premium risk and the reserve risk are used together. The separation
of premium and reserve risk results in great instabilities of the data of small businesses in
comparison to the application of a combined ratio for the calculation. One advantage of the
German standard model is the use of regional company data (personalized factor approach).
Moreover, the use of the combined ratio facilitates the transfer from assessment according
HGB to assessment according IAS/IFRS, because the combined ratio is more robust in
comparison to the loss reserves.

Concerning natural perils, currently the model includes only windstorm risks. The actual
calculation of the windstorm includes a counter-value of a two hundred year storm event in
the German market (estimated to 8.2 billion € by the GDV; see GDV (2005), Appendix 19).

The model is based on a market-wide loss distribution. The risks of natural disasters are
modeled for separate LoB with no effect of diversification to other LoB. The potential
premiums for risks of natural disasters are derived from market data as a proportion of a claim
on all identified large losses. Consequently, potential premiums are specified as standardized
percentages in the German standard model. The individual business claim is calculated by
multiplication of the standardized percentage with the individual business premium,
Proportional and non-proportional reinsurance cover is considered in the storm model.

% More information to the eleven LoB can be found in GVD (2005), page 60 f.
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Regional differences in the exposures of individual insurance companies and the Probable
Maximum Loss (PML, see Section 7.2, page 131 f.) of companies in Germany are not
considered in the model.

2.2.4.3.2 Risk of Reinsurance Failure

Risk of reinsurance failure (S2-risk) is defined as the risk of default of claims against
reinsurances
SCR,, =0-A,

where 3 is the risk factor and \ denotes the risk carrier®® which contains provisions for
outstanding claims.®” In the current German standard model, the risk factor 3 is calculated
similarly to the system of the major rating agencies:

Category of risk Risk factor (3
Reinsurer with rating AAA 0.5%
Reinsurer with rating AA 1.2%
Reinsurer with rating A 1.9%
Reinsurer with rating BBB® 4.7 %
Reinsurer with rating BB 9.6 %
Reinsurer with rating B 23.8%
Reinsurer with rating CCC 49.7 %
Reinsurer with rating R 50 %
Reinsurer without rating 25 %

Table 2.2.4.3.2.1: Risk factor for the risk of reinsurance failure

2.2.4.4  Operational Risk

Operational risk (G2-risk) is defined as the risk of deficit (e.g. system failures, fraud, human
error, errors of internal methods etc.) as in Basel Il. The risk category is difficult to express in
numbers, because there exists no pool of insurance companies. The estimation of risk factors
relies on a company’s internal computation which is based on Corporate Sector Supervision

% The risk carrier is the sum of the shares of the reinsurers in settlement receivables, provision for unearned
premiums, cover reserves, reserves for outstanding claims, reserves for premium refund and other reserves
minus letters of credit and reinsurance deposits (compare with GDV (2005), Section 5.3.2).

%7 See LUDKA (2005), slide 13.

%8 Reinsurance companies which are rated lower than BBB (according to Standard & Poor’s notation) and are
subject to the European supervision authority are weighted with failure probability of 4.7 %.
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and Transparency Act risk catalog (KonTraG risk catalog)® and is subsequently doubled.
The necessary capital requirement equals the maximum of 3 % of the earned gross premiums
and of 3 % of the actuarial reserves.

We conclude the German standard model with the following remarks:

e The notion of “SCR” is not unique in the German standard model. Sometime it refers
to relative quantities, sometimes to absolute quantities (see GDV (2005)). A definite
separation between the notation of relative and absolute quantities can be found in
SANDSTROM (2006), where SCR denotes a relative quantity and Solvency Capital
Level is the notation for the absolute quantity.

e The individual risks (G1-risk, S1-risk and S2-risk) use the idea of Pearson’s linear
correlation coefficient to obtain subadditivity (see Definition 7.1.1, Axiom 4,
page 121 f.) for diversification effects, but this is not a “real” correlation
(see GDV (2005)).

e A catalog with specifications on the risk capital and a corresponding definition does
not exist (compare SAUER (2006), Section 2.3.3.2).

e Factor-based solvency approaches can only determine capital requirements
approximately, because balance sheet values can give little to no information about
risks (compare SAUER (2006), Section 2.3.3.1).

e The used combined ratio to evaluate the underwriting risk is based on historical
observations. The valuation is not actuarial but rather deterministic.

e An accurate evaluation of the 200 year event is questionable for the S1-risk, because
the results of providers of geophysical models have high volatility
(compare Section 3.5, page 50 f.).

e The S1-risk does not consider flood risks, hail storm risks and earthquake risks in the
German standard model.

e Dependences between natural catastrophes and other LoB (e.g. physical damage
insurance) are not considered in S1-risk.

e The estimation of storm risks using market shares is questionable if the storm risks are
only locally concentrated (e.g. in the case of small mutual insurance companies).

e A mixture of different risk measures to evaluate the S1-risk is useful, e.g. the use of
the Expected Shortfall for normal losses (high frequency, low severity) and of the Value
at Risk with other quantile for large losses (low frequency, high severity) (compare
Chapter 7).

e A useful orientation to improvement of the GDV Standard Model is provided in the
SST in Figure 2.2.3.2, page 20.

e The German standard model is compatible with the EU-requirements of a standard
model according to the Solvency Il rules (see the first CEIOPS interim report).
Moreover, the model satisfies the requirements of the IAA. Unfortunately, individual
business structures are only insufficiently considered and, therefore, its use in
applications is rather restricted for corporate management. Internal models can solve
this problem.

% The responsibility of the board of management, the supervisory board and the auditor is expanded with the
KonTraG. The core statement of KonTraG is § 91, paragraph 2 of the German Stock Companies Act (AktG).
This regulation forces the company management to introduce and to use companywide risk management
systems and to publish the risk structure in the status report of the company. A good introductory reading on
the topic risk management and KonTraG is WOLF AND RUNZHEIMER (2003).
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2.3 Internal Models for Insurance Companies

With the introduction of internal models™ insurance companies for the first time have the
possibility to choose an individual model in dependence of their own state of development
and business system. Supervisors have recognized the importance of risk measures and their
management. Therefore, the new supervisory system requires in addition to the pure
computation of a solvency measure (risk measure) the review of risk management, too. In
particular, the acceptance and the use of internal models presuppose the concordance of
quantitative and qualitative criteria. Only insurance companies which meet the requirements
are allowed to use internal models for the ascertainment of their capital resources. Insurance
companies have to undergo a performance test by the insurance supervisor a priori before they
can use internal models. Models which are constructed exclusively in order to calculate the
solvency capital are excluded as internal models. The quality of internal models presents a
competitive factor for the amount of equity.

Many insurance companies have already started to develop internal risk models. The most
widespread pattern is the RBC model. One useful method is Dynamic Financial Analysis
(DFA) to combine economic and mathematical concepts and methods in non-life insurance
and reinsurance.”

“Dynamic Financial Analysis (DFA) is the process by which an
actuary analyzes the financial condition of an insurance enterprise.
Financial condition refers to the ability of the company's capital and
surplus to adequately support the company's future operations through
an unknown future environment.

[...]

The process of DFA involves testing a number of adverse and
favorable scenarios regarding an insurance company's operations. DFA
assesses the reaction of the company's surplus to the various selected
scenarios.” (CAS (1995), pages 1 and 3)

DFA is a platform which integrates various models and techniques from financial and
actuarial science into one multivariate dynamic simulation model. The essential aim of DFA
is to determine the financial effects of different economical scenarios and developments of the
business process, which are controlled on the one hand by random impacts and on the other
hand by the corporate act. A primary function of DFA is to evaluate the financial strength of
an insurance company and to assess the adequacy of its capital and reserves (the probability
of ruin). The main driving force behind the emergence and development of DFA in Solvency
Il was, and still is, the Casualty Actuarial Society (CAS). Its website’® provides a variety of
background materials on the topic, e.g. a paper by WARTHEN and SOMMER of the Casualty
Actuarial Forum” from 1996 and a handbook with

“The purpose ... to provide suggestions and guidance to actuaries in
performing DFA studies.” (CAS (1995), page 2)

" In the journal ,,Versicherungswirtschaft“ two useful articles by DIERS AND NIEREN (2005) about the creation
and implementation of internal models can be found in issues 21 and 22.

™* An overview on the historical development and today’s usage of DFA can be found e.g. in CAS (1995) and in
EMMA (1999). An introduction to DFA can be found e.g. in KAUFMANN, GADMER AND KLETT (2001).

72 See http:/www.casact.org.

3 See WARTHEN AND SOMMER (1996), page 294.
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A good introduction to DFA is e.g. given in the papers by KAUFMANN et al. (2001) and by
BLuM AND DACOROGNA (2003). Asset Liability Management models (ALM models) exist
particularly in life insurance. A stochastic business model can be found in
JAQUEMOD (Ed.) (2005). Investment models for the asset liability modeling of insurance
businesses are described by BAum (Ed.) (2002).

Due to the high complexity of business processes in big insurance companies it is inefficient
to develop adequate DFA models and tools in-house. There are a number of companies that
offer software packages or components for DFA. According to BLuM AND DACOROGNA
(2003) two kinds of DFA software packages can be distinguished:

“1. Flexible, modular environments that can be adapted relatively quickly to
different company structures, and that are mainly used for addressing
dedicated problems, usually the structuring of complex reinsurance
programs or other deals.

2. Large-scale software systems that model a company in great detail and
that are used for internal risk management and strategic planning
purposes on a regular basis, usually in close connection with other
business systems.”(BLUM AND DACOROGNA (2003), page 18)

Examples for the first type of DFA software are ReMetrica™ by the Benfield Group™ and
Igloo™ by English Matthews Brockman (EMB)™, respectively. ReMetrica™ features a
DFA-Tool on the basis of including risk-based capital analysis, reinsurance evaluation and
business planning. Igloo™ is appropriate for finance and risk simulation. The following main
fields of application are implemented: Enterprise Risk Management (ERM), DFA,
assessment of financial resources, reinsurance assessment and reinsurance optimization,
ascertainment of the capital requirement of risk, allocation of the risk capital, e.g. the class of
business, development of (stochastic) business plans and risk-pricing.

Of the second type are systems like Finesse™ by SS&C' for property / casualty insurance,
the general insurance version of Prophet by B&W Deloitte’”, which includes pricing and
quotes, reserving, claims management and finance and business planning, and CARA® by
General Re-New England Asset Management, Inc.”® for capital and risk analytics. Other
software packages are MoSes™ and TAS: P/C Actuarial Software by Tillinghast™ for
property / casualty insurance or Advise™ by DFA Capital Management Inc.?’, which
includes ERM for property / casualty insurance, and the freeware DFA software DynaMo™
by Pinnacle Actuarial Resources Inc.®*, which is based on spreadsheets. Furthermore, there
are some companies which have created their own proprietary DFA systems that they offer to
customers in conjunction with their consulting and brokerage services, e.g. Guy Carpenter®
(MetaRisk®) and AON® (Prime/Re®).

" See http://www.benfieldgroup.com/remetrics/risk+software/remetrica.htm.

7> See http://www.emb-d.de/software/igloo.html.

76 See http://www.ssctech.com/finesse/.

"7 See http://www.deloitte.com/dtt/section_node/0,1042,sid%253D26090,00.html and
http://www.prophet-web.com/Products/ProphetGeneral, respectively.

"8 See https://www.grneam.com.

7 See http://www.towersperrin.com/tillinghast/default.htm.

8 See http://www.dfa.com.

81 See http://www.pinnacleactuaries.com/pages/products/dynamo.asp.

8 See http://www.guycarp.com/portal/extranet/model.html?vid=32.

8 See http://www.aon.com/us/busi/reinsurance/treaty/products_services/services.jsp.
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The initiative of insurance companies is caused by the desire of independence from the
regulatory mechanisms and the interest in early-warning indicators to control risks and to
have the possibility of acting flexibly.
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Chapter 3

Geophysical Models

There exist a multitude of practical applications of mathematical models, especially
applications which deal with actuarial problems, each having its special aims and demands. In
particular, larger insurance and reinsurance companies use professional software tools
(e.g. geophysical software models of the providers AIR, EQECAT or RMS) to cope with
natural perils, e.g. storms, earthquakes® and floods, because natural disasters may cause high
losses even though they are extremely uncertain. The aim of catastrophe models is the
development of strategies to optimize the expected losses in the future and to provide
insurance companies with appropriate risk profiles for the entire insurance industry, for
individual company portfolios or for individual buildings. The realistic generation of a
multitude of different scenarios is essential for the software tools.

The geophysical models are imbedded in the following schematic procedure:

catastrophe event

ﬂ

geophysical model

J

data

J

expected loss

ﬂ

strategic decisions

Figure 3.1: Schematic procedure

A natural hazard causes losses in large geographical areas (between 1000 and 100000 km?)
and may consist of several single risks. Geophysical models are useful for a good portfolio
management of natural hazards. In this regard, an accurate understanding of risk and the

! A lot of information on modeling earthquakes can be found in DoNG (2001).
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available instruments are essential to reduce the probability and dimension of catastrophic
losses. The geophysical software products depend on mathematical assumptions. These
assumptions facilitate the necessary computations in the models. From time to time it is
important to check the computations due to new mathematical developments. Presently, the
discussion focuses on stochastic dependence structures in geophysical models, which exceed
correlation or covariance as parameter.

A detailed and unique description of geophysical models is not easily available and not
rigorous mathematical in last consequence (compare to DONG (2001), KHATER AND
Kuzak (2002), GuIN (2003), Kuzak, CAMPBELL AND KHATER (2004), GROSSI AND
KUNREUTHER (2005) or RMS (2005)). These results from the fact that most catastrophe
modelers employ their own internal staff of scientists (including meteorologists, seismologists
and geophysicists), who combine their knowledge of the underlying physics of natural
catastrophes with the historical data on past events. However, there are usually only a few
mathematicians in the internal staffs of scientists. Models, even if widely spread in the
market, often possess insufficient transparency and are not straightforward in details
concerning data content and the complexity of the used data set. Furthermore, the
computation does not always underlay comprehensive and consistent risks concepts, as
required by global insurance businesses. For a better understanding of the discussion, the
physical and engineering aspects of geophysical simulation models for hurricane catastrophe
models (see e.g. WHITAKER (2002)) we will be introduced and discussed in this chapter.

Before starting with a survey of the history of catastrophe models, we want to cite the
following statement in order to clarify a model’s nature:

“A model is a simplified mathematical description which is constructed
based on the knowledge and experience of the actuary combined with
data from the past. [...] The model provides a balance between
simplicity and conformity to the available data.

The simplicity is measured in terms of such things as the number of
unknown parameters (the fewer the simpler); the conformity to data is
measured in terms of the discrepancy between the data and the model.
Model selection is based on a balance between the two criteria,
namely, fit and simplicity.” (KLUGMAN, PANJER AND
WILLMOT (1998), page 2)

In the next sections, the mathematics of geophysical modeling software products will be
analyzed in more detail. As a representative example, we consider RMS, since there exists a
thorough (though not always mathematically precise) handbook written by RMS’ chief
developer WEIMIN DONG (see DONG (2001)) and an article on the “RMS™ U.S. Hurricane
Model” (see RMS (2005) and the references provided therein).

3.1 History of Catastrophe Models

The collective risk model is one of the main tools of actuarial science. The natural
catastrophe models (also known as nat cat models) were developed to understand the nature
of the natural risks and to model the damages caused in order to assess the future loss burden.
The common measurement of hurricane intensity and earthquake magnitude started in the
1800s after the modernization of the anemometer and the invention of the first modern
seismograph. In the first part of the twentieth century, the measurement of natural perils for
scientific purposes increased rapidly. The first simple deterministic catastrophe models were
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available in the 1970s. In the late 1970s, the collective risk model was used, e.g. for insurance
decisions by members of the Casualty Actuarial Society (CAS). The rapid changes resulted in
estimates of the impact of hurricanes, earthquakes, floods etc., and many hazard and loss
studies were compiled. In the late 1980s and early 1990s it was recognized that a combination
of mapping the risks and measuring the hazards is useful for natural catastrophe models as
shown in Figure 3.1.1.

Figure 3.1.1: Structure of catastrophe models®

Previously, actuaries had capitalized on issues like the Probable Maximum Loss (PML, see
Section 7.2, page 131 f.), maximum foreseeable losses, extrapolating loss results from the past
or rules of thumb. The development of geophysical models was initiated by the academic and
scientific community. The catastrophe modelers took this developed model and adapted it to
the requirements of the insurance industry. Catastrophe models, usually embedded in large
software programs, are a complex series of mathematical functions, algorithms and
engineering assumptions. These models are used to document historical natural catastrophes,
e.g. storms, earthquakes, floods, etc., to simulate the geophysical process of natural
catastrophes with stochastic variations and they try to predict the probability and severity of
potential future catastrophe events, so that companies can adequately prepare for their
financial consequences. The computer-based catastrophe models for measuring catastrophe
loss potential using stochastic simulation techniques provide estimates of catastrophe losses
by overlaying the properties at risk with the potential natural hazard(s) sources in the
geographic area. Catastrophe models are designed to produce a complete range of potential
annual aggregate and occurrence loss experience from natural catastrophes.

Three well-known providers of geophysical models to analyze extreme losses are

e RMS (Risk Management Solutions).®> RMS was founded at Stanford University
in 1988. RMS is a provider of products and services for the quantification and

2 Source: GROSSI AND KUNREUTHER (2005).
% For more information about RMS, see http://www.rms.com/.
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management of catastrophe risks with the following software products:
RiskLink®-Aggregate  Loss  Module,  RiskLink®-Detailed Loss  Module
(RiskLink®DLM), Risk Browser® and RMS® Data Wizard. RMS is majority-owned
by DMG Information, Inc., a division of the UK-based Daily Mail and General Trust,
plc. media enterprise.

e EQECAT (EQECAT, Inc.).* EQECAT began as a wholly-owned subsidiary of EQE
International in 1994 in San Francisco, which was taken over by the ABS Consulting
Group in 2001. EQECAT is a provider of state-of-the-art products and services for
managing natural and manmade risks with the software tool WORLDCAT enterprise ™

e AIR (Applied Insurance Research).” AIR was formed in 1987 in Boston. AIR is a
modeling and technology firm specializing in risks associated with natural and
man-made catastrophes, weather and climate. AIR offers several desktop applications
(CLASIC/2™, CATRADER® and CATMAP®?2) and online applications
(CATStation®, AIRProfiler®, AIRWeather™ and ALERT™). AIR is a wholly-owned
subsidiary of Insurance Services Office, Inc. (ISO).

Other providers than those mentioned are the New Zealand Earthquake Commission (EQC),®
Aon Re Services and Mathias Raschke. The EQC provides a suite of models that combines a
geographical information system, a catastrophe model and a dynamic financial analysis
model. One of the EQC’s main tasks is to manage a model, with which homes and their
contents (household insurance) are insured against damage caused by earthquake, volcanic
eruption, natural landslip, hydrothermal activity, tsunami and fire. Aon Re Services’ provides
the first and sole geophysical model (HailCalc Europe) to estimate the damages by hailstorms
for the most endangered areas in Europe (Germany, Switzerland, Austria, France, Northern
Italy, Liechtenstein, Low Countries and Denmark). Mathias Raschke® provides a geophysical
model (QuakeRisk) to estimate the damages caused by earthquakes for Bosnia Herzegovina,
Bulgaria, Croatia, Czech Republic, Hungary, Macedonia, Poland, Romania, Serbia
Montenegro, Slovakia and Slovenia.

The importance of computer-based catastrophe models for the insurance industry was proven
by Hurricane Andrew in August 1992. At least eleven insurers became insolvent as a result of
their losses and approximately $ 20 billion in insured damage. The insurance and reinsurance
industry became aware that their risk management was inadequate and that they should
estimate and manage their risks more precisely due to devastating effects of heavy natural
catastrophes.

In connection to Hurricane Andrew, the U.S. government has recognized that studies and
models are required for a better estimation of risks of natural catastrophes. Therefore, the
Federal Emergency Management Agency (FEMA)® funded a study from which the
development of “Hazards U.S.” (HAZUS) resulted in 1992. HAZUS is a public domain
methodology for earthquake vulnerability assessment, which objectively measures the
intensity. HAZUS-MH (Multi Hazard), which was released in mid-February 2004, is an

More information on EQECAT can be found on the following website: http://www.egecat.com/.

More information on AIR can be found at http://www.air-worldwide.com/_public/index.asp.

For more information about EQC, see http://www.eqc.govt.nz’home.aspx.

More information on HailCalc Europe can be asked from Aon Re Services, Mr. Reinhard Maeger, (e-mail:

Reinhard_Maeger@aon-rueck.de).

® More information on QuakeRisk can be asked from Mr. Mathias Raschke (e-mail:
MathiasRaschke@t-online.de).

® More information on HAZUS can be found on the HAZUS website http://www.hazus.org/ or on the website of

FEMA http://www.fema.gov/hazus/hz_meth.shtm.

4
5
6
7
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extended software program of HAZUS that contains three models for the estimation of
potential losses caused by earthquakes, floods and hurricanes.

Today, catastrophe modeling is widely used for decision making regarding pricing,
underwriting, risk transfer, loss mitigation, portfolio optimization and the development of new
strategies within insurance / reinsurance companies.

3.2 The Structure of Catastrophe Models

The modeling of future natural catastrophes depends on the precision of received claims data.
All models used by the main global catastrophe modeling companies have an output of
similar structure. Most geophysical models are based on a Poisson frequency model and have
four primary components (compare to MAHDYIAR AND PORTER (2005), RMS (2005),
page 15 ff. for a hurricane model and DoNG (2001), page 6 ff.):

1. the inventory module (geophysical registration of an insured portfolio);

2. the hazard module (map of locations, intensity and frequency of occurrence of
potential future natural hazard);

3. the vulnerability module (damage function linking natural risk and damage on the
insured object) and

4. the loss module (the loss resulting from given levels of damage).™

The modeling of losses of natural catastrophes is based on the computer simulation of a huge
amount of potential loss events (Event Sets). The loss event is estimated by combining the
four primary sections. “Each of the four modules can influence the results of the model
dramatically. In other words, the final outcome is only as strong as the weakest link in the
module chain.” (Source: ZIMMERLI ET AL. (2003), page 28)

3.2.1 The Inventory Module

The inventory module covers the geophysical registration of the whole inventory or insured
portfolio subdivided into the type of insurance and insurance coverage. The important
parameter of the inventory module is the location (intensity of risk exposure) of each property
at risk. The assignment of geographic coordinates (longitude and latitude) is called geocoding
process. In practical applications, the Catastrophe Risk Evaluating and Standardizing Target
Accumulations (CRESTA)™ determine country-specific zones along recognized political
boundaries to uniformly and detailed report accumulation risk data relating to natural
catastrophes and to create corresponding zonal maps for each country. When applied to a
particular portfolio analysis, only those entries of the (Stochastic) Event Sets*? are selected
which refer directly to the portfolio under consideration, e.g. by looking at street addresses or
zip codes of the locations.

However, uncertainty exists in this module due to incomplete information, e.g. unknown
building classes. The decomposition of the input data in respect to geographical data has a

19\We concentrate on the description on the structure of RMS.

11 Both CRESTA and CRESTAplus are uniform structures for the processing and the electronic transfer of
information concerning liabilities between insurer and reinsurer or for providing models of natural hazards.

12 See Section 4.2. 63 ff.
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significant effect on uncertainty. A distinction is drawn between zip code, country or
CRESTA zone data. Thus, zip code data will produce different results with lesser uncertainty
than country or CRESTA zone data.

3.2.2 The Hazard Module

The hazard module comprises the simplified presentation of the complex meteorological
physical and geophysical criteria’®, i.e. hazard source and attenuation models with attenuation
functions, which summarize physical laws as well as historic and scientific hazard
information. This module characterizes the risk of natural hazard and is expressed in terms of
probability distributions, frequency of occurrence and intensity. The natural hazard, as e.g. in
RMS, is affected by the quality and completeness of the used data. In the geophysical models,
the principles of the modeling of risks'*, e.g. for earthquakes, floods, tornadoes, etc., are
similar. For example, the hurricane® hazard is a probabilistic event in the North Atlantic
Ocean / Caribbean with a certain level of severity. The hurricane catastrophe model starts
with the comparison of historical events of hurricanes for the area concerned. Then a number
of criteria are selected for every modeled hurricane, which can vary from model to model, but
the model can not be modified by the user. Most models of hurricanes include the following
characteristics by WHITAKER (2002, page 105), CLARK (1997, page 276) or RMS (2005):

o forward speed of the hurricane (the speed over land) (the forward speed is modeled as
a smoothed empirical distribution by landfall gate by RMS; see RMS (2005),
page 228);

e radius of maximum wind speed (distance between the eye of the hurricane and the
maximum wind) (the radius of maximum wind speed is modeled as a lognormal
distribution with the mean and standard deviation dependent on the central pressure
and latitude of the storm at landfall by RMS; see RMS (2005), pages 88, 98 and 228,
respectively);

e central pressure (the central pressure is modeled with a smoothed empirical
distribution by landfall gate by RMS; see RMS (2005), page 228);

e hurricane size is usually measured with the Saffir-Simpson Intensity (SSI) scale®
(see Appendix A.1, page 207 f.);

¢ landfall location (where an offshore hurricane hits land);

e peak wind speed,;

e direction of the hurricane track (hurricane tracks are simulated using a random-walk
Monte Carlo technique in RMS; see RMS (2005, page 83);

13 A lot of information on the physical criteria of natural catastrophes (e.g. tropical cyclones, tornadoes,
earthquakes) and dependence between the natural catastrophes can be found in Woo (1999).

1 Information about Turkish earthquake risk modeling are given in Kuzak, CAMPELL AND KHATER (2004),
page 49 ff. More information on hurricane, earthquake and flood modeling can be found in WHITAKER (2002),
page 104 ff. Further information on hurricane and earthquake modeling are available in KHATER AND
Kuzak (2002), page 281 ff.

% The terms “hurricane” (the North Atlantic Ocean / Caribbean) and “typhoon” (the Northwest Pacific Ocean)
are regionally specific names for a strong “tropical cyclone” (The Indian Ocean and the South Pacific Ocean).
More information on this topic can be found, e.g. in RMS (2005) and on the following website
http://www.aoml.noaa.gov/hrd/tcfag/tcfagA.html. The three already mentioned well-known providers use the
following software products to model hurricanes: RiskLink® DLM (by RMS), CLASIC/2™ (by AIR) and
WORLDCAT enterprises™ (by EQECAT).

'® The SSI Hurricane scale was developed in 1975. This integer-valued SSI scale is based on 1-5 ratings (5 being
the most damaging) which are derived from the hurricane’s present intensity and dependent on the maximum
wind speed and pressure.
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e wind profile (asymmetric due to Coriolis force caused by the rotation of the Earth);
and

e surface roughness (used to estimate the slowing effect of the terrain on the forward
speed of the hurricane).

Additionally, the RMS hurricane model includes the hurricane decay rates, which are
assumed to have a Gaussian distribution (see RMS (2005), page 95) and the landfall
frequency, which is modeled with a Poisson frequency distribution by landfall gate (see
RMS (2005), page 228).

More climate data and information about hurricanes are offered e.g. by the National Hurricane
Center’’, the Atlantic Oceanographic and Meteorological Laboratory'®, the Japan
Meteorological Agency®, the Cooperative Institute for Research in the Atmosphere®, the
National Oceanic and Atmospheric Administration’s National Weather Service” or the
Florida Climate Center?.

Having regulated the list of criteria information of the hazard data, e.g. hurricane data, the
data will be assigned to the characteristics and then the density functions and cumulative
distribution functions will be fitted to these parameters. A hazard curve typically defines the
hazard level’s probability of exceedance within a year (see Section 4.3, page 75 ff.). A natural
catastrophe is characterized by a high level of uncertainty, since it is modeled on the basis of
historical catalogs and only a limited amount of historical data is available. Another source of
uncertainty is the effect of terrain on the wind speed, which is also not predictable.

3.2.3 The Vulnerability Module

The vulnerability module is otherwise known as the engineering or damage module and
integrates modern building codes®® and engineering analyses into the decision making
process. The role of the vulnerability function®® is to provide estimates of the mean damage
ratio® of the various insured objects (building, personal belongings, contents of a building,
etc.) on the basis of the natural hazard intensity of the modeled event. This function is
affected by the quality of the building (ground plan symmetry, quality of materials - primarily
roofing -, coverage, past retrofits, number of stories, construction, the age of a building), the
failure modus (encompasses the causes of damage and the hence resulting damages, e.g. wind
loading exceeding the dead weight, damaged frontage, loss of roof covering, broken windows,
etc.), the resultant loss of this damage and results from three different types of information

17 See http://www.nhc.noaa.gov/.

18 See http://www.aoml.noaa.gov/.

19 See http://www.jma.go.jp/.

20 See http://www.cira.colostate.edu/index.html.

2! See http://www.nws.noaa.gov/.

22 See http://www.coaps.fsu.edu/climate_center/.

%% “The changes in building codes and building construction practices are modeled through “year modifiers” that
scale the base vulnerability functions based on the year of construction of the building.” (RMS (2005),
page 105)

2 “Development of the vulnerability functions is to be based on a combination of the following: (1) historical
data, (2) tests, (3) structural calculations, (4) expert opinion, or (5) site inspections. Any development of the
vulnerability functions based on structural calculations or expert opinion shall be supported by tests, site
inspections, or historical data.” (RMS (2005), page 105)

% The mean damage ratio is defined as the ratio of the repair cost divided by the replacement cost of the asset,
i.e. the damage ratio may assume values between 0 and 100 percent.
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(empirical information, engineering consensus and engineering reliability analyses) in
combination.

The damage is defined as a percentage of the amount of the building’s value, of indemnity or
repair cost. The problem of this module is the calculation of damage together with the hazard
estimate. Some information about geology and geography of the location (mountain, ocean,
etc.), construction type (wood frame, steel frame, concrete shear wall, reinforced concrete,
mobile home, masonry, etc.) and occupancy (nonresidential, single family, multiple families)
is included into this module type. Since the available information for the vulnerability
modules is limited, it makes sense to ensure the decomposition of each model for a realistic
estimation of the risk. However, it is not always possible to analyze the features for all insured
objects in detail, e.g. each residential building. Therefore, insured objects are grouped
together in one risk class to produce one common vulnerability curve. The uncertainty in
building results from a number of different sources, e.g. the type of building or the
construction quality, and may be also caused by the lack of data under extreme loads.
Uncertainty may also come from a limited experience of extreme events, which negatively
effects the construction of damage functions.

The vulnerability varies enormously between insurance lines (property, automobile, etc.),
client claims (residential, commercial or industrial) and the insured objects (building, personal
belongings, contents of a building, business interruption, etc.). Therefore, a lot of models exist
for quantification of the vulnerability. In all geophysical models the damage functions are
region-specific and are constructed for structural damage, content of buildings and time
element losses, e.g. business interruption, worker compensation or relocation expenses. In the
majority of cases standardized curves are usually specified within the geophysical models.
The basis for the financial analysis of vulnerability is the damage ratio (ratio of repair cost
divided by replacement cost of the asset (e.g. buildings). The damage ratio can range from
0 % to 100 %, or total loss. Some damage curves construct and relate structural damage to a
severity parameter, e.g. peak gust wind speed. Figure 3.2.3.1 shows a typical damage
function. In RMS the damage caused by hurricanes and by earthquakes is generally agreed on
as being beta-distributed (see DoNG (2001), page 123 and RMS (2005), page 24). However,
theoretically more than one type of distribution could be used. RMS does not provide any
justification by statistical estimators and statistical methods for the mathematical rationale
behind the beta distribution.
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Figure 3.2.3.1: Typical damage function®

3.2.4 The Loss Module

The loss module is otherwise known as the actuarial module. This module comprises the
calculation of the loss resulting from given levels of damage derived from building structures
that have been analyzed and characterized as being of direct or indirect nature. Direct losses
include the cost to repair and / or replace a building structure. Indirect losses include business
interruption impacts (e.g. loss of power) and relocation costs. The content losses are
dependent on the damage to the building structure. The policy conditions include deductibles
by coverage (e.g. a fixed amount, a percentage of the sum insured, a percentage of the loss),
site-specific or blanket deductibles, coverage limits and sublimits, loss triggers, coinsurance,
attachment points and limits for single or multiple location policies (including e.g. a fixed
amount, a percentage of the sum insured) and risk specific reinsurance terms. Consequently,
the function of the loss module is to translate the physical damage in total or ground up losses.
Insured losses are calculated by applying policy conditions to the estimates of total loss. Some
actuarial modules have the additional ability to calculate the impact of reinsurance including
excess of loss, to involve hazard-specific event limits or to include a time component, e.g.
annual loss limits.

In the software (RiskLink®) of RMS, a beta-distributed approach is used to estimate net losses
of deductibles and limits for each event (see RMS (2005), page 135).

The loss module is influenced by many factors, e.g. the time of occurrence of an event loss.
Thus, loss uncertainty?” can occur. This uncertainty may result from the loss obtained,
because the real natural event can yield a different value than calculated in the model. When
modeling losses differentiation between single risk and portfolio risk make sense. Therefore,
when modeling event losses for aggregate individual risks, a scatter of the loss is made due to
the loss uncertainty. This scatter is contained in a small interval because of the balance
between the single insured objects within one considered zone, e.g. in a CRESTA zone.

26 Source: MAHDYIAR AND PORTER (2005), page 63.
%7 See Section 3.3, page 41.
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However, this is not the case for single risks. Consequently, the scatter of loss has a greater
influence on the probability of the maximum loss of a single risk, because for a single event a
100 % loss could occur, which could never happen for a portfolio of aggregated individual
risks.

For example, for windstorm risk only 100 years of data are available for most parts of the
world, and additionally the information is very limited for the early years. 100 years of
collected data is a very short period in comparison to the usually considered return period of
catastrophe events. Therefore, the estimated losses might yield a lower estimate or might
overestimate the future losses due to missing or including one or more extreme losses in the
short time horizon. These defects in the data can cause some problems for the tail of the
distribution, which is particularly important for Solvency II.

Over the past years, both the hurricane sizes (see Appendix A.1) and consequential claims
have increased. To account for these new circumstances, the following changes were made in
the hurricane models by providers of geophysical models in 2005 (AoN RE SERVICES (2005),
page 19):

e “Updated historical storm set to include all land falling and bypassing storms through
2004.

e Implementation of an aggregate demand surge function.

e Capability to annual deductibles, as mandated by the Florida legislature.

e Updated manufactured home vulnerability curves based upon loss information from
the 2004 storms (RMS).

e Updated high-resolution geocoding data files.”

3.3 Understanding Uncertainty

Uncertainty plays an important role in the modeling of natural catastrophes, as little changes
in parameters can result in large changes of the expected loss.

“Where the sum insured is large enough to be of interest for
reinsurance purposes, claim size distributions should be
constructed. Where possible, these should be based on a
combination of the insurer’s own data and industry experience. For
reinsurance purposes, the incidence of large claims is particularly
important. [...] Reinsurance is mainly about controlling variability and
so is focused on the expected number and size of large claims. [...]
Finally, it is important to remember that the information analyzed is
past data. [...] It is also necessary to allow for economic, social and
technological changes, even though such adjustments can be very
difficult to quantify.” (HART, BUCHANAN AND HOWE (1996),
page 465)

Thus, the calculation of premiums is based on estimates of stochastic events, and a particular
uncertainty in the modeling of catastrophe models will remain.

In practice, geophysical models use statistical techniques to calculate confidence bounds
(although not statistically perfect) to understand the uncertainty inherent in these tools. A
significant uncertainty is derived from the scarceness of historical event data, e.g. of
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earthquakes, relatively to the return periods of occurrence of the largest events (hundreds of
years), however it can be attempted to create Stochastic Event Sets by random permutation of
the geophysical parameters to confine this uncertainty.

The uncertainty depends on scientific knowledge and varies with it. Within the model, there
exists a part of uncertainty, which is explicitly calculated. However, which elements of
uncertainty are calculated is not uniform since modelers do not reveal their choices and do not
make their models transparent. A general consensus is that the modelers distinguish between
the following types of uncertainty within the geophysical models:

e Event uncertainty, otherwise known as rate uncertainty and primary uncertainty,
describes the uncertainty, that a random hazard event will occur in a given time
period. It includes the size and location of the event and affects the loss exceeding
probability (see DONG (2001), Appendix A, page 69 ff.).

e Loss uncertainty, otherwise known as secondary uncertainty and distributed loss (see
DoNG (2001), page 10), is made up of the size of the loss when a specified event has
occurred, of insurance details, soil conditions, geocoding, etc. The size of the loss
depends on, e.g., the speed of the wind (hazard parameter), accurate information about
a building, information regarding repair costs as well as business interruption costs.
For example, for earthquakes (see DoONG (2001), Appendix A, page 66 ff.), loss
uncertainty can be divided in the following three parts: ground motion attenuation
uncertainty, vulnerability uncertainty given the ground motion and incomplete
information.

e Parameter uncertainty plays a significant role in geophysical models for underwriting
and depends on the quality (e.g. lack of data) and amount of data as well as on the
parameters that define the model. An incomplete description of a hazard source, the
geology, the topography or partial information on a structure of building can cause
erroneous results. According to WHITAKER (2002) the uncertainty lies in an interval
which should include the mean value of that parameter for any component of the
geophysical model, e.g. activity rate, vulnerability of a portfolio of buildings,
decomposition of hazards. It may occur that parameter uncertainty affects several lines
of insurance simultaneously. The modelers assume that, in practice, parameter
uncertainty generates dependences between and within the risks. However, it is
necessary to reflect whether correlation is an appropriate measure of dependences, as
it is usually used by the modelers (see Chapter 9).

e Process uncertainty (in engineering literature called aleatory uncertainty) and model
uncertainty depend on the choice of the method of modeling and the validity and the
accuracy of the model. Process uncertainty and model uncertainty have a significant
impact on the result of geophysical models, e.g. the choice of the distribution, the
appropriate choice of the algorithm for the computation of powers of convolution,
which will be examined in Chapter 4, page 53 ff.

In literature epistemic uncertainty can also be found, which consists of model uncertainty and
parameter uncertainty.

Finally, statements on probability distributions on the basis of empirically observable events
can only be made in consideration of levels of significance. In principle, a deficient modeling
is not excluded, because insured claims will basically appear randomly. The probability of
extreme events always exists, independently of precision of modeling. However, engineers
use historical data to control the geophysical models by comparing model results with actual
data from historical events. In addition to the detailed analyses of actual claims modelers
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perform sensitivity analysis, goodness-of-fit (Chi-square goodness of fit test or Kolmogorov-
Smirnov test), and stress tests to minimize the uncertainty in geophysical models. Logic trees
and simulation techniques are used to incorporate uncertainty into catastrophe modeling
(compare to GROsSSI AND WINDELER (2005), Sections 4.4.1 and 4.4.2). With accurate
measures of uncertainty, stakeholders can potentially lower the cost of dealing with
catastrophe risk.

3.4 Ascertainment of Claims and Distribution
Models

The basis for geophysical models is the historically incurred and registered claims. An
extensive catalog of historical data?® allows to establish the relationship between geographical
distribution, occurrence frequency and intensity. The aim is to transform the empirical data
into a preferable structure and to thereby derive a prediction about future loss events.
Observation of historical events can provide insights into the frequency with which events
occur and into the severity of these events. This analysis of an extensive set of historical
losses is indispensable in order to exactly describe the observation of historical events and to
provide input for the simulation.

To be used effectively, the geophysical models require the following data of events (compare
to WHITAKER (2002), page 109):

location;

value of risk;

type of coverage (i.e. buildings, contents or business interruption);

classification by commercial, industrial and residential,

policy conditions as applied at both policy level and site level to include limits,
deductibles and attachment points, respectively;

e construction and occupancy.

Note that most of the parameters have to be estimated and, therefore, most parameters possess
uncertainty. The primary source of parameter uncertainty is changing over time. Thus,
parameter uncertainty (compare to Section 3.3, page 40 f.) is a very important component in
any collective risk model when it is applied to an entire insurance company. If data exist
about historical losses, they are usually sparse. Stochastic Event Sets are helpful for the
simulation of claims with high severity and low probability.

As a general rule it can not be assumed that natural catastrophes or causes are comparable and
temporarily stable. Therefore, the actual conditions at the time of the event can not be
duplicated exactly. The ascertainment of claims and their storage can be influenced by

inflation,

trends (economic, e.g. updated building codes, climatic),

lack of data (temporal breaks, data loss),

changes in the general economy (mergers & acquisitions, introduction / action of new
business areas, changes in policy structures),

8 RMS access the National Hurricane Center’s North Atlantic hurricane database (HURDAT) to develop
frequency distributions for hurricane characteristics (see RMS (2005), page 229).
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e demographic increase, e.g. in regions which are endangered by earthquakes,
e insurance market penetration and
e technical mistakes (input data errors, conversion errors).

If no other systematic sources of error exist, the data has to be filtered and adapted.

New methods (explorative data analysis), e.g. for decomposition of distributions (cluster
analysis, Multi Dimensional Scale (MDS), etc.), are widely used in this regard in the non-life
insurance in addition to the trend elimination (linear, exponential, etc.).

A typical problem for reinsurance companies is the adjustment of appropriate statistical
distributions to the data of losses. A distinction is drawn between univariate and multivariate
distribution models. In univariate models significant variations can occur when the models are
based on no or only little data of losses. The theoretical results of extreme value statistics®
provide assistance for these typically large losses. Furthermore, a distribution model could be
applied for large losses, but not for minor losses, which is important, e.g., for the aggregate
distribution of a model of losses in Solvency IlI.

The following table contains a range of distributions which are implemented in some software
products with x >0 for the data of losses.*

%% See e.g. EMBRECHTS, KLUPPELBERG AND MIKOSCH (1997) and REISS AND THOMAS (2001).
% In the following, o denotes the shape parameter, 3 is the scale parameter, and T' denotes the Euler gamma

function. If ne N, then I'(n+1)=n!=n-(n—1).....2.1.
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Distribution Density f (x) Expected value E (X))
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Table 3.4.1: Distribution functions

In order to model losses, the losses are divided into normal losses (high frequency, low
severity) and large losses (low frequency, high severity) e.g. in KAUFMANN, GADMER AND
KLETT (2001) or in KELLER AND LUDER (2004), page 23 f. For both situations, the classical
collective model of risk theory is recommended (see Section 4.1, page 55 ff.).

