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Zusammenfassung

Die vorliegende Dissertation ist der Entwicklung von Methoden zur Approximation von
Kovarianzfunktionen von elliptischen partiellen Differentialgleichungen gewidmet, wenn
diese Unsicherheiten unterworfen sind. Wir beginnen mit einer kurzen Fixierung der noti-
gen Notation, des funktionalanalytischen Rahmens fiir die Analysis und einer rudimen-
tdren Einflihrung in die Ideen von Finite Element Methoden und des adaptiven Prozesses.

Um Kovarianzfunktionen zu approximieren, entwickeln wir adaptive Fehlerkontrolle
fiir die deterministischen zweiten Momentengleichungen eines elliptischen Modellproblems
im eindimensionalen Setting mithilfe von a posteriori Fehlerschitzern, die dazu genutzt
werden die adaptive Gitterverfeinerung zu steuern. In diesem Setting untersuchen wir
einen a posteriori Fehlerschitzer basierend auf einer L2-Representation des Residuums
und einen hierarchischen a posteriori Fehlerschitzer mittels sogenannter Element-Bubble
und Kanten-Bubble Funktionen. Diese werden hergeleitet und von ihnen wird gezeigt,
dass sie zuverldssig (eng.: reliable) sind. Da im Gegensatz zu Fehlerschétzern des zugrun-
deliegenden Modellproblems fiir diese a posteriori Fehlerschétzer fiir das zweite Moment-
problem allerdings nur schwache Effizienz nachgewiesen werden kann, liefern diese keine
asymptotisch exakten Fehlerschiatzer. Um dennoch einen Fehlerschitzer ohne dieses De-
fizit anzugeben, analysieren wir einen Schétzer, der auf einer Mittelungsprozedur beruht
und zeigen, dass dieser asymptotisch exakt ist, d.h. zuverldssig und effizient (eng.: reliable
and efficient).

Dariiberhinaus wird dann ein zweidimensionales Modellproblem analysiert und zuge-
horige residuale und hierarchische Fehlerschétzer fiir das zweite Moment der Losung in
diesem Setting entwickelt. Hier gilt wieder lediglich Zuwverldssigkeit und schwache Ef-
fizienz fiir die residualen und hierarchischen Fehlerschétzer, weshalb wir abermals auf
einen Fehlerschitzer basierend auf einer Mittelungsprozedur zuriickgreifen, von welchem
ebenfalls in der vierdimensionalen Situation gezeigt werden kann, dass er asymptotisch
exakt ist.

Am Ende des Kapitels untersuchen wir dann den Effekt der schwachen Effizienz der
residualen und hierarchischen Fehlerschéatzer auf die Konvergenz des adaptiven Prozesses.
Wir bemerken, dass aufgrund der abgeschwéchten unteren Abschétzung dieser Schétzer
der Fehlerreduktionsfaktor sehr nahe bei 1 liegen mag and als solches eine Art Konvergenz-
abflachung verursachen kann. Dieses Verhalten ist hiernach ebenfalls bei den numerischen
Experimenten fiir die Modellprobleme fiir eine gewisse Klasse von Kovarianzfunktionen
zu beobachten und wird kurz diskutiert. Es ist auch zu sehen, dass die adaptive Methode
durchaus eine bessere Approximation an das zweite Moment liefern kann als die Finite
Element Methode auf uniform verfeinerten Gittern. Dies ist in typischen Féllen wie im
Falle einer Losung, die starke Anstiege oder im Allgemeinen abrupte Anderungen im
Verhalten aufweist, zu beobachten.

Danach schreiten wir voran zur Approximation von Kovarianzfunktionen mithilfe von
Monte Carlo (MC) und multilevel Monte Carlo (MLMC) Methoden. Zuerst présen-
tieren wir einen theoretischen Standpunkt der Approximation in Tensorprodukten von
Hilbertraumen und fithren den Begriff der Voll-Tensorprodukt- und Diinn-Tensorprodukt-
Gitter-Approximation ein. Die présentierten Ideen haben Ahnlichkeiten mit der soge-
nannten Kombinationstechnik (cf. [34]). Danach wird die Fehleranalysis fir die Voll-
Tensorprodukt- und Diinn-Tensorprodukt-Approximation durchgefiihrt. Dartiberhinaus
zeigen wir asymptotische Schranken fiir die Kosten- und Speicheranforderungen der zuge-
horigen MC und MLMC Methoden. Da die analysierten Methoden ein unterschiedliches
Verhalten unter unterschiedlichen Rahmenbedingungen zeigen, welche von der Qual-
itdt und der Effizienz des benutzten Losers abhéngen, wird ein Vergleich fiir die unter-
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schiedlichen Rahmenbedingungen gegeben und ein kurzes zusammenfassendes Ranking
prasentiert, welches eine kurze Entscheidungshilfe bereitstellen soll.

Da beide Methodentypen, das heifst die adpative Approximation von Kovarianzfunk-
tionen mithilfe deterministischer Momentengleichungen und der Approximation mithilfe
von Voll-Tensorprodukt- und Diinn-Tensorprodukt-Gitter MLMC Methoden, dazu ver-
wendet werden konnen, um Kovarianzfunktionen zu approximieren, bietet das letzte Kapi-
tel einen Vergleich beider Methodentypen, der die unterschiedlichen Voraussetzungen,
Vorteile und Nachteile, z.B. im Blick auf das Abklingverhalten der Eigenwerte und der Ko-
rrelationsldnge des zugrundeliegenden Kovarianzoperators des angenommenen stochastis-
chen Modells, beleuchtet.



Abstract

The present dissertation is dedicated to the development of methods for the approximation
of covariance functions of elliptic partial differential equations when these are subject to
uncertainty. We start out by briefly fixing the necessary notation, the functional analytic
framework for the analysis and a rudimentary introduction into Finite Elements and the
adaptive process.

In order to approximate covariance functions, we develop adaptive error control for
the deterministic second moment equations of an elliptic model problem in the one-
dimensional setting by means of a posteriori error estimators that are used to guide the
adaptive refinement of the mesh. In this setting we investigate an a posteriori error
estimator based on an L?-representation of the residual and a hierarchical a posteriori
error estimator using element bubble and edge bubble functions. These estimators are
derived and proven to be reliable. However, since these a posteriori error estimators for the
deterministic second moment problem are shown to be only weakly efficient, in contrast to
the estimators of the underlying model problem, those do not provide asymptotically exact
estimators. In order to provide an error estimator without this drawback, an estimator
by means of an averaging procedure is analyzed and shown to be asymptotically exact,
i.e. reliable and efficient.

Moreover, a two-dimensional model problem is then analyzed and corresponding resid-
ual and hierarchical error estimators for the second moment of the solution are developed
in this setting. Again only reliability holds for the residual and hierarchical estimators
and as such we again resort to an error estimator based on averaging, which is proven to
be an asymptotically exact estimator in the four dimensional situation.

At the end of the chapter we look into the effect of the weak efficiency of the residual
and hierarchical error estimators on the convergence of the adaptive process. We note
that due to the weakened lower bound of these estimators the error reduction factors
may become very close to 1 and as such may create a type of convergence shelf. This
behavior is thereafter also observed in the numerical experiments for the model problems
for a certain class of covariance functions and briefly discussed. It is also seen that
the adaptive method may yield a better approximation to the second moment than the
corresponding Finite Element Method on uniformly refined meshes in typical cases, i.e.
for instance when the solution features steep gradients or, in general, abrupt changes of
behavior.

We then move on with the approximation of covariance functions by means of the
Monte Carlo (MC) and multilevel Monte Carlo (MLMC) methods. First we present a
theoretical point of view of the approximation in tensor products of Hilbert spaces and
introduce the notion of full tensor product and sparse tensor product approximation.
The presented ideas have similarities to the so-called combination technique (cf. [34]).
Error analysis is then conducted with respect to full tensor product and sparse tensor
product approximations. Moreover, we show asymptotic bounds for the cost and memory
requirements of the corresponding MC and MLMC methods. As the analyzed methods
exhibit different asymptotic behavior in different regimes which depend on the quality
and efficiency of the used solver, a comparison in the different regimes is given and a
short summarizing ranking is presented, which aims to give a quick guideline on which
method to use.

As both methods, i.e. the adaptive approximation of covariance functions by means
of deterministic moment equations and the approximation by means of full and sparse
tensor product MLMC methods, can be used to approximate the covariance function, the
last chapter offers a comparison of both methods considering the different requirements,
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advantages and disadvantages, e.g. in lieu of the rate of decay of eigenvalues and the
correlation length of the underlying covariance operator of the assumed stochastic model.



vii
Introduction

The field of Uncertainty Quantification (UQ) is a relatively young field of research, which
has reached a certain degree of maturity in the last two decades, which is due to the rapid
development of methods to assess random behavior in systems of all kind. Typically in
problems related to natural phenomena we are not equipped with complete information,
but have some random fluctuation imbedded into the model itself, e.g. it is impossible
to know the temperature at each point in space or the velocity of each particle of air in
space for a given volume and/or all times.

With the advent of more and more computing power made available through techno-
logical advancements the possibility of numerical analysis of this kind of uncertain systems
has grown enormously in recent decades. In general we are interested in finding a solution
u to a model that is subject to some uncertain behavior which is modeled by a forward
solution operator S in combination with some given data, such as boundary conditions
or source terms, which themselves might depend on uncertain parameters as well, such
that one can codify the problem for some data f via

u(w) = S(f,w)

in the sense that S realizes the forward propagation of the uncertain parameters to the
solution u for a given w which is an instance of the set of all plausible events. In this
thesis we will understand S as the solution operator of an elliptic partial differential
equation which has either a random diffusion coefficient or a source term that is subject
to uncertain behavior. In this way the uncertainty of the data propagates to the solution
u which is now also a stochastic quantity and is called a random variable if it has values
in a field (e.g. R) or a random field if it has values in other general spaces, e.g. Banach
spaces.

Usually the events w are modeled by means of a complete probability space (2, X, P),
where 2 is the set of events, 3 the o-algebra of subsets of €2 and P a probability measure.
As the underlying probability space is usually also infinitely dimensional the question
arises of how to accurately assess the validity of a model or its solution. Because of this
fact the problems under consideration are intrinsically high dimensional in nature and
special methods have to be employed to make approximation and assessment feasible
and quantifiable. In order to make sense of the random behavior of a solution of such
a system one is typically interested in solving for the so-called moments of u, for e.g.
the expectation E[u|, the variance V[u] of u or its (auto)covariance function Cov [u, u].
Moreover, the covariance or covariance function of u is an important tool in the assessment
of the random behavior of u as it gives a measure of the variability and mutual dependence
with respect to the expectation of u. Since one usually wants to assess the quality of
a model with respect to reality or the spread of variability in a certain system, the
expectation and variance of the system are key quantities to observe and analyze.

Since usually the exact evaluation of probabilistic models is either impractical or
intractable, one has to deal with certain discretizations of the underlying model as well
as of its stochastic behavior. This can be done in many different ways, which usually also
depend on the problem structure or the quantity of interest one wishes to approximate. In
particular, considering stochastic processes one has to deal with discretizations in space
or time and additionally with discretizations of the stochastic aspects.

For the approximation of the moments of stochastic solutions to uncertain PDEs
different approaches have been applied. The stochastic Galerkin method, which can be
thought of as a Galerkin discretization of the underlying space and probability space as
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well, leads to a high dimensional deterministic problem (cf. e.g. [25] and the references
therein).

Another important tool is the Karhunen-Loéve expansion, which by truncation after
a reasonable number of terms of its series allows to approximate a second order process of
a random field. This expansion can be used in conjunction with a large class of methods
that deal with the quantification of random behavior of solutions to uncertain PDEs, the
so-called Monte Carlo-type (MC-type) methods. Here we mention only a few references,
e.g. [5, 20, 7, 9] and the references therein. Monte Carlo (MC) and multilevel Monte Carlo
(MLMC) methods are extensively used in UQ. This is due to the simplicity, generality
and accessability of Monte Carlo methods for a vast number of problems as one typically
only has to make sense of the sampling procedure in the context in question to be in
business. Another great flexibility of these methods is that one has complete freedom of
the underlying solver for the PDE which does not change the overall algorithm and is
thus relatively easy implemented. The great flexibility and quick applicability, however,
is counterweighted by the necessity of having to solve the underlying uncertain PDE for
a certain number M of samples to achieve a certain error tolerance €. In the case of MC
methods this is usually a very expensive procedure which is the reason for the development
of the MLMC method. The MLMC method balances the work needed against the required
accuracy by sampling less on finer discretization levels and introducing the notion of level
corrections. Moreover, for the MLMC method on each level of discretization £ a different
amount of samples My is chosen to achieve the aforementioned balancing.

Under certain assumptions on the underlying operator of the elliptic PDE another
approach to find the moments of u leads to a formulation where the moments of « fulfill a
deterministic variational equation, the so-called deterministic moment equations (DME)
(cf. e.g. [55]). In this thesis the concern is the deterministic second moment equation for
e.g. the model problem

-V - (k(z,w)Vu(z,w)) = f(z,w), in D,

where D € R?%, d = 1,2 is an open bounded polygonal domain and the diffusion coeffi-
cient x as well as the source term f may depend randomly on w. In general, the k-fold
tensorization of this equation and subsequently integrating with respect to the stochastic
variable, i.e. taking expectation of both sides of the tensorized equation, leads to a fully
deterministic variational formulation after we mulitply by a deterministic test function
on D* and perform the usual integration by parts to arrive at a weak formulation. The
advantage of this formulation lies in the fact that one does not have to know the ex-
act probability densities of f and of the probability measure PP to recover the k-th order
statistics of u.

As the solution of the second moment equation may feature singularities (cf. [43])
on the diagonal of the domain and/or on the boundary at certain orders of weak deriva-
tives, it is desireable to have a solution procedure which adapts the underlying mesh, i.e.
the spatial discretization, in the best way possible to the given data. As the computa-
tional domain for the k-th deterministic moment equation is given by D* and a naive
uniform FEM thus has a number of degrees of freedom which is proportional to N ]If on
discretization level L, when all elements are refined uniformly from one discretization level
to the next. For this reason we have chosen to develop adaptive Finite Element Meth-
ods (AFEM) with a posteriori error estimators to guide the discretization procedure and
thereby speed up the solution process and profit from the efficiency of the so generated
meshes. Another way of accelerating the convergence is to employ higher order methods
in this setting (cf. [43]) or even more sophisticated ideas in the line of spectral hyperbolic
cross approximation as in [18].
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In contrast to this approach the class of Monte Carlo methods as mentioned above is
another important tool in the field for the approximation of higher order moments of a
random field u (cf. e.g. [9]). Here, in order to estimate the moments of u, samples have to
be drawn with respect to a number of events w' € Q,i = 1,..., M, which only give sample
solutions u' = u(-,w') which are averaged to quantify the quantity of interest. This usually
involves the discretization of the underlying spatial geometry and as such one has not
only to deal with the usual discretization error but also with the error that is committed
by means of the sampling procedure itself, i.e. the sampling error. The popularity of
these methods has soared in accordance with the available computational power and has
sparked improvements and specialization such as the multilevel Monte Carlo method. In
order to approximate second order moments by the MC and MLMC methods we choose to
optimize the dimension of the underlying tensor product discretization spaces by virtue of
sparse tensor product approximation techniques which facilitate the solution procedure.

This thesis is structured as follows. In Chapter 1 we fix the necessary notation,
vocabulary and give a necessary frame that is used in the subsequent chapters, such
as function spaces, Hilbert space valued random fields and a brief outline of the Finite
Element Method and the corresponding self-adaptive process guided by a posteriori error
estimators.

In Chapter 2 we are then concerned with deriving adaptive methods for the determin-
istic second moment equation of the model problems in one and two space dimensions,
which lead to adaptive methods in two and four dimensions, respectively. In particular, we
develop residual and hierarchical a posteriori error estimators and show their reliability.
Weak efficiency of these error estimators is also defined and established. Due to that fact
these estimators are not asymptotically eract and in order to provide an asymptotically
exact error estimator we adapt an error indicator based on a popular averaging procedure
to our situation. At the end of the chapter we shall then have a look at numerical exper-
iments which validate the theoretical findings and exhibit the strengths and weaknesses
of the methods.

In Chapter 3 we take another perspective on the second moment problem to approxi-
mate covariance functions by help of Monte Carlo methods. Here we are concerned with
the approximation of covariance functions in tensor products of Hilbert spaces. After
investigating how to approximate elementary algebraic tensor products by means of full
and sparse tensor products we analyze full and sparse tensor product Monte Carlo (MC)
and multilevel Monte Carlo (MLMC) methods for the approximation of covariance func-
tions in the context of tensor products of Hilbert spaces. We show convergence and give
asymptotic bounds for the cost and memory requirements of these methods. The chapter
is then concluded by numerical experiments verifying the theoretical analysis.

Since the methods in Chapter 2 and Chapter 3 are competing in the approximation
of covariance functions, it is natural to ask the question whether one should prefer one
over the other and if so in what situation that may be advantageous. For this purpose
Chapter 4 conducts a comparison in this direction of the two approaches which we have
chosen for approximation.
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Chapter 1

Preliminaries

Before we go at the heart of the matter we shall in this chapter prepare the necessary
theoretical background that enables us to present the research conducted in a concise and
efficient manner. In order to do so, we introduce the necessary function spaces, functional
analytic framework and fix most of the commonly used notation of this thesis.

1.1 Function spaces

In this section we briefly give definitions and properties of the most used spaces and
objects used in this work.

1.1.1 Sobolev spaces

A more in depth introduction of the spaces presented here can be found in [1]. We also
refer to [29] and [13] for further details.
Let D c R? with d = 1,2, 3,4 an open and bounded domain with boundary I" = 9D.
Denote by C(D) the space of continous functions on D. The partial derivative asso-
ciated with a multi-index s € N¢ is denoted by

ols|

S .
8 - — 8;% . 8Sd7

where [s| = ). |s;| is the order of the derivative. Also we introduce a shorthand notation
for the sum of partial derivatives of the same order k£ by

sl
=Y

jsl=k 1

The space C*(D) of k-times continously differentiable functions on D equipped with the
usual supremum norm, i.e.

lollonpy = sup |97

|s\<k
is defined in the usual manner via
C*(D) :={v e C(D): 9% € C(D), |s| < k}.

Moreover, instead of CY(D) we shall usually write C(D).
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For any p € [1,00] we denote by LP(D) the space of p-Lebesgue integrable functions
on a domain D equipped with the norm

1/p
T (/D!f(w)\pdx) | p<oo,
(D) =

ess sup | f()], p=oo.
zeD

Functions are considered equal as long as they differ only on a set of measure zero and
also the essential supremum has to be understood in this way.

The weak derivative of order k associated with a multiindex s with |s| = & of a function
v € LP(D) is defined as a function w € LP(D), such that for all infinitely differentiable
functions ¢ with compact support in D, i.e. ¢ € C§°(D), there holds

/851) godx—(—l)|s|/ w Peder,
D D

or in symbols 9®)v = w, if we want to emphasize that w is only a weak derivative of v.
Then we say w is a weak derivative of v of order k = [s|.

As usual, we denote by W™P(D) the space of functions in LP(D), such that all weak
derivatives of order up to m € Ny are again contained in LP(D), namely

W™P(D) :={v e LP(D): v € LP(D),|s| < m},
equipped with the norm

/p

( / |Dk )|P dx) , p < o0,
I fllwm.e Dy =

max esssup\@s x)l, p = 0.
Isl<m  zeD

We shall also frequently make use of the corresponding seminorms given by the follwing

expressions
1/p
([iprsapras) =, v,
| flwme(Dy =

max esssup |0° f(x)], p = o0.
Isl=m zeD

Moreover, we adopt the convention to denote H™(D) := W™2(D) and note that for
m > 0 the spaces H™(D) are Hilbert spaces with associated inner product

(u, v) (D Z/ DFu DFv da.

The dual space WP (D) of Wy*!, where 1 < p, ¢ < oo with 15+§ = 1, with the convention
that é = 0, we define for any s > 0

o (u,v)p
HUHW*S’P(D) = sup T
veWs 4 (D):w#0 ||UHqu D)

)

where we have denoted the duality pairing between W~5?(D) and W;Y(D) by

{(u,v)p :/ wvdx
D

Wy Y(D) :={v € LYD) : 8% € LY(D),v|r = 0,]s| < s}.

and
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1.1.2 Tensor product spaces

More details on the presentation of this section can be found in [47]. For further details
and topics we also refer to [40] for approximation in tensor product spaces as well as [35]
for more details on tensor calculus in the context of numerical analysis. For the functional
analysis aspects we refer to [60] and [58].

Let H and H denote two separable Hilbert spaces over R with their associated inner
products (-,-)y and (-,-)7, respectively. We note that the space of algebraic tensor
products H @ H of all formal finite sums of the form

M
> he@hg,  Vhy € HVhy € H,
k=1

endowed with the usual algebraic operations is a vector space. Defining a norm on this
vector space there are several options which are briefly presented in the following. The
completion of the tensor product with respect to any of these norms gives rise to different
spaces (cf. [47, Chapter 2-4]). For our purposes it is sufficient to present the three most
prominent choices. These are the projective tensor product, the injective tensor product
and the Hilbert tensor product space, which is given through the canonical tensor product
Hilbert space norm as we will see later on.

The projective tensor product space H ® H is defined as the closure of the algebraic
tensor product space H ® H where the norm is defined by

M M
Ul o, i1 = inf{z lull allinllg : U= ug ®ﬂk} :
k=1 P

As a second choice the injective tensor product space H ®. H is obtained when taking
the closure of the algebraic tensor product space with respect to the norm

M

> blur) (i)

k=1

Ul o, 7z = sup { o e H e H ||g|m = ¢l 5 = 1} :

where H' and H’' denote the dual spaces of H and H, respectively. We will mostly work
with the following choice of completion of H ® H. We define an inner product on H @ H
via

M M
UV ) pom = D > (ki) 1 (Vk, Orr) g (1.1)
k'=1k=1

and then consider the closure of H ® H by the norm induced by the aforementioned inner

product and denote it by H ®, H. As we will mostly be concerned with tensor products

of Hilbert spaces, we shall also frequently abuse notation and write H @ H for H ®2 H.
For ease of notation we denote the k-fold tensor product of a Hilbert space H by

and understand it as the completion with respect to the canonical Hilbert tensor product
norm || - || vy, which is induced by the inner product on H*). For any U = u1 @ - - - @ uy,
the inner product on H®*) is defined by

U300 = (U, U) o o= (wr,wn) i -+ (g, ug) -
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In particular, we note that by definition there holds the so-called crossnorm property

1Ul g = [lur @ -+ @ ugl| ooy = [Juallg - - - lukll g

We will finish this section with some theoretical remarks about tensor product spaces.
For the three constructions of tensor product spaces we have the following chain of em-
beddings, e.g. cf. [47],

H®@rH— H®yH— H®, H,

where the constants of the associated embeddings are equal to one (are of unit norm).
Moreover, when dealing with operators on tensor product spaces, the following fact is
useful. Letting S € L(H,X) and T € L(H, X) and defining

(S®T)(h®h):=(Sh)® (Th), he HhecH (1.2)

yields a well-defined linear operator S ® T : H ® H — X ® X, when one extends this
definition by linearity to all elements of H @ H. The space L(H, X) denotes the space
of all continuous and bounded linear operators from H to X, which endowed with the
operator norm

p 19hlx
i [ln

is a Banach space. Furthermore, there exists a unique extension to a continuous linear
operator S ®o T : H® H — X ® X and its operator norm is given by

151 =

1S ® T”Lj(H@fLX@X) = ||S||£(H,X)HT||5(1§,)”()'

Moreover, let us note that the projective tensor product in general does not respect
subspaces, i.e. if W is a subspace of H then the completion of W @, H need not be
a subspace of the completion H @, H (cf. [47, Chapter 2, p.21]). Also refer to [47,
Proposition 2.11,Corollary 2. 12] for the requirements when W ®, Z with W C H and
Z C H is a subspace of H @, H. Although, interestingly enough, the projective tensor
product space does not respect subspaces, it does respect quotients.

In contrast to that we see (cf. [47, Chapter 3|) that the injective tensor product
respects subspaces in the sense that if W is a closed subspace of H and Z is a closed
subspace of H then the completion of W ®. Z is a closed subspace in the completion of
H ®. H. But now the injective tensor product does not respect quotients, i.e. if W is a
quotient space of H then the completion of W ®. H does not need to be a quotient of
the completion of H ®. H.

Let us introduce tensor products of Sobolev spaces which will be used extensively
throughout this thesis. To this end let us denote by

H3(D*) := H*(D) ® H**(D) ® - -- ® H**(D)

the anisotropic Sobolev space of order |s|, where s € ng is a multiindex. Since the spaces
H*(D) are also Hilbert spaces, their canonical inner product for any u,v € H(D¥) with
U=u1 ® - Qur and v =v; ® - - - ® v is given by

(u, U>H5(Dk) =(u1,v1) g1 (D) (U2, V2) 32 (D) * * * (Uks VE) Ho% (D)

S1 Sk

= Z/ DélulDlvldxl Z/ DekukD’“vkdxk
— £,=0

= Z / DD dz,

0<t<s
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where D = D' @ .- ® D%, t,s € N'g and with the convention that
t<s:et;<s;, Vi=1,...,k.
The corresponding seminorm of order |s| for any v € HS(DF) can be written as follows
|U’12L15(Dk) = ||DS“”%2(Dk)
and finally the norm in H3(D¥) is then given as

1/2

l[ull s (pry = Z |U‘%{t(pk)
0<t<s

In particular, since we will be dealing with second moment problems in order to
approximate covariance functions, we encounter the space H''(D x D), where D is a
one or two dimensional bounded domain. Moreover, the spaces H"*(D x D) for t # s
will also be of importance. For example consider the anisotropic spaces H'9(D x D) ~

HY(D) ® L*(D) and H*'(D x D) ~ L*(D) ® H'(D) with the norms

[ulltropxpy = lullz2pxpy + IV @id)ulZapyp),

ullZr01(pxpy = el T2y py + 1(d ® V)l Z2(py py-

Here the map id is the identity operator and the maps (V ® id) and (id ® V) can be
interpreted using (1.2).

1.2 Random fields and their statistics

Here we keep the presentation to a minimum and refer the reader to the extensive litera-
ture for more details. For topics on probability we refer the reader to the book [38] which
gives a thorough and comprehensive introduction. For more information about Bochner
spaces and moments of random fields we refer the reader to [52]. For applications in this
context we refer to [9, 30, 50, 49, 53, 44, 45| to name only a very few.

Let (2,%,P) a complete probability space, where P is a probability measure on a
measurable space (£2, %) with underlying o-algebra 3. We note the following definitions.

Definition 1.1. A strongly P-measurable function X defined on a probability space (2, %, P)
with values in H, i.e. X : Q — H, is called an H-valued random field. If H = R, then X

s often called a random variable.

Definition 1.2. The distribution of an H-valued random field X is the Borel probability
measure px on H defined by

ux(B) :=P{X € B}, BeB(H),

where B(H) denotes the Borel o-algebra of H which is induced by the set of all open sets
in H. Random fields that have the same distribution are said to be identically distributed.

In order to make sense of random fields we encounter during this thesis we introduce
the notion of Bochner spaces.
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Definition 1.3 (Bochner spaces). Let k € NU{oo} and H a separable Hilbert space. Then
we define the Bochner space L*(Q,P; H) of Hilbert space valued mappings u : Q@ — H for
which the following norm is finite

ol sz = ( [ttt dP<w>)1/k,

with the obvious modification if k = oco.

We shall frequently suppress the probability measure from the notation and write
LF(Q; H) instead of L*(Q,P; H). Moreover, if f € L¥(Q; H) then f can be approximated
by simple functions, namely by H-valued step functions. Similar to the Lebesgue spaces
LP we have the following

Theorem 1.4 (Bochner). A function f belongs to LF(Q; H) if and only if there exists
a sequence of H-valued step functions (f;)jen with f;j — f P-a.e. on Q and for j — oo
there holds

/Q 15 — £l dP(w) — 0.

Definition 1.5 (Statistical moments). For k € N, we introduce the k-th order statistical
moment for u € L*(Q; H) as defined by

k
ky o= u(w w) = [ u(w)® w (k)
M /Q(in)()dP()/Q()dP()E}I,

where we abbreviate u(w)® = ®f:1 u(w), where no notational confusion should occur
with the otherwise usual notation of derivatives in the one-dimensional setting.

In the following we abbreviate by E[u] := M!u the first moment (the expectation) and
the second moment Cor,, := M?u (the two-point correlation). By the previous definition
it is easy to see that with H*) = H3(D¥) there holds the following representation for the
k-th moment, i.e. the k-point correlation function, of u

MPu(zy, .. xy) = / u(zr,w) ® - @u(rk,w) dP(w)
Q

for any (z1,...,2) € D*. Since for the covariance function there holds the representation

Cov [u, u] (z,2") =E[(u(z,w) — Elu(z,w)]) ® (u(2',w) - E[u(z’, w)])]
=M?u(z,2') - E[u](z) ® Elu](z),

and one is usually able to assume without loss of generality that E[u| = 0, approximating
the second moment offers a possibility to approximate the covariance function.

1.3 Operator equations and abstract Galerkin methods

In this section we briefly present some selected results from functional analysis, introduce
the notion of operator equations and describe the Galerkin method in an abstract setting,
e.g. cf. [51].

Let H be a Hilbert space with inner product (-, -); endowed with the induced norm
|- llg = /(-, -)y and let H' denote the dual space of H. Moreover, by g (-, -); we
denote the duality pairing between H and H’. Note that subscripts of spaces in duality
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pairings will usually be omitted if no misunderstanding can occur. Then for all f € H’

there holds
£z == sup il bl gy o
ozver  |vllE

Let A: H — H' be a bounded linear and self adjoint operator with
1Av]| g < e3'olle, Vo € H.
First we consider the deterministic operator equation
Au = f, for any given f € H’, (1.3)

that we would like to solve for u € H. Alternatively, we may consider the equivalent
variational problem: Find u € H, such that

m{Au, v)g =p(f,v)g Vv e H. (1.4)

It can be shown that the solution u of the operator equation also satisfies the variational
problem and vice versa. In particular, the operator A induces a bilinear form via duality
pairing

a(u, v) == p(Au, v)y Yu,v € H. (1.5)
Conversely, any bilinear form (1.5) defines an operator A : H — H’. In order to ensure
unique solvability of the operator equation (1.3) and the variational formulation (1.4), we
introduce another property of the operator A and its associated bilinear form af(-, -).

Definition 1.6 (H-ellipticity). An operator A : H — H' is called H-elliptic, if there
holds
(Av, v) > cgllolfy, VoeH

with the ellipticity constant cfll > 0.
For later and further reference let us state the Lax-Milgram Lemma.

Theorem 1.7 (Lax-Milgram Lemma). Let A : H — H' be bounded and H -elliptic. Then,
for any f € H', there exists a unique solution w € H of the operator equation (1.3) with

1
luller < — 1 fllar-
Cell

In the setting of tensor product spaces we consider the operator Ak) = ®f:1 A from
the space H®) := ®f:1 H to (H®) .= ®?:1 H'. We can formulate a tensorized version
of (1.3) via

ANy =F  in (HWY, (1.6)
where we have set U := ®f:1 wand F := ®f:1 f.
Since the tensor product of Hilbert spaces, when taking the completion with respect

to the canonical Hilbert norm, is again a Hilbert space, the Lax-Milgram Lemma follows
immediately for Hilbert tensor product spaces by the properties of the induced norm, i.e.

1 k
U ey < <cA) 1F || reey-
ell

We proceed by giving a description of the Galerkin method in an abstract setting.
From now on we assume that the operator A is bounded and H-elliptic. Considering the
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variational problem (1.4) there exists a unique solution v € H of the variational problem
by virtue of the Lax-Milgram Lemma. For M € N let

Hyy = span{¢y }ne,

be a sequence of conforming trial spaces, i.e. Hp; C H for some ¢, € H and for all
M. By means of the spaces Hj; we have constructed a discretisation, i.e. a finite di-
mensional approximation, of the (possibly) infinite dimensional variational problem. The

approximate solution
M

upr =Y gk € Har,
k=1

where the components of u € RM denote the coefficients of the basis functions ¢y, is then
defined as the solution of the variational problem

(Aupr, var) = (f, vir) Yoy € Hyy. (1.7)

The functions ¢y, which yield a representation for up; are called trial functions and
the functions vas := >, vith and their constituents 1y are called test functions. Note
that in the previous presentation the same trial and test functions have been used, i.e.
¢r = Y. It remains to investigate the unique solvability of (1.7), the stability of solutions
ups and the convergence to the unique solution v € H as M — oo. Since Hyy C H, we
can select v = vy € Hy in (1.4). Subtracting (1.7) from the continuous variational
formulation (1.4) we obtain the so-called Galerkin orthogonality

<A(u — UM) R UM> =0, Yoy € Hyy. (1.8)

Upon inserting the approximate solution into the Galerkin formulation (1.7) we obtain
the following finite dimensional problem due to the linearity of A

M
Zuk<‘4¢ka¢€>:<f7¢€> fork=1,..., M.

k=1

Redefining the left- and right-hand sides more compactly as a matrix A and a load
vector f we write

Apl k] = (Adr, do) s fo=(f, d0)
for k,£ =1,..., M. Thus, we obtain the following system of linear equations
AMH — ﬁa
where we have to find the coefficient vector u € R™. Note that we have a one-to-one

correspondence of a vector v.€ RM with the function

M

VM = kagbk € Hyy.
k=1

We also note for arbitrary vectors u,v € RM that

M M M M
(Ayu, v) gy ZZAM ( klugv, = ZZ Ay, pe)ugvy
k=1 (=1 k=1 (=1
M M
= <Azuk¢k7 > vige ) = (Aunr, vur).
k=1 (=1 H
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By construction all properties of the operator A are inherited by the stiffness matriz
Ay € RMXM e Apr is symmetric and positive definite, since A is self-adjoint and
H-elliptic. Truely,

(Anrv, v) = (Avyr, oar) = canlloully

for all v.€ RM and the corresponding function vy, € Hjs implies that Ay; is positive
definite.

