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KURZFASSUNG iii

Kurzfassung

Der erste Teil der vorliegenden Dissertation beschéftigt sich mit quasihomogenen Blow-ups
einer Untermannigfaltigkeit ¥ in einer umgebenen Mannigfaltigkeit mit Ecken. Quasiho-
mogene Blow-ups verallgemeinern das Konzept von radiellen Blow-ups. Die Grundidee
ist das Zuordnen von Gewichten zu Funktionen, die auf Y verschwinden. Diese Idee wird

durch eine Filtrierung
(0.1) IV)=FO CcFr@ crB c. ..

realisiert, wobei F(™ ein Raum glatter Funktionen ist, deren quasihomogene Ordnung
bei Y mindestens m ist. Der Spezialfall Z C Z? C Z? C ... entspricht hierbei dem
klassischen radiellen Blow-up. Obwohl quasihomogene Blow-ups bereits in verschiedenen
Arbeiten verwendet werden (siehe zum Beispiel |7, 9, [12]), wurden in diesen Arbeiten
bisher nur Spezialfille eingefiihrt. Eine Ausarbeitung allgemeiner quasihomogenen Blow-
ups wurde in [22] begonnen, und teilweise aufgeschrieben. In dieser Arbeit liefern wir
eine formale Definition allgemeiner quasihomogener Blow-ups und vervollstindigen die

vorldufige Einfiihrung in [22].

Der zweite Teil dieser Arbeit beschiftigt sich mit der Hd-Kompaktifizierung SL(n, R) von
SL(n,R). Diese Kompaktifizierung wurde fiir allgemeine semisimple Lie Gruppen von Al-
bin, Dimakis, Melrose und Vogan in [1] eingefiihrt. SL(n,R) ist eine Mannigfaltigkeit mit
Ecken, deren Randflichen in einer Bijektion mit den Aquivalenzklassen von parabolischen
Untergruppen von SL(n,R) stehen. Wir konstruieren eine Resolution von SL(n,R), die
wir mit X bezeichnen, sodass die rechts-invarianten Differentialoperatoren auf SL(n,R) zu
Operatoren auf X mit simplem Verhalten an den verschieden Randflachen von X geliftet

werden.

Wir konstruieren eine Algebra von Pseudodifferentialoperatoren W'y auf X, die sowohl die
Lifts von rechts-invarianten Differentialoperatoren auf SL(n,RR) enthalten, als auch erste
Parametrixen fiir solche Operatoren. Wir definieren W¢ mithilfe einer Resolution von X 2,
die wir mit X2 bezeichnen und die aus X? durch eine Folge von quasihomogenen Blow-ups
konstruiert wird. Wir zeigen ein Kompositions-Theorem fiir Operatoren in W'y mithilfe
eine Resolution von X3, die wir mit X2 bezeichnen.



iv
Abstract

In the first part of this thesis we consider the quasihomogeneous blow-up of a submanifold
Y in a surrounding manifold with corners X. It generalizes the concept of radial blow-up
and revolves around the idea of assigning different weights to functions vanishing at the
submanifold Y. This yields a filtration of the space Z(Y') of smooth functions vanishing

on Y, given by subspaces of function vanishing to a certain quasihomogeneous order
(0.2) IV)=FO CcFr@ crB c. ..

It generalizes the filtration Z ¢ Z2 ¢ Z? C .... Although quasihomogeneous blow-ups
are used in [7, 9, 12], only special cases of this concept are introduced in these works,
sufficient for the situations considered in them. An exhaustive treatment of the general
case was started and written down partially in [22]. In this thesis, we provide a detailed
formal definition of quasihomogeneous blow-ups and thereby, complete the preliminary

introduction to this concept in [22].

In the second part of this thesis we consider the hd-compactification of SL(n,R), denoted by
SL(n,R), introduced by Albin, Dimakis, Melrose and Vogan in [1] for arbitrary semisimple
Lie groups. SL(n,R) is a compact manifold with corners, with boundary faces correspond-
ing to conjugacy classes of parabolic subgroups. We introduce a resolution of SL(n,R),
denoted by X, such that the right-invariant differential operators on SL(n,R) lift to X,

and become operators with simple degeneracies at the different boundary faces of X.

We construct an algebra of pseudodifferential operators ¥'g on X that contains the lifts of
right-invariant differential operators on SL(n,R), together with basic parametrices of these
operators. It is constructed using a resolution of X2, denoted X2, by a series of blow-ups.
Since the lift of right-invariant operators on X vanish to a variety of different degrees
at the boundary faces, quasihomogeneous blow-ups are used. A composition theorem for

operators in WU¥ is proven, using a resolution of the triple product space X, 3.
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CHAPTER 1

Introduction

The analysis of elliptic operators on noncompact and singular spaces is a large field of
research and has been growing steadily in the past decades. A rather geometric approach
used in this field is to compactifiy or desingularize the space in question to a manifold with
boundary (or corners), on which the operators one wants to analyze have a specific de-
generacy at the boundary. It is a general scheme in this field to ‘trade’ non-compactness
or singularities for boundary together with certain degeneracy at this boundary. For a
very simple example of such a process, consider the ‘+-0o’-end of the real line R, say the
interval (1,00). Using the map f : (1,00) — (0,1), « — 1/x, one may take [0,1] as a
compactification. When the old coordinate = approaches oo, the new coordinate ¢t = 1/x
approaches the new boundary ¢ = 0. The vector field 0, (and similarly any differential
operator) then becomes the degenerate vector field —t29;.

One approach to analyze operators on these compact manifolds with boundaries is by
studying algebras of pseudodifferential operators adapted to the degenerate behavior at
the boundary. Unlike the case of a compact manifold without boundary, where such a
calculus is discussed by Hormander in [10], there is not one specific natural algebra, but
rather several different ones, all arising naturally from the underlying geometry under con-
sideration. Due to the different phenomena that may occur there is little general theory
surrounding these different pseudodifferential calculi. Rather, great effort has gone into a
large collection of such algebras. The first of these was the b-calculus by Richard Melrose,
introduced in [21], also present in [23]. Using similar methods, a lot of which introduced by
Melrose, there followed numerous different calculi, for example |16 |15, 26} |7, 20, |17} |14, |13,
9,25, 6]. Many of the steps involved in building an elliptic theory for these different calculi
are based on the same set of principles. One of those is the definition of the algebra itself.
In the original pseudodifferential calculus on a compact manifold X without boundary, the
algebra of pseudodifferential operators is defined by characterizing their Schwartz kernels
as distributions on the double product space X?2. More specifically, they are characterized
by their singular behavior near the diagonal Ax = {(p,p) | p € X} € X2. In the more
singular settings mentioned above, this characterization needs to include the behavior at
the boundary of X. Even if X has smooth boundary, the double space X? is already a
manifold with corners and the diagonal Ax C X? meets this boundary in an analytically
rather poor way. Analyzing the Schwartz kernels near the intersection of the diagonal
with the boundary in X? is usually one of the biggest challenges of these approaches. A
commonly used geometric approach is to construct a resolution of the space X? into a
manifold with corners B(X?) via a sequence of real blow-ups, which is a geometric way

of constructing a new manifold form an old one by introducing polar coordinates along a



submanifold. The resolved space B(X?) is equipped with a map back 8 : B(X?) — X?
called the blow-down map, under which the diagonal lifts and becomes resolved at the
boundary of B(X?). Then an algebra of pseudodifferential operators can be defined as
having Schwartz kernels on X2 that are given push-forwards of distributions on B(X?)

with certain simple degeneracies at the different boundaries of B(X?).

1.1. Major contributions of this thesis

The concept of manifolds with corners and real blow-up of submanifolds are essential tools
in the different calculi mentioned above. In some situations (for example in |7, |9, [12]),
a generalization of real blow-up of submanifolds is used, called quasihomogeneous blow-
ups. It revolves around the concept of assigning weights to functions vanishing at the
submanifold in question. Although quasihomogeneous blow-ups are used in [7, 9, 12], only
special cases of this concept are introduced in these works, sufficient for the situations
considered in them. An exhaustive treatment of the general case was started and written

down partially in [22].

The first major contribution of this thesis, is to provide a detailed formal definition of
quasihomogeneous blow-ups and thereby, complete the preliminary introduction to this

concept in [22].

In Part 2 of this thesis we consider right- (or left-) invariant differential operators on the
Special Linear Group SL(n,R). This is a non-compact smooth manifold. In [1], Albin, Di-
makis, Melrose and Vogan introduced the hd-compactification for semisimple Lie Groups.
For the case of SL(n,R), we denote this compactification by SL(n,R). It is a compact
manifold with corners. We move to a resolution of SL(n,R), denoted by X. The algebra
of right-invariant differential operators on SL(n,R) lifts to X and becomes an algebra of

operators with simple degeneracies at the different boundary faces of X.

The second major contribution of this thesis is the construction of an algebra of pseudodif-
ferential operators W'y on X that contains the lifts of right-invariant differential operators
on SL(n,R), together with basic parametrices of these operators. It is constructed using a
resolution of X2, denoted X2, by a series of blow-ups. Here, quasihomogeneous blow-ups
are used. A composition theorem for operators in W¥ is proven, using a resolution of the

triple product space X?3.

The thesis is structured as follows: In Section[I.2]of this introduction we shortly recall the
basic definitions surrounding manifolds with corners and real radial blow-up, in an effort
to clearly outline the generalization to the quasihomogeneous case. In Section [I.3] we in-
troduce the concept of a quasihomogeneous structure and the corresponding blow-up. In
Section we introduce the hd-compactification SL(n,R), the resolution space X, and
the lifted differential operators on X.



In Chapter 2, we give the definition and basic properties of quasihomogeneous blow-ups. In
Chapter 3, we generalize commutativity results from the case of classical radial blow-ups to
the case of quasihomogeneous ones. In Chapter 4, marking the beginning of Part 2 of this
thesis, we shortly recall some Lie Group theory, that is necessary for the following analysis.
In Chapter 5, we introduce the hd-compactification of SL(n,R). In Chapter 6, we restrict
to the case of SL(3,R) and introduce the resolution space of the hd-compactification,
analyze the lift of right- and left invariant operators to this resolved space, and start to
develop an elliptic theory for theses operators. In Chapter 7, we generalize the results of
Chapter 6 for arbitrary n. Finally, we give a outlook on potential future work in Chapter
8.

1.2. Basic definitions of manifolds and radial blow-up

A smooth real manifold with boundary of dimension n is a topological space that is
equipped with a smooth structure locally modeled over the half space R} = R4 X R 1
where Ry := [0,00). Analogously, a manifold with corners X is a space with a smooth
structure locally modeled over R} := Rﬁ x R**. Thus for each point p € X there is a
diffeomorphism mapping an open neighborhood of p into an open domain in R} (equipped
with the restricted topology of R™). Each point p € X has a uniquely defined codimension
k given by the minimal k such that a neighborhood of p may be modeled over RZH The
closure of a connected component of points with a fixed codimension is called a boundary
face of X. The set of all boundary faces is denoted by M (X), those of codimension k
by My (X). As part of the definition, we require each boundary face to be embedded. It
follows from this that each boundary face of a manifold with corners is again a manifold
with corners. Boundary faces of codimension 1 are called boundary hypersurfaces. Each
of the hypersurfaces H € M;(X) has a globally defined boundary defining function xp,
which is a non-negative smooth function on X such that H = {xy = 0} and dx g is non
vanishing on H. This is of course not unique.

As an example consider the manifold with corners RS = {(z1,22,y) | ; > 0}. It has
two hypersurfaces Hy = {x; = 0}, Hy = {x2 = 0} with boundary defining functions for
example x1, xo respectively. And it has one codimension 2 boundary face F' = Hy N Hs.
Vector fields: The tangent bundle T'X of a manifold with corners may be constructed
analogously to a manifold with boundary. Recall however, that tangent vectors do not
need to relate to the boundary. For each p € X, the tangent space has a inward pointing
part T;r X C T,X. These no longer form a vector bundle. There is however another nat-
ural appearing vector bundle other then T'X on a manifold with corners that does relate
nicely to the boundary, called the compressed tangent bundle and denoted by *TX. More
precisely it is defined as follows.

Let V4 be the space of all smooth vector fields on X that are tangent to all boundary faces.
In a local model R} = {(x1,..., 2%k, Y1, .- Yn—k) | ;i > 0} they are spanned by ;0;,, Oy,.
They form a Lie algebroid and thus are the C'**-sections of a vector bundle, denoted by
INotice that one could also model a smooth manifold without boundary over R}, simply by staying away

from the boundary. A point p having codimension k is equivalent to being able to choose a local model
that maps p to 0 € Rj;.



®T'X. This bundle can also be constructed directly by setting

(1) "X =10 v xy

Submanifolds: As with vector fields, general submanifolds may relate well or poorly
to the boundary faces of a manifold with corners. There are several different classes
for submanifolds defined on manifolds with corners (for an extensive treatment see, for
example, [22]). The most relevant class of submanifolds in this thesis are so called p-
submanifolds. A subset Y C X is called a p-submanifold of X if for each p € Y there
are local coordinates (z,2’,y,y") (x,2’ > 0) of X such that locally Y = {2/ = ¢/ = 0}.
The ‘p’ stands for product, since this is equivalent to saying that X takes local product
form X = Y x X’ near each point p € Y. Boundary faces are always p-submanifolds.
For another example, consider the two subsets S, 7 C R% = {(z1,22) | z; > 0} given by
S ={x; =1} and T = {x1 = 22}. Then S is a p-submanifold of R3 and T is not, since
near the origin no product coordinates can be chosen.

Radial blow-up: The concept of blowing up submanifolds Y C X is a systematic and
geometric way of introducing polar coordinates along Y. For an exhaustive treatment see
[22], we only give a brief introduction here. We start with the local model. Consider again
a p-submanifold Y C X. By definition, we may choose a local model such that

(1.2) Y =R} x {0} CR} =X (n' <n,k <k),

with standard coordinates x,2’,y,y" such that Y = {z = y = 0}. Then local polar

coordinates are given by z,y, r, ¢ with
(1.3) re (0,00), €SPl i=s" ORI

where S! C R! is the unit sphere. This identifies X \ Y locally with R}, x (0, 00) x SZ:Z,/A.
The radial blow-up of Y C X is given by compactifying this local model at r = 0. Thus
the blow-up of RY, x {0} C R} is a new manifold, denoted by [RY; R}, x {0}] given by

(1.4) [RE: R x {0}] = RY x [Rp=p%: {0}] = RYY x [0,00) x §p=f .

This is again a manifold with cornerﬂ.The newly created boundary hypersurface {r =
0} C R RY x {0}] is called the front face, denoted by ff(R}, x {0}). The blown-up space
is equipped with a blow-down map

(1.5) B RERY < {0}] = Y, (2,9,7,0) = (2,y,79).

The radius r is the lift of r = \/|z|?> + |y|? and is a global boundary defining function of
fE(RY, x {0}).

For a general submanifold ¥ C X, one can define the blow-up of Y on X, denoted by
[X; Y] using the local models above. Of course the local polar coordinates depend on the
local product coordinates chosen in this construction. A (rather non trivial) fundamental
result about blow-up, and ultimately the reason for its usefulness, is the fact the the
space [X;Y] is a uniquely defined manifold with corners independent of the choice of

2The only thing one needs to check is that SZ:;//* = §n—n'-1 n RZ:Z,/ is a manifold with corners, which

is straight forward using standard polar coordinates on the sphere.

4



local coordinates. More precisely, any diffeomorphism on X that is equal to the identity
on Y lifts to a diffeomorphism on [X;Y]. An alternative way of formulating this (that
may give an better intuition of what this uniqueness actually means) is to say that the
statement ‘a function f is smooth in polar coordinates along Y’ is well stated without
any further information on what polar coordinates are meant precisely. One consequence
of this naturality is that blow-up may be iterated easily, meaning a new p-submanifold
in [X;Y] may be chosen and blown up, allowing for the resolution on rather complicated
situations.

There is also a global construction of [X; Y] without the use of local coordinates: Given

Y C X, the inward pointing part of its normal bundle is given at each p € Y by N;r Y =

Jr
T, X/pr The inwards pointing part of the spherical normal bundle of Y is defined at
each point by

+
(1.6) sty = VA0 &
The blown-up space may then be set as
(1.7) [X;Y]:=X\YUSTNY.

The C*°-structure is then defined using the existence of a normal fibration, which identifies
a neighborhood of Y with a neighborhood of the zero section of the inward pointing part
of the normal bundle N*Y.

One of the most fundamental result about vector fields, regarding the question of how to

use blow-ups as a means of resolution, is the following:

Theorem 1.1: Let Y C X be a closed p-submanifold. Then the space of vector fields
V € Vy(X) that are tangent to Y lift under §: [X;Y] — X to become smooth vector fields
on [X;Y] that span, over C*°([X;Y]), the space Vp([X;Y]).

A proof may be found in [22], Proposition 5.3.1.

1.3. Quasihomogeneous blow-up

In the first part of this thesis we generalize the construction of radial blow-up to quasi-
homogeneous ones. In special cases, quasihomogeneous blow-ups have already been used
extensively, for example in [12] or |7]. An exhaustive treatment of the general case was
started and written down partially in [22]. The first major contribution of this thesis, is to
provide a detailed formal definition of quasihomogeneous blow-ups and thereby, complete
the preliminary introduction to this concept in [22].

Consider again a p-submanifold Y C X. Denote by Z™(Y") the ideal of those functions

that vanish to order at least m € N at Y, which form a filtration
(1.8) IY)>Z*(YV)DI3(Y)D...

It is easy to see by definition of radial blow-up, that each Z™(Y") lifts to [X;Y] to become
elements of the ideal Z™(ff(Y')) of functions vanishing to order at least m on ff(Y). In

5



local product coordinates Y = {x; = 0} these spaces are given by
(1.9) "Y)= Y 2*C™(X).
|a|>m
A quasihomogeneous structure at Y C X is a more general structure of this type. Intu-

itively, it is constructed by giving different coordinate functions different weights, resulting
in a filtration of Z(Y")

(1.10) V) =FY 5 FO 5 7O 5

given by ideals F(™) consisting of those function whose ‘weighted order’ at Y is at least
m (see Definition [2.27). As a simple example, consider the p-submanifold {0} ¢ R? and
choose the standard coordinates 1, x2. Then giving 1 the weight 1 and x5 the weight 3
results in the ideals
(1.11) Fmh = 3" atabco(R?).

a+3b>m

Meaning
FO = spangee {1, 2}
F@ = span oo {:U%, x2}

(1 12) ].'(3) = Spancoo {:L'?) 1'2}
. ].‘(4) — Spancoo{l‘élla 1T, LE%}

5 5 .2 2 2
FO) = spangec {23, 222, 2122, 23}

Locally, one possibility to define such a structure in general near a point in a submanifold
Y C X is to chose local product coordinates xi,x;, Y = {x; = 0} (some of the z;
might be in R;) and associate to each x; a weight x;. We may assume for simplicity

k

that the k; are ordered x; < ko < --- < Kg. Using multi indecies % = :1:?1 . xz and

K- = Kiag + - - + kpag we get a (locally defined) quasihomogeneous structure by

(1.13) Fimh = 3" 220 (X).

ra>m

Such a filtration of Z(Y") also yields a filtration of the conormal bundle N*Y
(1.14) N*Y2513523533...

given by Sy, = {dfn+y | f € F™}. The largest m for which S,, # 0 is also the largest
weight given to a function. We call such a filtration of the conormal bundle Y a conor-
mal filtration. The quasihomogeneous blow-up of Y with respect to a quasihomogeneous
structure will then again be a new manifold [X; Y], consisting of X \ Y disjointly united
with a front face ff(Y) together with a blow-down map § : [X;Y],, — X under which
each F(™) lifts to become smooth and an element of the ideal Z™(ff(Y)).

The idea of assigning different coordinate functions weights is used in several different
areas of mathematics. Besides the use in differential geometry presented here, it is also

used in algebraic geometry and many other fields, where it is also called weighting or goes

6



under yet another term. A recent paper by Meinrenken and Loizides (|1§], at the present
a paper in preparation) gives a comprehensive overview of the use of weighting in the
setting of differential geometry. The idea of using a filtration as described above to define
a quasihomogeneous structure in the setting of manifolds with corners and real blow-up
goes back to Richard Melrose in [22]. There, the fundamental ideas and definitions sur-
rounding such a structure and the blown-up space are already present, although details
and proofs are only partially available. The fist part of the thesis aims to contribute a
comprehensive treatment of quasihomogeneous blow-ups in the setting of p-submanifolds
of manifolds with corners and thus, provide a theoretical foundation for potential future
use in the resolution of singular structures.

More precisely, in Chapter 2 we introduce the basic definition of a quasihomogeneous struc-
ture at a submanifold Y C X and the blown-up space [X;Y],. In order to introduce this
construction, consider again the local model in , however using simplified notation,
given by coordinates z;, z; with Y = {z; = 0} (thus, some of the z;, ] are restricted to

being positive). In the case of the radial blow-up 7 = /2% + -+ + x% is a 1-homogeneous

function that lifts to become a boundary defining function of the front face and a local
model for the blown-up space was [0, 00) X SZ:Z*I = [0,00) x {x € RZ:ZLl | r(x) =1}
In the quasihomogeneous case, where each x; has an associated weight k;, we replace the

radial function by one that has ‘weighted homogeneity’ 1, for example

k 1/2(kp)!
(1.15) re(r) = (Z x?(ﬁk)!/lﬁ> ‘

i=1
Since each x; has ‘weighted homogeneity’ k;, the homogeneity of each summand is 2(xg)!,
making r,, a 1-homogeneous function. The use of (kx)! is somewhat arbitrary. It could be
replaced with any number that is a multiple of all k;, that appear. We then may use as a
model for the blown-up space
—n'—1
(1.16) [0,00) X (S5 ™ )ans

N——
or

where (SZ:Z/Ll)qh is the inward pointing part of the non-round sphere
(1.17) (Si % Dan = {z € R | () = 11

Similar to the radial case, we will also give a global definition of the blown-up space in
Chapter 2. One of the main challenges of the construction is to prove its naturality,
meaning its independence of the chosen local coordinates. Of course, the construction
of [X;Y],n depends on the quasihomogeneous structure F (m) " One of the main theorems
(Theorem of Chapter 2 states that the blown-up space depends only on this filtration.
To be more precise, given two quasihomogeneous structures F (m) F(m) a4t V| the identity
lifts to a diffeomorphism [X; Y]y, 2 [X;Y] 5 if and only if F™) = F(m),

Of course, this leaves an even more fundamental question open: what exactly defines
a quasihomogeneous structure? One question that might be asked is if the filtration of
the normal bundle N*Y = S; D Sy D ... defined above already fully defines such a

structure. For an example that shows that this is not true, consider again 0 € R? with

7



weights associated to x1,z2 being 1 and 3 respectively. Consider the two coordinate

transformations

571 =1, 532 :x2+l’%
(1.18) ~ 5
1 =21+ x5, T2 =22
with associated weights staying 1 and 3 in both cases respectively. A simple calculation
shows that both transformations still yield the same filtration of N*Y', but only the second
one yields the same filtration of Z(Y").
In Chapter 2, we give a full characterization of coordinate transformations under which a
given quasihomogeneous structure is stable. Furthermore, we give a global, coordinate-free
characterization of what filtrations F(™) actually define a quasihomogeneous structure and
show its equivalence to the existence of local coordinates under which it takes the form
([T.13).
After these basic definitions and theorems, we continue in Chapter 2 by discussing vector
fields and their lifts under quasihomogeneous blow-up. Recall that under radial blow-up,
the ideal of all smooth vector fields V' € V,(X) that are tangent to Y lift to become
smooth vector fields on [X;Y] and span, over C°, the ideal V,([X;Y]). Such a vector
field V satisfies VZ(Y)™ C Z(Y)™ for all m. In other words, a vector field is tangent to
Y if and only if it does not decrease the order of vanishing of a function at Y. Similarly,
given a quasihomogeneous structure at Y, one can define the Lie algebra of vector fields
V € V(X)) that do not decrease the weighted order of a function, i.e. those that satisfy
VFm < Fm | denoted by V3. We show, that these vector fields lift to [X;Y],, to
become smooth elements of V,([X;Y]g,). Unfortunately, they only span Vy([X;Y]4n) over
C* almost everywhere. Denote by ¢ the largest weight appearing in the quasihomogeneous
structure at Y. Then V% is in fact only one element of a filtration

(1.19) V(X)) =V oVt ooV o Vo

where for m € Z we set Vg™ = {V € Vy(X) | VF) ¢ F™'=m vm'}, ie. the set of
all vector fields that decreases the weighted order of a function at Y by at most m. It is
easy to see that any vector field can reduce the weighted order of a function by at most ¢,
showing that V¢ = Vy(X). Also, by definition we have [V=™ V="'] C V=" In fact,
such a filtration of V,(X) may also be used to characterize a quasihomogeneous structure.
Filtrations of the space of smooth vector fields satisfying such a commutator condition are
often called singular Lie filtrations and have been studied extensively in different contexts
of differential analysis (see e.g. [18] [4])

We continue in Chapter 3 with analyzing the question of lifting- and commutativity re-
sults in this more general setting. This thesis contributes analogous versions of standard
commutativity result for radial blow-up and also states some less frequently used results
generalized to this setting. One main difficulty in doing so is that one needs to extend the
definition of lifting submanifolds under blow-up to lifting quasihomogeneous structures.
These results mark the end of Part 1 and will be used to resolve a structure associated to
left- and right-invariant differential operators in the Lie Group SL(n,R) in Part 2 of this
thesis.



1.4. Pseudodifferential calculus on SL(n,R)

In the second part of this thesis, we consider the real reductive Lie group SL(n,R). We
shortly recall some basics on Lie Groups in Chapter [l We consider the Lie algebra of

right- (or left-) invariant vector fields on SL(n,RR). Their universal enveloping algebra is a
T

an elliptic theory. The group SL(n,R) is, of course, not compact. As described in the

ring of right invariant differential operators, denoted by Diff’.., for which we aim to develop
beginning of the introduction, we ‘trade’ non-compactness for a boundary by moving to a
compactification. Different compactifications of Lie groups have been studied extensively
and a large amount of research has gone into the study of several different options. One
of the most famous one being the one by De Concini and Procesi [5], called the wonderful
compactification. Since the goal of this thesis is a differential analysis of operators acting
on the (real) manifold SL(n,R), we chose the hd-compactification introduced by Albin,
Dimakis, Melrose and Vogan in [1]. It is viewed by the authors as a real analog of the
wonderful compactification and is closely related to it. To be more precise, for a complex
semisimple Lie group, the real blow-up of the exceptional divisor of the adjoint group in

the wonderful compactification yields a hd-compactification.

1.4.1. Hd-compactification of SL(n,R). We define a compactification of a real
non compact manifold M as a compact manifold with corners M together with a map
I : M — M that is a diffeomorphism onto the interior of M. This is not unique, and a
‘good’ compactification always fulfills additional properties. In the case of the manifold
M being a group, one can demand that the compactification relates nicely to the group
action and the invariant vector fields on G. In this thesis, we consider the specific group
SL(n,R). In this case, the hd-compactification can be constructed explicitly as follows.
First, take the standard Hilbert Schmidt norm on the space of n x n-matrices and denote
by

(1.20) SH(n) = {A € Mat(n x n) | ||A]| =1}

the unit sphere of matrices. Then A — H/%H maps each element of SL(n,R) onto SH(n).
We denote the image of this map by SI;(n) C SH(n). It consists of all matrices with
norm one that have positive determinant SI4 (n) = {A € SH(n) | det A > 0}. It is easy to
see that this map is a diffeomorphism onto its image SI (n), since the inverse is explicitly

given by A — Of course, one possibility of compactifying SL(n,R) would be to

A
det(A)I/m
simply take the closure of SI; (n) as a subset of the compact manifold SH(n), however, for

n > 2 we take further steps. The boundary dSI;(n) in SH(n) is the set of all matrices

with norm 1 and determinant 0
(1.21) 0SIy(n) ={A € SH(n) | det A =0}.

This space is stratified by the matrices with a fixed rank k£ = 1,...n — 1. Thus, by setting
Sy ={A € SH(n) | rank A =n — k} we get

n—1
(1.22) OSLi(n) = | | Sk
k=1
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A schematic visualization of the situation in the case SL(3,R) is given in the left half of
Figure For a better intuition one can consider the following matrices in SL(3,R) as

an example:
(1.23) Ai(e) = £ , Aa(e) = 1/e

Both A;(e) and As(e) are elements of SL(3,R) for ¢ > 0. As ¢ — 0, the matrices ‘approach
infinity’. Their projections onto SH(3,R) are given (up to higher order terms in ¢) by

(1.24) Ai(e) = g2 , As(e) = —= 1

As € — 0 they tend to the boundary of SI, (3) where they hit it and A;(0) € S1, A3(0) €
Ss.

For a general n, the deepest stratum S, _1 is a compact submanifold without boundary of
SH(n). Thus we may define the (real radial) blow-up [SH(n); Sn,—1]. By a general result
about group actions (see [2], Theorem 7.5) the next higher stratum S, lifts under this
blow-up to become a compact p-submanifold of [SH(n); S,,—1]. Iterating this process and

blowing up all S yields a compact manifold with corners
(1.25) SH(n) := [SH(n); Sp_1; .. .;51].

The closure of the lift of SI; (n) to this space is one of two connected components of SH(n)
and by definition the hd-compactification of SL(n,R), denoted by SL(n) (see right site of
Figure [L.1)). We denote the boundary hypersurface generated from Sy, by Hy.

FIGURE 1.1. A schematic visualization of SH(3), SI(3), SH(3), SL(3) and S,.

Each boundary hypersurface Hj, fibers over two copies of the Grassmannian of type k
SH(n — k) x SH(k) ————— Hy,
(1.26) l
Gr(R™, k) x Gr(R", k)

One of the two Grassmanians corresponding to the image of an element A € S, the
other to the (orthogonal complement) of the kernel. The fiber is modeled inductively over
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SH of lower dimension. The first factor of the fiber corresponds to the restriction of A
to the orthogonal complement of its kernel, and the other one to the remainder, when
approaching A.

The different boundary hypersurfaces Hj, intersect each other. A phenomenon that one
might expect, but is not the case here, is that the different fibrations would be iterated,
in the sense that whenever two hypersurfaces meet, the two fibrations restricted to the
intersection, form a tower in the fibers. This is not the case here, however, there is
a similar, but slightly weaker structure, that one might call partially ordered iteration:
Let ¢ = {q1,...@} C {1,...,n — 1} be any index subset. Then the intersection F; =
Hg N---N Hg is non empty and is a connected boundary face of SL(n). In fact, the set
of boundary surfaces of SL(n) is indexed by these g. The fibers of the different fibrations
Hg — Gr(g;)? restricted to Fy intersect each other cleanly and their intersections form
smaller fibers of a common larger fibration: Denote by F; the Flag manifold of type ¢,
meaning the space of all flags Uy C Us C ...U; where dimU; = ¢;. Then the boundary
face Iy fiber over two copies of this Flag variety Fz — F5 x F3. and each of the fibrations

of Hg, restrict to F; to form a tower
(1.27) Fg — Fg x Fg = Gr(q;) x Gr(q),

where the second map is simply given by projection from the flag onto its dim g;-subspace.
In fact, given any two boundary faces Fy, Fiy such that the first is also a boundary face
of the second Fy — Fy we necessarily have ¢ O ¢’ and a natural projection map between
the flag varieties F7 — Fz such that the diagram
(1.28) loe o

T 1

Fg —— Fq

commutes. The single boundary face of maximal codimension corresponding to ¢ =

{1,...,n — 1} is called the Borel face. A point p in the base fixes an Iwasawa decom-
position
(1.29) SL(n) = SO(n)A,N,

of the group and a corresponding decomposition of the Lie algebra
(1.30) sl(n) =so(n) ® a, & n,

which may be used to analyze the lift of the right-invariant vector fields on SL(n,R). We
will see that a, decomposes into n — 1 one-dimensional spaces, each of which induces a
local boundary defining function of the hypersurface H; near p. By smoothness in p, this
gives rise to a set of globally defined boundary defining functions 7; for H; under which
all the fibrations Fg — fqg extend into the interior and, restricted to a single fiber, 7;0;, is

an element of the Lie algebra. The root space decomposition of n, induces a filtration on
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the tangent space of each flag manifold F7; indexed over multi indexes
E*CTF;, a<f=E*CE",
E*+ E° C BT | Vo, V5] C Vass ,

where V, = C*(Fgz; E%). The notation E for one subbundle of T'F; for all g is justified
by the fact that they behave as expected under projection Fgz — F.

(1.31)

This structure induces a Lie algebroid of vector fields V. C V, consisting of those vector
fields tangent to the boundary and tangent to the fibers of all fibrations F; — .7-",12 LI Fiq
over the left or right flag manifold (depending on considering right- or left-invariant vector
fields) and with normal vanishing properties encoded by the bundles E.

Right-invariant vector fields are elements of this Lie algebroid V.. Intuitively, V. consist
of those vector fields whose vanishing behavior at the boundary of the compactification
SL(n,R) is modeled by the right-invariant vector fields.

1.4.2. Resolution of the compactification. The main goal of the second part

in this thesis is the resolution of V.. Even though it is a Lie algebroid, the fact that the
fibrations of the different hypersurfaces H; are not iterated in the strong sense complicates
the analysis.
The solution pursued in this thesis is to move to a resolution space, denoted by X that
is constructed from SL(n,R) via a series of real radial blow-up. To be more precise, it is
the total boundary blow-up of SL(n,R), meaning that every boundary face Fj is blown up
to generate a boundary hypersurface Hz. The fibration of Fj lifts to a fibration of Hj.
It is an easy consequence of that wherever some collection of these newly created
hypersurfaces Hg,, ..., Hz meet, their intersection F' = Hg N---MN Hg, is a boundary face
of X, the corresponding multi-indexes are totally ordered q; > --- > @i, and the fibrations
of the different Hy, restricted to F' form a tower

bq Tqy1,q Tgo,q
(1.32) F — Fp —3 Fg —5 Fg Fap-

(?51?2

a3

d)fik

This means that X carries an iterated fibration structure. Such structures are the focus of
recent work in several different situations, for example [6], [24], [3].