Typical heavy tail distributions for large losses are the Pearson type V distribution, the
loglogistic distribution and primarily the Fréchet distribution, which is a classical extreme
value distribution. The loglogistic distribution, the Pareto distribution and the Fréchet
distribution are tail equivalent (see BINGHAM, GOLDIE AND TEUGELS (1987)). The Pearson
type V distribution and the Fréchet distribution agree for choice of shape parameter a =1.
These types of distributions are “dangerous”, as large losses have a low frequency and a high
severity (heavy tail) which are typical for natural catastrophes. In contrast, the gamma
distribution (see the Swiss Solvency Test, Section 2.2.3, page 19) and the Weibull distribution
are used to model the normal losses. The lognormal distribution is used to model less
dangerous losses and lies between these “extreme” distributions from the graphical point of
view. The Pareto distribution, which is widely used in reinsurance, is qualified for large losses
because of the conditional distribution.
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Another possible class of loss models is the class of mixture models which model the normal
and the large losses differently; such models can be useful if large discrepancies show up
when comparing sampled data to a single model. It should be noticed that models with
“many” parameters adapt better to the existing data than models with few parameters.

The choice of a suitable model gets more complicated if stochastic dependence between the
hazards or risks is considered, instead of assuming independence. In general, statistical
dependence between similar areas, e.g. household insurance and insurance of buildings, is
modeled in insurances due to the spatial proximity e.g. in case of flood damage and storm
damage. Concerning large losses it might be useful to examine other dependence measures as
alternatives to correlation.

The following list corrects several erroneous assumptions which are often made.®* These
assumptions often seem to be intuitive and may be justified in some special cases (elliptically
distributed risk factors). For several of them, we will later show that their assumption can lead
to a huge underestimation or overestimation of risks:

e the joint distribution of risks is not uniquely determined by the marginal distributions
and the (pairwise) correlation;
o there does not always exist a joint distribution which realizes every given correlation

in interval [—1,1} for two arbitrary marginal distributions;

e acorrelation of zero does not imply stochastic independence of risks;

e the correlation is not invariant under the transformation of risks, e.g., with a logarithm
function, a root function, etc.; and

e the correlation is not necessarily a useful dependence measure for risks of extreme
events.

The following example by PrelFErR (2003, page 13 f.) depicts the first misjudgment. Let
X, YandZ be the three margins of Figure 3.4.1, which are all uniformly distributed.

Pearson’s linear correlation® is p"(X,Y)=p"(X,Z)=7/15. The two random vectors
(X,Y) and (X,Z) obviously do not have the same joint distribution structure. The random
vector (X,Y) fills out a section of a radius-one-circle centered on (0,1), while the random

vector (X , Z) takes values only on two lines in the unit square.

31 Background on these incorrect assumptions can be found in EMBRECHTS, MCNEIL AND STRAUMANN (2002).
%2 See Section 8.1, page 156 ff.
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Figure 3.4.1: Same linear correlation, but different dependence structures®
uniformly distributed risks X and Y with X,Y €{0,1,2}. The joint probability distribution

The next example by PFEIFER (2005a, page 3 ff.) contains two uncorrelated but dependent
is given by the following table:

Table 3.4.2: Joint probability distribution of X and Y

% Source: PFEIFER (2003), page 13.
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For example, we obtain the value 1/6 for the joint probability that both risks have the value
zero, risk X has the value zero and risk Y has the value 2, risk X has the value 2 and risk Y
has the value zero or both risks have the value 2. The marginal distributions of these risks are

also uniformly distributed with the expected value E(X)=E(Y)= %(0 +1+2)=1. Then we

get:
E(XY):%-(O-O)+O-(O-l)+%-(0-2)+O-(1-0)+%-(1-1)+0-(1- 2)
1 1

+g-(2.o)+o-(2-1)+€-(2~2):1.

Therefore, the risks are uncorrelated, but obviously not independent, as in that case, every
entry in the table would have the value 1/9. Hence the joint distribution is not uniquely
defined by the marginals distributions and the (pairwise) correlations. The following table
shows another dependence structure for the joint probability distribution:

X
0 1 2 )
1 8 3 1
0 P N N —
36 36 36 3
7 2 3 1
Y 1 — = — =
36 36 36 3
4 2 6 1
2 P P N _
36 36 36 3
1 1 1
E — — —
3 3 3

Table 3.4.3: Joint probability distribution of X and Y
with another dependence structure

From this, it follows that

E(XY):3—16-(0-0)+3—86-(0-1)+%-(0-2)+%(1-0)+%-(1-1)+%-(1-2)
+%-(2.0)+3—26-(2-1)+3—Z-(2.2):1.

Therefore, these risks are also uncorrelated. A comparison of the two joint probability
distributions from the tables above shows that the dependence structure is different. In
Table 3.4.2, five different risk combinations are possible, i.e. have probability > 0. However,
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in Table 3.4.3 we can find nine different possible risk combinations. For the distribution of
the aggregate risks we receive the following table:

Example 1

Independence | P(X+Y =x)

Example 2

g|<o ©O|lw|lw|NN
K| ajeiv o jw
g|m ©olklo ks

g||—\ ol|lr|lo|r|lo
g|5 olNn] o |-

Table 3.4.4: Distribution of the aggregate risks

The table consists of the probabilities

P(X+Y=x)=> P(X=x—-y,Y=Yy)

YEZ

by decomposition of the single events {X +Y =x} = J{X =x—y, Y =y} according to all

yeZ
possibilities of realizations y of Y with a constant total amount X.

Now we will show the significant difference between the three cases. We assume a stop loss
reinsurance contract with a layer {2,3, 4}, i.e. the primary insurer has to pay for all losses up
to a franchise of level 1. All losses above level 1 will be paid by the reinsurer up to level 2.
We compute the required premium p (as expected value) for the three cases using
Table 3.4.4

b_2,3_ 4 34,3 4 9 10 18 37
3 6 36 9 9 9 36 36 36 36 36
Example 1 Independence Example 2

In all three cases we obtain different required premiums. The highest premium is given by
Example 1 and the least premium is given by Example 2.

If we change the franchise of level 2 then we have a new situation with layer {3, 4} :

oS l2 1 2.2 16 2 12
36 36 36 9 9 36 6 36
Independence Example 2 Example 1

In contrast to the stop loss reinsurance contract with a layer {2,3, 4}, we obtain now the
highest premium in the case of independence and we get the least premium for Example 1.
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These examples show clearly that uncorrelated risks can result in different premiums when
using joint probability distributions for a stop loss reinsurance contract. In addition, the
premium calculation significantly depends on the choice of layer. Therefore, the (pairwise)
correlations and the marginal distributions alone do not uniquely determine the underlying
joint distribution. The dependence structure of (correlated) risks has significant consequences
on reinsurance. The study of correlation between risks is not sufficient for an accurate
calculation of reinsurance premiums or for an accurate assessment of risk potential of an
insurer (compare with Section 9.4, page 178 ff.). The dependences of risks must be
considered in geophysical models in another way than by correlation (compare to Sections 9.5
and 9.6, page 185 ff.).

Traditionally, insurance companies usually assumed individual risks to be independent, e.g.
when buying reinsurance for a certain Line of Business (LoB) (insurance risk factor). The
guantitative analyses of such isolated risk management tools did not (or did only rarely)
require a deep understanding of dependence between various risk factors.

While these isolated risk management tools are relatively easy to handle and easy to analyze;
they do not necessarily offer the most cost-effective protection if we look at the company as a
whole. The fact that a company depends on various stochastic risk factors creates the
possibility to look if dependence structures exist. For example, WANG (1997) suggested a set
of tools for explicitly modeling and combining correlated risks in risk portfolios. BAUERLE
AND MULLER (1998) introduced natural models for multivariate risk portfolios with different
degrees of dependence and the same marginal distribution.

For a map of the real structures, dependence structures have to be integrated into the
geophysical models. This concerns dependences within a well-defined business in force, the
dependences between sub-stocks of underwriting as well as dependences of claims payments
on other variables and influences.

Simple statistical analyses of claims and finance data including their correlation do not suffice
to describe the complex contexts of finance and insurance business. The concept of copulas
(see NELSEN (1999), EMBRECHTS et al. (2000), (2001) and (2002), BAUERLE AND
GRUBEL (2005), DEMARTA AND MCNEIL (2004), and NESLEHOVA (2004), and the references
given therein) offers a possibility to model stochastic dependences in a more general way
(compare to Chapters 5 and 6). In case of continuity, the joint cumulative distribution function
of risks transformed to uniform marginals is the associated copula C. Copulas separate the
marginal distributions from the underlying dependence structure and, together with the
marginal distributions, determine uniquely the joint distribution of the risks. Moreover, they
avoid the problems of correlation discussed later (see Section 8.1, page 156 ff.).

The use of copulas has advantages and disadvantages. First, copulas help in the understanding
of dependence at a deeper level. Copulas describe the joint dependence between hazards more
exactly than correlation, because the joint distribution of hazards is not uniquely determined
by correlation. Thus, copulas “think” beyond linear correlation. Copulas make complex
systems transparent especially in Integrated Risk Management, Dynamic Financial Analysis
(DFA), Dynamic Solvency Testing etc. and are adequate tools for simulation. The rule in
practice is that positively dependent risks enlarge and negative dependent risks diminish the
target capital. This general statement is only accurate conditionally. Appropriate counter-
examples can be found in Chapter 9. The simulation of claims and mutual dependence as well
as consequential transformations (aggregate loss, maximum loss, etc.) can be done with
copulas. In addition, copulas remain invariant under continuous and strictly increasing
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transformations of the underlying random variables. A disadvantage of copulas is that we do
not have both, an easy description of the joint distribution between risks and an easy way to
simulate. If we use the family of Archimedean copulas we can easy describe the joint
distribution function, but these copulas are complicated to simulate. The reverse situation is
given by the family of elliptical copulas. This family is easy to simulate, but, however, the
description of the joint distribution function is complicated. Another disadvantage of some
copula models is that they only depend on one or two parameters, e.g. the Archimedean
copula, and that models with more than two parameters are generally very complex (see
MCNEIL, FREY AND EMBRECHTS (2006)). The accuracy of the statistical analysis of copulas
may depend on the preceding transformation of data (sensitivity analysis of parameters). The
calculation of the densities of copulas is not easy and requires specific procedures, e.g.
spectral analysis or conditional distributions. Furthermore, the efficiency of copulas crucially
depends on the accurate ascertainment of all complexities within the systems.

Nevertheless, copulas are the only possibility to describe complex structures as the ones
appearing for natural catastrophes. Unfortunately, copulas are not explicitly considered in
geophysical models. Most geophysical models yield univariate outputs, i.e. the dependence
structure is only considered on an event basis in the Event Loss Table (compare to
DONG (2001), page 53). The most used dependence measure which can be found in
geophysical models is linear correlation in connection with secondary uncertainties (see
DONG (2001), page 46 ff.).

3.5 The Discussion about Geophysical Models

Geophysical models are a very good addition to the actuarial statistical analyses, especially in
comparison to the short data-time series with typical period between 20 and 30 years.
However, the following problems occur to the users of geophysical models (compare e.g. with
MAEGER AND KAISER (2005)) in addition to criticism on the mathematical point of view of
geophysical models (see Section 4.3, page 80):

e In general, the exceeding probability curves (see Section 4.3, page 75 ff.) computed by
providers of geophysical models do not agree even for the same input data.

e Providers of geophysical models often argue that standard statistical tools are
inappropriate to estimate future hazards, because the claims from the past can not be
used to predict the future (see CLARK (1997), page 275, DoNG (2001), page 2 and
KHATER AND KuzAK (2002), page 272). This argument is legitimate, although this
sharpness is not justified. A lot of examples have shown that actuarial standard tools
with proper models provide qualified results. The criticism sometimes also applies to
geophysical models. Geophysical models depend on historical events for the
estimation of parameters (see e.g. CLARK (1997), page 276), which need not be
absolutely representative for future developments, e.g. due to climate changes.

e Basic losses (risks with small return periods) are partially underestimated in
geophysical models. In the case of storms, this yields problems with pricing
(e.g. commission for quota treaties).

¢ In geophysical models some characteristics of reinsurance are not considered e.g.
Annual Aggregate Deductible (AAD), reinstatement, limited duration of liability on
proportional contracts (per occurrence / per year) and combination of excess of loss
and stop loss.
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e In the finance module of geophysical models only Value at Risk (see Section 7.2,
page 124 ff.) is used as risk measure.

e In general, the geophysical models provide point estimates for the parameter and
quantiles derived from e.g. PML3 values. However, a better comparison of the
different model results is possible by the calculation of confidence regions which are
not provided. But the actuarial computation for PML can do this.

e None of the geophysical models can handle both the risks storm and flood. The
calculation of the joint PML in such cases is only possible if one calculates the PML
for storm and the PML for flood with different geophysical models. The cause is that,
in geophysical models, the dependence structure is only considered on an event basis.

e New versions of software packages might produce different results than older versions
for the same input data due to modified model internals which are not known to the
user (black box).

e Basically, the output of geophysical models does not give risk assessments according
to Solvency II; for this, further computations and simulations are necessary.

34 Compare to Section 7.2, page 131 f.
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Chapter 4

Evaluation of Geophysical Models

The output of geophysical models may be used in the insurance / reinsurance industry, e.g. to
manage claims, portfolio risks and future catastrophe loss potential, to optimize the
insurance / reinsurance portfolio, to perform sensitivity tests, to develop underwriting
guidelines, for underwriting and risk screening, for risk transfer (reinsurance or retro covers),
for catastrophe bonds, etc. For evaluating catastrophe models, different factors are important,
e.g. the ease of use, the structure of geophysical models, the inherent uncertainty, the transfer
of territorial hazards to the available models, the regard to the insurance structure (the
different cover of policy level data) and the run-time of geophysical models. It should be
noted, however, that under current conditions the simulation run-time for particularly
complex models can take weeks even on the fastest computers. It makes sense to use more
than one geophysical model with differing assumptions to confirm and approve the available
results, because of considerable variability in the model’s results. It is important, that all
assumptions and results are well reviewed in order to avoid blind trust in results, which could
lead to risk management problems for the whole insurance company. Attention has to be paid
to the fact that the results might vary from model to model for the same risks, because risk
estimation is done in various ways by the different providers of geophysical models (compare
with the discussion in Section 3.5, page 50 f.).

The most geophysical models only use correlation (e.g. see DoNG (2001), page 19) to
describe dependences, which proves inappropriate in many cases. In a lot of models, mainly
the modeling of mere individual risks (DFA, Solvency Il) can be found; often there are little
possibilities to simulate individual claims. Furthermore, the models frequently do not fit well
to the available data, e.g. as a result of small return periods.

Another possibility to model dependences is to use copulas. Copulas are useful, because they
“think” beyond linear correlation; they allow some kind of worst case analysis under
incomplete information and thus eventually give a better risk model (see Sections 9.5 and 9.6,
page 185 ff.).

In most geophysical models, only the Poisson distribution is used in the collective model of
risk theory. The Poisson distribution is required for mathematical reasons, e.g. in Ammeter’s
Theorem (see Theorem 4.2.1, page 69). Moreover, it is one of the few distributions for which
Panjer’s recursion (see Section 4.4, page 80 ff.) can be applied.

The aims of catastrophe models are to ascertain the amount of coverage for a cedent and to
provide the cost of coverage to both, the insurer and reinsurer. The output of geophysical
models can be divided into deterministic and probabilistic, which will be explained in the
following.
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Deterministic
The deterministic model output evaluates the impact of a hazard by analyzing the severity of a
single possible result. At the present time, there exist three main types of deterministic events
in geophysical models:
e the significant historical event (real events from an event set);
e the worst case scenario (hypothetical events, specified by the user, with features such
as size and location); and
e Lloyds Realistic Disaster Scenarios (events causing a significant loss to the insurance /
reinsurance market suggested by Lloyds of London).

But a deterministic analysis is generally not useful for the performance of geophysical model,
because the same event with the same parameters and severity is unlikely to happen in the
same place again.

Probabilistic

The output of the probabilistic model provides the parameters for a probabilistic loss
distribution (see Section 3.4, page 42 ff.) e.g. for windstorms, floods or earthquakes and
computes the parameter for the random variable “frequency” (compare to Section 4.1,
page 55). Subsequently, the actuary uses the probabilistic model’s output for the calculation
of “Exceeding Probability” (EP) curves (compare to Section 4.3, page 75 ff.) and as a basis
for pricing reinsurance treaties.

By random permutation of the geophysical parameters, the Historic Event Sets can be
artificially enlarged, resulting in the so-called Stochastic Event Sets (compare to Section 4.2,
page 66 ff.). These can easily have up to 50000 entries and more. The size of the event
databases varies by risk and by country. If we choose scenarios which effect a certain
insurance portfolio, we can simulate in vitro many hundred or thousand years of potential
future losses. In this way, we obtain important information about the individual claims
distribution and the aggregate loss distribution for this portfolio. Apart from historical
databases a hypothetical probability model should be used as well as the opinion of experts
should be asked for. In this procedure, the existence of a lot of possible distributions which
differ in the tail, the kind of dependence structures between the events and the influence of
subjective expert opinions are critical.

The unknown parameters of the aggregate claims distribution for future losses are numerically
determined by means of the historical event database and with the method of moments, the
maximum likelihood method or a Bayesian analysis. Tests of goodness-of-fit (e.g. Chi-square
goodness of fit test, Kolmogorov-Smirnov test or Anderson-Darling test) help the modelers to
evaluate the quality of the aggregate claims distribution.

The aim of Chapter 4 is to give a survey of the possible mathematical use of the geophysical
models’ output. The outline of this chapter will be the following: first, we define the used
collective model of risk theory in Section 4.1. Thereafter, we will pay attention to the types of
loss and their modeling. Section 4.3 is devoted to the presentation of the Exceeding
Probability (EP) curve for the typical loss, the occurrence loss and the aggregate loss. Finally,
in Sections 4.4 and 4.5 we will present two methods, Panjer’s recursive algorithm and the
discrete Fourier transform, to compute the aggregate loss distribution.
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4.1 The Collective Model of Risk Theory

The following are the basic mathematical assumptions for this model*:

e The number N of claims (losses) within a certain period is a non-negative, integer
valued random variable, called frequency. The point probabilities of N are denoted by

p, =P(N=n)forn=012,....
e The individual claims (losses) occurring during this period, {X}, . are

stochastically independent, identically (like X ) distributed (i.i.d.), positive random
variables, also independent from the frequency N.

The aggregate claim or aggregate loss (for the period under consideration) is given by

S=) X,

k=1
with the convention that the “empty sum” is interpreted as being zero.

A frequently observed problem with geophysical models is that they usually do not reproduce
consistent results in the observable period. Due to model assumptions, the geophysical models
regularly deliver a positive value for the annual probability

P($=0)=P(N =0)=exp(-A}>0,

while a total loss of zero hardly occurs in real portfolios in practice. This problem could be
circumvented e.g. by assumption of negatively dependent (Poisson distributed) counting
variables; for the modeling of two of such random variables, see e.g. NESLEHOVA (2004),
Chapter 8. For this reason, the consideration of dependence structures in geophysical models
IS necessary.

The aggregate loss S is a random sum of random variables. The following reformulation
shows that S is measurable:

for any (Borel-)set B € B

{SeB}:n@0

{N :n}ﬂ{éxk € B}

with B being the Borel o -algebra over R.

If not said otherwise, we shall always assume that the probability distributions for the claims
(losses) are continuous with a density function f and a cumulative distribution function F,

given by

F(x):]f(u)du, x> 0.

! Two other models for multivariate risk portfolios with different degree of dependence and same marginal
distribution are proposed by BAUERLE AND MOULLER (1998). The main difference to Wang’s paper
(WANG (1998)) is that the two authors mainly investigate how dependences affect the riskiness of portfolios.
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The corresponding survival function is given by

F(x)=1-F(x)= [ f(u)du, x=0

X

Definition 4.1.1 (Convolution):
Let X and Y be real-valued, stochastically independent random variables. Then the
distribution of the sum X +Y is called the convolution of the distributions of X and Y :

P*Y = PX «P".

Lemma4.1.1:
Let X and Y be real-valued, stochastically independent random variables. Let F, and F,

denote the cumulative distribution functions and, in case of continuity, f, and f, denote the
corresponding density functions. F, «F, denotes the cumulative distribution function of their
convolution P* xP", and f, * f, denotes the corresponding density function. Then we have
the following equalities:

o0

(FX*FY)(Z):(FY*FX)(Z):fo(z—y) f, (y)dy

—00

o0

(fex f)(2)=(f, xf)(2)= [ f(z=y) 1, (v)dy, 2€R

—0o0

Proof:

See e.g. BEHNEN AND NEUHAUS (2003), Proposition 22.10 and HUBNER (2003), Theorem 5.19
and Corollary 5.20. [ |
Lemma 4.1.2:

The cumulative distribution function of the aggregate claim (loss) F is given by:

o0

Fs(z)=P(S<z)=p,+>_ p,F"(z), z=>0.
n=1
Here p,:=P(N =n) denote the point probabilities of N for n=0,1,2,... and F"™ denotes

the n-fold convolution of F, the cumulative distribution function of the individual claims
(losses).

Further, we have the following result for the conditional cumulative distribution function and
the density function of S, given that S >0:

P(S<z|$>0)= P(F?<§i§>z): Fsl(z)—

and

fs(z|S>0)= 1 ipn f™(z) for z>0,
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where f"™ denotes the n-fold convolution of f, the density function of the individual claims
(losses).

Proof:

See e.g. KLUGMAN, PANJER AND WILLMOT (1998), page 296, and Hipp AND MICHEL (1990),
pages 10 — 13. [ |
Remark 4.1.1:

1. It should be pointed out here that though the individual claims (losses) follow a
continuous distribution, this (in general) is no longer true in the collective model. Namely,
in case that p, >0, the aggregate claims distribution has an atom at zero. However, the

conditional distribution of S, given S > 0, remains continuous.

2. The above result thus says that the distribution of S can be seen as a mixture of two
distributions, namely the Dirac distribution ¢, at zero with weight p, and the distribution

of S under S >0 with weight 1— p,.

For special cases, the aggregate claims distribution can be calculated explicitly. In the
following lemma, the resulting distribution of S is a mixture between the Dirac distribution

g, at zero with weight p and an exponential £(Ap) distribution with weight 1—p:

Lemma 4.1.3:
Let N follow a geometric distribution given by

p, = pq", n=0,12,... with some parameters p=1—q¢ (0,1),

and let the individual claims (losses) follow an exponential distribution S(A) with parameter
A > 0. Then we have:

P(S<z)=F(z)=p+(1-p)(1-e’"), z>0.

Further, the aggregate claim (loss) S follows another exponential distribution 8()\ p) , under
the condition S > 0.

Proof:
The distribution of a sum of independent, exponentially distributed 8()\) random variables is

of Erlang type (a special gamma distribution), i.e. we have for ne N:
Zn—l L )\nzn—l

f”*(z):)\“-F(n)e :<n_1>!e”, z>0.

This implies
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00 nnl
Z|S>0 qu .I:n* anl)\ -z

o= VI

)\pefx\z i <)\q2)n_1 _)\pe—)\pz 7 > 0
B ~ (n-1)! e
%/—J

=€exp(Aqz)

ie. S is £(Ap) distributed, under S > 0. Hence, we can conclude using Lemma 4.1.2, as
Fs (2)=py+(1— p,)P(S < 2]S >0) for z>0. m

In general, the numerical calculation of the aggregate claims distribution can be simplified by
the use of (probability) generating functions. The following Definition and Theorem are based
on Definition 2.2.6 and Theorem 2.2.3 of MATHAR AND PFEIFER (1990), respectively.

Definition 4.1.2 (Generating functions for the individual claim):
Let X be areal-valued random variable such that, for some subset | C R, the expression

Uy (1)=E (%), tel

remains finite for all tel. The mapping ¢, , defined on 1, is then called the moment

generating function of X or of the distribution P*.
The mapping defined by

oy (s)=1y (Ins)=E(s*), sce' ={e'|tel}
is called the probability generating function of X or of the distribution P*.

The moment generating function 1, characterizes the distribution P* uniquely, if the set |
contains some interval [—6,6] with ¢ > 0. The corresponding proof usually requires methods
from Fourier analysis and is omitted here; see e.g. BILLINGSLEY (1986), Theorem 30.1.

Theorem 4.1.1:
Let X be a real-valued random variable such that for some |1 CR, the moment generating

function 1, exists. Then the following statements are true:

a) We always have 1, (0)=¢, (1)=1. If further ¢, (t) exists for some
t=t">0 or t=t, <0, then it also exists for te[0,t'] or t€[t,,0], respectively. If we

denote
t=sup{teR|yy (t)<oo}, t =inf{teR |, (t)<oo},

then 1), (t) exists for all te(t",t"), and ¢, (s) exists for all se(er,e“) (with the

convention e~ =0, e* =oc). Under the condition that X >0 or X <0 almost surely,
we have t™ = —oo or t© = 400, respectively.
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Let 0<é<min{t",—t"}. Then all absolute moments E(|X|k), keN, exist, 1, is

differentiable at the origin of any order, and we have

Xk), keN and
E

E(
n0=3 e <

In particular, we have
E(X)=1, (0) and

Var (X )=, (0) (v (0)),

Further, ¢, (s) is differentiable at s =1 of any order, and we have

go(x”(l):E[ (X —i)|, keN and

In particular, we have
E(X) =gy (1), Var(X) =y (1) + oy (1){1- oy (1)

In case that P(X €Z")=1 where Z':={0,1,2....}, i.e. X takes only non-negative
integer values almost surely, then ¢, can be naturally extended, i.e. ¢, (s): E(sx)

exists also for all |s| <1, with

Px <()):P(X:k), keN and

ip(x =k)s, |s|<1.

k=0

Px (S)

Let X and Y be stochastically independent, real-valued random variables with moment
generating functions ¢, and ¢, both existing on the same subset I CR. Then the
random variable Z = X +Y also possesses a moment generating function, which is given
by
Uy iy (t):¢x (t>'¢v (t>’ tel
and
Px 1y (S) = Px (S>"10Y (S)’ sce'.
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Proof:
a) The first statement is trivial because e° =1. Applying Hélder’s Inequality,? we obtain, for
O<t<t":

v = E(e")< (el (e )"

*

(with the choice p :tT und Y =1), replacing X by e* there. By analogous arguments,

we obtain for t, <t <O0:

Yy (t) —E (etx ) —E (e(ft)(fX)) < (E(e(t*)(x)))t/t* _ (V,DX <t* ))t/t* .

Hence 1), (t) exists for all te(t,t") and ¢, (s) exists for all se(e“,e”). For X >0

almost surely we always have e* <1 for t <0 almost surely, i.e. we have t~ = —oo.
Similarly, t© = +oo, if X <0 almost surely.

b) For |t|<é define for every n€ N a measurable map G, (t,+) given by

Gn(t,x):;%tk, XeR
Then, for ne N and |t| <6
oy k 0 |Xt|k N < " W
G (t,X)‘g thk gZ—|:e“ | — g < gl < g% Lg% . 7,
k=0 K: k=0 K-

and Z is integrable with E(Z)= E(e™ )+ E (e )=y (8)+ 1y (—8). Further,

X | 3[X | |X| X[ o
o (o) =3 KL SN X I
>0
then |X|”§n—!Gn(6,|X|)§n—!Z forall ncN,
o" 5"

n ! ]
i.e. there exist all absolute moments of X , because E(|X| )g E[(?—HZ] < 00. Since

. . . o101
2 For random variables X, Y for which |x|p and |\(|q are integrable with —+—==1, p,q>1, also the product
P g

XY is absolutely integrable, and E(|X~Y|)g(E(|X|p))Up~(E(|Y|q))uq (Holder’s inequality).
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*=1imG, (t,X) for |t|<6

n—oo

the conditions of Lebesgue’s Dominated Convergence Theorem? are fulfilled, such that

=1 el 13-l ) -5

n—oo n—oo n—oo
k=0

n k o0 k
:|imZE(kxl )tk: E<kxl >t", It <6,
- k -

=0 =0

=~

as stated. The differentiability of , of all orders at zero follows from element-wise
differentiation of this series, with v, (0)=E(X*), ke N.

The last statement follows in a similar way via the series expansion (generalized binomial
formula)

X

l

f:':(’ 1)k, s—1 <1 xeR.*

k=0

= (1+(s—1))

Under the conditions specified ¢, can be represented by

where the series converges absolutely for |s|<1 because of ZP(X =k)=1. This

proves the given statement.

tX

The independence of X and Y immediately implies the independence of e* and e for

all te R, which in turn leads to

Uy ()= E(e") = E(e™ ") = E(e™ ) E(e") =ty ()34 (1), e
and
Py oy (S)=E (s )=E(s*-s")=E(s")E(s") =4 (), (s), see'.
]

For convenience, we will give two tables showing the generating functions of several
distributions which are important in insurance mathematics.

We start with some discrete probability distributions.

% If there exists an integrable random variable Y with |Xn| <Y for all neN, then X, — X almost surely

implies E(|X, — X|) — 0 and, hence, also E(X,)— E(X) for n— oc.

k-1

* This series is finite for non-negative integer values of x, since H(x — i) =0 for k> x.

i=0
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P Distribution f(k)=P(X =k) ¢, (s) E(X) | Var(X)
Discrete s s"—1 L ,
L uniform l k=1,...,n ns1 A n -1
(Laplace) n s=1 2 12
Kk n—k
1— , n
B(n, p) Binomial [k] P ( p) (1_ p+ ps) np np (1, p)
k=0,...,n,n>0,0<p<1
. B+k—1 p (1 )k [—1 1p ] , 1-p 1-p
(o) | S
1 p p
k=012...,3>0,0<p<1 ls| < ——
1-p
k
P(A) Poisson e*%, k=0,42,...and A >0 R A A

Table 4.1.1: Discrete probability distributions
It should be pointed out that the negative binomial distribution N3(, p) is also defined for
non-integer valued parameter > 0; in that case, let

B+k-1
k

_ (ﬁ“_l)'(i'*k_z)““'ﬁ, K=012....

In the particular case 5 =1, the geometric distribution g( p) IS obtained.

We proceed with some continuous distributions.

P Distribution f(x) Y, (t) E(X) | Var(X)
l bt At - 2
u([a, bD Continuous uniform ——, a<x<b,a<bh ¢ —¢ t=0 a+th (b a)
b—a t(b—a) 2 12
. ~ A 1 1
E(/\) Exponential xe ™, x>0and A>0 — t<A - —
A—t A A
INCPY) Gamma A e a x>0 || A ten | 2 =
r(a) A—t A A
=exp|— . »
N(/L,Uz) Normal 2mo 20 exp +,u,t i 0_2
x,puERando* >0

Table 4.1.2: Continuous distributions

Note that the exponential distribution is a special case of the gamma distribution for oo =1.
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Some of these distributions possess particular convolution properties:

B(n, p)«B(m, p)=B(n+m,p) [nmeN, 0< p<]]
NB(B,p)* NB(v,p)=NB(B+7,p) [6,v>0, 0< p<1]
PAN)xP(n)=PA+p) [\, 1> 0]
F(a,)\)*I‘(é,)\):F(a—i-é,)\) [a,6,A> 0]

/\/’(u,az)*/\/’@jz):/\/’(u—l—y,az +7'2) [,y eR, 0%, 7% >0].

The following theorem shows how in the collective risk model, the generating function for the
aggregate claim (loss) can be computed from the generating functions of the frequency and
individual claim size distributions.

Theorem 4.1.2:
If the probability generating function ¢, (s) of the frequency exists for 0 <s <n with n>1

and the moment generating function (t) of individual claim sizes X exists for 0 <t <é
with some 6 > 0, then

s (t):SDN <¢x (t)), tel,

where | is a suitable interval, containing zero, with the property that 1, (1)C[0,7). For a
discrete claim size X with valuesin N itis

s <t> = ®n <90x <t>)' tee' U[O’l]'
In particular, all (absolute) moments of the aggregate claim (loss) S exist, and we have
E(S)=E(N)-E(X), Var(S)= E(N)-Var(X)+Var(N)-(E(X))2.

Proof:
Chose 7>0 small enough, such that 0<1, (7)<mn; this is possible as according to

Lebesgue’s Dominated Convergence Theorem, it holds Itingsz (t)=1 and 7 >1. With an

arbitrary choice of | g(—oo,T) we are done, since, by assumption, we have X >0 and,

hence, 1, is monotone increasing. Due to the independence assumptions made above, for
te |l we now have:
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For X being discrete, we have, according to Theorem 4.1.1,
¥s (t) = s (Int) = ®n <¢x (Int)> = ®n (SOX (t)>' tee'.

Furthermore it is true that 0 <, (t)= E(tX ) <1 for 0<t<1, so that ¢ (t) exists also for
t<[0,1].

The existence of all (absolute) moments is guaranteed by Theorem 4.1.1 again,; in particular,

( =on (1) (0)= E(N)-E(X),
Var(S):zp;(O)— ¢S(O>> =y Q/JX 0) (wx( ) +oy wx :<<0)_<E<S>>2

:w;<1>-<E<x>>2+<pN< 0y (0)-(E(s))
=E(N(N=1))-(E(X)) +E(N)-E(X?)—(
N

< >> +E(N)[E ( > <E<x>>2]

as stated. [

It is possible to show that the last formulas remain valid even without the assumptions of the
existence of all moment generating functions; it suffices to assume the existence of the first

(for £(S)= E(N)-E(X)) or the second for Var(§) = E(N)-Var (X )+Var (N)-(E(X))']
moments only (see SCHMIDT (2002), Theorem 7.1.4).

For practical applications, in particular with RMS and EQECAT output, it is useful in most
cases to perform a suitable discretization of claims (losses), because then calculations can be
performed with the simpler probability generating function (rather than the more complicated
moment generating function). There are different ways to discretize; an overview of several
such methods can be found in KLUGMAN, PANJER AND WILLMOT (1998), Appendix C. One
way to proceed is as follows: one considers multiples of a fixed monetary unit, such as
1000 € (or $). If we denote this “step size” with A > 0, then, by rounding up, the underlying

random variable X is transformed into its discrete equivalent
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xA:ﬂ:min{kemmzx},
with probabilities
P(xA:k):P[%l:kJ [k 1<§§k] (kA)—F((k-1)A), keN

N
The resulting “aggregate claim (loss)” SA:ZXA,k then possesses the probability

k=1
generating function

SOSA( ) PN (SOXA ) |S|<l

Expanding this function into its Taylor series around zero, the probabilities P(SA = k) for all

k=0,1,2,... are obtained as the coefficients of s*. Thus the aggregate claims distribution can
be calculated — at least approximately — even in cases where closed formulas are not available.

Example 4.1.1:
Suppose that the frequency N follows a Poisson distribution with parameter A =3 and the

discrete claim sizes X, follow a binomial B(n, p) distribution with parameters n=20 and

p = 0.5, with step size A=20000. The corresponding probability generating function is
then given by

2, (5)= 0 (5, (5)) =exp A1, (5) 1)) = exp()\((l— P+ ps)’ —1))

— exp(3((1-0.5+05s)" -1, |s| <1

with
E(S,)=E(N)-E(X,)=A-np=30 and

E(N)-
Var(S,)=E(N)-Var(X)+Var(N)-(E(X))
A-(np

(np(1— p))+A-((np(1- p))) =90,

2

which results into a standard deviation of 9.49. The expected total loss E(S) is thus

approximately equal to 600000 €. It is possible to expand this function numerically, which
we do in Appendix B.1 with the computer algebra system Maple 9.5.

Obviously, products like RMS or EQECAT do not make use of computer algebra systems. It
is therefore necessary to provide other numerical tools in order to expand the probability
generating function of the aggregate claims distribution for discretized individual claim sizes.
To compute convolution powers, there are appropriate algorithms, which are mostly based on
an appropriate discretization of the losses. The two most important and widely used methods
here are Panjer’s recursive algorithm and the discrete Fourier transform (see Section 4.4
and 4.5, respectively); both will be discussed later. Other methods to calculate the aggregate
loss distribution can be found in HECKMAN AND MEYERS (1983) and in WANG (1998), page
870 ff. A statistical evaluation of the AEP curve (see Section 4.2 and 4.3, respectively) can
alternatively be performed with Monte Carlo simulation. This is done by averaging over a
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large number of random observations in the model and by evaluation of the empirical
distribution of the samples. Depending on the parameter situation some 100000 samples and
more are usually used.

4.2 Types of Loss and their Modeling

A typical output of geophysical models is then given by a table like this one, called Event
Loss Table:

Figure 4.2.1: Event Loss Table

The entries given under “Scenario” refer to those events listed in the Stochastic Event Set
which (possibly) affect the portfolio under consideration. “Exposed Sum Insured” denotes the
insured sum which is exposed to the event in that row; note that this might not be the whole
insured sum for that portfolio. The entries given in the header “Modelled Loss” refer to the
corresponding portfolio losses modeled by the program, depending not only on the
geophysical parameters of each scenario, but also on the kind of construction and location of
buildings in the portfolio, say. “Standard Deviation” denotes the corresponding (statistical)
standard deviation related to “Modelled Loss”. Depending on the supplier different
distributions can be used for the “Modelled Loss”, e.g. lognormal distributions or beta
distributions. For the number of (windstorm) events per year a Poisson distribution or a
negative binomial distribution will be assumed in most instances. The entries in “Rate” refer
to the parameter of the loss frequency for this row, which typically is assumed to be Poisson
distributed — for reasons that become clear a little later. Hence “Rate” also denotes the
expected number of occurrences of the particular scenario in a year.

It is important to note that only deterministic losses (claims) are calculated (DoNG (2001),
page 138) in the so-called Basic Event Loss Table of RMS (which contains no standard
deviations). This means that it is assumed that whenever a geophysical event occurs that
affects the portfolio under consideration, the damage for each building is always the same for
the same scenario. Here, the randomness only appears in the frequency. Standard deviations
are provided only in the so-called Extended Event Loss Table of RMS, which refers to the
so-called loss uncertainties (see Section 3.3, page 41).

In the Basic Event Loss Table by RMS, it is also implicitly assumed that all Collective Risk
Models are independent of each other. For a further statistical analysis of such an output, it is
therefore necessary to investigate the mathematical structure of superposition of independence

> Source: FOORD (2002), slide 3.
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of multiple collective risk models a little more detailed. The Poisson assumption for the
frequencies made by RMS turns out to be of essential importance here.

In the geophysical simulation models, every single scenario i constitutes a collective model.
In the sequence, let n denote the number of scenarios in the Event Loss Table (= number of
rows in the table) and N;,N,,...,N_ the row-wise frequencies. The individual claim sizes

(losses) are given by X;, 1<i<n, jeN, and are assumed to follow row-wisely the same

distribution Q,. Note that in the Basic Event Loss Table, these distributions are Dirac
distributions. All random variables are assumed to be independent. We then obtain:

N
S, ::ZX"., i=1,...,n (scenario loss)

=1

n Ni

) S, =) ) X; (aggregate loss),
i=! i=l j=

>

S:

scenario loss S, hence means the yearly total loss induced by a single scenario i, while

aggregate loss S corresponds to the yearly total loss induced by all scenarios together. Note
that a scenario loss S; can be zero (if and only if N, =0, i.e. no claim occurs at all in this

scenario), and that multiple losses within the same scenario are possible if N, > 2.

We will now show that the superposition of several independent Collective Risk Models with
Poisson frequencies leads to another equivalent Collective Risk Model with a single Poisson
frequency and individual claim size distributions which are mixtures of the given claim size
distributions mathematical.

First, we need some preparatory results. This approach is similar to the one in HipP AND
MicHEL (1990), page 10 ff., in that it shows how mixtures of distributions can be achieved.

Lemma4.2.1:
Let Z,...,Z, be (not necessarily stochastically independent) random variables with

distributions Q,,...,Q,. Further let J be a random variable with values in the index set
{1,...,n}, independent of the Z, with i=1,...,n. Then also Z, is a random variable, and its

distribution P% is given by the following mixture of the distributions Q,,...,Q,

P% = ZP(J =i)Q.
i=1
Proof:
First observe that

{z,eB}= O({J =i}n{z, € B}) for any (Borel-)set B € B.

This explains why Z; is a random variable (i.e. measurable). For the distribution itself, we
obtain:
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P(Z,eB)= O({J:i}ﬂ{ZiEB})

P({J =i}n{z,eB}) = n P(J=i)P(Z,€B)

=1 i—1

for any (Borel-)set B € B, which proves the Lemma. [ |

According to Lemma 4.2.1, a mixture of given distributions Q,,...,Q, for arbitrary random
variables Z,,...,Z_ can thus be realized by first choosing some index i randomly among
{1....n}, according to the distribution of J, and then realize a value of the random variable
Z

Obviously, we obtain for the corresponding cumulative distribution function and density
function

F,, (x)=>_P(I=i)F(x) and

f

1 Iy

where F,...,F, and f,.. denote the cumulative distribution functions and density
functions of the random variables Z,,...,Z,, respectively.

Lemma 4.2.2:
In the situation of Lemma 4.2.1, there holds: if the random variables Z, possess moment

generating functions, defined on a joint interval I, then the moment generating function of
Z, exists likewise on the same interval |, and we have

(. ZP ,tel.

If the random variables Z; are discrete, the probability generating function of Z; exists with

Pz, (t)zzn;P(J =i)g, (1), || <1.

Proof:
By the independence assumption for J, we have

v, ()=E(e%)=3 PO =1)E(e 13 =)
—S P(I=i)E(e®) =,

i=1 i=1

I
—
S—
&
—

—
~—

—

m

and, if the random variables Z; are discrete,
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s, () =1, (Int)= E(tzj):i;P(J :i)E(tz'):Zn;P(J =i)e, (1), [t <1.

The following is the central result of this section.

Theorem 4.2.1 (Ammeter’s Theorem; HipP AND MICHEL (1990), Proposition (a), page 25):
Let N,,N,,...,N, be stochastically independent, Poisson distributed random variables

(frequencies) with parameters A, \,,...,A, >0. Further let X;, 1<i<n, jeN be

independent, positive random variables (claims, losses), also independent of the frequencies,
such that all X,, follow the same distribution Q.. Denote by

no N

s::zn:sizz_

i=1 i=1 j=1

X,

the aggregate loss. Then the distribution P* of S is identical with the aggregate claims
distribution P® for the loss S given by

S~::ZN:)Zk

k=1

from a single Collective Risk Model where N :Z:Ni is a Poisson distributed frequency
i=1

with parameter

A= Zn:)\i
i=1

and the X, are independent, positive random variables (also independent of N) with the
distribution Q, which is the mixture of the original claim size distributions Q, with

Q= ZLJQ
i A
Proof:
For the sake of simplicity, we will use generating functions here. According to Theorem 4.1.2
and Lemma 4.2.2 we have

¥ (1) =y, (v, (1)) =exp(X (¥, (1)-1)) and
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e 8-l 03

:exp[X[iz;%wxi, (t)-1

= exp( (1 (1) 1)) = o (4 (1))

for te | with a suitable interval 1 containing zero. From Theorem 4.1.2 and Lemma 4.2.2
again, we immediately recognize that the distributions of S and S are identical, as stated.