Theorem 1.8 (Cea’s Lemma). Let A : H — H' be a bounded and H-elliptic linear
operator. For the unique solution upr € Hps of the variational problem (1.7) there holds

1
luntller < — 1 flla
Cell

as well as the error estimate

.
lu—unmllag < 5 inf [lu—vya.
Cepy PMEHM
The convergence of up; — u as M — oo then follows from the approximation property

of the trial space Hyy,

Z\/}gnoolegIgMHv_vMHH =0 VYveH.
This means that it is necessary to construct the sequence {Hps}asen in such a way that
the approximation property can be ascertained.

In the case of tensor products of Hilbert spaces, as long as A% . k) — (H(k))’ is
boundedly invertible and H ¥ -elliptic, the previous presentation still applies when we set
A= A®) as well as H := H®) and H' := (H®)'. Hence, we also have the Lax-Milgram
lemma and Céa’s lemma in the case of tensor products of Hilbert spaces (cf. [55]).

1.4 The Finite Element method and the adaptive process

Here we shall give a brief discussion of the basic notions and definitions with respect
to the Finite Element Method. To give only a few references out of the vast literature
available on this topic we refer the reader to [12, 13, 46, 48, 56, 22, 23, 51, 27| for more
details.

As we will employ the Finite Element Method (FEM) as our method of choice for
solving partial differential equations (PDEs), we shall give here a brief presentation of it
in order to not overencumber the presentation in later chapters.

Let D Cc R%, d =1,2,3,4 be a bounded, polygonal /polyhedral domain and denote by
I" its boundary, i.e. I' := 0D. Furthermore, in general suppose the boundary I' consists
of a nonempty Dirichlet boundary part I'p and a Neumann boundary part I'y, where
ITp| > 0 and | - | denotes the measure of the given set. Hence, I' = T'p U 'y, where
possibly I'y = 0.

A finite partition 7 of bounded open and non-overlapping sets K C D, subsequently
called elements, such that

|JE=D

KeT

and T := {K;}, i € Z, where 7 is an index set that realises an enumeration of all elements,
is called an FE mesh. In this thesis we shall consider meshes that are regular in the sense
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of Ciarlet (cf. [19]), i.e. the intersection of two elements K and K’ is either empty, a vertex
or an edge. Furthermore, we consider 1-irregular meshes, which allow one hanging node
per geometric entity of the mesh to be present. This notion will be made precise later.
Usually the elements K are thought to be intervals in one space dimension, simplices
or quadrilaterals in two dimensions, simplices, hexahedra, pyramids or prisms in three
dimensions and so on. In this thesis we will restrict the presentation to tensor products
of intervals and rectangles, i.e. we will be concerned with intervals (d = 1), quadrilaterals
(d = 2), cubes (d = 3) and hypercubes (d = 4). Moreover, let us denote by N, &, F and
Q the sets of vertices, edges, faces and cubes in T, respectively.

In two dimensions the geometry of D, i.e. the collection of elements, is represented
using A and &, i.e. the set of vertices and the set of edges, by subdiving D into a finite set
of elements. In three dimensions the elements are represented via the set A/ of vertices,
the set of edges £ and the set of faces F, and in four dimensions we additionally have
three dimensional boundary surfaces of hypercubes which are listed in Q. A subscript
K to N or £ or Q indicates that only those vertices or edges or cubes, respectively, are
considered, which are contained in the corresponding set in the subscript. The union of
all edges in &£ is denoted by & and is called the skeleton of 7.

Moreover, we shall consider in this thesis only affine meshes, i.e. any K € T is
assumed to be an affine image of the reference d-cube

K= (-1,1)%,
with respect to the element map Fi : K% - K as defined by
FK(X) = Bgx+ arg,

where Bi € R¥? and ax € R%. We will often drop the superscript d, if the dimension is
clear from the context. In this fashion we have that

K = Fg(K).

Furthermore, with every element K we associate a polynomial degree vector px =
(p1,...,pq) ", where p; is the partial degree in the i-th coordinate direction, and collect
them in the set

pr={px: KT}
For each element K € T we denote the element diameter by

hi = diam(K)

and similarly collect them in the set h7 = {hx : K € T}. The diameter of the biggest
incircle of an element K is denoted by

pk :=sup{diam(B) : B = B,(z9) C K,r > 0,29 € K},

where B,(z) = {z € R?: ||z — y||2 < r} is an open ball with radius r € R+ and center
in z. The mesh width of a partition 7 is given as

h:= sup hg.
KeT

In this thesis we will work with shape regular meshes 7 in the following sense.

10
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Definition 1.9 (Shape regularity). A family of meshes § = {T;}icz is called shape
regular, if there exists a constant o > 0, independent of i, such that for all i € T there

holds
o< min—K < maX—K §0_1.
KeT, px ~ KeT; pi
For any function v on D we introduce the interelemental jump on an edge E with

E=KTNK~ via
[v] ;=0T —v =0l —v|g-, E=K"NK ,E¢dD. (1.9)

For an edge F of K on I, we set [v] = v.

Note that expressions of the form [Vov - n] do not depend on the orientation of the
normal vector n on F.

In the four dimensional setting we use the same notation for jumps on boundary cubes
Q,ie. Q=KNK' and Q ¢ 0D. We will frequently make use of patches around certain
geometric entities. Let us start with the two dimensional setting. Denote by wg the set
of all elements that share an edge with the element K, i.e.

WK = U K',

K""K'NK=FEe€&

and by W the set of all elements that share at least one vertex with K, i.e.

O = U K’

K" N1 NNk #0

In four dimensions in the definition of wx we replace F € £ with @ € Q. Analogously we
understand the sets wg, Op, wr, Wp,wg and wg for £ € £, F € F and Q € Q. We may
occasionally term these sets edge, face, cube or element patches.

For adaptive methods to come we still need to define the notion of a hanging node.

Definition 1.10 (Hanging node). Let T a mesh and a node x € N. If x lies on the
boundary of an element K € T, i.e. x € 0K, but is not a vertex of K, then x is called a
hanging node.

This definition is not complete on purpose. As in two space dimensions for our con-
struction there cannot be hanging nodes situated on the boundary of D x D, the situation
in three and four space dimensions is different. There hanging nodes on edges and faces
on the boundary of the domain D are possible. Hence, the aforementioned definition is
kept a little more open to encompass all cases considered in this thesis.

Our refinement procedure of choice will involve 1-irregular meshes. These meshes are
characterized by the fact that on each geometric entity, there is at most one hanging
node. We formalize this in the following definition.

Definition 1.11 (1-irregularity). If for all elements K of a mesh T, every edge E € &,
every face F' € F, and every cube Q € Q of K, respectively, has at most one associated
hanging node, then the mesh T is said to be 1-irregular.

1.4.1 General Finite Element spaces

Let us now define the Finite Element spaces which will be used in the subsequent analysis.
Since we will be operating in HO1 ’I(D) it is mandatory that the global shape functions on
the FE spaces are continuous across the whole mesh. Let Z = [a, b].

11
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Definition 1.12 (1D finite element space). Let a = 29 < 21 < *++ < Tp—1 < Tp, = b a
partition of T into subintervals K; := I; := [z, x41],i=0,...,n—1 and T :={K; :i =
1,...,n—1} a mesh on Z. For given degree vector p = p, we define the space

SPM(T) = {v € CM(T) : vl € Py (K), K € T},

the space of k times continuously differentiable functions that restricted to an element
K €T are polynomials of degree px with

Ppic (K) = span{z" : 0 < n < pg}.

Moreover, let

SPF(T) := {v € 8P*(T) : v(xo) = v(x,) = 0}.

Definition 1.13 (Tensor finite element spaces). Consider a partition of I¢ into d-
hypercubes of the form

K; = Zz-dl,,,,,id =X T 4] X X @iy Tdig), 1= (G1,...,0q) €1,

where 1 is a suitable index set realizing an enumeration of the elements.
Thus, T = {K; :i € I} is a mesh on I%. We set

SPR(T) :={v e C*T?) :v|g € Py (K), K € T}

with
Ppy () =span{x" : 0 <n < pg}.

Analogously, we define as in the one dimensional case
Sg’k(T) ={veSPK(T):v=0 on d1%.
Moreover, we denote by
SPHT) == {v:v|k € Ppp(K), K € T}

the discontinuous and broken Finite Element space. We shall at some points abuse
notation and denote by Py (7) = S»~1(T) the space of elementwise polynomials of partial
degree at most k on the mesh 7.

1.4.2 Adaptive Finite Elements

The general idea of adaptive methods is to refine areas of the mesh where the error is
larger than its surrounding. Usually the true error is not available and so another way
of estimating the error has to be used. To this end, a posterior: error estimators are
developed and shown to fulfill certain properties that help guide the adaptive process
to guarantee convergence. In general the adaptive process consists of the following four
steps:
(1) Solve, (2) Estimate, (3) Mark, (4) Refine.

This procedure is formalized in Algorithm 1. We start with an initial triangulation 7y
and solve a discrete problem on 7j. The discrete solution u7; is then used to compute an
error estimator or error indicator 7 which is an approximation of the true error ||u — ur ||
for a certain norm || - ||.

12
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Algorithm 1 Adaptive Finite Element Algorithm
Input: data f and tolerance
Output: A numerical solution ug with an error less than e

1: Create an initial regular coarse mesh 7y and set k = 0.

2: repeat

3:  Solve discrete problem on mesh 7j

4:  Estimate error using estimator/indicator ny for every element K € T
5:  Mark elements of T subject to a rule and the magnitude of nx
6
7

Refine marked elements of Ty to construct Tiy1 and set k =k + 1
cuntil (3 nx) /2 <e

Definition 1.14 (Error estimator n). An approzimation n of ||lu — ur|| is called an a
posteriori error estimator, or just estimator for brevity, if it is a computable function of
known quantities such as the right-hand side f, the domain D, the boundary 0D as well
as ug itself or certain derivatives of the numerical solution uy.

Now after the first and second step of the kth iteration of the algorithm we are
equipped with a numerical solution u7, and a corresponding elementwise error indicator
nx with the global estimator given by 7 := (> 77%()1/ 2 which we suppose to be at least
reliable (see below). The next step, Mark, can be done in many ways and the reader
is referred to [54] the literature for all types of marking strategies. For example, Dorfler
marking consists of selecting a subset T C Tr, such that with ¢ € (0,1) there holds

Y omk =9 ik

KeT, KeT

In this thesis, for reasons of simplicity we have chosen to implement the so-called mazimum
strategy. Here we determine the maximal error indicator Nmax = Ir?a%( Nk and mark every
€k

element that fulfills the condition ng > Unmax. The so marked elements will then be
refined. The refinement procedure for the different settings will be discussed later.

Moreover, error indicators can be developed in many different ways, depending on
which aspect of the error has been put under scrutiny. For example, one could ask to
minimise the local residual with respect to the discrete solution or for a certain functional
that depends on the error to be minimal or maximal. After a certain indicator is computed
the information is then processed to find the elements with the biggest error and mark
those for refinement. The refinement process is then executed and the adaptive process
begins anew.

The above definition of an error estimator 7 is not useful per se, but only if n provides
computable upper and lower bounds of the true error.

Definition 1.15 (Reliability of ). Let n be an error estimator. Thenn is called a reliable
a posteriori error estimator if there exists a constant Cye, such that there holds an upper
bound of the form

H'LL - UTH < Crem + Hiyep,

for a certain norm of the error || - || and such that there holds Hy. = o(||lu — wrl|), where
the function H,. denotes a generic higher order error term.

Definition 1.16 (Efficiency of n). Let n be an error estimator. Then n is called an
efficient a posteriori error estimator if there exists a constant Ceg, such that there holds
a lower bound of the form

1 < Cepllu —ur|| + Heg

13
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for a certain norm of the error || - || and such that the generic higher order error term H g
satisfies Hegr = o(||u — url]).

Definition 1.17 (Asymptotic Exactness). If n is reliable and efficient, then n is called
asymptotically exact.

In this thesis we are concerned with the development of a posteriori error indication
techniques to guide the adaptive refinement and approximation for the deterministic
second moment problem in two and four space dimensions. To this end we have a look at
residual error estimation, a hierarchical error estimation approach with higher order basis
functions, and a so-called averaging error estimation approach. For each of these error
estimators reliability and efficiency are investigated and the corresponding error analysis
is performed.

14



Chapter 2

Deterministic Second Moment
Equations

This chapter is dedicated to the development of adaptive methods for the approximation
of second moments of elliptic partial differential equations under uncertainty by means of
deterministic moment equations.

We begin with the general definition of deterministic moment equations for a chosen
simple model problem, have a brief look at the regularity, and give a short summary of
the necessary ideas of already existing literature. In passing we also discuss the func-
tional analytic setting and the solution procedure briefly. Then we develop and analyze a
posteriort error estimators for selected one and two dimensional ellitpic model problems.
At the end of the chapter we investigate the convergence of the adaptive process when
guided by the developed error estimation techniques and look at numerical experiments
which validate our theoretical findings.

2.1 Model problem and moment equations

In the following we are concerned with the deterministic model problem as given by

-V (a(z)Vu(z)) = f(z), inD,

2.1
u = 0, on 0D, (2.1)

as well as its stochastic counterpart for almost every w € )
-V (a($7w)vu(wi>) = f($7w)a in D, (2 2)

u = 0, on 0D,

where (€2, %,P) is a probability space, and D C R? d = 1,2 is an open and bounded
Lipschitz domain. Note that either a or f or both may depend randomly on w, where
this dependence is modeled by means of the probability space (2,3, P), and as such we
term the solution of the elliptic model problem u to be stochastic.

From now on we consider the diffusion coefficient a to be deterministic, i.e. it only
depends on the spatial variable x € D. Furthermore, we assume a to fulfill the following
ellipticity condition

0<a-<a(x)<ay <oo, ae. inD.

Let V := H}(D),V' = H (D). Defining the operator A : V. — V' by Av :=
—V - (a(x)Vv), we can write the deterministic model problem as an operator equation in
V/

Au = f,

15
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where we consider u € V. Since the expectation commutes with the operator A, taking
the expectation of this equation we arrive at the deterministic first moment problem in

LY (V)

where u € L1(; V).
In general considering the k-fold tensorization of the operator A, i.e.

—_—

k times

which maps the space V*) to (V’)(k), taking the expectation of the tensorized operator
equation yields for u®) € L1(Q; V(¥)) and f*) e L1(Q; (V"))

AP MEy = MFF. (2.3)

As this equation provides a deterministic way for the computation of the statistical mo-
ments of u, it is called the deterministic k-th moment problem or the deterministic k-th
moment equation.

In [55, 50, 49, 30] it is shown that as long as A®*) is injective, continuous and strongly
elliptic, i.e. satisfies a Garding inequality, as a map from V*) to (V/)*) then (2.3) has a
unique solution for every f € L¥(€; (V')*)) which coincides with the k-th moment MP¥x.

Moreover, by [55, Thm. 2.6], also cf. [18], there holds a shift theorem, if the corre-
sponding operator allows a shift theorem.

If MFf € H5(D*) for some s > —1 then M*y € H3+t2st2(DF) 0 {1 (DF)
and there holds the a priori estimate

k k
HM uHHs+2 ,,,,, s+2(Dk) S CHM fHHs ..... s(Dk)7 S Z _1
Our main interest is the deterministic 2nd moment equation, which is the foundation

for the adaptive algorithms we shall develop in this chapter.

2.2 1D model problem

2.2.1 Problem formulation

Letting a = 1, we consider the 1D stochastic model problem, cf. (2.2), in D = [—1,1] of
finding u € H}(D), such that

_8:3”('7("}) = f('vw) inH_l(D),

2.4
u = 0 on 0D, (24)

for almost all w € Q.
With V := H}(D),V' = H~Y(D), and A := —9? we find that the variational problem
for the associated operator equation (cf. (1.3)) reads:

Problem 2.1. Given f(w) € H-Y(D), find u(w) € Hi(D), such that

/ v (z,w)v' (z) dz :/ f(z,w)v(z)de, Vv € HY (D), for P-a.a. w € Q.
D D

The corresponding deterministic k-th moment problem, cf. (2.3), for the one dimen-
sional model problem then takes the following form:
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2.2. 1D model problem

Problem 2.2. Given M*f € H=1+~1(DF), find M*u € Hé’”"l(Dk), such that
N Mbu)dtvdx = [ MFfudx, Vue Hy'(DF), (2.5)
Dk Dk
where 1 = (1,1,...,1).

In the particular case k = 2 we set D = D x D and are concerned with solving the
deterministic second moment problem corresponding to (2.3):

Given Cy € H=H"Y(D), find C, € Hé’l(D), such that
/ 0,0, Cu0p0yv dz dy = / Civdedy, Yve Hy'(D). (2.6)
D D
The discrete version of (2.6) then takes the form:

Given Cy € H™H"1(D), find ur € SPO(T), such that

/8m8yuT8m8yv7-da:dy:/Cfdexdy, VUTGS(Z;’O(T), (2.7)
D D

where we write u7 instead of C, 7 to shorten the notation and keep subscript indices

hopefully minimal. Note that, since Sg’D(T) - H& (D), the approximation is conforming
and we have Galerkin orthogonality

B(u—ur,vr) =0, Yure€ Sg’O(T)

with the associated bilinear form
B(u,v) = / 0y 0yu0, Oyv d dy.
D

Also note that the energy norm of this problem is the | - [f1,1(p)-seminorm. The latter

is a norm on Hé’l(D) by the crossnorm property and corresponding one dimensional
Friedrichs inequalities. This, in combination with the symmetry of the bilinear form
yields not only the unique solvability of the problem by the Lax-Milgram Lemma, but
also the best approximation property by means of Céa’s Lemma.

2.2.2 Approximation and auxiliary results

In order to accomplish a concise presentation, we firstly define a suitable two dimensional

approximation operator Hzl,}l by tensorization of one dimensional operators, present the

error analysis and collect various auxiliary results that are used in subsequent sections.
Regarding the presentation in this section see also [48, 43, 54].

Definition 2.3 (Legendre polynomials and their antiderivatives). The Legendre polyno-
mials L,,n=0,1,2,... are defined as solutions to the Legendre differential equation on
the interval [—1,1]

(1 = 2L (2)) +n(n+1)Ly(z) =0

and may be expressed by Rodrigues’ formula

L4 g ey,

- 2nn! dzn

Ln(z)

17



Chapter 2. Deterministic Second Moment Equations

The antiderivatives of the Legendre polynomials L, are then defined as follows

. 1, n =0,
L&) = {ffan_l(t) dt, n>1.

Moreover, there holds

i . Ln+1 - Ln—l
2n+3

n =

and Ly (£1) =0 for n > 2.

Definition 2.4 (1D projection operators). If u € L%*([~1,1]), then u can be erpanded
into a Legendre series

u(€) = biLi(6),
=0
where the L; are the Legendre polynomials with respect to [—1,1]. Then the operator
7P LA([-1,1]) — Pp([~1,1]),

termed the L*([—1, 1])-projection, is defined by truncation of the Legendre series after p+1
terms, i.e.

P
Pu(§) =Y bili(€).
=0
For any u € H'([—1,1]) we can then define the following operator
7 HY([-1,1]) — Py([=1, 1))

for any &£ € [—1,1] by

£
(7Pu) (€) = u(—1) + / AL (1) dt

-1

where the coefficients b; are given by

2i+1 [!
-1

It is easily seen that there holds TPu(£1) = u(£1) (cf. [48, Theorem 3.14]).

Definition 2.5. By tensorization of mP we can now define for any 4 € Hlvl(f{) and
pi = (P1,P2) the operator
Myl HYY(EK) = Py (K)
via
ML, m) = (nf* @ whe)a(s, ).
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2.2. 1D model problem

b4 = (=1,1) o3 = (1,1)

01 = (—=1,-1) v = (1,-1)

€1

Figure 2.1: The reference element K = [—1,1]?

where the subscripts & and n indicate the coordinate direction, which the operators act
upon. By the properties of the one dimensional operator wP, we have the following prop-
erties for H})}i (cf. [48, Lemma 4.67])

I a(£l,£1) = a(£l,+1),

AP l,), =13,
© \waly), =24

For an application on Maxwell’s equations involving this operator see also [21].

~11 A
(Hp[gu)

Definition 2.6 (Affine element map). We consider an affine map Fi : K — K that maps
the reference element K to the element K € T. For a rectangular and azially parallel
element K, using the notation from Figure 2.2, Fx can be written explicitly as
NN P T S S SRS B /S UR W 51
FK(I‘):E(’Ul +'U2 +’U3 ""U4)+§ Ox hy :2‘2 5
where hy = x9 — x1 and hy = y2 — y1 denote the edge length in the x- and y-direction,
respectively. Note that for square elements K, this representation holds with hy = hy.

€3
vg = (21,¥2) vz = (z2,y2)
ey4 K €2
v1 = (z1,¥1) ve = (w2,y1)
€1

Figure 2.2: An element K = [x1, 23] X [y1,42] € T

In order to enable the error analysis in the two dimensional setting we shall now give
local and global approximation results that involve the operator Hll,}}.

Lemma 2.7 (Trace inequality). For any @ € HYY(K) there holds
1

S 71,1512 ~ 112 ~ 112
Hu - HpRuHL%é) < Cp(p+ 1) <"87u“L2(k) + Haéa’V]uHLQ(f()> ) (28)

where € being any edge of the reference element K, p € N with p. = (p,p) and

9, =

Oy, ifé=éy oréy.

{85, ifé:él or ég,
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Chapter 2. Deterministic Second Moment Equations

Proof. Without loss of generality, consider é = ;. The other cases are then obtained by
a rotation of coordinates. Considering u represented as an infinite series of antiderivatives
of the Legendre polynomials as @(§,n) = Z;‘}:o cijLi(€)Lj(n) with (¢,7) T € K and using

properties of the projector f[zl);i in addition to |48, Theorem 3.14|, we get

= T a2,y = (6 — TEA0)(, — 1)y = @ — 720~ 1) 22y
i — mPa) (-, -1
( 13 ’

/e

[e.9]

2
“X eyl

L2([-1,1]) 1=p

1

< -
“pp+1)
< Ot (02, + 060yl

p(p+1) L?(K) L*(K)

[0ea-, 71)”%/2([—1,1})

where in the last step invoking a trace inequality on K completes the proof. ]

Lemma 2.8 ([43, Lemma 5.24,5.25,5.26]). Letp € N, 0 € H*(K) and p;. = (p,p) with
p € N. Then there holds

e AL A2 1 (P —8)! oot (P—8) osriap2
(1) Mo = T 0l =+ 1) 2(p+s) L 4(p+s)!”a77 Ol 2k
4  (p s—l—l) 5
T o T )
for any integer 1 < s < min{p, k}.
(i) 10 (5 1310 122, <2220z 1017
" e\v ™~ L2(k) S (p+s)! ¢ Yk
2 —s+1 s A
e

plp+1)(p+s—1)! L*(K)

for any integer 1 < s < min{p, k} and analagously for |0, <f) — ﬂéﬁf)) ”3:2 7

y A L= i
(i) 060y (0= T50) 72y <20 110 00bl e

(p—s+1) s+14012
+2m”a§aﬁ 01172z

for any integer 0 < s < min{p, k — 1}.
In particular for a function v € H%(K) we have the following result.

Lemma 2.9. Let i € H"Y(K) and pi = (p,p). Then the projector f[;l); satisfies the
bound

1

—H“A < -
i = 580 iy < ooy

4
112 112 7112
<2”8€U|L2(K) + 4||a77u||L2(f() + 2)(19_1_1)||858UU|L2(K)>

Proof. See [43, Lemma 5.24] for t; =ty = t3 = 0. O
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2.2. 1D model problem

Remark 2.10. By the above estimate, we also have for u € Hl’l(K) and pgp = (p,p)
with p € N the trivial estimate

LZ(K) ( )H ||H11

as well as for u € Hél(f() the estimate

9 C

PR
vy < ey

HL(K)
where the latter follows by corresponding one dimensional Friedrichs’ inequalities.

In the following analysis we will make extensive use of the shape regularity of the
mesh 7. Let h, and h, denote the local mesh width in the z- or y-direction, respectively,
and let hg := diam(FE). That means in particular that for some constants ¢,C' > 0 we
have the following bounds

hihy < Ch%, chg <hp <Chg, hy<Chg, hy<Chg.

Investigating efficiency of the proposed a posteriori error estimators will involve poly-
nomial inverse inequalities on elements for which the following lemma is a crucial building
block. A proof can be found in [54, Lemma 3.42,Proposition 3.44], where we note the typo
in the second inequality, i.e. the missing square root with respect to the term (1 — z?) in
[54, Lemma 3.42].

Lemma 2.11. Let q € Py([-1,1]), p € No. Then there holds

11— 22)2¢/ || 211y <P+ Dlall 211
lallr2 (o1, <+ 2111 = 2)2ql 221,15

/
(1= 2%)2q) g ory <@+ 2350+ Dllall 211

We are now ready to give local estimates and trace inequalities for elements K € T
and edges E € £. For this purpose, denoting the polynomial degree vector on K by pg,
we define the projection on K in the usual way by

(Hpu) (@) = (ya) (Fr' (2)
where 4(2) = u(x) = u(Fk(2)).

Lemma 2.12. For v € HY'(K) and a polynomial degree vector px = (p,p) for the
element K with p € N, there holds

h h3,
o Hl’l 2 < CiE 87— 2 4+ B 8 b ’
[ pK“HL2(E) = o+ 1) | UHL2(K) p(p+ )H UHL2 (K)
h2
lu — 10y, IUHL2 K) S Cp(p i 1) (HaxUH%?(K) + HayquLQ(K) + ’U@]Ll(z{)) )

where the constant C' only depends on the shape reqularity of the element K.
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Chapter 2. Deterministic Second Moment Equations

Proof. Let us denote by & = (z,y) and & = (£,7)" the coordinates in K and K,
respectively. We find that

. 2 h
—/E(u(FK(w))—H;ﬁu(F (x))) TEdsx
h R U
— 7E E(u(a:) —l_Izl)jéu(a;))2 ds;
L T
2 (E)

Applying (2.8), we conclude with a scaling argument

1 h
11 _ 1 hs 2 2 s
e = Ty llags ®) = ppT1) 2 (I0rala iy + 1060l 1))
his h
<C0—2E a4 + ——=<[10:0yu
P L Iz oo+ D% e

For the last estimate we proceed similarly, now using Lemma 2.9 and a scaling argu-
ment, to find

bl = f =T = [, (6~ () 25 0
= h4h Hl 1UHL2 K)

% {2!\85a\liz(f<) + 2||6nallig(k) + p(fl)yaganm;(m}
= Cp(;%l) {Ilaxulliz(K) +18yul ey + (h2 o+ 1) 190 72k }
SCmﬁﬂ)“@wémﬁW%w%mﬁwa@w;mﬁ

where we have used that hyhy, < Ch3. 0

In the following we will often make use of the so-called edge and element bubbles ¢g
and 1k, respectively, where 1k is the minimal polynomial, such that ), vanishes on the
boundary of K and attains its unit maximum at the barycenter of K and g that has
support in the union of the two elements that share £ = K N K’ and attains its unit
maximum on the edge F it is associated with.

On the reference element K these functions are defined as

bi= (1= =n?),
01 -2, E=é,

2 (1—[&2>, EZéQ? (2.10)

G0 -¢?), E=aé

These are then transformed to elements K € T by means of the element map F, also
cf. (2.36) and (2.37) for a representation using integrated Legendre polynomials.
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2.2. 1D model problem

Lemma 2.13. Let w € Pyp(E) and v € P,(K) polynomials of degree p on E and K,
respectively. Moreover, let Y and 1Y denote the element and edge bubble functions from
above. Then there holds

w2y <Ch o]l 2 (2.11)

1020y (wE) || 12 (1) <C (4 + 24/p( p+1 2wl 2y, (2.12)
1020y (V) | 22 (1) <C(32 + 8p(p + 1)>1/24+2\/ (p+ ) vllerey.  (2.13)

where C' depends on the shape reqularity of the mesh.

Proof. All inequalities are proved by transforming to the reference element, estimating

there and transforming back to the physical element. W.l.o.g. let E denote the edge of

the reference element with n = —1. The other cases follow by a rotation of coordinates.
Note that @ does not depend on 7 and 95 = (1 —n)(1 — £2)/2. Hence,

La-ee

On(Yp) = 5

For the first inequality, transforming to K and integrating with respect to 1 then
yields

heh  hghy,
6

lwppl2e ) =52 | ()2 de dn = (1 €w)* de < Chpllw|?ap)
4 Ji 15

Further we observe that using Lemma 2.11 there holds

4 2 . R
1020, (wi) o / (e, <wwE>>2dsdn:hmhy [ (@t - eyi)* as

SChE 4+2\/p p+1 ||w||L2(E)

where in the last step we have transformed back to the physical edge F and used shape
regularity to estimate h, < Chg, hy < Chg. Similarly, for the last inequality we obtain

4
100, (s lIz2(r0) =7~ h (00, (09))* dédn
=i hy )0, (6(1 = )]} dedn
S [ (0= €90,60 - )Y’
+{(1 = €30, (9c0(1 — %))} de dn
32 2 2
<hh p(p+1)) 0 d¢dn
ik p(p+1))? 2)0¢i)? d¢ dn
h p+ 1 HUHL2(K
h p(p+1))*(p(p+1)) ‘UHiQ(k)

<C(32 + 8p(p 4+2m i vl 72 ),
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Chapter 2. Deterministic Second Moment Equations

where we have used Young’s inequality and transformed back to element K. O

The following Lemma quantifies the local approximation quality of the operator Hzl;’;
which is needed to show convergence of the associated Galerkin FEM. The proof uses
Lemma 2.14 and standard scaling arguments. The proof is therefore omitted for brevity.
For more details the reader may confer the given references.

Lemma 2.14 ([43, Lemma 5.37-5.40). Let k € N, 6 € H**Y(K), and px = (p,p). Then
there holds

. 1 p—s) (he 22
(i) ||v—H;)}1vH%2(K) <C <2( ) () Haz_HUH%?(K)

T oplp+1) \ (P! 2
4(]7_5)! h7K 28+2Has+lvH2
(p+s)!\ 2 Y L2(K)

4 (p—s+1) (he P2
D (prs 1) <2> 10205172 56

for any integer 1 < s < min{p, k}.

.. (p — 5)' hi > s

2 (p—s+1)! (he\ . s 2
! plp+1) (p+s—1)! (2) 1020y v 172 (1)

for any integer 1 < s < min{p, k} and analagously for |0, <v — H}D’;v> H??(K)'

p—3s ! h 2 s
(iii) 020y (v — Hzl,’;v) H%Q(K) <C (2 Ep—l— s;! (2[() Hé‘jlayvllizm

(p—s+1)! (hg\* s+1, 112
Zors—nil2) 10 el

for any integer 0 < s < min{p, k — 1}.

(iv) |lv— H};}l””%ﬂﬂ(f{) <C

P =8)! (R (10 .
o 2) (10 el + 105 ol

+ 105710, 2 ey + 1920 02 )
for any integer 0 < s < p—1.

Remark 2.15. The previous lemma allows to give a bound of the H'-norm on an
element K where only derivatives of the same order are present. On the one hand unless
U € Hk“(K) with k > 2 we are unable to recover a power of hi in the local error estimate
for px = 1. If on the other hand however u € H3(K), then letting s = 1 in Lemma 2.1/
(iv) we find

lv = Tyl gy <Chire (||55:9’U||%2(K) + 10501172 k)

1/2
120,003 200) + 19202022 10)) -
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2.2. 1D model problem

Proceeding in the usual way by defining a global interpolation operator via

1,1 17l
(HPTU)|K T (HPKU)‘K

we can show convergence of the FEM for v € H3(D) N H&’l(D).
Lemma 2.16. Let u € H*(D) N H&’l(D). Then there holds
[ — TSl oy < Chlul sy,
where the polynomial degree vector py is set to pg = 1 for every element K € T.