The Lie algebroid V, lifts to X and becomes a sub Lie-algebra of V,(X). Due to the fact
that new fiber coordinates are introduced by the total boundary blow-up, the lift of V.
to X is no longer a Lie algebroid. However, its C'*° span is again a Lie algebroid on X,
denoted by Vsr..

Of course, X is also a compactification of SL(n,R), since the blow down map X — SL is
a diffeomorphism of the interiors, but one should think of it more as a resolution of SL
into a manifold carrying an iterated fibration structure.

Lifting both the Lie algebra of right-invariant vector fields V,; and V, to X we get

(1.33) Vi C Ve C Vs, C Vp.
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The universal enveloping algebras of theses spaces give rise to different classes of differential

operators on X, namely
(1.34) Dift,; c Dift. C Diffgy, .

Although operators in Diff,; are the main interest of this study, for large parts of the
elliptic theory it is more natural to study elements of Diffgr,, since Vgr, is a Lie algebroid
on X and thus consist of the smooth sections of a vector bundle SFTX.

Schwartz kernels of operators in Diffgy, can thus be studied by analyzing the lift of Vg,
from either the left or the right to the double space (X)2. As usual when dealing with
manifolds with any kind of boundary, the diagonal A C X?2, which is of primary interest
in the analysis of the Schwartz kernels, hits the boundary rather poorly from an analytical
standpoint and analyzing the vector fields Vg1, near the intersection of the diagonal with
the boundary in X? is the main challenge when developing an elliptic theory for Diffgr,.
One of the main contributions of the second part of the thesis is the construction of a
resolution of X2, denoted by X2 under which the diagonal lifts to become a p-submanifold
and V; lifts from either the left or right to become transversal to the diagonal. The space
X2 is constructed via a series of blow-ups. Here, quasihomogeneous blow-ups are used in
order to resolve the different orders of vanishing appearing from .

This resolution allows to define an algebra of pseudodifferential operators, whose Schwartz
kernels are the push-forward of certain (rather simple) distributions on X?2. This algebra
contains Diffgy, together with weak parametrices for these operators. A composition theo-
rem for these pseudodifferential operators is proven, again using a geometric approach by
constructing a resolution of the triple space X3, denoted by X3.

Part 2 of this thesis is structured as follows: In Chapter 4 we briefly recall basic definitions
and properties of semisimple Lie Groups. In Chapter 5 we discuss the hd-compactification
of SL(n,R) together with the lift of right-invariant vector fields on it. In Chapter 6 we
construct the resolution and the pseudodifferential calculus as described above for the
special case of n = 3. Most of the challenges for the general case are already present in

this case and it serves as a guidance for general n, which is described in Chapter 7.
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Part 1

Quasihomogeneous blow-ups of

p-submanifolds






CHAPTER 2

Construction and basic properties

We start with a short discussion of the general case of arbitrary p-submanifolds Y of a
surrounding manifold with corners X. We then restrict the construction to the special
case of blowing up 0 in a vector space, and continue by moving to more and more general
cases before finishing this chapter with arbitrary p-submanifolds.

First, we define a conormal filtration at a p-submanifold. It is motivated by the idea of
giving different codirections in the cotangent bundle weights. For this, we briefly need
to recall some basic definitions about manifolds with corners: Let Y C X be a bound-
ary p-submanifold. We denote by Fa(Y’) the smallest boundary face of X that contains
Y. Furthermore we set Hu(Y) = Hu(Fa(Y)) C M;(X) to be the set of all boundary
hypersurfaces of X that contain Fa(Y). Recall that we then have

(2.1) Fa(Y)C (] H and N*Fa(Y)= @ N'H.

HeHu(Y) HeHu(Y)
Definition 2.1: Let M be a manifold (with corners) and Y C X a p-submanifold. A
conormal filtration at p is a fan

(2.2) NiX=8282...82{0}=Su=...

of decreasing subbundles of Ny.X. When Y is a boundary submanifold, we have to pose
a condition for the Sy to relate nicely to the boundary, namely that there is a sequence of
integers Ky for each H € Hu(Y') such that
(2.3) SkN Ny Fa(Y) = € NyH for all k

K>k

There are some things to note about this definition:

(1) It is to be interpreted as following: A codirection dz € Si has the associated
weight at least k. Since the subspaces are nested, each codirection dx has a
assigned weight, given by the highest index k for which dx € Sj.

(2) Some consecutive S might be equal. For example, if there are some codirec-
tions with weight 3 but no codirections with weight 2, then Sy = S3. However,
this information is not redundant, since it encodes the weights of the different
codirections [1

(3) It is convenient to require S, to be of dimension at least 1. Therefore ¢ is the

highest homogeneity that actually occurs.

1Equiva1ent1y, one could define the fan as strictly decreasing in dimension and additionally assign a (strictly
increasing) weight to each Sk.
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For concrete calculations below, the notion of matching coordinates will become important:

Definition 2.2: Let (Sg) be a conormal filtration at' Y C X. Local product coordinates
(xi,y;) of Y (whereY is given by {x; = 0}) are said to match (Sy) if there is an increasing
series of numbers 1 = N(1) < N(2) <...N(q) such that

(2.4) Skly = span{dz; | ¢ = N(k),...,n}

fork =1...q. Eachdz; then has the associated weight k; = j = dx; € Sj but dax; ¢ Sjq1.

The k; are increasing and K, = q.

Notice that the multi-index x € N does not depend on the choice of matching coordi-
nates, but only on (Sg). In fact, it only depends on the dimensions of the (Sk), where the
first (dim S7 — dim S2) of the k; are equal to one, the next (dim S — dim S3) are equal to
2 and so forth.

Similarly, any choice of local product coordinates (z;,y;) of Y where Y = {z; = 0} to-
gether with an associated weight k; € N for each z; yields locally a conormal filtration

given by Sy = span{dz;|n~y | ki > k}.

Normal fibration: Before we start, we will briefly recall the concept of a normal fibration,
since it is of vital importance later on. Let Y C X be a p-submanifold of a manifold with
corners. Then the normal bundle NY of Y is a vector-bundle over Y with fiber over each
p € Y given by T,X/T,Y. It has the structure of a manifold with corners. Let Ony
denote the zero-section of NY, which is naturally identified with Y. A normal fibration of
Y is an identification of a neighborhood of ¥ (in X') and a neighborhood of Ony in NY.
Formally it is a map ¢ : Ucyy — Vex (where U is an open neighborhood of Oy and V'
is an open neighborhood of Y) such that ¢ is a diffeomorphism and ¢|o,, is equal to the
identification of Oy and Y. Since NY is a vector bundle it can be locally trivialized. This
local product structure can be pulled back under ¢~ to V. The tubular neighborhood

theorem states that such a normal fibration always exists.

2.1. Zero in a vector space

We start by considering {0} C V where V' is a n-dimensional real vector space. A conormal
filtration at {0} is then simply a filtration of the dual space

(2.5) Vi =TgV=528---28,

As we will see below, in this special case such a filtration already defines a unique quasi-
homogeneous blow-up [V, 0](g,) as a manifold with boundary constructed as follows:

We start by constructing the front face of the blown-up space as a set and add the C°°-
structure afterwards. The annihilators of the (S) define a filtration of V'

(2.6) V=25,128 D28 DS ={0}.
Using this, we define the associated graded space of V' to be

Sy Sy
(2.7) Voi=V/groi /g1 @07 /g0 8y,
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which is again a vector space of the same dimension as V and is the direct sum of ¢ — 1
real vector spaces S kl—ﬁ-l/s 1 (some of these might be zero dimensional). Vg and V are
not naturally identified, however any choice of linear coordinates on V' that match the
conormal filtration (Si) as in Definition yields such a identification. As an example,
consider V = R3 with standard coordinates 1, x2, x3. Associate the weights 1,1, 3 to these
functions respectively. In other words, the conormal filtration is given by S; = V*, S5 =
S3 = span{dz3}. The dual flag is given by S3- = S5~ = span{z1, 22}, Si = {0}. Thus Vs
has the two (not zero dimensional) factors V/ S and S3-. The linear coordinates 1, 2, r3

1
give an identification V = Vg. In general, one should think of the factor S k+1/5¢ as the
k

part of the vector space with weight exactly k£ (compared to Sk{H being the part of weight
at most k). This statement is of course only meaningful on Vg, not V.

Recall that on any real vector space W there is a canonically defined ‘standard outgo-
ing vector field’ given in any linear coordinates z; by > x;0,,. It is a straight forward
calculation to check that this is well-defined, independent of the linear coordinates. This
standard outgoing vector field of often simply denoted by zd,. We now set Rg to be
the (well-defined) vector field on Vg that is given on S k:L+1/S 1 by the k-th multiple of the
standard outgoing vector field. Given any linear matching cgordinates x; on V (and thus
an identification V = Vg) with associated weights k; it is given by

(2.8) Rg = Z KOy,
i=1

Again, it is not unique on V, only in Vg. The flow-out of this vector field defines a R+ ¢-
group action Vs x Ry — Vs, (2,t) = @} (). The quotient of Vs \ {0} by this action will
be our model for the front face:

(2.9) .= Vs N0 g Vi0)s,) == (V\ {0} U

For the C*°-structure choose linear coordinates (z;) that match (Sg). Under the Rsg

action of Rg, the function

n 1/2(Nn)!
(2.10) re(z) = (Z xf(nn)z/ni>

i=1
is homogeneous of degree 1, since each x; is homogeneous of degree k; H This function
will serve as a replacement for the standard radius used in the radial blow-up. Since 7, is
homogeneous of degree 1 under the R+ action of Rg, it defines a diffeomorphism

(2.11) VA {0} >z (rg(z),w) € (0,00) X S’,;”_l

where S?71 := {z € V : ry(z) = 1} can be identified with ff . The second factor of the

map is given by the projection along the flow of Ry, so

(2.12) w; =

The inverse of this maps extends smoothly to r = 0 and will define our blow-up:

2The use of (kn)! is somewhat arbitrary. The least common multiple of all ; would work as well.
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Definition 2.3: Let (Sk) be a conormal filtration at 0 € V. Let (x;) be linear coordinates
that match (Sk). We define the blow-up of 0 with respect to (Sk) as in (2.9)) together with

the C'*°-structure and blow-down map given by
(2.13) B :[V;0](s,) = [0,00) x STl s (rw) = (FFlwr, .., W) €V

Of course we need to check that the C'°°-structure is independent of the choice of linear

coordinates. To do this, projective coordinates on the new manifold are very useful.

2.1.1. Projective coordinates. Similar to the radial blow-up, concrete calculations
are often the easiest using projective coordinates. We start again linear coordinates z; on
V. Let i € {1,...n} be a fixed index. Let Z; = §*(x;) be the pullback of x; to the
blown-up space (2.13). If there is no room for confusion we omit the” On the blown-up
space [0,00) x SP~! we clearly have #; = 0 at (r,w) if and only of r = 0 or w; = 0. On
{(r,w) € [V;0](sx) | 7 # 0, w; # 0} define the functions &1, ..., &, by

~1/K‘i . .

z; (J=1)
(2]‘4) 5.7 = ,./L,.—K,j/lii . N

LjL; (J #1)
Proposition 2.4: The functions (§;) extend smoothly to
(2.15) Di ={(r,w) € [V;0]s,) | wi # 0}

and form a coordinate system on this domain where & is a local boundary defining function
of the front face.

PROOF. In the interior, i.e. for 7 > 0 there is nothing to show, since then 3 is a local
diffeomorphism and the &; are smooth with independent differential. Now let us consider
the behavior for » — 0. We first consider §; and then &; for j # ¢. At an interior point of
the domain (r,w) € D (i.e 7 > 0, w; # 0) we have

T .
(2.16) w; = — and therefore Z; = w;r"
rhi

as calculated earlier. Therefore, at (r,w), we have

(2.17) ¢ =" = wil/mr.

7

This is smooth down to r = 0 and a local boundary defining function of the front face.
Now let j # i. Then we have

o m AR R Ry, TR R kg KRG K
(2.18) & =22, = w;jr"w, r = wjw,

which is independent of 7 and thus smooth down to » = 0. On D;, these §; form local

coordinates. I
It is easy to see that the set of all the domains D; cover the blown-up space:

n
(2.19) U Di = Vi {0} s,

i=1

We are now able to show the naturality of the blow-up construction.
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Lemma 2.5: Let (z;), (Z;) be two matching linear coordinate systems with respect to (Sk).

Then the coordinate change lifts to a diffeomorphism on [V, 0](Sk)'

PRrROOF. We have T = Ax for a real invertible matrix. Since the coordinates both

match (Sy) we have
(2.20) dx; € S = d(Al‘Z) € Sg.

Therefore the k-th row Ay of A has only non zero entries Ay; whenever x; > r. The lift
of this coordinate change in the interior is given by 7! o A o B. Recall that in projective
coordinates corresponding to &; we have

(2.21) (€1, s &) B (G168, €8, Gt

and in projective coordinates 1 corresponding to ; we have

_ _ - . 1 /K _ _kn/Ki
(2.22) (T1y...,Tn) (xlx-m/ﬁj,...,:vj/ﬁj,...,a:n@"; /H]).

We therefore get

(&15---&n)
(G286 Gnl™)
(A1(B(8)),-- -, An(B(E)))

E>(Al(ﬁ(&))z‘lj(ﬁ(ﬁ))*“1/’””', L A BRI An(B(€) A (B(E)) R,
Notice that each term of A;(5(§)) has {;-power of at least x;, making the map smooth

£,
A
—
down to & — 0. Thus A lifts to become a diffeomorphism on the blown-up space.

2.1.2. 0in R}. The results above immediately generalize to blowing up 0 in R, if we
interpret it as a subspace of the vector space R", i.e. only considering linear coordinates
on it. A conormal filtration then defines a filtration of the inward pointing tangent space
at 0 where each space in ([2.7)) is replaced by its inward-pointing part:

+n 1+ 1+
(2.23) Vs=ToRe/ i@ /giv @0 /o8t
q q—1 2
For the C*®-structure, S?~! is replaced by St = St=l N RY. Notice that the extra

condition in Definition becomes necessary for the identification of S?~! NR} with the
new front face ff . The rest is completely analogous. In particular, the definition of the

projective coordinates &; and their range D; are identical.

2.1.3. The function spaces F(™). Recall that Z(0) € C*(V) is the space of smooth
function on V' (or R}) that vanish at 0. Furthermore, there is a decreasing sequence of
subspaces
(2.24) Z(0) D Z%(0) > Z3(0) . ..

21



where Z™(0) is the space of functions vanishing to order at least m at 0. For a given
conormal filtration (Si) there are related subspaces F (m) of functions vanishing at 0 to

‘quasihomogeneous’-order at least m:

Definition 2.6: Let (Sk) be a conormal filtration at 0 € V with associated weights k € N™.
We set

(2.25) Fimh = 3" z00=(V).

Ka>m
In particular z; € F*) but z; ¢ FE+D . Of course, F™ < C*®(V) depends on the
conormal filtration (Sj), which is not represented in the notation since it rarely leads to
confusion.
The fact that this is well-defined is a simple consequence of the fact that any linear
coordinate change Z; = ), a; x; that fixes (Si) necessarily satisfies a;; = 0 whenever
ki < K.

Notice that one can reconstruct the Sj from these spaces since
(2.26) Sy ={df | fe F®}.
The following statements are direct consequences of this definition:

Lemma 2.7: Let (Sy) be a conormal filtration at 0 € V and F™) as above.

(1) F'™ is a C* module.
2) I(p)=FH D>FA > ...
(8) Flm) . plm') c Flmtm’),
(4) F®) = 1) where F) =N F and () = O, 7M.
Proposition 2.8: Let 3 : [V;0]s,) — X be a quasihomogeneous blow-up. Then the

elements f € F™) are precisely those smooth functions, whose lifts B*f € C>=([V;0](s,))
are elements of T (ff).

PROOF. We will use projective coordinates on [V; ()]( s,) corresponding to linear coor-
dinates (x;) on V matching the conormal filtration. Recall that the projective coordinates

(&;) corresponding to one of the coordinate functions x; are given by
(2.27) & = le/”i and & = :iji—nj/m for j #1
with the blow-down map locally taking the form

(2.28) x; = &5 and x; = ;&7 for j # .

Furthermore, &; is a boundary defining function of ff on its domain. Therefore, we locally
have Z™(ff) = &™ - C>°(X). Now, take f € F™. Since F™ is generated by z® with
ak > m we only need to consider those as f. We have
BHa) (€, - n) = ETIET - €52 G g
2.2 K ay m
(2.29) =g J[e e ().
J#i
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For the other direction, take a smooth function f that satisfies g*f € Z™(ff). Writing f
in Taylor series f = > Aqx®, we can see from (2.29) that 5*f € Z(ff) implies A\, = 0

whenever ka < m. OJ

Proposition 2.9: Given (Si) and matching coordinates (x;) at 0 € V with associated

function spaces F™ | the following sequence is exact for each m:

(2:30) 0 — FmD 4 (W 0 12(0)) — FOO D S 0,
Furthermore
(2.31) Fm 0 12(0) = Z F) g
ni+-+nr=m
k>2, n;j>1

PRrOOF. The first map is injective, since it is an embedding. Now consider the second
map. We know that S,, is spanned by those dz; with x; > m. Furthermore x; € F (i)
Therefore F(™) & Sm is well-defined and surjective.

Next, take f = fi + fo € F D 4 (F™ N 72(0)). Since fo € Z2(0), we have dfa|o = 0.
Furthermore, since f; € F™*1 we have dfi|o € Syp1 which shows that df]|o = [0] €

Sm/ Sm+1°

Now take f € F(™) with df|o = [0] € Sm/5m+1’ yielding df|op € Sp+1. Writing f in Taylor
series with respect to the coordinates (z;), we can see that only those z;-coefficients may
be non zero, where dx; € S;,11. Thus we can divide f into its linear part, which is in
Fm+1) “and the rest, which is in Z2. Since F("™) is a module, this rest is also in F(™).
This proves the exactness.

Moving on to the second statement, first take f & Zn1+~-+nk:m Fm) ... Fe) - Since
k > 2, the fact that F c1 implies f € 72 and the fact that F() . 7)) o Flntn)
implies f € F™). Now take f € F(™ N 72, Using Taylor series again, it is clear that the
space F(™) N 72 is spanned by those z* where ko > m and |a| > 2. We can therefore
divides the summands arbitrarily in z¢ = x®2*? with a; + ag = «a, |oy| > 0 which is

clearly an element of F (k1) . Flrwo2) where kay + Koy = ko > m. ]

Remark: The second part of the proposition shows that all the information of the F(™)
is contained in the first F1, ..., F@ since F™ N 72 = F(™ for m > ¢, which becomes

clear in Taylor series.

2.2. Zero section of a vector bundle

We can immediately generalize these definitions to the zero section of a vector bundle or
RZ-bundle by blowing up each fiber. Let V' be an R}-bundle over the base Y (being a
manifold with corners). We then identify Y with the zero-section Oy in V. We denote
the fiber over a point y € Y by V,,. Let (Si) be a conormal filtration at Y. Then clearly
(Sk)|y is a conormal filtration at 0 in V,, for each y € Y. We then define the blow-up of

the zero section Y with respect to (S) as

(2.32) ViYso = | Ve Olson,
yey
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with blow-down map defined on each fiber. The C*°-structure on [V;Y](g,) is given by
the local product structure. To show that this is well-defined, we need to show that local
bundle-isomorphisms ® : V — U lift to a diffeomorphism & : [V; Ys,) = [U;Y](s,)- This
follows directly from Lemma [2.5]since @ is linear on the fibers and depends smoothly on
local coordinates in the base.

Projective coordinates: Near a point p € Y C V let y; be local coordinates in Y.
Let z; be linear coordinates in R}. Then a local trivialization of the vector bundle near
p 2> U = Wcy @R} allows the x; to be pulled back to V' to become local fiber coordinates.
With the {; defined as before (y;,{;) become local coordinates on [V;Y](g,).

The function spaces F(™: The function spaces F™ may be defined identically as
in (2.25)), when choosing local coordinates (z;,y;) as above. Furthermore Lemma
Proposition 2.8 and Proposition all still hold.

2.3. Point in a manifold

Next, we to consider the case of a point p € X in a manifold with corners. Let (Si) be a
conormal filtration at p. The construction of the new front face as in still works in the
same way. Following the construction of radial blow-ups, it would be natural to construct
the C*°-structure by using a normal fibration of p. The normal bundle of a single point is
of course just the tangent space T, X. Let ¢ : Uct,x — Vcx be such a normal fibration.
The cotangent space of p € X is naturally identified with the cotangent space of 0 € T, X
(there are the same space after all), so the conormal filtration at p is naturally identified
with a conormal filtration at 0 € 7,X. Since ¢ is a diffeomorphism, we may define the
blow-up of p € X by blowing up 0 € T, X (using linear matching coordinates on 7),X).
For a single point p, local coordinates (x;) centered at p always define a normal fibration,
since it identifies T, X with span{0y,,...0y,}. On the other hand, a normal fibration ¢
together with linear coordinates (x;) on 7}, X also defines local coordinates at p by pulling
back the z; under ¢—'. Thus, in the case of a single point, choosing a normal fibration
coincides with choosing local coordinates (although there is no 1-1 correspondence). Of
course, this opens the question of whether or not the C*°-structure is independent of the
choice of normal fibration. We have already seen in the last section that it is independent
of linear transformations on 7, X. However two normal fibrations ¢, may vary in more

complicated ways.

Example: Consider 0 € R? in standard coordinates 1, x2. We define the conor-
mal filtration by

(2.33) S1 = span{ dxy, dza} , Sy = S3 =span{dzs} , Sy ={0}=...

Therefore, the weights k = (k1, k2) associated with dx; and dxy are 1 and 3
respectively. By definition, the coordinates x1, 22 match the (Sg), therefore we
can construct the blow-up and blow-down map 3 : [R?; O](Sk) — R? using these

coordinates. There are two systems of projective coordinates, corresponding to x
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and 9 respectively (see figure . Now consider the coordinate transformation
® o
(2.34) (z1,22) — (1,20 + 23) = (F1, T2).

Clearly the new coordinates also match (Sg) since, dz; = dx; and dze = dxs.
Therefore, we may define the blow-up 3 : []R2;0](5k) — R? together with the
analog projective coordinates (£1,&2), (71, 72) (see figure . We can now write

’ - @ ~ \
- ~

(z1,22) T
AV (21, 22 + 27) coa

N %
~ W -
L

2

—
~
v,
~ W -
L
2
[

A

3 (€1,82) = (€1,638)
(1, m2) = (mm2,m3) (T1,72) = (

(%1, Z2) = (

FIGURE 2.1. An example for two quasihomogeneous blow-ups of the same (Sy).

down the lift of ® in local coordinates (n1,72) and (71, 72):

B D
(1, m2) = (771772,773) = (771772,"73 + 77%773)

(2.35) _

-1
N min2

(13 + ninz )1/’
—_—

=M

(3 + nin3)'/?
~— ——

=12

Notice that the 7-variable is not smooth, when na — 0. Therefore, the diffeo-
morphism ® does not lift to become a diffeomorphism on the blown-up spaces.

So what happened? Looking at the coordinate change, it seems that we just added a higher
order term to the second coordinate. However, since we are performing a quasihomoge-
neous blow-up, the standard notion of order is not the correct one to consider. Instead, we
really should be considering a quasihomogeneous order: Since dxy has assigned weight 3,
the function 9 should be considered to have quasihomogeneous weight 3. And since dxq
has assigned weight 1, the function 2 should be considered to have quasihomogeneous
weight 2. Therefore, we actually changed the second coordinate to lower order than the

coordinate itself. This leads us back the function spaces F(™):

2.3.1. The function spaces F(™),
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Definition 2.10: Let (Si) be a conormal filtration at a pointp € X and ¢ : Uc,x — Vcx

be a normal fibration. We set
(2.36) F = {f € C%(X) | flv € (67 (F)} € O (X)),
Lemma 2.11: Let (Sg), ¢, ]-"é)m) be as above.

(1) If ¢ is given by matching coordinates (x;) (i.e. the (x;) are the pullbacks of

matching linear coordinates on T,X ) then ]:q(bm) again takes the local coordinate

form as in (2.25))

(2.37) F = J—“((Z)) = > 2°C™(X).
ra>m
(2) Lemma proposition and pmposition are all true for the spaces F;m) C
C®(X).

PRrROOF. The first point is clear by definition. The second follows from the fact that ¢
is a diffeomorphism and all the mentioned results are stable under diffeomorphism. ]

Lemma and Proposition 2.9 actually characterize what kind of sequences may occur:

Proposition 2.12: Let F™) ¢ C>®(X) be a sequence of function spaces for m € N that
satisfy:

(1) S, ={df | f € F®} is a conormal filtration at p € X.

(2) F) satisfies (1)-(5) in Lemma .

(8) The sequence as in (2.30) is well-defined and exact.

Then there exists a normal fibration ¢ : Ucr,x — Vcx that linearizes F™) in the sense
that F(m) = fém) with respect to the conormal filtration (Si). In other words, there exist

coordinates (x;) centered at p matching the conormal filtration such that the F™) takes
the form (2.25|).

PrOOF. Since S1 = T, X and S;41 = {0} we have

(2.38) dim (@ Sm/SmH) =n.

Therefore we can choose z1, ..., x, with independent differential at p (and therefore local

coordinates) such that

(2.39) Sk = span;_n(k)..n{dz:}

with a suitable increasing sequence of integers N (k). These then also define the integers
k; associated to each z; as before. Furthermore, since we assume the sequences in ([2.30))
to be exact, we can choose the z; in such a way that x; € Fi) put x; ¢ Flwitl)  The

first of which immediately implies

(2.40) > 2*C(X) p C FM.

ra>m

26



Knowing this for all m, we can prove the set equality by induction over m. Since F(!) =T,
the equality is clear for m = 1. Now assume the set equality holds in for all m < m
and assume that there exists a 0 # f € F(™)\ {Z xO‘COO(X)}. Writing f in Taylor
series and using we may assume without loss of generality that it takes the form

(2.41) F=)" Aax®,

ra<m

ra>m

Furthermore, we know that the linear part of f is mapped by d into S,,, which means
by choice of the x; that only those x;-coefficients are non zero where x; > m. We can
therefore again by ([2.40]) assume that f has no order one terms, yielding d|,f = 0. By the

exactness of the sequence we then get

(2.42) fe Fimth) 4 Z Fa) o gl
ni+--+n=m
k227 7’7,]'21

However, by induction, any function in the sum on the right has only Taylor coefficients

(m+1)

non zero whenever ko > m, yielding that we in fact have f € F Since we already

know that d|,f = 0, we can use the exact sequence for m + 1 to get

(2.43) fe Fm+2) 4 Z Fr) o ),

ni+-tng=m+l
k>2, nj>1

However, since we clearly have

(2.44) Z Fr) o plw) ¢ Z F) . pl)
ni+-+ng=m+1 ni+-+np=m
k>2, n;>1 k>2, n;>1

we again already have f € F("12) and so forth, yielding f € F* for all k. Using the last
condition (6) from Lemma this yields f € Z°, contradicting ([2.41]). O

2.3.2. Quasihomogeneous structure. We now have all the ingredients we need to

define a full quasihomogeneous structure. In fact, we can give two equivalent definitions.

Definition/Theorem 2.13: Let p € M.

(1) A series of function spaces F) satisfying the conditions of Proposition 18
call a quasthomogeneous structure at p € M.

(2) For an equivalent characterization, let (Sy) be a conormal filtration atp € X. We
say two matching coordinate systems (z;) and (z;) (or two normal fibrations) are
equivalent, if .7-"(;:)) = ]?((g:; for all m as in Definition |2.10, written (z;) ~g (Z;).
This defines an equivalence relation on the set of all matching coordinates. A

tuple 11, = ((Sk), [x]~g) is also a quasihomogeneous structure at p € X. We call
such a equivalence class [x] an jet of quasihomogeneous order (Sk).

We denote a quasihomogeneous structure given in either form by II.

PROOF. The only thing to show is that the two definitions coincide. As shown in
proposition for each (F(™) there is a corresponding ((S), [z]~¢) and visa versa. [
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Remark 2.14: Notice that the definition of quasihomogeneous jet actually generalizes the
definition of a jet, where a classical jet of order r corresponds to the conormal filtration
given by S, = Ty X for k <r and Sy = {0} for k >r.

Before we state the theorems that justify this definition we want to characterize the equiv-

alence of coordinate systems in Taylor series.

Proposition 2.15: Let (Si) with associated k € N" be as before. Let ¢, ¢ be two normal
fibrations at p given by two matching coordinate system (x;) and (Z;). Let us write the

coordinate transformation in Taylor series
(2.45) €T ~ Z )\i,a{f‘a.
(0%

Then (x;) ~s (Z;) if and only if X\j o = 0 whenever ko < k;.

PRrooOF. To start with, assume the coordinate transformation takes the form above.

We know that ]-'((Z)) is spanned by z? with k8 > m. Given such a 3, we have

n Bi
2’ = il
(2.46) 1;[1 (2@; A )

= Sum of terms A(z®)P1 ... (z97)P where a;k > ki V.
Here, each «; is a multi-index and § = (f5;) is a single multi-index. We then have

(247) k- (fr1+ -+ apbp) =Kk- 11+ -+ K-fn > K11+ +Enfn=K8>m

which implies 2 € ]:ggn) and therefore féj”) C Fim

xr;
For the reverse set inequality, it seems that one needs to deal with the Taylor coefficients
of the inverse transformation. Fortunately, one does not. Instead we use induction over

m and a dimension argument. Clearly .7-";,(31) = fg) =Z(p). Now assume fi:n) = fgn) for

(m)
Fa, / p(mt1). Equation ([2.37)) implies that this quotient
;

is a finite dimensional vector space spanned over R by z® with ka = m. Furthermore all
(m)
these monomials are linear independent in ~ ** /. Fm1), since a linear combination of them
z;

some fixed m. Consider the space

never lies in fgnﬂ) (this is again clear form the coordinate representation). Therefore

it is a finite-dimensional vector space of dimension #{a € N" | ko = m}. By the same

argument we get

T

' (m) , (m)
(2.48) dim <]:ffi /fgg?zﬂ)) = dim (‘in /]_-(:m—l)) .
Together with ]-}:n) = }_Qn) and ]:éTH) - f(i,nﬂ) this implies ]-"gnﬂ) = .Fgmﬂ).

T; T T;

Now take (z;) ~g (Z;), i.e. fgl) = fgl) for all m. Since x; € Fj we know that

(2.49) 5= Aial® € Fi
(0%
which implies that A\; , = 0 whenever ko < k;, showing the equivalence. ]
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Remark 2.16: Proposition actually proves a non trivial result about the inversion
of power series: Given a smooth invertible function f : R™ — R™ with Taylor series
= Y o Niax® and a multi-index K, then the following holds: If X\io = 0 whenever

ko < K;, then the Taylor series of f~1 satisfies the same.
We can now define the quasihomogeneous blow-up of a point p as before

Definition 2.17: Let p € X and F™ a quasihomogeneous structure at p. Let the set ff
be defined as before in (@ as

+ 1+ 1+
Vs = T, X/SLJr @ S /Surl O--- D 53 /SZL+ S 52¢+
q q—
=\ 0 g

with the R~q action defined as before by the vector field Rg given by the k-th multiple of

(2.50)

the standard outgoing vector field on k-H/S
We define the blow-up of Y with respect to ]-'( m) as

(2.51) (X3 pln = U (X \ {p})

with C* structure and blow-down map constructed using a matching normal fibration

gb : UQTI,X — Vgx.

Projective coordinates on the blown-up space are defined as before in Section [2.1.1]
Before we can prove that the C* structure of [X;p| is well-defined, we need to study

how vector fields behave under quasihomogeneous blow-ups.

2.3.3. Vector fields.

Definition 2.18: Let II be a quasihomogeneous structure at p € X. We say a vector
field V € C=(X,*TX) is of quasihomogeneous order —m with respect to I, if VFm)
F'=m) for each m' (Where for negative m we extend the filtration by F(™) = C>(X)).
We denote the space of these vector fields by Vl({m).

Intuitively, a vector field of order —m reduces the order of a function by at most m. As

(=m)

the notation suggest, the space Vj; is well-defined, that is it only depends on II, which

is clear since the F(™) are well-defined.
Lemma 2.19: Vl({m) 1 a R-vector-space, a C*°-module, and the Lie bracket satisfies

(2.52) ™ vy cpmem,

0)

In particular, Vl(T is a Lie-Algebra.

PROOF. The first two statements follow directly from the definition, since the F(™)
are vector spaces and C'°°-modules. The last part also follows directly from the definition.
For Ve V™, W e V™ and f € F™ we have W(Vf) — V(W f) € Fln-m=m) [

Lemma 2.20: Let I = ((Sk), [x]~g) with associated . Then

(—m) _ o RN,
(2.53) Vi =) 0¥(X) xaaxj_;f( i=m)

KQZKj—m
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PROOF. First, we check that the spanning vector fields are actually elements of Vé_m).
So take a with ko > kj —m and set V = 2%0/0x;. We know that F() is spanned by
2P with k8 > m/. If Bj = 0 then Vaf =0 e F'=m) Otherwise Vf = 2%2°~¢ where
ej = (0,...1,...0) is the j-th unit index. We have x(a + f —e;) = ko + kB — kj >
kj —m~+ kB + kj = kB —m >m’ —m and therefore Vah e Flm'=m),
Next take any V' € Vl({m) with

(2.54) V=> aﬂx)%.
j=1 !

Since z; € Fi) and Vx; = aj, we know that a; € F(ri=m) Therefore, when writing a;

in Taylor series, it only has coefficients % with ko > k; — m, proving the statement. [

Corollary 2.21: Fach Vl({m) 1s locally finitely generated and they define a filtration of
all smooth vector fields. Let q be the maximal order present in II. Then we have

(2.55) B e Y e S D VS L e e 0. o)

In fact, such a filtration of the smooth vector fields yields another way of defining a

quasihomogeneous structure.