Note that the ratios % can be considered as probabilities P(J = i) for the discrete random

variable J asin Lemmata 4.2.1 and 4.2.2. [

The similarity of the models outlined above actually goes a lot further. Before showing this,
we first need to introduce the concept of a Poisson process. For this, we follow PFEIFER AND
NESLEHOVA (2004), page 352 f.

Definition 4.2.1 (Finite point process):

a)

b)

Let d € N. For a non-negative integer-valued random variable N :Q — Z* and a family
of independent and identically distributed random vectors X :Q—R% neN the

random measure
N(w]
de XQHRy (B!w)'_)zgxn(w)(B)

n=1

is called a (finite) point process with counting variable N and multiple event points
{X,},., - Here, ¢, denotes the Dirac measure for acR", i.e. it is defined by

1, acA
A=1" for Ac B°.
e, (A) {01 ad A orAeB

To a finite point process & one associates a (possibly infinite) measure, the intensity
measure E¢, via

E¢(A)=E(¢(A))=E(N)-P*(A) forAc B,

where P* denotes the distribution of one (and, therefore, of every) event point X,
neN.

The point process ¢ is called locally homogeneous on some interval J CRY, if the
restriction of E¢ to J is a finite multiple of the Lebesgue measure m® over J.
This is equivalent to the statement that the conditional distribution P* ( .

J) of an event
point X, under J equals the uniform distribution over J.
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Remark 4.2.1:
Let d =1. If £ isa point process as defined above, the usual (time-oriented) representation as

a counting process {N (t):Q—R}  for J=[0,T], T >0 is given via
N(t)=¢((0.t])=#{neNJ0o< X, <t} fort€[0,T].

By definition, we have E (N (t))=E£((0,t]); therefore, the intensity measure of the interval
(0,t] gives the expected amount of occurrences of event points in (0,t].

More generally, the random variable &(A)= #{n eN|X, € A}, Ae B? can be interpreted as
the number of “events” generated by the event points {Xn}neN within the “time set” ACJ,
and E&(A) as the expected number of event points {X,} _ within the “time set” A,

Using the measure theoretic definition of a point process instead of starting with counting
processes has several advantages; e.g., it is easier to generalize to more than one dimension,
which can be useful for modeling occurrences of more than one type of claims, as
windstorms, hailstorms, floods, etc. See the discussion after the next definition, or e.g. in
PFEIFER AND NESLEHOVA (2004), page 352 f.

Definition 4.2.2 (Poisson process):
A Poisson point process is a point process ¢ whose counting variable N is Poisson

distributed with mean A\ > 0.

Again, in the situation of d =1 and J = [O,T], a locally homogeneous Poisson point process

& can be considered the modeling of the first (random) amount of “arrivals” of an ordinary

time-homogeneous Poisson counting process (as e.g. defined in MCNEIL, FREY AND
EMBRECHTS (2006), Definition 10.24).

Next, we generalize the classical collective model in risk theory using point processes as in
PFEIFER AND NESLEHOVA (2004), Chapter 5. First, note that if £ is a one-dimensional Poisson

process with associated Poisson counting process {N(t)} , J=[0,T], and a family
{Zn}neN of independent, identically distributed non-negative random variables (claims) which
are independent of the N (t), t € J, the collective risk model can be reobtained as R(1) of the
aggregated claims process {R(t)} _ defined by

N(t)

R(t)=> 27, ted.
n=1
Next, this can also be modeled as a two-dimensional point process &, if the interval
J :[O,T]X]R.+ is considered, the first components of X , neN are interpreted as the
occurrence times of the events, and the second components of X, n€ N as the claims which

occur at these times. This time, we can recover the aggregated claims process {R (t)} by

ted
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R(t)= > X,(2) ted,

0<X, (L)<t

where Xn(k) denotes the k-th component of the random vector X,. More generally, by

using intervals J =[0,T]x(R")"" with d>2, one can model d -1 dependent or

independent claims X, (2),..., X, (d) occurring at the same time X, (1).

Similarly to the case of the collective model of risk theory, if one has several independent
such generalized (in the above sense) Collective Risk Models ¢, i=1,...,n (given as point

processes in the above form), which are Poisson point processes, their superposition

ézznjgi

IS again a Poisson point process (see PFEIFER AND NESLEHOVA (2004), Theorem 4.3).
Therefore, in this generalized setting, we have an analogue of Ammeter’s Theorem 4.2.1.

This generalized model is of great importance if RMS or EQECAT output is intended to be
used in stochastic simulations.

Information on modeling multi-dimensional Poisson point processes can be found in PFEIFER
AND NESLEHOVA (2004), Chapter 4.

A detailed study of the mathematical structure of these point processes can be found, e.g., in
KINGMAN (1993) or ROLSKI, SCHMIDLI, SCHMIDT AND TEUGELS (1998).

We return to the classical Collective Risk Model and to the Event Loss Tables of RMS. For
the Basic Event Loss Table of RMS, where losses are deterministic, the resulting mixing
distribution is a simple discrete distribution, concentrated on these losses, and with

probabilities % for the potential loss from scenario i.

However, for reinsurance purposes, it is sometimes necessary to restrict the complete random
table to a subset of these losses, in particular, if no or only a few reinstatements are possible.
Suppose that the number of reinstatements is restricted to the number m € N. Then at most m
of these losses can be taken into consideration. If the complete random table is available, this
can be achieved by randomly selecting up to m entries out of this table. This reflects the
assumption that losses from the superposed model occur randomly in time well, with

occurrence times being uniformly distributed in the time interval [0,1]. Alternatively, the
required sequence {Xk‘kzl,...,min{l\],m}} can be simulated, with the X, being created
according to Theorem 4.2.1. For the rest of this section we will continue as in PFEIFER (2004).
Definition 4.2.3:

Under the assumptions of Theorem 4.2.1 and in connection with XL-reinsurance treaties
without reinstatements, we obtain a random variable
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min{N,l} _ . ~ _
L= g, =% IPN=0
P X, ifN>0

which is called the typical loss. Thus we can define the typical loss as a randomly selected
individual claim from the model.

Its distribution is given in the following result:

Lemma 4.2.3 (PFEIFER (2004), page 475):
Under the assumptions of Theorem 4.2.1, the typical loss distribution is given by the mixture

Pt = e*XEO +(1— e*X>(§ = edso —i—(l—eX)i%Qi with X = i)‘i
i1 i=1

and ¢, denotes the Dirac distribution ¢, at zero. The corresponding cumulative distribution
function has the form

F(z)=P(L<z)=e " +[1-e" )Y 2F(2)=e"+(1-¢'|F(2), 2R

The conditional distribution of the typical loss under N >0 (i.e. at least one real loss has
occurred) is given by

Proof:
The second statement follows immediately from

This also proves the first statement. The last two statements follow from the fact that by
definition,
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To complete the mathematical analysis for RMS and EQECAT output, we shall also consider
the distribution of the occurrence loss, in the spirit of RMS. Note that in RMS, the term
“occurrence loss” denotes the maximum loss and not its literal meaning. We start with

Lemma 4.2.4 (PFEIFER (2004), page 471):
In the classical Collective Risk Model, let

M :=max{X,[1<i <N}

denote the maximum loss. We then have:
P(M<z)=F,(2)=¢y(F(2))=>_p,F"(z), Z€R,
n=0

where as usual, p, =P(N=n) for n=0,12,....

Proof:
By computations as in Lemma 4.1.2, we obtain

(@K

PM<z)=F,(z2)= P[ ({N = n}ﬂ{max{xk|1§ k< n}g z})

n=0

=pO+anP[ (X, <z}

= Py +Z pnFn (Z)
n=1 k=1 n=1

=3 nF (@)= (F (). 2eR

The difference of the distributions of the aggregate and the maximum loss is hence given by
the fact that in the former distribution, convolution powers appear in the formula, while in the
latter distribution, ordinary powers appear.

Remark 4.2.2:
For the Poisson model, i.e. P" =P (\) with A >0 this means:

P(M <2)=F, (z)=p, (F(2)) =" =" z¢R,

which resembles the formula for the moment generating function of the aggregate loss.

Lemma 4.2.5 (PFEIFER (2004), page 472):
Under the conditions of Theorem 4.2.1, let

M :=max{X; |1< j< N, 1<i<n}
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denotes the occurrence loss®. Due to the assumptive independence of all individual claims, the
cumulative distribution function of M is given by

_i[)\i (1-F (z))]]: exp(—X[l— F (Z)D zeR,

P(M<z)=exp

i=1

with F(z)= %F(z) zeR.

Proof:
According to the remark above, this means for the geophysical simulation models that we
obtain the following formula for the corresponding cumulative distribution function if we

consider the maximum scenario loss M, == max{X; [1< j < N;}:

P(M;<2)=F, (2)=e """, zeR.

Because of the assumed independence of all individual claims, the cumulative distribution
function of the annual-maximum loss can be indicated directly:

n

P(v <2)=p|()(M,<2)

i=1

n

e N(-R@)

i=1

:HPM <2)
= exp[—ip\i (1-F (z))”: exp(—X[l— F (z)]) zeR,

i=1

with
- A
F(z)=> ZF(2), zeR,
i A
which defines the distribution function of the mixing distribution Q. |

This shows, together with the above remark, that, under the assumptions of Theorem 4.2.1,
we can interpret the maximum loss of the superposed Collective Risk Model as the maximum
loss of equivalent single Collective Risk Model.

4.3 Exceeding Probability Curve (EP curve)

The geophysical models produce as output a so-called Exceeding Probability curve
(EP curve). The EP curve provides information about various levels of potential loss from a
natural hazard, about the probability of exceeding a specified level of loss and about the
frequency per year that an event occurs. The users of geophysical models put their special
attention to the right hand tail of the EP curve, where the largest losses are situated. The
EP curve can help insurers and reinsurers to determine the size and distribution of their
portfolio’s potential losses. It is important to consider, that only a limited number of
distributions is available to the users of geophysical models. These distributions are not

® Note that this is the notation from RMS; a more appropriate notation would be Maximum Loss as in
Lemma 4.2.4.
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always representative for the researched data set. The insurance and reinsurance industry can
use the EP curve to determine what coverage to offer based on an acceptable level of risk and
what premium to calculate. Insurers can also use EP curves to examine the effect of changing
deductibles and coverage limits on the existing portfolio and to determine how much
reinsurance should be bought and / or which parts of the insurance risks are useful to transfer
to the capital markets.

The return period can be interpreted as the expected length of time between recurrences of
two natural catastrophe events (e.g. hurricanes or earthquakes), or (almost equivalently) as the
inverse of the annual loss exceedance probability or as a specific level of loss with similar
features. In the majority of cases, a return period of one year is used. The probabilities can
also be expressed as return periods, that is the loss associated with a return period of 50 years
is likely to be exceeded only 50 % of the time or, on average, in one year out of fifty. A
mathematical definition of the return period can be found on page 126 in Section 7.2.

There are different quantities (for different purposes) which can be illustrated by EP curves:
damage loss (total amount of loss without application of deductible or deduction), gross loss
(damage loss less any deductibles, limits, deductions and proportional shares) and net loss.
The financial view which reinsurer and insurer are interested in is the following:

e Typical Loss Exceeding Probability (TEP). A visualization of the probability that a
randomly selected individual claim exceeds the threshold.

e Occurrence Loss Exceeding Probability (OEP). A visualization of the probability that
a single occurrence claim exceeds the threshold.

e Aggregate Loss Exceeding Probability (AEP). A visualization of the probability that
the aggregate claim, per year (i.e. the sum of the losses for all events per year) exceeds
the threshold.

Note that the typical loss according to the Definition 4.2.3, page 72 f. is not directly available
in e.g. three providers of geophysical models RMS, AIR and EQECAT. Instead, the so-called
occurrence loss is considered. This is somewhat misleading, because occurrence loss here
denotes the maximum loss (see e.g. DONG (2001), page 15, KHATER AND Kuzak (2002),
page 293 and Kuzak, CAMPBELL AND KHATER (2004), page 49, respectively) in the
framework of Theorem 4.2.1, page 69. Thus the occurrence loss is always greater or equal to
the typical loss (and, of course, bounded from above by the aggregate loss). However, the
calculations for the typical loss can easily be integrated into any analysis using e.g. RMS, AIR
or EQECAT according to the formulas above (e.g., with the aid of spreadsheets).

We shall now present explicit formulas to calculate the cumulative distribution functions and
the survival functions of the typical loss, the occurrence loss and the aggregate loss for the
Basic Event Loss Table of RMS; these functions have been studied in PFEIFER (2004). Note
that the survival functions of the occurrence loss and the aggregate loss are usually denoted
as OEP curve (Occurrence Loss Exceeding Probability) and AEP curve (Aggregate Loss
Exceeding Probability) by RMS.

We know that the claim can not be higher than the sum insured of the insured object. Because
of this, the distributions Q, and the cumulative distribution functions F, have explicit finite
right endpoints:

@ =sup{teR|F (t) <1}, i=1--.n.
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Since in the Basic Event Loss Table of all geophysical models, all scenario losses o, are
deterministic, i.e. the distributions Q, are Dirac distributions concentrated on <;, we can
assume that they are ordered according to size:

w, <w, <...<w,.

This can always be achieved by a proper sorting of the rows in the Event Loss Table. Note
that loss sizes can potentially be equal for some scenarios; this typically happens if discretized
versions of the losses are considered as on page 65 in Section 4.1. In particular, this ordering
implies
F (wk):{o’ TI>K forall 1<ik<n,
1, if i<k,

For the superposed model (see Section 4.2), we thus obtain

n Kk
P()Zgz):lf(z):_ AiF(Z):Z)\i,wk§Z<wkH, k=1...,n and

with @, ,'=o0 by convention. From here, we immediately obtain the cumulative

distribution functions and survival functions for the typical loss, the occurrence loss and the
aggregate loss.

The formulas above show that by including so-called loss uncertainties (see Section 3.3,
page 41), i.e. by consideration of real random single losses which are expressed by X., and

X, essentially nothing changes the construction. Concluding, we summarize these more
general constructions:

Lemma 4.3.1 (PFEIFER (2004), page 475):
Under the conditions of Theorem 4.2.1, we have, for the Basic Event Loss Table of RMS,

i o i BTN
P(ng):e”+(1—e‘A)F(z):e‘A+(1—e‘A)Z L w <1<w,,, (typicalloss)

P(M<z)= exp(—X[l— F (z)]) =exp [—Z )\i], w, <z<w,, (occurrence loss)
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P(S<z)=e" +e o F*(z), zeR (aggregate loss)
k=1 .
for k=1...,n, A=>Y ") and F(z)= %Fi(z), z € R with @, ,, = cc.
i=1 i=1

n

P(L>z)=1-¢" —(1—e‘x)’lf(z):(1—e”) 3 A w,<z<w,, TEPcurve

i=k+1

P(M >z):1—exp(—5\[1—ﬁ( D 1- exp[ Z)\,], w,<7<w,, OEPcurve

i=k+1

P(S>7)=1-¢ —e*AZ)‘ F( zER AEP curve

Here TEP refers to Typical Loss Exceeding Probability.

Proof:
Obvious from Theorem 4.2.1 and Lemmata 4.1.2, 4.2.3 and 4.2.5 and the Remarks from the

preceding page.
[ |

Note that in DoONG (2001), page 47 f., the derivation and presentation of the formulas for the
OEP and the AEP curves are a bit unclear as the same identifiers are used for different
objects.

The following graph’ shows these three curves for an artificial example with 500 scenarios

and X =2.088 created with Maple 9.5. The maximum observed individual loss was given
here by w,,, =261193.18. For the calculation of the AEP curve, a discretization with step

size A =3000 was chosen. Note that all curves start with a value of 1—e* = 0.876 at the
origin.

Figure 4.3.1: EP curve using Event Loss Table

" The source code can be found in Appendix B.2.
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From the above graph, it can be seen that there are significant differences between the OEP
and the TEP curves, which makes a blind use of the OEP curve in connection with many
reinsurance applications at least questionable.

Because of the complex structure of catastrophe models, there exists some amount of
uncertainty (event, loss, parameter, process and model uncertainty) concerning their
modeling. Their effect on losses is summarized in the Extended Event Loss Table. Concerning
the Extended Event Loss Table of RMS, where also standard deviations and expected values
are given, we can proceed completely similar if the type of the individual claim size (loss)
distribution is known. Suppose that we can consider “Modelled Loss” as location parameter
w>0 and “Standard Deviation” as scale parameter o >0 for an appropriate class of

distributions (like lognormal, gamma, Fréchet, Pareto etc.), then the basic formulas in
Lemma 4.3.1, page 77 f. remain valid, i.e. we still have, for z >0,

P(L>z):(1—e**~)(1—lf(z)> TEP curve

P(M>z) :1—exp(—>\[1— F (Z)D OEP curve

. n vk _
P(S>z)=1-¢" [1+Z A g (z)] AEP curve,

= k!
with the cumulative distribution function F = %FM for the mixture distribution
i=1
RIS
Q:ZT'QMM'
i=1

In order to be able to apply the methodology derived above, one could again discretize these
distributions accordingly. The following graph® shows the corresponding result for the
analysis of the virtual Extended Event Loss Table (with consideration of event and loss
uncertainty). It is related to the preceding example where we assume that the individual losses
are exponentially distributed, with scenario parameters mean = standard deviation = 1 /
modeled loss, i.e.

n

ﬁ(z):;%ﬁm (2)=1-3 2e ™, 2R,

i=1

where 9. is the modeled loss from scenario i. The dotted curves are those from the preceding
graph, where loss uncertainties are not considered.

8 The source code can be found in Appendix B.2.
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Figure 4.3.2: EP curve using Extended Event Loss Table

General criticism of the mathematical part in the geophysical models output:

1. The calculation of the OEP and AEP curves for the Basic and Extended Event Loss

4.4

Table relies heavily on the Poisson assumption for the scenario frequencies, due to
Ammeter’s Theorem 4.2.1. Without this assumption, no simple equivalent Collective
Risk Model for the Event Loss Table exists, and no simple closed formulas for the
OEP and AEP curves are available.

From a statistical point of view, the Poisson assumption for the scenario frequencies is
not justified in many practical cases; rather, from experience, the negative binomial
distribution is more appropriate here.

The assumption of row-wise independence of frequencies in the Basic Event Loss
Table is questionable since a major part of the entries is created by a perturbation of
geophysical parameters of the same historic scenario; likewise for the row-wise
independence of losses for the Extended Event Loss Table.

The notion of occurrence loss is misleading since it refers to the maximum loss over
all scenarios instead of a kind of typical loss for a single event. Our notion of a typical
loss could be a way out here; however, if no time-homogeneity can be guaranteed in
the model, one must likewise be cautious in applications.

Panjer’s Recursive Algorithm

To draw the AEP curve, we need to know the distribution of the aggregate loss.
Unfortunately, the calculation of this usually requires the computation of convolution powers,
even in the case of discretized individual losses. In order to calculate this distribution
numerically, Panjer developed a simple recursion formula, which can only be used if the loss
frequency is either Poisson, binomial or negative binomial distributed. RMS uses Panjer’s
recursive algorithm particularly in connection with the Extended Event Loss Table. Good
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references for this topic are e.g. KLUGMAN, PANJER AND WILLMOT (1998), MCEIL, FREY AND
EMBRECHTS (2006), Hipp AND MICHEL (1990).

We assume again that a Collective Risk Model is given (either in standard form or as a

superposition of models as in Ammeter’s Theorem). In addition we suppose the individual
losses X to be discretized according to

:min{keN|kA2X},

X
XA::{Z

with step size A > 0. In this section, we include the case that P( X, =0)>0. Furthermore we
suppose that the distribution of the frequency N is of Poisson, binomial or negative binomial
type (so-called Panjer class of distributions). In this case, the distribution of the aggregate

N

claim (loss) S, = Z X, can be calculated recursively, in a very efficient way. Here, we use
k=1

the following standard parameterization for the probability generating function of N:

B

[1_A]A for AB=0
N (S): 1- As
By for A=0,B=0

with suitable real numbers A,B € R and s & R. By comparison with Table 4.1.1, page 62 we
obtain:

Poisson distribution: oy (s)=e"t for A=0, B=A>0

Binomial distribution: oy (s)= ((1— p)+ ps)n for A= ﬁ <0, B=-nA

Jéi
Negative binomial distribution: ¢, (s) = [ﬁ] for 0<A=1-p<l B=pA

for |s| <1. In these cases, ¢, is called a generating function of Panjer type.

The essential property of these probability generating functions is obtained through
differentiation:

A )

(1— As)’

B
d . B(1—A)a"
g S)=en(s)= K[l— As]

B 1_A[1_AJ1[1_A]5\

T 1-Asl-Asl1—As) |1—As
%/_/
on(s)
:igpN (s), for|s|<land A,B=0
1—-As

and
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%gpN ()= (s)=B-e*" Y =B-y,(s), for |s|<land A=0,B=0.

en(s)
These equations are basic for the following important result.

Theorem 4.4.1 (Panjer’s recursion):
Let the generating function ¢, be of Panjer type, and

=P(Xs=k)
g, :P(S =k), keZ"

be the point probabilities of the discretized positive individual claim sizes, f,, and the
discretized aggregate loss, g,, respectively. Then it holds that:

9, = P<SA :O)ZSON (P<XA :0)):90N(fo)

gk+l (k—l—l)(l Af AZ J+lgk j+A<k k> fk+lgk k + BZ J+1 j+lgk j

j=0 %

w+4)1AN EzngHJ —§)+B(i+1) kez".

Proof:
See e.g. KLUGMAN, PANJER AND WILLMOT (1998), Theorem 4.4 or MACK (2002), page 114 ff.
In the special case f, =0, see e.g. HIPP AND MICHEL (1990), Theorem, page 64 f. or McCEIL,

FREY AND EMBRECHTS (2006), Theorem 10.15. [ |

Remark 4.4.1:
In case that X, possesses a right endpoint w, € N, the number of summands in the

recursion is bounded, and we have, because of f, =0 for j>w, :

go:SON“o)

1 min{k,w, 1}

YT A,L)

0 ; Fa A= ])+B(j+1)], kezZ".

Panjer’s recursion can easily be implemented in any programming language. As an example,
we present a Maple worksheet (see Appendix B.3), which can serve as a reference
implementation.

Example 4.4.1:
Let N be binomially distributed as B(n, p) with n=6 and p=0.2. Let further the

distribution of discretized individual claims f, is given by the following table:
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k{0 1 2 3 4 5 6
f. | 0 0.05(0.20|0.15|0.25 [ 0.20 | 0.15

Table 4.4.1: Distribution of discretized individual claims f,

with the parameters A:ﬁ:—O.ZS and B=-nA=15. Then the distribution of
discretized aggregate loss g, is given by the following table:

k 0 1 2 3 4 S) 6 7
g, | 0.262 | 0.020 | 0.079 | 0.064 | 0.112 | 0.100 | 0.096 | 0.045

K 8 9 10 11 12 13 14 15
g, | 0.051 | 0.044 | 0.039 | 0.027 | 0.019 | 0.012 | 0.010 | 0.007

Table 4.4.2: Distribution of discretized aggregate loss g,

4.5 The Discrete Fourier Transform

Although elegant and efficient, Panjer’s recursion (and related methods) cannot be used with
arbitrary frequency distributions. As an alternative, the discrete Fourier transform can be
applied to aggregate loss calculation. The computation of the discrete Fourier transformation
and its application in computing the distribution of S, is well known and can be found in

many sources in literature, e.g. in KLUGMAN, PANJER AND WILLMOT (1998) and HEILMANN
(1987). Nonetheless, instead of referring the reader to literature, we want to give all necessary
definitions and results required to understand and implement the computation, together with
basic error estimation.

The central idea is to use discrete Fourier transformation to efficiently evaluate the function
s, (8) =0y ((pr (s)) Now, we do not consider real argumentss, but complex arguments

s=e " with teR. Here i denotes, as usual, the complex unit i =+/—1. Formally, the
distribution of S, is obtained via some “inversion” of the Fourier transform, given by the

integral

27
P(S, :k):zifgp% (e*“)eikt dt, ke Z".
i 0

The discrete Fourier transform can generally be defined for sequences f of real numbers,
which we shall denote as f ={f (k)}," . The set of all such sequences is denoted by .
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Definition 4.5.1:
Let

[F]=32]f (k)| for feF
k=0
and

él::{f €F | ||f||<oo}.

For f e (' we call |f| the (zl-) norm of f. Further we define the convolution f xg of two

sequences f,g € ¢* by

(Fg)(k):= D2 T (3)glk— 1) =3 F (k=1 )g(i). keZ"

k
i=0 i=0

In the language of Functional Analysis, the set ¢* forms a Banach space, i.e. a complete®,
normed vector space (here: of sequences of real numbers as elements). The vector space
structure is given by

with f,ge/, acRand keZ".

Lemma 4.5.1:
The space ¢* is closed under convolutions, i.e. we have

fxger forall f,ges
with
[t =gl <Itl-ol. f.ger

Proof:
We have, for ke Z*,

(f+g)(k)|= _k

and, therefore,

° Completeness means that every Cauchy sequence { fn} of elements in the space converges in norm.
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Mg @Mx

F

Il
o

NgE

(f+g)(k)

=~
I
o

f<j><k—j>\
> T (0)g (k== >|f (g (k- 1)

0<j<k<oo
=22 |f (i)l —J\—Z\ DY)
j=0 k=] k=]
<> ol
=S¢ (i} sl=To1 31 (511l
forall f,ge /" [

Remark 4.5.1:
For || f|=1 we have | f «g| <|g]| (contraction).

Definition 4.5.2 (Discrete Fourier Transform):
The function f :R — C defined by

f(t)::kf;f(k)e"“, teR for fer,

is called discrete Fourier transform of the sequence f € ¢

Lemma 4.5.2:
The discrete Fourier transform f of a sequence f € ¢* satisfies the following inequality:

Fo]<]f] ter

In particular, the series in Definition 4.5.2 converges absolutely.

Proof:
We have
(o)< 301 e ™| = ] (k)] =1, ter
k=0 2? k=0
[ |
Lemma 4.5.3:

Let f and G be the discrete Fourier transforms of the sequences f,gc¢'. Then the
following holds:

f(t)-g(t)=Fxg(t), teRr.
Proof:
For t € R we have
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F(1:60=[ 351006 [ SSa e |- 3 e a(k-1)e ™

Remark 4.5.2:
If Z is a random variable with values in Z* and if f, denotes the sequence of corresponding

point probabilities, i.e. f, (k)=P(Z=k), ke Z",then

f, (t)= kf; e MP(Z=k)=E(e™)=1y, (-it)=¢, ("), teRr.

In other words: the discrete Fourier transform of the sequence of point probabilities coincides
with the corresponding probability generating function, evaluated at the complex arguments

s=e ", which parameterizes the unit circle in C for 0 <t < 2.
If we denote with

F={P(Xa=k)} . 9={P(Ss=K)}_,

the sequences of point probabilities for the discretized individual claims and the discretized
aggregate loss, respectively, then

6(t) =5, (e)=0u (e, (e))=0u (T (1), teRr

This follows along the lines of proof of Theorem 4.1.2, page 63 f., extending the real
arguments to complex ones.

Theorem 4.5.1 (Fourier Inversion Theorem I):
The discrete Fourier transform f of a sequence f € ¢* is integrable over the interval [0, 27r],

and the following inversion formula holds:
1 27 .
— | f(t)eMdt=f (k) forall keZ".
— [ (k)

Proof:
The integrability can be concluded from Lemma 4.5.2 which says that ‘f(t)‘ is bounded, and

likewise f (t)e™ :

Jli

Step 1: To simplify the proof, we first assume that the sequence f is finite, i.e. there exists
some number M € N with the property

1’:\ Heflkt

\dt <2x ],

=0
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Then it follows that

f f(tyetdt = ff’[fjf( '“]e'k‘dt— [ 8 (et

o =0

M
=> 1 (i fe'(k Mt =2 f (k), k ez

—
Il
<}

since

Tei(ki)t dtz?COS((k—j)t)dt+i73in((k—j)t)dtz{zm =
/ / O 0, if j=k.

STeEP 2: Let f be an arbitrary element of ¢*. For each M € N, we define the sequence f,,
by
f(k), k<M
fu (k>::{ )

0, k>M.

Then also f,, and g, :=f—f, are elements of ¢*. As f c /' the sequence
{ew by Where ¢, =g, [|=]f - ful= i |f (k)| satisfies c, — 0, and we
k=M +1 e

have

t)e™dt

27 o o
< [16 ("] ot = [1g, (t)|ct < [ g ot = 2m]g, | = 2nc,
0 0 0

It follows that

ij '“dt_ff 'k‘dtquzfﬁgM (t)e™dt
0

—2rf,, +ng Je"dt — 27 f (k) for M — oo,

Another proof of Theorem 4.5.1 can be found in HEILMANN (1987), Theorem 1.22. |

Theorem 4.5.2 (Fourier Inversion Theorem I1):
Let f € ¢* be finite sequence, i.e. there exists some number M € N with the property

f(k)=0 for k> M.

Then it holds precisely that
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M- ~ .
L ft e'“dt_iZf[zﬂ] &M forall ke Z".
271' 0 M =0 M

Proof:
We have, for k e Z*

' = . j
Mz_:l f[ﬂ]eZWijk/M _ szl[Mz:l f (m)eznimj/M] ijk/M Z f sz ex 27TI<k—m)
j=0 M j=0 {m=0 = M
M—1 2ri(k — 1
m=0 2mi (k — m)
ma=k expl————= -1
M
which together with Theorem 4.5.1 proves the Theorem. -
Remark 4.5.3:

The restrictive assumption on the finiteness of f in Theorem 4.5.2 is essential, since for
infinite sequences f we have in general only

27 1

f ekt g f 271'5 a2k g ~ Z f [27"]] e2mKIM for all k VAR 10

0

1

2r
see e.g. HEILMANN (1987), Section 3.7.

This approximation formula corresponds to rectangular integration from Numerical Analysis.
An estimation of the approximation error is possible by means of the decomposition
f =f,,,+9,_, as inthe proof of Theorem 4.5.1, giving

i7f< )em dt — Zf[zﬂj] 2rijk /M
27+

f &l ‘ i .
= i (fM—l <t>+ @Mfl( ))elkt dt — '\]/-I E foi [ﬂ]ebruk/M

i ikt 17 ikt 1 27 J | 2nijkim
= —ﬂ—ng l(t)ek dt+2ﬂ'[ fM l(t)e dt_ﬁjzo fMl[V] .

1 0
S;[”gw”dt: k;“ (k)|

19 The error coming up here is also called Aliasing; it is e.g. of importance in the conversion of analogous to
digital audio and video signals and vice versa.
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For explicit calculations with the discrete Fourier transform and its inverse, we can elegantly
make use of Linear Algebra, as can be seen in the following lemma, which, together with its
consequences, is also described in HEILMANN (1987), Section 3.7:

Lemma 4.5.4:

Let v, and w, denote v = exp[—% rs], W, :i:exp[% rsJ for 0<r,s<M —1 and

M eN aswell as V :=[v,,|]e R"". Further let

eRM,

Then we have V' =W = ﬁ[w,s] e R™™  and under the assumptions of Theorem 4.5.2, we

get

A A

fy,=V-f, aswellas f, =W-f, .

Proof:
We have, for 0<r,t<M —1,

i.e. V-W=E (unit matrix) and, hence, ﬁ[wrs]:wzvl and W-V =E. The vector

representation of fAMf1 and f,, , now follow immediately from the definition of the discrete
Fourier transform, and Theorems 4.5.1 and 4.5.2. [ |

Remark 4.5.4:

It is possible to substantially increase the speed of calculation for the matrix multiplication by
exploiting the structure of the matrices V. and W. The resulting procedure is called Fast
Fourier Transform (FFT) and is implemented in many software packages, e.g. in MAPLE.

Lemma 4.5.4 gives an efficient alternative to calculate the aggregate claims distribution in the
discretized collective model of risk theory, i.e. the AEP curve in RMS (see Section 4.3,
page 75 ff.). Let again

oo

F={P(Xa =k}, and g:={P(S, =k)},

denote the sequences of point probabilities for the discretized individual claims and the
discretized aggregate loss, respectively. We proceed in three steps:
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1. Fourier transform: choose a suitable number M € N and

A

Compute f, ,=V-f, , eR".

2. Transform the result coordinate-wise with the probability generating function ¢, of
the frequency:
Compute ¢, (fol) eR".

3. Inverse Fourier transform:
£ M
Compute g,, ;, =W -y, (fM_l) cR"™.

The vector g,, , contains (approximatively) the first M components of g. If the aggregate

claim S, is bounded above by some number © <M —1, then this result is exact, otherwise
we obtain some Aliasing error, which can be estimated by Markov’s Inequality by the term

Sola(k)=>_P(Sy=k)=P(S,=M)=P(t*> 2tM)SsostAM(t): o (s:;A( ))
k=M k=M
forany t>1.

A corresponding calculation for Example 4.4.1 (see Panjer’s recursive algorithm) above,
within the MAPLE 9.5 environment, can be found in Appendix B.4.
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Chapter 5

Copulas

Let X and Y be a pair of random variables with distribution functions F(x)=P(X <x)
and G(y)=P(Y<y), respectively, and a joint distribution  function
H (x, y): P(X <xY < y). Consequently, we can assign to each pair (x, y) of real numbers
a point (F(x),G(y)) in the unit square [0,1]x[0,1] and this ordered pair in turn implicates a

number H(x,y) in [0,1]. It can be shown that this correspondence, which associates the

value of the joint distribution function with each ordered pair of values of the individual
distribution functions, is indeed a function. Such functions are called copulas.

The word “copula” was first used by Sklar in 1959 in the context of probabilistic metric
spaces. During the last years, the theory of copulas has been developed rapidly and has
attracted a lot of interest. Copulas allow us to describe scale invariant dependences between
random variables. An understanding of such stochastic dependence structures has become
very important in many fields of probability theory. Copulas have been particularly useful in
the construction of appropriate multivariate models in the areas of modern risk management
and stress testing (e.g. the allocation of the available venture capital, the pricing of
reinsurance contracts or the analysis of the dependence between payment of compensations
and claims settlement costs). An overview of recent developments and applications can be
found e.g. in NELSEN (1999), EMBRECHTS et al. (2000), (2001) and (2002), NESLEHOVA
(2004), McNEIL, FREY AND EMBRECHTS (2006), BAUERLE AND GRUBEL (2005) and DEMARTA
AND MCNEIL (2004), and the references given therein.

5.1 Preparations

Let R denote the extended real line [—oo,—l-oo], and R the extended n-dimensional real

space RxRx...xR, i.e. R is the extended real plane R x R.

We will use the following (partial) ordering on R,
x <y ifandonlyif x, <y, A...AX, <Y,.
If x, <y, forall i=1,...,n, we will write x <Yy.

Definition 5.1.1:
If x,yeR and x <y, then the (half open) n-box (x,y] is defined as the Cartesian product

of n (half open) intervals in R:
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(x,¥]= (Yo <X (X, ¥, -

For x<y, let [x,y] denote the n-box B=[x,y,|x[X,,V,]x...x[X,,y,], the Cartesian
product of n closed intervals. The unit n-cube I" is the product IxIx...xI, where
I=[0,1]. The vertices of an n-box B are the points v=(v,,...,v,), where each v, equals
either x, or y,. For each vertex, sgn(v) is given by

1 if v, =x, foranevennumber of k's

sgn(v):=sgn =
9n(v):=sg ["'Y}(V> {—1 if v =x foranodd number of k's.

For a function H:A—B we writt DomH=A for the domain of H, and
RanH :{h(a)|ae A} C B for the range of H. In the following, we will consider functions

H:R —R
Note that the Cartesian product B of two closed intervals is B=[a,,a,|x[b,b,]. This is a

rectangle in R. The closed 2-box [0,1]x[0,1] is the product IxI describing the unit square
I. The vertices of the rectangle B are the points (a,,a,), (b,a,), (a,b,) and (b,b,). In the

2-dimensional case H is a 2-place real-valued function, where DomH is a subset of R

Definition 5.1.2:
An n-place real-valued function H is called right-continuous for all x in DomH, if for any

x in DomH and any ¢ >0, there exists a ¢ >0 such that for all y in DomH with x<y
and [y —x| <é, we have

‘H (y)—H (x)‘<€.

Definition 5.1.3:
If DomH is a Cartesian product of the form S, x...xS_ where each S, is nonempty having a

maximal element b, € R, then we say that the n-place real-valued function H has margins.

A k -dimensional margin (or k-margin) is a k -place real-valued function defined by fixing
n—k variables in H to the corresponding b.’s. Therefore, the univariate margins are

functions H, on S, defined by
H, (xX)=H(b,....b_y, X, 0,,;,....b,) forall x in S,.

Definition 5.1.4:
Let H be an n-place real-valued function and [a,b] an n-box with [a,b] C DomH. Then the

H -volume of [a,b] is given by

Vy (ab))=AbH:= > sgn(v)H(v).

v vertex of [a,b]
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For our example in @2, let S, and S, be nonempty subsets of R and let DomH of our 2-
place real-valued function H be DomH =S, xS,. Let B =[x, X,|x[Y,, Y,] be a rectangle in
R’ such that all vertices of B are in the domain of H. Then the H -volume of B is defined
by

Vi (B) =H <X21 y2)+ H (Xi’ yl)_ H (Xz’ yl)_ H (Xi’ yz)-

Definition 5.1.5:
An n-place real-valued function H is n-increasing if A}H >0 for all n-boxes [a,b] whose

vertices lie in the domain of H.

Definition 5.1.6:
Let H be an n-place real-valued function with DomH =S, x...xS_ where each S, has a

minimal element & € R. Then we can say that H is grounded if H(c)=0 for all ¢ in the
domain of H such that ¢, = a, for at least one i.

We are now in the position to close this section with an important theorem concerning
grounded n-increasing functions with margins.

Theorem 5.1.1:
Let H be an n-place grounded and n-increasing real-valued function with one-dimensional

margins H, and domain S :=|a,b| with a<b cR". Then

H )= H (] < M ()~ )

forany x and y in [a,b].

Proof:
See NESLEHOVA (2004, Theorem, 2.1.1). [ |

Remark 5.1.1:
Under the assumptions of Theorem 5.1.1, if all margins are continuous, then H is continuous
as well (see NESLEHOVA (2004), Remark 2.1.2).

5.2 Definition of Copulas

Definition 5.2.1:
An n-dimensional joint distribution function is a [0,1] -valued function H with DomH =R’
and the following properties:

1. H isright-continuous,
2. H is n-increasing,
3. H isgrounded,
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4, H (oo,...,oo)zl.
Definition 5.2.2 (n-copula):
An n-copula (or briefly, a copula) is a function C in n variables whose domain is the whole
unit n-cube [0,1]n and which satisfies:

1. Therange of C is the unit interval [0,1];

2. C is grounded, i.e. for every u in [0,1]", C(u)=0 if at least one coordinate of u is
zero,
3. C is n-increasing, i.e. for every a and b in [0,1]" such that a<b, V, ((a,b])zo

(this is also called A -monotonicity);
4. The one-dimensional margins are the identity function [0,1]—[0,1], i.e. if all

coordinates of a point u are 1 except for the k -th, then C(u)=u,.

The following corollary follows directly from Theorem 5.1.1.

Corollary 5.2.1:
Let C be an n-dimensional copula. Then

‘C(v)—C(u)‘giWi —u,| forall uand v in DomC.
i=1

Hence every copula is uniformly continuous on its domain.

Proof:
The inequality follows with Theorem 5.1.1 and Property 4 in Definition 5.2.2. [ |

Remark 5.2.1:

The continuity property together with the definition of copulas shows that copulas are n-
dimensional joint distribution functions with uniform margins when restricted to the domain
of C.

The following Theorem is called Fréchet-Hoeffding bounds inequality (FRECHET (1957)).

Theorem 5.2.1 (Fréchet-Hoeffding bounds):
For any n-copula C andany uel",

max{ZuiJrl—n,OJl::W“ (w)<C(u)<M" (u):=min{u,...,u, },

i=1

where W denotes the Fréchet-Hoeffding lower bound and M is the Fréchet-Hoeffding
upper bound.

Proof:
See NELSEN (1999, Theorem 2.2.3). [ |
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In two dimensions, both Fréchet-Hoeffding bounds are copulas themselves, but in higher
dimensions, the Fréchet-Hoeffding lower bound » is no longer n-increasing. However, the
inequality on the left-hand side cannot be improved, since for any u from the unit n-cube,

there exists a copula C, such that W (u)=C, (u) (see NELSEN (1999), Theorem 2.10.12).

The Fréchet-Hoeffding bounds inequality can be used to justify the following partial order on
the set of n-copulas.

Definition 5.2.3:
Let C, and C, be n-copulas. Copula C, is smaller than copula C,, in symbols C, <C,, (or

C, is larger than copula C,, in symbols C, = C,) if forall ueI”,

C,(u)<C,(u).

Hence, the Fréchet-Hoeffding lower bound W is smaller than every copula C, and the
Fréchet-Hoeffding upper bound M is larger than every copula C. This order is called the
concordance ordering, and will be important later in Chapter 6, when we discuss the
relationship between copulas and dependence properties for random variables.

5.3 Sklar’s Theorem

Abe Sklar introduced the word copula first in 1959, although similar ideas and results can be
traced back to Hoeffding (1940). The name “copula” was chosen to emphasize the way in
which copula couples a joint distribution function with its univariate margins. This statement
is called Sklar’s Theorem and is a starting point for a lot of research done on multivariate
distributions.

Theorem 5.3.1 (Sklar’s Theorem):
Let H be an n-dimensional joint distribution function with margins F,F,,..., F,. Then there

exists an n-copula C such that for all x in R,

L <X, X, <X)
(X)) R (X)) <R (%)) (B3.1)
I

CR (%) Ry (x,)):

The copula C is uniquely determined on RanF, xRanF, x...xRanF,. In particular, if all
margins F, i=1,...,n, are continuous, the whole copula C is uniquely determined.

H (%, %) = P(X
P(F,

Furthermore, if F* F,,...,F ' are pseudo-inverses’ of the marginal distribution
functions, then the copula C satisfies

' F,* denotes the pseudo-inverse function of F, , i.e. for x[0,1] itis F,*(x)=inf {te ]R<|FX (t)> x} , Where

inf @ =+o00 and inf R =—o0. For x€(0,1), F,*(x) isalwaysin R.
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C(u,,...,u,)=H <F1’1(u1), F(u,),. Fn’l(un)> (5.3.2)

for every u in RanF, xRanF, x...xRanF,.
Conversely, if C is any n-copula and F,F,,...,F, are one dimensional distribution

functions, then the function H defined by (5.3.1) is an n-dimensional joint distribution
function with margins F,F,,...,F,.