Proof. By Lemma 2.14 we find

lu =Tl py = Y e = Tt B gy
KeT

<> Chiclulfs
KeT
SChz’Uﬁ{S(D)’

where with h = supg 7 hx we have the assertion. O

Remark 2.17. By the previous lemma we see that for u € H3(D) N H&’l(D), since the
associated bilinear form is symmetric, continuous and coercive that by Céa’s lemma we
have the best approzimation property for the discrete Galerkin solution uy € Sé’O(T) and
therefore

|u — ur|p1py <c iI}fO [u — vr| g p)
vr€Sy(T)
<ellu — Ty ull grap)
For the hierarchical a posteriori error estimators we will need the following inequality,
which is interesting in its own right. A proof can be found in [26], also cf. [3, Thm. 3.1].

Lemma 2.18 (strengthened Cauchy-Buniakowski-Schwarz inequality). Suppose H is a
Hilbert space with inner product (-,-)r. Furthermore, let V. C H a finite dimensional
subspace and U C H closed. If there holds U NV = {0}, then there exists a constant
v =~(U,V) €[0,1), such that for everyv € V and u € U

[(u, )| < Allullzllvl - (2.14)

2.2.3 Discretization and constrained approximation in 2D
For our adaptive mesh refinement procedure we shall adopt the following rule:
An element K € T may be refined if and only if all vertices of K are regular.

Otherwise, we have to refine certain irregular neighbors of K first, such that the rule
applies and we are subsequently allowed to refine the originally marked element K. To
make this precise we shall adopt the viewpoint that a hanging node is associated with an
irregular element that has the hanging node situated on its boundary.
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Chapter 2. Deterministic Second Moment Equations

Algorithm 2 1l-irregular mesh refinement in 2D (REFINE)
Input: Mesh T, list M of marked elements K € T
Output: Refined mesh 7 which is 1-irregular

1: while M # () do

2 Let K be the first element of M
3:  if K has hanging nodes e; as vertex then
4 Find irregular neighbors K’ w.r.t. e;
5: Append all elements K’ and K to M
6
7
8

else
Refine K by subdivision into 4 smaller squares Ky, s = 1,...4
Remove K from M and 7T, and add four children K, to T
9: end if
10: end while

K,

K,

Figure 2.3: A hanging node z (e) in two dimensions. We say K is an irregular element
with respect to  and an irregular neighbor of K and Ko.

Definition 2.19 (Irregular Elements and Neighbors (2D)). An element K is called ir-
regular (with respect to a node x) if there exists a hanging node x, such that x € 0K, but
x is not a verter of K. Moreover, we shall call K an irregular neighbor to any element
K' (with respect to x), if K' has x as a vertex (see Figure 2.3).

The easiest treatment of hanging nodes consists in making no difference between
regular and hanging nodes in the assembly procedure of the system matrix. Then in a
second step, certain constraints for the hanging nodes are introduced. This is commonly
known as constrained approximation, cf. e.g. [54, 56, 22, 23] to name just a very few and
for the idea of system reduction after assembly see e.g. [31].

For the sake of completeness, we shall outline the procedure very briefly. Let us
assume that we arrive at the linear system of equations

Ac=b

by means of a Finite Element method on a given 1-irregular mesh after assembly, ignoring
at first that the global shape functions with respect to hanging nodes are non-conforming,
since they are still discontinuous at this stage. The missing continuity is then recovered
by enforcing constraints on the hanging nodes.

In two dimensions, for 1-irregular meshes with p = 1, we let the set of nodes of T be
given in the following splitting N' = N,. U N}, where N, is the set of unconstrained and
henceforth called regular nodes and N}, the set of all constrained or hanging nodes. Here
we only have to deal with hanging nodes on edges. For convenience, let us define the set
O, for any hanging node in N}, which consists of the constraining neighboring regular
nodes of ¢, i.e.

Oc:={veN,:TJeec& withe=(v,c) Ve=(c,v)}.

In a l-irregular mesh each hanging node ¢ € N}, is constrained by two regular vertices,
i.e. the coeflicient u. of the global nodal function of the hanging node c is constrained by
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2.2. 1D model problem

the coefficients of its regular node neighbors i, j € O, by the relation

Ue = 5% + §uj'

In general we can define a global connectivity matrix P € RNV in the following way,
where N := |N]| denotes the total number of nodes in the mesh. If i € N, then the
corresponding column in P is zero except for a 1 at the i-th position. If, on the other
hand, ¢ € Ny, then the corresponding column is zero and features the value 1/2 at the
positions 7, j € N, of its regular node neighbors. Note that proceeding in this way that
the rows corresponding to hanging nodes in P are zero. In order to reduce the system
and compute the coefficients of the regular nodes of the mesh we define P, € RNV ag
the matrix which results by omitting all zero rows of P, where N, = |N,|. Then we can
reduce the original system of equations using P, to

P,AP!c, = Pb,

where we now only have to solve for the coefficients of regular vertices. The complete
solution is then obtained by another multiplication with P,

c:PTTcr.

Remark 2.20. Usually in applications the matrices P and P, are not assembled explicitly,
but rather local connectivity is exploited in the assembly process. However, this procedure
s convenient as it provides a simple way of system reduction and does not require the
restructuring of existing Finite Element codes that are readily available. This is at the
expense of more work when solving the global system in this manner.

Remark 2.21. For higher polynomial degrees p the procedure is similar and the reader
is confered to e.g. [56].
2.2.4 A residual a posteriori error estimator

With the necessary preparations in place we can embark on the development of a residual
a posteriori error estimator. Recall that D = D x D = [~1,1]2. Deriving an a poste-
riori residual error estimator for the deterministic second moment problem of the one
dimensional model problem we consider for any v € Hé ’1(D) the equation

/ 0z 0y(u — ur)0,0yvdrdy = / fvdxdy — / 0, 0yuT0,0yv dz dy, (2.15)
D D D

which implicitly defines the residual R with respect to w7 as an element of the dual space

of H&’l(D) via
(R,v) —/ fvdxdy—/ 0y OyuT 0, 0yv d dy, (2.16)
D D

where (-, -) denotes the duality pairing. The Cauchy-Schwarz inequality yields for a fixed
w E HOI’I(D) and arbitrary v € HS’I(D) with 0,0,v # 0 that
w,v
o0l = swp et
veHy' (D)\{0} 1020y vl L2 (D)

This further implies a similar identity for the error

R,v
00,0 — )z = swp oot
veHY (D)\{0} 1020yl L>(p)
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Chapter 2. Deterministic Second Moment Equations

Starting from the representation of the residual

(R,v) :/ fvdxdy—/ 0, 0yut0,0yv da dy (2.17)
D D

we consider a mesh 7 on D with elements K being rectangular and of the form K =
[1, 2] X [y1,y2] € T for certain values of z; = z;(K),y; = y:(K) € [-1,1], i = 1,2.
Noting that the operators 0, and J, commute, integrating by parts with respect to the
x-variable yields

(R,v) :/ fvdxdy—/ OpOyut 0z 0yv da dy
D D

Y2 T2

= Z / fv—//@xayuT 0,0yv dx dy

KeT v 71

Yo e
= Z /fvdxdy—/ [020yuT Oyvl3? —/3§8ywr3yvd:c dy 7,
1

KeT 0

where we have used the notation

and the one dimensional integration by parts formula

b b
[ g @) e = @@l - [ f@)gla)do

Using Fubini’s theorem to interchange the integrals and integrating by parts, now with
respect to the y-variable, we get

Y2 Y2 x2
/ fodx dy— /[8x8yu7-8yv]§? dy—//aiaywayv dz dy
KeT KeT o

KeT

Y2
= Z / fv—/ [020yuT0y v] dy+/ [(ﬁaywrv]i —/8§8§uTvdy dzx
1

-y / fo- / 0By (£2,) Byo(w2,) — BuByur (a1, y) Byo(er, ) dy

KeT
o 2 Y1
/ (020, uTv 1 / / 020 urv dy d
T 1 Y1

Integrating by parts once more, since d,v need not have an L?-trace on the element
boundary, we find
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2.2. 1D model problem

Y2
S 3 odody— | [ 0u0yuren ) 0y0(ea,n) — 0.0,ur(e1,1) 0yu(ar, ) dy
K
1

KeT
2 T2 Y1
_ /[agﬁywrv]zf dx—}—//agaZuTv dz dy
x1 1 Y1

= Z {/K fvdxdy — ([8x8yUT(x2,y)v(:v2,y)]zf — [&cayuT(xl,y)v(xl’y)]Zf

KeT

Y2 Y2
— / Bz Opur (2, y) v(xa,y) dy + / Op O (x1,y) v(x1,y) dy
Y1 Y1

T2 2
—/%@w@MMMwwu+/ﬁ@wwMW@MMx

Tl 1

T2 Y1

+ //8§8§u7vda:dy

z1 Y1

After combining suitable terms, we arrive at the representation

R0y =3 </K(f—8§8§wr)vdxdy

KeT

+ [axayUT(xla y)’l)(l’l, y)]z? - [axayuT(x27 y)U(-ﬁUz, y)]Z?

Y2 Y2
+/w%wmw»ﬁwmw@+/w%wmw»ﬂwmw@
Y1

Y1

T2 T2
+/w%www»ﬁwmmm+/w%wmw»ﬁmwmm,

(2.18)

where 11 denotes the outer normal vector to K on the current edge.

Using the notation for interelemental jumps (1.9) the representation of the residual
(2.18) can be rewritten in the form

(R,v) = Z/Krvdxdy+Z/Ejvds

+ Z ([8x8yuT(x1,y)v($17y)]Zf - [axayUT(@’y)v(x?’y)]gi) '
KeT
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Chapter 2. Deterministic Second Moment Equations

where
g = f - 0202,

[V(82ur) -n], for a vertical edge E C K € T,E ¢ 8D,
[V(0%us)-n], for a horizontal edge E C K € T,E ¢ 0D,
0, E C 0D.

JlE

In the following we show that the above representation of the residual does in fact allow
us to define an a posteriori error estimator.

An upper bound on the error

In this section we concern ourselves with proving that (2.19) guarantees an upper bound
on the error and thus a reliable residual a posteriori error estimator can be defined. From
(2.19) we draw motivation for the following definition.

Definition 2.22. For the deterministic second moment problem (2.6) we define the resid-
ual a posteriori error estimator nr Kk element-wise by

1 .
M,k = Dkl 22 ey + B > helillia . (2.20)
ECOK

The global error estimator nr is then given as

1/2
R = (Z 77%,;<> : (2.21)

KeT

That this definition makes sense is shown in the following lemma.

Lemma 2.23 (Reliability of ng). Let D = [—1,1]%. Furthermore, u be the ezact solution
of (2.6) and ut the solution of the corresponding discrete variational formulation (2.7).
Then there exists a positive constant c¢* which only depends on the shape regularity of the
mesh T, the polynomial degree p7, and D, such that

1/2
lu—ur|grip) < ¢ { Z h%(”TH%Q(K) + Z hE”jH%P(E)} ‘ (2.22)
KeT Ee&

Proof. In order to show that the error |u — ur| m1.1(p) is bounded from above globally

by nr Kk, we start out from the expression (2.19) and insert the function v — Hll,’;v instead
of v, where we assume px = (p,p) for all K. Thus, by the properties of Hll,’; the point
evaluations in the representation (2.19) vanish, since Hll,’;v interpolates v at the nodes of
K. By use of the Cauchy-Schwarz inequality for sums and integrals in conjunction with

approximation results from the previous section and Galerkin orthogonality, we obtain
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2.2. 1D model problem

for any v € H&’l(D) that there holds

(R,v) =(R,v —II;1v)

_Z/ v—Hll dxdy+2/ vfﬂll

KeT Eeg

< rllzeaollo = Ty tollzzaey + 3 ldllzz llv — Ty oll 2
KeT Ee&

hg 1/2
<> HTHL?(K)Clm (HamUH%?(K) 10,0172 () + |U|§{1,1(K))

KeT
h3 1/2
+ 37 il (o 2 0rvlg + o B 0ol
Beé
02 1/2
SmaX{Cl,CQ}{Z m” HL2 ‘1‘2 +1 ||.7||L2 E)}
KeT EeS
X { Z (HaxUH%%K) + H@;”HZL?(K) + ”Uﬁflvl(K))
KeT
1/2
+ 3 3 (I0rolae + i) ¢
EGSKCL«}E

where in the last step the Cauchy-Schwarz inequality for sums has been used and we recall
that wg denotes the patch of elements K that have E as a common edge. Furthermore,
we have made use of (2.9) for 9. Since the Lebesgue integral is additive we have

D 10avl Ty = 100l Tey: D 1050l T2y = 1050122y
KeT KeT

from which we infer by applying Friedrichs’ inequality in the y- or z-direction, respectively,
that
10201172 (p) < CryllOsdyvlliemy,  10yvl7am) < CrallOu0yv]Tam,)

Moreover,

> (Ha’FUH%Q(K) + |U|?{171(K)> < clolfa )

Ecé KCwg

by additivity of the Lebesgue integral, the fact that every element is counted only finitely
many times in the second sum on the left-hand side by shape regularity, and that as
earlier we can bound » pee > ey, ||87v||%2(K) < C||8x6yv\|%2(p). This implies

{ > (Hamv”%?([() + 118y 0ll72 50y + |U|%11,1(K))
KeT
1/2

+ Z Z <H87'UH%2(K) + ’U\qul,l(f()) < colgrip),

EecfE KCwg
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Chapter 2. Deterministic Second Moment Equations

where ¢ only depends on the shape regularity of the mesh 7, takes into consideration that
elements are counted multiple times on the left-hand side and incorporates the constants
of Friedrichs’ inequality in the z- and y-direction. Thus,

1/2
(R,v) < Clp(p+ 1)) ol gra(py { > Rkl ey + D hEHJHL2(E)}

KeT Ee&

with C' = émax{C},Ca}. Since v € Hy'' (D) was arbitrary, it follows that there exists a
constant ¢* > 0, such that we have

1/2
lu —ur|grapy < ¢ { Z h%(”TH%?(K) + Z hE”jH%Q(E)} :

KeT EeE

O

Remark 2.24. In general evaluating the integrals on the right-hand side of (2.22) for
arbitrary functions f might be prohibitively expensive. Therefore integrals are usually eval-
uated by suitable quadrature formulae. Alternatively, the function f may be approximated
by polynomials in an element-wise fashion, thus enabling exact evaluation.

As a corollary of the previous lemma we find the following, if we assume that f is
replaced by an approximation fr.

Corollary 2.25. Let u be the exact solution of (2.6) and uy the solution of the corre-
sponding discrete variational formulation (2.7). Then there exists a constant ¢* which
only depends on the shape regularity of the mesh T, the polynomial degree py, and D,
such that

|u — ur|gapy < ¢ (0 + oscy) vz (2.23)
where oscy =" e W f — fTH%Q(K)

Proof. Splitting the integral of the element residual into

Z/ H11 ) dx dy

KeT
_Z/ v—Hll dxdy—}—Z/ (f = fr)( ’U—Hll ) dx dy
KeT KeT

with 7 = fr — aga;w and then repeating the steps of the proof of Lemma 2.23 gives the
assertion. ]

Remark 2.26. Note that the factor% i front of the edge residuals takes care of the fact
that each inner edge is counted twice when summing over all 77723’]( to get nR.

Remark 2.27. By the definition of nr k we see that for p = 1 that nr x only depends
on the right-hand side f as the other terms vanish. Because of this fact we will consider
different extensions of the local Finite Element space, when we examine the numerical
experiments.
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2.2. 1D model problem

A lower bound on the error

We will now proceed to show a lower bound on the error, which is done in an element-wise
fashion. Our focus is on bounding the element and edge resduals. Let us start by fixing
an element K and write

Il = Pflk

where P is a suitable projection of f into the finite element space SP"~!(7T). For the sake
of simplicity let us define f7|x to be the L2-projection on Py(K).
Moreover, let ws be the function that restricted to K has the form

wr = (fr — 020;ur )k,

where ¥ denotes the element bubble function, i.e. 1k is the minimal degree polynomial
that is zero on the boundary of K and attains its unit maximum in the barycenter of K
(cf. (2.10)).

Lemma 2.28 (Element residuals). Let fr € SP~Y(T) any approzvimation of the right-
hand side f. Let u be the exact solution of (2.6) and uy the exact solution of the discrete
problem (2.7). Then for any element K € T, there exist constants Cy and Cy such that
there holds the estimate

h%{”fT - af;azuTHL?(K) < Cl”axay(u - UT>HL2(K) + C2h%<HfT - fHLZ(K)~ (2.24)
Proof. With notations as above we have,
/ (fr — 020;ur) K dz dy —/ (fr — 920;ur)wr dz dy
K K
:/ erdf+/ (fr — Hwrdzdy
K K

— [ .0 — oo urdody+ [ (fr - fror dedy,
K K
(2.25)

where we note that, since ¥k is zero on the boundary of K, the edge residuals as well as
the evaluation terms in (2.19) in the nodes of K vanish. There holds

/K(fT — Q202ur) v dudy > (p+2) 7 fr — 0202ur I3 ),

which is due to Lemma 2.11. Estimating the right hand side of (2.25) by means of
approximation results from section 2.2.2 yields

/K 020y (u — ur) 0 0ywr dz dy < [|020y (v — ur) || L2(K) |02 OywT || L2 (1)
<020y (w — ur) || 2050 Ch N 1 — Da0ur | L2 (i)
| = prwrdedy < 1 =l lorl oo
<|lfr = fllzao L fr — 0207w | L2 () -

Combining these estimates we find the assertion

Wil fr — 0207ur |2 sy < Cull020y(u — ur)ll 2 iy + CohZe | fr = fll2(r)- (2.26)
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Chapter 2. Deterministic Second Moment Equations

O
We now turn to estimating the edge residuals. Consider an edge E € £ and insert the
function

wg = JYE

into (2.19), where 9 is the minimal polynomial such that ¥z attains its unit maximum
in the barycenter of EF = K N K’ and is zero on all other edges E’ of K and K’. The
support of Yg is wg = K U K'.

Lemma 2.29 (Edge residuals). With the notation as above and w the exact solution
of (2.6) and ut the solution of the corresponding discrete variational formulation (2.7).
Then there exist constants C and Co, such that

W23l 2y < CullOey(w — ur)l2gom +C2 Y BT — fllieex (2.27)

KCwg

Proof. Inserting wg into representation of the residual yields

/E (j20p) ds = /E ju ds

= 0z 0y(u — ur)0,0ywp dz dy / rwg dz dy / (f — fr)wg dzdy.
wWE wWE

WE

Then by Lemma 2.11 there exists a constant such that the left-hand side is bounded
from below as

/E Jupds > (p+2)~2 12,

Now we bound the terms on the right-hand side using estimates from section 2.2.2 and
find

/ 0x0y(u — uT)0,0yw du dy <||9:0y(u — UT)HLQ(wE) ||axawa||L2(wE)
wE

<1020y (4 = wr) | 12 () Ch i 22

> /erd$dy< > Al g lwel 2

KCwg KCwg
~ 1/2 .
< N Wl ey CRE 15 2y
KCwpg

3 / (f = frwpdedy < S 1 = £l sl o

KCwg KCwpg
< 3" — F a0 ChL N 2y
KCwg

Combining the aforementioned estimates we get

Cllil 2y <1020y = wr)l| L2 Ch” il ey + > Iz Chid il ey
KCwg

+ 3G = e Ch G 2

KCwg
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2.2. 1D model problem

and further upon dividing the above inequality by /5|l z2(g)

Cliillzze) < Ch 100, (u — ur)| 12wy

+ 3 ChP il ey + Z ChY2N(f = F) -

KCwg KCwg

Furthermore, inserting the bound for [|7||z2(x) from (2.26) yields
P2l 2y < ClOwBy (= wr)l|p2(up)

+ Z ChE |7l L2y + Z ChuI(f = fr)lle2 )

KCwg KCwg

< Cl10:0y(u = ur)ll2(up) +C D WS = frlica

KCwg

O
This concludes the inspection of a lower bound of the residual error estimator nz. In
total we have shown the

Theorem 2.30. Let u and ur denote the solutions of the variational problems (2.6) and
(2.7), respectively. Let the residual error estimator nr i be given as in Definition 2.22.
Moreover, let fr denote an approzimation of f on the mesh T. There exists constants c*
and ¢, that only depend on the shape regularity of the given mesh, the polynomial degree
P7, and the domain D, such that

1/2
lu —ur|gipy < { Z M K + Z hi|lf — fT||L2(K } (2.28)

KeT KeT
and for oll K € T there holds
1/2

hinri < ce$ e —urlhao + Y, Rklf = Frilie e : (2.29)
K'Cwgk

where wi denotes the union of all elements K’ that share an edge with K, i.e. {K' €T :
KNK =E,E€é&}.

Proof. The upper bound is proven in Lemma 2.23 and Corollary 2.25. The lower bound
follows from the combination of Lemma 2.28 and Lemma 2.29 with the shape regularity
of the mesh 7, which immediately yields

Wik i <c | Wil fr — 0202ur 3oy + D Bisllil3z e

e€EK
<C | 020y(u — ||L2(¢,JK + Z h Kllfr— f||L2 K')
K'Cwgk
and upon taking the square root concludes the proof. O
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Chapter 2. Deterministic Second Moment Equations

Remark 2.31. Note that there is gap of h between the upper and lower bounds of the
error. This is due to the fact that the a posteriori estimator has to take care of the worst
case scenarios in the upper and lower bound of the approximation on D. Since on the
one hand it might happen, that u factors as g(x)h(y) on an element K, in which case
the error analysis yields an extra power of hi. If on the other hand w does not allow a
factorization on K, i.e. u # g(x)h(y) with appropriate functions g and h, then we only
recover a single power of hyx in the error estimate.

Motivated by the preceding theorem and to have a short terminology we state the
following definition.

Definition 2.32 (Weak Efficiency). Let n be an error estimator. Then we call ) a weakly
efficient estimator if there ewists a constant Cegy and there holds an upper bound of the
form

hin < Cuegrllu — ur || + Huegr

for a certain norm of the error || - || and such that the generic higher order error term
H gy satisfies Hyeg = o(||u — ur]]).

Remark 2.33. The lower bound of ng can lead to a deterioration of the convergence of
the adaptive process. This circumstance is investigated in a later section.
2.2.5 A hierarchical a posteriori error estimator

The presentation here follows the ideas of [54], also see [27]. Let Y5 = 83’0(7') and
consider a finite dimensional Finite Element space X7 for which holds

Yy X7 C Hy' (D).

The space X7 may be induced by a uniform refinement of the mesh 7 or consist of higher
order elements. We shall adopt the latter idea. Furthermore, let us denote by 7 € X7
the solution of

/ 0,,0yx 70, 0yvr dedy = / fordzdy, Yovre Xr.
D D
In order to compare the solution uy € 801 O(T) of (2.7) with @7, we subtract

/ 0,0y uT0,0yv1 dr dy
D

from both sides of the equation characterizing x7, yielding for all vy € X+

/3x8y(:v7——uT)8x8yv7—d:L‘dy = /fvrdmdy—/ 0, Oyut 05 0yvT da dy

b D b (2.30)

= /8x8y(u—uT)6x8vada:dy,
D

where u € H& (D) denotes the unique solution of the variational formulation (2.6). As
Sé ’O(T) C X7, we may write v7 = 7 — u7 and thus, by the Cauchy-Schwarz inequality,
we have

1020y (x7 — ur) |l L2(D) < 11020y (1 — uT) |l L2(D)-

In order to prove the converse estimate, we introduce a condition on the space X7.
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2.2. 1D model problem

Definition 2.34 (Saturation Property). The space X7 is said to satisfy a saturation
property (with respect to a subspace, here: Y = S&’O(T)), if there exists B € [0,1) such
that

1020y (v — 27) || L2(p) < Bl020y(u — ur)lL2(D)-

If the larger space X7 provides approximations of higher order, it seems intuitive
that one could expect that uy # x5 and that x7 is a better approximation of u as long
as u is sufficiently regular. In [10, Prop. 2.6] the authors have shown that there are
non-trivial right-hand sides f, such that wy = 27 for the Poisson problem. The proof is
also valid in our situation for the splitting X7 = 33’0(7') @ Zr. Although if the mesh
width is small enough and as in our situation we have a direct hierarchical extension, the
saturation assumption is clearly satisfied, if the solution is regular enough. Moreover, in
[15] the authors have shown that in most cases the saturation assumption holds except for
a few pathological examples where the starting partition 7y only has one internal degree
of freedom. For the hierarchical error estimator we will derive another proof, but the
saturation assumption will also play a role when we have a look at the a posteriori error
estimator that is built via an averaging procedure.

Now if X7 satisfies a saturation property, we conclude with the triangle inequality
that

1020y (u = ur)llL2py < 11020y(u = 27) || L2(D) + 1020y (27 — uT) | L2(D)
< Bll0:0y(u — UT)”LQ(D) + 1020y (z7 — UT)||L2(D)

and hence

1
1020y (v — ur) || L2(D) < mﬂazay(ﬂw —ur)|22(D)-

Overall we have the two-sided bound

1
1020y (x7 — ur)| 20Dy < 1020y (0 — uT) || L2(D) < m”aaﬁy@T —ur)|lL2(p)-

This shows that we may use |0:0,(x7 — ur)|[z2(p) as an a posteriori error indicator.
However, since the computation of the solution x7 is at least as costly as uy, this approach
is not at all cost-efficient.
In order to remedy the situation, we consider the space X7 to admit a hierarchical
splitting in the form
X7 = Sé’O(T) b Zr.

If now the spaces 801 0 (T) and Zy satisfy a strengthened Cauchy-Schwarz inequality (cf.
2.14), i.e. the spaces are in a sense (nearly) orthogonal, we can exploit this fact to
formulate a more efficient tool. In this context the aforementioned inequality takes the
form

‘AaxaszazayuT dz dy‘ < 7”azasz”L2(D)HawayuTHLz(D%
where z5 € Z7 and ur € 83’0(7'). Hence, the idea is to replace [0:0,(z7 — ut)|l12(D)
by (020,27 12(py With a suitable 27 € Z7, which is hopefully easier and foremost less

costly to compute than z7. To this end let z7 be defined as the unique solution in Z7 of
the defect problem

/8x8sz8m8y(Tda:dy—/ fCdedy—/ O Oyut 05,0, Cr da dy (2.31)
D D D
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Chapter 2. Deterministic Second Moment Equations

for all {(;+ € Z7. By the preceding considerations (cf. (2.30),(2.15)) we note for all
(7 € Zg the identity

/ 0y 0y 270,,0,Cr da dy :/ O0pOy(xT — uT) 0 0y(r da dy
D D (2.32)

= /D 0x0y(u — u7)0,0,(7 dz dy.
In particular, for x7 we have
/D 0.0, (x7 — ur)dpd oy dzdy = 0, Vor € SY(T).
Upon inserting (7 = z7 into (2.32) and applying the Cauchy-Schwarz inequality, we get

1020y 27 || L2(D) < 11020y (u = uT)|[L2(D)-

Furthermore, writing z7 — uy = 07 + Zr with o7 € 8} ’0(7') and Z7 € Z7, we have by
the strengthened Cauchy-Schwarz inequality and Young’s inequality ab < %(a2 +b?) that

1020y (7 — UT)H%%D) =020y (o7 + 27’)”?:2(1))
<1020, 071I72(p) + 2711020y 7 || 2(D) 1020y 27 || 12(D)
+10:0y27 1 72y

<1+ 110:0,57 72 (p) + 1020, 27 1 12())

and similarly

(1) (10:0y571320) + 100,57 oy ) < 190,27 — ur) 22
This further implies that we also have

. 1
HaﬁvaszHLQ(D) < mﬂ&,ﬁy(m— - UT)HLQ(D)-

Exploiting the Galerkin orthogonality in combination with (2.32), we conclude with (7 =
ZT that

1010, (e~ wr)lamy = [ 9:y(er — ur)osd,(ar - wr) dady
= / O0pOy(xT — uT) 00y (01 + Z7) dady
D
= / O0p0y(xT — uT)0,0y 27 da dy
D

= / 0,0y 270, 0yZT dz dy
D
<020y 27 || L2() | OOy 27 || L2(D)

1
Smnaﬂ”aszHLQ(D)”afray(ﬂﬁ' — ur)||L2(D)
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2.2. 1D model problem

and thereby

1 1
W”azay(xT—uT)HB(D) < (1= B)(1-)P

Hazay(u_uT)HLQ(D) < Ha:vayZTHLQ(D)

Combining these results we arrive at the following two-sided bound for the error
1

< 1/2

1=/ -

and are thus able to use ||0,0y27] as an a posteriori error indicator.

1020y 27| L2(D) < [1020y(u — ur)||L2(D)

1020y 27| 2p)  (2.33)

In the following we will be concerned with the efficient computation of zy. At first
sight it might seem cheaper to compute z7, because the dimension of Z7 is smaller
than that of X7. Although that is the case, in order to compute z7 we still have to
solve a global system of equations over D and hence the computation of z7 might in
the worst case be as expensive as that of wy. In most applications in the literature, see

[10, 11|, the functions in Z7 are chosen such that they vanish at the nodes N of
the mesh as Z7 is the hierarchical complement of Sé ’O(T) in X7. Moreover, this implies
that the stiffness matrix with respect to Z7 is spectrally equivalent to a suitably lumped
mass matrix by means of usual inverse inequalities for piecewise polynomial functions in
Z7. Then we can replace 27 by a certain 27 which is computable by solving a diagonal
linear system of equations. This is equivalent to assuming that there exists a bilinear
form B* : Z7 x Z7 — R which exhibits a diagonal stiffness matrix and gives rise to an
equivalent norm to [|0z0y - [[z2(py on ZT, i.e. there exist 0 < A < A such that

M8z0yCr 72 (py < B*(Cry¢1) < M0eByCT |72y, Vir € Z7-
This in turn implies that we can find a unique 23 € Z7 satisfying
Bt = [ ferdedy— [ 0.0,ur0.0,6rdedy, Verezr.  (230)
Similarly as before we conclude for all (7 € Z7
B*(27,¢r) = /D 0x0y(u — u7)0,0,C7 dedy = /D@mé?sz@x@yCT dz dy.

Using the equivalence of B* with the norm [[0;0y - [|12(p) and inserting (7 = 23 as well
as (7 = z7, we find

B*(z5, z5) = / 0p0y(u — uT)0p 0y 27
< 020y (u — ur) || 2(D) 1020y 27 [| L2 (D)
< 10,0, u— ur)lo) B (7 ) 2
and )
HaJ:ayZTHL2(D) = B*(z;-, 27)

IN

B* (27, 27)' /2 B* (27, 21)'/?

< B2, 20) Y2V )0:0, 27| 12 ()
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This proves the two-sided error bound

\/K %/ % %
(- B)(1- 7)1/28 (2:7—, 27_)1/2.

Our main obstacle to define a hierarchical a posteriori estimator now lies with the
specific choice of Z7 and a suitable choice for B*. Let us first consider T to be regular
and let

VAB* (2, 7)Y < 11000, (u — ur) | p2(p) < (2.35)

Xr=38"°(T)® Zr,

which defines the hierarchical complement Z1 = S3°(T)\S;(T) as the space of piecewise
continuous polynomials of degree 2 on T which vanish at the nodes N of T. We associate
with every edge £ € £ and element K € T the functions 1 and ¢, which are called
edge and element bubble functions, respectively, and split Z7 as follows

Zr =78 o 7%,

where now Z% = span{yp : E € £} is the space of edge bubbles and ZX = span{tx :
K € T} the space of element bubbles.

Then i € P2(K) and 0 < g < Ck on K as well as ¢x|gx = 0. For an interior
edge E we have ¢¥p € Po(K U K') with E = K N K’ in addition to 0 < ¢ < Cg
and Yg|pxukry = 0. The constants depend on the specific definition of Sg ’O(T) in that
Ck = maxzek |V (7)| and Cp = max,¢guky [¥e(r)|. In particular, frequently g and
Yx are chosen such that Cx = Cg = 1. On K we can explicitly define

Vi(d,9) = Cr(l—2%)(1-3),

D137, B=[-1,1x{-1},
. BDa-¢?), E={1}x[-1,1], (2.36)
PR = e 1-d?), BE=[-1,1x{1
2 ( Z )7 [ ) ]X{ }7
\ (1;@ (1 - 2}2), E = {_1} X [—1, 1]

Choosing B* as the restriction of the H%!(D) scalar product, namely

B* (Z ass, Y CVSfT,Z)s') =Y asag /Daxayﬁlsaxay@bs’ dz dy,
S S

S,8’

with S, 5" € T U & shows that the strengthened Cauchy-Schwarz inequality holds with
v = 0. More precisely, since 15, S € T UE can be written in terms of tensor products of
antiderivatives of the Legendre polynomials Lo(§) = 1,L1(§) = £+ 1, Lo(:) = %(52 -1)
as

Yy (&, 9) =CLa (&) La(h),
((

o(
o) 1L1(2) La(), E={1)x[-L1], (2.3
~(T,Yy) =cC-
§ LEa(§)Ead), B 11 1),
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2.2. 1D model problem

where ¢ in each instance is a certain normalization constant. The aforementioned or-
thogonality of Sé’o (T) and Z7 is then seen as a result of orthogonality properties of the
Legendre polynomials. Moreover, we note that in this way the element and edge bubble
functions are also mutually orthogonal.