Proposition 2.22: For each m let VE™ b g finitely generated C'°°-module of vector
fields that satisfy (2.52)) and (2.55)). Then they define a quasihomogeneous structure at
Y C X.

PrRoOOF. We will not prove this here, since there are a lot of cumbersome details in-
volved. A full proof can be found in [18]. We will however consider a special case later on

in Proposition [2.39 U

Proposition 2.23: The vector fields V € VI(IO) lift under B to become smooth on [X;p|n
and elements of the Lie algebra Vy([X;plu). It spans Vy([X;pln) over C* except possibly
for a null set of the front face.

PrROOF. By Lemma we only have to consider the lifts of %0/0x; with ka > k.
We use projective coordinates to calculate the lift. Recall that for each i € {1,...,n}

there are associated projective coordinates given by

(2.56) & = xi/m and §; = :iji—nj/m for j #1
with the blow-down map locally taking the form

(2.57) z; = &5 and x; = §;&7 for j # .

Next, see that

1 (ki =) e
(2.58) 0k _ Jwmi - F=10 nd
Ox; —%xkxi Rk R (k #1)
—K/Ki _
(2.59) Sk _ ] % J) for j # i

;0 (k # )
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and therefore

L0 R0 0 EGTUE -asas (=)
2.60 ‘ ‘ .
( ) p (830]) 8;10] 8£k gi—*’wa%j (G #14)
Also recall that
(2.61) g @) =&~ 1] ¢
J#i

which proves that whenever ka > x; we get

L0 NG =S s (G=1)
(2.62) Bty )= S, e e V(X pln).
i A g (J #7)
It is also easy to see that wherever all &; # 0 for all j # i, V,([.X; p|n) is spanned by these
vector fields, since 8*(x;0y;) = &;0, . O

2.3.4. Exceptional subset. As mentioned in the proposition above, there may occur
points on the front face, where V,([X;pln) is not spanned by 8*(1Y}). As an example
consider the blow-up of 0 € R? where x7 is given the weight 2 and x5 is given the weight
3. Local projective coordinates obtained by scaling by z; are given by

1/2 —3/2
(2.63) &1 = $1/ s 2 =14 .
We then have for 2aq + 3ag > 2
3
2€%a1+3a2*2£§2+18§2
where the second summand is zero at £ = 0. Furthermore, for 2a; + 3ao > 3 we have

(2.64) B (2212570, ) = 2 H80algong,

(2.65) B (25252 8y,) = 11 T32 73020,

which is also equal to zero at £ = 0 since either ap # 0 or a; > 2. Therefore ¢, cannot
be part of the C*°-span of ﬁ*(VéO)).

Definition 2.24: Given a quasihomogeneous blow-up [X;p|n we define the exceptional
subset of the front face, denoted by E(ff), as the set of points p € ff at which Vy([X; p;11])
is not spanned over C* by B*(VY).

We already have seen that this is always a null set in ff. We explicitly calculate it in local
projective coordinates.

Lemma 2.25: Given a quasihomogeneous blow-up and projective coordinates &;,&; as in
(2.56)), the intersection of E(ff) with the domain D; of the projective coordinates is given
by the equation

(2.66) D\ E(ff) = {¢ | VI : r; € spany, ({ri} U{r; | & #0})}.

In particular, whenever k; = 1, then E(ff) N D; = (.
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PrOOF. We have to show that near any £ lying in the set defined in the lift of
VO spans Vy([X;p;I]) over C®. Consider a fixed j # i, then there is a multi-index a
satisfying Vj # i : a; # 0= §; # 0 and ka = k;. Therefore z%0,, € V() and the lift is
given by

(2.67) B (2%0:,) = | T &7 | %,

a; 7#0
which spans, over €' near &, the vector field J¢;. Furthermore
(2.68) B (2:0n,) = &0, — Y &0,
J#

which proves the statement. ]

The exceptional subset can also be expressed directly as a subset of ff as defined in (2.50)).

1
Consider a point v = (vg,...,v1) € Vg, meaning vy, € Sk+1/SL. Then
k

(2.69) E(ff) = {[v] eff |3l SILH/SZL # {0} and [ ¢ spany {k | vy # 0}}

In other words, the exceptional subset consist of all those points [v], where the set of all
weights k for which vy, # 0 does not span all the weight that occur in the quasihomogeneous

structure.

2.3.5. Main theorem. Lastly, we state the theorem showing that the definition of

quasihomogeneous structure is actually meaningful.

Theorem 2.26: Let I = ((Sy), [x]~g) and IL = ((Si), [Z]~) be two quasihomogeneous
structures at p € X. Then the identity on X lifts to become a diffeomorphism [X;plny =
[X;plg if and only if T = 1.

PROOF. First, assume that the identity on X lifts to become a diffeomorphism & :
[ X pln 5 [X;plp. Let ff C [X;p]n and ff C [X; p]g be the two front faces. Then we clearly
have ®(Z™(ff)) = Z™(ff). Now Proposition [2.8 immediately implies that F(™) = F™) for
each m. Therefore IT = II.

Now, take IT = II, that is IT = ((S), [7]~,) and IT = ((S), [Z]~.) With (x) ~ (Z). To start
with, we assume that the coordinate transformation is linear. That is, we have T = Ax
for a real invertible matrix. Since the coordinates both match (Si), Lemma implies
that A lifts to a diffeomorphism.

Returning to the general case x ~g &, we now can assume that the coordinate transfor-
mation & = ®(z) has a linear term equal to the identity. We then may connect ® to the
identity by a homotopy

(2.70) &, :=1d+4(® —1Id) , t € [0,1]

Since ®*F(M) = F(m)  we also have OF F (m) — F(m) Quch a parameter dependent family
of maps ®; is always given by the integration of a (parameter dependent) vector fields W;
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characterized by the equation
d

(2.71) 5 20f = Qi (Wi f) forall f € C*

If f e F™ we then also have W,f € F(™ because F(™) is invariant under ®; for all
t. Thus, W; € V) by Definition Proposition now states that we may lift W;
to a vector field W; € Vy([NY; Y](s,))- The lift ®; of ®; is now again determined by the
equation

d
dt
Then, the lift of ® is given by ®.

(2.72) O f = OX(Wf) for all f€C®, &y =1d.

2.4. General p-submanifold

In the case of a single point, we defined a quasihomogeneous structure using both equiva-
lent classes of normal fibrations and in a coordinate-free way using function spaces F(™)
of quasihomogeneous weight m. Both can be generalized to p-submanifolds, we start with

the latter one:

Definition 2.27: Let F(™) be function spaces for m € N that satisfy:

(1) S, = {df|n+y | f € F®)Y C N*Y is a conormal filtration at Y C X.
(2) F™ is a C*®-Module.

(3) I(Y)=FODF@ .. ..

(4) Fm) . pm’) c Flmtm’)

(5) The sequence

(2.73) 0 — Fmtl 4 Z Fo) i)y pm) dney (Y Sm/S —0

m+1)
ni+--+nr=m
k‘ZQ, nJ21

is well-defined and exact for each m.
(6) F() = I() yhere F(>) = Mo, Fm) and () = ﬂmI(m).

Then we call F'™ o quasihomogeneous structure atY C X.
As before, we have

Lemma 2.28: Given a conormal filtration (Si) atY C X together with a normal fibration

¢ of Y, the spaces fém) as in Definition|2.10 are a quasihomogeneous structure at 'Y .

We move on to the coordinate description of these spaces, although only locally for the

beginning:

Definition 2.29: Local product coordinates (z;,y;) of Y near p are said to match the
quasihomogeneous structure F(™) if there are weights k such that, restricted to the domain

of the coordinates, F(™) = ]7((;?)) where the latter function space is only defined locally.

Lemma 2.30: Let F™) be a quasihomogeneous structure atY C X. Then at anyp € Y

there are local product coordinates that match F(™).
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PROOF. Start with any local coordinates y; in Y. Then the proof of proposition 2.12]
then applies. O

We do have a need for a global version of this.

Definition 2.31: Given a conormal filtration (Si) at Y and a normal fibration ¢ :

(m)

Ucny — Vcx, we call the quasihomogeneous structure F, ¢m the linearized quasiho-

mogeneous structure of (Sk) under ¢ at'Y .

Definition 2.32: We say that a normal fibration ¢ : Ucnyy — Vcx matches a quasi-
homogeneous structure F™ at Y C X if ]—"d()m) = FM) for all m, in other words if ¢

linearizes F(M)

A matching normal fibration ¢ yields local matching coordinates everywhere by taking a
local trivialization of ¢ together with product coordinates where the fiber ones are taken
to be linear.

We can now write down the ‘coordinate’-version of the definition of a quasihomogeneous
structure:

Definition 2.33: Let Y C X be a p-submanifold. A quasihomogeneous structure at
Y may equivalently be defined as a tuple ((Sk), [¢]) where (Sk) is a conormal filtration at
Y and [¢] is a equivalence class of normal fibrations, where two normal fibrations ¢, ¢ are
said to be equivalent if ]-'(;m) = fd(—)m). We denote a quasihomogeneous structure in any of

those two forms by II.
The following Proposition yields the equivalence of Definition and

Proposition 2.34: Let F(™ be a quasihomogeneous structure at Y C X. Then there is
a matching normal fibration ¢ : Ucny — Vcx that linearizes it, i.e. Flm) — ]_-(;m).

PROOF. Start with any tubular neighborhood ¢ : Ucyy — Vex of Y. The matching
condition above is local near any point p € Y. Near such a p take local product coordinates
Z;,y; (with Y = {&; = 0}) that trivialize ¢. The pullback of the quasihomogeneous
structure at NY is then precisely represented by the z;. Furthermore, we may choose
local coordinates x; tangent to the fibers that linearizes the original quasihomogeneous
structure at Y. Thus, we may compose the coordinate transformation from z; to Z;
(extended by the identity away from p) with ¢ to get a new normal fibration ¢ that

linearizes the original F(™). g

Definition 2.35: As before we define the vector fields of homogeneous order at least —m

as the space
(2.74) VU™ = (Ve V(X) Y| VFM) ¢ FO'=m) for all m'}.

Lemma still holds. The local coordinate representation in Lemma also holds
except for additional terms of unrestricted b-vector fields in the y-coordinates. Equation
still holds. Proposition [2.22| as well.

We can now define the quasihomogeneous blow-up in the general case:
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Definition 2.36: Let Y C X be a submanifold and F™) be a quasihomogeneous structure
at Y. Let the set ff be defined as before in (@) as

+ 1+ 14+
NS:N Y/S;-"‘EBS(] /S;__JE@...@S3 /S;_JF@S;Jr
e s\ 0}

with the R~q action defined as before by the vector field Rg given by the k-th multiple of

(2.75)

the standard outgoing vector field on k+1/S
We define the blow-up of Y with respect to ]:( m) gs

(2.76) (XY= fflu(X\Y)

with C*° structure and blow-down map constructed using a matching normal fibration

gf) : UQNY — Vgx.

As before, we have to prove that the C'*° structure is well-defined. Let ¢, v : Ucny — Vcex
be two normal fibration both matching F(™. Then there is a diffeomorphism f (given by
Y o¢p~1) defined on V such that 1) = f o ¢. Since both ¢ and ¥ match the F™ | f clearly
maps F(™ to itself. Now the proof as in the local case applies. First approximate f to
arbitrary high order using vector fields that necessarily are elements of Vﬁo), afterwards
connect f to the identity by a homotopy as before. The definition of Vﬁo) is identical to

before, as is its local coordinate characterization.
Corollary 2.37: For any Y,II the blow-down map B : [X;Y]|n — X is a b-map.

ProOOF. Clearly, 3 is a smooth map between manifolds with corners. If Y is an interior
p-submanifold of X then there is nothing else to show. Now let Y C 9dX. Recall from
the definition of a conormal filtration that for any boundary hypersurface H € Hu(Y")
that contains Y there is a associated number kg € N such that N*H C S,,, but N*(H) ¢
Sky+1. Now it is easy to see in local projective coordinates that 3 is in fact a b-map
with the e(H, G) from the definition of b-map satisfying e(H, ff) = kg for H € Hu(Y') and
e(H,ff) =0 for H ¢ Hu(Y). O

Local projective coordinates are constructed as before. For any local product coordinates
(x,y) (with Y = {z = 0}) that linearize the quasihomogeneous structure II, one gets local
projective coordinates (£,y) as before in Section by scaling all = coordinates by a
fixed Z;.

Product structure: Consider two p-submanifolds Y, Z C X, such that their intersection
Y N Z is again a p-submanifold of X. Given quasihomogeneous structures IIy at Y and
I17 at Z, we want to understand under which conditions these define a quasihomogeneous

structure at Y N Z. One simple case where this is true is the following:

Lemma 2.38: Consider two p-submanifold Y,Z C X with quasihomogeneous structure

(m) om)

Iz, Iy given by filtrations Fy respectively. If Y and Z intersect transversally,
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then
(2.77) Rrz= >, HF
n+n’=m

s a quasthomogeneous structure at'Y N Z.

PROOF. Since Y and Z intersect transversally, one can chose local product coordinates
z, o', 2" near each p € Y N Z such that Y = {z = 0} and Z = {2’ = 0}. We may also
chose z,2’ in such a way, that these coordinates linearize both 7/ =" 2°C>(X)

and ]:ém) = wp<m 2'#C*(X). In these coordinate we now have

(2.78) F, = Y ataPom(X),
ka—+r'B<m
which is a quasihomogeneous structure at Y N Z. ]

2.5. Defining vector fields

As we have already seen, one may define a quasihomogeneous structure not only by a
filtration of the space of smooth functions, F(™), but also by a filtration of the space of

smooth vector fields, piem

. As we have seen, one simple way to construct such a filtration
F(m) s to choose local coordinates and associate a weight to each coordinate function.
We now want to study an analogous way of constructing a filtration VI(I_m) , by choosing
a collection of vector fields that span the normal bundle of the submanifold one wants to
blow up and associating a negative weight to each of these vector fields. Since we left out
the proof of Proposition [2.22] we do want to give a full proof in this special setting.

Setting: Let Y C X be a p-submanifold. Let Ni,... N be smooth vector fields that,
projected to NY, span NY everywhere. Each N; has a negative weight —x; associated.
We assume that the N; span a Lie algebra and that the Lie bracket is compatible with

the associated weights in the sense that
(2.79) [Ni, Nj] € spangoc{ N, | £m < ki + Kj}-

We introduce some additional notation: Let I = (i1,...,i,) be a sequence of integers
im € {1,...k}. Weset Ny = N;, ... N;, . We denote the length of I by |I| and furthermore
we define the weight of I as (I) := k;; + - - + kj,,. We then want to prove the following:

Proposition 2.39: The function spaces

(2.80) F) .= {feC™ |VI, I <m:Nif eZ(Y)}

define a quasihomogeneous structure at Y where the filtration of the conormal-bundle
N*Y =512 85;... is given by

(2.81) Sm = (span{N;|ny | ki < m})°.

The weights —k; associated to N; then coincide with the weights of N; with respect to this
quasithomogeneous structure.
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Preparations for the proof: First we want to replace the indices I by something simpler.
Let o = (a, ..., ax) be a k-multi-index of arbitrary integers. Set N® = N ... N.'*. The
weight associated to « is simply ka. The condition (2.79)) now guarantees the following:

Lemma 2.40: For all I there are smooth coefficients Ao such that
(2.82) Ni= Y AroN©.
ra<(I)
PRrROOF. In short, we may commute N; step by step to sort the indexes in I. We may
use induction over |I|. For |I| =1 the statement is trivial. The induction step reduces to
showing that any N; N (with |&| = |a| — 1) takes the form as above. We may successively

commute N; with all N;, j < i, producing error terms which are the sums of some AN I
with |I] = |I| — 1, (I) < (I). This proves the Lemma by induction. O

Using this result, we can simplify the definition of (2.80) to obtain
(2.83) Fm) = {feC®|Vk, ka <m:NfeZ(Y)}

Definition 2.41: We say local product coordinates y;, x1,...x, where Y = {x = 0}, are

linearly adapted to Ni,... Ny if Nil{z—0y = Ou,|{z—0y- Such coordinates always exist.

Lemma 2.42: Let (xz;) be local coordinates that are linearly adapted to the N;. We then

have

2 (z”)(0 o =

0 (laf <51)

PROOF. Since (z;) are linearly adapted to the N; we have for each i
(2.85) N; = 0y, + Z /\wﬁx]. + Zusﬁys , Aij € I(Y)
i#i s
Since 2 € ZIP1(Y) this shows that
(2.86) Niz® = 0, (2%) + > X 0, (2°).
J#i
€ZIBI(Y)

Continuing in this manner proves the Lemma. 0

Proof of the proposition We need to show that the function spaces F(™) as in
(2.83) satisfy conditions (1) to (5) of Definition [2.27]

Proof of (1),(3): This is clear by definition.

Proof of (5): Z®(Y) c F(*) is trivial. The other inclusion follows immediately from
Lemma

Proof of (2): Let a € C°, f € F™). Then

(2.87) N%af)= Y_ AgpNPaN"'f
B+B'<a

for some constants Ag g . since we always have k' < ka < m, we have NO'f e I(Y)
showing that N“(af) € Z(Y).
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Proof of (4): This follows for the same reason as (2), by assuming a € F(™),
Proof of (5): The fact that the first map is injective is clear, since it is an inclusion (as
shown by (4)). Next we show that the map

(2.88) Fom Ay g

is well-defined and surjective, which then of course implies that the map into Sm/ S
is also well-defined and surjective. First take any f € F(™. By definition this implies
that N;f(0,y) = 0 for all k; < m. This shows that df|yy € Sy, and thus the map is
well-defined. For the surjectivity, start with any local coordinates x; that are linearly
adapted to the N;. Then S, is spanned by those dx; with k; > m. Of course z; does not

need to be an element of F(™). Now consider functions of the form

(2.89) Ei=xi+ Y Aigal
KB<K;
2<|8

for some constants \; 3. We have dZ;|ny = dx;|ny. We want to prove that there are some
constants \; g (which will turn out to be unique) such that z; € F (m). This is true if and

only if
(2.90) Va, ko <m: 0=N*Z;)(0) = | N%(z;) + > NigN(") | (0).
KB<K;
2<|8|
Using Lemma this simplifies to
(2.91) Va, ka <m: 0= N%z;)(0) + alXiq + Z Ai gN(2%)(0).
KB<K;
2<|BI<|a

To better focus on what is important, we write N%(z;)(0) = ¢, and N®(z°)(0) = cap
since they are simply constants. Thus we obtain that #; € F(™) if and only if

(2.92) Va, kae <m:0 =cq +allio+ Z i 3Ca,B-

Ii,3<f$i
2<8I< el

For |a| = 2, this is satisfied by setting a!\; o = ¢o. We can now inductively over |a| set

(2.93) aldiqg = —Co — Z i 3Ca,B-
KB<K;
2<|BI<]af

This finishes the prove of the surjectivity of F(™) (M Sm/ S
In fact, the functions (Z;) are again local coordinates that now linearize the function space
F(™) in the usual sense (which follows simply from Taylor series). The exactness of the
sequence now follows from this coordinate representation.

As mentioned above, we will not go into to much detail regarding the precise relation
between the vector fields IV; and the quasihomogeneous structure F (™) However, there is

one easy corollary that we will also need later on:
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Corollary 2.43: The quasihomogeneous structure F™) given by vector fields Ny, ..., N
as above is independent of the tangential parts of N; to' Y. To be more precise, adding any
vector field that is tangent to Y onto N; does not change F™).

2.6. Special cases

We want to point out two special cases in which a conormal filtration (Sy) actually uniquely
defines a full quasihomogeneous structure. These are rather important, since in a lot of
situations where quasihomogeneous blow-ups can be used, the (Sg) appear quite natu-
rally (and intuitively), but the F(™ do not seem to be given in an equally natural way.
Often enough, the reason for this is that the F(™) already are uniquely defined by the (Sk).

Proposition 2.44: The parabolic case: If (Sy) is a conormal filtration at' Y C X that
satisfies S3 = {0}, then (Sk) uniquely determines full quasihomogeneous structure.

PRrROOF. First notice that S3 = {0} also implies Sy = {0} for all & > 3. In other
words, only the weights 1 and 2 appear. The fact that there is only a single choice for the
function spaces F("™) immediately follows from the local coordinates characterization in
Proposition since any two coordinate systems (z;), (Z;) that match such a (Sy) are

equivalent. O

Proposition 2.45: The boundary case: If (Sy) is a conormal filtration at a boundary
p-submanifold Y C 0X that satisfies S3 C N*Fa(Y), then (Sk) uniquely determines a full
quasihomogeneous structure. In other words, if each direction with weight greater then 2

1s a normal direction.

PRrOOF. With the parabolic case in mind, we may in fact assume So C N*Fa(Y)
without loss of generality. Again we use local coordinates. Let x;,Z; be any two sets
of local coordinates matching (S;). Let j denote the index such that Ss is spanned by
dxj,...,dz,. Then for each i > j both z; and Z; are local boundary defining function
of a hypersurface H € Hu(Y) (potentially after reordering). Thus, each summand in the
Taylor series of z; (with respect to ) contains Z; at least to first order. Now, again using
proposition we have (x;) ~g (Z;), proving the proposition. O

In particular, the quasihomogeneous blow-up of any boundary face Y € M(X) is com-
pletely determined by the (Sk). In fact, since the filtration (Sy) is by definition required
to decompose over N*Y = P memu(y) NY H, the filtration (Sk) itself is already fully
determined by associating a weight kg to each H € Hu(Y). This is a special case of a
generalized blow-up introduced by Kottke and Melrose in [12].
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CHAPTER 3

Commutativity of blow-ups

When performing a series of (quasihomogeneous or radial) blow-ups of p-submanifolds in
a manifold with corners X, one is frequently concerned about commutativity. We start by
shortly recalling the definition of the lift of submanifolds under blow-up and the standard
commutativity results in the radial case.

3.1. Lifting submanifolds

Definition 3.1: Let Z be a closed subset of a manifold with corners X. Furthermore, let
Y be a p-submanifold of X. Denote by 5 : [X;Y] — X the radial blow-up of Y in X. We
define the lift of Z to [X;Y], denoted by B*(Z), in two cases:

(1) If Z C Y, then we set B*(Z) = 371(Z).

(2) If Z=cl(Z\Y), then we set f*(Z) =clB~HZ\Y).
If neither is the case, then the lift is not defined.

In order to perform the blow-up of *(Z) in [X;Y], it has to be a p-submanifold of
[X;Y]. In what cases this occurs is well understood but rather lengthy to recall completely.
Instead, we only recall a special case that is needed for the commutativity results presented
below:

Lemma 3.2: LetY, Z be p-submanifolds of X that intersect cleanly, meaning that for each
p €Y NZ wehave T,)Y NT,Z =T,(Y NZ) (or equivalently that near any such p they can
be linearized by local coordinates simultaneously). Then Z lifts to become a p-submanifold
of [X;Y] (and, by symmetry, vice versa).

PRrROOF. The definition of cleanly intersecting implies that near each point p € Y N Z
one can choose local coordinates x,z’, 2",y of X such that locally Y = {z = 2’ = 0},
Z = {2/ = 2” = 0}. The statement of the lemma now follows directly calculating the lift
of Z in local projective coordinates on [X;Y]. O

3.2. Standard commutativity results
We recall three frequently used results concerning commutativity of radial blow-ups.

Theorem 3.3: Let X be a manifold with corners and Z C' Y C X be two nested p-
submanifolds. Then the identity on X lifts to become a diffeomorphism.:

(3.1) (X;7Z; Y]~ [X;Y; 7]

ProoOF. Clearly, this result is local near the preimage of Z. Furthermore, by naturality
of blow-up, we may replace X by the normal bundle NZ. We can also choose this normal
fibration in such a way, that Y is a subbundle of NZ. To simplify further, by the product
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structure of blow-up, we may assume that Z is simply a point. Thus it suffices to consider
the model

X =R} x R,
(3:2) Y = {0} x Ry

Z ={0} x {0}

with standard coordinates x; on R} and =} on RZ/I , thus the first k of the z; and the first &’
of the z, are > 0. We then have Y = {x; = 0}. We may construct projective coordinates
on [X;Y] by scaling all x; by a fixed z, yielding coordinates

(3.3) e=4{" (=a) , T

e (i#0a)
Considering all choices of a, these coordinate domains cover the whole of [X;Y]. The lift

of Z to [X;Y], denoted by Z*, is given in these coordinates by
(3.4) Z* ={& =0, = =0}

Thus, we may construct local projective coordinates on [X;Y’; Z] by scaling these coordi-
nates either by &, or a fixed x}.

Scaling by &,, we get projective coordinates

x/

(3.5) n=
on [X;Y; Z]. Scaling by z}, we get projective coordinates
€a z, (i=0)
(3.6) A==, & (i%a) » Wi = = .
z, " 7 % (i#0)

The domain of all these coordinate systems cover [X;Y'; Z]. We will compute the lift of the
identity explicitly for all these coordinate systems: First consider those coordinates where
we first scaled by z, and then by z}, yielding coordinates A, §; (i#a)> Mi- The blow-down
map to [X;Y] is then locally given by

m (1=0)

mni (i # b)

From here, the local blow-down map to X is given by

(3'8) €T; = Sa = A (Z = a) , = U/ (Z = b)

Euli =& (i#a) noni (1 # b).

We may now get local projective coordinates on [X; Z] by scaling by x}, yielding

~ €; _ .T, (’L = b)
Ly E) (i #b)
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The lift of Y to [X; Z], denoted by Y* is then locally given by Y* = {él = 0}. Scaling by
éa, we obtain projective coordinates on [X; Z; Y] given by

ga (i=a) _
(3.10) Hi = 3 . y Thi-
& (i4a)
We can now explicitly calculate the lift of the identity in these local coordinate systems:
Lo=m=dm_y  (i=a) — i=b
(311) = qa B T T S (=)
é:xaﬂb:&m:& (i # a) ooy (i #b)

Clearly, this coordinate system is smooth up to the boundary. Lastly, we do the same
procedure for the projective coordinates in [X;Y; Z] obtained from first scaling by x, and

then by &,, yielding coordinates &;, n;. The local blow-down map to [X;Y7] is given by

(3.12) &i, i = nika-
The local blow-down map to X is then given by
& (i=a)

(3.13) T; = i = nika.
giga (Z 7é a)
Y

We now obtain local coordinates on [X; Z] by scaling with z,:

~ Tr, = § (Z = CL) _ LUI .

(3.14) G=4" T =
Loth_g (i#a) o La

The lift of Y to [X; Z] is disjoint from the domain of these coordinates. Thus, they are

also coordinates on [X; Z;Y]. These coordinates are smooth up to the boundary, finishing

=i

the proof of the proposition.
O

Theorem 3.4: Let X be a manifold with corners and Y,Z C X be two p-submanifolds
that intersect transversally, meaning for each p € Y NZ we have T,Y +T,Z = T, X. Then,
the identity on X lifts to become a diffeomorphism:

(3.15) (X;Y; 2]~ [X;Z;Y].

PROOF. From the definition of transversal intersection, it follows that locally near any
point p € Y N Z there is a local decomposition of X of the form

(316) X:X1 XX2 XX3, Y:{pl} XXQXXg, Z:X1 X{pQ}XXg.
Now, the result immediately follows, since both blown-up spaces are simply

(3.17) [(X;Y3 2] = [X;Z;Y] = [Xus {p1}] x [X2; {p2}] x X3

The following corollary is also used several times later on.
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Theorem 3.5: LetY,Z C X be two cleanly intersecting p-submanifolds. Then the identity

on X lifts to become a diffeomorphism:
(3.18) (X;Y;(YNZ),Z]|=2[X;Z;(YNZ),Y].

PROOF. From the two results above it follows that [X;Y;(Y N Z);Z] = [X;(Y N
Z);Y; Z]. Since Y, Z lift to become disjoint after the blow-up of their intersection, their

blow-up commutes. Putting it all together we get
(3.19) [(X;Y;(YNZ):Zl=[X;(YNZ); Z;Y] = [X; 2, (Y N Z); Y]
O

We have a need for quasihomogeneous versions of theorems [3.3] and To address it, we
first need to address the issue of lifting not only submanifolds, but also their associated

quasihomogeneous structures.

3.3. Lifting quasihomogeneous structures

Let Y, Z be two p-submanifolds of X with associated quasihomogeneous structures Ily-, 115.
Recall that when lifting a submanifold Z to [X; Y] (in the radial case), we asked that they
intersect each other cleanly, which can be defined by demanding that near any point in
their intersection, they can be linearized simultaneously by a choice of local coordinates.
We can strengthen this definition to include the quasihomogeneous structures as well:

Recall Definition [2.29] of matching local coordinates.

Definition 3.6: We say that the quasihomogeneous structures Ily, 1l intersect cleanly,
if near each p € Y N Z there are local product coordinates of Y, Z that match both Iy and
Iz as in Definition [2.29. If either Y or Z is contained in the other, we additionally ask
that the associated weights k; of Iy and K; of Ilz agree on those coordinates that are zero
i both Y and Z.

We can now define the lift of Iz to [X;Y]m, . As before, we need to differentiate between
the two cases Z C Y and Z =cl(Z\Y).

Definition/Theorem 3.7: Let Z C Y C X be p-submanifolds with associated cleanly
intersecting quasihomogeneous structures 11z, 1ly. Let I1; be given by the function spaces
fém) as in Definition @ Then, Iz lifts to a quasihomogeneous structure *(I1z) of
B*(Z) in [X;Y|m,, given by the function spaces fém)* = spalgeo B*(]—"ém)).

Note: Recall that the conormal bundle of Y restricted to Z is naturally embedded in the
conormal bundle of Z, N*Y'|z < N*Z. In the special case where both Y and Z are blown
up at most parabolicly, and thus the quasihomogeneous structures are simply given by
subbundles Soy C N*Y, Sy 7z C N*Z, the quasihomogeneous structures intersect cleanly
if and only if Sg’y|Z = SZ,Z N N*Y|Z.

Proor. Of course, we need to prove that F ém)* does in fact define a quasihomogeneous
structure at *(Z). Conditions (1) to (4) and (6) in Definition immediately follow
form the definition of F ém)*. Condition (5) can of course be checked locally, which we will
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do in projective coordinates. Since the quasihomogeneous structures intersect each other
cleanly, we may choose local coordinates x;, x}, y; near any point p € Z with associated
weights k; for x; and &} for 2} such that locally Z = {z; = 2} = 0}, Y = {x; = 0} and the
quasihomogeneous structures of Y and Z are locally given by x;, 2}, ki, k}. Recall that
part of the definition of cleanly intersecting quasihomogeneous structure was the fact that
the weights x; assigned to x; with respect to either Iy or Il are identical. Thus, we have
locally
(3.20) F= % e oe(X).

Kotk o/ >m
We can construct local projective coordinates on [X;Y|r, by scaling by any fixed w;,
denoted by x,:

1/ka .
(3.21) =" e (Z, =a) ) T Vi

xixq T (i #a)

Therefore, we have x, = £* and x; = &£ for i # a. This yields z¢ = ¢ H#a £
Locally, we have *(Z) = {£, = 2, = 0}. On this coordinate domain we get

Fgt=spancee Y @[l 00

ka+r'a/>m i#a

= Y o (xiy)).

k+r'a’>m

(3.22)

These function spaces have again the form of a quasihomogeneous structure, where the 7,
have associated weights ] and &, has associated weight 1. For this, we have already seen
in Proposition that it satisfies the exact sequence form condition (5) in Definition m
of the quasihomogeneous structure Thus finishing the proof. O

Next, we consider the case where Z = cl(Z\Y'). For this, recall that 8*(Z) = cl 3~1(Z\Y).
Also recall that the blow-down map S : [X; Y], — X is a diffeomorphism outside of the
front face.

Definition/Theorem 3.8: Let Y, Z be p-submanifolds of X with associated quasihomo-

geneous structures Iy, Ilz. Furthermore, assume that Z = cl(Z \'Y') and that Iy and

I, intersect cleanly. Then, 11z lifts to a quasihomogeneous structure B*(Ilz) of 5*(Z)

in [X;Y]m, defined by the function spaces ]:ém)* consisting of those smooth functions on

[X; Y, that, restricted to any open set disjoint from the front face, are in the lift of
(m)

F.

feC™([X;Y]ny) |

(3.23) Fyr = -
VYU C [X;Y |, closed with UN ffy =0 : fly € B*(F,")

Notice that F ém)* is not equal to 8*(F ém) ). For example, if Z D Y, functions in 5*(F. ém))
necessarily vanish on the front face, since they vanish on Y. This is not the case for

)

functions in F ém *. Also notice that this is in fact the same philosophy as lifting Z: We
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lift 7™ ‘away form the front face’ and then take its closure in C'*®.

PROOF. Again, we have to prove that ]:ém)* actually defines a quasihomogeneous
structure at 5*(Z) in [X; Y], . Similarly to the previous case, conditions (1)-(4) and (6)
in Definition are clear, since they are ‘smooth’ conditions. For the last condition (5)
we again use local coordinates. Since Ily and Iz intersect cleanly, we may chose local
coordinates near any p € Y N Z given as x;, x},x),y; such that locally Z = {x; = 2} =
0}, Y = {a} = 2!/ = 0} with the z,2’,2” having associated weights r, &', ', k" (where
k', k' are the associated weights of x; by IIy and Il respectively). We therefore have
locally

(3.24) Fo= 3 e oe(X).

ka+R'a’>m
Furthermore, we may construct local projective coordinates by scaling by either z or z/.
The coordinate domain of those projected coordinates constructed by scaling by z} do

not intersect the lift of 8*(Z). In this case the statement is clear, since we simply (and
correctly) get locally F ém)* = C™([X;Y]). Scaling by a fixed z/, we get local coordinates

(3.25) € = ol R g g™ (i=a)
. X; L= X Tq So= o Yi-
» S 7 s S x;,l‘;/ K [Ka (Z 7,5 a) )

In these coordinates we get

B(Z) = {z; =& = 0},

3.26

(3:26) ffy = {&; = 0}.