Proof:
See NELSEN (1999, Theorem 2.10.9) and the references given therein. [ |

Remark 5.3.1:
If the margins F,F,,..., F, are never continuous, then the copula C is not necessarily unique.

This is a major problem in the discrete case, as the following example shows.

Example 5.3.1:
Let X,,X, be random variables which have a bivariate Bernoulli distribution and the

probabilities given by

Hence, P(X,=0)=P(X, = O):% and the marginal cumulative distributions F, and F, of

X, and X, are the same. We know using Theorem 5.3.1 (Sklar’s Theorem) that

H (x,%,) = P(X, <%, X, <x,)
— C(P(X1 <x),P(X, < Xz))

for all x,x, in R’ and some copula C. The range of F (and F,) is given by
RanFlzRanFZ:{O,%,l}. The only constraint on the copula C is that C[%%]:%

Therefore, any copula fulfilling this constraint is a copula of (Xl, Xz), e.g. the independence

copula (see Section 5.4, page 98) or the Clayton copula for 6=In(2)/In(3) (see
Section 6.2.2, page 114 f.).

Sklar’s Theorem provides a motivation for calling a copula a dependence structure. In fact,
equation (5.3.1) means that the copula C couples the margins F, to the joint distribution

function H.

From this point of view, Sklar’s Theorem presents copulas as multivariate extensions of the
univariate uniform distribution: if every F is continuous, then the random vector

(F.(X,).....F,(X,)) possesses the copula C as its joint distribution function.
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Remark 5.3.2:
Consequently, it is possible to use Sklar’s Theorem in two ways:

e Every multivariate distribution can be obtained by specifying the margin distributions
and a (suitable) choice of a copula. This application of Sklar’s Theorem is of great
importance for practical actuarial work, because the analysis and modeling of
marginal distributions is a standard task for actuaries, e.g. in (re)insurance businesses
for the estimation of the Probable Maximum Loss (PML) of a portfolio as a certain
high quantile of the loss distribution (in finance, Value at Risk or Expected Shortfall
are similar concepts; see Chapter 7).

o If the marginal distributions are all continuous, then equation (5.3.2) yields a method
for constructing the dependence structure by means of copulas from multivariate joint
distribution functions, which can be analyzed afterwards by further appropriate tools.
This procedure provides several important copula families, e.g. elliptical copulas,
which will be introduced in Section 6.1.

In addition, Sklar’s Theorem shows that copulas remain invariant under continuous and
strictly increasing transformations (like the logarithm) of the underlying random variables.
Moreover they are uniformly continuous and all their first-order partial derivatives exist
almost everywhere, which is a useful property especially for computer simulations.

Notation 5.3.1:

Let H be an n-dimensional joint distribution function with continuous margins. We denote
by C,, the underlying copula (i.e. the copulas satisfying (5.3.1)). Similarly, let X be an n-
dimensional random vector with joint distribution function H and continuous margins. Then
C, will stand for the copula satisfying (5.3.1).

Proposition 5.3.1:
Let X:(Xl,..., Xn) be a random vector with marginal distribution functions F,F,,...,F,

and copula C, defined on the range RanF, x RanF, x...xRanF,. Let o be a component-wise
strictly increasing and continuous transformation on RanX, x RanX, x...xRanX_, then the

transformed vector a(X)=(a,(X,),...,a,(X,)) has the same copula, i.e.

C.x =Cx-
Proof:
See EMBRECHTS et al. (2002, Proposition 2). ]
Theorem 5.3.2:

Let X and Y be continuous random variables with copula C, . If the functions f and g

are strictly increasing on RanX and RanY, respectively, then the joint copula is

t(x).00v) = Cxy- Thus, Cy, is invariant under strictly increasing transformations of X and
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See NELSEN (1999, Theorem 2.4.3). [ |

Suppose we have a probability model for dependent insurance losses of various kinds. If we
prefer to model rather the logarithm of the losses, the copula will not change. Similarly, if we
change from a model of returns on several financial assets to a model of logarithmic returns,
the copula will not change, but only the marginal distributions change.

Proposition 5.3.2 (NELSEN (1999, Theorem 2.4.4):
Let X and Y be continuous random variables with copula C, , . In addition, let F, and F,

be the distribution functions of X and Y, respectively, and let « and 3 be continuous and
strictly monotone on RanX and RanY, respectively. Then for all (u,v) €%,

1. If « isstrictly increasing and g is strictly decreasing, then
CG(X)ﬂ(Y)(u,v):u —Cyy (u,1—v);

2. If « isstrictly decreasing and g is strictly increasing, then
C.xam) (u,v)=v—Cy (1—u,v);

3. If o and ( are both strictly decreasing, then

C.) (UV) =U+V=1+Cyy (1-U,1-V).

Proof:
See NESLEHOVA (2004, Proposition 3.1.2). [ |
5.4 Basic Examples of Copulas

In this section we assume that n > 2. The most well-known copula is perhaps the so-called
independence copula or product copula. This copula is the n-place real-valued function:

m'(w=[Ju. 641

We can see that random variables with continuous distributions are independent if and only if
their dependence structure is given by (5.3.1) using Sklar’s Theorem, particularly equation
(5.3.2).

The n-place function
M" (u)=min{u,,...,u,}

is an n-copula, too, and is called the Frechet-Hoeffding upper bound. This copula is the joint
distribution function of the random vector U=(U,...,U), where U ~U (0,1).

The n-place real-valued function
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W" (u) = max {Zn: U +1—n, 0}

i=1

is usually denoted as the Fréchet-Hoeffding lower bound. In contrast to the independence
copula and the Fréchet-Hoeffding upper bound, this is a copula if and only if n=2. The
Fréchet-Hoeffding lower bound is the joint distribution function of the random vector

U=(U,1-U), where U ~U (0,1).

Figure 5.4.1: Fréchet-Hoeffding lower bound, independence copula and
Fréchet-Hoeffding upper bound (from left to right)?

In the bivariate case, both Fréchet-Hoeffding bounds as well as the independence copula have
the following stochastic representation, as was already noted by HOEFFDING (1940):

Theorem 5.4.1:
Let U and V be random variables uniformly distributed over the unit interval [0,1]. Then their

joint distribution function restricted to the unit square [0,1] * is equal to

1. W if,andonlyif, U =1-V almost surely,
2. 1II if,and only if, U and V are independent,
3. M if,and only if, U =V almost surely.

Every bivariate dependence structure is somewhere between the perfect negative and the
perfect positive dependence under the concordance ordering (see Section 9.2, page 173 ff.).

Part 2 of Theorem 5.4.1 generalizes to the n-dimensional case: the random vector
U=(U,,...,U,) with uniform margins has independent components if, and only if, IT equals

the joint distribution function of U restricted to the unit n-cube I".

2 The source code for the figures can be found in Appendix B.5.
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Remark 5.4.1:
For any k, 2<k <n all k-dimensional margins of M", TI" and W" are of the same kind,

that is M*, TI* and W*, respectively.

5.5 Conditional Probabilities and Symmetry

Let (U,V) be a random vector with [0,1]-uniform margins and copula C. Then the
conditional probabilities can be rewritten as follows:

C(u+hv)—C(uv) 9

P[V <vlu :u]: lim =—C(u,v) for 0<u<1;
h—0 h 8“
and similarly,
PIU <ulv =v|= jim SV +0) = C(uY) zﬁc(u,v) for 0<v<L1.
h—0 h av

(see NESLEHOVA (2004), Section 3.3 and the references given therein). Therefore, it is
possible to calculate the conditional probabilities by using the copula C.

In the univariate case, survival functions can be applied to depict symmetry. If X is arandom
variable and a € R a point such that®

d
X —a=a—X,

then X is symmetric around a, i.e. if forany xe R,

In the case that F is continuous this is equivalent to
F(a—x)=F(a+x),

for every x € R, where F denotes the cumulative distribution function and F is the survival
function of X (see Section 4.1, page 55 f.), ie. F(x)=1—F(x)=P(X >Xx) (see e.g.
NELSEN (1999), Section 2.6 and NESLEHOVA (2004), Section 3.4).

In the multivariate case, the understanding of symmetry is ambiguous and can be conceived in
number of ways (compare to NELSEN (1999), Section 2.7). The most common approaches are
that of marginal symmetry, joint symmetry and radial symmetry, all of which can be viewed
as a generalization of the univariate concept.

The joint symmetry is the strongest concept, and since jointly symmetric random vectors must
be uncorrelated when the required second-order moments exist, joint symmetry seems to be a

I X2y, if Fy(x)=F, (y) forall xeR.
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too strong property. Let X=(X,,...,X,) be a random vector and let a=(a,,...,a,) be a
point in R". The random vector X is called jointly symmetric around a, if all random
vectors (y1, (X, —a,),.... s, (X, —a,)), where s, € {—11}, have the same joint distribution.

The marginal symmetry, on the other hand, seems to be too weak, as there exist marginal
symmetric distributions which do not agree with an intuitive understanding of symmetry. Let

X =(X,,...,X,) be arandom vector and let a=(a,,...,a,) be a point in R". The vector X

is called marginally symmetric around a, if X, is symmetric about a,, i=1,...,n.

The radial symmetry is neither that weak nor that strong in comparison and the condition can
be expressed in terms of the joint distribution and survival functions in analogy to the

univariate case. Let X=(X,,...,X,) be a random vector and a=(a,,...,a,) be a point in

R". The vector X is called radially symmetric around a, if X—a and a— X have the same

distribution, i.e.
d

(X;—ay,.... X, —a,)=(a,— X,,....,a,— X, ).

When the random vector X=(X,,...,X,) is continuous, we can express the condition for

radial symmetry in respect of the joint distribution and survival functions of X =(X,,..., X,)
(see NESLEHOVA (2004), Corollary 3.4.1).
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Chapter 6

Families of Copulas

In this chapter we introduce two families of copulas (elliptical and Archimedean copulas), and
give some of their properties and construction methods.

For further details about elliptical distributions we refer to HULT AND LINDSKOG (2001) and to
MCNEIL, FREY AND EMBRECHTS (2006), Section 3.3. Other copulas can be found in
NELSEN (1999), EMBRECHTS et al. (2002), NESLEHOVA (2004) and DEMARTA AND
MCcNEIL (2004) and the references given therein.

6.1 Elliptical Copulas

The class of elliptical distributions is a generalization of the multivariate normal distribution
with mean p and covariance matrix X . These distributions are affine transformations of

spherical distributions in R". The family of elliptical distributions allows us to model
multivariate extremes and other forms of non-normal dependences. Copulas corresponding to
elliptical distributions are called elliptical copulas. Simulations of elliptical distributions are
easy to execute. Therefore, as a consequence of Sklar’s Theorem, the simulation of elliptical
copulas is also easy.

Definition 6.1.1;
If X is an n-dimensional random vector with a characteristic function® of the form

O (t) = exp(itTp) v (tTxt),

where p is an nx1 vector, X:= AA" (where AT denotes the transpose of A) is a positive
semi-definite nxn matrix with A € R™ and ¢:R_, — R is a function, then X is said to be
distributed according to an elliptical distribution

X~ & (12 1),

where p denotes the location vector, X is the dispersion matrix and ¢ is called the
characteristic generator of X.

! The characteristic function of the n -dimensional random vector X is the function ¢, :R" — C defined by

qu(t): E(exp(itTX)). The characteristic function completely characterizes the distribution of X in the

d
following sense: if X and Y are two n -dimensional random vectors, then X=Y if, and only if, ¢y = ¢,.
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It can be shown that in general neither the positive definite nxn matrix X nor the generator
Y is unique because if X ~ & (1, E,¢) ~ & (1, E,¢), then the vector ji equals p and there

exists a constant ¢ >0 such that £=cZ and ¢(u)=1(u/c) for all u>0. However, we can

choose the parameter X such that it corresponds to the covariance matrix of X (see
NESLEHOVA (2004), Definition 3.5.2).

For n=1 the class of elliptical distributions coincides with the class of one-dimensional
symmetric distributions.

Theorem 6.1.1 (FANG AND ZHANG (1990), Section 2.5 and FANG et al. (1990)):
Let X be an n-dimensional random vector with X ~ & (p, X,¢). Then

1. X has a stochastic representation Xiu—i— RAu", where AA" =X, R isa R_,-
valued random variable and u™ a random vector distributed uniformly on the unit
sphere in R which is independent of R;

2. 1If Ruhas a density f (x) = g(||x||2) and X is positive definite, then X has a density
h given by

h(x)—ﬁg((x_wT E*l(x—p)).

The density is hence constant on ellipsoids.
3. Let B bea kxn matrixand b € R*. Then

b+BX ~ & (b+Bp,BLB',v)).

Thus any affine transformation of an elliptically distributed random vector is also
elliptically distributed with the same characteristic generator 1.

One of the main reasons why elliptical distributions are widely used in practice is the last
Theorem. Theorem 6.1.1 shows in particular that all univariate margins of elliptical
distributions have the same generator, which together with the mean vector and covariance
matrix uniquely determines the entire distribution.

In general, elliptical copulas have to be constructed using Formula (5.3.2) of Sklar’s Theorem
directly, i.e. from

C(uy,...,u,)=H (Fl’l(ul), Fz’l(uz),...,Fn’l(un)).

Now we present two classical members of the family of elliptical copulas.?

2 The source code for the figures of Gaussian and Student copulas can be found in Appendix B.6.
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6.1.1 The Gaussian Copula

A random vector X = (Xl,..., Xn) with continuous margins and an underlying elliptic copula

is multivariate normal distributed if, and only if, all univariate margins F,F,,...,F, are
Gaussians. The dependence structure between the margins can be developed from
Formula (5.3.2) by using the multivariate normal distribution with N(O,l)-distributed

margins, it is given by the unique copula function Cga (the Gaussian (or normal) copula)

@ *u) @ 7Y(u,)

Sl | - |

exp[—%tTZ_lt]dtl...dtn, (6.1.1.1)

\/27'(' det( )

where X denotes the correlation matrix of X, and ®* is the inverse of the standard
univariate Gaussian distribution function.

In the bivariate case, with X =

1 - -
) '01 ] and t=(s,t), Formula (6.1.1.1) specializes to
P

oM uy) 2 Huy) 2 L 2
1 S°—2p-st+t
)= [ [ o2

S o 2mfi=(pt) 2(1_(”L)2)

ds dt,

where —1< p" <1 is the linear correlation coefficient of the two random variables. Variables
with standard normal marginal distributions and this dependence structure, i.e. variables with
distribution function C/f‘f‘ (@(x),(l)(y)) , are standard bivariate normal variables with Pearson’s

linear correlation coefficient p- (see Section 8.1, page 156 ff.).

Figure 6.1.1.1: Gaussian copula with p" =-0.8
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In the limit, the Gaussian copula can model complete positive dependence structures
(comonotonicity; see Definition 7.1.2, page 123 and Definition 9.2.1, page 174) if the positive
definite nxn correlation matrix X consists entirely of ones: lim C‘;f‘:/\/l. Note that

pt—1

complete negative dependence structure (countermonotonicity; see Definition 9.2.2,
page 174) is also a limit case of the Gaussian copula. The Gaussian copula can only

asymptotically model countermonotonicity lim Cff1 =)W, if and only if n=2. Therefore,

pt—-1"
in two dimensions the Gaussian copula can be thought of as a dependence structure that
interpolates between perfect positive and negative dependence, where the parameter p"

represents the strength of dependence.

The Gaussian copulas do not possess upper tail dependence for all p- <1 (see Example 8.3.1,

page 170). Since elliptical distributions are radially symmetric (see Section 5.5, page 100), the
coefficients of upper and lower tail dependence are equal. Hence Gaussian copulas do not
have lower tail dependence, either.

6.1.1.1 Generation of Gaussian Dependent Losses

In the following, we describe how to create a sample of an n-dimensional dependent random
vector U with the Gaussian copula and [0,1]-uniformly distributed margins and, based on
this, an n-dimensional dependent random vector X with Gaussian copula and given margin

distributions. The algorithm needs to construct a normally distributed random vector with a
positive definite correlation matrix X. From the correlation matrix £ we can construct a

lower-triangular nxn-matrix A with AA" =X. If* Y=(Y,,...,Y,)~ A, (0,E) is a random
vector with independent margins, then

Z=AY ~ N,(0,Z) with neN.

To determine such a matrix A, typically the so-called Cholesky decomposition of X is used.
The Cholesky decomposition of X is the unique lower-triangular matrix R with positive
diagonal entries satisfying RR" = X, and can be computed using the following formula (see

FRUHWIRTH AND REGLER (1983), Theorem 2.18, page 104 or KORYCIORZ (2004),
Appendix K):

j-1
L
Pij — D G Vit
_ t=1

fij

(6.1.1.1.1)

% The unit matrix E of size n is the nxn square matrix with ones on the main diagonal and zeros elsewhere.
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with 1< j<i<n, the linear correlation coefficients p,lj‘, being the (i, j)-th entry of X, and

0
the convention »"(+)=0."

t=1

Through the transformation U we then get

the desired random vector U with Gaussian copula C5* and [0,1]-uniformly distributed
margins (see WANG (1998), page 890).

Suppose we would like to compute a set of Gaussian dependent risks X,,..., X, with
marginal cumulative distribution functions F;(x,),...,F,(x,) and Kendall’s tau p; (X;, X;)

or Spearman’s rho pi? (Xi, Xj). If we assume that the dependent structure of X,,..., X is
described by the Gaussian copula, then the following algorithm can be used:

Algorithm:
STeP 1: Transform the given Kendall’s tau or Spearman’s rho to Pearson’s linear correlation

coefficient® for multivariate normal variables:
L i [ T s I
i :2-Sln(€pij (Xi,Xj)j:sm(Epij (Xi,Xj)j.

STEP2: Transform the correlation matrix X = (p;) using Cholesky decomposition to the
unique lower-triangular matrix R:(rij) with positive diagonal entries satisfying

RR' =X. This step is necessary to generate multivariate standard normal
distributed random variables with the given dependence structure.

STep3: Simulate a column vector Y =(Y,,....Y, )T of n independent random variables with

Y~ N(0E).

n

Ster4: Compute Z = (Zl,...,Zn)T =RY by matrix-vector multiplication; then Z ~ A{0, X).

STep5: Compute U, =®(Z;) for i=1,...,n,where @ is the standard normal distribution

function. Hence, we get (Ul,...,Un)T ~Cg.

*For i > ] the denominator of formula (6.1.1.1.1) equals r-

> For information on the dependence measures Kendall’s tau, Spearman’s rho and Pearson’s linear correlation
coefficient, see Chapter 8.
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STep 6: Compute X, =F, *(U,) for i=1...,n using the pseudo-inverses of the marginal

distribution functions, F ' ,F,*,...,F,”". Now we have simulated Gaussian
dependent losses.

In many practical situations we only have some indication of the correlation parameters
without knowing the exact underlying multivariate distribution. In such situations a Gaussian
copula leads to a simple method of simulating the dependent variables. Furthermore, the
Cholesky decomposition is implemented in most mathematical software. Therefore, we have
stated an easy algorithm for the generation of a random vector using the Gaussian n-copula

C$*, which, for example, can be used in Monte Carlo simulations.

6.1.2 The Student or {-Copula

Another commonly used member of the family of elliptical copulas is the t-copula (or
Student copula):

€ (Upenst) = (157 (). 607 (),

where t) . is the cumulative distribution function of an n-dimensional random vector with
density

v+n e
CZR(X“'"’X”)8xf.naxn(Ct”R<t”<xi)""’t“<x”>>)F[j[ (fw)]nR[lJr%xTRli 2 ]

and t, denotes the cumulative distribution function of the univariate standard t-distribution

>

with v degrees of freedom. The matrix R with R, :Z—U for i,je{L....n} is the
i~ jj

(positive definite) correlation matrix (for v > 2 and the shape parameter otherwise).

For n=2 the t-copula has the following analytic form:

—(v+2)I12
£, (w) t,7Hup)

1 2_9 L 2
f 1+S p St+t

A o v PR

with parameter —1< p" <1, which denotes the usual linear correlation coefficient with v
degrees of freedom, for v >2. In the limit, the t-copula can model complete positive
dependence structures (comonotonicity; see Definition 7.1.2, page 123 and Definition 9.2.1,
page 174) if the positive definite nxn correlation matrix X consists entirely of ones:
lim C' | = M. Note that complete negative dependence structure (countermonotonicity; see

pLﬁl— v,p
Definition 9.2.2, page 174) is a limit case of the t-copula. The t-copula can only
asymptotically model countermonotonicity lim C' . =W, if and only if n=2. However,

o1t U

Cty,pL (U, u,)= ds dt
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in contrast to the Gaussian copula, we do not obtain the independence copula since
uncorrelated multivariate t-distributed random variables are not independent (see McCNEIL,
FREY AND EMBRECHTS (2006), Lemma 3.5).

Figure 6.1.2.1: Student copula with p* =-0.8 and v =3

The copula of the bivariate t-distribution has upper and (because of radial symmetry (see
Section 5.5, page 100) equal lower tail dependence forp" >—1 (see Example 8.3.1,

page 170). The coefficient of upper tail dependence is increasing in p" and decreasing in v.
Furthermore, the coefficient of upper (lower) tail dependence tends to zero as the number of
degrees of freedom tends to infinity for p" <1.

It is also possible to simulate the t-copula. An algorithm can be found, e.g. in MCNEIL, FREY
AND EMBRECHTS (2006), Algorithm 5.10 and in EMBRECHTS, LINDSKOG AND MCNEIL (2001),
Algorithm 5.2. Furthermore, an algorithm exists to simulate skewed t-copulas and grouped
t-copulas (compare to MCNEIL, FREY AND EMBRECHTS (2006), Algorithm 5.39 and
Algorithm 5.40 and DEMARTA AND MCNEIL (2004)).

The members of the family of elliptical copulas, e.g. the Gaussian copula and the t-copula,
are fast and easy to implement. The t-copula is usually used in the finance world (see e.g.
BLumMm, DIAS AND EMBRECHTS (2002)) and the Gaussian copula is widely used on the basis of
the significance of the normal distribution, particularly with regard to Dynamic Financial
Analysis (DFA, see Section 2.3). Both copulas are useful in practice, because it is relatively
easy to simulate complex (high dimensional) portfolios. Both elliptical copulas are easily
parameterized by the linear correlation matrix: for every pair of risks, one parameter is given.
But only t-copulas yield dependence structures with tail dependence and possess the ability
to represent the phenomenon of dependent values better. Elliptical copulas have been derived
from certain families of multivariate distribution functions using Sklar’s Theorem and simply
are the distribution functions of component-wisely transformed elliptically distributed random
vectors. However, the elliptical copulas have drawbacks, too. The members of the family of
elliptical copulas are restricted by radial symmetry and do not have closed form expressions.
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6.2 Archimedean Copulas

In this section, we discuss an important class of copulas called Archimedean copulas. This
class represents a great variety of different dependence structures. In contrast to elliptical
copulas, all known Archimedean copulas have closed form expressions. Since these copulas
are not derived from multivariate distribution functions using Sklar’s Theorem, we need
technical conditions to argue that multivariate extensions of Archimedean 2-copulas are
proper n-copulas. Therefore, it is in general more difficult to simulate Archimedean copulas
than elliptical copulas. Archimedean copulas with n=2 are interesting for practical
applications, since they can be easily constructed while yielding a rich family of dependence
structures. However, we only get positive dependence for Archimedean copulas with n> 3.
Usually, Archimedean copulas depend only on one parameter. This makes it easier — though
still very difficult — to estimate copulas from data.

We begin with a general definition of Archimedean copulas, which can be found in
NELSEN (1999), page 90. In this section, we will use a different definition of pseudo-inverse
than the usual one for cumulative distribution functions we used before and we will use after
this section. The reason for this is that in literature, the following definition is used for
defining Archimedean copulas.

Definition 6.2.1 (pseudo-inverse):
Let ¢:[0,1]— [0,00] be a continuous, strlctly decreasing function such that ¢(1)=0. The

pseudo-inverse of ¢ is the function ¢l ¥:[0,00]—[0,1] with Domel ¥ =0, ] and
Rany " =0,1] given by

O 62
0.

Remark 6.2.1:
The function " is continuous and non-increasing on [0,00], and strictly decreasing on

[0,¢(0)]. Furthermore, ¢* (o (u))=u on [0,1], and

Fh) ] b 0<t<e(0)
w(«p t)—{ =min{t,(0)}.

(t) 2(0), 9(0) <t < oo {t.o(0)}

Definition 6.2.2:

The function ¢ is completely monotone if, and only if, forall k e N and u E(O,oo), the k -th

k
derivative of the inverse of ¢, C?—kgol (u), exists and satisfies
u

v d¥

U S u)zo
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Theorem 6.2.1:
a) Let ¢:[0,1]—[0,00] be a continuous, strictly decreasing function such that ¢(1)=0. Let

go[_l] be the pseudo-inverse of  defined by (6.2.1) and n= 2, then
C(u,v) =" (p(u)+p(v)) for u,ve(o,1] (6.2.2)

is a copula C if and only if ¢ is convex. The function ¢ is called a generator of the copula.
Copulas of the form (6.2.2) are called Archimedean copulas.

b) Let ¢:[0,1]— [0,00] be a continuous, strictly decreasing function such that (1)=0. Let

¢ be the pseudo-inverse of  defined by (6.2.1), ¢ be strict (i.e. ¢(0)=00) and n>2.
Then

C(ul,...,un):go‘l[iznl:go(ui)] for u,,...,u, €[0,1] (6.2.3)

is a copula C if and only if ¢ is completely monotone. If (0)=oc, we say that ¢ is a

strict generator. Copulas of the form (6.2.3) with ga[’” =" are called strict Archimedean
copulas.

c) Let »:[0,1]— [0,00] be a continuous, strictly decreasing function such that ¢(1)=0. Let

go[’l] be the pseudo-inverse of ¢ defined by (6.2.1) and n> 2. Then, if C is a copula as in
b), we necessarily have C > II.

Proof:
See NELSEN (1999), Lemma 4.1.2, Theorem 4.6.2 and Corollary 4.6.3. [ |

The generator of an Archimedean copula is not unique. For any positive real constant ¢, c-¢
is a generator of the same C.

The following theorem summarizes some of the typical properties of Archimedean copulas.

Theorem 6.2.2 (NELSEN (1999), Theorem 4.1.5):
Let C be a two-dimensional Archimedean copula with generator ¢ . Then

1. C is symmetric, i.e., C(u,v)=C(v,u) forall u and v in the unit interval;
2. Cis associative, i.e., C(C(u,v)w) =C(u, C(v,w)) for all u, v and w in the unit

square;®
3. the diagonal section” &, of an Archimedean copula C satisfies &, (u)<u forall u

in (0,1).

® An example can be found in MCNEIL, FREY AND EMBRECHTS (2006), Example 5.50.
" The diagonal section of copula C is the function ¢ from I to I defined by & (t)=C(t,t) with t€[0,1].
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Remark 6.2.2:
In contrast, let C be a two-dimensional copula such that &, (u)<u for all u in (0,1), then

the copula C is an Archimedean copula (compare to NELSEN (1999), Theorem 4.1.6).

In the following, two aspects will play an important role: concordance ordering and the
Fréchet-Hoeffding bounds as limiting cases.

Theorem 6.2.3 (NELSEN (1999), Theorem 4.4.2 and Corollaries 4.4.5 and 4.4.6):
Let C, and C, be Archimedean copulas generated, by ¢, and ¢, , respectively. Then

1. C,<C, ifandonlyif ¢ 0, is sub-additive, i.e.,
@ ogo[;l] (X—|— y) <@ ocp[*l] (X)—I—(pl ogo[zfl] (y) forall x,y e [O,l] with x+y <1.

2. If 2L is non-decreasing on (0,1), then C, < C,.
P2
3. If, under the condition that both generators are continuously differentiable on (0,1),
/
¥

/

is non-decreasing on (0,1), then C, < C,.
2

Theorem 6.2.4 (NELSEN (1999), Theorem 4.4.7 and 4.4.8 and Example 4.16):
Let © be any nondegenerate interval in R and let {C0|He@} be a family of two-

dimensional Archimedean copulas with differentiable generators ¢,. Then, for any a in the
closure of the parameter interval ©,

1. limC, =W if, and only if,

6—a

Iim%,<s):s—1 for all s,t €(0,1);
=2 @, <t)

2. limC, =1I if, and only if,

0—a

Iimspﬂ(S):t Ins  forall s,te(0,1);
f—a gpa (t)

3. limC, =M if, and only if,

0—a

Iimgo‘j(t)zo forall t€(0,1).
=2 p, (t>

In the next section, we present three families of Archimedean copulas which are often used.®

® The source code for the figures of Frank, Clayton and Gumbel copulas can be found in Appendix B.7.
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6.2.1 Frank Family

The Frank family is given by

Cgra(ul,...,un):—%ln , 6>0.  (6.2.1.1)

1+ (e —1)ﬁ[e€:i _1]

i1 & —1

In the bivariate case the Frank copula can be rewritten as

(e*GU —l)(e*‘q" —1)

|

Cgra(u,v):—%ln 1+ , g\ {0}.

Figure 6.2.1.1: Frank copula with # =1.5

This family, generated by

e ¥ 1

—6t
wp e (t)= —In[e _1] with 6>0 and of ™ (t)= —%In(l—(l—e“))e‘t),
is also positively ordered, i.e.
CeFll’a =< ngra

if and only if 6, <6,. From this it follows easily that putting 6 <0 vyields a negative

correlation and 6 >0 a positive correlation. The Frank family of copulas provides the only
Archimedean copulas which are radially symmetric. Frank copulas are absolutely continuous.
The limit 6 — —oco leads to countermonotonicity (see Definition 9.2.2, page 174) if n=2,

I.e. complete negative dependence, while & — 0 leads to independence and 6 — +-oo leads to
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comonotonicity (see Definition 7.1.2, page 123 and Definition 9.2.1, page 174), i.e. complete
positive dependence:

Jim C/™ =W (for n=2), IairrgceFra =l and lim i =M.

—+oo

The Frank copula is asymptotically independent in both the lower and upper tail (see
Section 8.3, page 168 ff.).

The members of the Frank family have an interesting application in insurance pricing, see e.g.
MARI AND KoTz (2001, page 78); for applications in finance, see e.g. JUNKER AND MAY
(2002) and BLuM et al. (2002).

6.2.2 Clayton Family

Another widely used member of the family of Archimedean copulas is the Clayton copula. In
literature, it is also called the generalized Cook and Johnson, the Pareto family of copulas or
Kimeldorf and Sampson, but we will call the copula the Clayton copula. It is given by

-1/6

Cy® (uy,...,u,)= , 6>0. (6.2.2.1)

iu(e—m—l
i=1

In the bivariate case, Formula (6.2.2.1) simplifies to

C5"® (u,v) = max {[u‘9 v ,O}, 0 €[-1,00) \ {0}.

Figure 6.2.2.1: Clayton copula with # =1.5

The Clayton copulas are generated by
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it (t)=2(t" 1) with " (t)= %(1“)”9 :

and are also positively ordered and absolutely continuous.

Each of the copulas in the Clayton family is strict for 6 >0, and, for n=2, the copula

expression simplifies to

Ci" (u,v)= [u‘9 +v’ —1]71/0

The Clayton family has lower tail dependence for 8 >0 (see Section 8.3, page 168 ft.).
The limit cases are

C® =W (for n=2), !gingcg'a =M and lim S = M.

—+00

Therefore, the Clayton copula can model complete negative dependence structures
(countermonotonicity; see Definition 9.2.2, page 174), independence or complete positive
dependence structures (comonotonicity; see Definition 7.1.2, page 123 and Definition 9.2.1,
page 174).

The members of the Clayton family have an interesting application in finance (see e.g.
JUNKER AND MAY (2002) and BLum et al. (2002)), but also in general insurance applications
(see Section 9.5).

6.2.3 Gumbel Family

Another widely used member of the family of Archimedean copulas is the Gumbel (or
logistic) copula, which is given by

h 1/0

C (u,,...,u,) = exp[—[Z(—ln(Ui )

i=1

L 0efloo).  (6.23.)

In the bivariate case the Gumbel copula is a two-dimensional continuous distribution function
over the unit square. Formula (6.2.3.1) specializes to

1/6
C;" (u,v)=exp ]

, (96[1,00),

~|(=tn(u))" +(~In(v))

with u,v e (0,1].
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Figure 6.2.3.1: Gumbel copula with § =1.5

The corresponding density is given by

¢t (u,v)= aigv G (u,v)=C5" (u,v) (ZIn(u) u\(/—ln ) k(u,v)"" [9 —1+k (u,v)w}

with k (u,v)=(—In(u)) +(~In(v))" and u,v(0,1].

Figure 6.2.3.2: Density of Gumbel copula with 6 =1.5

The Gumbel copula is generated by

e (M)=(-In(v))", oetoo)
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The inverse of the generator is given by

o0 =-0(~n(v) .

thus ;" (t) is a strictly decreasing function from [0,1] to [0, c0).

The bivariate Gumbel family has upper tail dependence for 6>1 (see Section 8.3,
page 168 ff.).

The limit cases are
C}=1I and lim C;' =M.

0——+o0

Therefore, the Gumbel copula can only model independence for n =1, or complete positive

dependence structures (see Definition 7.1.2, page 123 and Definition 9.2.1, page 174) for
n > 2, in which case the parameter 6 represents the strength of dependence.

The Gumbel copula has for a long time played a central role in the area of statistics of
extremes where it and others can also be motivated by appropriate limit theorems for joint
extremes (see e.g. REISS AND THOMAS (2001)). Now, the Gumbel copula has been used in
particular in the analysis of natural catastrophes (see e.g. PFEIFER (2003)).

Archimedean copulas are widely used as dependence models in low-dimensional applications
and in portfolio credit risk modeling (see MCNEIL, FREY AND EMBRECHTS (2006),
Chapter 8 and 9). They have simple closed forms; therefore, we can easily describe the joint
distribution function. Furthermore, an algorithm exists to simulate asymmetric bivariate
Archimedean copulas (compare to MCNEIL, FREY AND EMBRECHTS (2006), Algorithm 5.49).
A possibility to describe multivariate Archimedean copulas is the use of Laplace-Stieltjes
transforms (compare to MCNEIL, FREY AND EMBRECHTS (2006), Algorithm 5.48). In
Section 5.4.3 in McNEIL, FREY AND EMBRECHTS (2006) one can find non-exchangeable,
higher-dimensional Archimedean copulas. The construction of these copulas allows us to
combine different Archimedean copulas, in the sense that one gets a random vector whose
k -dimensional margins have Archimedean copulas with different generators ¢ .
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Chapter 7

Risk Measures

In recent years, risk management (see e.g. MCNEIL, FREY AND EMBRECHTS (2006), GRUNDL AND
PERLET (2005)) and also risk measures (see e.g. ARTZNER, DELBAEN, EBER AND HEATH (1999) or
ACERBI AND TASCHE (2002)) have gained importance due to Basel Il (MARIsk (December 2005))
in the banking world (see e.g. EMBRECHTS (2004) or KLUPPELBERG (2002)) and due to the current
discussions about appropriate risk measures to be used for the computation of capital
requirements in the Solvency Il process in the insurance businesses (see e.g. KORYCIORz (2004)).

Risk management can be used to optimize the solvency capital of a business. The aim is to
determine a company-wide solvency capital value which quantifies the risk of business activities.
Therefore, the risks have to be summarized in a risk measure. Usual risk measures are variance,
standard deviation, Value at Risk (VaR), Expected Shortfall (ES), Lower Partial Moments
(LPM) or spectral risk measures (compare to TASCHE (2002), ALBRECHT (2003), ACERBI (2004),
GRUNDL AND WINTER (2005), MCNEIL, FREY AND EMBRECHTS (2006) and LANGMANN (2005)
and the references given therein).

It is often assumed that the risks are stochastically independent, although many insurance risks
are heavily dependent in the tails. One way of handling dependence structures is to use copulas
(see Chapter 5 and Chapter 6).

Every insurance business has to compute premiums that are adequate to its risks (premium
principle). Therefore, the premium is a risk measure in general. In the insurance business, there
are two applications of risk measures: the calculation of premium rates for the underwriting and
of risk capital requirements for solvency (calculation of size of solvency capital). In the first case
usually a premium principle is used (compare to BAUERLE AND MUNDT (2005), Section 3.1), and
the second case relates to a risk measure in the narrower sense. A proper premium rate enables a
company to operate smoothly while making reasonable profits for its shareholders, and the
capital requirements ensure that the risk of insolvency remains acceptable. For natural
catastrophes it is critical to adequately model the right hand tail of the Exceeding Probability
curve (EP curve, see Section 4.3, page 75 ff.) where the loss is large. In this situation, there is a
significant amount of uncertainty (compare to Chapter 9).

In this chapter we concentrate on the coherence axioms of ARTZNER, DELBAEN, EBER AND
HEATH (1999) and (2002). We will start by introducing the four important properties of
coherence. Then we will criticize and extend coherent risk measures in the sense of ARTZNER,
DELBAEN, EBER AND HEATH. Subsequently, we introduce the two popular risk measures Value at
Risk and Expected Shortfall in Section 7.2 and Section 7.3, respectively. This leads us to study
the property of coherence for risk measures followed by a discussion of advantages and
disadvantages of Value at Risk and Expected Shortfall. In addition, in Section 7.4 we introduce a
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typical procedure of Dynamic Financial Analysis (DFA) for the calculation of the Value at Risk
and the Expected Shortfall. Finally, in Section 7.5, we also mention the connection of the risk
measures and the computation of the Solvency Capital Requirement (SCR) in the German
standard model of the GDV and the BaFin (Solvency 11, see Section 2.2.4, page 20 ff.).

7.1 The Axioms of Risk Measures

In general, a risk is the future random value of a financial position, e.g. the equity capital of an
insurance business or the size of a claim of an insurance contract. Essential components of risks
are the occurrence probability of an event and the height of damages. There are different
possibilities of ascertainment of risks.

We will first concentrate on premium principles (for a detailed discussion see e.g.
HEILMANN (1987), Chapter 4 or ScHMIDT (2002), Chapter 10). Let Z be a non-empty set of A -
measurable nonnegative real-valued random variables (risks)* which describes the random claims
amount. Then X € Z denotes the loss of some asset or portfolio over an annual time horizon.

Risk Measure and Premium Principles possess together the following fundamental property:
Let Z be the set of all nonnegative real-valued random variables. Then a premium principle H

and a risk measure R respectively, is a mapping H:®(H)C Z—R" and R:D(R)C Z—R"
respectively, with the property?

P*=P' = H(X)=H(Y) forallX,Y e®(H),
P*=P' = R(X)=R(Y) forallX,Y €e®(R).

This means that the premium principle and the risk measure respectively, only depend on the
distribution of risks.

In practice, premium principles and risk measures can and should have different further
properties depending on their actuarial use. Premium principle should e.g. possess some of the
following properties: exceeding the expected value, positive homogeneity, additively, restricted
maximum loss and stochastic monotonicity. For further details we refer to HEILMANN (1987),
Section 4.3 and ScHMIDT (2002), Section 10.1. Each premium principle is basically also a risk
measure. However, usually, specific requirements are imposed on risk measures due to the risk
measure-based ascertainment of capital requirement of finance institutions (keyword: Basel Il for
capital market and Solvency Il for insurance market).

A multitude of views for risk measures exists.> The simplest method is the computation of central
moments as risk measures, i.e. the calculation of expected value or variance and standard
deviation. The disadvantage of these risk measures is that they do not consider whether the

Y In the insurance business the risk X relates the occurring loss to the monetary value. We interpret large positive
values of the random variables X (risks) as losses. This is in contrast to ARTZNER et al. (1999) and BAUERLE AND
MUNDT (2005), respectively, who interpret negative values as losses.

2 This definition is not unique in literature, compare e.g. with SCHMIDT (2002), Section 10.1.

% Compare e.g. with ALBRECHT (2003) and the reference given therein.
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deviation is a shortfall or exceedance of the target value. The degree of asymmetry is not
considered and therefore, different degrees of exposure of risks are not sufficiently reflected. We
can say that central moments (as symmetric risk measures) describe the behavior of variation at
their expected value. Therefore, these central measures are not qualified as risk measures.

Another method for risk measuring is the use of partial moments. When applying partial
moments to measure a risk, one tries to describe the risk through the lower and upper tails of the
probability distribution. A distinction is made between Lower Partial Moments (LPM) and
Upper Partial Moments (UPM). The LPM refer to the left (lower) tail of the probability
distribution and do not consider the positive variation of the target. The UPM concentrate on the
right (upper) tail of the probability distribution. For the regulation of solvency of insurance
companies the UPM of zero order (excess — probability*) and of first order (excess — expected
value®) matter in particular. Furthermore, a risk measure can be defined as the critical size of loss,
i.e. as the necessary solvency capital. This approach is amplified through change of legal basic
conditions for credit risks (Basel 11) and ascertainment of solvency (Solvency Il) which enforces
some risk measures for quantification of uncertain quantities. This category of risk measures is
also called “risk adjusted performance measures” (see ALBRECHT (2003), page 9 and 30) which
we will examine in detail below.

In relation to the current discussion of Solvency Il a discussion is necessary about which risk
measure is useful for calculation of SCR and MCR.® The discussion about risk measures, which
are like premium principles, concentrates on axiomatically defined concepts such as the concept
of coherence, which was introduced by ARTZNER, DELBAEN, EBER AND HEATH (1999). We
assume that the interest rate is zero and amounts of money are already discounted. A coherent
risk measure in the sense of central the articles by ARTZNER et al. (1999) and ACERBI AND
TAScHE (2002) fulfills the following (sensible) properties:

Definition 7.1.1 (Coherent Measure of Risk):’
A risk measure R on the set D(R)C Z of real-valued random variables (risks) is called

coherent if it satisfies the following four axioms:

Axiom 1. (Positive homogeneity):
A risk measure R is called positively homogeneous, if

R(cX)=cR(X) forall c>0 and X € 2.°

Axiom 2. (Translation invariance):
A risk measure R is called translation invariant, if forall X € Z and ceR:

* The safety regulation based on the excess — probability is identical with the Value at Risk (compare to
KORYCIORZ (2004), page 38 and page 69, or GRUNDL AND WINTER (2005), page 194).

> The risk measure first order UPM considers the occurrence probability and the measure of possible exceedance in
contrast to the excess — probability.