For convenience let us denote the inner product on H(D) by

(u,v) gri1(py ::/ 0z 0yu0,0yv dz dy
D

and note that (u,u)yi1py = ul31 (D) Using the established orthogonality between
local shape functions in Y7 and Z7 shows that (cf. (2.34)) we only have to solve the
simpler problem:

Problem 2.35. Find 27 € Z7, such that

B0 = [ ferdedy, Vor e 27

Furthermore, note that for this choice of B*, namely as the restriction of B to Z7, the
spectral equivalence with | - | mi1(p) on Z7 is trivial. Considering the functions g of Z%f
with S € T a straightforward calculation to find the coefficients of 23 = "¢ aig1ps where
S € T UE by testing with a certain g with S’ € T then leads to

(s mamy = /(9131,2}39683/@[15/ dxdy = Zas/ 0,0y 50,0yt g daz dy
P ) ser P
= Qg Haxayws/ ||L2(D)

_ /D fibs dady,

where we have used the fact that the element bubbles do not have overlapping support.
This shows that for all K € T

 (Fvr) e
”arawaH%%K)
To find the remaining coefficients of the edge bubble functions in ZJP we note that

bubble functions for edges in z- and y-direction are orthogonal. Thus, for any vertical
edge F € &

aK (2.38)

(& ) 1 o) = /D 020,250,005 dar dy

=" as [ 00,500,060 do dy
D

Se&

:O‘EuaxawaH%Q(wE) + ap- <1/}E7 wE7 >H171(wEme7)

+ ap+ <'¢}Ea ¢E+>H171(wEﬂwE+)

_ /D fiop de dy,

and an analogous argument for the horizontal edges leads to

(fs¥B) 2(supp(v)) — OB- (VE, VE-)H1 1 (wprw,,—) — O+ (VB VE+) B (wpnw,, )
1020y

ap — )

2
VENL2 supp(we))
(2.39)
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Chapter 2. Deterministic Second Moment Equations

Figure 2.4: Interaction of basis functions on wg
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B

Figure 2.5: Interaction of edge bubble functions across a horizontal /vertical patch of

elements

where the notation is as in Figure 2.5.

Taking the L?-norm of 00,23 on wk, with notations as in Figure 2.4 and abbreviating
() E11() to just (-, -), we find the following explicit expression

||(9a;8yz*¢||%z(wK) =

2 2 2 2
Z QK’|¢K"HL1(K/)+ Z aE|wE|H171(wEﬂwK)

K'Cwg EGEWK

+ ap ap; (Ve , VE;s) + apap, (Ve , VE,)
+ ap, g, (Ve VEs) + 00, (VE,, VE,)
+ ap,ap (Ve YE,) + apap, (Ve VE,)
+ ap,op (Ve Vi) + a0, (VE,, VE,)

+ R O, <¢E16’ ¢E9> + ROk, <¢E10’ wE11>
T O, O, (wEIQ’ ¢E13> + OR, OF; <¢E147 7/’E15>'
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2.2. 1D model problem

The equations for the coefficients ax and ap constitute the part of the global stiffness
matrix with respect to the functions in Z7, which does not interact with the degrees of
freedom of the numerical solution us € 801 0 (T). If we denote by N¢ the number of edges
in £ and by N7 the number of elements, then the linear system we have to solve in order
to compute our hierarchical error estimator has size Ng + N and is sparse. But as the
inverse of a sparse matrix may fail to be sparse, a direct solution of the linear system may
be as costly as the computation of us. This and the fact that we are using 1l-irregular
partitions is the departure point for the following considerations.

Remark 2.36. In the situation, when p = 2 and we are dealing with 1-irreqular meshes
and perform a system reduction similiar to the procedure in section 2.2.3 many edge
bubbles will necessarily be coupled with nodal functions and hence the structure of system
is more complicated. Solving exactly would mean that we have to compute the global
system matriz for p = 2 although we only use the shape functions of order two for error
estimation. This is of course ineffective and undesireable.

Instead of solving the global system directly, we may resort to an approximation by a
single Jacobi iteration step or we may choose Z1 = Z7K, i.e. the extension of the bilinear
FE space on an element by its associated element bubble function ¥ g

Before we have another look at these questions we shall define the hierarchical error
estimator ny and show reliability and weak efficiency.

Definition 2.37. We define the local hierarchical error estimator by means of the sum
over the relevant basis functions in Zg that are associated with the element patch wg, i.e.

N = hf_(QH(?arayZ*TH%2(wK) (2.41)

and moreover set the global error estimator to

1/2
MH = (Z qu,K> : (2.42)

KeT

Theorem 2.38. Let u be the exact solution of (2.6) and ur the corresponding solution
of the discrete problem (2.7). Let Z7 as above and let the hierarchical a posteriori error
estimator ng be given as in (2.42). Then there exist constants c*,c, > 0, such that ng is
reliable

1/2
[u — ur|grapy < ¢ {77%{ + Z Wil fr — fH%mo} (2.43)
KeT

and there holds the lower bound
1/2

hKnH,K < cy Z ’U - UT|12111,1(MK,) + Z h%{//”f — fTH%Q(K//) . (244)

K'Cwgk K" Cwpyer

Proof. We will firstly show the reliability. To this end we use arguments as for the
efficiency of the residual error estimator (cf. (2.29)). Note that there holds for all {7 € Z7

/ 020y (1 — ur)0,0,Cr = / for - / 020, ur DDy = / 028, 20,0, C-
D D D D
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Chapter 2. Deterministic Second Moment Equations

Then as in Lemma 2.28 with 7 = fr — 8§8§U7- and wig = )i € Z7 we have
e < [ (fr - E0Rur i

Z/KNUK-I-/K(fT—f)wK

:/ &an(u—uT)&Bawa-l-/ (fr = Hwk
K K
:/ 8x8yz%‘—825yw[(+/ (fr — Hwk

K K

<lz7lmagolwr| gy + 1f = frilceaolwsllze i

<Chi 217 ma o 1Pl 2 gy + 11 = Frll 2o 17l 2

and hence h% |7 x < cl2 k) + h2|| f — Jrllc2(xy- Similarly, with wg = jiyr € Z7
as in Lemma 2.29 we find

c||j||%2( /wa—/ 00y ( u—uT)aawE—/ rwg
wEg

{/88 aﬁwE—/(fT—agazuT)wE
KCwg

[ = o)
- {/ 0,0y 20, Oy wp — / (fr — O20;ur)wE

KCwg

-/ (f—fﬂwE}

< Z {||5m3yZ*T||L2(K)||3:r3wa||L2(K) + ||f’|L2(K)||wE||L2(K)

KCwg

+ I(f = o)l llwell 2o
< 3 {alod, a0 s il + ColFl oy lill o)

KCwg

+ Gl = Pl il il |

Hence, with the bound for h%(H?:”L?(K we have

RPN <C S (100,25 2y + W — )2y +

KCwg
where we have used shape regularity to estimate h% < ch%(. Thus, since

72y < NPl 2oy + 11f = Frileeom
we find

Bl Ba0 + 30 bl <C 3 (106057 30 + b f = Friidagen)
FEefx K'Cwgk
(2.45)
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2.2. 1D model problem

which in turn with shape regularity implies that

MR < CRZN0Dy T o) + D2 B S = FrilZage,
K'Cwg

Summing over all K € T and taking the square root shows the reliability of ny, since
nr is reliable by Theorem 2.30. Let us now show the weak efficiency. First we note that
there holds

1020y 25 T2 ey = D {ZRr)mawn + >, OB VB L wprwr)-
K/CUJK EESwK

Furthermore, by Lemma 2.13 for any K C wg and the residual R expressed by (2.16) we
find the bound

(27 i) ) = (R k)
:/ fwK - / axayuTamawa
K K
<|f = 0205 ur || 200y 1ok [l 22 a6
§Ch%{HTHL2(K)|’aazay¢KHL2(K)
as well as for any E € &, there holds
<Z’>;'7wE>H1’1(wEﬁwK) = <R7¢E>
[ (- @Gunve+ [ [Vour nlve
wpNwg E
SCh%(HTHLQ(wEﬁwK)||8m8wa”L2(wEﬁwK)
+ O 1l () |92 0y | 22 o)
Combining these estimates yields

||amayZ;'||%2(wK) = Z aK’<Z'>;'a¢K’>H171(K/) + Z aE<Z’7'7wE>H1’1(wEﬂwK)

K'Cwg EGSwK
2
< Y ar (ChgolIrl 2o 1020y i [ 21
K'Cwgk
+ Y ap (Ch |7l 2 wprwso) 1020508 | L2 s )
Peg.,
3/2 .
O 112() 1020, | 12 prvonc) )
1/2
<O Y hiclrliegen + Do BB
K/C(JJK Eeng
1/2
< | Y aklldsdyr ey + Y aB10:0y0ElTawprur)
K/CLUK EESWK
1/2
<G Y hiollrleen + Y hklilTae
K/CLUK Eeng
1/2

X Z o (2 Vi) (i) + Z (2T VE) B (wpnw)
K/CLUK Eeng
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Chapter 2. Deterministic Second Moment Equations

and therefore with h%( < ch2E

-2 .
hi !\8x8yzfrHiz<wK> <C Z h%(’HTH%Q(K’) + Z hEHJH%Q(E) =0 Z 7772€,K"
K'Cwg Eeng K'Cwg

(2.46)
This implies that

hinmk <C > hiong i
K'Cwg
1/2

<C Z ’u_uT‘%Tlvl(wK/)—i_ Z h%{””f_fTH%%K”)

K'Cwgk K”CUJK/
from which we find the assertion. O
Remark 2.39. Similar arguments show that we can also take
~ -2 2
Max = g (|02 0y 27 || %
as a more cost effective a posteriori error estimator. Then we also set

1/2
NH = <Z 7712LIK> :

KeT

A closer inspection of (2.40) shows that

WJE@{M(K) < O|¢K|§{1,1(K)7VE €&k
as well as
[(Wm, ¥e) g )| < Clok i), YE € Ek
and so there exists a finite constant C and a constant ¢ such that
G020y 0K 17250y < 1020y 27|72 () < Clak + 1020y 0kc 172 ) (2.47)

where

= 2
c= E ap + ap ap, + ap,ap,
Eclk

Moreover, this implies that there exists a uniformly bounded constant C', such that
2 2 2
HaxayZT”B(wK) < CO‘KHamawaHL?(K),

Of course, the coefficients ap, E € £ depend on the right-hand side f, but since the
functions in Z7 represent a hierarchical extension of S¥*(T) we expect the coefficients
ap to become small as h — 0. This is a tempting device for error estimation, since
we only have to compute the coefficients with respect to the element bubbles which is
equivalent to solving a diagonal system of equations.

This suggests that using

i = G100y 0k |72 i) (2.48)

as an error estimator is a cost-effective solution.
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2.2. 1D model problem

Remark 2.40. By the preceding heuristics we define
ﬁH,K = a%h;(QH&,;@y@/JKH%(
as a cost-effective alternative to ng and Ny and denote the global error estimator by
1/2
Na = (Z 77%1,1{) :
KeT

2.2.6 An a posteriori estimator based on averaging

In the following we want to construct a variant of an a posteriori estimator based on a
popular averaging technique, which was first introduced by Zhu and Zienkiewicz in [61].
We follow the presentation of [54] and the ideas of [16, 17] to develop an asymptotically
exact a posteriori error estimator for our situation of the second moment problem.

To this end, suppose u solves the variational formulation

/ 0 0yudyOyv = / fv, v e Hy'(D)
D D

and ug is the solution of the corresponding discrete formulation with p = 1. We are
interested in finding a higher order approximation ¢ with respect to 0,0,ur of 9,0,u
which is easily computable and for which we can expect that

1020yu — Ox0yuT || L2(D) < |lg — O20yuT||L2(D)-
This motivates the following general definition.

Definition 2.41. The elementwise error indicator is given by

= min |0,0,ur —
Nz,K qul’O(T)H L Oyut — qll12(k)

and the global error estimator as

1/2
Nz = <Z 77%]() .

KeT

Suppose that 7z is reliable and that we have at our disposal an easily computable
function A(9,0,ur) € SHO(T) with an operator A : Pi(T) — S"O(T) which yields an
approximation to d,0,u. Then the previous Definition shows reliability immediately by
setting ¢ = A(0,0yur), since

nzx < NAK = [[0:0yur — A(0eOyut)||L2(D)-

If A(0,0yur) is indeed a higher order approximation, one might expect that A(0,0yur)
fulfills a saturation property with respect to SH°(T), i.e.

1020yu — A(0x0yur)||L2(p) < Bll020yu — 020yuT||L2(D) (2.49)
for some 3 € [0,1). Then, on the one hand by the triangle inequality we have that

|A@:0,u7) — O Byurll 2oy = [A@Byur) — 0,0, + 0,0, — 0,0, | 20y
< [ A@:Byur) — 0a0yul 2y + 1920y (u — ur)ll 2o
< (8 +1)0:0 (u — ur) | 2
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Chapter 2. Deterministic Second Moment Equations

as well as on the other hand again by triangle inequality

1020yu — OxOyur || 12(D) = [|020yu — A(020yuT) + A(OxOyut) — 0:Oyur || L2(D)
< 00,1 — A@:Dyur) 120y + A Dyur) — 0:B,u7 |12
< Bll0e0y(u — ur) | L2(D) + A(O2OyuT) — O20yuT)l| L2(D)-
Therefore, in total we have
1

1+ 6||~A(8m8yu7') - aacayuTHL?(D) <1020y (u — UT)”L2(D)
1
1-p

Hence, the quantity | A(9.9yur) — 0:0yuT|r2(p) can be used as an a posteriori error
estimator. For p = 1 and 7 consisting of squares or rectangles, we observe that 9,0,ur
is piecewise constant on 7. Our hope is now that L2-projecting 9,0,ur into the space of
piecewise continuous linear functions on 7, i.e. defining A(0,0yu7t) via

< | A0z 0yuT) — 8xay“THLQ(D)-

/ A(DpByur)v = / OxOyurv, Vo € SV(T),
D D

satisfies (2.49) for some 0 < § < 1. However, computing this projection is as costly as
computing the discrete solution itself and is thus not a viable option. To remedy the
situation we resort to an approximation of the L?(D)-inner product.

Denote by Wr the space of all piecewise linear functions on T, i.e. W = P(T) =
{v:v|g € Pi(K),K € T}, and set V7 = Wy N C(D). Note that 0,0,P1(T) C Wy and
V7 = SYO(T). As the aforementioned approximation of the inner product, we define a
mesh-dependent inner product (-, )7 on Wy via

wawyr=3 B S vkl |
KeT 2ze€NK

where |K| denotes the two dimensional Lebesgue measure of K. This inner product is
given by the tensorized version of the trapezoidal rule on an interval applied to each
element K € T. Note, that for either v or w being a piecewise constant function we have

(v,w)T :/ vw dex.
D
With this in place, we let A(0,0yuT) be the (-,-)7-projection of 9,0,ur onto Vr, i.e.
(A(0z0yur),vr)T = (02Oyut,v7)T,  Vor € V1 (2.50)
and define the elementwise error indicator and the global error estimator as follows.

Definition 2.42. We define the elementwise error indicator as

TIA,K = HaxayuT - A(a$ayll/7’) HLQ(K)

and the global error estimator as

1/2
na = (Z 77,24,K> :

KeT
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2.2. 1D model problem

Note that for all v,w € V7 there holds

(v,w)r = i Z lw.|v(z)w(2) (2.51)

zeN

and in lieu of (2.50), by inserting the nodal function for z in place of vy we readily find
for all z € N the representation

K
A(OuOyur)(2) = > L'axayuﬂ[{, (2.52)
KCw; #

which is the coefficient of the nodal basis function A, that is associated with the node z.

For any ¢ € SY(T) that constitutes an approximation of 9,0,ur the triangle in-
equality readily shows efficiency of nz by

Nz < ||0:0yu — Ox0yuT| r2(py + 1020yu — gl 12(p) (2.53)

and since ¢ was arbitrary and SM0(T) is a finite dimensional subspace of H'1(D) there
even holds

< ||0z0yu — 0,0 i 020yu — . 2.54

12 < 10:0,u — 0,0,ur 1)+ _min 950y~ alxco (250

If one can now prove that indeed [|0,9yu —¢q||12(p) is of higher order, the efficiency follows
immediately. First we concentrate on proving the reliability. As we are emplyoing an
averaging technique to 0;9yu7 and compute the upper bound ||0,9yur—A(0zOyut)| 12(p)
of nz we want to show that there holds

1020yu — 0z 0yuT||2(p) < Cnz + H < C|0:0yur — A(0xOyut) | 12(D) + H, (2.55)
where H denotes a generic higher order error term.

Lemma 2.43. Let u,q € H>%(D) N Hy"' (D) =: V(D) and 8,8,us € Po(T) the solution
of the discrete problem (2.7) with

D

Furthermore, denote by fr an elementwise approximation of f. Then there holds

1/2
lu — UT‘Hlvl(D) <C inf Haxay(uT - Q)HL2(D) + E h%{”f - 6;%35(1\\%2(;0
€V (D) KeT

1/2
+C (Z BN f - fT||%2(K)> :

KeT
(2.56)

Proof. Let 0 #£ w € Hé ’I(D) arbitrary. By Galerkin orthogonality, an application of inte-
gration by parts, the Cauchy-Schwarz inequality and approximation results from section
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Chapter 2. Deterministic Second Moment Equations

2.2.2 we find the assertion

/ 0z 0y(u — w7 )0 0yw da = / D20y (u — uT) 050y (w — MH1w) da
D
/ 0:0y(u — q) 050y (w — T w) da +/ 020y (q — uT)0:0, (w — MM w) da
D
= Z / (0202 u—fr—f+fr+f- Ogajq)(w—ﬂl’lw)dm

KeT

+ / 020y (q — uT) 0,0, (w — T w) da
D

<2 Z I1f = Frllp2gollw — T wll g2y + Z If = 0202l 20y llw — T wll p2 gy
KeT KeT

+ 11020y (ur — @) 2 (D) 1928y (w — T ) || L2
<C||020y(ur — Q)HLQ(D)Haﬁayw”L?(D)

1/2 1/2
{ (Zh 1 = Frle ) +C(Zh If - ffaqu%z(m) }

KeT KeT

KeT

1/2
X (Z (H@:WH%%K) + HaywH%%K) + \M%{Ll(;{)))

-~

1/2
= (100012 ) F10010112 5 )+ 0yl 5 ) ) Sell OByl 2

1/2
<C_if {aa (ur — )|z <Zh If - a£a§q|r%2(m> }axaywm(p)

KeT

1/2
+o< 2||f—ffr||iz(p)> 1.0yl 2(p)
KeT

Theorem 2.44. Let A(9,0,ur) € SYO(T) be the average of 8,0 ur defined by (2.50)—
(2.52). Furthermore, let u denote the solution of (2.6) and ur the solution of (2.7). Then
the error estimator n4 defined above is reliable, i.e. there holds

1/2
lu—ur|grip) <Cna+C <Z hillf — 9.0 (A(axay“T))H%%K))

KeT (2.57)

1/2
e (Z Wl f - fT||%2(K)> -

KeT

Proof. Considering that ¢ is a polynomial of higher order than wy which fulfills the
Dirichlet boundary conditions and whose first mixed derivative is globally continuous by
setting 0,,0,q = A(0,0yut), we note that ¢ € Hé’l(D) N H*2(D) and so we infer by
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2.2. 1D model problem

Lemma 2.43 that there holds

= urlia o) <ClIODyur — A@:dyur) | 2()

1/2
s (Z W2 | f — amay(A(axayuﬂ)lliz(K))

KeT

1/2
+c (Z Bl f - fﬂizm)

KeT

1/2
—Cna+C <Z R\ f — 8x8y(A(8x3yUT))H%2(K)>
KeT

1/2
+C (Z hgllf - fTHQLQ(K)>
KeT

which yields the claim. O

Remark 2.45. Note that the polynomial q is a purely theoretical tool and does not have
to be determined explicitly.

Remark 2.46. Note that the term
B = 0.0, (AW@udyur)) e )

is akin to the data oscillation terms hi||f — frl3. (K) @5 A(0,0yuT) is an approximation

of 0,0yu, which means that in some sense 0;0,(A(0:0yuT)) is an approzimation of f.
Of course, the magnitude of this error is closely related to the averaging procedure used
by the operator A. Averaging operators of this type and of higher order are considered in

[28].

Let us now turn our focus to the efficiency of 174, which we achieve by proving equiv-
alence of n4 with nz.

Lemma 2.47. There exists a uniform constant b > 0 such that
4
Nz <na < 1+§b nz-

Proof. Since A(0,0yur) € SYO(T), it clearly holds that

Nz = qe‘rsrll,lg%T) |020yuT — QHL2(D) < |0z 0yut — A(axayuT)HL?(D) =TnA.
In order to prove the upper bound we have a look at the L2-stability of the averaging
operator. First we note that by Cauchy-Schwarz for sums there holds

2
> A(0pdyur)(2)A

420,07 s oy = [
2eN

D

dz < 4/ S JA@Oyur) ()P da

D zeN

If we now denote by M the element mass-matrix on K and by M the element mass-matrix
on K scaled by |K|71, i.e.

M = (mij)zjzl with ﬁ”LZ‘j = ‘K’l/ )\Zi)\zj dz,
K
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Chapter 2. Deterministic Second Moment Equations

where n = [Nk is the number of nodes of an element K and the indices realize a certain
fixed enumeration of the nodes of K. Noting that for any p = ZzeNK P2, € Pi(K),
where p, = p|k(z), there holds

HPH%Q(K) = /K Z pzAz do = Z Pz / )\zzAz] dx 'pzj :QT : MB?

where by p we denote the vector of coefficients of p on K, ie. p = (p.,pz,, Do)

Hence, by a Rayleigh quotient argument we find by letting A1 to be the smallest positive
eigenvalue of M that

Malps? < X0 Y P = hipT p<p” - Np = K[ bl
ZGNK
In the two dimensional situation for parallelograms (cf. also [14]) we have that A\; = 3
and hence, for any v € P;(K) there holds
36
’< 2.58
ol < el (2.58)
and furthermore we have the existance of a uniform constant b > 0, such that
< b
lv|K(2)] < W”“HH@)-
Thus, we find
14:0,0m) ooy <4 [ 3 1A@:0,um) PN da
DzeN
0% (102 0yur 125,
§4Z Tw ! e IA:|? dw
2eN ) ® ) Wz (259)
b Haﬂca UT” w
=4 Z v L2 (ws) |°;z’
zeN |wz|
16b2
0 10:0,url72(p)

since ||)\Z||%2(wz) = |w,|/9 and every element K appears four times.

Let 0,0,ur € Po(T). Then there is a unique decomposition 0, 0,u1 = u. + uq with a
continuous component u. € SM°(T) and a component ug of the orthogonal complement of
SYO(T) in L3(D). Note that for any p € SYO(T) that A(p)(z) = p(z) and thus averaging
is the identity on S%°(T). Hence,

100y ur — A0 Oyur)| 12Dy =l (the + ug) — A(tue + ua)llL2(p)
=[lug — A(ug)|l2(p

<|lugllz2(p) + [[A(u )HL2(D)

-+
<1+

—

[uallL2(p

qeSto(T)

b|nz,

Wk Wik C»D\Hk

Q min_ 8:0,u7 — dll 2oy

/_\
—_
+
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2.3. 2D model problem

since u. € SHO(T). O
Remark 2.48 (Concerning b). For all v € P(72), where T, := {K : K C w,}, by (2.58)
there holds
w,|Y? |K
IO D = v L N
KeT. K] -

wy| | K2

KeT,

and thusly the constant b > 0 in (2.59) is

Theorem 2.49. Let A(9,0,ur) € SY(T) be the average of 8,0,ur defined by (2.50)-
(2.52), where ur 1is the solution of (2.7). Then the error estimator from Definition 2.42,
1.€.

na = ||0x0yur — A(awayuT)HLQ(Ky
s asymptotically exact.

Proof. A combination of Lemma 2.43 and Lemma 2.47 readily implies that 14 is asymp-
totically exact. O

2.3 2D model problem

We now turn our attention to a two dimensional stochastic elliptic model problem and
develop adaptive Finite Element methods for the second moment in the four dimensional
setting.

2.3.1 Problem formulation

Letting again a = 1, we consider now the 2D stochastic elliptic model problem, cf. (2.2),
in D = [~1,1]? of finding u € H}(D), such that

~Agu(r,w) = flz,w) in HY(D),

2.60
u = 0 on 0D, ( )

for almost all w € Q and where A, denotes the Laplace operator A, = 92 + 92, .
With V := H}(D),V' = H71(D), as well as A := —A, we find that the corresponding
variational problem (cf.(1.4)) reads:

Problem 2.50. Given f(z,w) € H Y(D), find u(z,w) € Hi(D), such that
/ Vaeu(z,w)Vau(z)de = / f(z,w)v(z)dz, Vv € H}(D), for P-a.a. w € Q.
D D

The corresponding deterministic k-th moment problem, cf. (2.3), for the two dimen-
sional model problem then takes the following form:
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Chapter 2. Deterministic Second Moment Equations

Problem 2.51. Given M*f € H=%+~1(DF), find M*u € Hé""’l(Dk), such that

DF VE M)V Fy dx = DF MFfodx, Ve H&"”71(Dk)a (2.61)

where x = (x1,...,x) and
vk .— Vi @V @ @V,
and by x; denote the two dimensional coordinates of the i-th copy of D.

As before, for k = 2 we set D = D x D and are interested in solving the deterministic
second moment problem corresponding to (2.3):

Given Cy € H~H"1(D), find C, € Hol’l(D), such that
/ (Vo ®Vy)Cu(Vy @ Vy)vdaedy = / Crvdxdy, Vuve Hy' (D). (2.62)
D D
The discrete version of (2.62) takes the form:

Given C; € H-V"1(D), find ur € SE°(T), such that

/ (Ve ® Vy)ur (Ve ® Vy)vrdaedy = / Crvrdady, Vour € 55’0(7'). (2.63)
D D

We shall again write u7 instead of C, 7 to alleviate the notation. Note for p € N,
since Sg’O(T) C Hé’l(D)7 that the approximation is conforming and we have Galerkin

orthogonality
B(u—ur,vr) =0, YoreSP(T)

with the associated bilinear form
B(u,v) = / (Ve ® Vy)u(V, ® Vy)vde dy.
D

We also note that the energy norm of this problem is as for the one dimensional model
problem the | - [g1,1(p)-seminorm. The latter is a norm on Hé’l(D) by the crossnorm
property and corresponding two dimensional Friedrichs’ inequalities.

2.3.2 Approximation and auxiliary results

In the four dimensional setting, since for D C R? there holds
H'(D) ¢ C(D),

we have to use another operator to analyze our adaptive Finite Element procedure. We
make use of the following tensorized quasi-interpolation operator Iy : L'(D) — Sé’o (T)
for any v € L!(D) defined by

Ir =1, ® Iy7 (264>

where the two dimensional quasi-interpolation operators Z, and Z, are given by the ex-
pression

To:= Y Tu,Aa, (2.65)
ZUENV
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2.3. 2D model problem

where v € {x,y}, A;, denotes the nodal shape function with respect to the node z,, and
w, is the node patch around z, in the mesh restricted to the v-coordinates. Furthermore,
N, denotes the set of nodes in the v-coordinates and ./\/',,73[) denotes the nodes on the
boundary of the copy of D in the v-coordinates.

Here we choose 7, in the following way (cf. also [54, Section 3.5| or [16])

fwz Az, vdy
fwz A, dv’
0, 2, € Nuap-

Zy EN,,,

24

Let us check that I as such is well defined. Let v € L'(D), then
Irv =(Z, ® Z,)v = (Z, ® id)((id ® Z,)v)
Jo, Azyo(@,y) dy
=(Z, ®id Y Az
(Z, ®id) Z ( [, dy Y
2y

zyENy
f(,_)Zx )\zIU(IL‘,y) dx
fwzy )‘Zy <ZZIGNJ; |: fw 2y dx :| : AZm) dy
= i ‘Az,
zy €N, fwzy )\Zy dy

Tl e R

20 €N 2y €Ny f f Az, @A, dydx

- Z @wz)\m

zeN

where now z = (2, zy), Wy =W, X Wy, and A\, = A, ® A,,. The previous considerations
show that I is well defined and that the neighborhood of a node z is the product of the
respective neighborhoods of nodes of the tensor factors.

The next lemma gives local estimates for the two dimensional quasi-interpolation
operators Z, and Z, for which a proof can be found in [54, Section 3.5|.

Lemma 2.52 (Two dimensional quasi-interpolation). Let p € [1,00]. Denote by It the
quasi-interpolation operator according to (2.65) on the two dimensional domain D. For
any element K € T, edge E € £k, and v € Wol’p(D) there hold the estimates

lv = Zrvl oy SClvllLr (@)
v = Z7vl| Lo (i) SChil|VV| (@)
V(v = Z70) || Lo (k) SCIIVV| L2 (655)

lo = Zrol| oy <Chly PV 1o (s

Equipped with these estimates we derive corresponding estimates for the tensorized
quasi-interpolation operator I

Lemma 2.53 (Quasi-Interpolation Error Estimates). Let K an element in T and v €
Hé’l(K). Then there holds

lv = Tl 2y <Chie (Ve ® id)0]| z2(5y0) + 11Gd ® Vol 2y + 0] (50)) »
v —T7vz2¢0 <Chl/2 (Ve ® id)v|| L2 @) + 11Gd @ Vy)vll 2 + |U‘H171(®K)) y
lv — Il g2 (p <0h”2 (1(Va ®id)vll 2 (g + 11Gd @ Vi)l 2y + [olaiigag)) -

95



Chapter 2. Deterministic Second Moment Equations

Proof. First we note that K = K, x K,. By letting w := v — (id ® Z,)v and v’ :=
v — (Z, ® id)v we find the expressions

v—1Irv=v— (7, ®id)v + (Z, ®id)(v — (id ® Z)v)
=v— (Z, ®id)v — w4+ w — (Z, ® id)w
=v— ([d®Z,))v—w + v — (id @ Z,)w
Thus, we have
v =I7vllr2) Sllv = (Ze @ id)vl| 2y + lv — (Id @ Zy)v[ p2(x) + [[w — (Zo @ id)w|| L2 (k)
<Chgl|(Ve @ 1d)v] 2@, xk,) + Chrll(id @ Vy)oll 2k, xan,)
+ Chi||(Ve @id)o = (i[d © Z,) (Ve @1d)0)[ 26, )
<Chk|(Vs ® id)UHL2 @x) T Chi||(id ® Vy)vl| L2 (g
+ Chicll(Va ® Vy)oll 12,

where we have invoked the triangle inequality twice and made use of the properties of
the two dimensional operators Z, and Z, from Lemma 2.52. Without loss of generality
let Q@ = K, x E,, where E, is supposed to be an edge of K, (cf. 2.2), w as above, and
by applying the triangle inequality and Lemma 2.52, we arrive at

o = Trvllrgg) <llv = (Zo @ id)vll2(g) + llv = (id © Z,)v]l 12y + lw — (Zo @ id)w] 12(q)
<Chic, (Vo @ iQ)0]| 2y, x5, + Chig. (A © Vy)oll 2, o, )
+ Chi, (Ve @ id)wl| L2 (o, xE,)-

Applying the two dimensional trace inequality

—1 2
el z2ey < € ("

1 2
a2y + Bl 290l o)

in the y-direction, which is valid for any u € WLQ(K ), we find by invoking shape regularity
hk, < chqg, hk, < chg and hg, < chq

lo = Lol i) <Chic, {ehil (Ve @ )0l 2o, x10,) + R N(Te @ Vi)olliaa, xiy)
+ Cheg[1(1d @ Vy)ol| (i, xzp, ) + Chic 1V @ id)wll 2, B,
<Chgy” {I1(Ve @ )0 2z + 1G4 © Vo)l a0}
+ CRY((Va © Vy)oll 2,

where we have used Lemma 2.52 again in the last step. Finally, we note for F' = E, x E,
by the same arguments as above that

o = Trvll ey <Ch2 (Ve @ iA)0 2(@p, x5,) + Chig, 1G4 @ V)0l 25, xop, )
+ ChLZR2 (Ve © V)0 250
<Ch? {I[(Ve ®1d)0]| 2 (a0) + 1(Ve © Vi)oll 2 }

1/2 .
+ R {]1(1d ® Vol 2@ + 1(Va ® Vi)oll 2@ }
+ Chr||[(Ve ® Vy)vl L2k

where we have used again shape regularity and the trace inequality [|v]|29x) < Cllv]| g1 k),
where C only depends on the shape of the element but not on its size, in the x- and y-
direction, respectively. This concludes the proof. O
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2.3. 2D model problem

Remark 2.54. As the operators T,,,v € {x,y} do only allow to bound the H'-seminorm
by a constant times the H?-seminorm without a factor of hi, and thus we cannot prove
convergence of the FEM with the operator It directly. We therefore resort to the operator

I :=Tho ® Ijp

with Ip% from [28, Chapter 6]. This operator respects the homogeneous Dirichlet boundary
conditions, satisfies bounds in the form of those of Lemma 2.52 and additionally admits
the following bound for v € H?(QOr) and polynomial degree p =1 (cf. [28, Thm. 6.4])

v — Zhovl g k) < chilvl g2,

as well as
v — Zhov| g () < clvl g (g

In short words, this operator is constructed as the concatenation of a quasi-interpolation
operator on L'(K) and an averaging operator, for more details see [28].