Furthermore, we get 2/® = £ ¢/ and thus

(327) B* (Fém)) _ Z xagla/gl/l/fi/alﬁ*coo (X)

rka+k'a'>m
Those smooth functions that lie in this space for any &/ > & > 0 are precisely
(3.28) Fgr= N e e(X: Y.
rKa+R o' >m
Again, this is locally a quasihomogeneous structure of 5*(F') with associated weights  to

z; and &' to &, for which we already know condition (5) to be true by Proposition
O

3.4. Standard results in the quasihomogeneous case

We are now ready to state the analogous results of Theorems [3.3] and [3.4) in the case of

quasihomogeneous blow-ups:

Theorem 3.9: Let X be a manifold with corners and Z C Y C X be two nested p-
submanifolds with cleanly intersecting quasithomogeneous structures 11y, IIy. Then, the
identity on X lifts to become a diffeomorphism

(3'29) [[X;Z]HZ;Y]HY = [[‘X;Y]HY;Z]HZ‘
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PROOF. Again, this result is local near the preimage of Z. Since the quasihomoge-
neous structures intersect cleanly, we may reduce to the case of having local coordinates
z;, o with associated weights k;, k] such that Y = {z; = 0}, Z = {a; = 2} = 0}. We
may construct projective coordinates on [X;Y] by scaling all z; by a fixed z, yielding
coordinates

z " (i =a)

_K/i/ﬁa a)

Ti%q (i
Considering all choices of a, these coordinate domains cover the whole of [X;Y]. In these
coordinates, the lift of Z to [X;Y], denoted by Z*, is given by Z* = {{, = 0, 2z, = 0}.
We already have seen that the quasihomogeneous structure lifts to be locally linearized by

(3.30) ¢ =

RN

these coordinates with the associated weight of £, being 1. Thus, we may construct local
projective coordinates on [X;Y’; Z] by scaling these coordinates either by &, or a fixed x}.

Scaling by &,, we get projective coordinates

(3.31) &\ omi = ag, M

on [X;Y;Z]. Scaling by z}, we get projective coordinates

(3.32) ; 7/ (=)
3.32 A=, & (ita) » Mi = @ , .
apl i (#0)

b
Again, all these coordinate systems together cover [X;Y’; Z]. We will compute the lift of
the identity explicitly for all these coordinate systems: Consider first those coordinates
where we first scaled by z, and then by z}: Thus we have coordinates A, ¢; (i#a)> Mi- The
blow-down map to [X;Y] is then locally given by

m.  (i=1b)
my M (i # D)

From here, the local blow-down map to X is given by

(3.33) &, Th =

/

Ka — )Kapla - R i—b
(3.34) v = & My (i=a) = Ui (i )

. . [ ’ B
NG =N (i # a) my'ni (i # D).
We now may get local projective coordinates on [X; Z] by scaling by x}, yielding

1/k} .
(3.35) f_ 5™ (i=1)
. i = a7 Th = x! . .
x;'{i/ﬁb W (’L # b)
b

The lift of Y to [X;Z], denoted by Y*, is then locally given by Y* = {§ = 0} with
associated weights k; to EZ Scaling by éa, we obtain projective coordinates on [X; Z;Y]

given by
(3.36) T i=a)
. Hi = g . y i
s (17#0)
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We can now explicitly calculate the lift of the identity in these local coordinate systems:

F1/ka _ m{ll/}m _ A = (Z _ a)

a = TR T =
(3.7 B e homr ,
wm = R =6 (#0
1/k}
ac; /F i (i="0)
(3.38) =4 o
W 2 ZZ =ni (i#D)
b b

Clearly, this is smooth up to the boundary. Lastly, we have to do the same for the
projective coordinates in [X; Y; Z] obtained from first scaling by x, and then by &,, yielding
coordinates &;, 7;. The local blow-down map to [X;Y] is given by

(3.39) &, o =i,
The local blow-down map to X is then given by

Ka 1=aq !
(3.40) Ti = o ( ) xp = nika’

&y’ (i #a)

Scaling by z,, we now obtain local coordinates on [X; Z] given by

1/Kkq . ’
~ $a/ﬁ =& (i=a) _ ; 771'{52

(341) &= T Eika . o = K. /Ka =
x’;i/ﬂa = gsl = 574 (2 # a) xal 6@1

The lift of Y to [X;Z] is disjoint from the domain of these coordinates, thus they are
also coordinates on [X; Z;Y]. These coordinates are clearly smooth up to the boundary,
finishing the proof of the proposition. O

Theorem 3.10: Let X be a manifold with corners and Y,Z C X be two p-submanifolds
that intersect transversally, meaning for each p € Y NZ we have T,Y +T,7Z =T, X. Then,
any quasthomogeneous structures Iy, Iz of Y and Z, respectively, intersect each other

cleanly and we have
(3.42) (X Z]u,: Y, = [ X3 Y]y ; Zln,-

PRrROOF. From the definition of transversal intersection, it follows that locally near any
point p € Y NZ there are local coordinates z;, y;, z; such that Y = {y; = 0}, Z = {2; = 0}.
Now, one can linearize Ily simply by changing y; into y; and Iz by changing z; into Z;.
Thus, they can be linearized simultaneously. The fact that the blow-ups commute now

follows for the same reason as in the radial case in Theorem [3.4] O

3.5. Radial extension of a quasihomogeneous structure

Consider again the situation of two nested p submanifolds Z C Y C X. Let IIy be a
quasihomogeneous structure at Y. Then IIy cannot be restricted to a quasihomogeneous
structure at Z. One way to see this is that a normal fibration NY — X of Y does not
restrict to become a normal fibration of Z. Put simply, Z has more normal codirections

then Y, for which IIy does not yield any information.
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An extension of Iy at Z can simply be viewed as any quasihomogeneous structure of Z
that intersects Iy cleanly. This is of course far from unique. A canonical way to proceed
is to use the radial extension defined below, which requires no additional information.

Philosophically, it is constructed by giving all ‘new’ codirections the weight 1:

Definition/Theorem 3.11: Let Z C Y C X be p-submanifolds and Ily be a quasihomo-

geneous structure at 'Y given by the function spaces fém). Then, the function spaces
m

(3.43) Fo =3 "1Hz)F P
k=0

define a quasihomogeneous structure, denoted by HTZad’Y, at Z. This quasthomogeneous

structure called the radial extension of Ily at Z. It intersects Iy cleanly.

PROOF. Again, we have to check all 6 conditions in Definition Condition (1)
follows from the fact {f € FU™ | df # 0} = {f € FU™ | df # 0}. Conditions (2)-(4)
and (6) follow from the fact that they are true for both fx(/m) and Z™(Z). Condition (5)

is again easily checked in local coordinates using proposition |2.9] which also immediately

implies that H;ad’y and IIy intersect cleanly. O

3.6. Separating submanifolds

There is another concept related to the questions of commutativity of blow-ups, called
separating submanifolds. In this section, all blow-ups can be either radial or quasihomo-
geneous. We start with the special case of blowing up boundary faces. Let X be a manifold
with corners and A, B,C € M(X) be some boundary faces. We denote by Fa(B + C) the
smallest face of X that contains both B and C. We then have the following result:

Lemma 3.12: If A, B,C satisfy

(3.44) BCACFa(B+C),

then B and C lift do become transversally intersecting on [X; A] and thus
(3.45) [X;A; B;C| = [X; A;C, B.

In this case, we say that A separates B and C. Note that A # Fa(B + C) is a necessary

condition.

PROOF. A boundary face is locally always given as the zero-set of a collection of
boundary defining functions of some of the boundary hypersurfaces of X. Therefore, we
have

(3.46) Fa(B + C) = {z; =0}

for some collection x; of such boundary defining functions. Since B C A C Fa(B+C) and

both are again boundary faces, we have
A={z; =0, y; =0},
(3.47)
B={z;=0, y;, =0, =0}
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for some additional boundary defining functions y;, z;. Notice that there has to be at
least one y; since otherwise A = Fa(B + C'). Lastly, C C Fa(B + C) is again a boundary
face and, by definition of Fa(B + C'), non of the defining functions y;, z; vanish on C, since

that would immediately yield a smaller face containing both B and C'. Thus, we have
(3.48) C = {.’L‘Z = 0, w; = 0}

for some more defining functions w;. Next, let us consider the lift of B, C' under the

blow-up of A. The blow-up
(3.49) Ba:[X;A = X

introduces a new hypersurface with a new boundary defining function, denoted by p.
Boundary defining functions of the old boundary faces are given by rescaled versions of
the old ones. To be more precise, for any boundary defining function x; of a boundary
hypersurface H;, the function 5% (x;)/p, defined on the interior of [X; A], extends smoothly
to the boundary and becomes a boundary defining function of 5*(H;), which we denote
by Z;. Since C' is not contained in A (since there is at least one y;), it lifts to

(3.50) B4(C) = {&: = 0,5 = 0},

Since B C A, its lift % (B) is defined as the preimage of B under 4. Clearly, a point
p € 4 (B) must satisfy p = 0, and thus its image under blow-down satisfies 2; = 0, y; = 0.
Thus, it is easy to see that

(3.51) Ba(B) ={p=0,% = 0}.

Clearly, 8% (B) and (3% (C) intersect transversally, which proves the statement. O

Example: Consider

(3.52) X =R

with its standard boundary defining functions 1, xo, x3, x4. Set
B ={z; = 29 = 23 = 0},

(3.53)
C ={x1 =x4=0}.

Notice that B and C' do not intersect transversally. We have Fa(B + C) = {z; = 0}.
Thus, with

(3.54) A= {:L’l = T2 = 0}
the conditions of the lemma are satisfied and we get
(3.55) [X;A;B;C| =[X;A;C; B].

Notice that this does not follow from any of the ‘standard’ commutativity results.

General p-submanifolds: If A, B,C' C X are cleanly intersecting p-submanifolds, we
can write down an analogous result. However, we cannot just copy the condition from
above: If B, C are interior p-submanifolds that do not intersect transversally, then Fa(B +

C) = X. Thus, we can take for example B, C to be two intersecting lines in R? and A
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to be the plane they span. These submanifolds satisfy the conditions of the lemma above
but the commutativity result clearly does not hold. However, even though the condition
of the Lemma above is formulated as a global one, it might as well have been formulated
locally, since the transversality of B and C on [X; A] is a local result. Translating the

condition into a local one yields the correct condition for p-submanifolds:

Lemma 3.13: Let A, B,C' C X be cleanly intersecting p-submanifolds. If B C A, BNC #
0 and for each p € BN C we have

(3.56) T,BCcT,ACT,B+T,C,

then B and C' lift do become transversally intersecting on [X; A] and thus
(3.57) [X;A; B;C| = [X;A;C; B

In this case, we say that A separates B and C.

PROOF. The proof is now completely analogous. We show that under the blow-up of
A, the lift of B and C intersect transversally. This is of course a local property that is
trivial away from BN C so we only need to consider a neighborhood of a point p € BN C.
Near such a point we may now chose local coordinates as before. This gives

A=A{z; =0, y; =0}
(3.58) B={z;=0, y;=0, z =0}
C ={z; = 0,w; = 0}.
where the 0., span T),B + T,,C' and then copy the proof from above. ]

Stability under additional blow-ups: Given submanifolds A, B,C C X such that A
separates B and C, it is not clear whether or not the same is true for the lifts of A, B,C
under additional blow-ups. In fact, generally this is not the case. We formulate two cases

that are sufficient for most settings:
Lemma 3.14: If A, B,C satisfy B C A C Fa(B + C), we have
(3.59) [X;A4;...;B;Cl=[X;A;...;C,; B].

Proor. This follows directly form the fact that ‘transversal intersection’ is stable

under lifting to blown-up spaces. O

We also want to analyze the stability under the blow-up of a submanifold F' that occurs
prior to the blow-up of A; B;C. A sufficient condition for stability is the following:

Lemma 3.15: Let F, A, B,C C X with A, B,C satisfying (3.44)) and all four intersecting
cleanly. Furthermore, we assume

(3.60) BCF=ACF,

meaning F contains either both A and B or neither. Denote the blow-up of F by Br :
[X; F] — X. Then, the lifts B5.(A), fr(B), B5(C) € M([X; F]) again satisfy (3.44).
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PRrROOF. First assume F' contains neither. Recall that the definition of the lift of a
submanifold differentiates two cases. This condition assures that the same case applies
for A and B. If F contains both A and B, then their lifts are 85(A) = 871(A), B5(B) =
B~YB). If F contains neither, then their lifts are defined as B5(A) = cl(B71(A4\ F)),
Bi(B) = cl(B7Y(B \ F)). The Lemma now follows from simple calculations in local
coordinates separately for the cases of C' also being contained in F' and the case where it
is not. O

One can check that the condition (3.60)) is itself stable under additional blow-ups. However,
writing it down is a bit cumbersome, since one has to differentiate several cases.

Corollary 3.16: Let A C X separate B and C. Let F = Fy;...;F, be a list of p-
submanifolds such that for each i F; lifts to a p-submanifold under blow up of Fy,...F;_4
and F;, A, B, C intersect cleanly and satisfy the condition . Denote the blow-up of
F by B:[X;F] — X. Then, 5*(A) separates 5*(B) and B*(C).

Example Same as before, but replace Ri with R%.

3.7. Commutativity and boundary structure

Lastly, we want to formulate a result that connects commutativity with the boundary
structure of the blown-up spaces. Although it is not used explicitly later on in this thesis,
it was very useful during the ‘trial and error’ part of the constructions done in the following
chapters and thus we include it here:

Setting: Let X be a manifold with corners and boundary Hypersurfaces Hy, ..., H,. Let
Fy,...,F, € M(X) be a sequence of distinct boundary faces of X. Furthermore, let
o = (01,...,0k) be a permutation of the indexes. We want to answer the question of
whether or not the identity on X lifts to a diffeomorphism

(3.61) (X F|] =X F1;..  Fy| 2 [ X Fyys o By = [ X Fol

Condition: A necessary condition is that the two manifolds [X; F], [X;F,| have the
same boundary structure. This can be made precise in the following sense:

For a manifold with corners X, let M(X) be the set of all boundary faces. It is partially
ordered by inclusion. The blow-down map Sr : [X; F] — X induces a map M([X;F]) —
M(X), since ( is a b-map and thus maps boundary faces to boundary faces. This induced
map is compatible with the partial order of both sets. We then get the following definition:

Definition 3.17: We say that [X;F] and [X;F,] have the same boundary structure,
written M([X;F]) =g M([X;F,]), if there is a bijection between the two sets that is

compatible with the partial order and for which the following diagram commutes:

M(IX; F]) o M(X)

(3.62) l V

M([X; F])
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As mentioned before, this condition is necessary for the two blown-up spaces to be diffeo-
morphic. We now show that it is fact also sufficient:

Theorem 3.18: The identity on X lifts to a diffeomorphism

(3.63) (X F] 2 [X; Fol

if and only if [X; F] and [X;F,| have the same boundary structure as defined above:
(3.64) M([X; F]) =5 M([X; F]).

PrOOF. We only need to prove the ‘if’ part. We use the theory of generalized blow-ups
and monoidal complexes introduced by Kottke and Melrose in [12].

In short, the proof will go as follows: Both blow-ups are generalized blow-ups
with respect to refinements given by a series of star subdivisions. Since the same
boundary faces are blown up, the same generators are used in these subdivisions,
and thus the same minimal (one dimensional) monoids are present in both refine-
ments in the end. All other monoids in the refinements are direct sums of these
minimal ones. Which of these sums are present is fully determined by the bound-
ary structure of the blown-up space. Since these are equal, so are the refinements
and thus so are the blown-up spaces. Let us fill in the details:

Recall from [12] that a monoidal compler is a set of monoids o, indexed over a poset
(A, <) together with monoid isomorphisms lap © Og — T < op Whenever a < b, called
face maps. Any manifold with corners X has an associated ‘basic monoidal complex’, Px,

consisting of smooth monoids
(3.65) or= @ Neg, FeM(X)
GEMy(X)
F<G
together with morphisms
(3.66) OF “> OF, F/SFGM(X)

In other words, the monoids in Px are indexed over M(X). A morphism ¢ between
monoidal complexes consist of a map between the indexing posets ¢4 together with monoid
homomorphisms ¢gp : 0, — 0 whenever b = ¢4 (a), that are required to commute with
the face maps.

In Corollary 7.3 in [12] it is shown that the iterative blow-up of boundary faces is a
generalized blow-up with a refinement given by the subsequent star-subdivision of Px by
elements vy, where vp, is the sum of the generators of the hypersurfaces meeting at Fj.
Let us denote these refinements by Rr — Px , Rr, — Px. This gives

(3.67) (X5 F1 = [X5RA], [X5Fo] 2 [X5RE]
In Theorem 6.2 in [12] it is shown that the blow-down map
(3.68) B:[X;Rr] = X
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defines a map S : Pix,r ] — Px that factors through an isomorphism

Pixrys) — Px

(3.69) lﬁ

RF
We want to show that there is an isomorphism between the monoidal complexes
(3.70) Rr =Pix;r- = Px:rz,] = RF,-

The identification defines a bijection between the posets M([X; F]) = M([X; Fs])
over which the two monoidal complexes are indexed. Furthermore, if F, F’ are identified,
then op € Pix;r ;) and o € Pix;r ) are naturally identified by and the fact that
{G € Mi([[X;R~]]), F < G} and {G' € Mi([[X;R£,]]), F' < G'} are identified by
(13.64)).

To show that these two monoidal complexes are also isomorphic as refinements of Px we
need to show that the diagram

R]:*)’PX

(3.71) F /

commutes. The maps between the posets over which these monoidal complexes are indexed
commute by assumption, see . It is left to show that the monoid homomorphisms
commute as well. This follows from the definition of star-subdivision: As mentioned
earlier, the refinements Rr, Rz, were constructed through a series of star subdivisions
by elements vg,. Thus, the minimal (one dimensional) monoid Ne¢ € Rx and its identified
monoid in Rz, , where G = ff(F}), are both mapped to Nvg, C Rx. All other monoids
are direct sums of these minimal ones and, by definition of star-subdivision, are mapped
to the direct sum of the images Nvp,, which are identical. This shows that the two
refinements Rr, Rz, of Px are isomorphic and thus Corollary 6.4 in [12] proves that
(X Rr] = [XsRE,].

O

Note: This result can easily be generalized to the case where the F; are a cleanly inter-
secting family of p-submanifolds, since the question of weather or not the identity lifts
to a diffeomorphism is a local question, and locally a family of cleanly intersecting p-
submanifolds are all boundary faces with respect to a suitable ‘slicing’ of the manifold
into quadrants. Of course this is quite a restrictive condition on the F; and it would be

interesting to gain a deeper understanding in less restrictive situations.

Example: Unfortunately, the set of all boundary faces M(X) can get quite large. For
example, consider a manifold X with two hypersurfaces that meet. Then, the b-resolution
of the triple space X,:;’ already has 676 boundary faces. So one should ask if this result can
be of any use in ‘real life’ examples.

Fortunately, the functor that maps X to M(X) commutes with blow-up. Therefore, it is
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very easy to compute M ([X; F]) from M (X) provided F' is a boundary face of X (and thus
given as an element of M(X)). It is also easy to calculate the lift of any other boundary
face 5*(F’) as an element of M([X; F]). These operations are easily performed by any
computer algebra system, and they have been implemented in Python in the special case
where the boundary structure is relatively simple: If one assumes that each boundary
face is equal to the intersection of some hypersurfaces (and thus does not have several
components), one can identify M(X) as a subset of the power set of M;(X) with the
partial order being the inclusion.

Using such an implementation, the question of commutativity when one only blows up
boundary faces can easily be checked with a computer. Interested readers may contact
the author concerning the Python code.
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Part 2

Pseudodifferential Calculus on SL(n,R)






CHAPTER 4
Semisimple Lie groups

4.1. Introduction

Before we start with the analysis on SL(n,R), we will briefly recall some key elements
of Lie Group theory that are needed in this part of the thesis. The theory of Lie groups
and Lie algebras is very mature and there is an abundance of literature on the topic. To
name only one book that combines a good introduction with great depth, see [11]. Here,
we only go through what is needed in the analysis later on.

At first glance, a Lie Group and a Lie Algebra are two completely different objects, we
recall their definitions and their connection below.

A Lie algebra g is a vector space over a field equipped with a bilinear product [-, -] : gxg — g
satisfying certain criteria. Before we recall the full definition, we start with some examples:
Example 1: Let M be a real manifold (possibly with corners). Then the space of all
smooth vector fields X(M), equipped with the standard commutator bracket [X,Y] :=
XY — Y X is a Lie algebra.

Example 2: The space g = gl(n,K) of all n x n-matrices over a field K equipped with
the standard commutator bracket [A, B] = AB — BA is a Lie algebra. Especially the cases
K = R, C are of primary interest. gl(n,K) has several interesting sub algebras, for example
sl(n,K) = {a € gl | tr A = 0}. These matrix Lie algebras have been studied extensively
and whole books have been written on even just one of these.

Example 3: The Lie algebra of a Lie group G. This is defined later on and example 2 is
a special case.

Let us continue with the actual definition of a Lie algebra.

Definition 4.1: Let g be a vector space over a field K. g is called a Lie algebra if it is
equipped with a bilinear product [-,-] that satisfies

(1) [X,X] =0 for all X € g.

(2) For any X,Y,Z € g the Jacobi identity is satisfied:

(4.1) X, Y], 2] +[[Y, 2], X] + [[Z, X],Y] = 0.

The first statement implies that [X,Y] = —[Y, X].
We continue with some basic definitions surrounding Lie algebras. We set

(4.2) ad:g— Endg g, (ad X)(Y) = [X,Y].

For an X € g, ad X is called the adjoint endomorphism of X. The fact that it is an
endomorphism follows from the linearity in the second factor of [-,-]. The map ad itself is

also linear, which follows from the linearity in the first factor.
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A linear map ¢ : g — b between two Lie algebras is called a homomorphism if it satisfies
(4.3) S([X, Y]) = [6(X), 6(Y)] for all X,Y € g.

For any subsets a,b C g we set [a,b] = {[X,Y] | X € a, Y € b}. A Lie subalgebra b of
g is a subspace satisfying [h, h] C bh. It is again a Lie algebra. Such an b is an ideal, if it
satisfies [b, g] C b.

Next, we recall the definition of a Lie group and its associated Lie algebra: A Lie group
G is a group equipped with the structure of a smooth manifold, such that multiplication
and inversion are smooth maps. The most common examples are the matrix Lie groups

GL(n,R) = {A € Mat(n x n) | det A # 0} and its subgroups, for example
(4.4) SL(n,R) = {A € GL(n,R) | det A =1}.

Let x € G. We denote the multiplication with x from the left with L, : G — G and
from the right with R; : G — G. A vector field X on G is called right-invariant (and
analogously left-invariant) if for any z,y

(4.5) (dRy-1,) (X (2)) = X(y),

thus if X (as an operator on smooth functions) commutes with R,. By definition, a right-
invariant vector field is uniquely determined by its vector at a single point. Thus the map
X — X(1) is a 1-1 map between the right-invariant vector fields and 77G. The inverse
map is simply given by the equation X f(z) = X (1)(L,-1f). It is easy to see that this
space is closed under the Lie bracket. The Lie bracket of these vector fields induces a Lie
bracket on T1G, which therefore becomes a Lie algebra. This g = T1G is simply called
the Lie algebra of G. This justifies the notation gl, sl from the example above, since one
can easily check (by computing 77G) that these are the Lie algebras of the general- and
special linear group GL(n,R), SL(n,R) respectively.

The centralizer of a Lie algebra g with respect to a subset s C g is defined as

(4.6) Zy(s) ={X eg| [X,Y]=0forall Y € s}.

It is a Lie subalgebra of g. One is commonly interested in the centralizer of a single element

S € g. Similarly, if s is a Lie subalgebra of g, we define the normalizer of s as
(4.7) Ny(s)={X eg|[X,Y]esforalY € s}.

4.1.1. Ideals. Recall that a subset h C g is called an ideal, if it satisfies [h, g] C b.
They play an important role in the analysis of Lie algebras and we briefly recall some

concepts surrounding them.
Lemma 4.2: Ifa, b are ideals in g, then so are a+b, aNb and [a,b].

Given an ideal a C g, The quotient $7, becomes a Lie algebra under the bilinear form
(X +a,Y +a] =[X,Y] + a. It is an easy exercise to check that this is well-defined. An
important theorem concerning ideals is the second isomorphism theorem. It states that
given two ideals a,b C g such that a+b = g, then /4, = b/a N p- This is easily proven, since
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the map is explicitly given by A+ B+ a+ B+ (anb). There are some important ideals
defined in any Lie algebra. The center Z; = Zy(g) = {X € g | [X,Y]=0forall Y € g}
is an ideal of g, and so is the commutator ideal [g,g] C g. Furthermore, for any
homomorphism ¢ : g — b, the kernel ker ¢ is an ideal.
Next we recursively define

¢’ =g, ¢ =g, 0" fori >0,

(4.8) |
g0=9, Gi+1 = [g,0:) for i > 0.

The two resulting decreasing sequences

g=¢"29'2¢°2...,
(4.9)

g=0g020120922 ...
are called the commutator series and lower central series of g respectively. Each g
and g; is an ideal, which follows from the fact that ideals are stable under the Lie bracket.
The Lie algebra g is called solvable if g° = 0 for some ZEI We say g is nilpotent if g; =0
for some i. To give an example, the Lie algebra of all upper triangle matrices is solvable,
the Lie algebra of all strict upper triangle matrices is nilpotent. Solvable and nilpotent
ideals are stable under taking subalgebras and quotients. Furthermore, if an ideal a C g
and the quotient 9/, are both solvable, then so is g. Lastly, the sum of two solvable
ideals a + b is again solvable, which is a simple consequence of the second isomorphism
theorem. As a result, any finite dimensional Lie algebra has a unique solvable ideal that
contains all solvable ideals. This ideal is called the radical of g, denoted by radg. A Lie
algebra is called simple, if it is nonabelian and has no proper nonzero ideals. It is called
semisimple if rad g = 0, i.e. if it has no nonzero solvable ideals.
Recall that for each X € g, ad X is an endomorphism on g. Thus, if g is a finite-dimensional

vector space, it makes sense to define
(4.10) B:gxg—K, BX,Y)=tr(ad X ocadY).

This is a symmetric bilinear form, called the Killing form. It is connected to the concept

of semisimplicity and solvability via Cartan’s Criterion:

Theorem 4.3: (Cartan’s Criterion). A Lie algebra g is semisimple if and only if its
Killing form is non degenerate, meaning that its radical rad B = {X € g | B(X,Y) =
0 for all'Y € g} is zero.

g is solvable if and only if its Killing form satisfies B(X,Y) = 0 for all X € g and

Y € [g.g].

A proof can be found for example in [11]. An important consequence of this is the following
theorem, that also justifies the name ‘semisimple’:

Theorem 4.4: A Lie algebra g is semisimple if and only if it is a direct product g = g1 &
-~ @ gm of ideals g;, each of which is a simple Lie algebra. In this case, the decomposition
s unique and all ideals of g are sums of these ideals.

IWe call a Lie group solvable, if its Lie algebra is solvable. The same is true for all the following properties
of Lie algebras.
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Again, a proof can be found in [11]. If g is semisimple and a C g is an ideal then
the orthogonal complement a* with respect to the Killing form B is again an ideal and
g = a®at. We say a Lie Algebra is reductive, if for any ideal a C g there is a
corresponding ideal b such that g = a & b. Thus any semisimple Lie algebra is reductive.
The following statement, which is proven by an iterative scheme and Theorem [4.4] shows

a connection the other way around.
Theorem 4.5: If g is reductive, then g = [g, g] + Zy with [g, g] being semisimple.

This implies that any reductive Lie Group with center 0 is semisimple. For real or complex

matrix Lie algebras, reductiveness can be checked via the following criteria:

Lemma 4.6: Let g be a real Lie algebra over R or C. Then g is reductive if it is closed

under conjugate transpose.
Proor. This is a simple consequence of the fact that
(4.11) (X,Y) :=Retr(XY?1)

is a real inner product on any matrix Lie algebra. Therefore the orthogonal complement

can be taken with respect to this inner product. O

This equivalent characterization can be used to prove the semisimplicity of a large collec-
tion of real and complex matrix Lie algebras. Examples can again be found in [11]. Here,
we only prove it for the Lie algebra that is the topic of this chapter:

Lemma 4.7: sl(n,R) = {A € gl(n,R) | tr A =0} is a semisimple Lie algebra.

PROOF. The fact that sl(n,R) is closed under brackets (and thus a Lie algebra) and
closed under transpose is clear by definition. Therefore, it is a reductive Lie algebra. The
only thing left to show is that it has center 0. This follows directly from that fact that
each 0 # A € sl(n,R) has non zero image and non zero kernel, so for a given A take any
B that does not have full rank (yielding tr B = 0), has image contained in the kernel of A
and is non zero on the image of A. Then [A,B] = AB— BA=—-BA#0. O

Lastly, we need a decomposition theorem for semisimple Lie algebras that will play a vital

role in the analysis of the following chapters.

4.2. The Iwasawa decomposition

The Iwasawa decomposition is defined for any semisimple Lie Group. It can be viewed as
a generalization of the fact that any matrix can be decomposed into an orthogonal matrix
and a upper triangle matrix. A comprehensive discussion can be found in [11]. Here we

briefly recall its construction.

4.2.1. The Cartan decomposition. We start with recalling the Cartan decompo-
sition, which generalizes the polar decomposition of matrices to any semisimple Lie group.
Definition 4.8: Let g be a semisimple Lie algebra with Killing form B(-,-).

(1) We call a Lie algebra homomorphism 0 : g — g an involution if 6% = 1d.
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(2) We call an involution a Cartan-involution if the bilinear form
(4.12) By(X,Y):= —B(X,0Y)
is positive definite.

Lemma 4.9: Fvery semisimple Lie Algebra g has a Cartan involution. Any two Cartan

involutions 01,02 are conjugate under some g € g, meaning 01 = g~ '6ag.

PROOF. A proof can be found in [11]. O

Example: On g = sl(n,R) = {A € R"™" | trA = 0} themap 6 : g — g, A+ —AT
is a Cartan involution. On sl(n,R), the Killing form is given by B(X,Y) = 2ntr(XY).
Therefore By(X, X) = 2ntr(X X ") which is positive definite.

Since a Cartan involution of g satisfies 2 = Id, it has only the two eigenvalues 1. Let
t denote the 1-eigenspace and p denote the —1-eigenspace. Then p is the orthogonal

complement of £ with respect to By. This yields the eigenspace decomposition
(4.13) g=tDyp,
which is called a Cartan decomposition of g.

Lemma 4.10: Let g =t ® p be a Cartan decomposition, then we have

(1) &8 St [p.t] Sp, [0l Cp, [P CE
(2) ¢ is a Lie subalgebra, p is not.

PROOF. Since @ is a Lie algebra automorphism, the Lie bracket of two eigenspaces
is contained in the eigenspace corresponding to the product of the two corresponding
eigenvalues. O
Example 4.11: Consider g = sl(n,R) and
(4.14) 0 :sl(n,R) — sl(n,R), Ars —AT.

We have

t={X | X=-X"}=s0(n),
(4.15) T
p=A{X| X =X"}={pos. def. matrices}.

The Lie subgroups corresponding to the decomposition € and p are SO(n) and P, denoting
the positive definite matrices, respectively. Thus, the Cartan decomposition yields the polar
decomposition SL(n) = SO(n)P.

Lastly, we consider the different Cartan involutions one could have chosen for g = sl(n,R)
instead of the one above. Lemma@ implies that any other Cartan involution 0’ is related

to 0 by
0(X)=—g(g'Xg) g7t =—gg" X (¢ g?
(4.16) o -
— hXTh™! = hO(X)h

63



for some fized g € sl(n,R) and h = gg'. Additionally, whenever § = ¢, we have X =
hXh~! and thus h = 1d. Therefore a choice of Cartan involution on sl(n) is equivalent to

the choice of a positive definite matriz h (= gg').

In fact, Lemma [4.9shows, that any two Cartan decompositions of an arbitrary semisimple
Lie group are conjugate.

4.2.2. The Iwasawa decomposition. An Iwasawa decomposition is now derived
from a Cartan decomposition g =€ @ p.
Choose a maximal subalgebra a C p. Such a subalgebra is automatically abelian (meaning
[z,y] = 0Vx,y € a), since [p,p] C ¢ and, since a is a Lie algebra, [a,a] C a C p. We proceed
by defining the root system relative to a.

Definition 4.12: Let A : a — R be a real linear form on a (in other words, A € a*). Then

we set
(4.17) o={Xe€g|[HX]|=ANH)X VH € a}.
We then call the set

(4.18) S={A#0]gx#{0}}
the root system relative to a.

This results in the direct sum
(4.19) g=00® Y g

AeX
Notice that whenever \ € ¥ we also have —\ € ¥. A choice of one of these for each such
pair, denoted by ¥t C X, is called a positive root system, if for any A\;, Ay € X1 that
satisfy A1 + A2 € ¥, we have A\ + X3 € ¥ 7. Let ¥ be such a choice. We then set
(4.20) ni=> g

A>0

Notice that this is a subalgebra, since we again have [gy, g,] C gr+,. Next, we take a closer
look at go. The Cartan decomposition of g yields

)

(4.21) go=(tNgo)® (ango tENgy) Pa=moa.

However, we do need to prove that this sum is actually direct. To do so, take X =
K + P € go. Then we have 0 = [H, K + P] = [H, K]+ [H, P] which yields [H, K] = 0 and
S~ =

€p et
[H, P] = 0. So far, we get the decomposition

(4.22) g:m@a+n+ZgA.
A<0

Now take X € ), gx. Notice that 6(gy) = g—» and (X +60X) = 0X + X, which shows
that X = X + 60X — 06X € ¢+ n. We therefore conclude that

(4.23) g=toaon
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which is called the Iwasawa decomposition. We do however still need to show that this
is in fact a direct sum. This can be shown by applying 6 to , followed by some
straight-forward calculations. If g is the Lie algebra of a Lie group G, then let K, A, N
denote the Lie subgroups of G generated by &, a, n respectively. Then G = K AN is called
the Iwasawa decomposition of G. Again, this decomposition is unique up to conjugation:

Lemma 4.13: The Iwasawa decomposition (4.23|) of a semisimple Lie group is unique up
to conjugation by an element g € g.