6 See Section 2.2, page 13 f. and Section 7.5, page 146 ff.

" A detailed explanation to the individual properties can be found e.g. in the in the diploma thesis by
LANGMANN (2005), Section 4.1 and the references given therein.

® A homogeneous risk measure is always standardized, i.e. it satisfies R(0) = 0. This follows from

R(0)=R(0-0)=0-R(0)=0.
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R(X+c)=R(X)+c.

Axiom 3. (Monotonicity):
A risk measure R is called monotone, if for any two random variables X,Y € Z

X <Y implies R(X)<R(Y).

Axiom 4. (Subadditivity):
A risk measure R is called subadditive, if

R(X+Y)<R(X)+R(Y) forall X,Y € 2.

The property of subadditivity is the most controverse of the four axioms characterizing coherent
risk measures; see e.g. in MCNEIL, FREY AND EMBRECHTS (2006), Section 6.1 or in
LANGMANN (2005), Section 4.1 and the further references mentioned therein. Subadditivity
means that the measure of the sum of two risks should not exceed the sum of the measures of the
two risks. The condition of subadditivity pays tribute to the diversification effects of risks,
“economies of scale” and effects of balance within a portfolio at the insurance market. Therefore,
subadditivity reflects the idea that risk can be reduced by diversification. This is a widely-used
principle in finance and economy. Another argument why subadditivity is a reasonable
requirement can be found in MCNEIL, FREY AND EMBRECHTS (2006), page 240:

“If a regulator uses a non-subadditive risk measure in determining the
regulatory capital for a financial institution, that institution has an incentive
to legally break up into various subsidiaries in order to reduce its
regulatory capital requirements. Similarly, if the risk measure used by an
organized exchange in determining the margin requirements of investors is
non-subadditive, an investor could reduce the margin he has to pay by
opening a different account for every position in his portfolio.”

The translation invariance implies
R(X —R(X))=R(X)-R(X)=0 forall X € 2,

which allows an interpretation of R(X) as a solvency capital. The value X -R(X) is called R -

adjusted risk and can be interpreted as the minimal additional amount of capital that should be
added as a buffer to a portfolio with loss given by X at risk to be acceptable (according to
ARTZNER et al. (2002), page 150 and ALBRECHT (2003), page 13).

From subadditivity and translation invariance the inequality
R(X + Y—R(Y))<R(X)

follows for any two risks X and Y.
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This means that for a business it is always advantageous to take additional R -adjusted risks
independent of the dependence structure between the risks (compare to DHAENE et al. (2003),

page 6).

Axiom 4 (Subadditivity) is the most controversely discussed of the four axioms characterizing
coherent risk measures especially because Value at Risk as a risk measure is in general not
subadditive for all risk distributions outside the elliptical world (see discussion in Section 7.2 and
Example 7.2.1, page 128 ff.).

The actual discussion shows that the notion of a coherent risk measure (see e.g.
ARTZNER et al. (2002), page 151 ff., ACERBI (2004), page 148 KORYCIORz (2004), page 41 ff.,
and BAUERLE AND MUNDT (2005), page 71 ff., and the references therein) depends strongly on
the field of its application.

A simple but practically not useful coherent risk measure for the solvency capital, which is the
basis of many premium principles, is the expected value of risk E(X)=R(X). The use of this

risk measure is leading to technical ruin with probability one (probability of ruin), because the net
premium does not cover the “need for security” like Value at Risk (see HEILMANN (1987),
Chapter 4).

Thus, it makes sense to ask the question how the introduced concept of coherence of
ARTZNER et al. (1999) can be reasonable extended. In the following we introduce the features of
the concept of comonotonicity (see e.g. EMBRECHTS et al. (2002), Section 4.1,
NESLEHOVA (2004), Section 4.1, KorycCloRz (2004), Appendix B and MCNEIL, FREY AND
EMBRECHTS (2006), Section 5.1.6, and the references given therein) for risk measures®, which are
satisfied by Value at Risk and Expected Shortfall.

Definition 7.1.2 (Comonotonicity):
Two random variables (risks) X,Y € Z are called comonotonic, if there exist X’Y' with

X =X’ and Y =Y’ almost surely such that

(X (wy) = X (w,)][Y/ (w,) =Y (w,)] > 0 for all w,,w, Q.
Lemma 7.1.1:
a) Two random variables X,Y € Z are comonotonic if and only if there exists a risk Z: Q2 — R

and two monotone, increasing measurable functions f,g on R such that

X =1(Z),Y=g(Z) almost surely.

% Other possible properties to extend concept of a coherent risk measure are the Fatou property and law invariance.
The Fatou property was introduced by DELBAEN (2002 and 2000) and extended by JOUINI, SCHACHERMAYER AND
Touzi (2005). For further information on law invariance, see ACERBI (2004) and further literature mentioned
therein.

10 Compare e.g. with DENNEBERG (1994), page 54 or WANG et al. (1997), Definition 2, page 19.
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b) Two random variables X,Y € Z are comonotonic if and only if there exist two continuous
monotone, increasing functions f,g on R satisfying f + g =idy such that

X=f(X+Y), Y=g(X+Y) almostsurely.

Proof:
See DENNEBERG (1994), page 55 ff. [ |

The comonotonicity of two risks is the strongest form of dependence, because the values of risks
always change in the same direction (i.e. decrease or increase simultaneously). Therefore, when
two random variables are comonotonic, then neither of them is a hedge against the other. Two
comonotonic risks are not able to hedge each other and there is no diversification effect in the
whole portfolio. Therefore, the subadditivity in Definition 7.1.1, page 121 f. should be substituted
by additivity for comonotonic risks.

Definition 7.1.3 (Comonotonic additivity):
A measure of risk is called comonotonic additive if, given two comonotonic risks X,Y € Z,

R(X)+R(Y)=R(X+Y).

The comonotonic additivity is important in the insurance industry (amongst others) in the case of
splitting a risk between direct insurance and reinsurance (see WANG (1996)).

The international discussion about risk measures as a basis for evaluation of the target capital in
connection with Solvency Il (see Section 2.1, page 5 ff.) is focused on the two risk measures
Value at Risk and Expected Shortfall for the aggregate risk (compare with aggregate loss, see

Chapter 4) S = z X, . Expected Shortfall is e.g. recommended as risk measure to calculate the
i=1

SCR and MCR in the Swiss Solvency Test (SST) in non-life insurance. In contrast to this, the

German standard model uses the Value at Risk as reference risk measure with a return period of

200 years (compare to Section 2.2.4, page 20 ff.). These two risk measures are introduced in the

subsequent sections.

7.2 The Value at Risk

One of the most popular risk measure is the Value at Risk (VaR), which is used due to regulatory
reasons in finance (Basel I, MARIsk (December 2005)) and in the insurance businesses.* In the
literature the Value at Risk is also called “Monetary at Risk” or “Capital at Risk”. The Value at
Risk is a one-sided and monetary as well as future oriented and risk adjusted performance
measure which corresponds to the percentile principle of the premium principles for insurance
businesses.

1 value at Risk is heavily discussed due to its lack of subadditivity in papers like ACERBI, NORDIO AND
SIRTORI (2001), ACERBI AND TASCHE (2002), ARTZNER, DELBAEN, EBER AND HEATH (1999), EMBRECHTS,
MCNEIL AND STRAUMANN (2002) or MCNEIL, FREY AND EMBRECHTS (2006).
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Many slightly different definitions of Value at Risk exist in the literature, which essentially is a
result of the inaccuracy of authors (e.g. YAMAI AND YOsSHIBA (2002), page 59 or TASCHE (2002),
page 1520), because they do not distinguish between lower and upper Value at Risk. Here, we
will define the Value at Risk as the ¢ -quantile with e =1—« of the probability of ruin «.

Definition 7.2.1 (Quantiles):
Let X € Z be areal valued random variable and ¢ €(0,1). If g satisfies the inequalities:

P(X<qg)<eand P(X >q)<l-c¢,
P(X <q)<e<P(X<q),
then it is called a ¢ -quantile.
The lower ¢ -quantile of X is defined as
0. (X)=inf{x e R|Fy (x)>e}
and the upper ¢-quantile of X is defined as
o° (X)=inf {x e R|Fy (x)>¢}

and, therefore, q is a e -quantile if and only if g, (X)<q< g°(X)."

The e-quantile g is unique only if g is a point of increase of the cumulative distribution
function of X.

Definition 7.2.2 (Value at Risk):"
Let X be a real-valued random variable with X € Z, F be the cumulative distribution function

of the (annual) risk X and « €(0,1) be a confidence level. Then the lower Value at Risk is given
by

Il
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12 Compare to DELBAEN (2000), Definition 1, page 5.
3 Compare to ROCKAFELLAR AND URYASEV (2002), page 5 ff., DHAENE et al. (2004), page 4 f., ACERBI AND
TASCHE (2002b), page 3 or ACERBI (2004), page 153.
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i.e. it is the lower (1—a)-quanti|e of X. The upper Value at Risk is given by

VaR" (X ):=g"" (X)=inf {x € R|F, (x)>1-a}

inf {x € R|P(X <x)>1-a}

= inf {
=inf {xeR|P(X >x)<a}
sup{x € R|P(X >x)>a},

i.e. it is the upper (1—a)-quantile of X.

Remark 7.2.1:
The lower Value at Risk VaR (X ) describes the lowest risk X of «-100 % of the worst cases

of a portfolio Z. The upper Value at Risk VaR“(X) describes the worst risk X of
(1—)-100 % of the best cases of a portfolio Z.

Remark 7.2.2:
The Value at Risk is unique if

VaR" (X)=VaR, (X),
which is the case if and only if P(X <q)=1—« for at most one g.

Now, we would like to relate the VValue at Risk and the percentile principle.

Remark 7.2.3:
The lower Value at Risk VaR (X) in Definition 7.2.2, page 125 f. is equivalent to the percentile

principle with probability of ruin «:
H(X)=F(1-a)=inf {xeR|F, (x)>1-a}
=VaR, (X), X € Z. '

In the following we concentrate on the lower Value at Risk (VaR,). The VaR_, seen as risk

capital based on actuarial risk, denotes the financial amount which suffices with probability 1—«
to cover all financial liabilities of the insurance business within one (the next) year.

The EP curve (see Section 4.3, page 75 ff.) can be used to determine the VaR_ with return period
T =1/a, which is known as Probable Maximum Loss (PML) in the actuarial practice.'*

Now we show some of the coherence properties for Value at Risk:

14 See, e.9. GROsSI, KUNREUTHER AND WINDELER (2005), LALONDE (2005) or ALBRECHT (2003).
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Lemma 7.2.1:
The Value at Risk is a risk measure for all X,Y € Z such that

P*=P' = F, =F, = VaR(X)=VaR(Y).

Proof:
Obvious.

Lemma 7.2.2:
The Value at Risk is positively homogeneous, translation invariant and monotone.

Proof:
Positive homogeneity:
Let X be element of Z. Then

VaR, (cX )= inf {X‘P(CX < x)zl—a}: inf {cy‘P(cX gcy)gl—a}
=cinf {y|P(X <y)>1-a}=cVaR, (X)

for any ¢ > 0. Obviously VaR_ (0)=0.

Translation invariance:
Let X € Z and ceR. Then

VaR (X +c):inf{x‘P(X +c§x)21—a}:inf{y+c‘P(X +c< y+c)21—a}
=inf{y|P(X <y)>1-a}+c=VaR(X)+c

Monotonicity:
Let X,Y be real-valued random variables on a probability space Q with X <Y P -almost

surely. Then
P(X>x)<P(Y>X)

for all xR due to the monotonicity of the probability measure. Therefore,

XIP(X>Xx)>1—a;C{x|P(Y > Xx)>1—a«; and this in turn implies VaR (X )<VaR (Y).
[ ]

Lemma 7.2.3:
The Value at Risk is comonotonic additive.

Proof:
Let X,Y € Z be two comonotonic risks. Under the assumptions of Lemma 7.1.1 b), page 124,

there exist two continuous monotone functions f,g on R such that f +g=id, and X,Y
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equals X = f (X +Y) aswellas Y = g(X +Y). For an increasing and continuous function f it
holds that VaR, (f (X ))= f o VaR, (X) according to Proposition 4.1 in DENNEBERG (a direct

computation is possible for bijective functions f and cumulative distribution functions F, see
DENNEBERG (1994), page 47 ff.). Then

VaR (X)=VaR (f(X +Y))=foVaR, (X +Y),

VaR, (Y)=VaR, (g(X +Y))=goVaR, (X +Y)

and hence
VaR, (X)+VaR, (Y)=(f+g)oVaR, (X +Y)=VaR, (X +Y).

The proof corresponds with Corollary 4.6 in DENNEBERG (1994). [ |

The advantages of Value at Risk are simplicity, wide applicability and universality. The Value at
Risk is the most widely used risk measure in financial institutions for market risk and credit risk
due to historic and regulatory developments (see, e.g. in the finance sector the use of standard
industry solutions e.g. RiskMetrics®-Systems by the RiskMetrics group™ or CreditRisk* by
Credit Suisse Financial Products’®). The Value at Risk is used in Basel Il as well as in life
insurance and proposed as risk measure in the German standard model. The geophysical models
only provide point estimates of PML values®’. That is, in the finance module of geophysical
models only Value at Risk is used. Risk managers can control the default risk via the use of
Value at Risk. However, the Value at Risk also possesses some serious weaknesses. The Value at
Risk as a risk measure is heavily critized for not being subadditive in general; see the discussion
in EMBRECHTS, MCNEIL AND STRAUMANN (2002) and in MCNEIL, FREY AND EMBRECHTS (2006).
In capital market models in most cases the normal distribution is used, which is a member of the
elliptical distribution family. Then we have the idealized situation where all portfolios can be
represented as linear combinations of the same set of underlying elliptically distributed risks.
Thus, the Expected Shortfall (see Section 7.3, page 133 ff.) and the Value at Risk are affine
functions of mean and standard deviation. Therefore, the Value at Risk provides the same
information about the tail loss as does the Expected Shortfall. In the elliptical world everything is
proportional to the standard deviation which in turn is subadditive. Therefore, in the normal
world both Value at Risk (see MCNEIL, FREY AND EMBRECHTS (2006), Theorem 6.8, page 242 or
KORYCIORZ (2004), page 278) and Expected Shortfall are subadditive for 0.5<a <1. The
following example in STRARBBURGER AND PFEIFER (2005) shows that this is no longer true outside
the elliptical world.

Example 7.2.1:
Suppose that the risks X, and X, follow a Pareto distribution, each having density
f(x)= - x>0

15 See http://www.riskmetrics.com/standard.html.
16 See http://www.csfb.com/institutional/research/credit_risk.shtml.
7 See DONG (2001), page 150.
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and with shape parameter A=1/2 and form parameter 3 =1. The cumulative distribution

function is given by
1

\/1+x’

Then the density g and cumulative distribution function G of the aggregated risk S = X, + X,
can be explicitly computed in the following case, among others:

F(x)=1- X >0.

X, and X, are independent risks, then

4 1 1+z
g(z)= ~ , G(z)=1-2 for z — cc.
@) 2+2)’\Vi+z itz 2) 2+12
From the cumulative distribution functions we get for the aggregate loss:
VaR (s)= L 2 2 4 4

a’ 1+V1-a? o

for O<a<l.

The Value at Risk for both risks X, and X, is given by

VaR, (X,)=inf {x|Fy (x)>1-a}=inf {x|P(X, < x)z1—a}:i2—1
(0%

VaR, (X,)=inf {x|Fy_ (x)>1-a}=inf {x|P(X, < x)zl—a}:iz—l
«

for 0<a<l.

This example will be restated more generally in Chapter 9 as Lemma 9.6.1, page 190 ff., and a
proof can be found there.

The following graphs show the VaR, for the example above. The green curve is identically with
the curve of the sum VaR_ (X,)+VaR, (X, ). The red curve is equivalent to the VaR, (S).
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Figure 7.2.1: Comparison of the Value at Risk for two independent
risks with the aggregate loss of two risks'®

It is obvious that the risk measure Value at Risk violates the property of subadditivity in general.
Example 7.2.1 shows that it is more “dangerous” to have two independent Pareto distributed risks
in the same portfolio instead of having the two identical ones; compare e.g. with Examples 6
and 7 in EMBRECHTS, MCNEIL AND STRAUMANN (2002), ROOTZEN AND KLUPPELBERG (1999),
Section 5! Therefore, a serious disadvantage is that Value at Risk does not consider the structure
of the distribution of aggregate losses. Additionally, the risks at the tail of the distribution are not
considered and therefore an underestimation of risks may appear.’® Thus, the Value at Risk does
not consider the question of “how bad is bad” (ARTzNER et al. (2002), page 169 or DHAENE et
al. (2004), page 5). The Value at Risk is only related to a frequency estimate of a high claim.
Therefore, it does not say anything about the severity (conditional expected loss) when that (rare)
loss happens. From this point of view we can say, that

“...,Value at Risk can provide precious information when used correctly,
but can be very dangerous in the wrong hands.” (ACERBI, NORDIO AND
SIRTORI (2001), page 4)

However, in the insurance business distributions of the elliptical distribution family are usually
not used. Therefore, it is necessary to consider the property of subadditivity. Subadditivity is the
mathematical equivalent of the diversification effect. For a subbadditive risk measure, portfolio
diversification always leads to risk reduction, while for a non-subadditive risk measure it may
happen that the diversified portfolio requires more solvency capital than the original one. Many

'8 The source code for the Figure can be found in Appendix B.8.
19 See e.g. AcERBI (2004), page 155 f., ARTZNER et al. (2002), page 169, KORYCIORZ (2004), page 70 and
LANGMANN (2005), page 36 ff. and the references given therein.
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examples and references about this topic can be found in the diploma thesis by
LANGMANN (2005), Section 5.3.

Another disadvantage is the absence of continuity of the Value at Risk as a function of the level
« for a fixed risk X. The Value at Risk as a quantile function is only continuous from the right.
Therefore, it is possible that for slightly different confidence levels one obtains highly different
values for the Value at Risk. However, this disadvantage can be corrected by calculation of the
Value at Risk for many levels. At high divergence of the confidence levels it is useful to regard
economic considerations in the calculation of solvency capital.

Hence, we can say that the use of the Value at Risk as risk measure requires caution, because the
structure of the distribution of aggregate losses is not considered and many different opinions
exist about the use of the Value at Risk as risk measure. However,

“.., the independent calculation / supervision / verification of Value at Risk
... poses a major problem implying that there is much, much more to the
calculation of Value at Risk than just saying that “we are estimating a
quantile”.” (EMBRECHTS (2004), page 174)

For the remainder of this section we would like to discuss in more detail the notion of the
“Probable Maximum Loss” (PML)® and the “return period”, because these two terms have

caused many misunderstandings by users. We assume that all considered risks {Xn}neN are

stochastically independent and distributed as a risk X with P(X <O)=0, and the associated
cumulative distribution function F on R" is continuous and strictly increasing.

If T >0 denotes a period of years (e.g. 200 years), then the value x; is called a T -annual PML,
if
1 L1
P(X>x)=1- F(xT):? and, hence, x;, =F [1—?].

This means that the value x; is exceeded “only once every T years” on average. Therefore, the
value x, is the Value at Risk for the risk level o=1/T. If we assume a PML with a return
period of 200 years, then a loss in the following year does not exceed the PML with probability

of 99.5 %. Thus, there is a probability of 0.5 % that a loss in the following year exceeds the PML.
This can be mathematically specified in the following manner:

If we assume, as above, that the losses {Xn} are independent in the single years and

neN
identically distributed as X, and the random variable Z, is defined as the number of years

(within T considered years) in which the value x; is exceeded, then:

e Z, possesses a binomial distribution, i.e. it is given by

20 |n practice other versions, e.g. the scenario-based PML approach exist beside the used risk-based PML approach.
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e The expected value of Z, is given by

E(Z,)=T-==1,

1
T
i.e. the value x; is exactly exceeded once in T years on average.

Alternatively, the waiting time up to the first excess of x;, denoted by M., can be considered:

e M, possesses a geometric distribution over N, i.e.

P(M; =n)= P[{xn > X 10

n—1
ﬂ{Xk <X}
k=1

n-1
]:3[1—1] , NeN.
T

e The expected value of M is given by

E(MT):Tlf:n[l_%]n_lzT,

n=1

i.e. the value x; is first exceeded in T years on average.

It is problematical that x, is referred to as the “Probable Maximum Loss”, because the
probability that the observed actual maximum loss exceeds the value x, in T years is

P(max{X,,..., X; }>x ) =1—P(max{X,,..., X; } < x;)

:1_p[ﬁ{xnng}

n=1

1Y 1
—1-P(Z, =0)=1- 1—? —1--=0.6321
e

for T — oo, i.e. the T -annual maximum loss (for large values of T ) exceeds the “PML” with a
probability larger than 63 %!
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7.3 The Expected Shortfall

In the context of Solvency Il a discussion resulted on how to quantify the actuarial risk using a
qualified risk measure. The Expected Shortfall (ES) is the “smallest” useful coherent risk
measure above VaR, . The Expected Shortfall became increasingly popular in connection with

Solvency 11%* and are already used in the SST?%. The IAA working group recommends this risk
measure for insurance businesses, because through the use of the Expected Shortfall risks with
high severity and low probability in the tail of distribution are considered. The Expected Shortfall
is also called Conditional Value at Risk, Tail Value at Risk or Average Value at Risk, which refer
to the same risk measure. However, one should always pay attention on how the authors define
the risk measure in their papers, because sometimes the same name describes different risk
measures. Starting point at this consideration is the following question: what is the (conditional)
expected loss incurred in the «-100% worst cases of our portfolio?

Definition 7.3.1 (Tail Conditional Expectation®):

AssumeE(X+) < oo for some random variable X be an element in Z. Then TCE_(X) is the

tail conditional expectation at level « in (0,1) given by
TCE, (X):=E(X|X >VaR,(X)).

The tail conditional expectation describes the expected loss in case that the loss exceeds the
Value at Risk. The definition of tail conditional expectation is not uniform in literature. The
following definition exists, too:

Definition 7.3.2 (Versions of Tail Conditional Expectation):
Let a€(0,1) be fixed and X € Z with E(X*)<oc. Then the following versions of Tail

Conditional Expectation exist:

X|X >VaR =TCE, (X

«

)
)
X |X >VaR, (X)),
)

(&%

(X
X |X >VaR" (X
(X
(X

\x >VaR"

2! Compare e.g. with KORYCIORZ (2004), page 60 — 65 and the references given therein.

22 Compare to Section 2.2.3, page 17 ff. and information on the website of the FEDERAL OFFICE OF PRIVATE
INSURANCE.

%% The Tail Conditional Expectation is also called Conditional Value at Risk or Tail Value at Risk. However, we will
use the primarily description of ARTZNER et al. (2002).
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Theorem 7.3.1 (Expected Shortfall):
Let v (0,1) be a fixed confidence level and X € Z be a risk with E(X")<oo. Then the

Expected Shortfall ES, at level o of X is also given by
ES, =ES, (X)=E(X|X >VaR, (X))

17 1
== [ FY(x)dx== [ VaR (X)du.
o) a= [var, (x)a

l-a

(7.3.1)

The ES,_ equals the arithmetic average of the Value at Risk over all risk levels up to o (a good
paper on this topic is ACERBI (2004)).

Proof:
See ACERBI AND TASCHE (2002b), Proposition 3.2. |

Attention should be paid to the fact that Expected Shortfall and the different versions of Tail
Conditional Expectation do not give the same result in general. The relations between the
different versions are examined in detail in LANGMANN (2005), Section 6.3. Other comments on
the relation of Value at Risk and Expected Shortfall can be found in ACERBI AND TASCHE (2002).

Here we only use ES, (X)=TCE,(X).

Now, we relate the Expected Shortfall to the percentile principle.

Lemma 7.3.1:
The Expected Shortfall is a risk measure for all X,Y € Z such that

P*=P" = F, =F = ES(X): ES(Y).
Proof:
Obvious.

Later in this chapter, we will examine the problems that occur when ES_ is used for natural
catastrophe portfolios due to the resulting extreme capital requirements in detail.

Theorem 7.3.2:
The Expected Shortfall is a coherent risk measure.

Proof:
The positive homogeneity and the translation invariance follow directly from the positive
homogeneity and the translation invariance of Value at Risk and the linearity of the integral. Fix

o€ (0,1) and X € Z with E (X *) < oo. Using Theorem 7.3.1 we have

ES, (Ax):lfVaRu (Ax)duzifVaRu(x)du:AEsa(x) for A >0,
@ 0 « 0
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and

ES, (X +¢)= fVaR (X +c)d :—fVaR )du+éjcdu

:lfVaRU(X)duch: ES,(X)+c forallceR.

@

The monotonicity can be derived as follows: let X <Y for some X,Y € Z. Then by
monotonicity of the Value at Risk we get VaR (X )<VaR_(Y) and, hence,

[var, (x du<fVaR Y)du ie. ES, (X)<ES, (Y).

The subadditivity of the Expected Shortfall can be proved with a modified indicator function:

Loy P(X=x)=0
Lo = Lo +O‘;(PX<X >)X) Loy P(X=X)>0
A quick computation shows that
1?)( - vaR, (] €[0,1]. (7.3.2)
and
{O‘X 2VaRa(X)} = (7.3.3)
Moreover, as in LANGMANN (2005), page 50, we can show that
E[Xl?x 2VaRQ(X)}]:oé-Esa(x). (7.3.4)

Let Y € Z with E(Y+)<oo and S:= X +Y. Then
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a-(ES, (X)+ES, (Y)—ES,(S))

e xl{o‘x ZVaRﬂ(X)}-l—Yl{“Y 2VaRa(Y)}_Sl{aS zvms)}]

=E\X [1{0; > VaR, (X)) _1?3 > VaR, 8} Y 1?Y > VaR, Y} _%Wa%(s)}]]

X8 o v ) T

>VaR (X)E 1?)( S —1?5 ZVaRa(S)}]+VaR°' (Y)E[lf‘Y - vaR, ) ‘1?5 2VaRa(S)}]

(7.33)

= VaR, (X)(a—a)+VaR (Y)(a—a)=0.

First assume VaR (X)>0. The estimate for the first expectation follows from the usual
estimates for integrals: © is first split up into three sets {X <VaR, (X)}, {X >VaR, (X)} and

{X =VaR, (X)}; in the first case, we have 1?)( - var (x] —1?8 Ve 5] >0 and approximate

using VaRa(X)<X (estimation of the integral below). In the second case, we have

« «

(x EVaRa(X)}_l{S2VaRa(S)}SO and approximate using VaR (X)>X (estimation of the

integral above in the negative range). In the third case, we simply pull X =VaR, (X) out of the

integral. For the case VaR, (X)< 0 we can argue analogously. This completes the proof of the

subadditivity of Expected Shortfall.
|

Lemma 7.3.2:
The Expected Shortfall is comonotonic additive.

Proof:
The comonotonic additivity is recalculated by means of Theorem 7.3.1, page 134 and the
comonotonic additivity of WValue at Risk. If X,YeZ are comonotonic with

E(X*),E(Y+)<oo,then:
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ES, (X)+ES, (Y):éfVaRu(X)du +§fVaRu (¥ )du
0 0
1
—= [(vaRr,(X)+VaR,(Y))d
o (VaR (X)-+VaR, (1) du

1
=—]VaR (X +Y)d
a[a”( )u

—ES, (X +Y).
]

The Expected Shortfall is in some sense comonotonic additive and a coherent risk measure above
VaR, (see e.g. MCNEIL, FREY AND EMBRECHTS (2006), Remark 6.17 and the literature given

therein). This property is useful for the securitization of solvency capital.

The key advantage of the Expected Shortfall compared to the Value at Risk is that the Expected
Shortfall does not only describe but also quantifies the fact of insolvency. Consequently, the
Expected Shortfall considers the interests of policy holders (performance of the insurance
contract, protection against assumed risk) in a stronger sense. However, the interests of
shareholders (distribution of company profits) are weaklier considered in comparison to the
interests of policy holders.

The main advantage of the Expected Shortfall is the coherence of this risk measure in comparison
to the Value at Risk. Furthermore, the Expected Shortfall is continuous with respect to the
confidence level « and, hence, produces only little differing values for little modifications of the
confidence level.

Theorem 7.3.1 gives a representation of the Expected Shortfall using the Value at Risk. This
approach can produce numerical problems for distributions for which the Value at Risk cannot be
computed without problems. In PFLUG (2000), Chapter 3 as well as ROCKAFELLAR AND URYASEV
(2000), page 5 and ROCKAFELLAR AND URYASEV (2002), page 20 it is shown that the Expected
Shortfall can be seen as a minimization problem of a continuous differentiable and convex
function in o (compare to LANGMANN, Theorem 3, page 49). It is possible to transfer the
Expected Shortfall into a linear optimization problem with a global optimum under the condition
that the actuarial rate of return exceeds a determined level. The optimization problem associated
to evaluating the Value of Risk has, due to the absence of subadditivity for the Value at Risk,
many local minima. However, the optimization of the Value at Risk is not impossible as
predicted by Szecd (Szecod (2002), page 1261). Both PFLUG (2000), Chapter 3, as well as
ROCKAFELLAR AND URYASEV (2000, 2002) show that it is possible to solve Value at Risk
optimization as a fixed point problem of Expected Shortfall optimization problems.?*

However, Expected Shortfall does not only possess advantages. Expected Shortfall only reflects
losses exceeding Value at Risk and therefore is “sensitive mainly to extreme events” (MEYERS
(August 2002), page 15). Hence the following problems are possible:

24 Compare to PFLUG (2000), Section 3.1 and ROCKAFELLAR AND URYASEV (2000), page 6 ff.
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e Expected Shortfall is calculated as the expected value of all “worst” losses. However, this
ignores that every unlikely event will happen sooner or later given enough time (“Paul Lévy’s
zero one law”, compare to ROOTZEN AND KLUPPELBERG (1999), page 5). Therefore, the size
of the losses will eventually exceed the existing solvency capital.

e Expected Shortfall reacts sensitively to an adjustment of the distributions, which is a problem,
because often no sufficient data for extreme events is available.

e The difference between Value at Risk and Expected Shortfall is in general large, and the
additional capital invested compared to the Value at Risk only gives a small increase of the
secured return period of 1/«.. Hence, the gap between Value at Risk and Expected Shortfall,
being a financial strain to the insurance business, is in practice disproportionally high
compared to its gain and, therefore, not acceptable.

e ES, can be seen as the average loss above VaR ; therefore, one justification of its use is the

law of large numbers. However, this is not reasonable from an economic point of view, as
insolvencies are singular events. Due to this perception, from an economical point of view,
Expected Shortfall may lead to absurd risk capital allocations. Therefore, in the “usual case”
(i.e. with probability 1— «) risks are not reserved adequately.

The effectiveness of the Expected Shortfall depends on the stability of the estimation of the
distribution, and on the choice of testing methods for checking the plausibility of the result.
Therefore, ES, is inappropriate for portfolios with low-frequency and high severity events (e.g.

storm, flood, earthquake, landslide, hail, ...) and maybe unknown dependence structures
(compare to WANG (2001), page 4). The following example based on PFEIFER (2005b) shows a
portfolio with two risks X and Y, where X is a natural catastrophe (large loss) and Y is a
normal loss (compare to Section 3.4, page 44 f.). Now, we will test the distribution of the
aggregate loss for independence and dependence and calculate the corresponding risk measures
Value at Risk and Expected Shortfall:

Example 7.3.1:
The risks X and Y are given by the following distributions (amounts in million Euros) with risk

level: ae=0.005 corresponding to a return period T of 200 years:

X 1 3 100 200
P(X=x) | 090 0.085 0.01 0.005
y 1 5
P(Y=y) 0.20 0.80

Table 7.3.1: Distribution of the risks X and Y

The distribution of the aggregate risk S = X +Y under independence is given by
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2 4 6 8 101| 105| 201 | 205
s) | 0.180 | 0.017 | 0.720 | 0.068 | 0.002 | 0.008 | 0.001 | 0.004

P(S

P(S

IN

s) | 0.180 | 0.197 | 0.917 | 0.985 | 0.987 | 0.995 | 0.996 1

Table 7.3.2: Distribution of the aggregate risk S under independence

From the table above we see that the risk measures Value at Risk and Expected Shortfall for
s =105 are given by

~201-0.001+ 205-0.004
0.005

VaR, (S)=105, ES,(S) —204.2.

Therefore, we have a difference between both risk measures of 99.2 million Euros.

The risk-based capital allocation with ES_(S) shows that

EX, =E(X|S>105)£ 200 EY, =E(Y|S>105)#4.2

X 1|3/ 100\ 200 y 1|\ s

N4 P(Y=y |S>105) N

P(X=x[S$>105) [o|0| O] 1 0.20 | 0.80
=P(Y=y)

Hence, we have an insufficient capital in 80 % of all cases for the normal loss Y !

Using Table 7.3.2, we get for a risk (loss) of ES, (S)=204.2 a return period
;o1 1

1-0.996 0.004
ES, (S)=204.2 firstly increases the return period of 200 years by only 25 % to 250 years,
while secondly the capital requirement is 1.9 times as much as with a capital allocation based on
VaR, (S)=105.

=250. Thus it appears that a risk risk-based capital allocation with

Now, we will examine the risk-based capital allocation with VaR (S) using Table 7.3.2. We get
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EX, = E(X[S 2109) g5 216582 105 /35 7230).
E(S|S <105) 6.36582...

1| 3] \100| 200

P(X =x | S <105) 0.905 | 0.085 | 0.01 0

_E(Y|S<105) 105 42
“ E(S|S<105) " 6.36582..
1
P(Y=y|S<105)=P(Y=Y) 0.20

Thus, we have an insufficient capital in 1 % of all cases there.

Now, we will calculate the optimal risk-based capital allocation using Table 7.3.2. Then, we get
8 million Euros capital cover both risks at . =0.005 optimally:

EX, =100

X 1] 3] \wo] 200
N\

P(X =x |S$<105) | 0.905 | 0.085 | 0.01 0

=P(Y=Yy)

EY, £5

y 1]\ 5

P(Y=y |S<105) ~
0.20 | 0.80

Concluding we will examine the influence of dependences (e.g. using of copulas) on ES (S) and
VaR, (S) using Table 7.3.1. The following table includes the dependence structure:

P(X=xY=Yy) x=1 Xx=3 x =100 x =200
y=1 a c| -a+b-c+0.195 0.005-b 0.2
y=5 09-a| a-c+0.085 c-0.185 b 0.8
0.90 0.085 0.01 0.005
with side conditions
0<b<0.005
c>0.185

c—0.085<a<b—-c+0.195

Then, the distribution of the aggregate risk S = X +Y under dependence is given by
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2 4 6 8 101 105 201 | 205

09-a a-c+0.08 | b-a-c+0.195 | c-0.985| 0.005-b b

uv)

—
w
Il
w

~—
QD
(@]

o
wn
IN
w

~—
D

c+a|09+c 0.985+a 1.18+b-c 0.995 1-Db 1

Table 7.3.3: Distribution of the aggregate risk S under dependence

and implying

~201-(0.005—b)+205-b

=201-+800b.
0.005 -

VaR, (S)=105 and ES,(S)

Therefore, the Value at Risk of the aggregate risk remains unchanged, but the Expected Shortfall
varies between 201 and 205.

It is an open problem to analyze to which extent the use of the Expected Shortfall impacts the
calculation of solvency capital. In Koryciorz (2004) and JASCHKE (2002), one can find
examples of distributions showing that in some cases, the Value of Risk and Expected Shortfall
only differ in an additive or multiplicative constant (see KORYCIORz (2004), page 86). Hence, the
“... choice of Value at Risk over TCE [here: Expected Shortfall] as risk measure is cosmetic”
(JASCHKE (2002), page 4).

7.4 Calculation of Value at Risk and Expected
Shortfall

Important in this context is the calculation of VaR, and ES, based on Monte Carlo simulations,
which are typical for DFA. An estimation® of VaR, can be made using so called order statistics;

compare e.g. with THOMSON (1936), who first introduced them, DAvID (1981), Section 2.5, REISS
AND THOMAS (2001), page 45 ff., Reiss (1989) or BAssl, EMBRECHTS AND KAFETZAKI (1996),
page 6 ff. We can use the following calculation, which provides a confidence level for the
estimation, if we have enough simulations exceeding the Value at Risk.

Suppose that X,,...,X,, neN are independent, identically distributed random variables. If the
random variables are arranged point-wisely according to their values, we obtain new random
variables Xi.,,..., X, Which satisfy X, <...<X,,,; these are called the order statistics of
X1,... X, . Note that by the continuity of the associated cumulative distribution function F,

these values are almost surely distinct from each other. For technical reasons, we put

2 Another method to estimate Value at Risk is based upon stochastic modeling of greatest observation of a sample.
The so called “Peaks Over Threshold” method (POT method) is a method of estimation for a tail or a quantile
based on extreme events (extreme value theory). More information to the POT method can be found, e.g., in
EMMER, KLUPPELBERG AND TRUSTEDT (1998), in EMBRECHTS, KLUPPELBERG AND MIKOSCH (1997), in MCNEIL
AND SALADIN (1997) and in MCNEIL, FREY AND EMBRECHTS (2006) and the references given therein.
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Xgn=—00 und X, ,=-+occ. Obviously we have Xy, =min(X,...,X,) and
X =max(Xy,..., X, ). The distribution of order statistics can be easily obtained as follows: let

l;(x) denote the indicator random variable of the event {X; <x} for any fixed x € R, i.e. we
have

1 if X, <x
li (x) = -
0, otherwise.
The I, (x) are independent random variables with binomial distribution given by

p(x)=P(l;(x)=1)=P(X; <x)=F(x), xeR, i=1...,n.

n

Hence the distribution of a single order statistic is given by

P(Xip <x)= P(Xj <x forat least i ofther)

= P(Sn(x)zi):i[E] p(x)" (1- p(x))n_k, XER, i=1...,n.

k=i

The joint distribution of two order statistics X;, and X;, with i< j can be derived similarly.
We only need the following probabilities (see DAvID (1981), pagel5):

(7.4.1)

Note that by the monotonicity of order statistics we have {X ;, <Q} < {X;, <Q}.
Formula (7.4.1) provides the possibility to construct confidence intervals for some (unknown)

quantile Q without knowledge of the distribution of X, in the case that a sufficient number of
observations is given together with a number ¢ € (0,1) satisfying

F(Q)=q.
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Since p(Q)=F(Q)=aq, a confidence interval [xi:n,xj:n] for Q can be calculated using the

equation
i1
P(Q E[Xi:n' Xj:n]): P(Xi:n <Q< Xj:n>:JZ[E]qk (1_q)n_k >1-0

k=i
where 1— (3 denotes the confidence level with [36(0,1). One-sided confidence intervals
(—oo, Xj:n] or [Xj,,00) can also be obtained if we choose i=0 or j=n-+1, respectively. It

makes sense to let the confidence interval include the empirical quantile X,, with keN
satisfying |k —q-n| <1.

It must be pointed out, however, that there will not always be a solution of the equation above if
the number n of observations is too small. For instance, the first type of a one-sided confidence
interval has to meet the following necessary condition

1-q" =1-F"(Q) = P(Q&(~00, X)) > P(Q € (00, X ) >1- 3

In(3)
In(q)

which is equivalent to q g’Q/B. Solving the inequality for n, we obtain n> as a lower

bound for the minimum sample size.

For example, if we examine the VaR, with risk level o =0.005 (this is equivalent to a 200 year

return period) and quantile Q with g=1—«a =0.995 and confidence level 5 = 0.005, we obtain

the following inequality:
X (n k k
Z[k]o.g% -0.005" > 0.995.
k=i

Assume that i =9930, j=9970 and the sample size is n=10000. For a two sided confidence
interval we get the following solution:

j-1

I(n n
3 ]0.995k :0.005" " =0.99553...>0.995, > | [0.995"-0.005" =0.99419... < 0.995.
k=i k k=i-+1

If i=9931 and j=9972 we obtain
i-1(n i1 (n
Z[k]o.g%k :0.005" " =0.99525... > 0.995, > [ ]0.995" +0.005" " =0.99337... < 0.995.
k=i k=i+1

In both cases it is useful to estimate VaR via the empirical quantile Xggs,,0000 - HOWEVET, We will
use the second interval because it has a larger confidence level.



144

If the minimum sample size satisfies n <1057, then, for the denoted confidence level, there does
not exist a two sided confidence interval because of

1—0.995'%7 —0.005'%7 = 0.99499... < 0.995 < .99502... = 1— 0.995'%® _0.005'%,

Note that
n—1(n
Z[k]o.g%k -0.005" ¥ =1-0.995" —0.005".
k=1

If we have found an estimation for VaR in terms of X, ., then

~ 1 n
Ea = k jin
N—=K o

is a qualified estimator for ES_ . However, n should be chosen large enough.

Now, we will demonstrate the methods for both risk measures for an example with a lognormally
distributed risk with parameters =15 and o =3, and sample size n=10000. The following
figure shows a Quantile-Quantile Plot*® for the generated output of the logarithm of the values
with estimated parameters produced with STATISTICA 6.0.

% A Quantile-Quantile Plot is a standard visual tool for showing the relationship between empirical quantiles of the
data and theoretical quantiles of a reference distribution. Compare to REISS AND THOMAS (2001), Section 2.4 and
the subsequent results.
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Distribution: Normal
1#=149869 o =3.0049

0.01 0,05 025 050 075 095 099

Observed Value

-5 -4 -3 -2 -1 0 1 2 3 4 5
Theoretical Quantile

Figure 7.4.1: Quantile-Quantile Plot for normal distribution for log(X )
with ¢ =15, 0 =3 and size of simulation of n=10000

We obtain the estimator Xgu 0000 =9177885559 for VaR, and the associated confidence

interval
[X9931.-10000 =5779251234; x9972:1oooo =19085106 176]-

The estimator for ES,_ (based only on 50 values) yields éa =31311549711. Now, we compare
the results with the theoretical values (see KorYCIORz (2004), page 80 ff.):

VaR, = exp(u+U, o)~ exp(15+2.57583-3) ~ 7 420 334 693

2

exp[,qugz]
ES, = —[1—61)(u17a —a)] ~ 200-exp(19.5)-[l—@(—0.42417)] ~ 39 094 623 210,

a
o

~ 0,66427

where ® denotes the cumulative distribution function of the standardized normal distribution and
U, isthe associated (1—«)— quantile with ®(u_,)=1-«a.
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Considering this example we can see that VaR, is given with an error of approximately 23.69 %
and ES, is underestimated with an error of approximately 19.91 %. This shows that, when risk

measures are to be estimated in this way, the number of simulations n has to be chosen carefully.
The problem worsens significantly with distributions of Pareto type. These distributions are used
in reinsurance and, in particular, for the modeling of natural disasters. Unfortunately, this
problem is insufficiently paid attention to in the practice of Dynamic Financial Analysis (DFA).
Alternatively, parametric or semi-parametric methods can be used (compare to TASCHE (2002)).