Lemma 2.55. Let u € H3*(D) N Hy' (D)
(Ve @ Vy)(u = Iru)|[12(p) < chlu| s ).
Proof. Abusing the notation let us denote for brevity
I =7 @ )V == iy @ g
Then with w := u — (id ® Z;V)u we see that there holds

(Ve ® Vy)(u— ITU)HLZ(K)
=[1(Va @ Vy)(u— (73" @id)u —w +w — (3" @ id)w)l| 2k
<[[(Ve @ Vy)(u = (23" @ id)u)|[r2(x) + (Ve @ V) (u = (id @ Z7¥)u) || 2 (k)
+ [1(Va @ Vy)(w = (Z3" @ id)w) | 12k
=[1(Ve ®id) ((id ® Vy)u — (Z3¥ @id)(id © Vy)u) || 2(x)
+[[(id ® Vy) (Ve @ id)u — (id @ ;Y )(V, @ id)u)|| 12 (k)
+[[(Ve ®1d)((id ® Vy)w — (277 @ id)(id ® Vy)w) || p2(x)-

By means of Remark 2.54 we are allowed to bound the H!-seminorms of the last equality,
where we set for brevity u, := (V, ® id)u and analogously u, := (id ® V,)u,

(Ve @id) (uy — (Z3" @ id)uy) | 2(x) < chi, [uy|m2o@,, xK,)
and similarly for the remaining terms

I1(id ® Vy) (uz — (id ® Ty )ua) | r2(x) Schr,ltal oz ke, <o)

(Ve ®id) (wy — (Z;" @ id)wy) |2y <chi, [wyl20@p, xk,)-

Using the second inequality of Remark 2.54 for the last term gives

lwyl g20(@ 5, x 1) < Cllull 2@, <o)
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Chapter 2. Deterministic Second Moment Equations

whence we have by shape regularity

(Ve @ Vy)(u = Tru)l 2(x) Schie, |[ulpzaoy, xx,) + chic, [ulmrzr, <o)
+ ChKy|u|H2’l(L:)KI XCDKy)

SChK|u’H3(&K)

Thus, we find that

(Ve ® Vy)(u—Tru)|Fap) = D (VY w—T7u)|[F2 )
KeT
< Z Chﬁ(wﬁﬁ(@}()
KeT
2 2 21,12
<ch Z ’u‘H:”(&;K) =ch ’u‘Hi”(D)
KeT
which with h := supg 7 hix upon taking square roots yields the claim. ]

Combining the previous remark and lemma we find the following

Lemma 2.56. Letu € HS’I(D)HH?)(D) be the unique solution of the deterministic second
moment problem (2.62) and denote by uy the corresponding discrete solution of (2.63).
Then there holds

|U — UT‘Hl,l(D) < Ch’u‘HS('D),
where h := supger hi.

Proof. As the bilinear form of the deterministic second moment problem is symmetric,
continuous and coercive, we have by the Lax-Milgram lemma the unique solvability of
the problem and Céa’s lemma guarantees that our solution fulfills the best approximation
property
lu — UT‘Hlvl('D) <c iqfo \u — 'UT’HIJ(D).
vr €Sy (T)

Making the particular choice vy := I7u and using Lemma 2.55 shows that
[u — ur|g1a(p) <c inf |u — o7 | py
UTESO’ (T)
<clu — Iru|g1i(p)

<chlu|gs(p)

which is the claim. O

For the analysis of the a posteriori error estimators to come we need, as in the two
dimensional situation, certain norm equivalences over spaces of polynomials on the geo-
metric entities present in the mesh. To this end the next lemma is necessary.

Lemma 2.57 (Polynomial inverse inequalities). Let u € Pp(F),w € Pp(Q) and v €

Pp(K) be polynomials of order p, where F,Q are a boundary face and cube, respectively,
of the element K. Denote by Vr,1q, and Y the face-, cube- or element bubble functions,
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2.3. 2D model problem

respectively. Then there holds

lutbrllF2iq) <ChrllulZzgp,
lupplZa i) SCR3 [l
lwiqllzz) <Challwlizg)
HU¢K|‘L2(K) SCHUHLQ(K)a
1(Va ® V) (wpor) 720y SChp? ulgary
1(Ve @ Vy) (wibg)lI22 (1) <Chg 3||w||L2(Q)a
(Ve ® Vy)(W’K)HL?(K) <ChM [0l Z2 (k-

Proof. Let us denote & = (#1,42) ", 9 = (§1,92) " and € = (£,9)" as well as € = (x,y)| =

(x1,29,91,y2) . Without loss of generality let F be the image under Fg of the face
F =[-1,1] x [-1,1] x {—1} x {—1}. The result follows for the other faces F' of K by a

rotation of coordinates. Since for such F we have VY= @%(1 — 39 (1 - 22) and

noting that u € Py (F'), we have for any Q C 0K with F' C @ that

2 hphyh . .
Jair gy = 5 [ (i) < Chrlulagr)

as well as any F' C (Q C 0K that

4 hyphyhzhy . N
[ R T /F(Wﬁp)Q A& < Chp|lull2(py-

Similarly, we find

2 hghyhzhy . .
Ivilfa = 5 4 [ ()48 < Chalag

and since H@Z’?{HLOO(K) =1,
lovrc |72y < 011720k

For the remaining estimates we note that for any u € H%1(K) there holds

(%2 @ Vaulliagey % [ (V209 uFi(@)? aé

K
hahy h Py 2 2 >
_Z /(hh88u>d£.
i,j=1
Then abbreviating c’KJ = % hé h‘% and considering v € P,(K) we find
Ty Y5
(V2 & V) i) oy = 3 [ (01,05, (000))° di
hJ= 1

=3 | 0,01 - 21— #3))9, (0(1 — §1)(1 — 43))

+ (1 — @) (1 — 23)05,8;, (5(1 — §3)(1 — §3))]” d2 dg
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Chapter 2. Deterministic Second Moment Equations

= Z {/ (1= ) (1= 33)3y, (001 — 51 (1 — 33))]” divdg
" / (1= #D)(1 = 35)05,05, (01 — ) (1~ 35))]” di dg}
K
=2 Z Jl +J2 ).
i,j=1

We proceed by bounding the terms Jf j»¢ =1,2 on the right-hand side. Using the one

dimensional inequality involving ¢[_1 1] from Lemma 2.11 we find for s = 1,2 and s the
complementary index, i.e. letting s =1ifi=2and s =2if i =1,

Ty = [ (@0 - 821 - 32 03, (601 ~ D1 - )’

1 1 1 1
T % . . 2
- /g%s=1(1 - 23)° /@:1(8@(1 — i2))2 /gl:1 /@2:1 (9y,(6(1 = 91)(1 = 93)))

SC(4+2 p(p+1)) ||1)(:L‘1,:L‘2, ) )II

L2([-1,1]2)
<0(4+2\/ p+1> 18112,

and using arguments similar to Lemma 2.13 and letting s now denote the complementary
index to j

Ry = [ =abR = a3 0, (@00~ )0~ i3)))° di s
<(1+2v30+ D) / (1 - )21 - 33)(1 - §2)2(05,0)* di-dg
<(4+2vplp+1 ) (p+ Do),

Transforming back to the element K and adding up the estimates for J; ; ! and J 2] yields

the claim
(Ve © V) ()72 (xy < Chi 0l 72

For the remaining inequalities we proceed analogously. Letting Q = [—1,1]3 x {—1} there
holds

2
H(%@%)(WQ)H%(K) @ [ (0505, 0))" didi

1,J= 1
/ [ (1 - #1)(1 - 83))3, <uv(1 _ —2.@2)>
+ (1—2)(1 — #3)95,0y, (@(1 — ) (1 2@2))} 2 o

23 {/ on st 2y, (10 -3 52| azag

7,7=1

+ [ Ja-aba- e, (s0- i ‘ﬁ)T ai d@}
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2.3. 2D model problem

_22 JTh + JE).

1,5=1

Noting that w is independent of ¢ we find for j = 1, 2 in the first term on the right-hand
side

2

i = [ ot - aa - it ey w0 - i)
<C(4+2v/p(p + 1))2 hg® w22
1 2
T = [ [ost0 -0~ ) Fran - i)
<Chg’lwlizq)

where we have used the one dimensional estimate of Lemma 2.11 and have integrated out
72 before transforming back to the physical element. For the second term we find

_ N 2
7= [ a-sa- x)u‘;”a (001~ )]

<C(+2yplp+1)pp+1) hQ Hw||L2(Q)7
A o —1 Nk
= [ |a-sa- T e - )

<Cp(p + Dhg’[lw]72g)-

Hence, there holds
1(Va ® V) w2 < Chglwl22(q). (2.66)

For the last estimate we proceed analogously. Since, letting F' = [—1,1] x {—1} x[=1,1] x
{—1}, using arguments as above and the fact that @ is constant in the Z2- and gs-direction,
we find

1V © V) (o) 2 ) = / 0y, (i ))? i dj

,Jl
2

=2 f?/K [5 <<1—§:%>(1_f2)8gj (au —@%><1‘2@2)))r 4 dj

4,7=1

<C(4+2+y/p(p+1)) p+1||u|]

Transforming back to the physical element shows that

1(Ve @ Vi) (wiop) |22y < Chp?[ullz(py (2.67)

which concludes the proof. O

2.3.3 Discretization and constrained approximation in 4D

In the following we shall describe the discretization and lay out the procedure which is used
to provide the necessary 1-irregular mesh refinement for our adaptive process in four space
dimensions. To make the presentation of the algorithm more palpable, let us denote by
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e; € Nj ¢ hanging nodes on edges, by f; € N, r hanging nodes on faces, and by ¢; € Nj,0
hanging nodes on cubes, where the subscripts i, j, k realize an enumeration of the hanging
nodes of N, g Ny 7, and Ny, o, respectively. Hence, as in the two dimensional setting we
have a splitting of the nodes of the mesh 7 as N =N, UN}, ¢ UN’hJ: UN}L,Q =N, UN,
with A, the set of regular nodes in T.

Figure 2.6: The reference 4D cube K = [—1,1]%.

The reference four dimensional cube K := [—1,1]* is depicted in Figure 2.6. As a
means for orientation we have prescribed an a priori ordering of the nodes. By pulling the
three dimensional cube @ with the nodes {1,2,3,4,5,6,7,8} into the fourth dimension
and connecting all vertices of () with the vertices of its “duplicate” @’. For simplicity
the vertices of the “duplicate” @’ are enumerated as {9,10,11,12,13,14,15,16}. In this
sense the “original” cube Q = [~1,1]3 x {—1} is located at w = —1 and the “duplicate”
Q' =[-1,1]3 x {1} at w = 1. Note that @ and Q' lie opposite to each other in K and do
not share any vertices, edges nor faces.

Table 2.1: Top left: z-cubes; top right: y-cubes; botom left: z-cubes; bottom right:
w-cubes. The gray dashed line symbolizes the constant direction.

For this reason when visualizing the boundary of the four dimensional cube, it is
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helpful to depict the three dimensional boundary cube pairs, which lie opposite to each
other, such that one coordinate is kept fixed at —1 or 1. This situation is shown in the
four pictures of Table 2.1. Note that all of these boundary cube pairs do not share any
faces, edges nor vertices.

The situation of two four dimensional cubes sharing a three dimensional boundary
cube, where one 4-cube is one level more refined than the other is depicted in Figure
2.7. With any of these types of hanging nodes we associate their corresponding irreqular
elements that have the hanging node situated on an edge, face, or cube, respectively,
according to the following definition, which is similar to the situation in two space dimen-
sions.

Figure 2.7: Hanging nodes on a three dimensional boundary cube that is shared by two
four dimensional hypercubes K and K’. K is one level less refined than K’. The cube
with the nodes marked by circles is a boundary cube of K and by the dashed lines we
have indicated the refined boundary cube of K’. All nodes marked by a circle are reqular
nodes whereas the hanging nodes on edges are marked as gray triangles, hanging nodes
on faces as gray squares and the hanging node on the boundary cube depicted is marked
as a gray pentagon.

Definition 2.58 (Irregular Elements and Neighbors (4D)). An element K is called irreg-
ular (with respect to a node x ) if there ezists a hanging node x, such that x € 0K and x is
either a hanging node on an edge E, on a face F', or on a cube Q of K, respectively, but
x is not a vertexr of K. Moreover, we shall call K an irregular neighbor to any element
K' (with respect to x), if K' has x as a vertex.

Note that the situation in the four dimensional setting is much more involved than in
two dimensions as hanging nodes on edges and faces can be associated with more than
one irregular element. In the case of a hanging node on an edge, there can be up to seven
irregular neighbors and for hanging nodes on a face, there can be up to three irregular
neighbors. The situation for hanging nodes on cubes mirrors the case of edges in the two
dimensional constrained approximation. Moreover, note that there can be hanging nodes
on faces and edges on the boundary 9D, which makes dealing with all types of hanging
nodes a non-trivial endeavor.

For the adaptive mesh refinement procedure we shall adopt again the rule, that

an element K € T may be refined if and only if all vertices of K are reqular.

If any vertex of K is a hanging node of any type, we have to refine all irregular neighbors
of K with respect to that hanging node first, such that the rule applies and we are
subsequently allowed to refine the originally marked element K. This is formalized in
Algorithm 3.

Another reason for adopting the aforementioned simplified refinement rule is that there
is already a plethora of possible refinements in three space dimensions (cf. [23|) pertaining
to different anisotropic refinements. The situation in four space dimensions is then even
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Chapter 2. Deterministic Second Moment Equations

more involved and the reason for restricting the refinement to the rule above. Note that in
this we are somewhat neglecting the otherwise valuable anisotropic refinement information
that an error estimator may carry and also give up the freedoms that different anisotropic
refinements may deliver.

Algorithm 3 1-irregular mesh refinement in 4D (REFINE)
Input: Mesh T, list M of marked elements K € T
Output: Refined mesh 7 which is 1-irregular

1: while M # () do

2:  Let K be the first element of M

3 if K has any hanging nodes e; or f; or ¢; as vertex then

4 Find all irregular neighbors K’ w.r.t. e;, f; and ¢;

5: Append all elements K’ and K to M

6: else

7 Refine K by subdivision into 16 smaller 4-cubes K, s =1,...,16
8 Remove K from M and 7T, and add 16 children K to T

9: end if
10: end while

Let us now discuss the refinement of the four dimensional cube. In Table 2.2 we have
depicted the isotropic refinement of the reference cubes in their respective dimension for
d = 1,2,3. This is to be seen as a preparation for the refinement for d = 4. We note
that the two dimensional refined square can be viewd as having three refined copies of
the refined interval at the slices y = —1,y = 0, and y = 1 which are connected to each
other. For the refined cube the situation is analogous as each slice at z = —1,2z = 0,
and z = 1 contains a refined square which are then connected to each other. We use this
observation to give a depiction of the refined hypercube in four dimensions. Now we have
three copies of the refined cube at the three 3D slices w = —1,w = 0 and w = 1, which
cover all vertices of the refined hypercube and is shown in Figure 2.8. We note that the
refined 4-cube is given by 16 smaller 4-cubes which are represented using a total of 81
vertices.

_

Table 2.2: Isotropic refinement of the one, two, and three dimensional cubes.

As in two dimensions we shall now briefly describe the treatment of hanging nodes in
the four dimensional setting. We assume again that by a standard assembly process we
arrive at the linear system of equations

Ac=b.
In the four dimensional setting we have to be more careful with the presentation. Here,

we have to distinguish between the different types of hanging nodes. On edges, each
hanging node e € N} ¢ is constrained by its two regular neighbor vertices i, j € N, and
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i,j € O, by the relation
1 1

as in two space dimensions.

Figure 2.8: Isotropic refinement of the four dimensional cube (a simplified view).

On faces, each hanging node f € N r is constrained by its four regular neighbor
vertices i, j, k, ¢ € N, via

1
1 (wi +uj 4+ up + up) . (2.68)

And on cubes, each hanging node ¢ € N}, ¢ is constrained by its eight regular neighbor
vertices vy, ..., v by the expression

uf =

8
1
ug = g Zuvi. (2.69)
=1

The global connectivity matrix P € RV where N := |\, then takes the following
form. Columns of regular vertices are as in the two dimensional situation. If, on the other
hand, ¢ € NV}, then the corresponding column is filled with values according to the type
of the hanging node c.

If ¢ € Npe, then as in the two dimensional setting the corresponding column in P
is zero and features the value 1/2 at positions i,j € N, of its regular vertex neighbors.
If ¢ € N}, 7, then the corresponding column in P is populated with values according to
(2.68), i.e. denoting the column of ¢ by p. we have

pe=1(0...01/40...01/40...01/40...01/40...0)".

~— ~—~ ~— ~—~
i J k 14

Finally, if ¢ € NV}, g, the corresponding column p, is given similarly as for face hanging
nodes, but now at positions that correspond to the vertices v;, i = 1,...,8 of the regular
vertex neighbors the value 1/8 is inserted.
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With this in hand we can reduce the system as in two space dimensions, by letting P,
the matrix that arises when cutting all zero rows from P,

P.AP'¢, = Pb,

where only the coefficients of regular vertices are computed and subsequently all coeffi-
cients are recovered via

c=Ple,.
2.3.4 A residual a posteriori error estimator

In order to derive a residual a posteriori error estimator in this situation, we proceed
similarly as in the case of the one dimensional model problem. In the following denote by
Onyu = Vyu-n, for v € {z,y} the normal derivative with respect to a certain variable.
Firstly, we recall that D = D, x D, and that the weak formulation for the deterministic
second moment problem for (2.62) is given by

/ (Ve ®Vy)Cu(Vy @ Vy)vdyde = / Crvdydz.
D D

Considering the residual R which is implicitly defined as an element of the dual space of
Hé (D) by the left-hand side of the expression

(R,v) / / (Ve ®@Vy)(Cy —ur)(Vy ® Vy)vdyde

Dy
= / Crvdydx — / / (Ve ®@ Vy)ur(V, @ Vy)vdyde,
D, JD, + J Dy

we localize the integrals to elements K = K, x K, € T and proceed with integration by
parts to arrive at

Z/ Cyvdydz — Z/ /K (Ve ® V) ur(Ve @ V,)vdyde

KeT Ky KeT

:KET/ Cfvdydx—Z/ {/ (Ve @ Ay)ur (Vs @ id)vdy

KeT
+ / (Ve ® Ony)ur (Ve @id)v dsy} dz.
oK,

(R,v)

Rearranging the terms and applying integration by parts twice more, we end up with the
following expression of the residual:

(R,v) / Crvdyde — {/ / ur(Vy @ id)v dy do
ket /K /Ky

KeT

+ / / (Vi ® 0 y)ur(Ve @id)vdsy dx}
. Jor,

KGT/ Crodyda — ) {/Ky {/m(AmAy)uTvdx

KeT

+ / —(On,z ® Ay)ugv dsz} dy
0K,
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+ / (Ve ® Ony)ut (Ve ®id)vdsy, da:}
. Jok,

Z/Cfvdydx— {/ / z ® Ay)ugvdedy
ket By Ks

KeT

+ / / —(One ® Ay)urvds, dy
K, JOK,

+ / / (Ve ® Ony)ur (Ve @ id)vdsy dx}
K. JOK,

= Z {/ (Cr — (Az ® Ay)ur)vdy de —I—/ / (One ® Ay)ugvds, dy
K K, JoK,

KeT

/ / 2 @ O y)u7vds, de — / / (On,z @ Ony)uTvds, dsy} )
K, oK,

A closer inspection of the last term reveals that xixo- and y;yo-faces do not contribute
to the residual. In other words, only the “mixed” faces, i.e. that are given as F' = e, X ¢y
with an edge in z-coordinates and an edge in y-coordinates, yield contributions to the
error estimator. In order to simplify the notation we shall denote these faces by Fy, C Q.
Hence, we can represent the residual by the following expression

(R,v):z /Krvdm—i— Z /ylvds+ Z /Fzngvds , (2.70)

KeT QCIOK FryCQCOK

where for later reference and brevity of notation we set
r:=Cs— (Az ® Ay)ur, onevery KeT,

i = [(One ® Ay)ur], Q is a x1-y1-y2 or x2-y1-y2 cube,
[(Az ® Ony)ur], Q is a x1-z2-y1 or x1-T2-y2 cube,
iy = {—{{(&m ® Ony)urlt, on every face Fy, C Q C 0K,
2 1=
0,

otherwise.

For the generalized jump over faces, i.e. for the term js, we introduce the following
notation

{One @Onyur = D (One ® Ony)ur) k- (2.71)
K€ET:FpyCOK

The previous representation of the residual motivates the following definition.

Definition 2.59. For the deterministic second moment problem (2.62) we define the
residual a posteriori error estimator nr k element-wise by the expression

1 .
T =Wl + 5 3 haliliag + 7 3o Ar i, (272
QCOK Fzch
QCOK

The global error estimator nr is then given as

1/2
R = (Z 77722,1() : (2.73)

KeT
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The appearing tensorized differential operators A, ® Ay, Op 2 ® Ay, and A, ® 0y, can
be interpreted straighforwardly as Ay Ay, 0, Ay, and A0y, respectively, as the factors
act on different variables, whence they commute and their composition is unambiguous.
The operator 0, ® Oy, can be understood in the following way for computations. By
definition of the tensor product we have

(On,z @ Ony)ur = Vu(Vyur - ny) - ngy = Vy(Vyur - ng) -ny

—n!. (am1ay1uT 3118y2UT> ‘n

* 8:02 ay1 urt 8:02 ay2 urt Y
2
= Z Oz, Oy u - n;ni,.
ij=1
Furthermore, let us state that by definition of the canonical tensor product Hilbert space
norm we have with u = u; ® ug € H%!(D) the following representation
(V2 ® Vy)ullZaipy =((Ve ® Vy)u, (Vo @ Vy)u) 12(p)

=(Vau1, Vour) 2(p,) (Vytz, Vyuz) r2(p,)

= [ ez [ @y

Y
2
=y / (02,0y,u)* dy da
ij=1"D
and with v = v; ® v € HH(D)
((Vx & Vy)u, (Vx &® vy)”)LQ(D) :<Vm’u,1, val>(L2(Dz)<vyu27 vy’U2>(L2(Dy)

:/ (qul)(vxvl) d.’E/ (VyUZ)(vaQ) dy

Dy

2
= Z / (02,0y,u) (02,0y,v) dyda.
D

4,j=1

An upper bound on the error

As for the deterministic second moment problem of the one dimensional model problem
we proceed by proving the reliability of the derived residual a posteriori error estimator
MR-

Lemma 2.60 (Reliability). Let D = D, x D, = [—1,1]%. Furthermore, u be the exact
solution of (2.62) and ur the solution of the corresponding discrete variational formu-
lation (2.63). Then there exists a positive constant ¢* which only depends on the shape
reqularity of the mesh T, the polynomial degree pr, and D, such that

= urlipapy < ¢ D | kT + D helliillizg) + D hew iz,

KeT QCOK FryCQ:
QCOK

(2.74)

Proof. Let v € HS’I(D) be arbitrary. In order to show that the error |u — uy|g1.1(p)
is bounded from above globally, we start out from the expression (2.70) and insert the
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2.3. 2D model problem

function v — Iv instead of v. Using the Cauchy-Schwarz inequality for sums and inte-
grals in conjunction with approximation results from the previous section and Galerkin
orthogonality, we obtain

(R,v) =(R,v — L)

=> / (v—Trv)dedy+ Y /]1 (v —I7v)ds

KeT QCIOK
+ Z / jo(v —Iyv)ds
FpycQ: ¥ Fov
QCOK

< Z 7l 2y llv = Troll 2ok + Z 7112 llv — L vl 20
KeT QCIOK

+ Z 720l 2 (mollv = L7l 22y

FryCQ:
QCIOK

<) {||T||L2(K)Clh1< (IVavllr2x) + IVl L2@g) + [0l G5))
KeT

. 1/2
+ 5 il Cahg” (IVevll 2@ + 10l 2 @) + 10]a1aa50))
QCOK

+ > Hj2||L2(Fzy)C3h}J{:2y (IVavll L2y + IVl L2@g) + [0l @)

FryCQ:
QCIOK

SID&X{CH,C&,C%}X
1/2

Z h%{HTH%z(K) + Z hQHﬁHQL?(Q) + Z thij2H%2(Fzy)

KeT QCK FzyCQ:
QCOK
X { Z !\va!!%2(;,K) + HVyUH%mK) + |U\§{171((:;K)
KeT

+ 3 (19208 + 19008y + 0B o))
QCK
1/2

+ Y (IVevla + 1900 + @) | ¢

FryCQ:
QCOK

where we have abbreviated (V, ® id) to V, as well as (id ® V,) to V, and @g denotes
the patch of elements K’ that have at least one vertex in common with K and in the last
step the Cauchy-Schwarz inequality for sums has been used. Now, by additivity of the
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Lebesgue integral and Friedrichs’ inequalities in x- and y-direction, respectively, we have

{Z (HVJ:UH%Q(@K) + HvaHQLZ(wK) + ’U’%ﬂﬁl(@())
KeT

303 (Va0 + 1950 + 1ol o)
KeT QCK
1/2

30 2 (Ve + 1950l + ol @) ¢ < erlolmao).
KETFzyCQ
QCOK

where ¢ depends on the shape regularity of the mesh 7, takes into consideration that
elements are counted multiple times on the left-hand side and incorporates the constants
of Friedrichs’ inequality in x- and y-direction, respectively. Thus,

1/2

(R,v) . .
T —<C Z h%{WH%%K)"’ Z hQHJlH%?(Q)"‘ Z thyHJ2H%2(Fwy)

V|11
[0l 11 () KeT QCOK FuyCQ:
QCOK

with C' = ¢y max{C{, Cy,C3} and taking the supremum over all v € Hé’l(D) shows that
there exists a constant ¢* > 0, such that

u = urlinagp < ¢ > iz + > holilieg + Y. hiy, 120172k,
KeT Fe€ FayCQ:
e e x50

O]

Assuming that f is replaced by an approximation f7 we have the following result.

Corollary 2.61. Let u be the exact solution of (2.62) and uy the solution of the corre-
sponding discrete variational formulation (2.63). Then there exists a constant ¢* which
only depends on the shape regularity of the mesh T, the polynomial degree pr, and D,
such that there holds

lu — uﬂHm(Q) <c (77722 + OSCf)l/2 . (2.75)
where 0sCy := ) et hﬁ(Hf - fTH%Q(K)
Proof. The proof is completely analogous to Corollary 2.25 and is therefore omitted. [

Remark 2.62. Note that the factors 1/4 and 1/2 in front of the cube and face residuals
in the definition of nr merely take care of the fact that inner cubes are counted twice and
mner faces up to four times when summing over all element contributions 77723’ i to get

MR-

A lower bound on the error

We will now proceed to attempt to show a lower bound on the error. This is done in
an element-wise fashion. We start by bounding the element residuals involving r. Then
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we turn to the cube and face residuals. To this end fix an element K and let ws be the
function that restricted to K is of the form

wr = (f1 — (A @ Ay)ur) Yk,

where i again denotes the element bubble function and f7 is a suitable approximation
of f.

Lemma 2.63 (Element residuals). Let fr any suitable approzimation of the right-hand
side f. Let u be the exact solution of (2.62) and wr the exact solution of the discrete
problem (2.63). Then for any element K € T, there exist positive constants ¢1 and ca,
such that there holds

Wl fr—(Be @AY ur |l 2(x) < all(Ve@Vy) (w—ur)|| L2(r0) +c2bic | fr— fllL2(r)- (2.76)
Proof. With notations as above we have,

[ Ur = @ wa)urfucdrdy = [ (b7 - 80 Auryur dedy
K K

:/ erdxdy—i-/(fT—f)wTdmdy
K K (2.77)

— /K(vx @ Vy)(u — ur) (Ve ® Vy)wrdz dy

+ [ (b7 = yur dedy,

Using properties of the element bubble functions (cf. Lemma 2.11) in each coordinate
direction we conclude that

/K(fT — (As © Ay)ur) i dzdy > (p+2) 7%\ fr — (Aw © Ay)ur||Fo(y-

Estimating the right hand side of (2.77) yields

[ (V09— (V@ Vy)wr <hu = urlmao lurlinag
<lu— UT’Hlvl(K)ChI_{2HfT — (Az @ Ay)ur|l 2Ky
[ = pur <ltr = Al lwrleu
< = fllezao L fr — (Ae @ Ay)ur|l 2k
Combining these estimates we find
Wl fr = Ae @ Ayur |2y < el (Ve ® Vo) (u—ur)|| 2y + c2hll fr = fll2 ). (2:78)
[l

We now turn to estimating the element boundary residuals. First we consider a
boundary cube ) C K and insert the function

wg = 1Y

into (2.70), where 1g denotes the minimal polynomial such that g attains its unit
maximum in the barycenter of = K N K’ and is zero on all other boundary cubes @’
of K and K'. The support of ¢)¢g evidently is given by wg = K U K.
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Lemma 2.64 (Boundary Cube Residual Estimate). With the notation as above and u
the exact solution of (2.62) and ur the solution of the corresponding discrete variational
formulation (2.63). Then there exist positive constants c1 and c2, such that

P21l r2ig) < eill(Va @ Vo) (u = ur) 2wy + 2 > hlfr — Fllzza)-
KC(«JQ

Proof. Inserting wgq into the representation of the residual yields

/jwadSZ/jleds
Q Q

:/ (Ve ® Vy)(u—ur) (Ve ® Vy)wg de dy — / rwg dz dy
wQ wQ

- / (f — fr)wg de dy.
wQ

We note that by construction wg vanishes in all vertices of K, on all remaining boundary
cubes and on all two dimensional faces F' of K. Then similarly to the element residual
by Lemma 2.11 we have

/le“@ ds > (p+2)"°|I51lZ2()-

Now we bound the terms on the right-hand side using estimates from section 2.3.2 and
find

/ (Va2 @ Vy)(u — ur) (Ve ® Vy)wg dzdy <[u — ur|gii(wg) we|miiwe)
wQ

—-3/2 .
<|u = ur|g11(wg)Chg / 711 L2 (@)

> [ rwgdsdy < 3 s lualze

KCUJQ KCwQ
1/2, .
< N7 Irllzz Chg il 2 @)
KCOJQ

3 /K (f = fwgdrdy < 3" I = £z lwallzz

KCLUQ KCwQ
12, .
< Z H(f—fT)”L2(K)ChQ/ 1711l £2(Q)-
KCUJQ

Combining the aforementioned estimates and dividing by h53/2”j1|| L2(E), We get

11l 2 (@) < CI(Va ® Vi) (1 — ur)ll 12 (ug)

+ 3 Chlrle + Y ChHI — )2

KCUJQ KCUJQ

< all(Ve ® Vi) (u— ur)llr2@we) + 2 >, Wil = Friicece,
KCwqg

where in the last step we have used shape regularity and the estimate for the element
residual (2.78). O
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We still need to investigate the influence of face residuals. As before we set
wp = jathr.
Moreover, we recall that only “mixed” faces Fy, are of importance to us.