A proof can be found in [11].

4.2.3. Example: SL(n). Consider g =sl(n) = {A € R"*" | tr A = 0}.
As shown above, 6 : X — —X ' is a Cartan-involution, which results in the following

Cartan-decomposition

(4.24) g=tap,
(4.25) t={zcsl| X=—-X"}= orth. matrices in sl,
(4.26) p={zecsl| X=X"}= pos. def. matrices in sl.

We now need to chose a maximal subalgebra of p: For this we consider the subalgebra of

diagonal matrices

(4.27) a = {diag(dy,...,dn) | Y _d; =0}

We now need to find all A\ € a* such that gy # {0}. To do so, it is convenient to
choose a basis of g. Let E;; denote the matrix with a 1 at (é,j) and zeros everywhere
else. Clearly, g is spanned by the FE;; with i # j together with the elements of a. Let
D = diag(dy, . ..,dy,) € a, then we have

and of course [D, D'] = 0 for all D" € a. Therefore, all roots A with gy # {0} are given by
)\ij D — (dl — dj) with

(4.29) gx; = span{Ej;},

(4.30) go = a.

We therefore get the root-decomposition
(4.31) g=a® » span{Ej}.
i#]
Next, we need to chose a positive root system. One obvious choice is
(4.32) S =A{XNj [ J >}
This results in

(4.33) n= Zspan{Eij} = { strictly upper triangle matrices}.
j>t
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We therefore get the Iwasawa decomposition
(4.34) g=tdadn,

where £ are the orthogonal matrices, a are the diagonal matrices with trace 0 and n are
the strictly upper diagonal matrices. The corresponding decomposition of SL(n) into the
subgroups generated by these subalgebras is

(4.35) SL(n) = SO(n)AN

where A is the set of positive diagonal matrices and NN is the set of upper diagonal matrices
with all diagonal entires one.

Any other Iwasawa decomposition of SL(n,R) is conjugate to this one by an element
g € SL(n,R). Since SO(n) is stable under conjugation, they are given by SL(n,R) =
SO(n)AyN, with A, = g71Ag and N, = g~ ' Ng.
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CHAPTER 5
Hd-compactification of SL(n,R)

In [1] Albin, Dimakis, Melrose and Vogan introduce the hd-compactification of semisimple
Lie groups, which can be understood as the real analogue of the wonderful compactifica-
tion. The right- (or left-) invariant vector fields lift to become a Lie algebra of b-vector
fields and thus, allow for the construct a pseudodifferential calculus adapted to the degen-
erate behavior of these vector fields at the boundary of the compactification. We consider
this for the special case of SL(n,R).

In this case one can write down the construction of the hd-compactification explicitly.
Since we only consider SL(n,R) in the next chapter, we will restrict to it in the discussion

of the hd-compactification as well. For details and for the general case, see [1].

Definition 5.1: An hd-compactification of a real reductive Lie group with compact center
is a compact manifold with corners G and a diffeomorphism into the interior G — G such
that

(1) (inversion) Inversion extends to a diffeomorphism of G.

(2) (b-normality) The right action of G extends smoothly to G with isotropy algebra
at each boundary point containing the b-normal space.

(3) (b-transversality) The combined action of G X G on left and right is b-transitive,
i.e. has Lie algebra spanning *TG.

(4) (minimality) Near the interior of a boundary face of codimension d the span of
the Lie algebra for the right action contains vector fields xjv; (5 =1,...,d) where
the x; are defining functions for the local boundary hypersurfaces and the v; are
locally independent tangent vector fields not themselves in the span of the Lie

algebra.

As one can see, conditions (2)-(3) are all closely linked to the Lie algebra of right-invariant
vector fields and therefore can be shown by analysis of the Lie algebra of SL(n), which is
g =T, SL(n).

5.1. Construction and geometric properties

We will now explicitly construct an hd-compactification for SL(n, R).

Let us start by considering the inclusion
(5.1) SO(n,R) € SL(n,R) ¢ GL(n,R) C Hom(n,R)

where Hom(n,R) = Hom(R",R") is the space of linear maps with the standard Hilbert-
Schmidt norm of an element A = (a;;);; given by

(5.2 = (X a) "
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Moreover, let
(5.3) SH = {e € Hom(n) ; |le|]| =1} € Hom(n)

be the unit sphere in Hom(n)ﬂ and ST = GL(n) NSH(n) be the open subset of invertible
maps with norm 1. Consider the map
e

(5.4) SL(n) — SI(n) ; e el

given by scaling each element to have norm 1.
Lemma 5.2: The radial scaling above is a diffeomorphism onto its range
(5.5) SIi(n) = {e € SH(n) | dete > 0} C SI(n).
PROOF. The map
(5.6) SI, (n) 3 e — e/(det(e))/™ € SL(n)
is obviously the inverse, proving the statement. ([l

One should picture the image on the unit sphere SI; (n) to be one open half of SH(n), where
the other open half consists of the matrices with negative determinant. The ‘equator’ in the
middle is the closed set of matrices of determinant zero. This ‘equator’ has the additional

structure of a stratified space over the sets of matrices with a fixed rank
(5.7) Sy = {e € SH(n) | e has corank at most g}.
These are a nested sequence of submanifolds

(5.8) Sp—1 C Sp—2 C---CS; CSH.

The situation may be visualized as in Figure The subsets S, \ Sg+1, consisting of
matrices of corank exactly ¢, are actually the isotropy types of the action of SO(n) on
SH(n) by conjugation and therefore, they can be blown up successively to resolve this

action.

FIGURE 5.1. A schematic visualization of SH(3), SI;(3) and S;. Of course
it is actually eight-dimensional.

The hd-compactification will now be constructed by iterative blow-ups of all S,. By a

general result of Albin and Melrose on the resolution of group actions [2], the deepest

IThe field considered in this thesis is always R, so it is dropped in the notation when convenient.
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stratum S,,_1 is a submanifold and iteratively, after the blow-up of S, the lift of the next
stratum S,_1 becomes a submanifold. Therefore we may define the iterative blown-up

space
(5.9) SH(n) := [SH, Sp—1,- -, 51].

Then, the hd-compactification of SL(n) is given by

(5.10) SL(n) := {closure of the lift of SI in SH(n)}.

We denote by H, the new boundary hypersurface generated by the blow-up of S,. The
situation may be visualized as in Figure |5.2

FIGURE 5.2. A schematic visualization of SH(3).

Before we can prove that this is actually an hd-compactification we need to understand
the geometry of the newly created boundary faces.
In the inductive argument used below, we generalize the situation slightly for notational

convenience. Let W7, W5 be two euclidean vector spaces of equal dimension n. Let
(5.11) HOHl(Wl, Wz) D) SH(Wl, WQ) D) SI(Wl, WQ) s Sq(Wl, WQ) R Q(Wh WQ)

be defined analogously to before.
We start by looking at the structure of each Sy \ Sg+1. An element of e € S, \ Sg41 can
be characterized by the following three objects:

(1) The image of e, which is a n — g-dimensional subspace Uy C Wh.

(2) The kernel of e, or equivalently the orthogonal complement of it, which is a
n — g-dimensional subspace U; C Wj.

(3) The restricted linear map e|y, € SH(Uy, Us).

Therefore, S, \ Sy+1 fibers over the double Grassmannian
SH(n — q) Sq \ Sg+1
(5.12) i
Gr(Wy,n — q) x Gr(Wa,n — q)

with the fiber over a point (Uy, Us) in the base being the space SH(Uy, Us). The geometry

of H, is now similar to the one of S;, but with larger fiber. Namely the spherical normal
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bundle is glued in. In order to understand the geometry of the normal bundle, we will
specifically construct a normal bundle of S, \ Sg4+1 in SH(W;, Wa).

Consider an element a € SH(W;, W) sufficiently close to S, \ Sg+1 and consider its left-
and right polar-decompositions

(5.13) a = u1p1 = pous.

Since u; € SO (i = 1,2), p; has also norm 1. Since p; is diagonalizable and is again close
to a matrix of rank 1, it must have ¢ eigenvalues near 0 and n — ¢ away from 0 (counted
with multiplicity). Let U; C W; denote the product of the eigenspaces corresponding to
the eigenvalues of p; away from 0 for i = 1, 2.

Lemma 5.3: With a,U; and Us as above, the map a takes block-diagonal form with respect
to Ul, U2 1.€.

(5.14) a(Uy) c Uy , a(Uf) C Uy

PROOF. Recall, that p; = (a*a)1/2, Py = (aa*)1/2. Furthermore, recall that for the

square-root of a matrix m and A > 0 we have

v is eigenvector of m with eigenvector A

(5.15)
<= v is eigenvector of m'/? with eigenvector A2,

Let v be an eigenvector with corresponding eigenvalue A of a*a, i.e. a*av = Av. Applying
a to this equation, we see that aa*(av) = A(av). In other words, a maps eigenvectors of
p1 to eigenvectors of ps with the same corresponding eigenvalue. This immediately proves
the statement. O

Lemma [5.3] yields the following.

Lemma 5.4: We denote by E the vector bundle with base S\ Sq+1 and fiber over (Uy, Us)
(in the base of Sy \ Sq+1), given by Hom(Ui-, Ush). Let U C E be the open neighborhood
of the zero section with point-wise vector norm < 1/4. Let

(5.16) t:U— SH(Wy,Wa) , (e, f) — e+ pfr]

where [] denotes the projection onto SH, = : Wi — Ui denotes the projection and p :
U2L — Wy denotes the inclusion. Then ¢ is a diffeomorphism onto its image, i.e. it
defines a tubular neighborhood of Sy \ Sqy1 and therefore identifies the normal bundle of
Sq \ Sg+1 with E.

PrOOF. Clearly, ¢ is smooth. We show that it is a diffeomorphism by explicitly con-
structing its inverse. Near the zero section f has norm near 0. For a given a sufficiently
close to S, \ Sg+1 we may use the above lemma to see that a decomposes and we can define

the inverse by t a — (CL|U1,G/|U1J_). O

Lemma 5.4 shows that the normal bundle of S, \ Sq41 can be identified with the bundle E.
The normal space at each point p € S;, with base point (Uy, Us) of the fibration (5.12)), is
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given by Hom(U', Uy ). Thus, the spherical normal bundle is identified as

(5.17) SN, (S, \ Spa1) (Hom(U{", U3 ) \ {0})/R>0 =~ SH(q).

In order to formulate the next theorem, we need to introduce some additional notation.
Given subspaces Uy C Wy and Uy C Ws of equal dimension, we may interpret an element
f € SH(Uy, Uy) as an element SH(Wy, W), denoted by f(W1:W2) by setting f(W1:W2) to be
the composition of the orthogonal projection W7 — U; and f and the inclusion Uy — Wh.

We denote the boundary hypersurface of SH(Wy, Ws) corresponding to the blow-up of S
by H,. It is not connected, but rather has several components. Nonetheless, we refer to

it as one hypersurface.

Theorem 5.5: The resolution SH(W1, W) := [SH; S, _1;...;51] is a compact manifold
with corners, where the boundary hypersurfaces H, fibers over the double Grassmannian

with fiber modeled (inductively) by resolved spaces

SH(n — ¢) x SH(q) H,
(5.18) l ;
Gr(R",n —q) x Gr(R",n — q)

where the fiber over (Uy,Us) is SH(Uy,Us) x SH(UL, UsY). Each hypersurface Hy has a
boundary defining function, denoted by 74, that is defined in a neighborhood of H,. This
identifies a neighborhood of Hy in SH with H, x [0,€). An element p in Hy x [0,¢) is
therefore given by a triple (14, e, f), where 7, € [0,¢), e € SH(U1,Us) for some subspaces
(U1,Us), and f € SH(U{,Us-). The blow-down map B : SH — SH is then locally given by

(519) (Tq,e’f) — [€(W17W2) + qu(W1,W2)]
with [-] being the projection onto SH.

Intuitively, both the base and the first factor of the fiber in are a result of ,
while the second factor of the fiber is a result of (5.16). We also need to analyze the
geometry for boundary faces of arbitrary codimension, not only the hypersurfaces, which
will be done in Theorem Since the statement of Theorem is a special case of
Theorem [5.6] we omit the prove here and only give a prove of Theorem

In order to describe the geometry of the higher-codimension faces, we need some additional
notation. For any multi-index ¢ = {q1,¢2...,¢,} C {1,...,n — 1} (where we assume
1<q1<@<-<g <n-—1) we denote

(5.20) F;:=Hy, N---NH, CSHW;,Ws).

F; is a boundary face of codimension r. Again, even though Fj has several connected
components, we refer to it as one boundary face.

For an n-dimensional Euclidean vector space W and a fixed multi-index ¢, we denote the
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partial flag manifold of type ¢ of W by Fg(W). That is, elements of Fg(W) are flags of
subspaces

(5.21) VicVisic---cWVicW,

where dim V, = n —qg. For later notational convenience we rather denote these flags using
the orthogonal complements between the different subspaces, meaning elements of F5 (1)
are given by flags

(5.22) v.cU,@oU,1C---CU®---0ULCW

with

(5.23) dim Uk = qg+1 — qk =1 Pk,

where ¢,4+1 := n. Furthermore, we denote by Uy the orthogonal complement of U, &- - -®U;
in W with dimension ¢ =: pg. Using this notation, we formulate a generalization of
Theorem (5.5l

Theorem 5.6: With the notation from above, the boundary face Fy C SH(Wy, Ws) is the
total space of a fibration

[[i-oSH(pi) ——— F;
(5.24) i
Fg(Wr) x Fg(Wh)
with fiber over the base point
(Ul,r C---CU, @ U= Wwh) e fq(Wl)

(5.25)
(Ugyy C -+ CUzyp @+ @ Usg = Wa) € Fg(Wa)

given by Hf:ll SH(Uy 4, Ua). There are local boundary defining functions 7, for each Hy,
near Fy, identify a neighborhood of Fy in SH with Fy x [0,¢)". This extends the fibration
(5.24) into the interior. Elements p € Iy x [0,)" are given by tuples

(5.26) (Tgrs -+ Tgps €051 €r)

with 74, € [0,¢) and e; € @o(U17i,U27i). Since e; is assumed to lie in the interior of
SH(Uy 4, Uay), it may be interpreted as an element e; € SI(Uy 4, Us ;) C SH(Uy 4, Uay;). The
blow-down map locally takes the form

(Tgrs-- - Tgrs €05 - €r)

—ler + 7, (er_l +7g,_1 (-.. (e1 + 7gq€0) - .. ))]

[ (1)

where [-] is the projection onto SH. To be more precise, each e; in the blow-down map
(W1,W2)

[

(5.27)

should be replaced with e , which is not written out for better readability.

PROOF. First of all, notice that the fibration ([5.18|) and the local representation of
the blow-down map (b.19)) are special cases of (5.24) and ([5.27)), respectively. The proof
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follows an inductive argument over ¢, starting with the first blow-up of S,_1. Denote
by H/_, the resulting hypersurface in [SH(W7, W2); S,,—1]. Notice that it is not equal to
H,,_1, since the subsequent blow-ups of S; (¢ < n — 1) alter it. Applying Lemma and
using the naturality of blow-up, we see that H/_; is the total space of a fibration

SH(n—1) —— H],_,

(5.28) l
Sn—l

Plugging in the fibration (5.12)) of S,,—1, we get

SH(1) x SH(n — 1) ——— H],_,
(5.29) l
Gr(R™, 1) x Gr(R™, 1)

with fiber over (Uy, Us) being SH(Uy, Us) x SH(U{-, UsH).

Consider a neighborhood of H,, ;. The function ||f|| from (5.16)) lifts to become a bound-
ary defining function

(5.30) -1 := B*(|| )
of H] _,. Elements of a neighborhood of H/,_; are now parameterized by tuples (7,,—1, (e, f)),

where 71 € [0,¢€),e € S,_1, f € SH(U{, Us') with (Uy, Us) being the base point of e under
(5.12). Using this parametrization, the blow-down map takes the form

(5.31) (Tn—1, (e, ))[e + Tn—1f]-

This matrix has block-diagonal form with respect to Ul,UlL,Ug and UQL. The matrix
le + Tn—1f] is an element of S, (for ¢ < n — 1) if and only if f has corank ¢ as an element
of SH(n — 1). This shows that the blow-ups of the subsequent S, restrict to H) _; to be
precisely the resolution of the fiber SH(n — 1) to SH(n — 1). Therefore, the final boundary
hypersurface H,_1 in SH(n) is the total space of a fibration as in .

Notice that this finishes the proof for the case n = 2, since no further blow-ups occur in
that case.

For the remaining steps, we introduce the following notation. For any ¢ < n we write
(5.32) Sin(Wl,WQ) = [SH(Wl,WQ);Snfl; . ..;Sq],
meaning Sﬁl(Wl,Wg) = SH(W,, Ws) and SH" (W, Wa) = SH(W3, Ws). We now prove

the following statements inductively over q.

Fiz an index ¢ € {1,...n — 1}. After the blow-up of all Sy with ¢ > q, denote the lift
of Sq C SH(W1,Ws) to the space Sﬁq+1(W1,W2) by S;. Then S; is the total space of a
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fibration

SH(n —q) Sy

(5.33) |
Gr(Wi,n —q) x Gr(Wa,n — q)

At each point p € S; with base (U1,Us), the normal space is naturally identified with
Hom(Ui, Us-). Denote by H,, the hypersurface corresponding to Sy in SHY(Wy, Ws). Then

it is the total space of a fibration

SH(n — q) x SH(q) H,
(5.34) l ;

Gr(R™",n —q) x Gr(R",n — q)
where the norm in the fiber Hom(Ui-, Us) lifts to a boundary defining function 74 Of Hé,
uniquely defined in a neighborhood of H(’I. The remaining blow-ups of Sq—1,...,S51 restrict
to H; to resolve the second factor of the fiber and yield the fibration (5.18]).

For ¢' > q, temporarily denote the hypersurface corresponding to Sy in Sﬁq(Wl,Wg) by
Hy. For any ¢ = {qi,...,q¢} (withq < g2 < -+ < qrﬁhat satisfies q1 > q, denote by
F;=H, N---NH; the codimension r boundary face in SHY(W1,Ws). Then it is the total
space of a fibration
[Ti—i SH(pi) x SH'(pg) ———— F;
(5.35) J’
Fa(Wh) x Fa(W2)

with the remaining blow-ups of Sq—1,...,S1 restricting to Fé to resolve the last factor of
the fiber and yield the fibration (5.24). The blow-down map takes the form (5.27)).

Notice that we already showed all of these statements for the case of ¢ = n — 1. This
includes the fibrations ([5.35)), since the only multi-index g with ¢ >n—11is § = {n — 1}.
Also notice that for the case of ¢ = 1, the statements above prove Theorems [5.5] and

Now assume the statements above to be true for all ¢ > ¢. Consider a neighborhood of

an interior point of any boundary face
(5.36) Fy < SH™ (W1, Wh).

Using ((5.35)) for the case of ¢+ 1, we have a local parametrization of such a neighborhood

by elements

(5.37) (Tgus--Tgrr€05---€r),

where 7, € [0,¢) and, since we consider an interior point of the boundary face, e; €
SI(ULZ‘, UQJ‘) for i = ry... 1 and ey € SH(UL(), UZO) \ Sq+1(U170, U270). The blow-down map
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SinH(Wl, Wy) — SH(W7, W3) now takes the local form (7g,,...7,,,€0,...€,) — 7 as in
(5.27). For all 75, > 0 we then have

(5.38) v e Sq C SH(Wl, Wz) <—— ep € Sq(Uljo, U270).
By continuity of the lift, this shows that, near F; é, the lift Sy is given by

539 (Tars -+ Taps €05 - - &) € SE(W1, Wa) € SH™ (W1, Wh)

<<= €p c S;(U1,07U2,0) C Sin(ULo, U270)
Using (5.33)) inductively over the dimension n, we know that S (U1, Uz ) fibers over the
double Grassmannian Gr(Ujo,po — q) X Gr(Usp,po — ¢q). Denote the base point for an

element ey by U1, C U0, Uz C Uzp. This locally defines a projection

(5.40) Sy (Wi, Wa) — Gr(Wyi,n — q) x Gr(Wa,n — q)
given by
(Tqrs---Tgr €0, --€r)
(5.41) U, @ @U@ Uy, Ugy @ @ Usp @ Usy)-
=V =:V2

Elements (74,, ... Tq,, €0, - - - &) € S; (W1, Wa) lying in the fiber over (Vi,V2) are naturally
identified with elements in SH(V;, V2) that lie near the corresponding face Fyz(Vi,V2) C
SH(V4, Va), simply by interpreting each U, ; not as a subspace of W,, but of V,. Us-
ing Theorem inductively for lower dimension n, we see that elements near this face
F;(V4,Va) C SH(V1, V2) are also parameterized precisely by (74,5 - - T, €0, - - - €7)-

The fact that this holds for any boundary face I yields global fibration of 55 C
SH™™ (W, Wh).

The normal space at each point is given by the normal space of ey € S;(U10,Uz0) C
Sin(ULO, Usp). We denote Uy, = U0 Uy, and Usp, = Uz g © Ua . Using induction over
the dimension n, we see that the normal space at ey is identified with Hom(U, p, U2 p). This
proves for the blow-up of S;. The intersection of the lifted boundary face F, é with the
newly created boundary hypersurface H, (’1 is now a boundary face F éu (@ © @q(Wl, Wa).
The subspace Uy, ..., Uq1,Una; Uayp yield the fibration for the boundary face
Féu {a} with the blow-down map taking the form.

(Tgrs -+ Tgrs€0s---€r)

5.42
( ) —ler + 7, (67«,1 + 74, (.. (e1 +Tq1[6a+Tq€b])...))].

Replacing 71 by 71(1 + 7,)~ /2 and 7, by 7,(1 + 7,)~*/? yields (5.27) The fact that the

remaining blow-ups, restricted to this face, resolve the last factor of this fibration follows

from the analogous argument as before in (|5.38|). U
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Notice that the U, ; (for fixed i = 1,2) are pairwise orthogonal and their direct sum is
Wi;. In terms of these decompositions the element v in ((5.27) has block-diagonal form

Uy Ugpq - Usi o Usp
Ul,r €r
Ul,r—l Tq.€r—1
(5.43) :
- A
Ulﬂ' Tgr """ Tqiy1€i
U0 Tar*** Tgr€0

where A is a scaling factor close to 1 for small 7. We continue with some further remarks
on the fibrations (5.24). By definition of the different fibrations ([5.24)), they agree in the
following sense. For g € g, the face Fy is also a boundary face of the hypersurface H,. The
fibration in , restricted to Fy, and the fibration in form a tower and commute
with the projection of the flag manifold ]-"g onto the n — ¢ Grassmannian in each factor,
ie.

Fg —— H,

(5.44) l l :

.7:q2 — Gr(n — q)2

where the map ]-"g — Gr(n — ¢)? is given by projection in each factor. In fact, whenever
g > ¢, the boundary face Fj is also a boundary face of Fiy. The two corresponding
fibrations, restricted to the smaller face Fy, form a tower and commute with the natural
projection from the double flag variety of type ¢ to the one of type ¢/, i.e.

(5.45) l l

Fz —— F

Example: In order to get a better understanding of what the Theorems and [5.0| state,
we consider the following example. Consider elements of SH(R?, R3) near the codimen-
sion 2 boundary face Fyy 9y = Hy N Hy. Theorem states that elements close to Fiq o
are parameterized by (71, T2, €1, €2, €3) with e; being an element of some two-point space
SH(U; ;,Us;). Consider a curve of elements p; = (t,t,e1,eg,e3). For t = 0, this is an
element of Fy; 3. Denote the blow-down of p; by v, € SH(R3,R3), given as in . The
situation may be visualized as in Figure Then Theorem implies that (for small
t) v+ decomposes into block-diagonal form with three blocks (in this case each having di-
mension 1), where the norm of the first block tends to 1 as ¢ — 0, the norm of the second
block tends to 0 to first order, and the norm of the third block tends to 0 to second order.
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FIGURE 5.3. A visualization of the blow-down map SH(3) — SH(3).

SH(n) versus SL(n): Recall that SH(W7, W5) has two connected components. The hd-
compactification SL(W7, Wa) is defined as only that component, which interior consists of
the matrices with positive determinant. In other words, each element p € SH(W7, Ws) has

an associated sign

(5.46) sgn(p) = L (e Singh W2)) :
—1 (otherwise)

In the interior, it is given by the sign of the determinant. The fibration in Theorem
shows that the boundary face F; C SH(Wj, Ws) has 2ld+1 components. Since the
determinant of a block-diagonal matrix is the product of the determinants of each block,
precisely half of the components of F; lie in SL(Wy, Ws), given by those (eg,...e,) €
[T SH(U, 4, Ua) for which [, sgn(e;) = 1.

From now on, F; only refers to those connected components that lie in SL(W7, Wa).

Theorem now still holds for F; C SL(Wy, W2) simply by replacing the normal fiber in
(5.24)) with its corresponding positive part

k+17 k+17
(5.47) (H SH(ki)> i={(e0,...,e,) € [[SH(k:) | []sen(es) =1}.
41 . ) .

5.2. Proof of correctness

Theorem allows us to prove that the constructed space SL(n,R) is in fact a hd-
compactification of SL(n,R) with respect to Definition We start with the inversion.

Theorem 5.7: The inversion map on SL(n, R) lifts to become a diffeomorphism on SL(n,R).

PROOF. The only thing to show is that the inversion extends smoothly from the in-
terior of SL(n) to the boundary. Let v be as in eq. li with all 7, > 0, i.e. the image
under the blow-down of an interior point in SL(n) near the interior of a boundary face

Fy. This v is an element of SI(n). After rescaling, the corresponding element in SL(n) is
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given by

(5.48) g = det(y)"/"y = det(y)"/" (H Tay )

1=0 \i'>1

Since g has block-diagonal form, inversion yields

= det(y Z (Hrl>

=0 \i/>1i

= det(y (Hr )ZT: IR

=0 \¢<i

(5.49)

Scaling back to an unit norm element with norm, we get

(5.50) —aZ IR

i/ <i

where a is a smooth positive function with values close to 1, since the first summand ey
has norm close to 1 and all other summands have norm close to 0. Under the fibration
(5.24)), ~v is projected onto the double-flag

(5.51) {0} CUap CUayp ®Uqp—1 C - CUap ®---® Uy CR™
7 is projected onto the double-flag given by the inverse flags of orthogonal complements
(5.52) {0} C Ua,l C Ua,l (&) Ua’g cC---C Ua,1 D---D Uoz,r c R".

Therefore, 7 lies close to a different boundary face than «. However, as a map between
flag manifolds, mapping the upper flags to the lower ones is smooth. The action on the
fibers, i.e. the inversion of the e; is also smooth. This shows that inversion is smooth up
to the boundary. O

Theorem 5.8: The left- and right action of SL(n) on itself extend smoothly to SL(n).

Therefore, the combined action
(5.53) SL(n) x SL(n) > (a,b) — [g — agb_l]

also extends smoothly. Furthermore, the following holds:

(1) The extended combined action acts transitively on the interior of each
boundary face of SL(n).
(2) For a fived (a,b) € SL(n) x SL(n) the lift of the map g + agb™! is a diffeomor-

phism on SL(n) (as a manifold with corners).

PROOF. First, the left- and right action of SL(n) on all of Hom(R™, R™) are smooth
after projection to SH and they fix each S;. Therefore, both actions lift and are smooth on
the blown-up space SH(n). Also, for a fixed (a, b), the map g — agb~! is a diffeomorphism,
since it is smooth and its inverse is given by g — a~'gb. The only thing left to show is
that the combined action of SL(n) acts transitively on each boundary face. To see this,
consider the combined action on a boundary face F;. As shown above, Fj fibers over a
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double flag-manifold with flags of the form
(554) {0} C Ua,r C Ua,r ¥ Ua,rfl c.--C Ua,r b---D Ua,l C Rn,

for = 1,2. Let p,q € Fy where p lies over the double flag corresponding to {Ua;}
and ¢ over {U, ;}. Now, elements v in the interior that lie over the same fiber as p take
block-diagonal form as in . Let e; be the corresponding block-entries of p and é; of
q, respectively. SO(n) acts transitively on flag-manifolds (of any type) from the left and
the right. Therefore, there exists an element b € SL(n) such that the right action of b
maps each Ul,i to Uy; and, analogously, an element a whose left action maps Us; to 621
This reduces the proof to the case where p and ¢ lie in the same fiber, i.e. Uy ; = Ua’j.
Since v has block-diagonal form, we may reduce further to each block, i.e. the right action
of SL(U1,;) and the left action of SL(Us ;) each on SI(Uy,;,Us ;). The combined action on
the left and right is transitive. In fact, just one of these actions is sufficient. The right

action of e;6~1 maps e; to &;, i.e. we may chose a = (a;) and b = (b;) such that

v = ZZT; (H Tqi,> ei

P>

—a v = Z (H qu_,> aze;b; = Z (H Tqi,> &.

1=0 \i'>1 =0 \i'>i

(5.55)

Letting each 7, tend to zero shows that the extended action maps

(5.56) papb ! =q.

The proof above also implies the following Lemma about the orbits of the left- and right

action.

Corollary 5.9: The orbits of the right action of SL(n) on SL(n), restricted to the interior
of any boundary face, consist of all points with fized right flag in the base (i.e. arbitrary

left flag and full fibers).

PRrROOF. The only thing that is left to check is that the orbits are not even larger. In
fact, in the interior near a boundary face, the right action does also act on the right flag.
However, this vanishes at least to first oder at the boundary. To see this, let p € S, be
a point with corank exactly equal to g. Associated to p are the two (n — ¢)-dimensional
subspaces Uy, being its kernel, and Uy, , being the orthogonal complement of its image.
These spaces are precisely the subspaces occurring in the flags associated to points in the
blown-up space lying over p. The action on the right by any element a € SL may change
the kernel, but not the image, therefore fixing Uy,,. 0

We can now move on to prove that we actually constructed an hd-compactification:

Theorem 5.10: SL(n,R) is an hd-compactification of SL(n,R).
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PROOF. Recall the definition of an hd-compactification, Definition The first part
of the definition has already been proven by Theorem 5.7} so we move on to the second part.

b-normality: The fact that the right action extends smoothly to SL(n) has also been
shown in Theorem Now we need to show, that the right-invariant vector fields span
the b-normal space at each boundary point. Here, Theorem helps again. We only need
to show b-normality of an interior point of each boundary face. Using Theorem 5.8 we
can then extend the result to all boundary points. To do this, it is sufficient to show the b-
normality of a neighborhood of a single point in the boundary face of maximal codimension
F=H{N---NH,_1, since such a neighborhood intersects the interior of all boundary faces.
In fact, not even a whole neighborhood is needed. Showing b-normality for elements near
a fixed point in F' that lie in the same fiber (of the boundary decomposition near F', as in
(5.26])) is sufficient for the same reason. F' fibers over the product of two copies of the full
flag-manifold F(R",n) x F(R",n) with discrete fiber (being the product of the two-point
spaces SH(VLj, Vg,j) where the V; ; are one-dimensional). We choose the standard flag for
which the kth subspace is spanned by the first k& elements of the standard basis of R" for

both flags. This fixes an Iwasawa decomposition
(5.57) SL(n) = SO(n)AN

where A is the set of positive diagonal matrices and NN is the set of upper diagonal matrices

with all diagonal entires one.

Note: A point in the flag-variety fixes a Iwasawa decomposition in the following way.
Consider any flag {U;}. We may choose an orthonormal basis (z;) of R™ such that Uy is
spanned by x1,...,x,. In fact, such a basis is unique up to the negation of any single x;,
i.e. replacing it with —z;. Therefore, after a consistent choice of signs, these bases are
uniquely determined for each point in the flag variety. This orthonormal basis identifies
elements of SL(n) with matrices. In fact, we have seen in Chapter |4] that this actually
defines a Iwasawa decomposition SL(n) = SO(n)A,N, where A, is the group of positive
diagonal matrices and NN, consists of the upper diagonal matrices with all diagonal entries

one.

On a Lie algebra level the decomposition corresponds to
(5.58) sl(n) =so(n)®adn
where
so={A| — AT = A},
(5.59) a = {diag(ai,...,an) | tra =0},
n = {strict upper triangle matrices}.

The space n is spanned by the matrices F; j with a single non-zero entry 1 at (¢, j) fori > j.
The E; ; are joint eigenvectors of the adjoint action of a with {\; ; = [a — (a; —a;)]} being

the root system. The simple roots are the \; := A; ;4-1. These simple roots form a basis of
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the dual space a’. The corresponding dual basis of a, denoted by A;, is characterized by
(5.60) Ail\j = 0; ;.

Therefore, we have

5.61 A=diag(l——,...1 — —, —— - — —).

( ) g lag( na n) ’I’L7 ’I’L)
iti‘r;es n—1i times

We therefore have

(5.62) exp(tA;) = diag(et(l_%), . ,et(l_%), et e7h).

Up to a scalar (¢t-dependent) multiple, this is equal to

(5.63) D;(t) := diag(et(%*l) exp(tA;) = diag(1,...,1,e 'ni, e tn).