Under the assumption of a lognormal distribution with the estimated parameters from the above
Quantile-Quantile Plot
1 =14.9869 and ¢ = 3.0049,

we receive the following estimates for the risk measures:

V., —exp(fi+U, ,6)~ exp(14.9869+2.57583-3.0049) ~ 7 416 785 432 (for 7 420334 693)

E, = —][1— ®(u,_, — )|~ 39263439949 (for 39 094 623 210),

which obviously have significantly smaller errors compared to the order statistics estimate.
Summarizing, we can say:

The most popular and economically reasonable risk measure is Value at Risk, although it does
not satisfy all the properties of a coherent risk measure. Value at Risk is widely used in the area
of market risk®” and is the only risk measure used in finance modules of geophysical models. It is
useful to perform scientific tests and practical trials (e.g. within the scope of SST or the
Quantitative Impact Studies (QIS) of the Federal Financial Supervisory Authority (BaFin))
before a mandatory introduction of Expected Shortfall as a risk measure for Solvency Il. For
modeling natural catastrophes, it is recommended not to use coherent risk measures. Therefore, it
IS not reasonable to introduce Expected Shortfall as the mandatory risk measure for all domains.
It is a moot point whether a capital allocation”® controlled by a coherent risk measure is
economically reasonable. In this connection it is obvious that no perfect risk measure exists
which is appropriate for every risk situation.

7.5 The German Standard Model of GDV and BaFin

The German standard model (see Section 2.2.4, page 20 ff.) is a risk-based standard model, i.e.
all relevant risks of an insurance business are examined and their extent of loss is calculated as

%7 See JORION (2000).
%8 See SCHRADIN AND ZONS (2005), Chapter 5 and McNEIL, FREY AND EMBRECHTS (2006), Section 6.3 and the
references given therein.
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monetary value. The individual extent of risks is aggregated to the so called Solvency Capital
Requirement, SCR, depending on assumptions of distributions and their mutual relationships.
The model agrees with the global model approach developed by the IAA along general lines and
corresponds to the RBC models by the NAIC?. Therefore, the SCR for non-life / casualty is

given by
SCRow = \/Zciz +Zzzcicjpij+zcém,i with C, =R -v-0;

i<j i
where P, denotes the net premium (after reinsurance) for business class i, ~ is a factor of
calibration and o, denotes the standard variation of the gross loss cost quotas (last 15 business
years) for business class i. C, represents the capital requirements of the business area i and
Ccar,; denotes the capital requirements for natural catastrophes. Everything is grouped into nine

business areas and three classes of duration. One should pay attention to the fact that natural
catastrophes are considered separately, and that they are considered to be independent from each
other and from the other business areas (see SST in KELLER AND LUDER (2004)). The p; denotes
the idea of Pearson’s linear correlation coefficient between the Lines of Business i and j (LoB)

to obtain subadditivity (see Definition 7.1.1, Axiom 4, page 121 f.) for diversification effects, but
this is not a “real” correlation!

We have to point out here that the notion of “SCR” is not unique in the German standard model
(see Section 2.2.4, page 20 ff.). Sometime it refers to relative quantities (as well discuss there),
sometimes to absolute quantities (see GDV (2005)). However, the use of the square root formula
in the latter case is highly doubtful from a mathematical perspective since this procedure tends to
underestimate the “true” capital requirement systematically. We come back to this point later in
Example 7.5.2, page 153.

The concept of the *square root formula” has the following background (compare to
GDV (2006), Section 1): let VaR_ (i) be the Value at Risk to the risk level o for every individual

risk X,, then we can write
VaR, (i)=p; +k,0,, k, €R,

where g, is the expected value (4, € R) and o, denotes the standard deviation (o, >0).%

If the risks X; are normally distributed, then k_ is independent from 4, and o, for i=1,...,n,
and is given by k, =®*(1—«), where

@(x):%lexp[—%] du :j[cgp(u) du

» The National Association of Insurance Commissioners (NAIC) is a federal state agency in the USA, which
represented the controlling institutions of 50 states, the Districts of Columbia and four other US territories.
%0 Both parameters are calculated individually for each business based on the last five and 15 business years per

branch of business, respectively. However, ka is determined by the supervisory authority.
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is the cumulative distribution function of a standard normally distributed random variable.

Under reasonable assumptions®, the aggregate risk S = Z X, can be assumed to be normally
i=1

distributed with

i=1 i<j

E(X)=p= Zu, and o ( \/Za +222pu g0,

where p, defines the pairwise correlation between risk X; and risk X;. The Solvency Capital

Requirement for every individual risk i, SCR_ (i), is defined as the difference between the Value
at Risk and expected value (premium income),

SCR, (i)=VaR, (i) =k, 0.

(7.5.1)

Therefore, the total Solvency Capital Requirement, SCR , in the case of normal distributions is
given by the difference of the Value at Risk and the expected value

SCR, =VaR, — =k, (S)

= k(y\/Zo— +2) > pioio

i<j

- [tk + 22, ()

\/E(SCR )+ZZZpUSCR i)SCR, (j),

which is equivalent to the square root formula above. Attention should be paid to the fact that
natural catastrophe risks will be assumed to be uncorrelated among each other. Furthermore,
presently the only natural risk which is included in the square root formula due to the
specifications is windstorm risks.*?

The Value at Risk follows from the equation (7.5.1) above:

VaRu:/mLSCRa:qu\/Z(SCR ) +25°5 " p,SCR, (i)SCR, (j) -

i=1 i<j

The Expected Shortfall for the individual risk X, is given by

31 This is the case, for example, if the X, are the components of a multivariate normally distributed random vector.
%2 More information on this topic can be found in Section 2.2.4.3, page 24.
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k
ES, (i)=14 +Mai with k, =& (1-«),
(07
where y; denotes the expected value and o, is the standard deviation of X,, i=1,...,n. The

density ¢(x) of the normal distribution is given by

o(X)=0'(x)=—_e 2, xR

J2r

compare to HEILMANN (1987), Example 1.23. For the individual Solvency Capital Requirement,
ESCR,, we get an analogous computation:

ESCR, =ES, —n= MU@) = M\/de +2) ) poo;
o o i-1

i<j

i=1 i<j

— \/zn:(Es(:Ra (i))2 +2) > p;ESCR, (i)ESCR, (),

i.e. the square root formula can also be used for this risk measure, where ESCR, is given by the
difference of the Expected Shortfall and the expected value.

Figure 7.5.1: Risk measures Value at Risk (VaR ) and Expected Shortfall (ES), and
Solvency Capital Requirement (SCR) for both risk measures®

%3 Source: PFEIFER (2005b), slide 17.
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However, these standard approaches are not without controversy (compare to MADSEN (2002)).
They can possibly lead to underestimation of the “true” capital requirements, in particular when
the risks are not normally distributed, as the following example shows.

Example 7.5.1:
Let X, and X, be independent risks with continuous uniform distribution on the interval [0,1].

Then
u::E(X.):l, o? ::Var(X.):i.
' 2 ' 12

The distribution of the aggregate risk S = X, + X, is known to follow a triangular distribution

(compare e.g. with MATHAR AND PFEIFER (1990), Problem 1.8 or UspPENsKY (1937) for an even
more general statement). The corresponding density g and the cumulative distribution function

G are given by

Z, 0<z<1 .
9(z)= and otherwise 0
2—z, 1<z<2
and
0, z<0
Z2
—, 0<z«1
2

1—%(2—2)2, 1<z7<2

1 7>2.
The Value at Risk for every individual risk X; is given by
VaR, (i)=F ‘(l—a)=1-a=p +%—0z:,ui 1+ SCR, (i) with 0 < <1,

where F denotes the cumulative distribution function of the individual risks. The Value at Risk
for the aggregate claim S is given by

1-a=G (VaRa)zl—%(Z—VaRa )’ and, hence, VaR, = 2—+2a for a <%.

For a <%, the Solvency Capital Requirement for every individual risk i is determined as the

difference between Value at Risk and expected value
: i 1 1 . 1
SCR, (I)=VaRa (I)—uzl—a—EZE—a =k, -0 with k, = J12 E—oz .

Therefore, the Solvency Capital Requirement for the aggregated risk S is given by
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SCR, =+/SCR, (L) +SCR, (2)’ =v2 -k, -0 = \/E[%—a].

Hence, the absolute solvency capital for the aggregate risk is given by

SC,=E(S)+SCR, =2-pu+ /iSCRj(i) =1+«/§[%—a].

If the computation is supposed to be conservative, then we should have

2
>1—o.

G(sca)zl—%[i—\/i[%—a]

However, this is not the case for every value of «, as we can see resolving the inequality to «:

o [a—[l—%ﬁ]zﬁg—%ﬁ

g%\/3—2\/§

a—[l—%\/i]

If o <1, then
2

! 21—%\/5—% 3—2+/2 =0.292893...— 0.207106... = 0.085786...
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Figure 7.5.2: Cumulative distribution function of the absolute
solvency capital for the aggregate risk

We can see that the relation G(SC,)>1—« required for consistency is violated in the critical
range of small values of « !

Therefore, approaches exist for not normal distributed risks to calculate the difference between
the Value at Risk and expected value as adequate multiple of standard deviation, see e.g.
SANDSTROM (2006), Section 9.3.

They can possibly lead to underestimation of the “true” capital requirements, in particular when
the risks are not normally distributed, as the following example shows.

In practice, we can sometimes find the statement that the consistency of the square root formula
follows from the Tschebyscheff inequality. However, this is only true if the Solvency Capital
Requirement is given by

. o
SCR_ (i)=—,
a( ) \/E
because then we get
2
SCR, =4/SCR, (1) +SCR, (2)* =0,|=
« \/ a() + a( ) g o

and hence with = E(X,)
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G(SC,)=P(S<1+SCR )>P(|S—1<SCR )

2 2
20 1 20 1w

SCR,? [ JE_
0'7
«

Unfortunately, the approach SCRa(i):i yields completely counterproductive capital

N

requirements in general. In the previous Example 7.5.1, page 150 we would have
SCR@(i):loﬁ-a:£:4.08348... for a=0.005 (current solvency standard (2006)). The

J6

capital requirement for the individual risk is given by

=1-P(|S-1>SCR )>1-

as requested.

j1+SCR_ (i) = 0.5+ 4.08348... = 4.58348...

Therefore, the capital requirement is over four and a half the maximum risk, which is of size 1!
For the aggregate risk S we get

SC, = 21 ++/2SCR, (i) =1+5.77350... = 6.77350...

Thus, the aggregate risk is still over three times as large as the maximum risk, which is of size 2!

In the following simple example we take up the use of absolute quantities to estimate the square
root formula which we discuss at the beginning of this section.

Example 7.5.2:
Let X, and X, be two independent normally distributed risks with E(X;)=p=1 and

VaR(X;)=0”?=0,i=12. Then the capital requirement using the square root formula is

SCR, (S)=/SCR, (1) +SCR, (2 =id + 12 =v2 =1414..<2=S=X,+X,, therefore,
the “true” capital requirement is underestimate with over 70 %!

We conclude this section with the following remarks:

e The square root formula is based on an approximation using the normal distribution. It is
questionable whether this method applies to different distributions in a similar way;
compare to GDV (2005), Appendix 20, page 139.

e The square root formula is based on the principle of standard deviation in general. Thus,
the square root formula is based on a different risk measure than Value at Risk and
Expected Shortfall.

e In the worst case, the square root formula underestimates the Value at Risk significantly.
Therefore, the square root formula tends to produce lower SCR’s than an internal model
of an insurance company.
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e The square root formula only considers the idea of Pearson’s linear correlation coefficient
(see Section 8.1) as stochastic dependences. However, the value of the SCR can vary for
different dependence structures (see Chapter 9), even in the case that the risks are
uncorrelated.
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Chapter 8

Dependence Concepts

For a long time, in risk theory stochastic independence was a standard assumption for loss
frequencies and claims. But in practice, we can see that this assumption is not true. In insurance
portfolios we can find statistical dependence between similar lines of business, e.g. contents
insurance and insurance of buildings due to spatial proximity, e.g. by flood damage or storm
damage. In practice, users often apply correlation coefficients to illustrate the dependence
structure between two random variables X and Y, because the economic theory of the capital

market (keyword: CAPM - Capital Asset Pricing Model, and APT — Arbitrage Pricing Theory) is
structurally linear. This is no longer true outside the “normal” world where, in the multivariate
setting, the joint distributions are indeed characterized by pairwise correlation (and covariance,
respectively). It is critical in particular, if correlation is being considered only as an adaptive risk
measure. Recently, a lot of writers point out that the linear correlation can lead to very misleading
results in finance and insurance models (compare to BLuM et al. (2002) or EMBRECHTS et
al. (2002)), in particular if the assumption of a normal distribution for the individual losses is not
justified.

Alternative measures are the well-known bivariate concordance measures Kendall’s tau and
Spearman’s rho (rank correlation). However, both concepts have the same drawback as
correlation in that they do not characterize the complete dependence structure.

Copulas reflect the dependence structure between the margins and are therefore of great use in
various dependence and association concepts (detailed information on Copulas can be found in
Chapters 5 and 6). Kendall’s tau and Spearman’s rho can also be expressed in terms of the
underlying copula. However, the role played by copulas in the study of multivariate dependence
is much more complex and far less well understood. Therefore, it seems necessary to propagate
the idea behind copulas as “the” standard tool of description of all kind of dependence structures
to a wider audience, in particular in insurance-linked branches. For further results on the
relationship between copulas and dependence, see e.g. MARI AND Kotz (2001), NELSEN (1999),
JOE (1997), MCNEIL, FREY AND EMBRECHTS (2006) or NESLEHOVA (2004) and the references
given therein.

The aim of this chapter is to give a brief introduction to the interaction between copulas and
dependence measures. We present the mathematical concepts needed and summarize facts and
definitions about dependence concepts. All of the introduced dependence measures yield a scale

measurement for a pair of random variables (X ,Y), although the structure and properties of the

measures are different in each case. We will concentrate on the widespread measure “Pearson’s
linear correlation coefficient”, the coefficients of tail dependence and two measures of
concordance, where we refer to EMBRECHTS et al. (2000) as one possible approach for modeling
tail events in multivariate events or EMBRECHTS et al. (2001, 2002) and MARI AND K0Tz (2001)
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and the references given therein for modeling tail events in bivariate events. Section 8.1 is
devoted to the discussion of the most popular bivariate dependence measure (Pearson’s linear
correlation coefficient). In contrast to Pearson’s linear correlation coefficient, the rank
correlations (Kendall’s tau and Spearman’ rho) and the coefficients of tail dependence are
functions of the copula only and can thus be used in the parameterization of copulas. We will
introduce Kendall’s tau and Spearman’s rank correlation coefficient in Section 8.2. In addition, in
Section 8.2.4 the relationship between Kendall’s tau and Spearman’s rho is explained. Finally,
another kind of dependence measure, which is discussed in Section 8.3, are the coefficients of tail
dependence (see MCNEIL, FREY AND EMBRECHTS (2006), Section 5.2.3 and 5.3.1 and EMBRECHTS
et al. (2002), Section 4.4; for more information on the theory behind tail dependence, see
NESLEHOVA (2004), Section 4.2.2).

8.1 Linear Correlation

An especially popular bivariate dependence measure is Pearson’s linear correlation coefficient.
The linear correlation coefficient is a measure for the linear dependence of the random variables
X and Y.

Definition 8.1.1:
Let X and Y be random variables such that Var(X) and Var(Y) exist with

Var(X ) Var (Y) > 0. The linear correlation coefficient is defined by

o (XY= Cov(X,Y)  E(XY)—E(X)E(Y) 6.11)

\/Var )JVar(Y)  \Var(X)Var(Y) ’

where Cov(X,Y) is the covariance between X and Y.

The linear correlation has the following properties:

L pt(XY)=p" (Y. X);

2. p" is zero for independent random variables, but the converse is not true. In the case p"
is zero, X and Y are called uncorrelated;

3. p-€[-11] and equals £1 if and only if X and Y are perfectly linearly dependent, i.e.
Y =aX +b almost surely for some a,bcR, a=0, with a>0 for positive linear

dependence and a <0 for negative linear dependence (it is worth noting that in the case
of perfect linear dependence the distribution of Y is fully determined by the one of X );!

Y In particular, p- =1 implies that X and Y are comonotonic (see Definition 7.1.2 and Lemma 7.1.1, page 123 f.).

Therefore, comonotonicity extends the concept of perfect linear dependence. Furthermore, p" = —1 implies that
X and Y are countermonotonic (see Proposition 9.2.1, page 174).
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4. p“ is invariant under increasing linear transformations, i.e. if X =aX +b and
Y*=cY +d forsome b,d € R and a,c>0, then p* (X,Y)=p"(X",Y").

With the following simple example by PFeIFER (2005a, page 2f.) we can show, that the converse
of the second property is not true: let Y be Y =5—(X —3)2, then for a specially chosen X the

correlation coefficient is p" (X,Y)=0. We choose X with P(X = k):% for k=1,...,5.

G
315

=1 (35

24 aj
N ( ]
>
2 i i i i " " i i i
0,5 1,0 1.5 20 25 3.0 35 4,0 45 5.0 5.5

X

Figure 8.1.1 Random variables X and Y with Y =5—(X —3)" and p"(X,Y)=0

Then we get:
E(X):%(1+2+3+4+5):3, E(Y):%(1+4+5+4+1):3

E(XY)=Z(L1+2-4+3.5+4-4+51)=9
5

with E(XY)—E(X)E(Y)=9-9=0 and p"(X,Y)=0. Therefore, the risks are uncorrelated,

which we can see in the horizontal course of the regression line. But the data pairs lie on a
parabola. So the risks are functionally interdependent, but not in a linear way. This example
shows that the common idea in the insurance business that a zero correlation implies
independence is wrong. The full example in PFEIFER (2005a) shows that this can have a major
impact on premium calculation. Therefore, simply using correlation for modeling dependences is
dangerous, as it can dramatically underestimate or overestimate the actual risk situation.
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It can easily be seen (e.g. WANG (1998) or EMBRECHTS et al. (2001)) that p" does not only

depend on the underlying copula and will therefore be influenced by the marginal distributions as
well. Furthermore, Pearson’s correlation coefficient has the serious deficiency that it is not
invariant under non-linear strictly increasing transformations T:R — R. For two jointly
distributed real-valued random variables X and Y, we have in general

pL(T(X),T(Y))sz(X,Y). Correlations coefficients measure the overall strength of the

association, but give no information on how this varies across the distribution. In contrast, the
following result from HOEFFDING (1940) suggests that the role played by copulas in this setting
will be important.

Theorem 8.1.1 (Hoeffding Lemma):
Let (X,Y) be a bivariate random vector with a copula C and marginal distribution functions F

and G such that E(|X|)<oo, E(|Y|)<oo and E(|XY|)<oc. Then the covariance between X
and Y can be expressed as

Cov(X.¥)= [[C(F (x).6(y)) - F (x)6(y)] dxdy
= [1e(F (9.6(y)~11(F (x).6(y)] oxey,

where II denotes the independence copula.

Proof:
See e.g. DHAENE AND GROOVAERTS (1996), Lemma 1. |

The result of Theorem 8.1.1 together with the Fréchet-Hoeffding inequality (compare to
Theorem 5.2.1, page 94), has the following consequence for the correlation coefficient:

Corollary 8.1.1: (PFEIFER AND NESLEHOVA (2003), Theorem 3.4 and PFEIFER AND NESLEHOVA
(2004), Theorem 2.6):

Let (U,V) be a bivariate random vector with uniform marginal distributions. The corresponding

correlation coefficient will be denoted by p© if the underlying copula is C. Then

1. p¢ is always bounded by the correlation coefficients corresponding to the Fréchet-
Hoeffding bounds p" < p© < p™;

2. if C, and C, are copulas, then the relation C, < C, yields p™ < p“;

3. each number in the interval [pw,pM] is equal to p© for some copula C.

In the following, we elaborate point 3 in more detail. We consider a bivariate random vector
(X,Y) with marginal distribution functions F for X (in symbols X ~F) and G for Y (in

symbols Y ~ G) such that the correlation coefficient p” and p™* exist and are finite. Then each
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number in the interval [pW,pM] is equal to p© for some copula C. Also, if we select some

« €(0,1] and define the corresponding copula C, by
C, ::a-W+(l—a>-M,

then the corresponding correlation coefficient is given by

C

po =a-p" +(1-a) p"

The thus constructed one-parameter (mixture) family of copulas includes the Fréchet-Hoeffding

lower VW and upper M bound and permits both, negative and positive correlation. However, it

oM

M w
p—p
the independence of U and V. Furthermore, the independence copula II can never be

constructed using the method above.

is mentionable that o = yields p“ =0 and a copula C, which does not correspond to

If the variances of X and Y are finite, then a more general statement analogous to
Corollary 8.1.1 is possible, i.e. minimal and maximal correlation are obtained for the Fréchet-
Hoeffding lower YW and upper bounds M. (This Theorem is a central part in HOEFFDING’S 1940
paper; see also EMBRECHTS et al. (2002), Theorem 4 or NESLEHOVA (2004), Theorem 4.3.7). The
disadvantage of Corollary 8.1.1 is that it is generally not possible to construct pairs of random

variables (X,Y) with given marginals X ~ F and Y ~ G and arbitrary correlation.

Pearson’s linear correlation coefficient is a well-known but not a copula-based dependence
measure. The popularity of linear correlation comes from the simplicity with which it can be
calculated and its application of many years to solve different problems in businesses without
careful consideration of mathematical correctness. Another advantage is the possibility to be
extended to measures of conditional dependence (partial correlation, conditional correlation). The
current German standard model (Solvency I1), compare to Section 2.2.4, page 20 ff.) uses the
idea of Pearson’s linear correlation coefficient to obtain subadditivity (see Definition 7.1.1,
Axiom 4, page 121 f.) within the non-life / casualty insurance (see GDV (2005)), but this is not a

“real” correlation! In the geophysical model of RMS (DoNG (2001), page 104 ff.), only p- =0
and positive correlation between losses is considered to determine the standard deviations.

For the linear correlation, the variances of two jointly distributed real-valued random variables
X and Y must be finite; otherwise the linear correlation is not defined. But this is not ideal for a
measure and causes problems when looking at natural catastrophes, where we have heavy-tailed
distributions. However, the linear correlation is a natural scalar measure of dependence in
multivariate spherical and elliptical distributions. The popular members of the elliptical
distributions are, for example, the multivariate normal and the multivariate t-distribution. But in
practice, many random variables are not jointly elliptically distributed, and using linear
correlation as a measure of dependence in such situations might prove very misleading. However,
even if the random variables are jointly elliptically distributed, the linear correlation as defined in
Theorem 8.1.1, page 158 may not be suited as a measure of dependence. So we can see that the
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word “correlation” is often used to describe all possible forms of dependences between
measurable quantities of technical or economical kinds and that the concept of correlation is
meaningless unless applied in the context of a well-defined joint model. The real significance and
interpretation of this statistical notion is frequently ignored.”

To eliminate the shortcomings of the (linear) correlation coefficient, we can use distribution-free
measures of dependence such as rank correlations, see e.g. EMBRECHTS et al. (2002) or
KORYCIORZ (2004).

8.2 Rank Correlation

Rank correlations are simple scalar measures of dependence that depend only on the copula of a
bivariate distribution and not on the marginal distributions, unlike Pearson’s linear correlation,
which depends on both. Now we will successively discuss the two rank correlations, Spearman’s
rho and Kendall’s tau. Before we obtain these rank correlations, we introduce the concept of
concordance.

8.2.1 Concordance and Discordance

Let (x,y,) and (x,,y,)" be two observations of a vector (X,Y)' of continuous random
variables. Then (x,y;)" and (x,,y,) are said to be concordant if (x —x,)(y,—Y,)>0, and
discordant if (x, —x,)(y, —y,)<O0.

One way to show the role played by copulas in concordance and measures of association is first
to define a “concordance function” D.

Theorem 8.2.1.1 (NELSEN (1999), Theorem 5.1.1):
Let (X,Y,) and (X,,Y,) be independent vectors of continuous random variables with joint

distribution functions H, and H,, respectively, and with common margins F (of X, and X,)
and G (of Y, and Y,). Let C, and C, denote the copulas of (X,,Y;) and (X,,Y,), respectively,
so that H,(x,y)=C,(F(x).G(y)) and H,(x,y)=C,(F(x),G(y)). Let D denote the
difference between the probabilities of concordance and discordance of (X,,Y,) and (X,.Y,),
e, let

D= P((X,—X,)(Y,=Y,)>0)—P((X,— X,)(Y, - Y,) <0).
Then

1 1

D=D(C,C,)=4/ [C,(uv)dC,(uv)-1

00
|

2 “But correlation, as well as being one of the most ubiquitous concepts in modern finance and insurance, is also one
of the most misunderstood concepts.” Source: EMBRECHTS et al. (2002), page 177.



161

Many of the results in this section are direct consequences of this theorem.

Corollary 8.2.1.1 (NELSEN (1999), Corollary 5.1.2):
Let C,, C, and D be as given in Theorem 8.2.1.1. Then

1. D is symmetric in its arguments: D(C,,C,)=D(C,,C,).
2. D is nondecreasing in each argument: if C, <C, and C, <C} for all (u,v) in [0,1]",
then D(C,,C,)=D(C/,C}).

In the following definition desirable properties for a “measure of concordance” which we will
need in Theorem 8.2.1.2, are specified:

Definition 8.2.1.1 (SCARSINI (1984)):
A numeric measure x of association between two continuous random variables X and Y with
copula C is called a measure of concordance if it satisfies the following properties (we will write

ki y for x being evaluated for (X,Y)):

# depends only on the copula C; we will write x for «, , ;

Domain: x is defined for every pair X and Y of continuous random variables;
Range: —1<r,, <1, Ky yx =1, ky_yx =-1;

Symmetry: Ky y = ky x ;

Independence: ry, =k, =0, if X and Y are independent;

Change of sign: x_yy = ry y = —kyy;

Coherence: If C, and C, are copulas then the relation C, < C, yields . <r ;

© N o g bk~ wbh E

Continuity: If { } is a sequence of continuous random variables with copulas C,,

and if {C_} converges pointwise to C, then limr, = .

n—oo

A consequence of Definition 8.2.1.1 is the following theorem, which gives a relationship of
concordance measures and the Fréchet-Hoeffding bounds (see Theorem 5.2.1, page 94).

Theorem 8.2.1.2:
Let x be a measure of concordance for continuous random variables X and Y with copula C.

If Y is almost surely an increasing function of X , then x,, =1 C= M.

If Y is almost surely a decreasing function of X, then x,, = -1 C=W.

If « and [ are almost surely strictly monotone functions on RanX and RanY,
respectively, then ., ;) = fixy -

Proof:
See EMBRECHTS et al. (2001, Theorem 3.6). [ |
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8.2.2 Spearman’s Rho

The rank correlation p°* of SPEARMAN of 1904 has originally the following empirical structure

N

6-> d?

p>=1-

i=1
2 j—

ith p* €[-11],
N-(N with p” €11

1

where N is the sample size and d, denotes the difference between the ranks of corresponding
values of X and Y.

We can show that p° is a special case of Pearson’s linear correlation coefficient in which the

values are converted to ranks before calculating the coefficient (compare to BORTZz, LIENERT AND
BOEHNKE (1990), Section 8.2.1, page 414 f.).

In the following we use the definition of Spearman’s rho in terms of concordance and
discordance for random pairs (compare to NELSEN (1999), Section 5.1.2).

Definition 8.2.2.1:

Let (X,Y,), (X,Y,) and (X,,Y,) be independent continuous random vectors with a joint
distribution function H, common margins F and G, respectively, and copula C. Spearman’s
rho p* is defined as

p° =0 (X.Y)=3(P((X, = Xs)(Y,=Y,)>0)—P((X, — X;)(Y,~Y,) <0))
(the pair (X,,Y,) could be used equally as well).

Note that while the joint distribution function of (X,,Y,) is F(x)G(y), since X, and Y, are

independent, the joint distribution function of (X,,Y,) is H(x,y). The copula of X, and Y, is
IT.

Corollary 8.2.2.1:
Let (X,Y)T be a bivariate continuous random vector with copula C. Then Spearman’s rho for

(X,Y)" is given by

p°=p° (x,Y):3D(C,H):12]juv dC(u,v)—3

11

:12ffC(u,v)dudv—3.

0 0
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p° can be interpreted as a measure of “average distance” between the copula of X and Y (as
presented by C) and the independence copula (as presented by IT). Hence, if F and G are the
margins of X and Y, respectively, and we let U =F(X) and V =G(Y), then, U and V are

uniformly distributed and each have mean 1/2 and variance 1/12, thus p° can be rewritten as

S =p° (X,Y)lejjuv dC(u,v)—3=12-E(UV)-3

_E(UV)-1/4 E(UV)-E(U)E(V)

112 Nar(U)var(v

From this it follows that Spearman’s rank correlation coefficient of the random variables X and
Y is equal to Pearson’s linear correlation coefficient of F(X) and G(Y), where F and G are

the margins of X and Y.

In case of continuity of X and Y, we can easily extend Corollary 8.2.2.1 to arbitrary random
variables, as F (X ) and G(Y) are each uniformly distributed.

Remark 8.2.2.1:
The coefficient “3” in the Definition 8.2.2.1 is a normalization constant. It is due to the fact that

D(C,II)e

1 :l)) (compare with NELSEN (1999), Theorem 5.1.6).

Corollary 8.2.2.2:
Let (X,Y) be a bivariate random vector with arbitrary fixed continuous marginal distribution

functions. In case that the underlying copula is C, the corresponding rank correlation coefficient
will be denoted by p°. Then

1. p° is always bounded by the rank correlation coefficients corresponding to the Fréchet-
Hoeffding bounds p" < p® < p™

2. if C, and C, are copulas, then the relation C, < C, yields p© < p%;

3. each number in the interval [p", p"'] is equal to p° for some copula C.

In fact, we can use the mixture copula C_ :=a-W+(1—a)- M from the linear correlation to
construct the pair (X,Y) via the (pseudo-)inverted cumulative distribution functions F* and
G* to achieve the rank correlation o p” +(1—a)- p™ for a€[0,1].
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8.2.3 Kendall’s Tau

Kendall’s tau p" is a well-known measure of concordance for bivariate random vectors (see e.g.
example, KRUSKAL (1958) or BORTZz, LIENERT AND BOEHNKE (1990), Section 8.2.2, page 422 ff.).
The empirical illustration of Kendall’s tau p” is given by

S .
=2 with p" €[-11],
P NNz i e

where N is the sample size of two samples, X and Y, each of size N. The total number of

possible pairings of X and Y observations is N -(N —1)/2. S denotes the difference between

the number of concordant (ordered in the same way) and discordant (ordered in the opposite way)
pairs.

Kendall’s tau is invariant of the copula. That is, to any variables the same value will be assigned
if they have the same copula. In literature there are different definitions of Kendall’s tau (see e.g.
FERGUSON et al. 2000), all sharing the property that they only depend on the copula C and not on
the marginal distributions of X and Y (see NELSEN (1999) or EMBRECHTS et al. (2002)).

Definition 8.2.3.1:
Let (X,Y;) and (X,,Y,) be independent and identically distributed random vectors with joint

distribution functions H, and H,, respectively. Then Kendall’s tau p" is defined as the
difference of the probability of concordance and discordance between the two vectors:

pT=p (XY)= P(<X1_ Xz)(Yl_Y2>ZO)_ P(<X1_ XZ)(Yl_Y2><O)
=2P((X, = X,)(Y,=Y,)>0)-1.

In the case that X; and Y; with i =1,2 are continuous, we have

P((X,=X,)(Y,=Y,)>0) =P (X, >X,,Y,>Y,)+ P (X, < X,,Y, <Y,)
=2P(X, > X,,Y, >Y,).
Then we get
pT=4P((X, < X, Y, <Y,))=1=4P((X, > X,,Y, >V,))-1.

As in the case of Spearman’s rho, p, can be expressed using copulas only.

Theorem 8.2.3.1:
Let (X,Y)" be a bivariate continuous random vector with copula C. Then Kendall’s tau for

(X,Y)" is given by
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1 1
p"(X.Y)=D(C,C)=4] [C(uv)dC(uv)-1
0 0
Proof:
See Theorem 8.2.1.1. [ |

Note that the integral can also be viewed as the expected value of the function C(U,V ), where
U and V are uniform (0,1) random variables with joint distribution function C, i.e.
p (X,Y)=4-E(C(U.V))-1.

Let U and V be independent random variables, i.e. they have the copula C(u,v):uv, then
E(C(U,V))=1/4 and hence p” =0. However, if U and V be continuous random variables
with copula C=M (M is the Fréchet-Hoeffding upper bound) and E(C(U,V)):llz, then
p" will be 1. Hence, this copula expresses complete positive dependence (see Definition 9.2.1,

page 174). If U and V be continuous random variables with copula C=WV (W is the Fréchet-
Hoeffding lower bound) and E(C(U,V))=0, then p” =—1. Hence, this copula expresses

complete negative dependence (see Definition 9.2.2, page 174).

8.2.4 The Relationship between Kendall’s Tau and
Spearman’s Rho

We know that Kendall’s tau for a copula C can be expressed as a double integral of C. But
Spearman’s rho does not possess such an elegant form, thus we can not explicitly specify it for
the Gumbel and the Clayton copula. The double integral for Kendall’s tau is in most cases not
straightforward to evaluate. However, for an Archimedean or elliptical copula (see LINDSKOG et
al. (2003)), Kendall’s tau can be expressed as an (one-dimensional) integral of the generator and
its derivative. The following table gives a summary of popular bivariate members of these
families (see e.g. NELSEN (1999), NESLEHOVA (2004) or VENTER (2002)).
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Copula C(u,v) Kendall’s tau Spearman’s rho
Independence II (u, V) =uv 0 0
Fréchet-
Hoeffding M(U,V) = min{u,v} 1 1
upper bound
Fréchet-
Hoeffding W(u,v) = max {u +V—1,0} -1 -1
lower bound
fﬁ*(U)‘P’l(V) L 2
_ C (u,v) S Sttt ds dt, 2 resin( ot 6 arcsin| 2~
Gaussian J J 27r [1 2(1—(pL) ) ;arcsm(p ) -
—1< p<1
7(1/+2)/2
t, Y u) (V) 2 L 2
Student f f - 2 = StLtt ds dt, 3arcsin(pL) 8 arcsin| 2~
-0 oo ZW\/(l—(pL> ) V(1_<P ) ) s ™
—1<p<1
S 12 ¢t
] ] pP(0)=1-73
i (e 6u )(e ov ) ) 4 4 0 92 [et _1]
Frank C; (u,v)———ln o1 R\ {O} p 5_‘_?‘[[6 _1] o 60 e .
+F[ e' -1
Clayton Co™ (uv)=[u +v’ —1]71/0 6>0 p"(0) __0
oo ’ 0+2
Gu 4 o 9—1
Gumbel Cs" (u,v)=exp —[(—In(u)) +(=In(v)) } , 0€ll,00) P’ (9):7

Table 8.2.4.1: A summary of popular copulas®

® If the parameter of the Frank copula yields 6 < 0, Kendall’s tau will give negative values of 7.
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Table 8.2.4.1 shows that Kendall’s tau and Spearman’s rho have the same form for the Gaussian
copula and the Student copula. In addition, we can see that the relation between Pearson’s linear
correlation coefficient and both rank correlations, Kendall’s tau and Spearman’s rho, holds more
generally for all elliptically distributed random vectors with continuous univariate marginals. A
proof for Kendall’s tau of a general result applying to all elliptical distributions has been derived
in LINDSKOG et al. (2003) and NELSEN (1999). Kendall’s tau and Spearman’s rho are not based on
the existence of certain moments for elliptical distributions. Kendall’s tau is invariant in the class
of elliptical distributions with continuous univariate marginals and a fixed dispersion matrix (up
to a positive constant factor) (proved in LINDSKOG et al. (2003)). This requires that the robust
estimator of Kendall’s tau can be applied to estimate linear correlation coefficients without any
other condition on the underlying distribution than that of continuity of the univariate margins
and being jointly elliptical. In relation to Kendall’s tau one might expect Spearman’s rho to be
invariant in the class of elliptical distributions with continuous univariate marginals and a fixed
dispersion matrix > as well, but this is not true. A counterexample can be found in HULT AND
LINDSKOG (2001), page 16. However, there exist several inequalities which estimate the
difference between Spearman’s rho and Kendall’s tau. For more information on this subject, see
NELSEN (1999, Section 5.1.3.) and references given therein.

Kendall’s tau and Spearman’s rho are measures of the degree of monotonic dependence between
two random variables X and Y, whereas linear correlation measures the degree of linear

dependence only. The extension of p° and p” to higher dimensions n>2 can be done
analogously to that of linear correlation: we write pairwise correlations in a nxn-matrix.

We conclude this section with a summary of properties of Kendall’s tau and Spearman’s rho:

Theorem 8.2.4.1:
Let X and Y be random variables with marginal distribution functions F and G and copula
C. The following properties are satisfied:

1L p*(X,Y)=p°(Y,X)and p” (X,Y)=p" (Y,X).

2. p°(X,Y)=p"(X,Y)=0if X and Y are independent, but the converse is not true.

3. —1<p*(X,Y),p (X,Y)<1.

4. p°(X,Y)=p(X,Y)=1&C=M<=Y =T(X) almost surely with T increasing.

5. p°(X,Y)=p"(X,Y)=—1&C=W<&Y =T(X) almost surely with T decreasing.

6. p” and p° are invariant under strictly monotone transforms, that is, if both f and g

are strictly increasing functions, then also
o (F(X).9(Y))=p" (X.Y),
and if both f and g are strictly decreasing functions, then

o (£(X),0(1)) = p*(X,Y).
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7. If F, and F, are the cumulative distribution functions of two continuous random
variables, we have p” (F, (X),F, (Y))=p"(X.Y) and p°(F, (X),F, (Y))=p"(X.Y).
Thus, Kendall’s tau and Spearman’s rho are often measured in terms of uniform random
variables over [0,1]x[0,1].

Proof:
See EMBRECHTS et al. (2002, Theorem 3). [ |

In the next Theorem, we will see that Kendall’s tau and Spearman’s rho are measures of
concordance according to the Definition 8.2.1.1, page 161.

Theorem 8.2.4.2 (NELSEN (1999), Theorem 5.1.9):

If X and Y are continuous random variables whose copula is C, then Kendall’s tau and
Spearman’s rho satisfy the properties in Definition 8.2.1.1 and, therefore, in Theorem 8.2.1.2 for
a measure of concordance.

We can see that both Kendall’s tau and Spearman’s rho measure the probability of concordance
between random variables with a given copula and possess a similar structure, but for one pair of
random variables their values can be quite different. More information to this topic can be found
in NELSEN (1999, Section 5.1.3) and the references given therein.

8.3 Tail Dependence

The coefficients of tail dependence are measures of pairwise dependence that depend only on the
copula of a pair of random variables X and Y with continuous marginal distributions functions,
i.e. tail dependence measures the dependence between the variables in the upper-right quadrant
and in the lower-left quadrant of 1% Tail dependence is mostly used to study dependence
structures of extreme values in insurance and finance. Note that a number of other definitions of
tail dependence exist. We will use the phrasing from McNEIL, FREY AND EMBRECHTS (2006),
Section 5.2.3 and EMBRECHTS et al. (2002).

Definition 8.3.1 (MCNEIL, FREY AND EMBRECHTS (2006), Definition 5.30):
Let X and Y be random variables with continuous distribution functions F and G. The
coefficient of upper tail dependence is

Ay =X (XY)=1imP(Y > G (t)[X >F (1)),

t—1"

provided a limit \, €[0,1] exists. Similarly, the coefficient of lower tail dependence is

A=A (X, Y)=lim P(Y <G (1) X <F (1)),

t—0"

provided a limit A_€[0,1] exists.
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It can be shown that the coefficients depend only on the unique copula C of X and Y, and that
A(XY) =2 (Y, X) and A, (X,Y )=\, (Y, X). Therefore, we have

Theorem 8.3.1:
Let X and Y be random variables with continuous cumulative distribution functions F and G

and let 4, and A, be the coefficients of tail dependence defined by Definition 8.3.1. If C is the
bivariate copula for (X ,Y) such that the coefficients of tail dependence exists, then

A —2—I|m—1 C<t’t), A = lim —C(t’t).
t—1~  1—t tﬂo+ t
Proof:
We have

—tILrlr]P(Y (1) X >F" ())

_!LTP<G( )>t‘F >t)
1-(P(F(X)>t,G(Y)<t)+P(F(X)<t,G(Y)<t))
~(P(F(X)<t,G(Y)>t)+P(F(X)<t,G(Y)<t))

i +P(F(X)<t,G(Y)<t

P(F (X)>1)

:|imLC<t’t):2_|im]‘_C Lt)

-1 1-t -1 1—t
and
A =limP(Y <Gt )|x<F1(t)):|imP(G(Y)<t\F(x)<t):|im—C(t't)
t=0" - t—0" - - t0" t '
|
Remark 8.3.1:

If A 6(0,1], then X and Y are said to have upper tail dependence or to be asymptotically
dependent in the upper tail. If A, =0, then X and Y are said to be asymptotically independent
in the upper tail or to have no upper tail dependence. Similarly for A, .

For Archimedean copulas (see Section 6.2, page 110 ff.) the coefficients of tail dependence can
be specified straightforward, because these copulas have a closed form. We get the following
table:
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. Coefficient of Coefficient of upper
Archimedean copula . .
lower tail dependence tail dependence
Frank copula A =0 A, =0
Clayton copula A =2"6>0 A =0
Gumbel copula A =0 N, =2-2""0>1

Table 8.3.1: Coefficient of tail dependence for Archimedean copulas

Elliptical copulas (see Section 6.1, page 103 ff.) do not have a simple closed form. An interesting
contrast is that Gaussian copulas are asymptotically independent in the tail, but the t-copula has
tail dependence, as the following example shows.

Example 8.3.1 (Tail dependence of Gaussian copula and t-copula):
The tail dependence of the Gaussian copula is given by

XA[1—p"

J1+p"

where ® ' denotes the standard Gaussian distribution function and p" is the linear correlation
coefficient. Hence, the Gaussian copula is asymptotically independent in both the lower and
upper tail. Regardless of how high we choose the correlation, if we go far enough into the tail,
extreme events appear to occur independently in each margin. (See e.g. MCNEIL, FREY AND
EMBRECHTS (2006), Example 5.32 and EMBRECHTS et al. (2002), Section 4.4).