Lemma 2.65 (Boundary Face Residual Estimate). With the notation as above and u
the exact solution of (2.62) and ur the solution of the corresponding discrete variational
formulation (2.63). Then there exist positive constants c¢1 and ca, such that

helli2lczr) < all(Ve @ Vy)(u — ur)|| 2wy + 2 Z Rl fr = fllz2o-
KCwp

Proof. Inserting wg into the representation of the residual yields

/F(J'ST/JF)dSZ/szdeS

—/ (Vx®Vy)(u—uT)(Vx®Vy)wpdxdy—/ rwp dx dy
or 5

@F
—[ (f_fT)dexdy_/A Jiwr ds,
w wWE

where wp = {K € T : Nk NNp # 0} and Op ={Q : K € T,Q C 0K,F C Q}. Now,
analogous to previous results, we find

/Fj2wF >(p+ 2)_4“.72“%2(F)

and for the right-hand side

Z /K(Vm@)vy)(u—uﬂ(vx®Vy)wpdxdy< Z lu — ur| g )l wel )

Kewrp Keop

<Y lu—urlmagoChip'llial e er),

Kewp
3 / ropdedy < 3 IFl o lwrlze)
Keop VK Keap
< > Irllre Chelldzll e ey,
Kewp
3 / (f = frywrdady < S 1F = Frll e el )
Keap K Keap
< Z 1f = frlleeyChrell g2l 2y
Kewrp
> [ awrdsdy< Y il el
Qeop '@ Qebp
. 1/2, .
<3 illzei@)Chi Nzl r2 .
QEDR

This shows that
Cllial oy < D lu—urlmagChipliallz ey + D lIrl2ao Chelliall 2

Keop Keorp

+ N F = e Chellizlizgey + 3 il Chi 2l ey

Kewp QEwr
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and thus, by shape regularity, Lemma 2.63 and Lemma 2.64, we conclude

hrlljall2(ry <C1 Z lu — ur| gy + Z Chilrll L2 (k)

Keorp Keop
3/2, .
+ 30 On)f — frleao + Y. ChyPlillieeg)
Keop QELR
<a Z |u —ur| k) + c2 Z Wil f = Frilecr)-
Kewr Keop

O

This concludes the inspection of a lower bound for the residual error estimator nz. In
total we have shown the

Theorem 2.66. Let u and ur denote the solutions of the variational problems (2.62) and
(2.63), respectively. Let the residual error estimator ng k be given as in Definition 2.59.
Moreover, let fr denote an approximation of f on the mesh T. There exists constants c*
and ¢, that only depend on the shape regularity of the given mesh, the polynomial degree
p7, and D, such that

1/2
fu— ur|giag) < ¢ { D e+ ) hkllf - fﬂi%m}

KeT KeT
and for all K € T there holds
1/2

hinrk < e lu—urlfnage + Y hiollf = frliegn ¢
K'Cog

where O again denotes the union of all elements K' that share at least one vertex with

K.

Proof. The upper bound is proven in Lemma 2.60 and Corollary 2.61. The lower bound
follows from the combination of Lemma 2.63, Lemma 2.64, and Lemma 2.65 which yields
with shape regularity that

1 ) 1 .
QCOK FayCQ:
QCOK

1 . 1 .
<c h%HTH%(K)Jrg > h‘é)”]lﬂiz(gﬁrz > b lli2li e,
QCOK FryCQ:
QCOK

<c | (Ve ® Vy)(u—ur) e + O Pl = i

K'Cog

and so we conclude the proof. O
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2.3.5 A hierarchical error estimator

As for the two dimensional situation we consider a conforming finite dimensional Finite
Element space X7 that contains Sé’O(T),p €N, ie.

SPY(T) ¢ X7 c HYY (D).

As earlier (cf. section 2.2.5) let the space X7 be induced by either a uniform refinement
of the whole mesh 7 or be of higher order. Furthermore, let us denote by x5 € X7 the
solution of

/ (Ve @ Vy)azr(Vy ® Vy)vrdedy = / fordzdy, Yore X7 (2.79)
D D
In order to compare the solution uy € Sé (T of (2.63) with 7, we subtract

/D(Vz ® Vy)ur (Vs ®@ Vy)vr dedy
from both sides of equation (2.79). This yields for all vy € X7
/D(Vx ® Vy)(zr —ur) (Ve ® Vy)vrdedy
= /D fordzdy — /D(vx ® Vy)ur(V, ®@ Vy)or dzdy

— [ (V20 9,)(u - ur)(¥. @ V,)or dody,
D

where u € HS’I(D) denotes the unique solution of the variational formulation (2.62).
Arguing as in the two dimensional setting assuming a saturation property for X+ we
have the two sided bound

1
|27 — ur|gap) < Ju—ur|giap) < m@’r— ur)| g (py-

This shows that we may use |z7 — ur]| H1.1(p) as an a posteriori error indicator. As for the
one dimensional model problem we thusly consider the space X7 to admit a hierarchical
splitting in the form

Xr= 85’0(7-) b Zr.

As long as the spaces Sé ’O(T) and Z7 satisfy a strengthened Cauchy-Schwarz inequality
(cf. Lemma 2.18), we can build a more efficient device. For the sake of completenes we
shall proceed as in section 2.2.5 and let z7 be defined as the unique solution in Z7 of the
variational defect problem

/ (Ve @ Vy)2r (Ve @ Vy)or = / - / (Ve ® Vy)ur (Vs © V,)or
D D D

for all {(+ € Z. Under the given assumptions, repeating the arguments of Section 2.2.5
we arrive at the following two-sided bound for the error

1
|27 g oy < Ju—urlgip) < T ESE |27 | (p)

and want to use |z7| Hl(p) @S an a posteriori error estimator.
0
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We shall assume again the existence of a bilinear form B* : Zy x Zy — R which
exhibits a diagonal stiffness matrix and additionally defines an equivalent norm on Zy
to | - | ma11(p)- This leads to an analogous two-sided error bound in the four dimensional
setting

Y \/K
\/XB (ZTa ZT)1/2 < ‘u - uT’HLl('D) < (1 — 5)(1 _7)1/28 (27-, ZT)1/2

Let us now give an explicit choice for Z7 and B*. Setting
X7 = 8"(T) & (5 (TN\S (7).

which defines the hierarchical complement Z7 = Sg ’0(7')\83 ’O(T) as the space of piecewise
quadratic continuous polynomials in each component on 7" which vanish at the nodes N
of T.

To make this precise, we associate with every edge F € &, face F' € F, cube ) €
Q, and element K € T the functions ¥g,¥r, g and ¥k, respectively. These are the
associated edge, face, cube and element bubbles, respectively. For the sake of completeness
we shall state them shortly on the reference element K. For simplicity of notation let us

denote the coordinates on K by £ = (xl, ..., &4). Then letting E any edge, F any face,
Q any cube of the reference element K we have the following representations:

bp@) = C-(1—a)[[55,i=1,...,4,

i#]

bp(@) = C-(1—a)(1—2h) ] S ij=1,...,4,i#]

) R k#ink#]

bo(@) = C-BEI[(1-43),i=1,....4,

i#]
U@ = CI0-a),
1=

where C' denotes a certain constant, which is usually used to normalize the function value
of @ZA)S, S € {E,F ,Q,K }, at the barycenter of S. These functions represent all basis
functions in Z7 on K.

When defining Sé’O(T) with the help of tensor products of antiderivatives of the
Legendre polynomials, we make a particular choice for B*, namely

B (27, () = <Z asts, Z aSﬂ/JS') > asag / 2 @ Vy)hg (Ve @ Vy)ibgr,
5.5

where 5,5 € EUF U QU T. For our choice of spaces Lemma 2.18 guarantees that the
strengthened Cauchy-Schwarz inequality holds for a v € [0,1). Furthermore, v # 0, since
there holds for any z € N that

| ®e0vn | X VeV ve | 20

FEelk

This is seen by a careful and rather tedious but straightforward computation. Moreover,
this shows that in general we have to solve the defect problem:

Problem 2.67. Find 23 € Z7, such that

Brtr) = [ for= [ (V2@ V)ur(V.o Ve, Vore Zr.
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As there are 81 shape functions on an element for p = 2, the computation of the hier-
archical error estimator is more costly than that of the presented residual error estimator
for p = 1, since there are only 16 shape functions per element contributing to the error
estimator. For this reason we are inclined to look for a more easily computable device.

If we make again the simplification of only enriching the Finite Element space with
element bubble functions ¥k, then the strengthened Cauchy-Schwarz inequality again
holds with v = 0. This again follows by a simple calculation using the orthogonality
properties of tensorized Legendre polynomials. Since 1x’s do not have overlapping sup-
port this leads to solving a diagonal system of equations which is of O(N) complexity,
where N now briefly denotes the number of elements in 7.

A straightforward calculation to find the coefficients for 23 = » "¢ agys by testing
with a certain g yields for all {7 € Z1

/D(vx ® V)2 (Ve @ Vg de =) ag /D(Vx ® V) s(Ve @ V, g dz
S

=g || (Vx ® vy)d)sl H%2(D)

- /D fuos da,

_ f’D fﬂ}S dz
H(vm ® vy)wSH%%D)

which shows that

Hence,

’ o fosdz\’
D s AT 2
_ Ve ® Vy)g
;(vawy) wsu%(m> 1V ® Vsl 220

f7¢s L2(D )
ZS: H v ®V )¢S”LQ(D

For completeness’ sake we procede as in the two dimensional setting. We define and state
reliability as well as weak efficiency for the full hierarchical error estimator ng. Since the
proof is analogous to the two dimensional situation only bulkier, we omit most of it.

Definition 2.68. We define the local hierarchical error estimator by means of the sum
over the relevant basis functions in Zg that are associated with the element patch wg, i.e.

M = hRN(Va © Vi) 22 (2.80)
and moreover set the global error estimator to

1/2
= (Z 771%[7[(> : (2.81)

KeT

Theorem 2.69. Let u be the exact solution of (2.62) and uy the corresponding solution
of the discrete problem (2.63). Let Z7 as above and let the hierarchical a posteriori error
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Chapter 2. Deterministic Second Moment Equations

estimator N be given as in 2.81. Then there exist constants c*,c. > 0, such that ng s
reliable

1/2
lu—ur|prapy < ¢ {77?{ + > Wkl - f\%Q(K)} (2.82)
KeT
and weakly efficient
1/2
hKnH,K < e Z |U - UT|§{1,1(WK/) + Z h%{//”f — fTH%z(Ku) . (283)

K'Cwg K" Cwpyr

Proof. As we have a similar representation as in the two dimensional situation, i.e.

(Ve @ V)25 o) = D axr(Zrdr)magn + D @ ¥Q) i wonws)

K'Cwg QGQwK
+ Z O‘F<Z'>’7<‘71/}F>H171(wpﬂw;() + Z aE<Z;—’wE>H171(wEﬂwK))
FeFuy E€uy

using approximation results from previous sections and with analogous arguments as in
the proof for the two dimensional hierarchical estimator the assertion follows. O

Remark 2.70. As we shall not implement the full hierarchical error estimator, we define
the local hierarchical “bubble” indicator as in the two dimensional setting by

i i = oichi | (Ve ® Vv
and denote the global error estimator by

1/2
N = <Z ﬁ%[,K) :

KeT

2.3.6 An a posteriori estimator based on averaging

In the following we want to construct an averaging technique in the four dimensional
setting. As a lot of the arguments and the approach are very similar to the situation in
two dimensions we keep the presentation as short as possible.

To this end, suppose u solves the variational formulation

/ (Ve ® V)u(Vy ® Vy)v = / fu, Yve Hy'(D)
D D

and uy denotes the solution of the corresponding discrete formulation with p = 1. Simi-
larly to the two dimensional situation we state the following definition of 7.

Definition 2.71. The elementwise error indicator nz is given by

= i V:®V —
K qe(s}Bé’I}))2xQ‘|( ©Vy)ur = dllr2x)

and the global error estimator as

1/2
Nz = (Z n%,K> :

KeT
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2.3. 2D model problem

Suppose that 7z is reliable. Note that (V, ® V,)ur € (P1(T))?*? is a matrix valued
function with in general discontinuous components in P1(7). Furthermore, assume that
we have at our disposal an easily computable function A((V, ® V,)ur) € (SY0(T))?*?

with an operator A : (Py(7))?*? — ((SI’O(T))QX

L "4171 (aﬁﬂl ayl UT) “41,2 (621 8y2 UT)
AlVe ® VyJur) := (Azl(axzayluﬂ s (Ordyer)

2, where we fix the notation

with operators A; ; : P1(T) — SY(T), i,j = 1,2, which yields an approximation to
(V2 ® Vy)u. Reliability immediately follows by setting ¢ = A(9,0,ur), since

nzx <nak = [[(Ve @ Vy)u — A((Ve ® Vy)ur)|| 2 (k)

In this situation we opt for L2-projecting the components of (V, ® Vy)ur into the space
of piecewise continuous four-linear functions on 7, i.e.

/ -Az,]((axl ® 8yj Jur )T = / (amz ® ayj)uTvT7 Vur € Sl’O(T)vivj =1,2.
D D

However, computing these projections is as costly as computing the discrete solution itself
and is thus not a viable option. We resort again to an approximation of the L?(D)-inner
product.

Denote by Wy the space of all piecewise quad-linear functions on 7, i.e. Wy =
Pi(T) = {v : v|g € Pi(K),K € T}, and set V7 = Wy N C(D). Note that (0, ®
0y, )PL(T) € Wr,i,j = 1,2 and Vy = S"O(T). As approximation of the inner prod-
uct, we define a mesh-dependent inner product (-,-)7 on Wy via tensorization of the
trapezoidal rule in every coordinate direction, which leads to

=Y B S wk@ulie |
KeT 2eNK

where | K| denotes the four dimensional Lebesgue measure of K. Note, that for either v
or w being a piecewise constant function we have

(v,w)T:/vwdx.
D

With this in place, we define A; ;((9x, ®39y, )uT) to be the (-, -)7r-projection of (0., ®0y, Jur
onto Vr for 4,7 =1,2, i.e.

(Aij ((Oz; ® Oy )ur), v7) 7 = (02 ® Oy Jur, v7) T, VUr € Vr (2.84)

and define the associated elementwise error indicator and the global error estimator as
follows.

Definition 2.72. We define the elementwise error indicator as
nak = (Ve ® Vy)ur — A((Va @ Vy)ur)| 2

and the global error estimator as

1/2
na = (Z ni,K> :

KeT
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Note that for all v, w € Vr there holds
(v,w)T = — Z |w.|v(z)w(z) (2.85)

and by inserting the nodal function for z instead of vy into (2.84) we find for all 2 € N/
and i,j = 1,2 that

K|
KCuw, ' *
Thus, for x € D we have the representation
Aij (0, 0y, ur) (@) = > Ai j(05,0y,ur) (2 = ol (z) € SYUT),
zeN zeN

where for ease of notation we have set
a’;j = A@j(@miayjuﬂ(z).

We shall now procede to show reliability as we have done in the two dimensional situation.
Here we note, since

2
1(Ve ® Vy)ur — A(Va © Vy)ur) [2agey = 3 1008y, )ur — Aij(02,0y, )ur) 3

i,j=1
that it suffices to adapt Lemma 2.43 to the four dimensional situation.

Lemma 2.73. Let u,q € H*?*(D) N Hol’l(D) and ur denote the solution of the corre-
sponding discrete problem (2.63) with

/ (Vo ® V) (1 — up) (Ve ® V,)wrdz =0, Ywr e SY(T).
D

Furthermore, denote by fr an elementwise approzimation of f. Then there holds

1/2
+ <Z Wl f = (Ae ® Ay>q\|%2(m>

KeT

1/2
+C<Zh = fﬂrLz(K) .

KeT

Proof. The proof carries over verbatim when using the quasi-interpolation operator I
instead of II™! and is therefore omitted for brevity. O

Theorem 2.74. Let A((V, @ Vy)ur) € (SHO(T))?*2 be the average of (Vi ® Vy)ur
defined via (2.84)—(2.86). Furthermore, let u denote the solution of (2.62) and ur the
solution of (2.63). Then the error estimator n4 defined above is reliable, i.e. there holds

1/2
[ — | g )<0nA+c<Zh If = (v @W)-<A<(vx®vy>w>>lliz<m)
KeT

1/2
+C(Zh 1 = frl e > :

KeT
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2.3. 2D model problem

Let us now turn our focus to the efficiency of 4, which we achieve by proving equiva-
lence of n4 with nz. The following lemma is analogous to the two dimensional situation,
but for the sake of clarity and completeness the proof is not omitted.

Lemma 2.75. There exists a uniform constant b > 0 such that
16
Nz < NA < (1 + gb) nz-
Proof. Since A(V, ® Vyur) € (SH9(T))**2, it clearly holds that

= i Ve.®V —~
z qe(sg}(}gz;))mll( ® Vy)(ur — )|l 22(p)

<II(Va ® Vy)ur — A(Va ® Vy)ur)ll 2p) = na.

In order to prove the upper bound we have a look at the L2-stability of the averaging
operator. First we note that by a Cauchy-Schwarz for sums there holds

2
IA((Va ® Vy)ur) 72y = D 1465 (05,0, )ur) |72y

ij=1

2 2
:5 / g a? | dx
ij=1"D |zen

2
<16 | 12| \,)? da.
>[5

1,J=1 zeN

We proceed as in the two dimensional situation. If we denote by M the element mass-
matrix on K and by M the element mass-matrix on K scaled by |K|™!, i.e.

M = (mij)i;—1 with m,-j:|Ky—1/ Az, da,
K

where n = |[Nk| is the number of nodes of an element K and the indices realize a certain
fixed enumeration of the nodes of K. Noting that for any p = ZzGNK P2 € Pi(K),
where p, = p|k(2), there holds

2
Ipl172 ) = /K Y opA | dz=)p / Az Az de-p, =p' - Mp,

2eNK ij=1 K

where by p we denote the vector of coefficients of p on K, ie. p = (pz;, Pz, e P2)
Hence, by a Rayleigh quotient argument we find by letting A1 to be the smallest positive

eigenvalue of M that

Mlpl2 <00 Y P =M p <pT - Mp =Kl 0

In the four dimensional situation for hypercubes K, a computation of the mass on K
and multiplying the eigenvalues by |K|™' = -, we find that \; = g and so, for any

1
16 1296
v € P1(K) there holds
1296
ol < Ter ol (2.87)
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which furthermore implies that there exists a uniform constant b > 0 such that

lv|k (2)] < WHUHB(%)-

we have
A2 9 )ur) Eagpy <163 L ¥ P s
i,j=1 zEN
<162/ D b PIA.)? da
i,7=1 ZGN
V2|0, 0y, ur |3 2
T (wz) 2
<16 Z > o] / A% da
i,jzl zeN i Wz (2.88)
V|0, 0y, uT |32
— : (wz) ||
=16 Z Z |w, | 81
i,j:lzeN #
256
81 b2 Z ||a$zayjuTHL2
4,j=1
256

< VN (Ve @ Vy)urllze ),

since ||)\Z||%2(w )= |°§f| and each element K is counted sixteen times.
z

Let (V,®V,)ur € (P1(T))?*2. Then there is a unique decomposition (V, @V, )ur =
U + ug with a continuous component u. € (S°(7))?*2 and a component uy of the
orthogonal complement of (S19(77))2%2 in (L?(D))?**2. Note that for any p € (S0(T))?*?
that A(p)(z) = p(z) and thus A is the identity on (S0(7))?*2. Hence,
(V2 ® Vy)uT —A((V, ® Vy)uT)HLQ(D)

=[l(ue + ua) = Aluc + ua)ll L2 (p)

=[lug — A(ua)||L2(p)

<uallp2(py + [[A(wa)ll 2

16

16 .

= (1 + gb) qG(SlHOI%n (Ve ® Vy)ur — ql|12(p)
16
9

s 7’))2><2
1
= <1 + b> nz,
since u. € (SYO(T))?*2. O

Remark 2.76 (Concerning b). For all v € Pi(T.), where T, :=={K : K C w,}, by (2.87)
there holds

1/2 |Wz’1 /2 |K|
w[2A((V2 © Vy) <36 D g7 (Ve © Vlur iz
KeT,
1/2
jws| |K[?
<36 ( Z K| o P (V2 @ Vy)ur| 2w,
KeT, #
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2.4. On the convergence of the adaptive process

and thusly the constant b > 0 in (2.88) is

1/2
K|
TN (Z w,|

KeT.

Theorem 2.77. Let A((V, @ Vy)ur) € (SH0(T))?*2 be the average of (Vi ® V,)ur
defined in a componentwise fashion via (2.84)—(2.86). Furthermore, let u denote the
solution of (2.62) and wr the solution of (2.63). Then the error estimator na defined
above is asymptotically exact.

Proof. A combination of Lemma 2.73 and Lemma 2.75 readily implies that 14 is asymp-
totically exact. O

2.4 On the convergence of the adaptive process

In order to understand the effect that weak efficiency, i.e. the effect of the lower bound
of the residual a posteriori error estimator nr and the hierarchical error estimator 7,
has on the convergence of the adaptive process, we shall investigate the convergence of
the adaptive process for these cases. As the structure of the lower bounds is the same for
nr and ng in the two and four dimensional situation, we carry out the following analysis
only for the residual error estimator ng in two dimensions. The arguments for the other
cases are completely analogous. The presentation closely follows [54].

Consider 77 to be a mesh on D and T3 be a refinement of 77, such that the associated
Finite Element spaces are nested, i.e.

ST € SHO(T).

Moreover, let u denote the exact solution to the exact variational problem and let u; as
well as us denote solutions to the discrete problems on the meshes 77 and 7T, respectively.
Then by Galerkin orthogonality we have the relation

1020y (u = u2) 122y = 1020y (w = ur)ll22(p) = 1020y (ur — u2) |72 (p). (2.89)

Let us first consider the case in which the right-hand side f is piecewise constant on 71,
i.e. for example we might exchange it with its L2-projection on the piecewise constant
functions on 7;. We will remove this restriction later on. Then by reliability of the
residual error estimator we have

1020y (= w) |72y < €2 Y 0k s (2.90)
KeTh

because the data oscillation term vanishes in this case. Now, let ¢ € (0,1) and find
T1 C 71 with the property that

Z N >0 Z N - (2.91)
KeTh KeT

Then by (2.90) and (2.91) there holds

*2
C
1020y (u — u1)||* < 3 > nk k- (2.92)
KeTh

Since we want to make use of the same arguments as in the proofs on reliability and
(weak) efficiency, we make the following assumption.
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Assumption 2.78. Let T be a refined partition of Ti that satisfies the following condi-
tions:

(i) the midpoint of every edge in Ti is a vertez of an element in Ta;

(ii) there exists a point x in the interior of every element in ’fi, such that x is a vertex
of an element in Ts.

The foregoing assumption can be fulfilled by isotropically subdividing every element
in 77, i.e. into 4 smaller squares/rectangles. Then the assumption implies that we are
allowed exchange the edge and face bubble functions in the proofs of reliability and
efficiency with certain global nodal functions and hence the functions wx and wg do
belong to the space 83’0(7'2). This allows us to replace u with us in the estimates for the
efficiency of 7]72%’ - Thus,

Z h%(”%z,K < CzHaacay(W - ul)H%Q(D)' (2.93)
KeTh

Moreover, a combination of (2.92) and (2.93) reveals that there holds

1

—Haxay(UQ — U1>Hi2(p) <- g Z h%{n’?{,K
" KeTh
1

-y 2
< é}f(nel%hK ZUR,K
KeTi

<

— —— min |00, (u — 2 2(DY-
2+ ;{rlel% k11020, (u Ul)”LQ(D)

In lieu of (2.89) we thus find
(1020, (u — U2)H%2(D) = ||0x0y (u — Ul)”%?(p) — [[020y (u1 — UZ)H%Z(D)

. U
< (1= min ey ) 100,60~ ) o

From this we immediately see that the error reduction factor is given by

v = (1 — min h%(@g;g) .
KeTi *

Since the minimum element diameter of the marked elements enters v for nz and 7y,
this implies that v might be very close to one if the minimal element diameter of 7; is
small and is then responsible for a deterioration of the convergence. This can lead to
a convergence shelf behavior for the residual and hierarchical error estimators, since in
many steps the error reduction may become very small. The adaptive process will still
converge, but is obviously seriously hampered by the element diameter of the smallest
marked element. This is a structural drawback of the estimates for the residual and
hierarchical error estimators, which cannot be overcome as such.

Remark 2.79. Note that since 4 is asymptotically exact this drawback does not affect
the a posteriori error estimator based on averaging, because the meshwidth of T1 does not
enter the error reduction factor v, which then reads

84



2.4. On the convergence of the adaptive process

Remark 2.80. One idea to alleviate the convergence nr and ng under these circum-
stances, when the adaptive method hits a convergence shelf, is to monitor the convergence
rate between adaptive steps and to force a mandatory uniform refinement when the con-
vergence drops below a given threshold and then to proceed with the adaptive process.

In order to overcome the restriction that f be piecewise constant we consider f €
L?(D) and T an arbitrary mesh on which the piecewise constant function f7 is defined
by means of the weighted integral average of f on an element K € T, i.e.

fro= o [ F

Let u the exact solution with right-hand side f and denote by % and w7 the exact and
discrete solution with right-hand side f7, respectively. Moreover, denote by wy the
solution of the discrete problem on 7 with right-hand side f. Because wy is the best
approximation of wu in Sé’O(T) with respect to the energy norm |00y (-)||r2(p) there
holds

1020y (v — wr)||2(p) < 1020y (u — @7)||L2(D)
and furthermore the triangle inequality provides
1020y (u = ur) || L2(D) < 1020y (u — @)l L2(p) + 1020y (@ — U )| L2(p)-

The second term of the previous inequality can be dealt with as above. We proceed with
inspection of the first term.

Since u and @ solve the variational problem with right-hand side f and f7, respectively,
we find that for all w € Hé’l(D) there holds

[ o= wpa, = [ (7= trw

When we consider f7 to be the piecewise constant L2-projection on 7, we see by Galerkin
orthogonality that

L =tmw= [ 7= trw=wn =3 [ (£~ fr)w=wr).

KeT

where fr|x = fx and wy|x = wg with

fK:|Il{|/Kf’ WK=|I1(|/KU)-

Then the Cauchy-Schwarz inequality implies that

[ ondytu— o < 3 15 = Fillz o = wiclzg
b KeT

and since every element is convex, a Poincaré inequality and the equivalence of the energy
norm with the H%!'-norm yield

hK hK
lw = wk||L2x) < 7va”L2(K) < C7||axayw”L2(K)-

Summing over all K € T we find with the Cauchy-Schwarz inequality for sums

) C
100y (u — @)llZ2py < — Y Biclf — Freliagey
KeT
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This shows that for general right-hand sides with f € L?(D) we have to control the data
oscillation to obtain overall convergence. This can be achieved as follows.

Consider again a mesh 75 which is a refinement of 7;. Given parameters ¢ € (0, 1),
we apply the four steps of the adaptive algorithm, i.e. (1) Solve, (2) Estimate, (3) Mark,
(4) Refine, with the following modifications. Step (1) is omitted and in (2) the generic
error estimator n% is replaced by the data oscillation term h% || f — fx || 12(x) to determine

a subset 77 of T with the property

o ohlf = Feliege =0 Y Wllf = fxllia

K€T1 KeTi
We make another assumption on 7s.

Assumption 2.81. Each element K € T; is the union of elements in To of which all
have an element diameter of at most hy /2.

This assumption again can be ascertained by applying one step of isotropic refinement
to every element in 77. Now, we split the mesh 73 into two disjoint subsets 72 g and T 17
with Uger; o K = U7 K. So, there holds

> hklf = frllieg <D, BRI — fxllei

KeTau KeTl\Tl
= > 0kl = fxliege — Y kI = Ixliam
KeTy KeTh
as well as

1
> hklf = Frllieue < 3 D Wiclf = frliay

KeTar KeTi
This leads to

0kl =t = D BEIF = fxlfege + D PRI — fxliau

KeTs KeTar KGTQU
< RN = fxlRe ) — Z Wl = Frcll3a i
KeTh Ke’]’l
( )Z Wl — Fic g
KeTy

Given any fixed error tolerance € the adaptive algorithm finds a mesh 7 such that
020, (u—a)||12(py < /2 after finitely many steps of the algorithm. This partition is used
as starting point for the adaptive algorithm for the term 0,0y (% — @7 )| £2(p), which also
after finitely many steps will provide a mesh 7" that guarantees [|0,0y (@ — t7)| r2(p) <
g/2. Therefore we find [0,y (u — u7)||L2(p) < €.

2.5 Numerical experiments for the deterministic moment
equations

The numerical experiments have been implemented in MATLAB and have been run on a
laptop with an Intel i7-4720HQ with 16GB of RAM.
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2.5. Numerical experiments for the deterministic moment equations

2.5.1 Experiments for the 1D model problem

A smooth right-hand side We start our presentation of the numerical experiments
by showing results for each of the proposed error estimators with a smooth right-hand

side, which is given by
4

o s e
f= 16 cos <§x) cos (Ey) .

The tests have been performed with ¥ = 0.5 and a stopping criterion of 200’000 elements.
The meshes shown are picked from a selected iteration to ensure comparability of around
10’000 elements. We begin with the residual error estimator. Since for p = 1 the error
estimator nr does not relate to the numerical solution at all, we enrich the Finite Element
space by only a bubble function and then have a look at using the full set of shape functions
with p = 2 for the residual error estimator. The corresponding error curves can be seen
in Figure 2.9.

10*

100 L

102

€errors

10°F

104 E

11_seminorm (adapt)

—© -

10'5 L

10°°

10° 10t 102 10°
vV Nt

10%

€rrors

—6— H"'-seminorm (unif)
—s7— L*-norm (adapt)
—s7— H"'-seminorm (adapt) I~
108 [——m ~
—— o, ~
O(N.")

10'10

. .
10* 102 10°

Figure 2.9: Numerical results for ng with bubble function (top) and ng with the full set
of shape functions p = 2 (bottom).

We see that the meshes are qualitatively similar for both of the variants. We observe
in both experiments that the error estimator nz, converges in the H'-seminorm at rate
% for the FE space enriched with a bubble and at rate 1 for the full set of shape functions
with p = 2. As the solution does not feature any abrupt changes the adaptive algorithm
has a hard time against the uniform refinement, which is clearly seen from the convergence
graphs. It can further be seen that the estimator clearly overestimates the error in both
instances.
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We now turn our attention to the numerical results for the variants of the hierarchical
error estimator ng. Here we take a look at the hierarchical error estimator 77, which uses
the full set of bubble functions, and 7y, which only uses the element bubble functions.
Meshes and corresponding error curves can be found in Figure 2.10. We observe that
the meshes are qualitatively very similar and that the error estimators 77 and 7y both
converge at a rate of % as the error in the H!'-seminorm. Futhermore, it can be seen
from the convergence graphs that the constant in the reliability estimate behaves more
favorably for 7y, which is on the one hand due to the fact that information for edge
jumps is incorporated in 7. On the other hand we expect 7 to be worse, since we are
omitting the information of the edge bubble functions of the error estimator, and we pay
for this by a larger constant in the reliability estimate for 777. Moreover, we see that 7
significantly underestimates the true error as well as does 7;7, albeit by not that much.

errors

b |—%— L*norm (uniform)
—#— H"'-seminorm (uniform)
—8— L’-norm (adaptive)

105 | |—8— H""-seminomm (adaptive)
— B —in

10° 10* 102 10%
VINL
10*
—— L*-norm (uniform)
—— H"'-seminorm (uniform)

—&— L*-norm (adaptive)
—8— H''-seminorm (adaptive)

errors

10° ¢

104 F

10°F

10-6 1 L

Figure 2.10: Numerical results for 77y (top) and 775 (bottom).

At last we have a look at the numerical results for the a posteriori error estimator
based on averaging. Here we do not have to resort to an enrichment of the Finite Element
space and present the results for p = 1. It is clearly seen from the convergence graph
in Figure 2.11 that the error estimator n4 converges at a rate of % as the error in the
H'!-seminorm.
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Figure 2.11: Numerical results for n4.

Analytic solution with large gradients We now have a look at the adaptive process
with exact solution chosen as

|z — gy

o) (- at) - ),

u(z,y) = exp

with A = &. Albeit rather artificial, v has been chosen in a way to illustrate the

advantages of the adaptive methods in a situation like this. The tests have been performed
with 9 = 0.5 with a stopping criterion of 200’000 elements.
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Figure 2.12: Numerical results for 7z with a bubble per element (top row) and ng for
p =2 (bottom row) .
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This solution features large gradients in the vicinity of the diagonal which is a typical
feature of covariance functions. We begin the discussion with the numerical results for
the residual error estimators and the corresponding error curves in Figure 2.12. We again
observe that error estimator nr converges at rate % and 1 in correspondence with the
error in the H!'-seminorm, respectively. Moreover, we observe that the adaptive method
is able to outperform the uniform FEM in the sense that it needs a significant amount of

degrees of freedom less to achieve a comparable accuracy.

errors

errors

——-ow, ")
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Figure 2.13: Numerical results for 7y (top) and 7y (bottom).