Now consider a point p in the boundary face of maximal codimension F' = HyN---NH,_
which has the standard flag of R™ as its left flag, i.e. U;; = span{e;}. Let 7,...7,—1 be
defined as above. Then, (71,...,7h—1,€1,...€,-1) as in are local fiber coordinates.
With respect to these coordinates, elements v = (71,...,7,-1,€1,-..€,—1) that are in the
same fiber as p take diagonal form as in (where 7 = n — 1). The right action of
D;(t) on 7 does not change either flag. In fact, this action is given as the multiplication
of two diagonal matrices

]
rer]

(5.64)  yDi(t) = [ ]

e TrrTp—i€;

|:6_t7'r < T1€0

In terms of the parametrization ([5.26|), the projection of vD; onto the unit sphere is given
by

—t
(5.65) YDi = (Tt -+ Tn—i=1,€ Tn—is Tn—it1, -+ Tn—1,€1, - - - En—1)-

resulting from the fact that changing 7,,_; also changes \,,_1. Therefore, the corresponding
vector field O|i—o (m(yD;(t))) is equal to —7,_;0

Tn—1

at . Since any boundary face has
such a v as an interior point we can use Theorem to conclude the b-normality at any

boundary point of SL(n). In fact, the analysis above allows for a more explicit result:

Let p € H; be a point in the hypersurface H; (even in the boundary of H;) with
corresponding subspaces Uy, Us of dimension dim U; = n—i. Let 7; be a boundary
defining function of H;. Let D € g be the element in the Lie algebra, that is given
by (1 — 2=%)Id on Uy and —%1d on U; (note that this is in fact an element
of g since it has trace 0). Then, the corresponding right-invariant vector field is
equal to 7;0;, at p.
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b-transversality: Again, consider a point in the boundary face of maximal codimension
p € F with both flags being the standard one in R™ and each e; = 1. We have already
seen that the right action of SL(n) acts surjectively on the left flag. Moreover, the right
action of SL on p is smooth, the identity maps p to itself and an open neighborhood of the
identity is mapped surjectively to an open neighborhood of the standard flag in the left
flag variety. Therefore, g = T1q SL is mapped surjectively to the tangent space of the left
flag manifold at p. Analogously, the Lie algebra of the left action maps surjectively to the
tangent space of the right flag manifold. The b-normal space is in the span of the right
action as seen above. The fiber at p is discrete. Therefore, b-transversality is given at p.
Due to the smoothness of the map from SL x g x g to ®T'SL, the surjectiveness extends to
an open neighborhood of p. Since such a neighborhood contains an interior point of every
boundary face of SL we may use Theorem to extend the result to the whole boundary
of SL(n).

Minimality: Again, we only need to show minimality near one point in the maximal
codimension boundary face F' and then extend the result using the SL x SL action. Con-
sider the same p € F' and a point v near p lying in the same fiber. As already seen in
(5.43)), v takes the form

(5.66) v =diag(l, 1, ey Tn—1 * v = T1)-

Setting o1 := 1, 09 1= Tp—1,... 04 := Tp—1 * ...  Tn—i+1 yields v = diag(o1, ..., 0,). Further-
more, for j > i we set
o
(567) O35 = . =Tn—i" " " Tn—j+1-
op)
We want to calculate the vector field corresponding to F;; € n at . Since EZQJ =0, we

have
(5.68) v - exp(tEij) =v-(Id —i—tEZ'j) =y +to;E;; =: a.

Recall that the tangent space at v consist of the tangent directions in both flag manifolds
and the normal direction. Since the fiber is discrete, it contributes no additional tangent
directions. To start with, we want to understand the action on the right flag manifold.
Therefore, we need to understand the eigenspaces of the right polar decomposition. We
have
aa* = (v + to;Eij)(y + toiEj;)

(5.69) 5 5 9 o
="+ to; Uij(Eij + Ejz’) + t7o; By;.

Notice that this matrix has block-diagonal form corresponding to the one-dimensional
spaces Uy, = span{ey} for k # i, j and the single 2-dimensional space U; @ U;. The matrix
aa* has only one eigenvalue near 1 with corresponding one-dimensional eigenspace U,
(still being Uy). The remainder lies in the orthogonal complement and, after rescaling,
has a single eigenvalue near 1 with corresponding one-dimensional eigenspace Us, and so
forth. From it follows that all Uy = span{ey} remain unchanged for k # i, j, while

U;,U; change into f]j, U;. However, due to the block-diagonal form of aa*, we still have
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Ui@Uj:Uj@Uj.
After rescaling by o, 2 the matrix aa*, restricted to U; & Uj, takes the form
o . 1+t oyt 1 oyt
(5.70) o 2ad*|u,e0u, = ) = T+ o),
O‘ijt Uz’j Uz'jt Uz‘j

whose has eigenvalue near 1 is given by

1
(5.71) A= (1+ 0%+ /(1= 02)2 + 4032) + +O().

The corresponding eigenspace of A, denoted by Uj, is spanned by

Uijt Uijt

Consequently, since ﬁj has to be the orthogonal complement of this in U; ® U;, we have

- — oyt
(5.73) U; = span { (1 _022) + O(?, Jgj)} .
ij

Therefore, the action of F;; on the right flag restricted to U; ® U; is given by

(5.74) <1 7 ”’“i) +O@).

O'Z'jt 1 _Uij

The full flag manifold may be identified with SL(n)/N A and therefore the tangent space
at each point may be identified with so(n), again using the Iwasawa decomposition. At

least to first order in o;;, the action above is identical to the action of

(5.75) b= (0 gi]) € so(n)

since

(5.76) exp(tb) _ (COS(jTt) —sin(aijt)> _ ( 1 —Uijt> +O(t2).

sin(ojt)  cos(;7t) ot 1

To summarize, the vector field corresponding to Fj;; at v projected to the tangent space
of the right flag manifold is equal (at least to first order in oy;) to 04;(Ej; — Eij) € so(n).
In fact, this is true for any +, that is projected to an arbitrary flag p € F(R"™), when E;;
is replaced with the corresponding matrix defined by the Iwasawa decomposition SL(n) =
SO(n)A,N,. Of course, E;; may also act on the left flag manifold. However, we have
already seen in Corollary that all of these individual directions lie in the span of the
Lie algebra. For j = i + 1 this action vanishes at the boundary to first order, so the
minimality condition holds.

0

As mentioned in Corollary the orbit of the right action of SL(n,R) that goes through
this point consists of all points with identical right flag in the base. All other orbits are
conjugate to this choice under the action of SO(n). The Iwasawa decomposition conjugates
under this action as well, yielding SL(n,R) = SO(n)A,N, for each right flag p. This

decomposition yields elements (E;;), of the Lie algebra that satisfy the same calculation
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as above in their respective orbits of the right action. The (E;;), depend smoothly on p,
so we can define the following.

Definition 5.11: We denote by N;; the smooth vector field, defined semi-globally on a
neighborhood of the boundary OSH(n), given on each orbit of the right action by the
(Eij)p € sl defined as above.

These vector fields are not right-invariant themselves, but restricted to each fiber of the
fibrations , they are equal to a right-invariant vector field. Projected to the right
flag F(R™,q) of a fibration (5.24), the vector field N;; is given by (Ej;) — (Ej;) € so(n).
Thus, it is nonzero on this flag if only if 3 g€ g: n—j < ¢ < n —1i. We also denote this
projected vector field on F(n) by N;;, abusing notation slightly.

As mentioned above, the vector fields o; N7 are themselves not part of the Lie algebra of
right-invariant vector fields. Furthermore, the Lie algebra is not a C°°-module. After all,
it is simply a finite-dimensional real vector space. For these reasons it is convenient to
consider a larger Lie algebra for the following analysis, that contains the right-invariant
vector fields and consists of those smooth vector fields that have the same asymptotic
behavior at the boundaries of SL(n).

Definition 5.12: We set V. to be the C*°-span of the right-invariant vector fields on
SL(n,R).

Lemma 5.13: Letpe F=HiN---NH, 1 be a point in the boundary face of maximal
codimension. Let T1,...Tp—1 be the boundary defining functions as in (5.30). Then, V. is

locally spanned near p by

(1) the radial vector fields 1,0y,
(2) the vector fields spanning the fibers of the projection onto the right flag and
(3) the vector fields o;;N;; defined as above.

This result extends to all boundary faces Fy, via the right action of SL(n). The lemma
above may be formulated analogously, except only the o;;N;;, that do not vanish on the
partial flag manifold F;, are relevant. From the calculation above it follows, that these

are precisely those for which o;; vanishes on Fj.

Lemma 5.14: Let p be an interior point of the boundary face Fyz = Hg N --- N Hg,

corresponding to some multi-index q. Let 14,,...7g, be the boundary defining functions as

in (5.30). Then, V. is locally spanned near p by

(1) the normal vector fileds 74,0y, ,

(2) the vector fields spanning the fibers of the projection onto the right flag manifold
F; x [0,e)* — F; and

(8) the vector fields 0;jN;; for all j > i such that the condition 3 q, € §:n —j <
qr < n —1 is satisfied.

Since the vector fields V;; are given explicitly at each point by elements of the Lie algebra,
we may calculate their commutators by matrix-calculation. To write down the commuta-

tors compactly, it is convenient to switch to a different indexing scheme for the NV;;. Since
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1 <i < j <n, we may associate the integer interval I;; = {n —j+1,...n — i} to such a

tuple (,7) and use the set of these intervals as a new index set

(577) j:{fzj‘1§l<]§n}
In other words, J is the set of all subintervals of {1,...,n — 1}. Furthermore, we set
(5.78) J;:={I€J|Ing#0}CT

and set o7 = or,; = 0ij. Now, the lemma above becomes

Lemma 5.15: V, is as Lie algebroid. Let p be a point near the boundary face Fz =
Hg N ---N Hg, corresponding to some multi-index q. Let 14,...75, be the boundary
defining functions as in (5.30). Then, V. is locally spanned by

(1) the normal vector fields 74,0x,. ,

(2) the vector fields spanning the fibers of the projection onto the right flag manifold
F; x [0,e)F — F; and

(3) the vector fields oy Nt for all I € Jg.

Moreover, we obtain the following commutator result:
Lemma 5.16: Let I,J € J. Then, the vector fields Ny satisfy

Npg ifJ C I and I\ J is an interval,
(5.79) [NI,Njl =< Nyoy  if I and J are adjacent but non overlapping,
0 otherwise

modulo vector fields tangent to the fibers fibers of Fg x [0, 6)'C — JF3. Since, by definition,
Ny7; =0 for all I, j, we additionally have

orusNpy if J CTand I'\J is an interval,
(5.80)  [0rNr,05Njl =< o7uyNpuy  if I and J are adjacent but non overlapping,
0 otherwise.

For usage later on, it is convenient to consider the subbundles of the tangent bundle

spanned by the Nj:

Each Ny spans a one-dimensional subbundle of T'F; for each g, such that gNI # ), denoted
by Eé . These subbundles are independent and span T'F;. Thus, they stratify T'F;. The
commutators of these subbundles are, as in ([5.79)), given by

EN itsci,

(5.81) [Eq{,E;J—] |= Eéu‘] if I and J are adjacent but non overlapping,
0 otherwise.
The projection 54 : Fqg — Fz (¢ > ¢') maps each Eé with ¢ NI # () onto Eé, and each
Eq! with gN I # 0, but ¢ NI =0, onto 0.
The analysis of the commutators above shows that V. is in fact a Lie algebra and, by

definition, it is a C'°°-module.
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CHAPTER 6

Calculus on SL(3,R)

The goal of this chapter is to develop an elliptic theory for differential operators on
SL(3,R), lifted to the compactification SL(3,R), that lie in the universal enveloping alge-
bra of V.. As seen in the last chapter, these include right-invariant differential operators.
Of course the same can be done for left-invariant operators. The main concern of this
chapter is the resolution of V.. We start by summarizing the results of the last chapter
for the case of SL(3,R).

6.1. Geometry of SL(3,R)

Let us summarize the results above for the case of SL(3): Recall that SL(3) is only one of
the two connected components of SH(3).

SL(3) is an eight-dimensional manifold with corners that has two boundary hypersurfaces
H1, Hy, meeting in a codimension 2 boundary face F' = Hy N Ho. We will summarize the
necessary results for the calculus about the geometry and the Lie algebra V. at each of

the boundary faces.

The boundary face F: We know that F' fibers over the product of two copies of the
full flag manifold F(R3) x F(R?), which we parameterize using two sets of orthogonal

one-dimensional spaces Uy ; and Uy ; for j = 1,2, 3 such that the two flags are given by
(6.1) Ua CUn1 @ Us2 CUg1 @ Un2 ®Uys3 =R for a = 1,2.

The fiber of F — F(R3) x F(R?) over such a double flag consist of those 4 points in
the 8-point space H?Zl SI(Uy 4,Us ;) such that « in has positive determinant. F
is six-dimensional, with each of the two factors of the base being three-dimensional and
the fiber being discrete. F' also fibers over only the right flag manifold, where the left one

becomes an additional factor in the fiber. We denote this fibration

{44, 4o e -+ X F(R3) F
(6.2) Jaﬁp

F(R3)

by ¢r with now both base and fiber being three-dimensional.

Let 71,7 be the boundary defining functions of Hi, Hs respectively, as defined before by
the normal fibration (5.16). Thus, near F', SL(3) takes the form [0,¢)? x F (see Figure
6.1)).
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FIGURE 6.1. A visualization of SL(3) near F.

Locally near a point p € F let z1, 29, 23 be local coordinates tangential to the fibers of
¢r. Recall the local characterization of V. given in Lemma In this chapter the three
vector fields Nyjy, Nygy, Nyi2y are simply denoted by Ny, Na, N3, respectively. Then
Lemma [5.15| states that V. is locally spanned by the vector fields

(63) 7'187—1, 7_287'27 8Z17 azza 82377—1N17 TQN27 TITQN3

with commutator satisfying [11 N1, 72 Na| = 7179 N3.
Some additional structure of F': The geometry of F' may be understood even
more directly: We may parameterize F' by tuples (U j,Us , e;) where the U, ;
are as above and the e; are elements of the two-point spaces e; € SI(Uy j,Us ;).

Consider the map
SO(3) x SO(3) — F

(6.4) -1
(a,b) — (Ul’]' = a(bj), UQJ = b(bj),ej =ab |U1’j)

where b; is the subspace of R" spanned by the j-th standard vector.

Notice that this map is not 1 — 1 but in fact 4 — 1 where multiplying both a and
b from the right with the same element of Z = {d = diag(+1,+1,+1) | detd =
1}, |Z| = 4, yields the same image. This identifies F' with

(6.5) F = S0(3) x4 SO(3)

where Z acts diagonally. This has two fibrations, on the left and right, over
SO(3)/Z, which bases are the left and right flag manifold.

The boundary face H;: Recall Theorem and Corollary H, fibers over the
right Grassmannian ¢1 : H; — Gr(R3,2) which is two-dimensional. Recall that there
is a natural projection m; : F(R?) — Gr(R3,2) given by forgetting the one-dimensional
subspace. The fibrations ¢1, ¢r agree on F' in the sense that

(6.6) 1|Fp =m0 dp.

SO(3) acts on Gr(R3,2). The vector field generated by Na, as a vector field on Gr(R3,2).
The other two vector fields N1, N3, as vector fields on Gr(R3,2), generate linear indepen-
dent vector fields on Gr(R3,2) that therefore span its tangent space everywhere.

For any interior point p € Hj let z1,... z4 be local coordinates tangent to the fibers. Then

V. near p is spanned by

(6.7) 7107, 0z, T1N1, T1 N3.
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The boundary face Hs: The situation is analogous. Hs fibers over the right Grassman-
nian ¢y : Hy — Gr(R3,1) which is two-dimensional. Let w2 : F(R?) — Gr(R3,1) again

denote the projection. We then have

(6.8) $o|Fp = T2 0 PF.

For any interior point p € Hy let z1,... 24 be local coordinates tangential the fiber. Then

V. near p is spanned by

(69) TQOTQ;aZi;TZN2a72N3'

We may summarize the connection between the three fibrations ¢p, ¢1, ¢ with the fol-

lowing commutative diagram:

S F Hy
(6.10) o o I

™

Cr(R3,2) <« — F(R3) = Gr(R3,1)

One may visualize the fibers of the different fibrations as in Figure [6.1], where the fibers
on F' are represented by points (being the intersection of the different fibers of ¢; and ¢2).
Recall that the three vector fields N1, No, N3, as vector fields on the base, span the tangent
space of F(R3). The two vector fields N1, N3 also span the tangent space of Gr(2) under
projection by m and Na, N3 span the tangent space of Gr(1) under projection by my. Thus,
near F', we can choose local coordinates y1, y2,y3 that are the pullback of coordinates on
F(R3) such that locally N3 = 9y, and

(1) either y1, y3 are pullbacks of coordinates on Gr(IR?, 2) and thus Ny € span{d,,, dy, }

(2) or ya,ys are pullbacks of coordinates on Gr(R?,1) and thus No € span{dy,, dy, }-
We can not do both simultaneously. Furthermore, we can not trivialize N1, No, N3 simul-
taneously, since [N1, Na] = Nj.

/\
\<<:/
\\~\
H,y
- F|
L1 )
\/// —-——

FIGURE 6.2. A visualization of how the fibers on Hy and H» intersect.

6.2. The resolved single space

We want to resolve V., i.e. we want to construct a resolution of the double space such

that the lift of V, from either factor becomes smooth and transversal to the diagonal.
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Additionally, the two maps back to the single space (given first by blow-down and then by
projection from either the left or right) are required to be b-fibrations. The whole process
is governed by .

However, before passing to the double space, we start by blowing up F in SL(3). Clearly,
one should ask why we do so. The main reason for this is that the fibrations ¢1, ¢2 of the
two hypersurfaces Hy, Ho of SL(3,R) are not iterated. This means that, restricted to their
intersection F', they do not form a tower. However, as described above, the intersection
of the fibers of the two fibrations ¢1, ¢9 restricted to [’ are the fibers of a common larger
fibration ¢r. The blow-up of F' resolves this and the blown-up space becomes a manifold
with fibered corners. What this means exactly is described below.

Manifolds that carry such a structure have gained a lot of interest in recent years, for
example in [6]. This resolution of the fibrations is used extensively in the resolution of V.
This does not mean that a resolution is impossible without this extra step. However, any
such resolution would certainly come with its own challenges compared to the approach

taken here.

We set
(6.11) X = [SL(3); F)

and denote the new boundary hypersurface by Hp (see Figure .

H,y

Hy

FI1GURE 6.3. A visualization of the resolved single space X.

The fibrations ¢ : F — F(R3) lifts to become a fibration ¢y, : Hr — F(R?) where the
fiber gains an additional factor given by the inward pointing part of the spherical normal
bundle of F'. The three vector fields N; lift to Hr to become independent vector fields

spanning (under projection) the tangent space of the base of ¢p,..

Both ¢1 and ¢9 lift as well by composing with the blow-down map which is a diffeomor-
phism on H; and Hy. By a slight abuse of notation, we denote the lifts of H; o together
with the fibrations ¢1 2 again by Hi 2, ¢12, yielding the following commutative diagram

HiNHp Hp N Hy

J» Js- Js

Cr(R3,2) «+—*—— F(R?) ——2—— CGr(R31)

(6.12)
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Near Hp and away from H; we may construct new local coordinates form the old ones
used in (6.3) by replacing 7o with the projective coordinate ¢ = 7o/71. The lifts of the
spanning vector fields in (6.3)) then become

(613) Tla‘rla tat, azia TlNla tTlN27 t7-12N3

(for i = 1,...,4) up to additional terms that lie in the span of the remaining ones and
thus can be omitted. Near Hr and away from H, the situation is completely analogous

by introducing the projective coordinate to = 71 /7o:
(6.14) t28t2, 7'287—2, 621., TQle, TQNQ, t2T22N3.

The lift of of V. on X is not a C"*°-module, since new variables have been introduced

through blow-up. Thus we move to an even larger Lie algebra.
Definition 6.1: Let Vg1, denote the C*°-span of the lift of V. on X.

Vg1, is a Lie algebroid and now locally spanned over C* by the vector fields (6.13)). This
implies that Vg, consist of the sections of a vector-bundle SFTX (see for example [22])
that is naturally associated to Vsr, yielding Vs, = C°(X,S'T'X). The bundle S'TX
is equipped with a map into the ordinary b-vector bundle wgy, : SP'TX — *TX that is
induced by the inclusion Vg1, — V5. The universal enveloping algebra of Vg, is the ring of
differential operators denoted by Diffg; that is locally given by operators L of the form

(6.15) L= Z Nabes.de f(T107) (t0)0(9s,)% (11 N1)(tm1 No ) (t7£N3) .

Notice that the order of different factors does change the coefficients, since they do not
commute. As usual, this space is filtered by differential operators of degree m, denoted by
Diffg; .

Furthermore, Diffg; has several natural subalgebras that arise from the construction of
the space X. Differential operators on SL(n) arising from V. lift to become elements of
Diff’y. They form a subalgebra of Diffg; , denoted by Diff". Secondly, there is an even
smaller subalgebra of differential operators arising form right-invariant vector fields on

SL(n), denoted by Diff],

yielding

(6.16) Diff];  Diff]* C Diffgy, .

There is a symbol map that associates to each L € Diffg], given by a homogeneous
polynomial of degree m on the fibers of S'T* X denoted by S“o,,(L). Locally the vector

fields (6.13)) yield a basis of SY'T,X. Let &,7,(;,9; denote its dual basis in SLT;X. If L
has the local form (6.15]), then we have

SLam(L)(p7 (ga 7, C’ia 19])) =
(6.17) 3 Nabiesde.s (€)°(M)(G) (91)(92)° (93)

a+b+> " cit+d+et+f=m

This yields the notion of a elliptic operator:

Definition 6.2: We say L € Diftg}, is elliptic, if for all p € X the symbol satisfies
SLo(L)(p, ) # 0 on SUT; X\ {0}
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The next goal is the construction of a resolution of the double space X2. As a first step
in this resolution, we move to the so called symmetric lexicographic blow-up. Since we will
need it again in the resolution of the triple space and in the discussion of SL(n,R), we

define it in general in the next section.

6.3. Symmetric lexicographic blow-up

Setting: Consider a manifold with corners M that has a partial order on the set of bound-
ary hypersurfaces (M (M), <) such that whenever two hypersurfaces F, G € M;(M) have
non empty intersection F' N G # (), they are comparable.

We will define the symmetric lexicographic blow-up of the double- and triple space M?,

M3, denoted by Mfex, Mlim respectively, although the same concept translates to any
power M*. We then proceed to show the existence of projections maps Ml?;x — Mfez.

Symmetric lexicographic blow-up of M?2: Let the set of hypersurfaces of M be
indexed by some index I, thus giving M1(M) = {H, | a € I}. Consider those codimension
two faces of M? that are given by the product of two hypersurfaces of M

(6.18) Mo(M?) D> P:={Hy = H, x Hy | a,b € I}.

There is a partial order on P given by H,, < H,y if and only if H, < H, and Hy < Hy.
A linear extension of this partial order on P is a total order on P that is compatible with
this partial order. Such an extension always exist for a partial order on a finite set. It can
be constructed by starting with any minimal element og P and continuing iteratively. Of
course, such a linear extension is not unique. Let P be an exhaustive list of all elements in
P that is ordered increasingly according to any linear extension of the partial order on P.
This is equivalent to the fact that whenever H,, < H,y, then H,, appears before H, in
P. We then define

(6.19) Mg, = [M?P).
Of course we have to check that this is unique, which is shown in the next Lemma.

Lemma 6.3: The resolution Mfex is independent of the choice of linear extension. To
be precise, whenever P, P are two comprehensive lists of P that are ordered according to
two linear extensions of the partial order in P, then the identity on M lifts to become a

diffeomorphism
(6.20) [M?;P) = [M?;P).

PROOF. Any two linear extensions P, P can be transformed into each other by swap-
ping neighboring, non comparable (with respect to the partial order) elements.
Let Hy,, Hyy € P be not comparable. By definition of the partial order on P, this can
happen in two cases: Either H,, H,» or Hy, Hy are not comparable. In this case they
have to be disjoint and thus H,,, H, are disjoint. Therefore the order of blow-ups can
be switched if they are adjacent in P. If both H,, H, and Hy, Hy are comparable, we
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denote by Hg, Hj the smaller one of the two, respectively. Then we have H_; < Hgj, and
thus H; is blown up before Hgp, Hgy. Furthermore Hypy N Hyy C Hyp with neither of
them being included on its own. Thus the lifts of Hyy,, H,y are disjoint and thus their

order of blow-up may be switched.
O

Lemma 6.4: The blow-down map (3 : Mﬁem — M? composed with either the left or right
projection m : M? — M is a b-fibration.

PROOF. The map 7o g is an interior b-map. We have to check that its b-differential
at each point is surjective both as a map between the b-tangent and the b-normal spaces.
The first statement is clear, since it is the case for $ and 7. The second statement is also
easy to see since any ff(H,) is mapped to either H, or Hj (depending on which projection

7 is used). O

Symmetric lexicographic blow-up of M?: Similarly, consider the codimension three
faces of M3 that are the products of three hypersurfaces of M

(6.21) Ms(M?) > C:={Hye = Hy x Hy x H. | a,b,c € I}

with partial order being defined analogously. Also consider the codimension two faces of
M?3 which are the product of two hypersurfaces of M and an additional factor M. For a
simpler notation, we write M = Hy (and assume 0 is not an element of the index set I).
Set

(6.22) E :={Hu. = H, x Hy, x H. | precisely one of the a,b,c is 0}.

Again, there is a partial order on E given by the partial order on M;(M) together with
Hyp = M added as a new greatest element. In fact, this yields a partial order on C' U E.
No element of ¥ can be smaller then an element of C.

Analogously to before, let £ be a exhaustive list of E that is ordered according to a linear
extension of the partial order on E. Let C be an exhaustive list of C that is ordered

according to a linear extension of the partial order on C'. We define
(6.23) M, = M5, €].

The fact that this is well-defined follows analogously to the case of Mfex.

Projection maps: The set £ decomposes into three parts
E'M —f{H,. ¢ E|H,= M},
(6.24) EM = {H,. € E| Hy= M},
EMR_—{H,.€FE| H,=M}.

Let LM gLR eMR he exhaustive lists of these three sets, each of which being ordered

with respect to a linear extension of the partial order on E.
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Lemma 6.5: We have

M}, = [M?C; €] = [M?;C; MM gV eM A
o (M3, LM ¢ g7, g MR
= (M3 LR ¢; gLM gM B
o (M £V 0 1 1

(6.25)

PrOOF. The first equality follows form the fact that any two faces from different £¢
have intersection contained in one of the codimension three faces in C. Therefore, they
lift to become disjoint when blowing up C. By symmetry, we only need to prove the first
one of the last three equalities. For this, we successively commute the first element of
ELM with all elements in C, then the second one, and so on. For this, it suffice to show
the following. The blow-ups of Hg,. and H;jo commutes after all Hyper < Hype and all
H;ij9 < Hijo have already been blown up. We show this by distinguishing between three

cases.

(1) If H, = H; and Hy, = Hj, then Hgy,. C Hyjo and since no other F' with Hype C F
is blown up before, the inclusion is also true for the lifts of Hg. and Hgpg. Thus
their blow-ups commutes.

(2) If either H, > H; (or analogously H, > H;), then Hyp. N H;jo C Hype with neither
of them being contained and Hjp. < Hgpee Thus Hge and H;jo lift to become
disjoint through the blow-up of Hjp.

(3) Lastly, consider the case H, < H; and H, < H; with at least one of these
inequalities being strict, lets say H, # H;. If additionally Hy # H;, then H;. and
HijO are disjoint. Otherwise Hgpg < HijO and Hgpe C Hopo S Fa(Habc + H’ijO) =
Hyjo and thus Hgy separates Hype and Hjjo, yielding that their lifts intersect
transversally. Furthermore, no boundary face containing H . is blown up before
Hapo-

0

Now the definition of the projection maps are clear. We write it down for the first case
(corresponding to LM): Denote by v"M : M3 — [M3; £XM] the collective blow-down of

lex

C; ELR, eME We now have [M3; ELM] =~ M3, x M. Denote by HEM M2, x M — M}

lex
the corresponding projection. Then set

LM 3 2 LM _ LM LM
(626) Tex -+ Mlex — Mlex? Mex — ¢ o .

Corollary 6.6: The three lifted projection maps ;. M3

lex

— M}, forao=LM,LR, MR

are b-fibrations.

PROOF. By symmetry, we only need to prove the case a = LM. Both v and

#M are surjective b-maps and b-submersion and thus, so is their composition. By a

general theorem about b-fibrations (see e.g. [19]), the only thing left to show is that no
hypersurface of M, l?’ex is mapped to a boundary face of codimension 2 or higher by Wﬁy . For

any Hgyo € EXM the image of the corresponding hypersurface ffi(H,p0) € M;2_ under the

lex

lifted projection 7=M is simply ff(H,,) C Mfex. For any H,p . € C; EME, eLR the image

lex
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of the corresponding hypersurface ff{(Hy ) under M is given by the lift of Hype C M3
under [M3; EFM] — M3. Since [M?3; EFM] = M2

lex

x M and by the naturality of blow-up,
this lift is given by the lift in each factor. Thus, after projection to the first factor, the
image of ff((Hg ) is given by the lift of Hy, C M? to M7, _, which is always a hypersurface
of Mfex. g

6.4. The resolved double space

Let us return to SL(3). Recall that X = [SL(3); F]. The goal of this section is to con-
struct a resolution of X? via a series of blow-ups so that the diagonal A C X? lifts to
a p-submanifold and Vg, lifts to become smooth and transversal to the lifted diagonal.
Furthermore, we require the blow-down map composed with the projection from either
the left or right back to X to be a b-fibration. The first step in this resolution will be the
symmetric lexicographic blow-up.

Consider the lifts (from the left or right factor) of these vector fields to the double space
X2, We fix the notation Ay = {(p,p) | p € U} C X? for any U C X. Furthermore, for
any local coordinate function z on X we denote the lifts to the left and right to X? by x
and 7/, respectively, although this is a slight abuse of notation. Note that

(6.27) Ax ﬂaXQZAHlUAHFUA]b
where
(6.28) AHl QAHF#@, AHFQAHQ#@, AHIQAHQZ(Z).

We move to the symmetric lexicographic blow-up of X2. The partial order of the boundary
faces of X is given by the size (dimension) of the fibers defined on it, meaning Hy, Hy > Hp.
Thus the symmetric lexicographic blow-up is given by

(6.29) X7, = [X? Hog; Hyy; Hory Hios Hop; Hpoy Hyps Hpv; Hp)
with blow-down map denoted by
(6.30) B1: X2, — X?

where Hy,, = H, X Hp as before. We call the new resulting boundary hypersurfaces
ff(H,p). The lift of the vector fields Vg, from either the left or the right are tangential to
the boundary faces Hp, since Vs, C V. Therefore, they lift smoothly to X fex From
we can conclude that the lift of the diagonal (which we again denote by A XEI) is resolved
to a p-submanifold. It intersects the boundary of X7 in {f(Hq1), ff(Ha2) and ff(Hrp),
yielding an interior p-submanifolds in each of these three faces. All other blow-ups in
occur away from the (lift of the) diagonal. In other words, near the diagonal the
symmetric lexicographic resolution and the b-resolution of the double space are identical.
Since we are mainly interested in the behavior of Vg, near the diagonal, one should ask
the question whether or not the remaining blow-ups in are necessary. While it is

IThis is a slight abuse of notation. The same will be done in the second step of the resolution. From the
context it should always be clear which diagonal is meant.
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true that the lifted diagonal does not intersect with these front faces, they do alter the
boundary of ff(H11), fi(H22) and ff(Hpp), which therefore changes the model operators in
a potential large calculus.

We will analyze the lift of Vg, on each of the three new boundary hypersurfaces that
intersect the diagonal individually.

On ff(Hpr): Recall from that Hp has a fibration Hp — F(R3). Thus, we have a
fibration Hpp — F(R?)2. However, Hpp is blown up last in X 126337 thus we are interested
in the structure of the lift of Hpp after all previous blow-ups. By the naturality of blow-
up, the lift of Hpp after blow-up of Hyy, is equal (diffeomorphic) to [Hrp; (Hpr N Hyp)).
Again recall from that for both ¢ = 1,2 the intersection H; N Hp — Hp — F(R)
fibers over the same base. From the local product structure of the fibration it follows
that the blow-up [Hpp; (Hpr N Hyp)] occurs in the fiber, thus the lift of Hpp again fibers
over F(R)? with now slightly altered fiber (through blow-up). The new front face ff{(Hpr)
also fibers over this base with the fiber gaining an additional factor, namely the spherical

normal bundle of Hrr. We denote this fibration by ¢pp:
ff(Hrr)
(6-31) l(bFF
F(R3) x F(R3)

Let p € ff(Hpr)°. Then pi(p) lies in Hyp. Local coordinates on X near F' may be
pulled back from the left and right to give local coordinates on X2. Starting with local
coordinates on X asin , we can chose local coordinates on X2 centered at 31(p) given
by t,t', 71,7, z, 2z, together with some coordinates y;, y; which are pullbacks of coordinates
on left and right copies of the flag manifold in the base. In these coordinates H# is given
locally by {71 = 7{ = 0}. Again, we may construct new coordinates on the blown-up space
from the old ones by taking

(6.32) tt' T, = T /T 2 2 Yis YL

where v is tangent to the fibers of the spherical normal bundle of Hrpg. In these coordi-
nates, the lift from the left of the spanning vector fields (6.13]) become

(6.33) T10s, — Y0y, 10y, 0., T1N1, tT1Na, t77N3.

In term of these local coordinates, the lift of the diagonal restricted to ff(HpF') is given
by v =1, t =t,2 =2, y = 4. Therefore, on Ax NH(HpF) the first vector fields
7107, — Y0y, 10y, 0, in do not vanish and are tangent to the fibers of ¢pp and the
last three vector fields still vanish.

On ff(H32z2): Analogously to before, recall from that Hs has a fibration Hy —
Gr(R3,1) and thus we have a fibration Hay — (Gr(R3,1))%, which in return yields a
fibration of ff( Hyz). However, unlike in the case of ff( Hpp), there are blow-ups occurring
in the construction of Xfem after Hoo is blown up. These blow-ups restricted to ff(Hag)
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again occur in the fibers, thus yielding a fibration of the final front face
ff(Ha2)
(6'34) l¢22
Gr(R3,1) x Gr(R3,1)

Using local coordinates as in and their dashed counterparts, we may chose the pro-
jective coordinates

(6.35) To,he = Th/Tos 21, -, 24

in which the lift of the vector fields become

(6.36) 7907, — Y20y, , 0z, T2 N2, T2 N3.