X (CE)=A (CT)=2 lim & —0 for pt <1,

X——00

However, if we compute the tail dependence for the t-copula, we get

e )=nfer )=o) o

where t, denotes the cumulative distribution function of the univariate standard t-distribution

with v degrees of freedom and p" denotes the usual linear correlation coefficient. Hence, the

bivariate t-distribution is asymptotically dependent in both the lower and upper tail. (See e.g.
MCNEIL, FREY AND EMBRECHTS (2006), Example 5.33 and EMBRECHTS et al. (2002), Section 4.4).
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Chapter 9

Sums of Dependent Risks

Insurance companies have the possibility of developing “internal models” in Solvency Il (see
Chapter 2). The development of internal models is particularly challenging due to the high
complexity of mutual dependences of risks within the liability and asset side each, but also
between risks of these two categories. This fact is, however, still not sufficiently reflected by
the present-day commercial and non-commercial DFA software tools. For instance, the
meanwhile commonly accepted geophysical simulation software packages (see e.g.
PFEIFER (2004) for more technical details) do not allow for a proper consideration of
dependences between different types of risks (such as windstorm and flooding or hailstorm)
or between different regions. Likewise, software tools especially designed for Solvency Il
purposes can frequently not account for more sophisticated dependence structures due to the
modular programming technique that is mainly underlying those products.

Many insurance risks can seem to be almost independent, but are heavily dependent in the
extreme. One way of handling this is to use copulas. If one recognizes a zero linear
correlation between two risks, but at the same time recognizes a high tail correlation (e.g.
Pearson’s linear correlation, Spearman’s rho or Kendall’s tau; see Chapter 8) one simple way
of using this knowledge on tail dependence would be to change the zero correlation for the
high tail correlation in the modeling.

In this chapter, we want to show that the proper consideration of risk dependences beyond
Pearson’s linear correlation is of essential importance in the Solvency Il discussion. In
particular, we emphasize that the concept of correlation which is wide-spread in Solvency
models such as the Swiss Solvency Test (SST; see e.g. KELLER AND LUDER (2004)), but also
in geophysical simulation software (see e.g. DONG (2001)) is not appropriate for the
description of the distributional properties of aggregated risks. See also BLuM, DIAS AND
EMBRECHTS (2002), page 353 ff. for a case study, or EMBRECHTS et al. (2000) and (2002) for
a more substantial discussion.

9.1 Grid-type Copulas

A central role in modeling dependences between risks is played by the concept of copulas
(compare to Chapter 5, the monograph of NELSEN (1999), and PFEIFER AND NESLEHOVA
(2004), and the references given therein), which is nowadays widely used in risk management
and finance (see e.g. EMBRECHTS, STRAUMANN AND MCNEIL (2000), EMBRECHTS et al.
(2002), CHERUBINI, LUCIANO AND VECCHIATO (2004), or MCNEIL, FREY AND
EMBRECHTS (2006)).

A copula is essentially a multivariate distribution function restricted to the unit cube that has
continuous uniform margins (compare to Sklar’s Theorem 5.3.1, page 95). Copulas have
many useful properties, among them uniform continuity and (almost everywhere) existence of
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all partial derivatives (see e.g. NELSEN (1999), Theorem 2.2.4 and Theorem 2.2.7). Moreover,
every copula lies between the sharp so-called Fréchet-Hoeffding bounds (see Theorem 5.2.1,
page 94):

max{Zui +1—n,0}:W” () <C(u) <M"(u)=min{u,,...,u, }.
i=1

In two dimensions, both Fréchet-Hoeffding bounds are copulas themselves, but in higher
dimensions, the Fréchet-Hoeffding lower bound »V is no longer n-increasing.

Copula models considered in the literature so far are typically parametric, such as the family
of elliptical copulas comprising the Gaussian and t-copulas, and the family of Archimedean
copulas comprising the Gumbel, Frank and Clayton copulas, to mention some (compare to
Chapter 6, page 110). In many cases these copulas are symmetric, which does frequently not
match the observed data situation or the number of parameters is small in comparison with the
dimensionality of the data. Further, for practically all non-trivial copula models of the above
type, it is impossible to derive explicit expressions for the sum of dependent risks for which
the dependence structure is given by such a copula. The recent paper by EMBRECHTS, HOING
AND PUCCETTI (2005) is one of the few that deals with explicit (and not just asymptotic)
representations of the distribution of aggregate dependent risks for two or three summands.
However, very specific copula models are considered here which arise from the problem of
finding dependence structures that produce extreme Value at Risk (VaR ) (see Section 7.2,

page 124) scenarios.

In this section, we follow a different approach which essentially consists in an approximation
of the underlying copula by certain grid-type copulas, for which the distribution of the sum of
two or three (or even more) risks can be explicitly calculated in terms of piecewise defined
polynomials. This enables also an explicit (approximate) calculation of a Value at Risk and its
corresponding Expected Shortfall (see Chapter 7), at least if the risks involved have compact
support. This approach is related to considerations in the paper by EMBRECHTS, HOING AND
JURI (2003), Section 4.2.

Definition and Proposition 9.1.1:

o ¢ (i, —1 i, _ _
Let d,neN and define intervals 1, (n):=X J—FJ for all possible choices

d
n !

J
iy,....iy €N, =={L...,n}. For every tuple (i,...,i;)€N
real number with the property

let a, (n) be a non-negative

>oooa (n):% forall ke{l,....d} andi, €{1,...,n},

(iy,--iq ) € 3(i)

with J (i, ):={(jp..-.. in) € N,*| j, =i, }. Then the function

C, = nd Z ai1,~--,id (n>]l|i1,_..‘id (n)

(ig i JEN,
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is the density of a d-dimensional copula, called grid-type copula with parameters
{ail’,_qid (MI(iy,....1y) € Nnd}. Here 1, denotes the indicator random variable of the event A,

as usual.

Proof:
This follows directly from the construction in the following Remark 9.1.1: the requirement

that the sum equals 1/n is equivalent to that the marginals are uniformly distributed on [0, 1],
which by Remark 5.2.1, page 94 ensures that the cumulative distribution function is a copula.

Remark 9.1.1:
A simple interpretation of grid-type copulas is as follows: suppose that the discrete random

d
vector Z=(Z,,...,Z,) has support N ° =XN,, with P(Z,=i,...Zy,=iy)=a _ (n).
i e
Further assume that the random vectors X;  are uniformly distributed over the interval
I, i, (n) each, for (i,...,i;)eN,°

n !

and are independent of Z. Then the random vector X,
has the density f  above. In other words, the distribution of X, is a mixture of standard
multivariate uniform distributions over the disjoint intervals I, (n), with weights given by

the a_, (n), iy...,i; € N,; this can be shown analogously to Lemma 4.2.1, page 67.

It is easy to see that in case of an absolutely continuous d -dimensional copula C, with
continuous density

ad

mc(ul,...,ud), <U1,..,,ud)€(011)d1

C(UpeensUy )=

¢ can be approximated arbitrarily close by a density of a grid-type copula. We only have to
choose

i
n

C(Uy,...,Ug)duy...duy = ACY, iy, iy €N,
1

~—~

h

i
n
a, .= [ -
i1
n

n

: I, —1 i : : L
with o, =*—, 8, ==, k=1...,d. This follows e.g. from the classical multivariate
n n

mean-value-theorem of calculus. Moreover, a sequence of random vectors {X, }neN with a

grid-type copula density c, of this type for each X, converges weakly to a random vector X
with the given copula C.

9.2 Perfect Dependence

Comonotonicity and Countermonotonicity are particularly interesting cases. They represent
extreme dependence situations. There are many ways to define the concept of comonotonicity
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(compare with Definition 7.1.2, and Lemma 7.1.1, page 123 f.) and of countermonotonicity.
We will now use the copula (compare to Section 5.4, page 98 and EMBRECHTS, FREY AND
McNEIL (2006), Section 5.1.2) Fréchet-Hoeffding upper bound M (Fréchet-Hoeffding lower
bound W) to give a general definition of comonotonicity (countermonotonicity) for any
random vector (continuous margin or otherwise).

Definition 9.2.1 (Comonotonicity):
The random variables (risks) X,,...,X, € Z are called comonotonic (perfectly positive

dependence), if they have as copula the Fréchet-Hoeffding upper bound

M (u)=min{u,,...,u,} forany ue 1" and neN.

Definition 9.2.2 (Countermonotonicity®):
The random variables (risks) X,Y € Z are called countermonotonic (perfectly negative

dependence), if they have as copula the Fréchet-Hoeffding lower bound

W?(uy,u,) = max{u, +u,—1,0} forany u,u, € 12,

Proposition 9.2.1:
Two random variables X,Y € Z are countermonotonic if and only if there exists a

measurable risk Z:(9,.4,P)—R and a monotone increasing function f on R and a
monotone decreasing function g on R, or vice versa, such that

X =1f(z),Y=g(z)

Proof:
See EMBRECHTS et al. (2002, Theorem 2). [ |

Remark 9.2.1:
In the case where X and Y are continuous we have the simpler result that

countermonotonicity is equivalent to Y =T (X ) almost surely for a decreasing function T.

Comonotonicity (countermonotonicity) characterizes the risks of the portfolio as being
increasing (decreasing) functions of a common random factor. It is therefore a strong

dependence, and measures of dependence such as Kendall’s p” or Spearman’s p° will
describe M or W as a perfect structure, ie. p (M)=p°(M)=1 or
p” (W)= p® (W)=—1, respectively, holds if the margins are continuous (see Section 8.2.4,

Table 8.2.4.1, page 166). For an in-depth discussion of comonotonicity
(countermonotonicity), see e.g. DHAENE et al. (2002).

The problem of determining explicitly the distribution of a sum of two ore more dependent
risks is generally non-trivial outside the world of normal distributions. In the latter case, it is
clear that if X,,..., X, are jointly normally distributed random variables with mean vector

! The concept of countermonotonicity does not generalize if n> 2, because the Fréchet-Hoeffding lower bound
W is a copulaifand only if n= 2.
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= (..., 1, )T € R" and variance-covariance matrix > = [aij]e R™™ for some neN, then

n n n n
S, =X, is also normally distributed with mean > "/, and variance 1"-S-1=>"> "o,
i=1 i=1 i=1 j=1
where 1 is the column vector consisting of the entry 1 in every component. This is in general
no longer true if the joint distribution is not normal, even if the marginals are still normal.
Cases in which explicit expressions for the distribution of the sum of dependent random
variables are known are rare, except for the trivial case of identical summands X, = X, for

i =2,...,n, which corresponds to the case of perfect comonotonicity. In most cases, Monte

Carlo simulations are performed from which the cumulative distribution function for the
aggregated risk is estimated; see e.g. BLuM, DIAS AND EMBRECHTS (2002) for an example.

9.3 Multidimensional Uniform Risks

In this Section, we shall mainly concentrate on the case of multidimensional uniform risks as
in Section 3.2 of EMBRECHTS, HOING AND PUCCETTI (2005), although the ideas developed
here can be applied more generally at least in the case of multidimensional risks with compact
support.

Lemma 9.3.1:
Let U,,...,U, be independent standard uniformly distributed random variables, d € N, and

d
let f, and F, denote the density and cumulative distribution function of S, ::Eui,
i=1
respectively. Then

f (x):ﬁki;(—l)k [i](x—k)d_lsgn(x—k) g ()
) - ’ for xeR
F, (x):ﬁ;(—l)k [k]((—k)d +(x—k)d sgn(x—k)) ]l[o’d](X>+ ]l(dm](x)
-1, x<0
with sgn(x)=1{ 0, x=0 ]
1, x>0.

This follows e.g. from UsPENSKY (1937), Example 3, page 277, who attributes this result
already to Laplace.

Remark 9.3.1:
The density f, and cumulative distribution function F, are assumed to f,(x)=0 for x<0

and x>d aswell as F, (x)=0 for x<0 and F, (x)=1for x>d in this section.

Another mathematical illustration can be found e.g. in DwaAss (1970), Paragraph 9.3,
Example 2, page 279 f. Note that there is a typing error in the formula (3).
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Lemma 9.3.2:
Let U,,...,U, be independent standard uniformly distributed random variables, d € N, and

d
let f, and F, denote the density and cumulative distribution function of S, ::Eui,
i=1
respectively. Then

1 d k d +19-1
R Bt (SN S e
0= 3000 i o T ] 0 100

Corollary 9.3.1:
With the same notations as in Lemma 9.3.1, let h>0 be a fixed real number and V,,...,V,,

d € N, be independent random variables such that V. is uniformly distributed over the

d
interval [(j; —1)h, j;h| with some integer j, €Z* for all i€{L...,d}. Then T,:=>"V, has

i=1
density and cumulative distribution function f, (h;-) and F, (h;- ) respectively, given by

1, (x a. .
L) =F X a3
i=1

d
) . fOI’OﬁXSh;]i.
F, (h;x)=F, [E+d_2]i]
i=1

Proof:
Follows immediately from the fact that V; can be represented as V, =( j, —1)h+hU,, where

U, has a standard uniform distribution over [0,1], such that

d d d
T,=h> (ji—1)+h> U,=h>"j—hd+hS, =m, +hS,.
i=1 i=1 i=1
Hence, we have
F (h;X): P(Td < X): P[Sd < X_hmd =F, [X_hmd]
_ d _ 1, (x . .
and, thus, also f, (h,x):&Fd (h,x):ﬁfd E—i—d—ZJi , for 0<x<h>7j. u
i=1 i=1

The preceding results allow us to formulate the main result of this section.

Theorem 9.3.1:
Let (Xl,..., X4 ) be a random vector whose joint cumulative distribution function is given by a

grid-type copula in the sense of Definition and Proposition 9.1.1, with density
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¢, :=n Z a (n)]l,h @ Then the density and cumulative distribution function
(i1e-ig )N, o

5 ~ d

fy(n;+) and K, (n; ), respectively, for the sum S, ::in is given by

i=1

fy(mx)=n Z a, . (n)f,

d
nxjtd—z:ij J
= for x € R,

d
nx—|—d—Zij ]
=1

F (n; X) = & i, (n) F

d

(i, 0g JEN,,
with density f, and cumulative distribution functions F, from Lemma 9.3.1.

Proof:
Let the random vectors Z=(Z,,...,Z,) and X, :(Xilmid;l,...,Xilw_,id;d), (iy, -+, iy ) €N,

be as in Remark 9.1.1. Then we can assume (X,..., X, )=X,. Now

P(S;<x)= > P(X;+.+X,<X|Z,=0,....2,=1,)P(Z,=1,....Z, =)
(ig i JEN,
= Z P(xil,...,id;l +...+ xil,.”,id;d < X)'ail,...,irj (n)
(iyee i JEN,

X. .. isuniformly distributed on [ul—k
1 yenlg n n

; therefore, by Corollary 9.3.1,

P<Sd < X) = Z P<Xil,.u,id a e X e S X)'ail,...,id (n)

(ipe-ig JEN,

= Z & i (n>Fd
i1l JEN,

(

d
nx+d—Zij
i=1

what we were claiming. By differentiation the formula for the density follows. [ |

It is easy to see that Theorem 9.3.1 extends readily in an approximate manner to the case of
aggregated dependent risks in the situation where the joint distribution has a compact support
X and a continuous density since it is always possible to find a sequence X, of disjoint

unions of closed non-empty symmetric hypercubes in d dimensions which are close to X,
i.e. limm® (XHAX): 0, where m® denotes Lebesgue measure and a denotes the symmetric

n—oo

difference of sets. Likewise, the joint density can be approximated by step functions defined
on X in the same way as for grid-type copulas. The corresponding details will be left to the

reader; some examples will be given in Section 9.5.

Theorem 9.3.1 and its extensions allow for an explicit representation of the density and
cumulative distribution function of several dependent (uniformly distributed) risks in terms of
piecewise defined polynomials of degree d, and therefore also for explicit expressions for the

Value at Risk and the Expected Shortfall of the aggregated risk. This might be a good
alternative to simulation studies which otherwise must be performed in order to obtain such
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kind of information. Also, with this approach, the dependence of the Value at Risk and the
Expected Shortfall on parameters of the distribution can be studied on a theoretical basis.

9.4 Sums of Dependent Uncorrelated Risks: Some
Case Studies

In this section we want to show that even for uncorrelated risks?, a broad range of different
aggregate sum distributions and representations for Value at Risk and Expected Shortfall are
possible. We start with the most general case of a grid-type copula with 9 subsquares, i.e. we
first consider the situation d =2 and n=3 in Definition and Proposition 9.1.1, page 172.

The weights a; (n) for the copula density can then be described in matrix form as

a b 1/3—a—b
AB)=la;(3)|=| ¢ d 1/3—c—d
1/3—-a—c 1/3-b—d -1/3+a+b+c+d

with suitable real numbers a,b,c,d €[0,1/3] such that all entries in the matrix are > 0. It

follows that the covariance of the corresponding random variables X, X, using
Remark 9.1.1, page 173 and two independent uniformly distributed random variables U,V is
given by

E((X,—E(X))(X, —E(xz)))ziiE[[xl—E][xz—%]|zl —i,Z,= j]- P(z2,=i,Z,=j)

Sfamefiuen- vl
o

:éiia_ (3)(i—2)(j—2)= 4a+2b+92c+d—1

vanishing in the case
d=1-4a—2b—2c.

2 Although we stressed in the introduction to this chapter and earlier that correlation is no appropriate measure
of dependence, it still seems to be the standard dependence measure in practice (compare to Section 8.1,
page 156).



179

The case of uncorrelated (but possibly dependent) risks hence corresponds to a three-
parameter grid-type copula with parameter v = (a,b,c) given by

a b 1/3—a—b
A(3)=|a;(3)|= c 1-4a—2b—2c —2/3+4a+2b+c|.
1/3—a—c —-2/34+4a+b+2c 2/3—3a—b—c

The density and cumulative distribution function of the aggregated risk S, = X, + X, are
thus, by Theorem 9.3.1, page 176 f., given by

Qax, nggl

3

3(2a—[b+c])+9(—a+[b+c])x, 1y<2

3773

9(4a+3b-+c|)-10+3(5-18a-12b+c)x, = <x<l
f37%) =130 g(16a+ 7[b+ c])+ 9(14a + 6]b + | 3)x 1§x§g
—28+3(52a+19[b+c])+3(6—33a—12[b+c])x, %gxgg
6(2—9a—3[b+c])+3(—2+9a+3[b+c])x, %gxgz

0, otherwise;
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0, x<0
9—axz, 0<x<1
2 -3
9 ) 1 1 2
E(—a+[b+c])x +3(2a—[b+c])X+E(—2a+[b+c]), §§x§§
E(3—18a—12[b+c])x2+(—1o+36a+27[b+c])x+
2 2
1 3=*=t
~(20—66a—57[b+c]),
+4(20-66a-57[b+c]
9
- —(—3+14a+6[b+c])x* +(32—-144a—63[b+c]) x+
3 e+ S
+%(—106+237a+213[b+c]), 3
9
>(2—22a—4[b+c])x* +(-28+156a—-57b+cl)x+ .
1 3713
+E<134 —726a—267[b+c]),
3
=(-6+9a+3[b > +3(4—6a—18[b
S(-6+0ar3pc) s(a—satobrc)ie 5
+(~11+54a+18]b+c)), 3
1 X>2.

Note that both functions only depend on the sum b+c and not on b or ¢ alone. The following
graphs® show five different densities f,(3;v;+) and cumulative distribution functions

F,(3;7;+) forthesum S, = X, + X,, for various choices of v=(a,b,c).”

® The source code for all Figures in Section 9.4 can be found in Appendix B.9.
* Note that all Figures in Chapter 9 are produced with MAPLE 9.5.
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0.8

0.6

0.4+

0.27

Figure 9.4.2: Cumulative distribution functions F, (3;v;X)

Next, we want to find the “worst” possible Value at Risk in this scenario for S, = X, + X,.
We do this by using the following heuristic: we minimize the cumulative distribution function

F, (3;7;x):§(—6+9a+3[b+c]) x* +3(4—6a—18[b+c])x+(—11+54a+18b+¢c|)

at the point x:g. This heuristic is justified as we are interested at the Value at Risk for

small «, and as the course of the cumulative distribution function near to X =2 seems to be
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mostly determined by the value of the cumulative distribution function near to 2, for example

at x= 2 This minimization is a solution of the following linear programming problem:
minimize! 6a+ 2b+ 2c under the conditions

a—+ b

IN

o))
+
(@]
VAN
N WD Wik Wik

4a + b+2023
4a +2b+2c<1
a,b,c,d >0.

This follows from the fact that the entries in the matrix A(3) above have to be >0.

The solution of this problem is given by all v = (O,b,c) fulfilling the condition b+c = g In

particular, b=c

g is a feasible solution, which is among the cases shown in Figure 9.4.1
and 9.4.2 above (blue line). In a similar way, we can determine the “best” Value at Risk
scenario here, which is uniquely determined by the parameter v = [SOO] This case is also

shown above (pink line).

It is also possible to express the quantile function Q(3;7; . )for all choices of ~ in an explicit
way, by solving the appropriate quadratic equations in the representation of If2 (3;7; )

above. For instance, for v = [éo 0], we obtain

6(2—3K)—,/6a(2—3K)

Q&iil—a)= 3(2—3K)

for ﬁ2[3;7;§]§1—a <1

with K = 3a+[b+c]. For the following numerical example, we shall, for simplicity, restrict

. . 2 .
our considerations to the range of Ogagg. For the three cases “worst” Value at Risk

scenario, independence and “best” Value at Risk scenario, we obtain



0.5

0.6

0.4

029

2—+a, Ogagé, :[OEE]
§+§m, égagg, e
3 osesh a-flog]

1]

[3]

02 04 06 ik 1 12 11 3 18

Figure 9.4.3: Cumulative distribution functions for “worst” Value at Risk [1],
independence [2], and “best” Value at Risk [3] scenario
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Figure 9.4.4: Quantile functions Q(3;7;1—a) for “worst” Value at Risk [1],
independence [2], and “best” Value at Risk [3] scenario

Likewise, for the Expected Shortfall, we obtain

2[1—%JE], ogasé,
2 2
< =10,2,=
2+360é_£ /—2—9043 v [ 9 9]
27 81 1..<2
2—9a 9T 79
l a 1 2 1 1 1
ES(3v;a)==— 3 v;1-v)dv=12—=+20, 0<a<—, ===
(37:e) a[Q(V ) 3 Ve =4=9 7 [999]
5 1 5 2 2
Z_=2a, 0<a<-—, =1—,0,0
3 3" ==y 7 [9 J

The following graph shows both the Value at Risk and Expected Shortfall in the range
0<a< g for the three cases considered.
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149
18] ES[1]
1.7] VaR [2
] ES [2
"] VaR [1] 2]
15
] ES [3]
1.4
] VaR [3] \
0 I I I ‘ 0,I05 I ‘ I I 011 I I I I 0,I15 I ‘ I I 012 I "

Q
Figure 9.4.5: Value at Risk (VaR) and Expected Shortfall (ES) for

“worst” Value at Risk [1], independence [2], and
“best” Value at Risk [3] scenario

For instance, we obtain

worst case | independence | best case
VaR 1.6838 1.5528 | 1.4430
ESo1 1.7892 1.7019 | 1.5269
VaRo 01 1.9000 1.8586 | 1.5960
ESo.01 1.9333 1.9057 | 1.6225
VaRo 005 1.9293 1.9000 | 1.6167
ESo.005 1.9411 1.9167 | 1.6260

Table 9.4.1: Value at Risk (VaR) and Expected Shortfall (ES)
for “worst” Value at Risk, independence, and “best”
Value at Risk scenario with a =0.1, « =0.01, and

a=0.005

Interestingly, the Value at Risk and Expected Shortfall values in the worst case are between
16 % and 19 % larger than in the best case in this scenario, which shows that even in the case
of uncorrelated risks, the range of values for the most popular risk measures for the aggregate
risk is still enormous!
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9.5 Sums of Dependent Risks: More General Cases

In this section we will show that the concept of grid-type copulas and their generalizations
outlined above is numerically very attractive and easy to implement, for instance by use of
computer algebra systems. This applies especially to situations where the dimension is larger
than 2 (compare to EMBRECHTS, HOING AND PUCCETTI (2005)).

Example 9.5.1:
Suppose that the risks X, and X, are each uniformly distributed and their joint cumulative

distribution function is a copula of Clayton or Gumbel type (see Section 6.2, page 114 ff.), i.e.

C,(6;u,v)= (u"’ +v’ —1)_1/9 (Clayton) or

C,(f;u,v)=exp —((— Inu)’ +(—Inv)’ )M] (Gumbel)

for (u,v)e (0,1)2, with 6 >1.

We consider the distribution of the aggregated risk S, := X, + X,. The following graph shows
the calculated densities for S, under these copulas, for a grid-type copula approximation
(see Remark 9.1.1, page 173), with 10000 subsquares of the unit interval of equal area each.

0.7 Clayton copula, 6 =1 —__

Clayton copula, 6 =2

s/

Gumbel copula, 0 =2
0.6 \

0.59

$

Gumbel copula, 6 =3

0.44

0.3

0.29

0.1

02 0.4 06 05 1 12 14 16 18
hd

Figure 9.5.1: Approximation of densities for two aggregate dependent risks®

> The source code for the Figure 9.5.1 can be found in Appendix B.10.
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Example 9.5.2:
Suppose that the risks X, X, and X, are each uniformly distributed and their joint

cumulative distribution function is a grid-type copula with 2°™ =8™ subcubes of the unit
cube, with equal volumes each, for some m € N, with weights

Ay = (—1)i+j+k p+8im for i, j,ke{l,...,zm} and p<i.

8m
Then
2
X—, 0<x<1
2
2
g—[x—g], 1<x<2
f,(x)=14 2
3_ 2
D
2
0, otherwise

with the density f, from Lemma 9.3.1, and the density f~3(2”‘; ) of the aggregate risk
S; =X, + X, + X, is given by
Zm 2m 2m

f,(2mx)=2">"3""ay, f,(2"x+3—[i+ j+k]) for 0<x<3.

k=1 j=1 i=1

Note that due to

2m m

Z(_l)iJer p:(_l)nk pii_ml:(_l)i :Ozi(_]_)iﬂﬂ D= 2 (_1)i+j+k D,

i=1 k=1

the a;, actually define a copula. The following graphs show the density of the aggregated risk

S;=X,+X,+X, for me{1,2} and p=

1 (green line) together with the density
resulting from independence (red line).
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] I I
| _— copula ] _— copula
os independence N independence

/ J/

0.6 06

0.4 0.4

0.2 024

Figure 9.5.2: Densities of three aggregate dependent risks®

In the following example we have five risks with densities g,,...,9;, which are constant

interval-wise. This has the advantage that the density and the cumulative distribution function
for the aggregate risk can be computed exactly.

Example 9.5.3:
Here we consider five dependent risks X,,..., X, with different marginal distributions and

joint density given by

with | (i, j,k,l,m)::(i—l,i]x(j—l, j]x(k—l,k]x(l —1,I]><(m—1, m], I, j,k,l,me{l,...,ZO}.
The weights for the local five-dimensional uniform distribution are given by

g+sin(i+j+k)

1 ..
—. for i, j,k,I,me{1,...,20¢,
Ki+yj+k+1?+m°—4 . { )

B(i, j.k,1,m)=

with the normalizing constant

4 .
20 20 20 20 20 §+Sln(l+J+k)
K= ~12198.
i—1 j=1 k=1 |—1mz—;i+ﬁ+k+|2+m3—4

Note that the support of the joint distribution of five single risks consists of 20°> = 3200000
disjoint hypercubes in R® of equal Lebesgue measure.

® The source code for the Figure 9.5.2 can be found in Appendix B.11.
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The following graph shows the resulting marginal densities g, of these five risks.

0.2

/95

0.1

9, /92

0.051
~—_
_\_‘—\_‘_\—\_\_\_‘_\_;—‘—\\.\\ 0,=0s

Figure 9.5.3: Marginal densities’

The density of the aggregate risk is now given by

20 20 20

fsum(x):iizzzmi, j.k,,m)- f, (x+5—[i+ j+k+1+m]) for 0<x<100

i=1 j=1 k=1 I=1 m=1

with the density f, from Lemma 9.3.1. The following graph® shows the result, in comparison
with the corresponding case of independence.

" The source code for the Figure 9.5.3 can be found in Appendix B.12.
® The source code for the Figures in 9.5.4 and 9.5.5 can be found in Appendix B.13.
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0.03

0.025

0.0z

0015

0.1

0.005

independence

100
=

Figure 9.5.4: Density of five aggregated risks, dependent versus independent case

The following view of the associated cumulative distribution function shows how the
200-annual PML (see Section 7.2, page 131) shifts upwards in case of dependence.

0,99 4

0,981

0974

0,96 1

095

independence

opula

60

62

64

66

68

70

72 74

X

Figure 9.5.5: Cumulative distribution function, dependent versus independent case

Obviously, in all of the above examples, the influence of the copula on the aggregate sum
distribution is not negligible. In the last example (see Figure 9.5.5), the Value at Risk at a
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safety level of 99.5 % is 69.2 for the independent case, but 72.4 in the dependent case, which
is about 4.6 % larger.

9.6 Sums of Dependent Risks with Heavy Tails

In the preceding sections, all calculations were based on the fact that the risk distributions had
in some way a compact support. In the actuarial practice, however, it is convenient to consider
also unbounded risks, especially those with heavy tails. Such distributions are of relevance
e.g. when natural perils have to be modeled. Although the approximation argument would be
applicable here as well, it is interesting to see what the consequences of dependence between
risks explicitly are in this area. It turns out that the existence of expectations is crucial here.

The following results sharpen in some sense Examples 6 and 7 in EMBRECHTS, MCNEIL AND
STRAUMANN (2002) as well as Example 2.4 in TAScHE (2002) and discuss the consequences
of dependence of the risk measure Value at Risk.

Lemma 9.6.1:
Suppose that the risks X, and X, each follow a Pareto distribution with density

f(x):; x>0

2(Jirx)

and with shape parameter A\ =1/2 and form parameter 3 =1. The cumulative distribution
function is given by

! x> 0.

J+x

Then the density g and cumulative distribution function Gg of the aggregated risk

F(x)=1-

S, = X, + X, can be explicitly calculated in the following cases:

Case 1: X, and X, are independent:

_ Z N 1 N1
gsZ(Z)_(Z-i-Z)Z\/mN(\/mr, GSZ< ) 1-2

1+z
2+12

z>0;

Case 2: X, and X, are comonotonic, i.e. the corresponding copula is the upper Fréchet
bound M:

I N 2 e
T T R EXT

Case 3: X, and X, are countermonotonic, i.e. the corresponding copula is the lower Fréchet
bound W
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0. (2)= b+7-23+z L1
T frr6-4312 \/3+z.(\/2+2)3 <\/1+_z)3

\/z +8z+12—(8+4z)- \/3+z

2+1z2

G, (2)=

Here, ~ means that the expressions have the same limit for z — oc.

Proof:
In the independent case, we have

1 1 1
gSZ f(x)f(z—x)dx== : dx for z>0.
f 44 (J1+ x>3 (\/1+(z—x) 3
Let
h, (x):= 251—a+2x) for 0<x <a with a>0.
(1+a) \/(1+ x)(a—Xx)
Then
h,'(x):= L - for0<x<a.
JA+x)(a—x)
2(2x—1z)

is  the indefinite integral

Thus  h,,(x)=

1 1

N JL+(z2—x)

(2+2)" JA+x)(1+2—x)

=. and, hence, we have

N 1 «
gs, ( )_4[(@)3 ( 1+(Z_X))3d

forz> 0.

. VA
=@M O)= s

of

With g, (z):i 1233 2| e statement follows.
? dz 2+1
Case 2 is trivial since the distribution of S, is identical to that of 2X,. Case 3 follows from
the observation that for the cumulative distribution function F of X,, i=1,2, we have
1 1
F(u)= -—1 O<u<l.

iu)
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Hence S,=X,+ X, is distributed as Fl(U)+F1(1—U):%+ﬁ—2 for a

standard uniformly distributed random variable U. Since the mapping (0,1)—>R,

ume inrﬁ_ 2 is strictly convex and symmetric with respect to the point u=1/2 and
u 1-u
attains its minimum there (having value 6), we see that the feasible set of real valued solutions
u for the inequality
1 1

+
u2 <1_u)2

—-2<1z,1>6

is given by the compact interval

B 2+z—\/z2 +8z+12—(8+42)4/3+2 2+z+\/z2 +82+12—(8+4z)\3+z2

u, : : =u,|.
° 2(2+72) 2(2+72) ’
It follows readily that
7°+8z+12—(8+44z2)3+z
us (1-v) 2+1
The density given above now follows by differentiation. [ |

It is interesting to see that asymptotically, Case 1 and Case 3 are equal, and that in all three
cases the density of the aggregate sum is — up to a constant factor — of the same Pareto type as
the distribution of each summand.

The following graphs® show the cumulative distribution functions and Value at Risk’s for S,
in the three cases above.

® The source code for the Figures 9.6.1 and 9.6.2 can be found in Appendix B.14.
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0.8

Case 2: comonotonicity

0.6
Case 3: countermonotonicity

0.4

0.21 Case 1: independence

o 10 20 a0 40 &0
Figure 9.6.1: Cumulative distribution functions for the three cases

507

40:

Case 1: independence

30:

20:

Case 3: countermonotonicity

Case 2: comonotonicity

02 04 06 0g 1

Figure 9.6.2: Value at Risk’s for the three cases

Surprisingly, Case 3 with countermonotonicity produces the “worst” Value at Risk scenario
here, while Case 2 with comonotonicity corresponds to the “best” Value at Risk scenario!

A little more calculus shows that we have indeed:
4
Case 1: VaR, (S, )=

Case 2: VaR, (S, )=
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Case3:VaRa(82):i2—2+ 4 ~i2—{—2(a—>0)
«

o (2—04)2

for 0<a<l.

Therefore, the required capital for a portfolio consisting of two independent or
countermonotonic risks of the same type is strict greater than the sum of required capital for
two portfolios with one risk for every portfolio. This seems to contradict the intuition that
countermonotonicity creates a diversification effect since “large” risks are always coupled
with “small” risks. Furthermore, the required capital for a portfolio of two independent risks
of the same type is asymptotic equivalent (for large return period) to the required capital for a
portfolio of two negative dependent risks of the same type, which means that independence is
near to the worst case!

If we use the square root formula (see Section 7.5, page 146 ff.) to compute the solvency

V2

capital for both individual VaR, -values, we get for small q, ﬁ[iz—l]m—z in
« (07

comparison to iz— 4~ iz for the independent case. This is asymptotically a rate of 1 to 2.8

(0% «

(\2:4=1:24/2 ~1:2.8). Therefore, the square root formula would underestimate the
required capital about 65 %!

Lemma 9.6.2:
Suppose that the risks X, and X, each follow a Pareto distribution with density

and with shape parameter A=1 and form parameter 5 =1. The cumulative distribution

function is given by
F(x):l—i, x> 0.
1+x
Then the density g, and cumulative distribution function G, of the aggregated risk

S, = X, + X, can be explicitly calculated in the following cases:

Case 1: X, and X, are independent:

A gMn(+2) 21 ~ 2
gsz< )=4 <2+Z)3 +(1+z)(2+2)2 N(1+Z)2,
22 422-2In(1+2)

GSZ (Z)_ (2+Z)2

, 220;

Case 2: X, and X, are comonotonic, i.e. the corresponding copula is the upper Fréchet
bound M:
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1 2 2
g5, (2)= ESYr AT e G, (2)=1-

2>0;

2+7

Case 3: X, and X, are countermonotonic, i.e. the corresponding copula is the lower Fréchet
bound W

2 2

72—2
gsz(z):\/ﬁ(ZJrz)y2 (1+2)" GSZ(Z):V2+2’ 222

Here, ~ means that the expressions have the same limit for z — oc.

~
~

Proof:
In the independent case, we have

Z 4

1 1

zZ)= | f(x)f(z—Xx)dx= dx for z>0.

Let
h, (x):= 2 3In[lJrX] 22x—a+1 for 0<x<a with a>0.

(1+a) (a—=x) (1+a) (1+x)(a—x)

Then
h,'(x):= 21 - for 0<x<a.
(1+x)" (a—x)

Thus h,, (x):= 2 3In[ Lx ] > 2X 2 is the indefinite integral of

(2+z) I+z-x) (24z) (1+x)(1+2z—x)

1 1
(14+x)° (142 —x)

> and hence we have

1 1
:4In(1+23)+ 22 > for z>0.
(2+z) (1+z)(2+72)

d

_d 2’ +2z-2In(1+2)
Cdz

> the statement follows.
(2+2)

With gy . (2)

Case 2 is again trivial since the distribution of S, is identical to that of 2X,. Case 3 follows
from the observation that for the cumulative distribution function F of X,, i=1,2, we have

Fl(u):ﬁ—l, O<u<l.
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Hence S, = X, + X, is distributed as F~*(U)-+ Fl(l—U):UlJrﬁ—Z for a standard
uniformly distributed random variable U. Since the mapping (0 1) —R,um>= L +1i— 2 is
u

again strictly convex and symmetric with respect to the point u =1/2 and attains its minimum
there (having value 2), we see that the feasible set of real valued solutions u for the inequality

1+L—2gz, 72>2
u 1-u

is given by the compact interval

11 7—2 7—2
o \/z+2 2 2\/z+

It follows again readily that

1 1 z-2
P(S,<z)=P|—4+—-<2z42|=U,—U,=,[——, 2>2.
R TRE= AL SRR e T
The density given above again follows by differentiation. |

The following graphs™ show the cumulative distribution functions and Value at Risk’s for S,
in the three cases above.

| Case 2: comonotonicit .
08 y Case 1: independence
0.6
0.4
0.2 ase 3: countermonotonicity
o 2 4 B 8 10 12 14 16 18 20

Figure 9.6.3: Cumulative distribution functions for the three cases

19 The source code for the Figures 9.6.3 and 9.6.4 can be found in Appendix B.14.
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Case 1: independence
Case 1: independence

Case 3: countermonotonicity

Case 2: comonotonicity

OI,Q I I I I OI,4 I I I I OI,6 I I I I OI,8 I I I I 1
Figure 9.6.4: Value at Risk’s for the three cases

Unlike above, Case 1 with independence produces the “worst” possible Value at Risk in this
scenario for small values of «, while Case 2 with comonotonicity again corresponds to the

“best” possible Value at Risk in this scenario for S, := X, + X,. Note, however, that there is

exactly one intersection point between Case 1 and Case 3, and that all VValue at Risk scenarios
are asymptotically equivalent. This will be discussed later in more detail.

Note also that in Case 1, no explicit representation of the Value at Risk is possible. For the
other two cases, we obtain:

2(1—
Case 2: VaR  (S,)= 20-a) 2 (a—0)
« (07
2
Case 3: VaR (S,)= 1+2(1_0‘) L2 (a—0)
—Q
for 0<a <1
Lemma 9.6.3:

Suppose that the risks X, and X, each follow a Pareto distribution with density

and with shape parameter A =2 and form parameter 3 =+1. The cumulative distribution
function is given by

F(x)=1-———
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Then the density g, and cumulative distribution function Gg of the aggregated risk
S, = X, + X, can be explicitly calculated in the following cases:

Case 1: X, and X, are independent:

(2+2f  (2+2)'(1+2f  (1+2)
, 2 +72°+162+6 _12-In(1+ z)

Gsz(z)z - —, 2>0;
(2+2z) (1+2) (2+2)

_48In(L+z) 4z(10+102+72°) 4

Js, (Z)

Case 2: X, and X, are comonotonic, i.e. the corresponding copula is the upper Fréchet
bound M:

8 8
gs, (z)= ~ , G, (z)=1-

3~ 3 220
(2+z)  (142)

_ 4
(2+z)2’ B

Case 3: X, and X, are countermonotonic, i.e. the corresponding copula is the lower Fréchet
bound W

4(2+7z) 4

~

\/22+4z+2—2\/22+4z+5'(\/22+4z+5—1)2\/22+4z+5 (L+2)

G, (z)= 1 2\/(2+z)“—4(2+z)2—8—8,/(2+z)2+1, 2>2.

(2+72)

gs, ()

Here, ~ means that the expressions have the same limit for z — oo.

Proof:
In the independent case, we have

f r 1 1
gsz(z):[f(x)f(z—x)dx:4[(1+x>3 TEP. dx for z>0.
Let
.24 N 1+x 2x—a+1 2x—a+1
()= (1+a)5I [a—x]+ (1+a)' (1+x)(a—x) 2(1+a)2(1+x)2(a—x)2

for 0<x<a with a>0. Then

h,'(x):= 34 ~ for 0<x<a.

Thus
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24 1+ X ] 2X—1 2X—1
,(X)= In +12 +2
Lo v e v P s e e
is the indefinite integral of 2 = 2 - and hence we have
1+x) 1+z-x)
ro1 1
Z)=4 dX: Z)— 0
gsz< > [(1+X)3 <1+Z—X)3 h1+Z< ) h1+2( )
In(1+2) 247 47

(2+z)5 Jr(1+ z)(2+z)4 +(1+ 2)2(2+z)2
In(1+2) 4, 10+107+7°

ey My ery

d| 2°+72°+162+6 12:In(l+7)

- - ; the statement follows.
dz (24+2z) (14 2) (2+2)

for z>0. With g (2)

Case 2 is again trivial since the distribution of S, is identical to that of 2X,. Case 3 follows

from the observation that for the cumulative distribution function F of X., i=1,2, we have
1 1
F™(u)= -1, O<u<l.
1—u
Hence S,= X,+ X, is distributed as |:*1<U>+|:71(1_U):L+L_2 for a
u +J1-U

standard uniformly distributed random variable U. Since the mapping (0,1)— R,

1 1 . ) . . . .
Uk ——=+——=-—2 s again strictly convex and symmetric with respect to the point
Ju  Vi-u
u=1/2 and attains its minimum there (having value 2\/5—2), we see that the feasible set of
real valued solutions u for the inequality

i+L—2§z, 7>202-2

\/G 1-u

or, equivalently, by taking squares on both sides,

1 2

u(l—u) +\/u(1—u)

<(2+z), z>2V2-2

is given by the compact interval [u,,u,] with (substitute u(1—u)=v)
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uo::1 L \/(2-1—2) —4(2+12) —8-8y(2+2)

2 2(2+2)
1 1 \/
u, =— 2+1z) -4 2+z ?_g_— 8w/2+z
SN 2(2+2) (2+2)

It follows again readily that

P(S, <z <z+2 —u

ool iyt
:(zjz)z Je+2f —a2+ 2 —8-s 2+ 2] +1, 232

The density given above again follows by differentiation. |

The following graphs™ show the cumulative distribution functions and Value at Risk’s for S,
in the three cases above.