Let us now turn our attention to the numerical results for the hierarchical error esti-
mators 7y and 7. Corresponding meshes and error curves can be found in Figure 2.13.
We observe that the adaptive method is again able to beat the uniform FEM and that the
errors converge at rate % in the H'!'-seminorm which is expected from the theory. The
produced meshes are very similar and we see that using 7y is not necessarily more ad-

vantageous than the error estimator 7y, although 7 incorporates less information than
NH-
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Figure 2.14: Numerical results for 74.
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2.5. Numerical experiments for the deterministic moment equations

At last we have a look at the numerical results for the a posteriori error estimator
based on averaging 74 for this problem. We observe that 14 is competetive against the
uniform FEM for this problem. Moreover, as can be seen from the convergence graph the
error estimator 74 slightly overestimates the exact error.

Exponential covariance As another experiment we have chosen the right-hand side

o) =esp (-22)

with p = 1—10. This covariance function is a representant of the family of so-called Matérn
covariance functions of the form

2 (v (v
o () . (42

for v = 1/2 and 0 = 1. o denotes the variance and v is referred to as the smoothness
parameter of the family, whereas d = |z — y].

In order to provide convergence graphs we have computed the analytical solution u (cf.
Section 4.1) and then computed the H''-seminorm by numerically integrating (ﬁxﬁyu)z
with u = C, from (4.3) for 5 - 10% terms with a high order Gauf-Legendre quadrature
rule. This yielded

\u|12ql,1(p) ~ 0.006711721115088.
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A

Figure 2.15: Convergence comparison for the exponential covariance.

In Figure 2.15 we have depicted the convergence history for the three types of a
posteriori error estimators ngr, Ny and 14 as well as the corresponding convergence graph
of the uniform FEM for comparison. First and foremost, we observe that the residual
and hierarchical error estimators hit a proverbial wall in terms of convergence due to the
effect of the weak efficiency. They are still converging as can be seen from the graph, but
at a seriously reduced rate. As the averaging estimator 74 is asymptotically exact it can
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Chapter 2. Deterministic Second Moment Equations

be seen to not having to suffer from this deficiency and converges at the expected rate.
Moreover, we can infer from the graphs that the solution C, is rather tame and thus not
even the averaging estimator can beat the uniform approximation.

Sinusoidal covariance We have chosen the right-hand side

) p Sin(!w—y!>

Jr—yl p

with p = %. In order to provide convergence graphs we have computed H'!'-seminorm
via a substitute reference solution wu,.f which was chosen in this case as the solution of
the uniform FEM on level 10.

10t v ' '
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100 L Q 3 O(Nlil )
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Figure 2.16: Convergence comparison for the sinusoidal covariance.

For this experiment we again noticeably experience the effect of the weak efficiency
of ng and 7y (cf. Figure 2.16). Here however the shelf is not as pronounced as for
the exponential covariance and it seems that the error estimators start to recover at a
threshold of roughly 10° degrees of freedom and converge at the expected and desired
rate. For this experiment it can also be observed that n4 behaves quite competetively
against the uniform FEM, but still loses out as the solution is again very tame.
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2.5. Numerical experiments for the deterministic moment equations

2.5.2 Experiments for the 2D model problem

Smooth solution We start out again with a validation experiment where we take a
look at the adaptive algorithm for the tensorizable right-hand side

Pz = T eos (5 s (G) s (52) s (5v)
T Z,W) = —COS| - )COS|— COS| -z )COS|<-w]|.
7y77 4 2 2y 2 2

As the solution is a product of cosine functions with zero boundary conditions and does not
feature any significant abrupt changes we expect the adaptive process not to outperform
the uniform FEM in this case, but rather still be competetive. One has to keep in mind
that in four space dimensions going from one uniform refinement level to the next is
effectively mulitplying the number of elements by 16. Thus, even though the adaptive
procedure might not be able to outperform the uniform FEM, it enables the possibility
of aborting the computation earlier for a reasonable approximation when the next step
of uniform refinement would be too computationally expensive, days say.
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Figure 2.17: Top row: Mesh slices for the numerical solution at iteration 12 of the adaptive
process. From left to right the slices are as follows: xy-slice (left) is identical to the yw-
slice, and the zw-slice (right) is identical the yz-slice,xw-slice and zw-slice. Bottom row:
Convergence history (left) for the uniform FEM for 5 levels and the adaptive method with
nr for 12 levels. Diagonal slice (right)

Moreover, depicted mesh slices are generated as follows. For example, consider the
shown zw-mesh slice of the zw-plane of 7 in Figure 2.17 (top right). By setting z = 0
and y = 0 and sieving through the nodes of the mesh we obtain the depicted slice. For
the other slices we procede analogously. We have opted to show only relevant slices
and omit otherwise superfluous repetition. Diagonal slices are evaluated on a uniformly
distributed grid of 10* points in [~1,1]? = {(z,y) = (z,w)}. Furthermore, all numerical
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Chapter 2. Deterministic Second Moment Equations

experiments shown have been run with ¥ = 0.5 and a maximal element number limit of
100’000 elements.

In Figure 2.17 the reader may find selected mesh slices of the four dimensional mesh
T, a convergence history for the residual error estimator ng, which does not need to
be amended with a bubble function in this case, and the diagonal slice of the finest
refinement level, which is an approximation of the variance. Note that the diagonal is
supposed to be an approximation to cos?(mx/2) cos?(my/2). The shown depiction is in
close agreement with this albeit the mesh size is still very large considering we are in
four space dimensions. Further, we see from the convergence graph that the optimal rate

1

of convergence 7 is attained and in particular that it is quite competetive against the

uniform FEM. Note also that the estimator significantly overestimates the error.
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Figure 2.18: Top row: Mesh slices for the numerical solution at iteration 10 of the adaptive
process. All slices are identical in this instance. Bottom row: Convergence history (left)
for the uniform FEM for 5 levels and the adaptive method with g with element bubble
function for 10 levels.

In Figure 2.18 we have now depicted selected mesh slices, a convergence history and
the diagonal slice for the residual error estimator gz with added element bubble function.
This test was conducted in order to have the full residual error estimator contribute to the
estimation. The meshes and the convergence are almost identical to the estimator without
added bubble function and thus, the additional work does not seem to be justified. From
the convergence graph we find however that the optimal rate of convergence is attained
and is nonetheless quite competetive against the uniform FEM. Furthermore, this variant
also quite overestimates the true error.
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Figure 2.19: Top row: Mesh slices for the numerical solution at iteration 11. xy-slice
(left), yw-slice(right). Bottom row: Convergence graph for 7y (left) and approximate
variance (right).

For the hierarchical error estimator we have depicted in Figure 2.19 another display of
selected mesh slices, a convergence history and the diagonal slice. From the convergence
graph we infer again that the optimal rate of convergence is attained and is also quite
competetive against the uniform FEM.
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Figure 2.20: Top row: Mesh slices for the numerical solution at iteration 8. zy-slice (left),
xz-slice(right). Bottom row: Convergence graph for 14 (left) and approximate variance
on the diagonal slice (right)
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Figure 2.21: Top row: Mesh slices for the numerical solution at iteration 8. xy-slice (left),
xz-slice(right). Bottom row: Convergence graph for n4 (left) and approximate variance
on the diagonal slice (right)

Furthermore, it can be seen that g underestimates the true error by a significant
amount which was already observed for the two dimensional counterpart, since we are

only incorporating information via the element bubble and omit the rest.

At last we have a look at the averaging a posteriori error estimator 74. In Figure
2.20 we show plots of mesh slices and in Figure 2.21 a convergence history and the
approximate variance is shown which is in good agreement with the exact solution. From
the convergence graph we can see that 14 is in fact very competetive against the uniform
FEM in the four dimensional setting.
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Figure 2.22: Mesh slices for the numerical solution at iteration 13 of the adaptive process.

xy-slice(left), xz-slice(right). Convergence history for ng and diagonal slice.
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2.5. Numerical experiments for the deterministic moment equations

Solution with large gradients Here we have a look at the adaptive process for the
exact solution

x— 2)2 — w)?
oy zw) = exp (~EETTOZ (a2 - 20 -,

where \ = %. Here the right-hand side was computed as f = (A, ® Ay)u using Wolfram
Mathematica. As the resulting terms are rather bulky we omit the explicit representation
of f. Since the right-hand side exhibits steep gradients in a neighborhood of the diagonal
of [~1,1]* we can see that all of the derived a posteriori error indicators are able to
outperform uniform FEM as the solution is very smooth, too. Corresponding mesh slices,
convergence histories and diagonal slices for ng with and without element bubble,ng and
n4 can be found in Figures 2.22, 2.23, 2.24 and 2.25, respectively. Moreover, it is not
sure if the residual or hierarchical error estimators might hit a convergence shelf at some
point.

As a last numerical experiment for the four dimensional adaptive process we show
the numerical results for tensorized exponential covariance function to demonstrate the
different behaviour of the estimators in the next paragraph. The results are in line with
the discussion in the two dimensional situation and are therefore left to the reader to
observe.
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Figure 2.23: Mesh slices for the numerical solution at iteration 11 of the adaptive process.
From left to right the slices are as follows: xy-slice, xz-slice. Convergence history for ng
with added element bubble and corresponding diagonal slice.
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Figure 2.24: Mesh slices for the numerical solution at iteration 11 of the adaptive pro-
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Figure 2.25: Mesh slices for the numerical solution at iteration 8 of the adaptive pro-
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Product of exponential covariances Here we have a look at the adaptive process
for the right-hand side

r—z —w
oz, ly—w

f(z,y,2,w) = exp
P1 P2

with \; = % and Ay = %
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Figure 2.26: Mesh slices for the numerical solution at the last iteration of the adaptive
process with nr,ny and n4. axy-slices(left), xz-slices(right). Convergence history of
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Chapter 3

Monte Carlo Methods for the

Approximation of Covariance
Functions

3.1 Problem setting

Let us recall that the domain D € R%,d = 1,2 is an open bounded polyhedral domain
with Lipschitz boundary, that we set for abbreviation D = D x D, and that by (2, X, P) we
denote a complete probability space with associated o-algebra > and probability measure
P. We again consider for all w € €2 the stochastic elliptic boundary value problem

-V (k(z,w)Vu(z,w)) = f(r,w), in D,
(3.1)
u(z,w) = 0, on 0D,

where f(x,w) is a given stochastic source term and x(z,w) is the stochastic diffusion
coeflicent.

Again we are interested in solving for the second moment of u. More precisely, we
want to solve the associated second moment problem (cf. also (2.3)):

Problem 3.1. Find u € LP(Q; H), such that for all v € H there holds

E [/ (k(z,w) ® k(y,w)) (Vs @ Vy) (u(z, w) @ u(y,w))(Ve @ Vy)o(z,y) dz dy]
P (3.2)

=5 | [ (0.) 0 fr ol dray].

If it was possible to solve the previous problem exactly, we would have access to the
exact solution Cy(z,y) := Elu(x,w) ® u(y,w)]. There are multiple difficulties with this
approach. First of all, solving an infinite dimensional problem is usually out of question,
except in cases where an explicit solution is available. Another thorn in our sight is that
usually we also do not have access to the exact solution u(z,w), which is a random field.
This means that we will have to be content with certain approximations uy of u, where
uy — u in some sense is required. Moreover, most often taking the exact expectation is
also neither practical nor applicable, for which reason we resort to computing solutions
with respect to certain events and try to quantify the error we commit by computing
certain sample averages.

100



3.1. Problem setting

More specifically, to find an approximation to the two-point correlation function or
the covariance function of u, we compute first a set of solutions with respect to certain
events w* € Qi =1,..., M of the following variational equation

/D/ﬂ(:c,wi)vxu(x,wi)vxv(w)da;:/Df(x,wi)v(x)dac.

Suppose we have access to the exact solution of the previous variational problem, then
we are able to compute the sample average to approximate the expectation of u by

1M .
Barlul(e) = 57 3 u(ew),
=1

the two point correlation function of u by

S

)
M -

)

(u(z,w') ® u(y, "),
1

Enlu©ul(z,y) =

as well as the corresponding covariance function using the sample covariance via

M
Cova [u,u] (2,y) = 1_ oD (u(w,w') = By[ul(2)) @ (uly, o) — Barlul(y),
i=1

M

where now a solution u(z,w?) is called a sample.
The two point correlation of a function is closely related to the variance and covariance
of u via the equation

Cov [u, u] (,y) = Cov [u] (z,y) =E[(u(z,w) — E[u](z)) ® (u(y,w) — E[u](y))]
=Efu(z,w) @ u(y,w)] — E[u](z) @ E[u](y),
Var[u](x) =Cov [u, u] (x, x).

From this we see that the two point correlation function for a centered random field
u coincides with its covariance function. With this in mind we will now set out to
approximate covariance functions in a more general context. We want to study under
which circumstances we can construct approximations to general covariance functions of
the form

Cov[X,Y] =E[X ®Y] =E[(X - E[X])® (Y — E[Y])]

where X and Y are now considered to be random fields in the Bochner space LP(Q; H),p €
[1,00] (cf. section 1.2) with a given Hilbert space H and X := X —E[X]. In the following,
H shall always denote a separable Hilbert space, unless specified otherwise.

In order to present the theory in a succinct manner, we shall start by explaining
and constructing full tensor product approximations of elementary tensor products in the
deterministic setting. We then shall additionally derive results for the approximation in
the stochastic setting. This will serve as a basis for the more advanced topics to follow,
when we discuss the principles of a sparse approximation of covariance functions.

We shall look at convergence in the case of sampling in exact and discrete circum-
stances and describe the amount of work needed to find approximations that fulfill a
certain error tolerance requirement e.
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3.2 Approximation in tensor product spaces

In this section we shall take a look at the approximation of elementary tensor products X ®
Y € H® H as well as briefly describe the so-called sparse tensor product approximation
in the deterministic setting. The reason for this approach is to keep the presentation as
simple as possible and to make it more accessible. Moreover, a clear understanding of the
convergence of the approximations is needed for a sensible comparison at the end. These
results can then be interpreted in a stochastic context under certain assumptions on the
random fields.

3.2.1 Full tensor product approximation and convergence

Since we would like to understand how an economical and accurate approximation of
covariance functions of the form Cov [X]| = E[(X — E[X]) ® (X — E[X])] can be achieved,
we study in this section different approaches of approximation of elementary deterministic
tensor products of the form X ® Y. For this, let H be a Hilbert space and let X, Y € H
be two arbitrary but fixed elements with associated sequences X = {X,} C H and
Y = {Yy} C H converging to X and Y, respectively. Moreover, we consider that the
convergence takes place at a given rate 6 > 0 with respect to a possibly smaller space
W C H. More precisely, if X, Y € W C H, then we assume that there holds

Je>0: IX — Xollor < - N2 X, Y = Yellg < e N2V |w. (3.3)

Typically, X, and Y; are elements of finite dimensional subspaces V; of H and Ny :=
dim(V}) stands for its dimension. As we see later, X and Y will play roles of two inde-
pendent realizations of the same random field. Hence, on the one hand, the possibility
of having X # Y will be necessary; on the other hand, this justifies assumption (3.3) for
two sequences Xy and Y, having identical asymptotic convergence rates.

Moreover, we shall from now on require that { Ny} is an approximately exponentially
increasing sequence, i.e. we assume that for some a > 1 there exists a constant R > 1,
such that

_ N,
R'< <R Vk e N. 3.4
- akNo - < ( )
Concerning (3.3), W is a subspace of H having a stronger norm, i.e.
dv>0: WZ|g <viZ||lw VZ e W. (3.5)

Lemma 3.2. Let X,Y € H with associated sequences X and Y, respectively, such that
(3.3) and (3.5) hold. Then there holds

IX®Y = Xr @ Yilmon < ONL° X |lwlYllw (3.6)
where the constant C' is independent of L and Ni,.
Proof. Note the identity
XY -XY,=XY -Y)+ (X —X)Y — (X - X)) (Y -Y1).

Then the triangle inequality in H ® H, the crossnorm property of the canonical norm on
H® H, (3.3) and (3.5) imply

[X®Y = X1 @Yi|lnen < | X @Y =Y |lpen + (X — X1) @Y | nen
+ (X = X0) @ (Y = Yi)|mon
< ueNp° + ENSE)IX w Y Ty
which finishes the proof. O
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Corollary 3.3. Let q € [1,00] and X,Y € L*I(Q; H) with associated sequences X and
Y, respectively, such that (3.3) and (3.5) hold. Then there holds

IX ©Y = X1 ® Yillpausm < ONLIX | 2e @ 1Y Il 2o ) (3.7)
where the constant C' is independent of L and Np,.

Proof. The proof is completely analogous to that of the previous lemma. Using the trian-
gle inequality for the L9(Q); H ® H)-norm in combination with the crossnorm property of
the H ® H-norm, the result follows by an application of the Cauchy-Schwarz inequality
and the requirements on X and Y. O

3.2.2 Sparse tensor product approximation and convergence

Let us proceed by introducing the sparse tensor product approximation to a product
X ®Y. First, for a sequence X = {X;} we define increments by virtue of the difference
operator Ay by

) X=X, 21,
ApX = { X, Y (3.8)
which acts on suitable sequences X and analogously on ). This yields
n
X, — Xp = Z AX
{=k+1
and moreover we note the following expressions for later use
n oo [e.e]
Xn =) A, X—Xp= ) AX, X=) AR (3.9)
=0 l=k+1 =0

These summation rules immediately imply the following observation. For a tensor
product of the form X; ® X, there holds

L L L
X, X, = <Z AkX> ® <Z AeX) = > (ApX @A), (3.10)
£=0

k=0 k=0

In the following we show that it makes sense to consider

Z (AX @ ApX) =~ X ® X1,
E+0<L

as an approximation and quantify the error we make by restricting the summation range.
This is a simple and fast but crude way of describing the notion of sparse tensor approxi-
mation techniques. For a proper introduction and more details we refer the reader to the
excellent articles 33, 34].

Following this idea we define the sparse tensor product approximation operator ]SL(X V),
which we define to act on sequences X and ) according to the following definition.

Definition 3.4. Let X = {X;} and Y = {Y;} be sequences that converge to X and
Y at a certain rate (cf. 3.3), respectively. Then we define the sparse tensor product
approximation operator by

PL(X,Y) = > AX @AY, (3.11)
k4j5<L

where here and in what follows the summation is understood over mnonnegative indices
k,j > 0.
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We now show the approximation property of PL(', -), which plays a key role in the
sparse approximation methods we will propose and analyze. To this end we note that
assumption (3.4) particularly implies that

log,, (Ng) —log,(RNp) < k < log,(Ng) + log,(R/No) Vk e N (3.12)

and
R3NoNiyj < NpNj < R°NoNy;  Vk,j €N (3.13)

The uniform bounds (3.12) and (3.13) will be central in the forthcoming analysis.

Lemma 3.5. Let X,Y € H and X,) denote sequences that converge to X and Y,
respectively, at a given rate specified by (3.3) with respect to a subspace W of H with a
stronger norm (cf. (3.5)). Moreover, assume that (3.4) holds. Then

IX @Y = PL(X,V)[lnon < (C1+ Calog N) - N.° - | X |lw Y [lw (3.14)
where the constants Cv and Co are independent of L and Ny, ..., Ni. Moreover, if Ny is

sufficiently large, the constant Co may be forced to satisfy Co < € for any fived € > 0.

Proof. The summation properties (3.9) imply X ® Y = Zk,j ApX ® A;Y. Hence, by
(3.11) and the bilinearity of the tensor product we obtain

XY -PL(X, V)= ) AX@AY

k+j>L
L 0o 0 e
= AX® Y AY|+ D) A AY
k=0 j=L+1-k k=L+1 7=0
L
=Xo® (Y -Y)+ > MXR(Y -V )+ (X - X1)®Y,
k=1

where (3.9) has been used in the last step. Regrouping the terms we arrive at a symmetric
representation

XY -PL(X,Y)=Xa (Y -Y)+(X-X)®Y

+ ) X-X)e¥-Y)- Y X-X)e [ -Y).
k+j=L—1 k4j=L

The triangle inequality, (3.3) and the crossnorm property of the || - || zgr-norm imply

IX®Y — PL(X, V) |lnen < |1X @ (Y = YD) |lnen + |(X = X1) @Y | nen

n Z (X = Xp) @Y =Yllaea + >, (X =X & (Y =Y))|nen
k+j= k+j=L

2
<X wlYlw | TN+ D0 (NN T+ Y (V)
k+j=L—1 k+j=L

From (3.4) and (3.13) we find

é
NoNp 35 Ny 2
< L+1 <
Z (NkNj> <SRU(L+D), aR
k+j=L
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3.3. Monte Carlo and multilevel Monte Carlo methods

and therefore

IX®Y — PL(X, V) lnen

_ 2 aR%\’ (3.15)
< ENZNXlw Y [lw (g +2 <No> (L+ 1)) :

The assertion now follows by the upper bound in (3.12). O

Corollary 3.6. Let q € [1,00], X,Y € L?(Q; H) and X,Y denote sequences that con-
verge to X and Y, respectively, at a given rate specified by (3.3) with respect to a subspace
W of H with a stronger norm (cf. (3.5)). Moreover, assume that (3.4) holds. Then

IX @Y = Pr(X, V)| Lanom < (Cr+Calog NL)- N7 | X || 20 |V || 20wy (3.16)

where the constants C and Co are independent of L and Ny, ..., Np. Moreover, if Ny is
sufficiently large, the constant Co may be forced to satisfy Co < € for any fized € > 0.

Proof. Now using the triangle inequality for the L?(Q; H ® H )-norm in combination with
the crossnorm property of the norm on H ® H, the result follows by an application of the
Cauchy-Schwarz inequality and the requirements on X and Y. O

3.3 Monte Carlo and multilevel Monte Carlo methods

In order to construct Monte Carlo methods for Problem 3.1, we will first recall well-known
results from the literature and lay the necessary groundwork for the more advanced topics.
We start by recalling the approximation of the mean by Monte Carlo (MC) and multilevel
Monte Carlo (MLMC) methods in a general context, i.e. in the context of Hilbert space
valued random fields. In a similar fashion, approximation of covariance functions in
the single level and multilevel context will then be presented. For more details on the
presentation we refer the reader to |7, 9, 8, 20| and the references therein.

3.3.1 Monte Carlo approximation of the mean

In preparation for the subsequent analysis we suppose that X € L?(Q; H) and recall some
standard notations and results of Monte Carlo (MC) methods for the approximation of
the mean of a Hilbert space valued random field X.

It is a well-known result that the expectation of a Hilbert space valued random field
X € L?(Q; H) can be approximated by its sample mean. Assuming { X’ ij\il are indepen-
dent identically distributed (iid) samples of X, the sample mean is given by

1y
EM[X] = MZXZ,
i=1

where M € N is the size of the underlying sample ensemble. Moreover, there holds the
following representation of the mean square error (cf. [7])

1
MSE = ||E[X] — EM[X]H%Z(Q;H) = MHX - E[Xw%%Q;H)' (3.17)
Since the exact random field X is commonly not available for sampling, a suitable

approximation X, of X is chosen for sampling instead. Here we consider X, as an element
of a sequence X = {X,} converging to X, where the convergence is now understood to
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Chapter 3. Monte Carlo Methods for the Approximation of Covariance Functions

take place in the space L?(Q; H). Hence, the exactness of the sample will also depend
on the convergence rate of the sequence and we denote the set of samples of X on level
¢ of the discretisation by {X;}M,. Since for iid samples X} there holds the identity
E[Eax[X/]] = E[X/], i.e. the sample mean is an unbiased estimator, and by the linearity
of the inner product in L?(2; H) in the first argument, we have the following convenient
splitting of the mean square error (cf. also |7])

1
IELX] — Enr[Xelll 20,y = IE[X — XalllF + a7 1 Xe = E[X[I72 (0, (3.18)

The first term in this splitting characterises the discretisation error, which we shall sub-
sequently call the bias, whereas the second term provides information on the sampling
error and resembles a variance-like operator that we shall frequently abbreviate by the
expression

V(X) = V(X H) = |X ~E[X)[3aqum- (3.19)

where the Hilbert space H will be omitted from the notation, if it is clear from the context.
In order to quantify the work needed to compute the sample mean we proceed as
follows. Let ¢ be fixed and suppose the cost Cy to obtain a single sample Xé is bounded
as Cy < N/, where here and in the following < shall denote < C' with a certain but
unspecified constant C', i.e. smaller up to a constant factor C. Then for a given error
tolerance ey and
ELX] — B[ XAl 2oy < 0

the ensued total work is given as Work(E[Xy]) = MCy. In light of (3.17) we infer that
the optimal sample size My is proportional to 522. By Jensen’s inequality and (3.3) we
find

[EX — Xelllg S N % a2,

which in turn implies that the cost of evaluation of a single sample scales as Cy ~ 527/ .
This tells us that in the worst case we are restricted by the deterministic convergence
rate § and « is considered to be the weak convergence rate, which might exceed 0. This

yields a total work estimate of

X
Work(Epy, [X(]) S e a.

This shows that the MC method behaves rather unfavourably as one does not only have
to reduce the discretisation error but also has to enlarge the size of the sample ensemble.
These results are summarized in the following Theorem for which a proof can be found
in [5], also confer [20].

Theorem 3.7. Suppose Cy is the cost of evaluation of one sample Xi and {Ng}72, is a
,y > 0, such that

sequence satzsfymg N
there holds
IE[X — Xelllm S N, ¢, Cy SN

Then for any mean square error (MSE) tolerance €7, i.e. |E[X]— EM[X[:IHLQ(QH <e

there exists M = M(e), such that the cost of evaluation of Enr[X,] satisfies the asymptotic
bound
Cost(Eps[Xy]) S e 277/,

The mulitplicative cost estimate for the single level Monte Carlo method can be over-
come by means of the so-called multilevel Monte Carlo method with which we will concern
ourselves next.
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3.3. Monte Carlo and multilevel Monte Carlo methods

3.3.2 Multilevel Monte Carlo approximation of the mean

The main idea of the multilevel Monte Carlo (MLMC) method is that for given L we can
write X by means of a telescoping sum according to (3.9) as

L
X, = Z Yy, with Ty = ApX and X_1 := 0,
/=0

where the terms Yy are commonly referred to as level corrections. The expectation E[X]
can then be approximated by the multilevel sample mean

L
EMUX] :=) " Epg, [T (3.20)
=0

It can be immediately seen from the definition of the multilevel sample mean, that now
for different values of ¢ the sample mean is taken with respect to a (possibly) varying size
of samples M.

In order to have an optimal cost to accuracy relation, the size of the sample ensembles
on each level, i.e. for each level correction Yy, is chosen in such a way that level corrections
composed of coarser approximations are sampled more in comparison to level corrections
of finer approximations.

We quote the following results from [7| which give the splitting of the mean square
error and the entailed total cost for the MLMC approximation of the mean.

Theorem 3.8. Suppose H is a separable Hilbert space and let X, {Xg}eLzl € L*(Q; H) be
random fields. Then

MSE = [[E[X] — EM*[X][ 72 () = IIBIX — XLlE + )

L
/=1

1
VKo Xe). (3.21)

Theorem 3.9. Let Cy := Cost(YZ) denote the cost of the evaluation of a single sample of
the level correction Ye’ = Xz —XLI, and {N¢}32, be an exponentially increasing sequence
with the property N¢/Ny—1 > a for some fivzed a > 1. Moreover, let o, 5,7 > 0 assume
that the following asymptotic bounds are valid

D IEX = Xdlln S N7°5 2) VD) SN, 3) Grs N (3.22)
Then for any error tolerance € > 0 and |E[X] — EML (Xl z2(0sm) < € there exists L € N

and a sequence M, ..., My € N, such that the total cost of the multilevel estimator admits
the asymptotic bound

e72, B>,
Cost(EMHX]) S e/ 4+ { e=2[log(2)2, =1, (3.23)
5*2*%, B <.

Remark 3.10. For convenience of our analysis we start counting the levels in the mul-
tilevel Monte Carlo Method from zero to be more in tune with the summation rules of
(3.9). Note that this index shift is merely a matter of convenience.
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3.3.3 Monte Carlo approximation of covariance functions

Let us recall the covariance function of two elements X,Y of the space L?(; H), which
takes the form
Cov[X,Y]|=E[(X —E[X])® (Y —E[Y])]. (3.24)

With this in hand we adopt the covariance estimator from [42] and adapt it to the situation
of tensor products of Hilbert spaces.

Definition 3.11. Let X,Y € L?*(Q; H) and M € N a number of samples, then we define
the sample covariance estimator by the expression

M
Covy [X,Y] ::Ml_ : Y (X' -Ey[X]) @ (Y - Em(Y])
i=1 (3.25)
:J{N%@@YFEWHWWWU

We note that, since there holds

M 1 ; A

E[Covy [X, Y]] = -— |EX @Y] - 75 ZE[X @Y7 | =Cov[X,Y] (3.26)
Z?]

that Covyy [+, -] is an unbiased estimator. Moreover, note that if X and Y are centered,

i.e. E[X] =E[Y] =0, that there holds Cov [X,Y] = Cov [X,Y].

Remark 3.12. In order to compute the covariance estimator we will use the following
update formula (cf. [42, Remark 3.1]). Denote by

M
€= > (X'~ BulX])® (v' ~ Eu[Y))
i=1

and draw one new sample of X and Y w.r.t. w’. Then C can be updated according to
M—1
M

Dividing C afterwards by (M —1), where M = M +1 is the total amount of samples after
updating, then C' constitutes an unbiased covariance estimator (cf. (3.26)).

C=C+

(X7 —Ex[X]) ® (Y7 — En[Y)). (3.27)

In the forthcoming analysis we study the convergence of the mean square error, which
here takes the form

MSE [Covyy [X, Y]] :=E [||Covas [X, Y] — Cov [X, Y] |}eu] - (3.28)

There are multiple reasons for this approach. In particular, MSE is a standard risk
measure and the associated space L?(Q; H ® H) is also a Hilbert space. This enables the
use of the Hilbertian structure in the forthcoming analysis which results in simple and
sharp estimates.

Before we prepare the analysis of the Monte Carlo methods, let us define a covariance-
like operator for the sake of simplicity of notation by

C[A, B] := E[(A — E[A], B — E[B))#], (3.29)

where A, B € L*(Q; H).
The following technical lemma will enable the analysis of the proposed single level
and multilevel Monte Carlo methods.
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Lemma 3.13. Let H be a Hilbert space and A, B, S, T : Q — H centered random fields,
i.e. E[A] = E[B] =E[S] = E[T] = 0. Then the following identity holds

E[(Covas [4, B], Covas [S, T)) jror] — (Cov [A, B], Cov [S, T]) st

1
= MC[A@B,S@T] + mF(A,B,S,T),
(3.30)
where the higher order terms are expressed by
F(A,B,S,T)=C[A,S]-C[B,T]+ (Cov [A,T],Cov [S, B]). (3.31)
Proof. In view of (3.25) the left-hand side of (3.30) can be written as
M2
e? = WE (Em[A® B],Em[S®T]) — (Em[A® B, Em([S] @ Em[T])

—(Em[A] @ Ep[B], En[S @ T)) + (Em[A] ®@ Ep[B], Em([S] @ Enm([T71)

—(E[A® BL,E[S®T]).

(3.32)
For the first term we obtain
1 i i Qf j
f=E(Ey[A® B],Ey[S®T]) = WZMA ® B, ST ®T7).
]
Splitting the sum into two parts—with 7 = j and i # j—we observe that
1
f=—=|EA®B,S®T)+ (M —1)(E[A® B],E[S®T7)
M (3.33)

1
= MC[A(X) B,S®T]+ (E[A® B],E[S®T]) .
For the second term there holds

E (E[A® B), Ex[S] ® Ex[T]) = % S E(AF @ B, S @ 1Y)
ijk

1 koo pk oqioo iy L

where the second identity holds, because the summands with ¢ # j are zero. Indeed, in
this case either ¢ or j are different from k. Assume w.l.o.g. that j # k, then

E(A* @ B*, 5" © T') = E((A", 5") B", TY) = (E[(4", 5") B"], E[T7]) = 0,

since T is centered, i.e. E[T] = 0. By symmetry, the same representation holds for the
third term in (3.32). The fourth term takes the form

E (Exi[A] @ Exi[B], Ex[S] @ Eni[T]) = ﬁ S B4 B, S @ T).
ijke
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We split the sum into three parts: 1) i = jAk=/(,2)i=k#j=Cland3)i=(#j=k.
The first sum is proportional to f and the remaining part to F'(A, B, S, T):

P i k k
4ZIEA ® B",S* @ T") =
ik

M2f7

M4ZE (A'® B7, 5" @ TY) M4ZE (A%, S1] - E[(B7, T7)]

7] 7] (3.34)

M—-1
e ZE (Al BI, ST @ T = M4 Y EA QTS @ B)

#i kgl (3.35)

M-1
= W«COV [A, T] ,(COV [S, B]>
Hence,
M-1
(Em[Al ® Ey(B], Em[S] ® Em[T]) = W‘f + WF(AB,& T).