Again, with respect to these local coordinates the lift of the diagonal A x is given by 2 = 1.
Near ff(Hpp) N ff(H22): We may use local coordinates as in near a point p €
Hy N Hp to get local coordinates t,t', 71,7/, zi, 2., yi, y; near a point in Hoy N Hpp such

that locally Hpp = {m1 = 71 = 0} and Hay = {t = t' = 0}, so we may chose the projective
coordinates

(6.37) top=1t/t, 71,0 = 71/7T1, i, 2, Vi, YL
In this coordinate system, the spanning vector fields take the form
(6.38) 71871 —waw, t&t —pap, 82“ 7'1N1, tTlNQ, t7‘12N3.

The diagonal is locally given by {¢) = p = 1}.

On ff(H11): On ff(H;1), the situation is completely analogous where it has a fibration

(6.39) l¢>11
Gr(R3,2) x Gr(R3,2)

and local coordinates constructed using (6.14]) as a starting point instead of (6.13)).

Again, we get a commutative diagram showing the connection between the fibrations:
H11 ﬂﬁHFF HFF ﬂﬁHQQ

(640) () F(H )
Lﬁu \L¢FF l¢22

(Gr(R?,2))? = (F(R?)) = » (Gr(R?,1))?
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In the local coordinates we have ff(Hpr) = {m1 = 0} and ff(H22) = {t = 0}. Now
let us check how the lift of the diagonal meets the boundary:
Nx fi(Hpp)={n=0,v=1,p=1y=vy,2=2"}
AxNff(Hyp)={t=0,0=1,p=1Ly=y,2=2"}.
The last three vector fields in still vanish on Ax NI and the last two still vanish
on Ax Nffs. The situation at ff; is analogous where the third to last and last vector fields

(6.41)

still vanish. Therefore, we need a second step in the resolution where we will blow up a
p-submanifold in each of the ff(H;;). Again, we analyze the situation first on ffr and then
on ff5. For this we use local coordinates as in (6.37)).

On fi(Hpp): Consider the flow-out of Ax N ff(Hppr) under the lift of Vgr,, denoted by
Sp. The vector fields in (6.38)) that do vanish on ff(Hpp) are precisely the last three, all
others do not. Thus we get

(642) SF = (d)FF)_l(A]-'(R?’)) C H(HFF)

Since A zgsy C F(R?)? is clearly a p-submanifold, so is Sp C fi(Hpr). As a submanifold
of ffr, it has codimension 3. In local coordinates as in (6.37) the flow-out is

(6.43) Sp={n=0y=y"}

Notice that the last vector field t722N3 vanishes to second order on Sg, so we need to blow

it up parabolically.

Also note that Sg is in fact the lift under the symmetric lexicographic blow-up of a sub-
manifold (also denoted by) Sp C Hpp, which is again the fiber diagonal under the fibration

Hpp — F(R3)?2, ie. the preimage of Arws) under Hpp — F(R3)2. We may interpret

2

jop OT X? depending on the context.

Sr as a submanifold of X

On ff(Hyz): Analogously, the flow-out of Ax N ff(Ha2) under Vg, is a p-submanifold of
ffs given by

(6.44) S2 = ($22) " (Dga(ws, 1)) C H(Hag).

As a submanifold of ffs, it has codimension 2. In the local coordinates (6.37)) it takes the
form

(6.45) Sy ={t =0,y2 = Y3, y3 = 3}

This blow-up does not need to be parabolic, since the two vanishing vector fields No, N3
both vanish to first order.

Again, notice that Sy is the lift of a p-submanifold So C Hsy C X2 under lexicographic
blow-up, given by the fiber diagonal with respect to the fibration of Hs.
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On ff(Hp1): Again, the situation is analogous to the one at ff3. The flow-out of Ax N
ff(H11) under Vg, is given by

(6.46) S1 = (611) " (Dga(ws, 2)) C H(Hi).

As a submanifold of ff; it has codimension 2. Again, this blow-up will be radial, since
the two vanishing vector fields Ny, N3 both vanish to first order. 57 is the lift under a
submanifold S; C Hy; € X? under lexicographic blow-up, given by the fiber diagonal with
respect to the fibration of Hj.

Quasihomogeneous structure at Sg: As mentioned earlier, the blow-up of Sg needs
to be parabolic, since the last vector field t722N3 vanishes to second order on Sg. Since
Sr C fi(Hpr) is the fiber diagonal with respect to the fibration ff(Hpp) — F(R3)2, its
normal bundle (as as submanifold of ff(Hrr)) is identified with the tangent bundle of
the base TF(R?). The three vector fields Ny, Na, N3 (without the prefactor), projected
to this normal bundle, span the normal bundle everywhere. Together with the normal
vector field 0, they span the normal bundle of Sy as a submanifold of Xfex. Thus, we
may define a quasihomogeneous structure at S by associating a negative weight to each
of these vector fields, as in Proposition 2.39] We associate the weight —2 to N3 and —1
the the remaining ones. This is a parabolic structure, since the largest (negative) weight

appearing is 2. We denote the resulting quasihomogeneous structure by Il.

The second step in the resolution of X? will therefore consist of blowing up the three
submanifolds S; C ff(H;;) where i = 1,2, F. The S; are neither disjoint (except S and S2)
nor do they meet transversally, as can be seen from the coordinate representation
and , so the order matters.

One may visualize the situation as in Figure [6.4

Sk

FIGURE 6.4. A schematic visualization of the three submanifolds Sy, SS9, Sp.

As with the lexicographic blow-up, we choose the same order and blow up the ones with
bigger fibers (S7, S2) first. We set

(6.47) X2 = [[X{p: 51, S2); SFlup,

where the index Iy on the second blow-up denotes the fact that it is parabolic. We denote
the blow-down map by

(6.48) Ba: X2 — X7,
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and the three new boundary hypersurfaces by ffs,, ffs,, ffs,, respectively. One may vi-
sualize X2 as in Figure

FIGURE 6.5. A schematic visualization of X?2.

We analyze this blow-up locally near Sg N Sy by constructing new coordinates in which
Sr and Sy take product form. Recall the local coordinates (6.37)). Also recall that the
coordinates y;,y; are pull-backs from the left and right factor of the base ¢g, : ffir —
F(R3) x F(R3). Recall from (6.40) that this base fibers again by F(R?) x F(R3) —
Gr(R3,1) x Gr(R3, 1). Thus, we may chose y; in such a way that ya, y3, ¥4, 4 are pullbacks
of coordinates on the base under mo and, additionally, such that the vector field N3 is
locally given by Jy,. Furthermore, we then know that

Ny € spancee {Oy,, Oys }s
(649) Y2 Y3

N1 € spangee {9y, , Oy, , Oy }-
Notice that since [Ni, No] = N3 we may not trivialize Ny, Na, N3 simultaneously. We
define new coordinates starting from (6.37)) by setting

t)Tluﬁ:p_ 171; :¢_ 1721 =% _Z’§727/l :Zi+Z7{,

(6.50) B . ,
Yi =Yi — Y Yy = Yi T Y-

. Since locally N3 = 0,,, the vector fields on (6.38)) take the local form
(651) 7-1871 — 8@, tat — 8,3, 851- + 852{, TlNl, tTlNQ, trf(é)g?, + 8@&)
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and we have spangec{Ni, N2, N3} = spance{0y,,0y,, 0y, }. The submanifolds take the
product form

Sp={n =4t = =y =0},
Sy ={t =12 =1y3 =0},
SpNSy={t=m =4 =y =ys =0},
Ax ={p=p=yi =z =0}
On ffg,: Let us compute the lift of V after the first blow-up of S», again by using

(6.52)

projective coordinates. As before, we only need to compute the behavior near the lift of
the diagonal, so a single set of projective coordinates suffices. Starting from [6.50]), we get
local projective coordinates on ffg, by rescaling in ¢:

(653) Tl’zi’zg’gévylvﬁ’q/_}atng = %7@3 = %

The lifts of the vector fields in (6.51]) then become

(6.54) 7107 — 05, t0; — 0p, Oz + 0, 71N1, 71 Na, 78 (0z, + tdz),
N——

=:N3
where spange { N1, No, N3} = spancee {9y, , 95, g5 }-
On ffg, (near ffg,): Analogously, we construct new projective coordinates starting from
by rescaling by 71. Recall that this blow-up is parabolic, where dys is given the
weight 2:

R 1. Y2 3
(655) Tl7zivz£7yz,'7p7wutayl = y*73l2 = y77y3 = %
1 T1 T3
The lift of the vector fields in (6.54]) then are
(6.56) 710, — O — 00, 10, — D5, Oz, + 0z, N1, Na, Oz, + 770,
—_——

=:Nj

where spangeo {Nl, No, Ng} = spangec {0y, ,0g,, 0y, }- In these projective coordinates the

diagonal is given by
(6.57) Ax ={p=p=y =2 =0}

Furthermore, ffg, = {t = 0} and ffs, = {71 = 0}. As one can see, the lifted vector fields
(6.56) are in fact transversal to the lift of the diagonal.

On ffg,: Again, the situation is analogous to the one at ffg,.

Lastly, we need to check that our combined blow-down map is a b-fibration.
Lemma 6.7: Let 7 : X2 — X be either the left or the right projection. Then the map
(6.58) ToBrofy: X2 X

s a b-fibration.
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ProOF. All three maps 7, 31, 2 are surjective b-maps and b-submersion, and thus so
is their composition. By a general theorem about b-fibrations (see e.g. [19]), the only thing
left to show is that no hypersurface of X? is mapped to a boundary face of codimension 2
or higher by mof103,. A hypersurface ff( H,;) generated in the first step of the resolution is
mapped to H, or Hy (depending on which projection is used). The hypersurfaces ff(5;) are
mapped (under both projections) to H;, since its image in X? contains the corresponding
diagonal part in H; x H;. O]

We summarize the needed result in a theorem.

Theorem 6.8: The Lie algebra Vs, lifts to X2 from either the left or right to become
smooth vector fields that are transversal to the lift of the diagonal Nx. The two maps back
from X2 to X (first blowing down and then projecting from either the left or right) are
b-fibrations.

This immediately implies the following.

Corollary 6.9: If L € Diff% is elliptic, then its lift to X2 is transversally elliptic to .

6.5. Pseudodifferential operators

We are now ready to define a calculus that consists of a ring of pseudodifferential operators
W% (X), which contains Diff’y as a subring and also contains basic parametrices for elliptic
operators. It will be defined as operators on the interior of X, whose Schwartz kernels are

push-forwards of distributions on X? with very simple structure.

There is however one obstacle to overcome when using Schwartz kernels as a definition.
Schwartz kernels act on densities, not functions. There are several approaches to solve
this: One is to fix a density p on X from the beginning and then define the action on a
smooth function f to be the action on fu. This has the disadvantage of having to choose
a (arbitrary) density to start with. Another possibility is to simply define the operator
to act on densities, which has the disadvantage of the resulting object being a function
(and not again a density). There are several other options, the one we choose here is for
the operator to act on half-densities (with the resulting object again being a half-density).
For this to work, we have to regard the Schwartz kernels as distributional section of the
half-density bundle Q1/2(X?2) as well.

To motivate the definition below, we consider the lift of Schwartz kernels of elements in
Diff% to X2. The simplest such operator is the identity I. Its Schwartz kernel is the delta-
function along the diagonal on X?2. However, we want to regard this as a distributional
half-density. In terms of coordinates on X2 that are chosen to be identical coordinates of
X on each of the two factors as in , choose a canonical half-density

. = T dt z dry dt 2.
(6.59) u \/d dt dy d d{d’dy’d’

This is well-defined up to a smooth positive function. Denote the Schwartz kernel of the

identity operator by K. In local coordinates as above it takes the form

(6.60) Kr=6(ri —m)0(t —t)s(y —y')o(z — 2" ).
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Any distributional half-density K on X? is identified with the distributional half-density
B*(K) on X2 via the blow-down map, since they are objects defined on the interior, where
B is a diffeomorphism. We may calculate this lift for K7 in local coordinates as in .
The Jacobi-determinant of the map 3, : X2 — X2 is equal to 377 up to a smooth function
that is non-vanishing on ff(Sr) and ff(S2). Recall that ¢ and 71 are locally boundary
defining functions of ff(Sy) and fi(Sg), respectively. For the sake of a global definition
below, let ri, 7, rr denote global boundary defining functions of ff(Sy), ff(S2), ff(SF),
respectively. Using both local coordinate systems , it is easy to see that the
Jacobi determinant of 3. : X2 — X?2 is globally given by

(6.61) Fdet = 17T
1/2

up to a smooth, nowhere vanishing function. Thus the lift of 4 is given by r .
is a non vanishing standard half-density on X?2. The Schwartz kernel of the identity K;
lifts to

v where v

B Kr = 136(B)3(0)0 ()0 ()il v
= 3(6)3(7)5(5:)8(Z:) v
Therefore, we may interpret the identity operator as a distributional section of the singular

half-density bundle T;elt/ 201/2

lifted diagonal A.. We may lift any L € Diff% to X2 and interpret its kernel as a

(6.62)

(X2), where it becomes a simple delta distribution along the

distributional section K, of r;elt/ 201/ 2(X2). Thus, it is given by nLr(;elt/ %y, where ki, =
L(ky) is called the normalized kernel of Ky with respect to a half-density rgelt/ 2. Thus,
kg is given by smooth multiples of derivatives of the delta function along the diagonal.

This motivates the following definition of the small calculus.

Definition 6.10: Consider kernels A that are distributional sections of the half-density
bundle T;elt/QQ”z(Xg). Thus A has the form A = K,AT‘(;elt/2V, where k4 is called the nor-
malized kernel of A with respect to the half-density v. We set ¥ (X, 91/2) to be the space
of those A, which normalized kernels k4 are conormal to the lifted diagonal Ax C X2,
smoothly up the front faces ffs,., ffs,, ffs,, and vanishes to infinite order at all other bound-
ary hypersurfaces of X?2.

Note that the class of kernels k4 described in the definition above is a special case of a
large class of function spaces with specific behavior at the boundary, called polyhomoge-
neous functions. These play a vital role when one wants to extend the calculus presented
here to include more elaborate parametrices. We will prove in the next section that the
space defined above is a ring, meaning it is closed under composition.

The space W% is filtered by the subspaces ¥'¢ of those elements whose kernels x4 have

singularities at the diagonal of order at most m.

Next, let us define how such an A € ¥% acts on half-densities. Let v be any half-density
on X. In order to define the action of A on 7, we need to fix an auxiliary positive nowhere
vanishing half-density ¥ on X. Denote by 71, Tr : X2 — X the lifts of the left and right
projection 77,7 : X? — X, i.e. 7rL,rR = Bompg. Since v and 7 are half-densities on
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X, mh(y)7E (%) is a half-density on X?. Its lift to X2, which is given by 7%(7)75 (%), is
therefore a half-density on X2. We now can define the action of A on by the equation

(6.63) AT = (TL)«(A - TR(V)TL())-

The right-hand side of this equation is a density on X. Therefore, dividing booth sides
by 7 yields a half density A(y) € Q/2(X). This is defined independent of the choice of
auxiliary half density 4.

The symbol map SFo,, given by extends to ¥'¢ in the following way. Since the
associated normalized kernel x4 of an operator A € ¥'§ is a conormal distribution to the
diagonal in X2, the symbol map

(6.64) wa = o (ra) € STHNTAx; QYA (N Ax) @ 77 (22 X))

is defined as by Hormander ([10]). The bracket in the order denotes the fact that the
symbols are quotients of symbols of one order lower.

Theorem shows that N*Ax = SET*X | thus we may interpret the symbol as a half-
SLT*

density on X. This yields the short exact sequence

1 St SL
(6.65) 0— 0ty py % glmbSlpexy .
We now may extend the definition of an elliptic operator to W%:

Definition 6.11: We say A € U2 is elliptic, if its symbol a = SLo,,(A) is an invertible
element of ST (SLT*X), i.e. if there is an element b € ST="}(SLT*X) such that a-b =
b-a=1.

In the next section of this chapter, we will prove that the space V% is closed under

composition and that the symbol is multiplicative in the sense that
(6.66) S mm (Ao B) =5La,,(A) - 5L, (B).

For now, we use this multiplicity to prove the following main theorem of this chapter by

the standard iterative inversion scheme.

Theorem 6.12: Let A € W'Y be an elliptic pseudodifferential operator. Then there exist
an operator B € W™ such that both AB — I and BA — I are elements of W>°. The

parametriz B is unique up to an element of W™,

The two remainders AB — I and BA — I are smoothing in the interior, since their Schwartz
kernels are smooth functions on X2. However, their push-forward to X? is not smooth.
Unfortunately, this implies that the remainders are not compact, as was shown for example
in [23]. This is the main motivation to carry the calculus further. This is done by adding
elements to U'% that have weaker conditions imposed at the boundary faces of X2. The
geometric foundation for such a larger calculus is already shown in this thesis. However,
since a large amount of analytical work is needed for such a calculus, it will not be carried
out here. Instead, it opens the door for a great deal of future work.

For now, the construction above still misses a composition theorem and a proof of equation
, which will be the topic of the next section.
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6.6. Resolution of the triple space

In the previous section, we left out the proof of the fact that U% is closed under composition
and the symbol map is multiplicative in the sense of . In order to prove such a
composition theorem, we use a geometric approach of constructing a resolution of the
triple product space X3, as already used several times in similar calculi, e.g. [17], [15], 9]
and many more. The idea behind using the triple space is the following: When composing
to operators A, B, we may regard B as acting on the third factor and mapping to the
second and A as acting on the second and mapping to the first factor. Thus A o B acts on
the third and maps to the first factor. We may write this symbolically for the Schwartz

kernels k4, KB, kAoB as
(6.67) KaoB = (MM )«(TRRATLEB),

where 77, s, TR : X2 — X2 are the three projections dropping the left, middle and right
factor, respectively. Using this equation, one can easily analyze the behavior of k405 using
the Pullback- and Pushforward-Theorem as in [19] .

However, the Schwartz kernels of operators in W% are interpreted as distributions on X 2
rather than X2, so the equation above is hard to analyze. To solve this, we resolve the
triple product space, again by a series of blow-ups, into a space denoted by X2 on which we
may interpret the composition as a product of Schwartz kernels lifted from X2. We require
that the resolution space X2 has interior diffeomorphic to the interior of X3. Secondly,
we require that it is equipped with three lifted projections maps 7, : Xg’ — X2 replacing
the projections in . These maps are required to be b-fibrations (as defined in [19]).
This is necessary for the Pullback- and Pushforward-Theorem to still apply. Such a space
together with the lifted projections is constructed below. We then show that they fulfill
our requirements in Proposition . An immediate consequence of this construction

will be the following theorem.

Theorem 6.13: For any m,m’ we have ¥'¢ o \IJ%, - \Il%er/ with the symbol map being
multiplicative, i.e. satisfying .

PROOF. As said above, the proof uses an analog version of on the resolved triple
space X2 together with the Pullback- and Pushforward-Theorem by Melrose ([19]). The
details of this approach have been carried out several times in the past, for example in
[17], [15], [8] . Thus, we omit them here and carry on with the construction of X?2. O

Construction of X32: Recall that X? = [X?2_; S1; S2; Sr]. As a first step in the construc-
tion of X3

o, we move to the symmetric lexicographic blow-up that we already discussed

earlier, denoted by X f;x As with the double space, there is a second step in the resolution
given by the blow-up of double- and triple-fiber-diagonals.

There are three projections 7% : X% — X2 for « = LM, LR, M R given by dropping the
last, middle and first factor X, respectively. Recall that in the resolution of the double
space, the second step consisted of the blow-up of (the lifts of) three submanifolds S; C Hy;
for ¢ = 1,2, F, where the blow-up of Sr is quasihomogeneous. For each S; and each of

the three 7, we denote the preimage of S; under 7 by S C X3, giving a total of nine
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submanifolds. We then have for example SJ%M C Hrro, Sé\/[ R Hyys et cetera. In general,
S C Hgape where two of the three indices a,b, ¢ are equal to i (according to «) and the

remaining one is 0.

Quasithomogeneous structure at S%: The quasihomogeneous structure of Sp C X 2 simply
lifts under each projection to become a quasihomogeneous structure of S%. Since it is
parabolic, it is simply given by a subbundle of the conormal bundle.

Each S§* has a non-empty intersection with precisely those Hg,. that have two of the
indices a, b, ¢ equal to i (again according to «) and the last one being any of the four
1,2, F,0. For example, SIL;M has non-empty intersection with Hrpp1, Hrpo, Hrpr, Hrpo.

Thus, the preimage of each of the S{* under the symmetric lexicographic blow-up consists

3
lex*

are denoted by Sia’j C fi(Hgpe) where 7 = 0,1,2, F and two of the indices a, b, ¢ are equal

of four parts, each being a submanifold of a different front face in X;, . These four parts
to i (according to ) and the remaining one is equal to j. In fact, S} 7 is the lift of
S* N Hgpe (with Hgpe as above) under symmetric lexicographic blow-up. For example, we
have SQLR’F = 5;‘636(52“12 N Hopo) C fi(Haps), et cetera. For the second step in the resolu-
tion we will blow up all 36 SZ-O‘ J , following lexicographic order with respect to ¢, 5. Before
doing so there is one more thing to notice: all S" J with i # j lie in different boundary
faces ff(Hype). However, when ¢ = j the three S;' " (for fixed i) all lie in fi(Hy;). It is easy
to see that the intersection of any two of the three S;' X yields a submanifold denoted by
T; C ff(H;;;), which is a triple-fiber diagonal.

Quasihomogeneous structure at S?;i and Tr: The quasihomogeneous structure of S% can
be radially extended according to Definition to each S% N Hgpe. We need to check
that this structure lifts to a quasihomogeneous structure of Sg’i under the radial blow-
up of the corresponding Hype.. The cornormal bundles of Hyp. and S%, restricted to the
conormal bundle of S% N Hgy,, intersect only in {0}. Therefore, the radial quasihomo-
geneous structure of Hy,. and the radial extension of the quasihomogeneous structure to
Sﬁi’i intersect cleanly according to Theorem This theorem then implies that we can
lift the quasihomogeneous structure S?;’i under the blow-up of H,.. Lastly, we construct
the quasihomogeneous structure of Tx. Recall that Tx is the intersection of any two of the
three S})‘,’F. Since the quasihomogeneous structures of S?,’F are parabolic, they are simply
given by subbundles of their conormal bundles. We set the quasihomogeneous structure
at Tr to be again parabolic and defined by the sum of the three bundles of S;’F restricted
to Tr. It is easy to see that this quasihomogeneous structure intersects cleanly with any
of the three quasihomogeneous structures of S%’F. The blow-ups of S%’i and Tr below are
quasihomogeneous according to these structures. All other blow-ups are radial. Theorems
and assure that normal commutativity results apply.

We are now ready to define the second step of our resolution:
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Definition 6.14: With the notation above, we define for fized i € {1,2,F}, j € {1,2, F,0}
the following lists of submanifolds

LM,j oLRj. oMRj /- , -
S; JQSi J§Si ! (J # 1),

Ty S SPL SR (= ).

(6.68) SH =

(2

For fized i = 1,2, F we define the lists

(6.69) Siri= 880808
We then set the second resolution of the triple space to
(6.70) X o= [Xity; ST 85% SF.

As a first step, we show that this is in fact symmetric in o, meaning that the space X3 is

independent of the order of the three submanifolds SZ-L Mg ; SZ»L RJ ; SZ-M Rj

in the definition
above. This is a consequence of the following lemma, that is purposely formulated stronger
then needed here for later use.

Lemma 6.15: Fori # j any two Sia’j, Sf,’j/ are separated by the boundary face Hgp. that

. ; . LM,F oMR,F
contains S, as in Lemma . For example, S{™", Sp RBE e separated by Hi1p.

ol
)

Fori=j any two S; ", Sf’i are separated by T;.

PROOF. The second statement is clear by definition of 7;. Notice that in the first
statement ¢ and ¢’ (and j and j') need not be identical, even though that would suffice
in order to show that X2 is symmetric in a. Recall that we need to show that at any
pE Sia’j N Sf,’j/ we have TpSia’j C TpHape C TPS?’j + TpSf/’j/. Also recall that Sia’j is the
fiber diagonal corresponding to the fibration ¢; of H; in the two factors of corresponding
to a. Restricted to Sf‘ I Sf,’j ,, the two fibrations ¢;, ¢;» either coincide or form a tower.
Now the statement of the lemma is a straightforward calculation in local coordinates.
In order to not introduce any unnecessary and cumbersome notation, we only do so in
an example. The general case works completely analogously. Consider SlL M.E - Hiip
and S?,!R’F C Hppr. On Hy N Hp we have ¢1 = ¢p o mp;, thus we may choose local
coordinates 11, Tp, T, y, 2 such that x is tangent to the fibers of ¢ and z,y are tangent
to the fibers of ¢;. Lifting these coordinates (together with their dashed and double
dashed counterparts) to the triple space, we locally get Hy1p = {1 = 71 = 7% = 0},

LM,F / " / / MR, F __ N P
Si ={n=mn=1m=0z=2,y=y} S = {rp =1 = 74 = 0,2' = 2"},
showing that Hi1r separates SlLM’F and S’%R’F. ]

We are now ready to construct the lifted projections 7& : X3 — X2 and show that they

are b-fibrations in the next proposition.

Proposition 6.16: For each o = LM, LR, MR there is a b-fibration & : X2 — X2 fized

by the condition that it commutes with the corresponding projections

X3 X3 X3
(671) lﬂ'? J/ﬂ'loéx lﬂo‘
X2 X2, » X2
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PrOOF. By symmetry, we only need to construct n% for &« = LM. The main idea of
the construction is to successively commute the blow-ups in such that all blow-ups
related to @« = LM are made first, which will be shown in equation As we will
see, this will allow for a straightforward definition of 7y as a composition of the collective
blow-down of all remaining blow-ups together with a projection.

-\/-\/e introduce ‘he not ation
S» ™ = SZ ’ ,S ’ S ’ S ’

[ [ L} [

(6.72) SVM e SEM,

The list SiL M’*; Sl-\LM is therefore a reordering of the list S;*.
As a first step, we will show that

(6.73) X2 2 (X} S Sy S Ry

with R1 = Sl\LM; SQ\LM; SZ\;LM. For this, we need to ‘move’ all SiLM’j to the front, starting

with the first one (SlLM’l). Notice that any two Sia’j, Sf/’j/ with a # 3 have been separated
as shown in the previous lemma. Furthermore, T; and SiL M commute since T; C SZ-L My,

Any other SiL M.j (fixed 4, j # i) that is blown up afterwards then commutes with 7; since

SiL M. separates them. Lastly, 7; and S’Z.];JM’] with ¢/ > ¢ commute since they are separated

by SZ-L M. "as shown in (6.73).

Next, we continue to move the SZ-L M3 further to the front by commuting them with as
many blow-ups of Xl?’ew as possible. Recall the definition of Xfem and C,&,E% and (6.25))
where we have shown that

(6.74) Xivy = (X3 M5 05 P, eMT).
Plugging this in, we next show that
(6.75) X7 = (X% MM ey s sy M SRy

with Ry = ELE, EME. R, This follows from the fact that the intersection of any SZ»L M.j

SMR

with an element of X7 is contained in an element of C and thus they lift to become

disjoint after blowng up all elements of C.

Recall that C is ordered lexicographically, meaning whenever Hgp. < Hgyer, then Hgpe is
blown up first. Also recall that SZ.L M Hj;;. Thus, as already argued in the construction
of the symmetric lexicographic resolution, whenever Hy,. and H;;; are not comparable,
there is a common larger element of C that contains their intersection and thus they may
be commuted. Furthermore, if H;;; < Hype, then the blow-up of Hj;; separates H,p. and

LM,j
S‘ sJ

i . Thus we may commute SZ-L Mj &ith all H,p except the ones where Hyp < Hy;j.

Consequently, we may commute the blow-ups of C;Sf M’*;SQL M’*;SI{iM’* in the following
way: We introduce the notation

(676) Hapye := Hop1; Hopos Hopr.
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Then
(6.77) X3 (X3 1y, S, LMx. H22*752LM’*;HFF*;SﬁM’*;Rs]

with R3 defined accordingly.

We proceed by some commutations in each of the three blocks Hj;x; Sl-L M Since they all

work rather analogously, we only do one in detail. We have
LM x LM, gLM2, oLM,F oLM
(6.78) Hpp SEM* = Hppy; Hppoy Hppps S50 SEM2 5 M8 Mo,

Repeating the argument from above, we may commute the elements of this list in (6.77)
to
(679) HFFI;SL HFFQaS HFF 7SLMFaS}L7‘M’Oa

LM,0 .

with the result being again diffeomorphic to X3. Next, notice that Sp 7 is by definition

the lift of SLM " under all previous blow-ups (in particular the blow-up of Hppg in £ LMy
and S’fﬁM’F is precisely the lift of SI%M N Hppp. Plugging this in, we can write the list

(6.79) as
(6.80) Hppy; SEMY Hppo; SEM?, Hppp; (SEM 0 Hppp); SEM

The lifts of these last three submanifolds under all previous blow-ups still satisfy (S IQM N
Hppp)* = SIQM* N HY ., since all previous blow-ups either contain both SIQM and Hrpp
or neither. We now make use of the standard commutativity result which lets us
commute the list to

(6.81) Hppy; SEMY Hppo; SEM? SEM (SEM 0 Hppp); Herr,

without changing the resulting space X3. Repeating the same argument twice we end up
with

(6.82) SEM (SEM N\ Hppy); Hepy; (SEM N Hppo); Hepe; (SEM 0 Hepp); Hepr.

We do the same for the other two blocks Hj;x; SZ-L M Tn order to write down the result of

this commutations, we introduce the notation
(6.83) (H N S)M = (SIM N Hiin); Hiins (S 0 Hiig); Hiio; (SPY 0 Hiir); Hiire.
Then the commutations above yield

(6.84) X2 (X3 GIM (H N S)IM SEM (H 0 S)EM; SEM (H N S)EM R3).

Next, notice that S is disjoint from all elements in (H N S)¥. Furthermore, S&™ and
H;i; (i = 1,2) have been separated by the blow-up of Hy;o € ELM S}L,wM and (SiLM N Hiij)
have been separated by the blow-up of S-LM . Thus we may commute to obtain

(6.85) X3 (X3, &M, gLM, gLM . gLM . 1
with Ry = (H N S)FM; (H 0 S)EM; (H N S)EM; R.
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Denote by 57%24 P X3 = [ X3 E8M, GEM GEM . GEM] the collective blow-down of Ry. No-
tice that

(6.86) (X3 MM, GEM SP M SEM] = X2 < X
Denote by 7 : X2 x X — X2 the projection onto the first factor. We then set

(6.87) M=o g X3 — X2
The fact that this commutes with the other blow-downs and projection maps is clear by

LM

- is a b-fibration, which follows again by noticing

construction. It remains to show that 7
that the image of each hypersurface of X3 is a hypersurface in X?2. O
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CHAPTER 7

Calculus on SL(n,R)

In this Chapter, we generalize the results of the previous Chapter to the case of SL(n, R) for
arbitrary n. All major obstacles already occurred in some form in the case of SL(3,R) and
the structure of this Chapter is largely analogous. We start with recalling the geometric
properties of the hd-compactification SL(n,R) and the Lie algebra of vector fields V.

7.1. Geometry of SL(n,R)
Recall from Chapter [5|that SL(n, R) has n— 1 boundary hypersurfaces Hy, ... H, 1. Each

hypersurface H, has a fibration over two copies of the Grassmannian H, — Gr(n — q) x
Gr(n — q), as shown in (5.18). Composing this with the projection onto the right factor
yields another fibration, denoted by

SH(n — q) x SH(q) x Gr(n — q) ———— Hy
(7.1) |#
Gr(n — q).

Let ¢ = {q1,...,9-} € {1,...n — 1} be any nonempty subset. The intersection of the
corresponding hypersurfaces

(7.2) F;:=H, N---NH,g

is non-empty and a boundary face of SL(n,R). Recall from (5.24) that F; fibers over
two copies of the flag manifold F; of type ¢. Again, we get another fibration of Fj; by
composing this with the projection onto the right factor denoted by

(ITizo SH(pi)) . x Fg —— Fy
(7.3) Pq
7.

Elements of the flag manifold 7z = F(R", ¢) of type ¢ are flags of the form
(7.4) Voo CVogy C- C Vg CR", dim(Vy, =1 — ¢y).
For notational convenience we denote such flags by

(7.5) Uy CUg ®Uq_, C--CEU, , dim(Uy,) = giy1 — ¢
r...1
where ¢, +1 = n.
Whenever ¢ O ¢ there is a natural projection 755 : Fqg — Fz. Furthermore, whenever

Fyz — Fy is a boundary face, we have ¢ O ¢'. In this case, the two fibrations are compatible
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in the sense that the following diagram commutes:

Fq — Fq/

(7.6) | o

Fg —— Fg

Notice that the map 75 5 defines a fibration of the flag manifold F;. The fibers are again
partial flag manifolds in appropriate orthogonal complements between the Uy,.
Later on we will need the following Lemma and its Corollary:

Lemma 7.1: Fiz g and take any ¢ with ¢ 2O §'. Then the fibers of all fibrations Fg Tag' Fo
intersect cleanly.

PRroOF. This again follows directly by the global existence of the vector fields Ny but
it can also be shown directly from the definition of the 75 4. Take a point p € F; with
fiber S of 754 running through it. Then S is equal to all flags with identical subspaces
U, to p for all g € ¢'. These intersect cleanly. O

Corollary 7.2: Let § O ¢'. Denote by TSz 5 C TF; the subbundle given by the tangent
space of the fiber of Fg Tag' Fg at each point. Then for any collection of q; C q the sum

is a vector subbundle (of fixed dimension,).

Recall form Lemma that we are interested in resolving the Lie algebra of vector fields
Ve. Let p be a point near the boundary face F; = Hg N---N Hg, . Let 74,,...75 be the
boundary defining functions as in (5.30)). Then V), is locally spanned by

(1) The normal vector fields 74,0y, ,

(2) The vector fields spanning the fibers of the projection onto the right flag manifold
F; x [0,e)F — Fy,

(3) and the vector fields oy Ny for all I € Jg.