0.8

Case 2: comonotonicity, Case 1: independence
0.6

0.44

0.21 . .
ase 3: countermonotonicity

0 1' ; 3 ] 3

Figure 9.6.5: Cumulative distribution functions for the three cases

1 The source code for the Figures 9.6.5 and 9.6.6 can be found in Appendix B.14.
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Case 3: countermonotonicity

Case 2: comonotonicity

0z 04 06 0s 1

Figure 9.6.6: Value at Risk’s for the three cases

Note that here Case 2 with comonotonicity produces the “worst” possible Value at Risk in
this scenario for small values of «, while Case 3 with countermonotonicity corresponds to the

“best” possible Value at Risk in this scenario for S, := X, + X,. This is in accordance with

intuition. Also, there is exactly one intersection point between Case 2 and Case 3 with Case 1.
Also note that in Case 1, again no explicit representation of the Value at Risk is possible. For
the other two cases, we obtain:

Case 2: VaR, (32):%_2
(6%
14+,1—-(1—a)’
Case3:VaRa(Sz):\/2_\/ - 2( %) —2~\/@—2(0H0)
(0% — (0%

for O<a <.

The fact that pairwise intersections between the cumulative distribution functions and the
quantile functions, respectively for the dependent cases and the independent case occur in
Lemma 9.6.3 is due to the fact that the expectation of the risks exists here. Namely, if F and G
are different cumulative distribution functions for non-negative risks with the same
expectation, then

7(1— F(x))dx = 7(1—6 (x)) dx.

Hence it is not possible that we can have F(x)<G(x) or F(x)>G(x) for all xR, such

that at least one intersection point between F and G must exist. [The examples in Sections 9.4
and 9.5 show that we can even have arbitrarily many.] This implies also that a uniformly
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“worst” or “best” Value at Risk scenario cannot exist in case of finite expectation, as was also
pointed out in EMBRECHTS, HOING AND PUCETTI (2005). Note however, that in Lemma 9.6.2
this is possible, since all risks have infinite expectation here.

9.7 Implications for DFA and Solvency 11

It should have become clear from the preceding discussion that neglecting dependences
between risks in an insurer’s portfolio can lead to a substantial misspecification of the target
or solvency capital, which is strongly related to the overall (aggregated) risk of the company.
For example, in the SST (see e.g. KELLER AND LUDER (2004)), all typical insurance risks are
considered to be independent, as becomes clear from the use of the word “convolution”
everywhere.

The present discussion about which risk measure should be used to calculate the target or
solvency capital concentrates on Value at Risk and Expected Shortfall mainly. However, both
measures are heavily influenced by the underlying dependence structure, even in the case of
uncorrelated risks, as has been shown in Section 9.4. This is particularly crucial when natural
perils such as windstorm, hailstorm, flooding, earthquakes and others are considered. The first
mentioned hazards have sometimes joint climatic triggers, which lead to dependences
especially of the larger losses, due to spatial or temporal dependence.

The following graph®? shows a scatterplot pertaining to an empirical copula derived from a
portfolio consisting of windstorm (U) and flooding (V) losses. The following matrix shows
the relative frequency of points in the grids used for discretization:

03 4 4 0 12 16
p_ll2223 1/8 8 8 12
342 4 2 1| 1368 16 8 4

320 1212 8 0

It can be clearly seen that the corresponding copula is not symmetric, and that — due to a lack
of data — there is not necessarily a tail dependence visible in the right upper part of the square.

12 This example can be found in PFEIFER (2005a).
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1.00

= 080

0,25

0,00
0,00 028 0.50 078 1,00

L
Figure 9.7.1: Empirical copula for windstorm versus flooding

If we perform a x*-test for example above, with three cells (one marked in green and two in

red), and hence 2 degrees of freedom, we get a test statistic of T =5.7176 corresponding to a
p-value of 0.0574. If we have independence, then we expect to get 6.375 points in the
middle in comparison to 3 observed points top left and down right, and 21.25 in comparison
to 28 observed points in the middle of the fields. So it is reasonable to assume that there is
some dependence between these risks. Therefore, windstorm and flooding losses have a (low)
positive dependence with high probability, which we can see on the position of the points
toward diagonal in the figure above. The data can be well fitted to a 4x4 grid-type copula
represented by the following weight matrix*® (see Section 9.4, page 178 ff.):

13 8 8 5
11215 7 0

T136(8 17 7 12|
1 4 12 17

Note that if we relate the weights a; to the physical cells in the scatterplot above, we obtain
the following picture:

3 We have multiplied 34 by 4 so that the side conditions of constant marginal sums are fulfilled with “little”
changes.
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a14 a24 a34 a44
a13 a23 a33 a43
a12 a22 a32 a42

all a21 a31 a'41

To illustrate the usefulness of grid-type copulas, we assume for simplicity and purposes of
comparison that the marginal distributions of windstorm and flooding are of the same Pareto
type as in Lemma 9.6.3 above. The following graph shows the empirical quantile function for
the aggregate risk from a Monte Carlo study with 100 000 simulations using this copula:

10

Case 1: grid-type copula (blue)

Case 2: independence (red)

Case 3: comonotonicity (green)

0,0 02 0.4 0.6 0.8 1.0

Figure 9.7.2: Value at Risk’s for aggregate risk

It is clearly seen that the Value at Risk for the aggregate risk under the grid-type copula is
strictly above the Value at Risk under independence for values of o < 0,4 and close to the

Value at Risk under comonotonicity for values of « around 0.1.

Using grid-type copulas or related concepts of dependence can thus improve very much the
reliability of estimations of the target or solvency capital in the Solvency Il process.

Finally, it should be pointed out that most DFA tools such as commercial geophysical
modeling software (see e.g. DONG (2001), GROSSI AND KUNREUTHER (2005), KATHER AND
Kuzak (2002)) do not properly implement dependence structures, but rather rely on
correlation. The use of grid-type copulas or related dependence concepts could likewise
improve the performance of such products. The mathematical background of the typical
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modeling approach used here is explicitly described in PFeIFER (2004). This approach is
based on a special case of the classical collective risk model, consisting of Poisson distributed
claim numbers and random or deterministic claim sizes. This is also an element of the SST
(see Section 2.2.3, page 17).

The modeling of dependence of entire processes will be important in the context of Solvency
Il. An approach can be found, e.g. in PFEIFER AND NESLEHOVA (2004) and NESLEHOVA
(2004). Copulas are examined in conjunction with qualified point processes there.

As a last thing we want to point to EMBRECHTS AND PUCCETTI (2006) and MCNEIL, FREY AND
EMBRECHTS (2006) and the references given therein, where general lower and upper bounds
for Value of Risk of sums of dependent random variables (risks) are given. The problem of
finding the copula for which the sum of the n marginals have a worst possible Value at Risk,
given n>2 and the marginal distributions, was recently examined by EMBRECHTS AND
HOING (2006).
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Saffir—Simpson scale of hurricane intensity

SSI
scale?

Wind Speed

Storm Surge
(feet)

Damage caused

Examples for
Hurricanes

74 — 95 mph
(119 — 153 km/hr)

No real damages are to
building structures. Damages
are mainly to shrubbery, trees
and  unanchored  mobile
homes. Some coastal road
flooding and minor pier
damage.

2002: Hurricane Lili
2004: Hurricane
Gaston

96 — 110 mph
(154 — 177 km/hr)

Damages are to buildings
(window, door and roofing).
Considerable  damage to
unprotected mobile homes,
shrubbery, trees with some
trees blown down and poorly
built piers. Coastal and low-
lying escape routes flood 2 to
4 hours before arrival of
hurricane eye. Small craft in
unprotected anchorages break
moorings.

2003: Hurricane
Isabel

2004: Hurricane
Frances

111 - 130 mph
(178 — 209 km/hr)

9-12

Mobile homes and poorly
constructed signs are
destroyed. Some structural
damage to small buildings.
Damages are to shrubbery,
large trees blown down and
some trees lose their foliage.
Flooding near the coast
destroys smaller structures,
with larger structures
damaged by floating debris.
Terrain continuously lower
than 5 ft above mean sea level
may be flooded inland 8 miles
(13 km) or more. Evacuation
of low-lying residences with
several blocks of the shoreline
may be required.

2004: Hurricane
Jeanne

2004: Hurricane
Ivan

! Source: KHATER AND KuzAK (2002), page 285 and http://www.nhc.noaa.gov/aboutsshs.shtml, respectively.
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SSlI
scale

Wind Speed

Storm Surge
(feet)

Damage caused

Examples for
Hurricanes

131 - 155 mph
(210 — 249 km/hr)

13-18

Mobile homes are complete
destroyed. Shrubs, trees, and
all signs are blown down.
Significant damages occur to
roofs, doors and windows.
Major damage to lower floors
of structures near the shore.
Terrain lower than 10 ft
above sea level may be
flooded requiring massive
evacuation of residential areas
as far inland as 6 miles (10
km).

2004: Hurricane
Charley

2005: Hurricane
Dennis

> 155 mph
(> 249 km/hr)

>18

Complete destruction of roofs
on many homestead and
industrial buildings. Mobile
homes are complete
destroyed. All shrubs, trees,
and signs are blown down.
Significant and expensive
damages occur to roofs, doors
and windows. Some small
buildings overturned and
blown away. Low-lying
escape routes are cut by rising
water 3-5 hours before arrival
of the center of the hurricane.
Major damage to lower floors
of all structures located less
than 15 ft above sea level and
within 500 vyards of the
shoreline. Massive evacuation
of residential areas on low
ground within 5-10 miles (8-
16 km) of the coast may be
required.

1992: Hurricane
Andrew

2005: Hurricane
Katrina?

2 More information to Hurricane Katrina can be found in AON RE SERVICES (2005).
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Appendix B

Source Code

B.1 Collective model of risk theory

With the aid of a computer algebra system (such as MAPLE, for instance) it is possible to
expand the function in Example 4.1.1 numerically, say up to the order 150:

_> phi:=s-Fexp{3*{(1-0.5+0.5%s) "20-1)) ;
a0
301-0540557-3
s ms s o B0-0340357-9

=> series(phi(s), s=0,151);
0.04978721081 + 0.000002848847034 ¢ + 0.000027064 12852 52 +0.0001623858308 53 +0.0006901498463 54 +0.002208553998 sj

+0.009521831970 %+ 0.01104589856 5 +0.01795908280 ¢° + 0.02398026920 5 +0.02648974210 5™ + 002439567953 51
+0.01908208806 5 2 + 0.01349505135 5 7 + 0.01025317703 6 7% + 0.01041526867 6 + 001352625590 61 + 0.01831818330 67
+0.02330978055 5 4 0.02715110531 5 + 0.02890349071 5 ° + 002830372626 5°° + 002585721091 5 + 002263439690 5
+0.01983549517 52+ 0.01833552449 5% + 0.01841631328 5 + 001976736244 57 + 002169872051 57 + 002343783019 5
+0.02438991724 57 + 0.02420024754 57+ 0.02322781300 52 + 0.02155841577 57 + 001675093260 5 + 001822353590 5
+0.01722304018 5+ 0.01677968820 5 +0.01673942143 5 + 001684884232 5 + 001685486638 5™ + 001658395815 5
+0.01598011272 5+ 0.01509854623 5 ¥ + 0.01406659189 5 + 0.01303084962 5 + 0.01210967167 s + 0. 01136472578 5 ¥
+0.01079361952 5™ +0.0103485521% s +0.009958135718 57" + 0 009556020189 5°* + 000909623023 5~ + 0008577655607 5~
+0.008006452554 5+ 0.007418836698 5 + 0, 006850641185 5+ 0. 006329497146 5~ +0.005868704247 5°° +0.005466791337 5
+0.005111518479 ¢ + 0.004726045816 ¢ +0.004474905707 6% + 0. 004168058483 ¢*° + 0003862313558 ™ + 0.003560363203 5~
+0.003268323545 8™ + 0.002992895052 6 + 0.002739071414 5™ + 0.002508541185 5™ +0.002301639729 5~ +0.002114171598 5
+0.001942632704 5 -+ 0.001783371127 5 - +0.001633766024 5 +0.001492501754 ¢ +0.001359394950 5° +0.001234947132 5"
+0.001119828249 57 +0.001014460254 &~ + 0, 0009187938491 5+ 0.0008322902396 5 + 0,0007540544388 ¢ + 0.0006830421185 5
+0.0006182572124 5+ 0.0005588875926 5 + 0.0005043569257 5™ +0.0004543017302 5" +0.0004085015321 5°
+0.0003667954452 5 + 0.0003290127462 7 +0.0002949320766 57 +0.0002642780792 57 + 0.0002367291538 5~
+0.0002119555331 5 + 0.0001896439766 £° +0.0001695193638 5 +0.0001513532508 57 + 0.0001349612121 5™
+0.0001201928084 5™ +0.0001069189828 5™ + 0.00009502095237 5 ™ +0.00008438306049 5™ + 0.00007489013544 5™
+0.00006642850895 ¢ '™ + 0.00005888905896 5™ +0.00005217058732 5™ +0.000046 18227942 5™ +0.00004084265116 5™
+0.00003608901158 =™ + 0.00003185589191 51" + 0.00002809305239 -1 + 0.00002475351682 5 + 0.00002179468580 5
+0.00001917654377 ¢ + 0.00001686238020 5 1 + 0.00001281833524 % +0.00001301385652 5 17 +0.00001 142079922 52
+0.00001001537761 ' + 0.000008775954571 ™ + 0.000007683714005 5" +0.000006722075994 5 + 0.000005876334934 5

+0.000005133351754 5 2 + 0.000004481327607 52 + 0.000003909650654 512 + 0.000003408796528 5 ' + 0.000002970257547 5

+0.000002586479382 5 % +0.000002250791895 5 + 0.000001957329678 & - +0.000001700944718 52 + 0.000001477117383 5

+0.000001281872385 5 2+ 0.000001111704759 572 + 9635181082 107 &% + 8 345748024 107 5% +7.224560370 107 51

+6.250288581 107 5 + 5404174508 107 5" + 4 669770488 107 5 +4.032685871 107 51 + 3480353344 107 5

+2001803512 107 5 ¥+ 2 587461018 107 5 + 2 228962934 107 51 + 1919001375 107 517 + 1 651189304 107 5%

+ 1419946601 107 5% + 1220403295 107 5P+ 0 Yy
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For instance, form the output above, we can read off
P(S, =90)=0,000329, or, by summation, P(80<S, <100)= 0,008308176060.

Due to the relatively large standard deviation, many of these terms are necessary in order to
order 200 or more are necessary. The same MAPLE worksheet produces, for instance,
reproduce the aggregate claims distribution appropriately. Thus it may happen that term of

Ps, (s)=...+3.242115364 10 "' s** +...41.107461642 10 ° s** +....

The following graph shows the corresponding cumulative distribution function for the
discretized aggregate loss S,

E, (%)
1]
0,85
0,65
0,4§
0,2;
o ' 5E5  1E®  15E6  2E6

with the following source code:

> restart:

=> lambhda:=3; p:=0.5; n:=20; Delta:=20000;

=> Digits:=5;

=> F:=evalf{exp(-lambda)) ;

> s:=01;

> for k from 0 to 100 do

k:

F:=evalf{F+exp{-lambda) * sum( (p/(l—p))“‘k * {lambda*{1-p) " n) "m S ml * hinomial({n*m, k), ,m=1..200)):
print{k,F):

S:=[op(S), [k*Delta, F], [{(k+1l)*Delta, F]]:

od:

> plot(s, style=line);
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B.2 EP curve

o T o I v

_> restart:
=> with({linalg) :with(plots) :with(stats) :with(PolynomialTools):
=> Seed:=randomize () :
=> n:=500;Delta:=3000;
# =500
A:=3000
=> losses:=sort {A00000* [stats [random, beta[l,7]]1{n)]1}):
=> losses[n] ;
2611931812 10°

> discretelosses:=[seq{ceil {(losses[k] /pelta) k=1..n)]:

» frequencies:=[stats[random, beta[l,9]](n) /251

lamhda:=sum{frequencies [k] ,k=1..n);

4= 2087847022
phi:=t->sum(frequencies [k] *t"discretelosses [k] ,k=1..n) /lambda:
psi:=t->exp(lambda*(phi(t)-1)}:
m:=ceil({l.5*discretelosses[n]): f:=convert (series(psi(t),t=0,m) ,polynom):
L:=CoefficientList (f,t):
OEP :=[seq( [Losses [k] , 1-exp(-sum(frequencies [j] ,j=k+1..n))],k=1..n)]:
AEP:=[seq( [k*Delta,evalf{1-sum(L[j],3=1..k)) ], k=1..m}]:
TEP : = [seq( [Losses [k] , (1-exp(-lambda)) *sum({frequencies [j] ,j=k+1..n) flambda] ,k=1..n)]:

plot([OEP ,AEP ,TEP], color=[navy,red, green] , thickness=2, tickmarks=[10,10] , axesfont=[COURIER,BOLD, 18] ,titlefont=
[COURIER,BOLD,16] ,title="AEP-curve = red, OEP-curve = blue, TEP-curve = green'}):

Ftilde:=x->1-sum{frequencies [k] *exp(-x/losses k1) ,k=1..n) flamhda:
discreteftilde:=[seq({evalf(Ftilde(j*Delta)-Ftilde((j-1) *Delta)),j=1..m)]:

phiZ:=t->sum{discreteFtilde [k] *t"k, k=1..m):

pei2:=t->exp(lambda*{phi2{t)-1)):

f2:=convert (series(psi2(t),t=0,m) , polynom):

L2:=Coefficientlist (£2,t):

BEP2:=[seq([k*Delta,eval£{1-sum(L2[j],§=1..k))] k=1..m}]:

TEP2:=(1-exp(-lambda) ) *(1-Ftilde(x)):

OEP2:=1-exp(-lambda*{1-Ftilde(x)}):

plot([OEP2,AEP2 ,TEP2] ,x=0..700000, color=[navy,red, green] , thickness=2, tickmarks=[10,10] , axesfont=[COURIER ,BOLD,
16] ,titlefont= [COURIER,BOLD,16] ,title="AEP-curve = red, OEP-curve = blue, TEP-curve = green'}):
P1:=plot([OEP,REP ,TEP],x=0..500000, color=[navy,red, green] , thickness=2,linestyle=2, tickmarks=[10,10] , axesfont=
[COVRIER,BOLD,16] ,titlefont=[COURIER ,BOLD,16] ,title="AEP-curve = red, QOEP-curve = bhlue, TEP-curve =

green' labels=[" ', "]}:

P2:=plot([OEP2,AEP2,TEP2] ,x=0..500000, color=[navy,red,green] , thickness=2, tickmarks=[10,10] , axesfont=[COURIER,
BOLD, 18], titlefont=[COURIER,BOLD,16] ,title="AEP-curve = red, OEP-curve = hlue, TEP-curve = green'):

display([P1,P2]}):
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B.3 Example for Panjer’s recursive algorithm

A possible way to perform the recursion is MAPLE. We compute the first 16 terms of
Panjer’s recursion here.

> restart:
_> p:=0.2; n:=6; A:=pf(p-1); B:=(-n) *a;
p=02
n=0
A = -0.2500000000
£=1.500000000

> phi:=t->{{1- (&f(A-1))) + ((B/(A-1) *£))) " (-B/R) ;

> £:=[0.05,0.2,0.15,0.25,0.2,0.15] ;
F=[0.05,02,01502502,015]

_> m: =nops{£f)-1;
w=35

[> 101 :=phi (0 ;
gn = 0.2621440000
[> for n from 0 to 14 do gln+1]:=sum(gn—j] *£[§+1] *(A*(n-G) +B*(+13) ,§=0. .min(n,m) /(n+1) od;
g1 = 0.01966080000
gz = 0.07925760000
gz = 0.06390784000
g4 = 01119437760
gs = 0.1001180165
gs = 0.09555981760
g7 = 0.04492232403
gz = 0.05052158666
gs = 0.04405249608
g1n = 0.03939676540
g1y = 0.02748841597
g12 = 0.01889803517
g13 = 0.01211554505
g14 = 0009995039586
g15 = 0007263402153

Note that in MAPLE, list indices start with 1. Therefore no extra definition of f, for k=0
IS necessary.
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B.4 Example for the discrete Fourier transform

[} restart:
-} with{linalg}):
Warnhing, the protected names norm and trace have been redefined and
lunprotected
=pi=0.2; n:=6; R:=pfip-1); B:={-n)*h;
p=02
n=a
A= -0.2500000000
E :=1.300000000

F PR = (- (RS (R-1) )+ ((RA(R-1) *E) ) ) " (-BSR)

4, At .
g::=f—>[1-_+_]

tr| o

)

A-1 A-1

£:=[0,0.05,0.2,0.15,0.25,0.2,0.15, =seq{0, j=1..43}];
=[0,00502,015032502,0150,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0.0.0,0,0,0,0000000

vl

= M:=nop={f):
=350

 dTmrs
A

[3:- V:=array({l..M,1. .M, [seq([=zeq{eval f{vr(r-1,=-1 M)} ,==1..M}] ,r=1. .M}]):

= ¥i=({r,5,M) -exp(-2%Pikris*I /M)

w=ir s M e

[3:- W:=array{l..M,1. .M, [zeq{[seq{eval f{1/vi{r-1,s-1, M)} /M, s=1. . M}],r=1. . M)]}:
[} fr:=transpose{[£f]}:

[}- z:=transpose{array{l..1,1. .M, [[seqiphi{h[n, 1]} ,n=1..H}]1])}:

[}- h:=evalm{V&*fvr) :

[}- gvr:=evalmi{WL*z) :

> for 1 from 0 to 15 do g[i] :=Re{gvr[i+1,1]) od:
En = 02621430054

g1 = 001966079990
gy = 007925759997
g5 = 008390723531
gy = 01119437758

g5 = 01001130164
B = 009555021753

g7 = 004492232397
g = 005052152662
gy = 004405249500
gyp = 003930676527
gqp = 002742241593
g1 = 001229203514
g1z = 001211554502

g1 = 0.009995039545

g15 = 0007265402170
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B.5

Ivllvllvllvllvllvllvllvl

Figure 5.4.1: Fréchet-Hoeffding lower bound, independence copula and

Fréchet-Hoeffding upper bound

restart:

with(plots):

W := (u, v) -> max(u + v - 1, 0);

plot3d(W{u,v) ,u=0..1,v=0..1,scaling=constrained, axes=bhoxed, style=patchcontour, shading=ZHUE ,orientation=[-70,50]) ;

P = (u, wv) -> u % w;

plot3d{P{u,v) ,u=0..1,v=0..1,scaling=constrained, axes=hoxed, style=patchcontour ,shading=ZHUE ,orientation=[-70,50]) ;

M:={u, v) -> min{u, v);

plot3d(Mi{u,v) ,u=0..1,v=0..1,scaling=constrained, axes=hoxed, style=patchcontour, shading=ZHUE ,orientation=[-70,50] , numpoints=250"2) ;
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B.6 Elliptical copula

Gaussian copula (with p- =—0.8)

restart:

rho:=-0.8;
Ctemp:=(u,v,rhu)—}(lf(Z*Pi*sqrttl—rhu“2))*evalf(Int(Int(exp(—(s“2—2*rhn*s*t+t“2)f(2*(1—rhu“2))),s=—infinity..v),t=—infinity..u)));

V“V“V““VI

Ci=procu,v)
if (u=0) or (v = 0) then
return 0;
fi;
if {u = 1) then
return v;
fi;
if (v = 1) then
return u;
fi;
return evalf({Ctemp(statevalf[icdf,normald] (u), statevalf[icdf normald]{v), rho}};
end proc;
> n = 25;
heights := [seq([seq(C(i/n, jfn), i=0..n}], j=0..n)]:

> surfdata(heights, 0..1,0..1,scaling=constrained, axes=bhoxed, style=patchocontour, shading=ZHUE ,orientation=[-70,50] ;labels=[u,v,"C{u,v)"], view=0..1});
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Student copula (with p- =—0.8 and v = 3)

> restart:

_> with(plots): with(stats):

> rho = -0.8; nu := 3;
_> Ctemp:=(u,v) —>(1f(2*Pi*sq:rt(1—rhu“"2) 1) *evalf{Int{Int{(1+{{="2)-2*rho*=s*t+t"2) f {nu*{1-vho"2)) )" {- (nu+2) /2) , s=-infinity..v) ,t=-infinity..u));
_> C:=proc(u,v)
if (u = 0) or (v = 0) then
return 0;
£i;
if {u = 1) then
return w;
£i;
if (v = 1) then
return u;
£i;
return evalf({Ctemp(statevalf[icdf, studentst[nu]] (u), statevalf[icdf,studentst[nu]](v))):;
end proc;

> n o= 25;

_> surfdata{heights, 0..1,0..1,scaling=constrained, axes=hoxed, style=patchocontour,shading=ZHUE ,orientation=[-70,50] ,labels=[u,v,"C{u,v)"], view=0..1);
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B.7 Archimedean copula

Frank copula (with 6 =1.5)

P—restart:
[> with(plots) :
P—C:=(u,v,theta)->(-1]theta)*ln(1+(((exp(-theta*u}-l}*(exp(-theta*v)-ljjjltexp(-theta)-ljj;

[} plot3d{C{u,v,1.5) ,u=0..1,v=0..1,scaling=constrained, axes=boxed, style=patchcontour,shading=ZHUE , orientation=[-70,50], labels=[u,v,"C{u,v)"]);

Clayton copula (with 8 =1.5)

P—restart:
[} with(plots) :
P—C:=(u,v,theta}—}max(((u“(—theta}+v“{—theta}}—1}“(—lftheta},0};

P—plut3d(C(u,v,1.5),u=0..1,v=0..1,scaling=cunstrained,axes=huxed,style=patchcuntuur,shading=ZHUE,urientatiun=[—?0,50], labels=[u,v,"C(u,¥)"]1);

Gumbel copula and corresponding density (with 8 =1.5)

> restart:

1 with{plots):

1 C:=(u,v, theta) -Fexp(- {{-1n{u) ) “theta+(-1n{v) ) “theta) " (1/theta)) ;

1 k:=(u,wv,theta)->(-1n{u) ) “theta+{-In{v)) "theta;
3—c:=(u,v,theta)—>C(u,v,theta)*(—ln(u})“(theta—l}*(—ln(v}}“(theta—l)*k(u,v,theta)htlftheta—QJ*(theta—1+k(u,v,theta)“(lftheta}}fufv;
3—plut3d(0(u,v,1.5),u=0..1,v=0..1,scaling=cunstrained,axes=huxed,style=patchcnntnur,shading=ZHUE,urientatiun=[—T0,50], labels=[u,v,"C{u,v)"]1):;

> plot3d(c{u,v,1.5) ,u=0..1,v0. .1, view=0. .4, axes=hoxed, style=patchcontour, shading=ZHUE ,orientation=[-70,50], labels=[u,v,"c{u,v)"]);
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B.8 Figure 7.2.1: Comparison of Value at Risk for two independent risks
with the aggregate loss of two risks

|:> restart:with{plots):

[} Varl:=({4/alpha™2)-4):

[} Var?:=((2/alpha”2) -2) ;

|:> plot{[¥axrl, WVar?],alpha=0..1,yv=0..100, thickness=2 numpoints=1000} ;
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B.9 Sum of dependent uncorrelated risks:

o T T I I A A

T T T

o o T I

some case studies

restart:

with(plots):

with(simplex) :

with(linalg):

delta:=(x,h) -rmax(h-abs(x-h),0) /h"2;

d:=1-4%a—2%c-2+%h;

Al:=matrix{[[a,b,1/3-a-b], [c,d,1/3-c-d], [1/3-a-c,1/3-b-d,a+b+c+d-1/3]11) ;

EXY:=sum{sum{AL[i,j] *{(2*%i-1) *({2%j-1) /36) ,j=1..3) ,i=1..3);

A2:=matrix([[1/9,1/9,1/9], [1/9,1/9,1/9], [1/9,1/9,1/9]1]1);

h:=1/3:

f1:=unapply (sum({sum{Al[i,j] *delta(x-(i+j-2) *h,h),i=1..3),3=1..3),a,b,c,x):

fi{a,b,c,x);

£f2:=sum{sum{AZ2[i,j] *delta(x- {i+j-2) *h,h) ,i=1..3) ,4=1..3):

£1(0,2/9,1/9,x) ;

plot{[£1(2/18,3/18,1/18, x) ,£1(1/6,1/6,0,x) ,£1(0,1/4,1/4 ,x) ,£1(0,2/9,2/9,x) ,£1(2/9,0,0,x)],3x=0. .2, thickness=2) ;
Fl:=unapply(int{fifa,b,c,x) ,x=0..v¥) ,a,b, o, v¥):

Fl{a.,b,c,y) ;F2:=int {(£2,x=0..¥v) ;

diff{Fli{a,b,.c,¥).v);

plot{[F1(2/18,3/18,1/18,v) ,F1{1/6,1/6,0,y) ,F1{0,1/4,1/4,¥) ,F1(0,2/9,2/9,¥) ,F1({2/9,0,0,y) ,F2] ,v=0..2,thickness=
2) ;

plot{[F1{0,2/9,2/9,y) ,F2,F1{2/9,0,0,y)],y=0..2,thickness=2,color=[blue,red,green]) ;
z:=18%b-11+54%a+18%c+27 /2 %aty 2-5A%ady+Q /2% kg 218 khdy+D /D2 hphy 2- 18k hy-Fhy 24124y,

zl:=diff(z,¥y):

z2:=diff(zl,v):
Bedl:={A1[1,1]+a1[1,2]1<=1/3,a1[2,1]1+A1[2,2]1<=1/3,a1[3,11+a1[3,2]1<=1/3,A1([1,1]+a1[2,1]1<=1/3,21[1,2]1+A1[2,2]<=1/
3,a1[1,3]1+A1[2,3]1<=1/3};

Ziell:=subs(y=4/3,18%b-11+54%a+18*%c+27/2%a*y"2-54%a*y+9/2 by "2-18*biy+9/ 2%y 2-18 o vy-3*y"2+12%y) ;

minimize (Ziell,Bedl, HOHHEGATIVE) ;

VaRl:=fsolwve (F1{0,2/9,2/9,¥)=0.9,v,5/3..2);

VaR2:=fsolwve(F1(2/18,3/18,1/18,v)=0.99,y,2/3..2);

VaR3:=fsolve(F1(2/9,0,0,y)=0. Bg,y,4/3. L2);

ESl:=VaR1l+int(1-F1(0,2/9,2/9,y) ,v=VaR1l..2)*100;

ES2:=VaR2+int (1-F1(2/18,3/18,1/18,v) ,y=VaR2..2) *100;

ES3:=VaR3+int{1-F1({1/6,1/6,0,¥) ,v=VaR3..2) *100;

Ql:=solve(subs{a=0,b=2/9,c=2/0,18*L-11+54*%a+18*c+27 f2*%a*y"2-54*%a*y+Q/ 2 h*y 210+ y+0 /24 hy " 2- 18 by Jry 2+12%
¥)={(1-alpha} ,¥);

Q2:=solve (subs{a=1/9,b=1/9,c=1/9,10%h-11+54*%a+18*c+27/2*%a *y"2-54%a kgt O f 2 *hhy"2- 10 by + 9/ 2 %oy 218 %oy -4y 2+1
2*y)=(1-alpha) ,¥) :

Q3:=solve (subs(a=2/9,b=0,c=0,0*y"2+156%a*y-18*c*y"2+57 *ory-00/2%a*y 2+ 57 *bry-18+*h*y"2-89/2%c-28%y-121%a-89/2+*h
+67/3)=(1-alpha) ,¥) ;

Q4:=solve (subs(a=0,b=2/9,c=2/9, 0%y 2+156%a*y-18* oty 2+5 T v ory-09 /2 a by 2+ 5 7 *h*y-18+h*y"2-89/2%c-28+y-121*%a-89/2
*h+67/3)=(1-alpha) .¥) ;

F1(0,2/9,2/9,4/3) ;F1(0,2/9,2/9,5/3);

Qlp:=piecewise(alpha>=1/9,04[1],alpha>=0,01[2]};

plot{[Qlp,Q2[2] .,03[2]1],alpha=0..2/9, thickness=2, color=[blue,red, green] ;

T¥aPRl:=v->int (Qlp,alpha=0..alpha) /alpha JTVaR2:=v->int (Q2[2] ,alpha=0..alpha) /alpha JTVWaR3:=v->int (03 [2] , alpha=0.
.alpha) falpha;

TVaR1(v) ;TVaR2(v) ;TVaR3{v) ;

plot( [T¥aRl{(l-alpha) ,T¥aR2(1-alpha) ,TvaR3(1-alpha)],h alpha=0.. 279, thicknes==2, color=[blue,red, green]) ;
plot{[Qlp,Q2[2] ,Q3[2] ,TVaRl{l-alpha) ,T¥aRZ2({1-alpha) ,T¥aR3(1-alpha})] ,alpha=0.. 279, thickness=2, color=[blue,red, o

reen,blue,red, green]) ;
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B.10 Approximation of densities for two aggregate dependent risks

restart:Digits:=16:

with{linalg) :with(plots):

h:=(x,m,d) ->max(d-abs(x-m) ,0) fd"2;

C[1]:=(u,v,theta)->({u"{-theta) +v" (-theta)-1) " (-1ftheta) ;

c[2]:=(u,v,theta) exp (- ({{-1n{u)) "theta+{-1n{v)) "theta)) " (1/theta));

n:=100;d:=1fn;epsilon:=0. Q00000001 ;

p:=(i,j.theta,r)->Clr]l(ifn,j/n,theta)+C[r] {(i-1) fn+epsilon, (j-1) fntepsilon, theta)-C[r]{({i-1) fnt+epsilon,jfn,theta)-C[r] (ifn, (j-1) /ntepsilon, theta) ;
f:=(x,theta,r)->sum{sum{p({i,j, theta,r) *h{x, d*{(i+3-1),d) ,i=1..n) ,j=1..n):

plot ([£(x, 1,1y, £{x,2,2) ,£{x,3,2) ,£{x,2,1)],2=0.03..1.95);

|vllvllvllvllvllvllvllvllvl
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B.11 Densities of three aggregate dependent risks

> restart:

=l‘-=- a:=(i,j,.k,m)->{-1)"(1i+j+k) f (8 "m+1) +1/8"m;
f3:=x-Fpiecewise(x<0,0,xI1l,x"2/2,x2,3f4-(x-3/2)"2,x{3,(3-x)"2/2,xC4,0);

£3(x) ;

plot{f3{=) ,z=-1..4);

g:=(x,m) ->Z2"m*sum(sum{sum{a{i,j .k, m) *£3{2"m*x+3-i-j-k} ,i=1..2"m) ,§=1..2"m) ,k=1..2"m) ;
plot {[£3({x) ,g{x.1)] ,x=0..3);

plot{[£3{x) ,g(x,2)] ,2=0..3);

Ivllvllvllvllvllvll
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B.12 Marginal densities

> restart:

E-With{linalg]:

3—infile:="D:fPrumutiunf9 sum of dependent risksf/margin.txt";
3—B:=cunvert{readdata{infile,5};arrayj;

i} f:=(i,x)-Heaviside({x-i+1) *Heaviside{i-x}

i} g:=(n,x)-Fsum{f{i,x) *B[i,n] f1.064529,i=1..20);

F plot{[gfl,=x),g{2,x) . gl(3,x),g{d,x),glh,x)].,>=1..20.01,0..0.25,  thickness=2 , numpoint=s=2000} ;




B.13

Ivllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllv l\"_,II\"_,II\"_,II\"_,II\"_,I

dependent versus independent case

restart:

with{plots):
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Density and cumulative distribution function of five aggregated risks,

f:=(d,x)-sum((-1) "k*binomial (d,k)*(x—k)”(d—l)*signum(x—k),k=0..d}f2f(d—1)!*Heaviside(d—x)*Heaviside(x};

F:=(d,x)->sum(({-1) "k*binomial (d,k)*((—k)”d+(x—k)”d*signum(x—k)),k=0..d)f2fd!*Heaviside(d—x}*Heaviside(x}+Heaviside(xﬂ

infile:="D: /Promotion/9 sum of dependent risksfmargin.txt";

B:=convert {(readdata(infile, ) ,array) ;

a:=(i,j.k,1,m->B[i,1]1*B[j.2]*B[k,3]*B[1,4]*B[m, 5]:;

a(5,5,5,5,58);

H:=20;

sO:=sum({sum(sum{sum(sum{a(i,j .k, 1 ,m)  i=1..H) j=1..H) ;k=1..H) ,1=1..H) m=1..H):

s:=evalf(s0) ;

g:=x-rsum{sum{sum{sum{sum{a{il,j1 k1,11 ml) *£{5 , x+5- (i1+j1+k1+11+ml1}} ,i1=1. .H) ,j1=1

G:=x-rsum{sum{sum{sum({sum(a (i2,§2 k2,12 m2) *F ({5, x+5- (i2+32+k2+12+m2} ) ,i2=1. .H) ,j2=1

Pl:=plot{g{x) ,3=0..5*, thicknes=s=2, color=blue)}:

PI:=plot({G{x) ,x=60..75,0.95..0.999 thickness=2, color=hlue):
={i,3.k,1,m)->(4f3+tsinfi+j+k)) S i+ (1/2) +k+172+m™3-4) ;

H:=20;

s0:=sum({sum{sum{sum{sum{v{i,j k,1 m) i=1..H) ,j=1. .H1) ;k=1. .H) ,1=1. .H}) ,m=1. .H):

s:=evalf(s0) ;

h:=x->sum{sum{sum{sum({sum({v (il 31 k1,11 ml) *£{5  x+5- (i1+j1+k1+11+ml}} ,id1=1. .H) ,j1=1

H:=x->sum{sum{sum{sum({sum(v(i2, 32 k2 12 m2) *F ({5, x+5- (i2+32+k2+12+m2} )} ,i2=1. .H) ,j2=1

P2:=plot{h{x) ,3=0..5*, thickness=2 ,color=red) :

Pd:=plot(H{x) ,3=60..75,0.95..0.999 thickness=2, color=red):

display{[P1,P2]);

display([P3,P4]) ;

LLHY Lk1=1..H) ,11=1..H) ,ml=1. .H) /s:
LLCHY LKk2=1..H) ,12=1..H) ,mZ2=1. .H) /s:

. HY ,k1=1..H) ,11=1..H) ,mi=1. .H) fs:
..H) ,k2=1..H) ,12=1..H) ,m2=1. .H) fs:
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B.14 Sums of dependent risks with heavy tails

Lemma 9.6.1

_} restart:

=} with({plots):

=} Gl:=1-2%=scrt{l+=) f(2+=) ;

=} G2:=1-sgqrt(2) fsq‘rt[2+z} E

=}

=} gl:=simplify{diff{cl,.=}):

=} g2:=simplify{diff({c2, =}):

=} gl:=simplify{diff (G323, =});

=} limit{g3*sqrt(l+z)"3,z=infinity) ;

=} pPlot{[c1l,62,G3] ,=z=0. .50 mumpoints=1000, thicknes=s=2 color=[red,green blue]) ;
=> Ql:=golve(cl=1-alpha, =z} ;

=> Q2:=golve(c2=1-alpha,z)};

=} 03:=solve(G3=1-alpha,z)};

=} plot{[Q1[1] ,02.,03] ,alpha=0.15. .1, numpoint==1000, thickness=2,color=[red, green blue] ,view=0..50);
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Lemma 9.6.2

restart:

with(plots):

F:=1-1F(1+x) ;

fr=umapply(diff(F, x) ,x});
A:=2F(1+a)"3;B:=1f({1+a)"2;

gi=aF (1+x) +B f (1+x) “2+8f (a-x)+Bf (a-x) "2;
simplify{g-£(x) *E{a-1-x));

a:=1+z;
G:=A*In{(1l+x) f{a-x) ) +B*({2*x—-a+1) f(1+x) f{a-x) ;
simplify{diff{c, x}):;

subs (x==z,6) —subs (3=0,G) ;

assume (z>0} ;

H2:=eval {int{2%*x/ (2+x) "2/ (1+x) ,x=0..=2)) ;
hZ:=simplify(diff(H2,=z));

Hi:=4%*int{ln{x) f(1+x)"3,x=1..z+1) ;
hl:=simplify(diff{H1,=z));

limit (H1+H2,z=infinity) ;

H:=simplify (H1+H2Z) ;
HO:=z-3>({z"2+2%z-2%In{1+=z)) f (2+z) "2 ;
K:=solve{l/u/f{(1-u)==z+2,u) ;
KO:=simplify(K[1]-K[2]):

simplify (diff(K0,z));

L:=zf(2+z);

plot{[H,L,K0] ,z=0..20 numpoints=1000, thickness=2,color=[red, green blue]) ;
Daten:=[seq{ [1-HO(k/f1000) ,kf1000] ,k=1..10000)]:
Pl:=plot(Daten,thickness=2, color=red):
P2:=plut([2*(1—alpha)/(1—(1—alpha)),2*(1+(1—alpha)”2)f(1—(1—alpha)”2)],alpha=0.15..1,view=0..10,thickness=2,culur=[green,hlue]):
display([P1,P2]};

Ivllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvllvl
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Lemma 9.6.3

> restart:

1-f:=x—}2f[1+x}“3;

- Gl:=int(48*1n(l1+x) f{(2+x)"5,x=0. .z, continuous') :
G2:=int (4*xf (2+x) "2/ (1+x) "2 ,3=0. .z, ' continuous') ;
G3I:=int (24*xf (2+x) "4/ (1+x) ,>=0. .2, ' continuous') ;
G:==simplify(cl+G2+63) ;

simplify{diff{c, z)-hhh) ;
s:=solve(1/v+2/sqrt{v)=(2+=2)"2,v) ;
sl:==implify({=[1]):

s2:==simplify(=s[2]):;

vl:=solve({u*{1l-u)=sl1l,u);

vZ2:i=solwve{u*{l-ul=s2,u) ;

vvi=simplify{v1l[1]-v1[2]) ;

GE:=1-4f(2+z)"2;

plot{[G,GG6,vv] ,z=0..5,thickness=2 numpoints=1000, color=[red, green, blue]) ;
Ql:=[seq([l-subs(z=k/100,6) ,kf100] ,k=1..400)]:

Q2:=solwve(GG=1-alpha,z);

Q3:=solwve(vv=1-alpha,=z);

plot{[01,.02[1] ,03[4]] ;alpha=0.1. .1, numpoints=1000, thicknes=s=2, color=[red, green, blue])} ;

'V"v"v"v"v"v"v"v"v v"v"v"v"v"v"v"v
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