The vector fields N; where defined for each interval I € J of integers between 1 and
n—1. They are (semi) globally defined vector fields near the boundary of SL(n, R). When
restricted Fy, these vector fields are non-zero if and only if 7 N ¢ # (. The set of all such
intervals is denoted by J;. The projection of these Ny, i € Jg, to the base F7 of ¢4, span
the tangent space T'F;. They satisfy

N[\J if J C1,
(7.8) [Nr,Nj| = ¢ Nruy if I and J are adjacent but non overlapping,
0 otherwise.

7.2. The resolved single space

As in the case of SL(3) the different fibrations ¢, of the hypersurfaces H, do not form a
iterated fibration structure. Therefore we resolve the single space. In this case, we need to

112



perform the total boundary blow-up of SL(n,R), denote by
(7.9) X = ST(n,R)p.

The total boundary blow-up of a manifold with corners M consist of blowing up all of its
boundary faces F' € M(M) of codimension at least 2E| in the following order: Start with
all boundary faces of maximal codimension k. By definition, these are manifolds without
boundary and disjoint from each other. Therefore one can blow them up in any order,
resulting in the same space. The boundary faces of codimension k — 1 of M lift under
theses blow-ups and become disjoint from each other. Thus they can be blown up in any
order. Continuing in this matter yields the total boundary blow-up. The details of this
construction can be found in [22].

In our case the resulting space X has boundary hypersurfaces Hy for each multi-index ¢
corresponding to the blow-up of the boundary face F; of SL(n,R).

Lemma 7.3: Denote by ST F; the normal fiber of the inwards pointing part of the spherical
normal bundle of Fy. Then the fibration ¢g lifts under the total boundary blow-up to become
a fibration of the hypersurface Hg

(ITizo SH(pi)) | 4y, x Fg x (St Fg)w —— Hg
(7.10) J \

Fq

where ([T}_, ﬁ(pi))Jr w18 the total boundary blow-up of (ITi— @(pi))Jr and (ST Fy)y, is
the total boundary blow-up of the normal fiber St Fy.

PRrROOF. Consider a boundary face Fg of codimension |g|. The base of the fibration
is a smooth manifold with corners, so is the factor F; of the normal fiber. Therefore,
the collection of all boundary faces Fy C SL(n,R) with fixed codimension |7'| > |q|
restricts to Fy to become the collection of all codimension |§'| — |g| boundary faces of the
first factor of the fiber (T]/_,SH(p;)) .- Denote by Fy the lift of /g under the blow-up of
all Fy with |g'| > [g]. Then F7 is the total space of a fibration

(ITi=o @(pi))Jr,tb x Fqg —— Fy
(7.11) 2
f_

The front face generated by the blow-up of Fy fibers over Fy with normal fiber S tF;. The
remaining blow-ups of the total boundary fibration restrict to this hypersurface to resolve
ST Fy into its total boundary blow-up, proving the statement. ]

Furthermore, we get a whole family of fibrations of H; by composing 15 with any of the

projections g 7 : F3 — Fg. These fibrations do not form a tower nor a tree, but they are

1Blowing; up a boundary face of codimension 1 (i.e. a hypersurface) does not change the manifold, i.e. the
blown-up space is diffeomorphic to the original one.
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partially ordered. To give an example, take n =5, ¢ = {1,2,4}, we then have:

Hg
|
Fq
(7.12) / l \
Fi1.2) Fi1ay F(2.4)
| < >
Sy F2 Fay

The boundary hypersurfaces H; of X are partially ordered by the codimension of the
original boundary face Fj of SL(n,R). This partial order coincides with the partial order
of the indices g. A general result concerning the total boundary blow-up (see [22]) states
that whenever a boundary face

is non-empty, the boundary hypersurfaces Hg,, ..., Hg, are totally ordered. Thus we may
assume ¢y > --- > . Therefore the k fibrations of F', given by the restriction of the
fibration v, of Hg, to F', form a tower of fibrations

w, d1 3 do,d
(714) F i Fql T FqQ A an . > qu

w§2

a3

qu

or briefly, for any ¢; > ¢; appearing above we have
(7.15) Vg, P = Tgs,q; © qu} |F-

In other words, X is a manifold with fibered corners as in [6].

Vector fields: Let us consider the lift of the Lie Algebra V. from SL(n,R) to X. Since
V. C Vy, vector fields in V, lift to become smooth on X. Consider a point in a boundary
face Hgz. Let 7; denote the boundary defining function of Hz as before. When blowing
up a boundary face of a manifold with corners, the normal vector fields 74,0-,  lift to
become smooth and span, over C°, both the normal vector field 730;, and those vector
fields that are tangent to the fibers of the spherical normal bundle. Thus the normal
vector fields together with the vector fields tangent to the fibers of ¢ : Fy — F3 lift to
span, over C*°, the normal vector fields and those tangent to the fibers of 15 : Hz — F3.
Next consider the lifts of the vector fields N;. Recall that I is an interval of the form
I=I;={n—-j+1, ..., n—i}. The vector fields Ny are not themselves element of V,,
but o;N; = 7 -+ - Th—j+1N; are. However, the N; are tangent to the boundary, hence
they lift to smooth vector fields on X and, when restricted to H; and projected to the
base Fj, span the tangent space T'F; everywhere. The only thing left to to is calculate
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the lift of the prefactor o;:

We denote by 7; a boundary defining function of the new hypersurface Hz. This is of
course not unique. One possibility is to take the lift of the sum 73 = 75 + --- + 74,.
However the only thing we have to assume is that 7; is a function of the 7; on SL(n,R),
since then we still have that Ny7; = 0 for any /,§. We do not need to calculate the exact
lift, but only its order of vanishing at each boundary face H;. First, consider the lift of a
single 75, from SL(n,R) to X. Clearly, the lift vanishes to first order at precisely those Hg
for which k € g. Thus we get (up to higher order terms)

7j—1
(7.16) B*(or) = H H Tg = HT;{_QOII =: 7.

k=in—keq q
In other words, the order of vanishing of 7; at a boundary face Hy is given by #{q; €
gln—j<gqg<n-—i}=[INg.

Therefore all vector fields V' € V, lift to X to become smooth vector fields in V.
Definition 7.4: We denote by Vs, the C*°-span of the lift of V. to X.

The calculations above show that this is a Lie algebroid and locally given in the following

way:

Lemma 7.5: Let p be an interior point of a boundary hypersurface Hz. Then Vsi, is a
Lie algebroid contained in Vy(X) and is locally spanned in by

(1) The normal vector field 170,
(2) the vector fields spanning the fibers of g,
(3) and the vector fields Tt Ny for all I € Jg.

Since the new boundary defining functions are chosen to only depend on the old ones, we
still have N;7; = 0 and thus the commutativity-result (5.80)) lifts to become

%[UJNI\J ifJcl
(7.17) [T1N1, 77Nyl = { 71uyNruy  if I and J are adjacent but non overlapping -

0 otherwise

We also need to describe the behavior of Vgi, at boundary faces of higher codimension of
X. Fortunately, there is hardly any work to do: The first two points of the Lemma above
still hold at higher dimensional boundary by the general phenomena of the total boundary
blow-up that the normal vector fields lift to span the normal vector fields together with
those tangent to the fibers of the spherical normal bundles. Recall that at a boundary
face F' = Hg N ---N Hg the multi-indices are totally ordered, i.e. g1 D --- D g;. The
corresponding fibrations form a tower. By continuity we get the following result.
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Lemma 7.6: Let p be an interior point of a boundary face F' = Hg N---N Hg, where we

assume qy > - -+ > qi. Then Vsr, is locally spanned near p by
(1) The normal vector field 74,0, , ..., 74,0

chk

(2) The vector fields spanning the fibers of 1g,
(3) and the vector fields TNt for I € Jg,.

Let 1 <1 < k. Then the vector fields spanning the fibers of 1g, together with those N
with I € Jg, \ Jg, span the vector fields tangent to the fibers of 1g,.

As in the case of SL(3), Vs, is a Lie algebroid and thus has a naturally associated vector
bundle SFT X such that Vsr, = C°(X,5TX). Again, the bundle S“T'X is equipped with
a map into the b-vector bundle tx : S*TX — *T'X induced by the inclusion Vsr, < V.
Local coordinates: We have a need for adapted local coordinates near p € F'. Recall
equation . We may chose local coordinates (y1,...,yk,2) on F centered at p that
locally decompose all fibrations in

Yay Tq1,d2 Tqp_1,dk
F .Fq .7:(72 . > ]:tik—l —_— .Fqk.
Yk
(7.18)
Sa Sa1.32 2.3 S 1,0
z Y1 Y2 Yk—1

Combined with the 75, these form local coordinates on X near p. We may chose them in

such a way that
(7.19) span{dy, } = span{Ny | I € Jg \ Jg ., } forall 1 <1 <k.

As in the case of SL(3), we set Diffg; to be the universal enveloping algebra of Vgr,. It is
locally given by
(7.20) LeDiffy;, & L= (730,,)"(0:) (71N
ai,B,c1
Diffg;, is filtered by differential operators of degree at most m, denoted by Diffg;,. As before

in the case of SL(3), Diffg;, has naturally occurring sub-algebras given by the enveloping
algebras of the subbundles V., and V,; lifted to X, denoted by

(7.21) Diff™ c Diff™  Difff! .
Each L € Diff} has an associated symbol SFo,, (L) € C®(X,5“T* X) defined analogously
in comparison to (6.17)).

Definition 7.7: We say L € Diftg; is elliptic, if for all p € X the symbol satisfies
Loy (L) (p,-) # 0 on SMT; X\ {0}

Following the scheme presented in the previous chapter, we continue to construct a reso-
lution of the double space X2, denoted by X2, on which the Schwartz kernels of operators
in Diffg}, take a relatively simple form and thus admits the construction of a pseudodif-

ferential calculus.
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7.3. The resolved double space

We follow the construction from the case of SL(3) closely. From now on, we will only
consider the lift (from either the left or the right) of Vgr,. As before, for any local coordinate
function x on X we denote the pullback from the left and right to X? by x and z’.

Set Ay = {(p,p) | p€ U} C X? for any U C X. We then have

(7.22) Ax noX?=|JAn,
q

where Ay, C H, qg. As before, we move to the symmetric lexicographic blow-up defined as

in Section [6.3] as a first step in the resolution:
(7.23) Brew : Xpp — X2,

The codimension 2 faces that are blown up in this step are now indexed by two multi-
indices g, w C {1,...n — 1}. We denote the newly generated front face, generated by the
blow-up of Hg g, by fi(Hgs). We continue to calculate the lift of Vgi, near the lift of the
diagonal. The lift of the diagonal only intersects the boundary in the hypersurfaces ff(Hg 5).
Let F' = Hz N---N Hg, be a boundary face of X as in Lemma @ Let p be an interior
point of F' x F C X2. We then may chose local coordinates 75,, T YL Yls -+ Uk Yps 2, 2 @S
in centered at p € X2. The Lie algebra Vg, is then locally spanned by

(724) TqiaTqiaaZj7711NI (I € qu)

In local the coordinates above, Hg g, is given by {75 = 77 = 0}, thus we may get

projective coordinates by replacing Tél with &5, = :q—l Doing this successively for the blow-
q1

ups of all Hg, 5, we get coordinates on X2  whose domain cover an open neighborhood of

lex
Bies(p) given by
TL
(7.25) T3 &q = T—‘%,yl,yi,...yk,yé,z,z/
i
The lift of the vector fields ([7.24]) is locally given by
(726) Tq; 87'@1- - 5(71 8&@ ) 8Zj ) 7tfj\[]-

The lift of the diagonal is locally given by

(7.27) Nx ={& =1Lyi=vyi,z=2}
Thus, on ff(Hg, g,) near p the flow-out of Ax under V. is given by
(728) Sql = {qu = 07 Yi+1 = yZJrl, e Yk = y;g, zZ = Zl} - ﬁ.(H@@)'

This equals the fiber diagonal under the lifted fibration ff(Hg ) — F5 % Fg. Thus on
each ff(Hg ) the flow out of Ax Nff(Hgz) under Vgy, is precisely the fiber diagonal

(7.29) Sz = w;z%(qu) C ff(Hg,4)

where g4 : ff(Hg q) — Fg x Fg is the lift of the fibration Hg g5 — F5 X F5 given on
each factor by (7.10). It is the lift of the fiber diagonal in Hg g, under the lexicographic

blow-up. As a second step of the resolution, we will blow up all S3, again in a symmetric
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lexicographic order according to the indices §.

These blow-ups need to be quasihomogeneous, since we aim to resolve the 77Ny, which
vanish to different orders. Thus we need to construct quasihomogeneous structures at
each S; and show that they lift when blowing up all S; in lexicographic order.

Quasihomogeneous structure at S;: Recall that the vector fields Ny as in Lemma
span, at each point, the normal space of S;. Thus we may define a quasihomogeneous
structure at S; by associating negative weights to each of these N as described in Propo-
sition m The weight we associate to Ny at S; is given by —|g N I|. We denote this
(m)

quasihomogeneous structure by F

Denote by (57)g any increasing ordering of the Sz. We then define the second step in our
resolution by

(7.30) X¢ = [Xiei (Sg)d]

where the blow-up of each S; is quasihomogeneous with respect to its quasihomogeneous
structure defined above. Whenever some of the S; have nonempty intersection, they are
totally ordered. This X2 is well-defined. Lastly, we need to calculate that this does in
fact resolve Vx. We start with the local coordinates near ffi(Hg, 5, )N---Nf(Hg, 4,.)-
Recall that we assume q; > @2 > -+ > @i, thus qu is blown up first, followed by the
remaining Sy, in decreasing order. We define new local coordinates from by setting
T e / T e— / 5. /
(7.31) Tqi» &?ivgil' " yll’%i“ " yf’ j o
=ty UGS Yty 2 =2tz
In these, we locally have
Ax ={& =1, 4 =0,2=0},

Sa =110 =0, Yrp1=-.. Y =
Equation becomes
span{0s, + 0z} = span{N; | I € Jg,}
span{0dy, + Oy} = span{Ny | I € J5,_, \Jg} forall 1 <1 <k

(7.32)

N
o
-

(7.33)

We first blow up Sz, = {75, = 0,z = 0} with respect to the quasihomogeneous structure

]-"(;k ™) We define new projective coordinates on ffs starting with (7.31)) and scaling by

Tq. -

_ _ Ue 1 - -
(734) Tqi’ é-qivyla yllaylt; = T*vy;q)zvz/

where k. is a suitable power. Recall that the negative weight associated to Ny on Sg, was
—|INgk|. Thus the vector field T|Inqk|N 1 has weight zero and thus lifts to a smooth vector
field, which we denote by Ny. Also recall that 7; = H 7_|qu| Thus the vector fields
lift to become

I
(7.35) T0.0r, — €30, 0=, [T 7N
q#qr
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The lift of Sg, , is given by Sg,_, = {7g,_, =0, 7} =0, Z = 0}. The lifted vector fields
N7y still satisfy the commutativity result (5.79). Thus they still define quasihomogeneous
structures at the other Sz. We now may get projective coordinates on ff(Sg, ,) by scaling

by 7g,_,, giving new coordinates y;_, = fﬂf%l and (by abuse of notation) y; = Tg*k
q "

k—1 9k—1
Following the same pattern, we get local projective coordinates

(736) Tq:> fqiagfa gllw-'gl:vg;wé*v 2/-

on the final space X2 where in each step, when blowing up Sg,» the coordinates z*, 7', ..., ¥
are scaled by a suitable power of 75 with respect to the quasihomogeneous structure of
Sg,- The lift of the vector fields (7.35|) take the form

.
(7.37) 4.0 — &0, 05 [ N

a¢{a,..ar}

where (again by slight abuse of notation) N} denotes the lift of of Tq|—lm(m
up Sy, after each step. After all blow-ups the lift of the diagonal takes the form

N7 when blowing

(7.38) Ax ={& =1, 9, =0,z2" =0}
and we have

(7.39) span{0y: + Oy} =span{N7 | I € Jg \ Jg,, } forall1 <1 <k.

qi+1
This certainly implies the following result:

Proposition 7.8: The vector fields in the Lie algebra Vx lift (from either the left or the
right) to become smooth b-vector fields on X2 and are transversal to the lift of the diagonal
Nx C X2. The two maps back from X2 to X (first blow down to X? followed by projecting
from either left or right) are b-fibrations.

PrOOF. The only thing not shown in the calculation above is the fact that the two
lifted projections 7, ro 8 : X 2 X are b-fibrations. This follows again form the fact that

it is a b-submersion and the fact that each hypersurface of X2 is mapped to a hypersurface
of X. O

Corollary 7.9: If L € Diff§, is elliptic then its lift to X? is transversally elliptic to Ax.

7.4. Pseudodifferential operators

As for SL(3), we want to define pseudodifferential operators in terms of their Schwartz
kernels, which we will view as distributional sections of a singular half-density bundle
on X2. We need to understand what singular factor we need to pull out in order for
differential operators to have (normalized) Schwartz kernels that are simple derivatives of
delta distributions on the lifted diagonal Ax C X2. For this, we analyze the lift of the
Identity kernel, again interpreted as a half-density. In terms of local coordinates on X2
that are given by identical ones on each factor as in consider a canonical half-density
on X? given by pu = \/ drg,dydzdry dy'dz’. Then the Schwartz kernel K of the identity
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operator is given locally as
(7.40) K =46(1q, — 14,)0(y — y')o(z — 2" ).

Next, we compute the order of vanishing of the Jacobi Determinant of the blow-down map
B: X2 — X? at the different boundary hypersurfaces. Recall from the local coordinate

computations (7.31)), (7.34)) and (7.36) that 75, was locally a boundary defining function
of the front face ff(Sg). Let ry denote a global boundary defining function of ff(.Sy).

Then from the local coordinate calculations (7.31]) - (7.36]) one can see that the Jacobi
Determinant is given by
(7.41) s Hr§1+2163 1nql)

q

q

up to a smooth function that is non vanishing on any ff(S7). Note that the 1 in the
exponent is a result of the blow-up of Hgg4 and each |1 N ¢| coming from the projective
coordinate change in the coordinate function corresponding to N7j. E|

Thus the lift of u is given by 7"(1123 v where v is a non vanishing standard half-density on
X2. The Schwartz kernel of the identity operator then lifts to

B K = rahd(&q, — )66 (")ril2v
= 5(&5 — 1S5 (Z" ) v

Therefore we may interpret the identity as a distributional section of the singular half-

density bundle rgelt/ 201/ 2(X2) where it becomes a simple delta distribution along the

(7.42)

lifted diagonal. As before, we now may interpret any L € Diff} as such a section with the
normalized kernel being a sum of derivatives of delta distributions along the diagonal. We
may now define the small calculus:

Definition 7.10: Consider kernels A that are distributional sections of the half-density
bundle T;elt/Qﬂl/Z(XeZ). Thus A has the form A = K}AT;;D/ZV, where k4 is called the nor-
malized kernel of A with respect to the half-density v. We set ¥ (X, Q'/2) to be the space
of those A, which normalized kernels k4 are conormal to the lifted diagonal Ax C X2,
smoothly up the front faces ff(Sg) and vanish to infinite order at all other boundary hyper-
surfaces of X2.

It is again filtered by subspaces U% of operators of oder m. The action of an A € W'g
on a half-density is defined analogously to (6.63)), as is the symbol map A +— Xo,,(A) €
Sim(XT*X) ¢ C=(X,XT*X). Again, this results in the short exact sequence

X
(7.43) 0— ot up I gtmb(XTex) 0.

As before, we say an element A € W'¢ is elliptic, if its symbol is an invertible element of
S{m}(XT*X). In the next section we will prove the following

2Note that for a fixed § C {1,...,n — 1}, we have YrenlINagl =30, k(n — k).
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Theorem 7.11: For any m,m' we have U o \I’”X"”, C \I/%er/ with the symbol map being

multiplicative, i.e. it satisfies

(7.44) L omim (Ao B) =5La,,(A) -5ta,.(B).

Problem 1: This theorem is proven in Section [7.5

By the standard iterative scheme we get the following main theorem of this chapter:

Theorem 7.12: Let A € U'¢ be an elliptic pseudodifferential operator. Then there exist
an element B € W™ such that both AB — I and BA — I are elements of V. The

parametriz B is a unique up to an element of W ™.

As for SL(3), the remainders AB — I and BA — I are not compact, so a larger calculus
should be investigated in future work. For now, we finish with the proof of the composition

theorem in the next section.

7.5. Resolution of the triple space

In this section, we prove the composition Theorem [7.11] The proof is analogous to the
one of Theorem [6.13] meaning it is a direct consequence of the existence of a triple space
resolution denoted by X2 together with three lifted projection maps 7, : X2 — X2 that
are be b-fibrations. The construction of this space together with these maps is the content

of the section and is the last piece in the construction of the small calculus.

Construction of X3: As a first step we move to the symmetric lexicographic blow-up
as defined in Section denoted by Xl:);x. As with the double space, there is a second
step in the resolution given by the blow-up of double- and triple-fiber-diagonals: There
are three projections 7% : X3 — X2 for « = LM, LR, MR given by dropping the last,
middle and first factor X, respectively. Recall that in the resolution of the double space,
the second step consisted of the blow-up of (the lifts of) submanifolds S; C Hgg where
these blow-ups were quasihomogeneous. For each S; and each of the three m, we denote

the preimage of Sz under 7% by S¢ C X 3,

Quasihomogeneous structure at Sg': The quasihomogeneous structure of Sz C X 2 lifts

under each projection to become a quasihomogeneous structure of Sg'.

Each SZ has a non-empty intersection with precisely those Hg g, 4, that have two of
the indices §1, @2, @3 equal to ¢ (according to «) and the last one being arbitrary. For
example, SqLM has non-empty intersection with all Hgg. where x is either 0 (meaning
X = Hp) or any ¢. Thus the preimage of each of the Sg under the symmetric lexico-
graphic blow-up consists of submanifolds, one for each Hg, g, 4, These parts are denoted
by Sg P c ff(Hg, o.g5) Where two of the indices 1, G2, g3 are equal to ¢ (according to «)
and the remaining one is equal to p. In fact Sg* is the lift of S N Hg, g, g, under the
symmetric lexicographic blow-up, with Hg, 7, 4, as above.

For the second step in the resolution we will blow up all ng P again following lexicographic
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order with respect to q,p. Before doing so there is one more thing to notice: All Sg‘ P
with ¢ # p lie in different boundary faces ff(Hg, g,,3,). However, when ¢ = p the three
corresponding Sy 9 (for different a) all lie in ff(Hy44). The intersection of any two of
these three Sg " yields a submanifold denoted by Ty C ff(Hjz45) which is the lift of the
triple-fiber diagonal in Hj ;5 with respect to the fibration H; — F3.

Quasihomogeneous structure at S;—X P and T, 7: The quasihomogeneous structure of Sz can
be extended radially according to Definition to each S§' N Hg, g,,g5- We need to check
that this structure lifts to a quasihomogeneous structure of Sf]—)‘ P under the radial blow-up
of the corresponding Hg, g,,g5- The conormal bundles of Hg, 4, g, and Sg, restricted to the
conormal bundle of S§ N Hg, g, g5, intersect only in {0}. Therefore, the radial quasihomo-
geneous structure of Hy, 4, 3, and the radial extension of the quasihomogeneous structure
to S?’ﬁ intersects cleanly according to Theorem which implies that the quasihomoge-
neous structure of Sg' N Hg, 4, g, lifts under the blow-up of the corresponding Hg, g, g5-

The submanifold 77 is the intersection of any two Sg . As submanifolds of Hggz these
pairwise intersect transversally, which is easily seen in local product coordinates with re-
spect to the fibration H; — F5. Therefore, the quasihomogeneous structures of any such
two Sg‘ 9 define a quasihomogeneous structure at 7, 7 by Lemma [2.38, By symmetry, this is
independent of the choice of S’g ‘I among these three. The blow-ups of Sg P and T, g below
are always meant to be quasihomogeneous according to these structures. Theorems (3.9

and assure that normal commutativity results apply.

We are now ready to define the second step of our resolution:

Definition 7.13: For a fized multi index q and a fized p being either a multi index or (),
define the following lists

LMvi. LR,i_ MR,7 — _
(7.45) gp._ ) ST ST (@ # D),
. P i i 7
Tq7 S§M1q7 S§R7q7 Séwqu (q — p)
For fixed q we define
(7.46) Se = (S;,ﬁ)@lw

the list of all S:]—k’ﬁ (for fized q) in any lexicographic order of p. This includes the case of
D = 0 corresponding to the full manifold X rather then any boundary hypersurface. We

then set the second resolution of the triple space to
(7.47) X = [Xiew: (87 g teal-

Note that since the order of this list is lexicographic, S;—k’@ is the last element of the list
87" As a first step, we show that this is in fact symmetric in «, meaning that the
space X2 is independent of the order of the three submanifolds Sé: M.p ;Sé: Rp ; Séw RP in
the definition above. This is a consequence of the following lemma, which is purposely

formulated stronger than required here.
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Lemma 7.14:7 For @ # p any two ng,ﬁ’ Sg,’ﬁ/ are separated by the boundary face Hg, 4,45
containing Sg P,

For g =p any two Sg’q, Sg,q are separated by Ty.

PrOOF. The proof is analogous to the one of Lemma [6.15 g
We are now ready to construct the three lifted projections & : X2 — X2 and show that
they are b-fibrations.

Proposition 7.15: For each o = LM, LR, M R there is a b-fibration < : X3 — X2 fized

by the condition that it commutes with the corresponding projections

X3 X2, > X3
(7.48) [ [
X? X2, >y X2

PROOF. By symmetry, we only need to construct 7 for o« = LM. The main idea of
the construction is to successively commute the blow-ups in such that all blow-ups
related to o = LM are made first. As we will see, this will allow for a straightforward def-
inition of ¢ as a composition the collective blow-down of all remaining blow-ups together
with a projection.

We introduce the notation

LM LM,p
7 Wk = (S’L ,p)lilex’

(7.49)
\LM L Okk LM
SYM = Sz \ SEM.

Therefore, the list SqLM’*; SC}LM is a commutation of the list S7*.

As a first step, we show that

(7.50) X3 =X (SqLM’*)q,lex;Rl]

with Ry = (SQLM)(;JQX. For this, we need to ‘move’ all ngM’ﬁ to the front, starting with
the first one. Notice that any two Sg‘ P Sg/ﬁ " with o = [ have been separated as shown in

the previous lemma. Furthermore, T; and SqL Ma commute since T, g C SqL Maq, Any other

Sé: M.p (fixed g, p # q) that is blown up afterwards then commutes with T} since Sé: M.q

separates them. Lastly, 17 and S;M’ﬁ with ¢ > ¢ commute since they are separated by

qL M as shown in (7.50). We want to continue to move the SqL MP further to the front

3
lex

by commuting them with as many blow-ups of X7 as possible. Recall the definition of

Xl3ea: and C,&,E% and where we saw that

(7.51) X, = [X3 MM, ¢, gLl gME),
Plugging this in, we show that

(7.52) X3 = (X5 EMMC5 (87 g1exs Ra

q

with Ry = ELE, EME. R, This follows from the fact that the intersection of any SqL M.p
with an element of £X8; £ME ig contained in an element of C and thus they lift to become
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disjoint after the blow-up of all elements in C.

Next, recall that C is ordered lexicographically, that is whenever Hy, g, 5, < Hy then

1,053
Hg, 4,35 is blown up first. Also recall that SqL Mp Hggp. Thus, as already aréudein the
construction of the symmetric lexicographic resolution, whenever Hg, 7, 4, and Hggp are
not comparable, there is a common larger element of C that contains their intersection
and thus they may be commuted. Furthermore, if Hgz < Hg, g5, then the blow-up
of Hggp separates Hg, g, 4, and SqL MP " Thus we may commute SqL MP with all Hg, 4.5

except the ones where Hy, 4, 3, < Hggp. Consequently, we may commute the blow-ups of

C; ( qL M’*)q’lex in the following way: We introduce the notation
(7'53) HQLQ&* = (H§1:§27§)q,1eX'
q#£0
Then
(7.54) X222 (X3 MM, (Hygu; SEM; SEMD) 1 10 R3).

a#0
. . L oLMsx_ oLM.,D .
We proceed by some commutations in each of the blocks Hyg; S5 ;S 7. Repeating
the argument from above, we may commute this block in ([7.54) further to

LM,p L oLM,D
(7.55) (Haap; Sg ) exc; S;

with the result still being diffeomorphic to X3. Notice that SqL MO i by definition the lift

of SqLM under all previous blow-ups (in particular the blow-up of Hgg in ELMY and SQL M.p
is precisely the lift of SqLM N Hggp. Plugging this in we get
LM LM
(7.56) (Hagp; S7™ N Hagp)pjexi S5 -
For each p in the list, we use the standard commutativity result and ‘swap’ Hgqp and SqLM .

Repeating this for all p, starting with the last one in the list, we get
(7.57) S5 (SEM N Hygps Hagp)pjex-
Plugging this in yields

(7.58) X3 = (X3 MM (SEM (SEM N Hagpi Hagp)piex)glex; Rl-

We want to commute SqLM further to the front. Whenever ¢ and ¢ are not comparable
SqLM is disjoint from all elements in (SC%M N Hygp Hygp)plex- When ¢ C g, S’qLM and
Hg g5 have been separated by the blow-up of Hggq € ELM and SqLM and (Sé:,M N Hggp)
have been separated by the blow-up of S C%M . Thus we may commute the blow-ups further
to obtain

(7.59) X3 2 (X3 EMM (SEM) g 1exs Rl

with Ry = (S¢™ N Hagp; Hagp)p lex) g lexi; R-
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Denote by

(7.60) Bry s X2 = (X3 €M (S gex]

the collective blow-down of R4. Notice that

(7.61) (X2 MM (SFM)ge] 2 X2 x X

Denote by 7 : X2 x X — X2 the projection onto the first factor. We then set
(7.62) M = 5o pRM X3 — X2

The fact that this commutes with the other blow-downs and projection maps is clear by

construction. It remains to show that w2 is a b-fibration, which follows again from the

fact that the image of each hypersurface of X3 is a hypersurface in X2. O

Theorem [7.11] is now a direct consequence of Theorem [7.15, Therefore, this also finishes
the proof of Theorem [7.12]
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CHAPTER 8

Outlook - where to continue

We finish this thesis with a short outlook on some of the questions remaining unanswered
and potential future work.

Regarding Part 1: Quasihomogeneous blow-ups.

The treatment of quasihomogeneous blow-ups in Part 1 of this thesis aimed to be com-
prehensive and ready to use in a variety of future work. However, there is always more to
learn about the fundamentals.

Recall that in the case of radial blow-up, the Lie algebra of vector fields tangent to Y C X
lifts to span, over C°, the space V4([X;Y]). The analogous result for quasihomogeneous
blow-ups, Theorem [2.23] only states this spanning result almost everywhere on the front
face. To be more precise, the front face has an exceptional subset, given in Definition
on which the lift of the 0-homogeneous vector fields VI(IO) does not span, over C'*°, the space
Vo([X;Y]m). This is related to the fact, that in general the lift of m-quasihomogeneous
functions F(™) does not span, over C™, the space Zm(ff). As stated in Proposition
Fm) consist of all smooth functions on the manifold X, which lift to [X; Y]y lie in Z™(ff).
Intuitively, the reason that the lift of F(™ does not span Z(ff) is, that there are ‘not
enough’ smooth function of weighted homogeneity precisely m. A deeper understanding
of this phenomena would be desirable.

In Chapter 3, we stated a collection of commutativity results for both radial and quasiho-
mogeneous blow-ups. In Lemma [3.13] we defined the concept of a separating submanifold
A, given two intersecting submanifolds B and C and showed, that the blow-up of B and
C commutes after the blow-up of A, i.e. [X;A;B;C] = [X;A;C;B]. In Lemma
and Lemma we gave sufficient conditions, under which the relationship ‘A separates
B and C” is stable under additional blow-ups. We would like to have a comprehensive
understanding of this stability.

Regarding part 2: Pseudodifferential calculus on SL(n,R).
In Chapter 7, we constructed an algebra of pseudodifferential operators V%, that contains
right-invariant operators on SL(n, R) together with basic parametrices for these operators.

In Theorem [6.12] we have shown, that these parametrices exist for elliptic operators and

that the error term is a smoothing operator on the resolved space X. The elliptic theory
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for these operators developed in this thesis is far from finished. While the parametrix con-
structed in Theorem does remove the singularity at the diagonal, it is not compact,
since it is only smooth on the resolved space.

This yields the smoothness of solutions on the resolved spaces X. However, it is not
enough to formulate a more general result on the polyhomogeneity of solutions.

Thus, a larger calculus, that aims to refine the parametrix constructed in Theorem is
desirable. To do this, one need to analyze (and invert) model operators on the boundary
faces ff(S;) C X2, that intersect the lifted diagonal. Theorem and Lemma sug-
gest, that inverting these model operators can be done (at least partially), by an iterative
scheme of using the small calculus developed here on the lower dimensional factors SH(p;)
in the fibers (see Equation (7.10)). As a first step in the direction of such an iterative
scheme, a detailed description of the lift of the fibration to a fibration of ff(Sg)
would be needed. A comprehensive description and analysis of these model operators and
a potential iterative scheme to invert them would be desirable.

Furthermore, a generalization to a general semisimple Lie groups G is a possibility for
future work. The hd-compactification, constructed in [1], is applicable for these more
general groups. In [1], the boundary faces of the constructed compactification G are shown
to be in 1-1 correspondence with the conjugacy classes of parabolic subgroups, which are
indexed over subsets S of the Dynkin diagram D. For each such subset S C D, G has a
boundary face Fg that fibers over two copies of a corresponding flag variety Fg. However,
a more detailed description of the geometry and the behavior of right-invariant vector
fields near any boundary face of the compactification, as in Theorem and Lemma [5.15
would be needed.
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