Collecting above representations for the terms in (3.32) we obtain

e? = MQ) <f <1 _2, 1) - EF(A,B, S, T)> — (Cov [A, B],Cov [S,T7])

(M —1)2 M M2 M3
1
=—C[A® B T+ ——F(A,B,S,T).
This finishes the proof. O

Remark 3.14. When setting A = S and B =T, it is readily seen that the aforementioned
lemma characterises the MSE with respect to the covariance estimator of Definition 3.11.

The following lemma characterises the sampling error with respect to the covariance
estimator from Definition 3.11, when the exact random fields X and Y are available for
sampling.

Lemma 3.15. Suppose X,Y € LY(Q; H) and recall definitions (3.24) and (3.25). Then
for C :=Cov [X,Y] and Cy := Covyy [X,Y] there holds

M+1
ICy = Cl 22 .mom < WHX EX]|ZamllY —EN]Zaqm-  (3:36)

Proof. Assume without loss of generality that E[X] = 0 = E[Y], which readily implies

|Car — C||%2(Q;H®H) = ||CMHQLQ(Q;H®H) —2E[(Cwr, C)uon] + ||(CHi2(Q;H®H) (3.37)

= ||CMH%2(Q7H®H) - HCH%Q(Q,H@)H)

Then by Lemma 3.13 we find the splitting

1
ICy = Cll32mem = X @Y. XeY]

N M(Ml—l) (C[X, X] - C[Y, Y] + [Tl 4err) -
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Now, since
CX @Y, XY= X @Y |T2qmeom < IXITs0.m Y 7aqm
by virtue of the Cauchy-Schwarz inequality as well as
CIX, X]-ClY, Y] = |1 X2 1Y 122 (et
we find by another application of the Cauchy-Schwarz and Jensen’s inequality that
2
ICI en < @ IXNalY 1#)D* < 1X1 7200 1Y 1720, m):
which leads us to verify the assertion with the bound [|X||z2(0,m) < [| X |40, m)- O

Since the exact random fields X and Y are in general not available, we have to make
due with certain approximations to the exact random fields. The error this entails is
quantified by means of the following

Lemma 3.16. Suppose X,Y € L*(Q; H) and let X1, YL, satisfy
1 XL — E[XL pamy < 0l X 2wy 1YL = E[YL]| Loy < nllY |Lauwy- (3.38)
Then for C := Cov [X,Y] and Cr.pr == Covyr [ X1, Y1 there holds

M+1
25
ICLat = Clleonem < <‘32 NP TIQM(M — 1)> X120 1Y [ Fa gy (3:39)

Proof. Without loss of generality we assume that X and Y are centered, i.e. E[X] =
0 = E[Y], and we abbreviate Cr, := E[C[.ps]. Then by the unbiasedness of the estimator
Cr.m we have that

ICLm = CliZ2memy = ICL = Cliign + 1CLm — CLllZ2(0.mem): (3.40)
By Jensen’s inequality in combination with (3.6) we have that
IC = Crllaon < NI X2 1Y Iz2@wy < eNLIX s 1Y 2oy (3:41)

Moreover, by Lemma 3.15 with X replaced by X, and Y by Y}, respectively, there holds

M+1
€ = Celliz@umom < 3o 1y el IVelEs @iy

We arrive at the claim by means of stability expressed by(3.38). O

We are now in a position to state the following result about the cost and accuracy of
the full tensor product covariance single level Monte Carlo estimator .

Theorem 3.17. Suppose that the evaluation cost of a sample of X, (and likewise for Yr,)
satisfies the bound
Cost(X) < N/.

Then under assumptions of Lemma 3.16 the accuracy
1CL.n — Cllp2o,aem) < €

can be achieved for any € > 0 at the computational cost and memory requirements

_ max{vy,2}
5

Cost(Cr.ar) Se? (3.42)

and memory
Memory(Cp.nr) ~ N7. (3.43)
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Proof. By Lemma 3.16 the mean square error of the full tensor product Monte Carlo
approximation of the covariance function admits the asymptotic bound

—26 —
||CL;M - CH%}(QJ{@H) 5 NL2 + M g

This implies N, 2 g2~ MY for an optimal balancing of cost versus accuracy. Since
we have to compute M samples, where each sample is of cost NZ and per sample we
have to compute a tensor product to update the covariance estimator, which takes Nz
operations, the preceding observations and assumptions imply that

max{v,2}
Cost(Crm) S M- (N} + Nj) =2 (70 4720y < g72 5o
The definition of Cr,.ps readily shows that on a given level L there are Ng coefficients to
represent the approximate covariance function, which we update according to (3.27). To
evaluate the computed approximation of the covariance function all Ng coefficients are
necessary whence the assertion follows. O

Remark 3.18. Note that due to the maximum in the exponent of € in (3.42) there is no
benefit of using any solver of sub-quadratic complezity, i.e. for v € [1,2), as the update
of the coefficients of the covariance will dominate the overall costs anyway.

As a remedy for the unfavorable growth of cost and memory requirements we propose
a sparse tensor single level covariance estimator as follows.

Definition 3.19. Let X,Y € L?(Q; H) and X,Y sequences converging to X and Y in
H, respectively. The sparse tensor covariance estimator Covys [X1,Yz] at level L for the
approximation of Cov [X,Y] is then defined as

6(;7M [XL,YL] = Z COVM [AkX,AJy]
k+j<L

1
M—-1

(3.44)

M
DD (ApX - En[ArX]) ® (A, — En[A;Y)]).
i=1 k+j<L

Theorem 3.20. Let {Ny} be an approximately exponentially increasing sequence with
respect to some a > 1, such that (3.4),(3.12) and (3.13) hold. Furthermore, assume there
exist v,0 > 0, such that

IX = Xilla < NI X lw,
1Y = Yellg S NI llw,
Cost(X) < N/ and Cost(Yr) < N/,

where X,Y € L H) with sequences X = {X,;} and Y = {Y} converging to X and Y,
respectively. Then for all e > 0 and

|Cov [X,Y] — Covyy [X1, Vi) lL2:nem <,

there holds
—— 1+1/6 _
Cost(Covyy [X1,Yz]) < e 2779, [log(e)| /0, v =1,
[log(e)|°, v >1,

and we require -
Memory(CovM [XL, YL]) ~ NL 10g(NL).
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Proof. Without loss of generality let us assume that X and Y are centered. For p :=
Cov [X,Y],mp := Covys [X1, Y] and pp := E[mz] we note

MSE = ||Cov [X,Y] — 6&1\4 (X1, YL H%?(Q;H@)H)

= HM - MLH%Q(Q;H®H) + HNL - mLH%ﬁ(Q;H@H) =1+ I

Considering I, we observe by means of Jensen’s inequality and Lemma 3.5 that

5|5, 5

k+j >L

N log(ND)IX || 2 1Y Il 2wy -
LY (QH®H)

Clearly, by (3.29), Definition 3.11 and Lemma 3.13

S > {E[Covas [k, X, A5V, Covar [Ar, X, DY) en]

k1+j1<L ka+j2<L

— (Cov [Ag, X, A}, Y], Cov [AkzxaAjzyDH@H}

- Z Z { Aklx@Aﬂy Ak2X®AJ2y]

k1+j1<L ko+jo2<L

1
+mF(Ak1X, A Y, A, X, Aj2y)}

=Ji+ Jo.

Rearranging Ji, we find by virtue of the triangle inequality, Corollary 3.6 and the stronger
norm on W that

M
< (IX &V Raquronm + X ©F — BEI) g mom)
<2 (IX B g 1Y B uary + Nz 2 108N X [ IV s
S X I s 1Y By
Proceeding, we note that by (3.31) the higher order term .J5 splits into two summands,

ie. Jo = J¢+ J% Assuming independence of the sequences X and ), rearranging and
taking the sums into the inner product we find that

K=o 2 2 CBRT DL ClA, YA
k1+J1<Lk2+]2<L
_é R7) [ pep——— G W A 3.45
=T 1)E[||PL(X,y)|IH®H] = NI 1)V(PL(X, ) (3.45)
1

2 2
SmHXHL‘l(Q;W)HYHL‘I(Q;W)

in analogy to Ji, where we have used again Lemma 3.5, Jensen’s inequality and the
triangle inequality. Similarly, assuming mutual independence of the sequences X, X, )
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and ), we arrive at

T2 = M(Ml_UEK PL(X.9), PL(X, 9)) o]
< w1 ENPE T o) PEIPLE Do) (3.40)
1

2 2
S m”X”L‘*(Q;W)||Y||L4(Q;W)a

where after rearranging and taking the sums into the inner product we have used sym-
metry of the scalar product on H and the Cauchy-Schwarz inequality.

By collecting the previous estimates we deduce the following asymptotic bound for
the mean square error

M+1
26
MSE $ Ny * (log(N2)) 1 X112 uw 1Y 72wy + MOI—1) )||X||L4 o) 1Y 174 0umy-

For the optimal balancing of the MSE we note, since (M +1)/(M —1) N\ 1, that asymp-
totically

1
MSE ~ N; % (log(Nz))* + 7 €2,

whence M ~ 2. Further, since for L large enough NL_‘S log(Np,) ~ ¢ implies log(N,) ~
| log(e)|, we find NL_‘S ~ ¢/|log(e)|. Since we need O(Np, log(Ny)) coefficients, our memory
requirements are also bounded by a constant factor times Ny, log(/Ny). For the total cost,
considering that it takes O(Np log(Ny)) work to build the sparse tensor approximant and
O(N7]) work to compute the samples, we conclude

o N5+1 -1
Cost(Covar [X.Y]) S M(N} + Nplog(Ny)) ~e 2470 2 7= 5
NL7 ’Y>17
—
6( o ) ;o v=1
~ 2 Ilg(e)l_l
e ) 9 1
<|1og(e>|> NS
~ g27/6 . |10g(5)|1+1/57 v=1
llog(e)[?, > 1.

O

Remark 3.21. To see that the construction of the sparse tensor product covariance esti-
mator Covyy [+, ] on discretisation level L takes O(Np log(Nr)) work, we consider (3.44)
and (3.9) and write

L L—k
COVM [XL,YL Z COVM [AkX A y ZCOVM ARX,ZA]JJ

k+j5<L
L
= Z COVM [Ak.)(, YL—k]
k=0
L L-1
ZCOVM Xk,YL k ZCOVM [Xk,YL,kfl] .
k= k=0
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Then by (3.13) we find the asserted bound for the work of constructing the sparse tensor
product covariance estimator. This representation is similar to that of the combination
technique of sparse tensor product approximation (cf. [34, 36]).

3.3.4 Multilevel Monte Carlo approximation of covariance functions

Another approach of improving the full tensor product approximation of covariance func-
tions is realized by the multilevel variant of the full tensor product single level approxi-
mation Monte Carlo method.

As before we shall firstly consider full tensor product approximations and then turn
to sparse tensor product approximations.

Definition 3.22. Let X,Y € L*(Q;H) and X, sequences converging to X and Y,
respectively. The full tensor product covariance estimator Cov™¥ [X, )] at level L for the
approzimation of Cov [X,Y] is then defined as

L
C ML X y :ZCOVMg X[,Y[] COVM[ [Xg—l)}/e—l]

- (3.47)
= Z Comy — Cr-1;0M,-

=0

Theorem 3.23. Let {Ny} be an approzimately exponentially increasing sequence with
respect to some a > 1, such that (3.4),(3.12) and (3.13) hold. Furthermore, assume there
exist v, 0 > 0, such that

IX = Xpllg S NS2IX
1Y = Yilla S NOIY llw,
Cost(X1) S NJ and Cost(Yr) S Nj.

Suppose that the evaluation of a sample of the level correction Yy = Cypar, — Co—1.0,

satisfies Cyp := Cost(Ty) < Nénax{%Q}. Under assumptions of Lemma 3.16 and letting for
brevity
cMb .= COVML[X,J)],

then for any accuracy € > 0
ICMY — Cll 20, 1em) <€

can be achieved at the computational cost

72, 26 > max{~, 2},
Cost(CME) < Q72| log(e)?, 26 = max{~,2},
57maxfiﬂ}, 20 < max{~y,2},

and memory requirements
Memory(CMY) ~ N3

Proof. Using notation as in the full tensor single level case, analogously to (3.40), we note

IO — C2aqurrom = ICL = Cllron + O™ = Col2aquon — (348)
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and ||Cp, — C||},o5 S Np ~2_ For the second summand there holds

M M
1C b CLH%?(Q;H@)H) =|IC L||%2(Q;H®H) - ||(CLH%{®H-

Moreover, we observe for k # ¢ that Cj.p;, and Cp.pg, are built using independent se-
quences of realizations { X%}, {Yx}, {X¢} and {Y;}. Let us denote for brevity

Conty — Coorag, = Y, Covay, [ArX, A;Y] =1 > 'Covay, [ArX, AjY)].
kvji=¢ kg

Hence, rearranging the terms, taking advantage of indepedence and Lemma 3.13 we get

ICY 122 umrem = ICLTrom
L
ZZ Z{ COVME AkX A T COVMZ [Ak/X A yDH@H]
(=0 k,j K.j’

— <(COV [Ak?, Ajﬂ , Cov [Ak’?a Aj’ﬂ >H®H}

I
M=

1 _ _ _ _
Yy {C[Akx 28, ApX @AY

0 g g (Me

o~
Il

1 . _ _
————F (A X, AV, A X A

L
(Jie+ Jog) = 1 + Jo.
/=

=]

Let Qr =X, Y, — X/_1 ®Y,_;. Then with Q_; =0
L L 1 L 1
B=Yhe=Y 3 ClRe Q=Y 5 V(Q).

Now, since V(Q¢) = E [[|Q¢ — E[Qu]|F101] < \\Qg\\%Q(Q;H®H), and so for £ > 1 there holds

1Qell 2mem < IXe®@Ye— X @Y | 2uuem + X @Y — X1 @ Yol uem
< eN2(1+ @R))IX | paan 1Y [l pacm)-

Obviously, for £ = 0 there holds

1Qoll 20 nem) < IX @Y | 2nem + 11 X0 ® Yo — X @ Y| 12(:nem
< C(L+ NyOIX | a1V 1| zagaumy

and hence,
1 |
Jp < CMOHX||%4(Q’W)||YH%4(Q’W) + CZ MNZ_Q(sHXH%‘l(Q;W) HYH%‘l(Q,W)
=0

For the higher order terms we proceed as follows. Let Jo = J§ + J3 and estimate both
terms separately. Then for J§ by (3.34) we find by assuming independence of the se-
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quences X and Y

L — —
= NV L A AT -CIAT, ALY

Z ZM( Mg—l)C[ kv, 2k ] C[ ]yv jy]

(=0 k,j K,j'

L —_— —
= Ny L ALX ANV, A X @AY

Z ' MZ Mg—l)C[ ET® jya k ® ]y]

(=0 k,j kK'.j3'

1 ) ) L 26

< | X Y X Y
S S =g am Yo + X s Me 51X @am Y s

Similarly, for JS by (3.35), by assuming independence of the sequences X, X,Yand Y in
addition to the Cauchy-Schwarz inequality and the symmetry of the inner product on H
there holds

Z Z Z Mg — 1 COV [AkY, Ajly] ,COV [A]y?, Aji] >H®H

=0 kj k.
- Z Z Z MZ ) [<Ak? ® Aji ApX @ Aj’y>H®H}
=0 kj Kj
1 N—25

~ MO(MO )H ||L4(QW || ||L4 (W) +Z (Mg )H HL4 QW) H ||L4(Q W)

Collecting the estimates for Jy, J¢ and J3, and noting that (M, + 1)/(My — 1) — 1 from
above shows that the mean square error admits the asymptotic bound

L
MSE < N2+ Mg+ M N>,
£=0

Here, we have € ~ NL_(S and so the optimal choice of samples for balancing cost versus accu-
racy, which we compute using a Lagrange multiplier method with respect to the cost func-

tional F(My, My,..., Mp) = S5 o CeM; with a fixed variance at e = =L oM, 1N_25
is given by

Ng‘;, 20 > max{~y, 2},
My, ~ NO(N) + NH)™V2 . L LN, 26 = max{~, 2}, (3.49)
(N} + N2)N2, 25 < max{v,2}.

Since on each level we approximate the covariance using Nf coefficients, the memory
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requirements are bounded by O(N?). For the total cost we find

L L
Cost( CML ZCgMg < ZCg My] ZC@M@ + ZCg
=0 =0
L L
Z N’Y+N£ <NI2/§N£6(NZ+N2 1/2 Z N’Y+N2 1/2N )) +N£1ax{’y,2}
£=0 k=0

L 2
7 (DNZ + N 2Nﬂ) + N

£=0
Ng‘s, 20 > max{~, 2}
S LANP, 20 = max{~,2} » + NFaX{V’Q}
Nzlax{%2}, 20 < max{~,2}
72, 20 > max{~, 2}
) 2 _ max{y,2}
< {2 log(e). 26 = max{y,2} § + e,

max{v,2}
tsf o , 20 < max{~,2}

which upon noting the cases yields the claim. O

Definition 3.24. Let X,Y € L?*(Q; H) and X,) sequences converging to X and Y,
respectively. The sparse tensor product covariance estimator Cov™¥ [X,))] at level L for
the approzimation of Cov [X,Y] is then defined as

L
Cov™M [, Y] =" Covay, [Xe, Ye] — Covag, [Xo—1, Vi1]
e (3.50)

= v, — Co—1:M,-
=0

We now turn our attention to the analysis of the sparse tensor product multilevel
covariance estimator CovMU [, V).

Theorem 3.25. Let {Ny} be an approzimately exponentially increasing sequence with
respect to some a > 1, such that (3.4), (3.12) and (3.13) hold. Let Cy := Cost(Yy) denote
the cost of one level correction on level £, where the level corrections are given by

Yo = Covay, [Xe, i) — Covag, [Xo—1, Ye1] =t Cont, — Coorin,.-
Assume there exist § > 0 and v > 1, such that
I1X = Xeller S N2 X |l
1Y = Yillar S NZONY [lws
Co S N/ + Nelog(Ny),
where X,Y € L*(Q; H). Then for any e > 0 and

ICov [X, Y] — Cov™Y [X, V] || 2o < &
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3.3. Monte Carlo and multilevel Monte Carlo methods

there exist L € N and a sequence My, ..., My, € N, such that for v =1

2, 0>1/2,
Cost(Cov™™ [X, V) S { e[ log(e) P, §=1/2, (3.51)
e~ 19 log(e)|" /%, 5 < 1/2,

and for v > 1

e72, 6> /2,
Cost(CovM (X, 1)) < { e72|log(e) |4, §=7/2, (3.52)
ellog(e)"?, 6 < /2,

and memory -
Memory (CovM [X, V]) ~ Ny log(Ny).

Proof. W.lo.g. let E[X] = 0 = E[Y]. With notation similar to the single level case,
namely p = Cov [X,Y],m = CovMV [X, )] and pf, = E[my], we have

As in the single level case we note, since E[@ML [X,V]] = E[PL(X,))], that
< QA Y < N;%log(Np)|| X o 1Y | L2ewn-
Vi< HZWL | oo S N 1ENDIX 200 1Y 2

Moreover, we observe for k # £ that Pk(é’(,y),Pk,l(X,y),]5@()(,3)),]55,1(2(,))) are
built using independent sequences of realizations of sequences { Xy}, { Y}, {X¢} and {Y7}.
Hence, rearranging the terms in Io, taking advantage of indepedence and Lemma 3.13
there holds

L
:Z Z Z { (Covag, [Am, X, An Y], Covig, [Am, X, AnyY]) e H]

=0 mi+n1=C€ ma+no={

- <COV [Am1X7An1y] ?(COV Am2X7ATL2y >H®H}
L
Z Z Z { Aml‘X ® Anly Asz ® Anzy]

=0 mi+n1=~£ ma+no=~

+ mF(Ale,Amy, AmQX,An2y)}

~ N J—

Letting (; = Py(X,Y) — P,_1(X,Y), £ > 0, with P_; = 0 we obtain by taking the sums
inside

L L 1 L 1
UEDIEVED I, A HIEDIEvRU(¢

=0 —o ¢ = ¢
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Now, since V(¢0)'/? = (E[[[¢e — E[d | e m))'? < el 220w ), for £ > 1 we have by the
triangle inequality and Corollary 3.6
el 2@ < IX @Y = Pu(X, V) 2@nem + 1X @Y — Py (X, V)| 201 m)
< (N 0g(Ne) + N log(Ne- )1 X Iz 1Y lscawry

_ N\
<eNy? (1 + <N/1> ) log(No)[| X (| 2wy 1Y [ Laom)

< &N, 1og(N)I X || L2 1Y [l £agowy

as well as ol z2(0; e < (1 + Ng‘s log(No)) I X || La:w) 1Y | La(o;w)- Thus, we obtain

L
| 1
B S+ N2 log(N)? | IX e 1Y 1240
1N<Mo+z g 1B I s 1Y o)

where the hidden constant depends only on §,a and Ny. Dealing with J, firstly we note
that analogously to the single level case that the higher order term Jy splits into two
parts, i.e. Jo = J§ + Jé’. By assuming independence of the sequences of realisations X
and ), we observe for each summand in J$ and £ > 1 as in the single level case, cf. (3.45),
that

1 AN Y AV = ~
S Sran =N s s 1Y sy

Similarly, for Jg ¢, we conclude by virtue of mutual independence of the sequences X', X,y

and Y, the Cauchy-Schwarz inequality and the symmetry of the inner product on H that,
cf. (3.46),

1 - ~ -~
Jig = m Z Z <(COV Ale,Amy ,COV [Asz,Amy >H®H

mi1+ni1=Cma+na=~
1 2§
N 10g(No) 1 X N s ey 1Y 171wy

5 - -
My(M, —1)

Thus, noting that J§, < (Mo+1)/(Mo(Mo+1)) as well as Jé”o S (Mo+1)/(Mo(Mp+1)),
summing over the estimates for Ji, Jy , and JS’E yields

MSE $ N log(N1)?[| X 172 1Y 1720w

L
Mo +1 My +1 —26 2 2 2
+ + E N, “°log(N, X , Y T -
(7‘[0(7‘[0 — 1) e 7‘[[(7‘& 1) Vi g( Z) H HL4(Q,W)H HL4(Q,W)

Now, for any ¢ > 0 and ||—puz || o S € there exists L large enough with N, log(Ny) ~
€. The cost Cy on each level ¢ is proportional to NZ‘FNZ log(Ny), since we have to compute
samples Xé,...,Xé and Yg,. .. ,Y;, respectively, which accounts for O(NZ ) work and
assembling the sparse tensor approximant requires O(Nylog(Ny)) work. We distinguish
the two cases v = 1 and v > 1, but we choose the number of samples on the coarsest level
as My = L=2N? in either case. Moreover, since the fraction (M, + 1)/(M, — 1) < 3 for
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3.3. Monte Carlo and multilevel Monte Carlo methods

M, > 2 and converges to 1 from above, the factor can be neglected asymptotically. Then
for v = 1 selecting My for £ =1,...,L as
L7IN%, §>1/2,
—(0+3) 1/2 1/2 \26 _
My ~ N, log(Ng)*/=- ¢ L /*N;°, §y=1/2, (3.53)
LN 5 <,

we find by a straightforward computation for the MSE that

Lo . L*N;?, §>1/2
ﬁNg_% log(Ng)Q -~ (Z 53/2N£5+1/2> ) L1/2NL—257 §=1/2
= Me =1 L*I/QNL_(JH/Q), §<1/2
1, §>1/2 L2N; %, §>1/2
< (D2 §=1/2% . L L7VAN® 5=1/2
32N s <12 LV2N; O 5 <12
LPN;® §>1/2
~ QIAN® §5=1/2) ~&?
L2N;%, §<1/2
In the case of a non-optimal solver, i.e. v > 1, selecting My for £ =1,...,L as

L7IN%, §> /2,
— (%) 2
My~ N, 2 'log(N;) - { Ni°, 6 =7/2, (3.54)
204y
L7IN, 2, §<y/2,

leads to the desired balancing, since
—26
L 1 L Y25 LQJ\;% ’ 6> 7/2
> Ne P log(Ne)? ~ (2 (N, * ) NP, 5=7/2

¢ — _ y+26
=1 = N, %, 6<v/2
1,2 §>~/2 L2J¥25, 5> /2
< L7 d=~/2% I N7, d=r/2

¥—26 _y+26

LN, ? , 0<~/2 LN, ? , §<7v/2

L2N;® §>7/2
~ QLAN;® §=nq/2p ~e%
LN, §<~/2

Finally, we consider the work ensued in both cases. First off we note that the cost of
a sample on the coarsest grid is constant, i.e. Cy ~ Ny + Nylog(Ny), and so CoMy <
L_2N%(S in any case. We start with the case v = 1 selecting M, as above to find by
assumption on the cost Cy that

L L L
> CeMy 5 Nylog(Ny) - (N[ (6+3) log(Ny)Y2 - {} L) + Ny log(NyL)
{=0 (=0

L72N¥, §>1/2,
SSLENZ §=1/2, 3 + Nplog(Ny)

LNy, §<1/2.
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Thus, considering that N ~ e~1/%|log(e)|'/% and L ~ log(Nr) ~ |log(e)| the cost for
v =1 is given by
€72, §>1/2,
Cost(Cov™M [, V]) < { e72[log(e)]?, §=1/2, %+ 5|log(e)| .
e~ 1/%log(e)|" /0, § < 1/2.
In the case that v > 1, we find

L L7INE 5> /2,
Y My S SIANP, §=v/2,p+N]
/=0

N/, J < /2.
and hence
2 0 >7/2,
Cost(Cov™M™[X,V]) S S e ?|log(e)|t,  d=7/2, ¢ +c o|log(e)]s

e log(e)/?, & </2.

By noticing that the cost on the coarsest level is dominated in every case by the cost on
the finer levels, we arrive at the assertion. ]

3.4 Theoretical comparison of the proposed methods

In this section we shall give a theoretical comparison of the proposed methods and discuss
the parameters that lead us to choose one method over the other.

Let us first collect the results for cost and memory requirements of the analyzed
methods into the following tables. We shall abbreviate the methods as follows. The
single level full tensor product Monte Carlo method will be termed FTP-MC and the
single level sparse tensor product Monte Carlo method by STP-MC. For the multilevel
variants we choose the abbreviations FTP-MLMC and STP-MLMC for the full tensor
and sparse tensor product MLMC, respectively.

FTP-MC o
STPMC | 22§ Nog@IM e,y =1
|log(e)[/%, v >1

Table 3.1: Cost of the proposed Monte Carlo methods

Let us consider the case of v > 2 first. Then we see from Table 3.1 that the cost of
FTP-MC is e=277/9 and is thus better than that of the STP-MC, since the sparse tensor
product approximation features another factor of |log(¢)[?/?, which is not present for the
FTP-MC. Comparing the FTP-MC with the multilevel variants shows that both methods
are better than the FTP-MC, but that the STP-MLMC loses against the FTP-MLMC,
because of the additional log factors. This gives the following ranking in terms of cost

STP-MC Z FTP-MC Z STP-MLMC Z FTP-MLMC, (3.55)

when the solver has the complexity v > 2.
In the case of better solvers, i.e. v € [1,2), for e.g. multigrid methods, the situation
is different. Here, since the full tensor product Monte Carlo method does not benefit
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€2, 20 > max{~y, 2}
FTP-MLMC 5_2] log(5)|2, 20 = max{vy,2} » + &~ max{y,2}/6
5_%’ 26 < max{~,2}
e?, 26 > 1
STP-MLMC | y =1: e~ 2| log(e))?, 26 =1 p +e /9 log(e)|'/?
19 log(e) 1419, 25 < 1
e2 20 > v
v>1: Qe ?log(e)]t,  25=r p +e /%|log(c)/?
e~ log(e)7/%, 26 < ~

Table 3.2: Cost of the proposed multilevel Monte Carlo methods

at all from a better solver, we see that the sparse methods will win in any case. Since
for the multilevel variant we experience a multilevel acceleration, which is due to not
having to sample too much on the finer levels, it is obvious that STP-MC is more costly
than the STP-MLMC. The question is now where the FTP-MLMC fits into the picture.
Comparing the different estimates we see that the FTP-MLMC behaves worse than the
STP-MLMC, since 7 € [1,2) and we are stuck with a 2 in the maximum of the exponent.
If there holds

e~ log(e)|” + 7% < 7| log(e)[* + 77/ log(e)"/°

then the FTP-MLMC has a better cost effectiveness. This happens when the solver
becomes worse, i.e. if ¥ &~ 2. Then it can happen, that in the computationally attractive
range the FTP MLMC method might be more cost effective. This effect can e.g. be due
to the work that has to be put in for highly resolving a source term f naively for the
computation of the right-hand side of the linear system. Nevertheless, the STP-MLMC
method will win in the long run, i.e. will have a better asymptotical cost to accuracy ratio,
anyway. From this perspective it is the outright best choice of the methods presented.
Finally, we note that in the case that v € [1,2) we have the following ranking of the
proposed methods with respect to computational cost:

FTP-MC > STP-MC > FTP-MLMC > STP-MLMC. (3.56)
FTP-MC N?
STP-MC | Nplog(Ny)
FTP-MLMC N?
STP-MLMC | Ny, log(Ny,)

Table 3.3: Memory requirements for the proposed methods

With respect to the memory requirements we see in any case that the sparse tensor
product methods are much better as they grow with an essentially linear rate, i.e. up to
logarithmic factors. This means that in situations where the data of the solution needs
to be archived the sparse tensor product methods are the obvious choice.
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3.5 Numerical experiments

In order to illustrate the theoretical construction and convergence of the proposed meth-
ods, we recall in the following the stochastic elliptic model problem in a Lipschitz domain
D c R? with d = 1,2, which is used in the numerical experiments:

-V - (k(z,w)Vu(z,w)) = f(r,w), in D,
(3.57)
u(z,w) = 0, onI'=0D.

for all w € Q. Furthermore, we will make the following assumption on the data f and
the random diffusion coefficient «.

Assumption 3.26. For 2 < k < oo, assume that f € L¥(Q; L?(D)) and that for every
w € Q we have k(-,w) € WH*(D), such that there exist two finite and positive constants
k—,k+ € R with

0 < k- <essinfrepr(z,w) < ||k(z,w)|[Lo(p) < Ky <00, Yw €,

and hence that the random diffusion coefficient k(x,w) is uniformly bounded for all w €
on D. Additionally, assume that k and f are independent and strongly measurable as
mappings taking values in W1>°(D) and L*(D), respectively.

In the following discussion let k = 2 and set H = H}(D), whence the weak formulation
of (3.57) reads: Find u € L?(); H), such that for all v € H there holds

a(u,v) = E [ /D (2, 0) Vi, ) Vo (2) dx} _E [ /D F(aw)o(z) da:} L) (3.58)

Under Assumption 3.26 it is easy to show that the stochastic elliptic boundary value
problem (3.57) admits a unique solution u € L%(Q; H) for every given f € L?(Q; L*(D)).
Moreover, Assumption 3.26 guarantees that the solution u € H12oc(D) P-almost surely.
More precisely, u € LF(Q; W) for W := {w € H : Aw € L?*(D),w = 0 on I'} endowed
with the norm [w|lw = [[Aw||r2(py + ||w]|r2(py and for 2 < k < oo there holds the a

priort estimate
[ullruwy < CHE Ik ;L2 (y)-

For more details we refer the reader to [5].

3.5.1 Discretization

We will employ the Finite Element Method (FEM) to discretise the model problem.
Therefore, let {7 }72, denote a sequence of regular meshes on the polygonal domain D of
quasi-uniform intervals for d = 1 and triangles for d = 2, respectively. As usual a mesh T
is called regular, if the intersection of two elements K and K’ is either empty, a vertex,
or an entire edge. Moreover, denote the meshwidth of 7; by hy = maxge7, diam(K) and
assume that 7y is o-shape regular for all £, i.e. there exists a finite positive constant o, such
that o = sup, maxge7, Z—If, where pg denotes the maximal radius of the element incircle.
Uniform mesh refinement is achieved by regular subdivision of the elements of 7,. Thus,
Te+1 is obtained by uniform refinement of 7,. We will use the spaces V; = Sé 0 (Te), € > 1.
Since
Wwcwc---cV,Cc---CH
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the corresponding Galerkin formulation is conforming and the discrete problem reads:
Find uy € L%(Q;V;), such that

a(ug,ve) = L(vg), Yog € L*(4 V).

By the assumption on the random diffusion coefficient x and the conformity of the method
there exists a unique FE solution u, € L*(Q;V;). Moreover, it is well-known that the
solution u, admits the following quasi-optimality property

—u ) < C inf — JH) -
[|w £||L2(Q,H) > ’U;E‘/g Ju W”L?(Q,H)
Moreover, standard FEM theory yields that

. —1/d
inf Jlu—vellv < CN;Yullw,
v VY

where Ny = dim(V;) and N; ~ hg_d. We recall the unbiased covariance estimator
Covys [X, Y] from Definition 3.11 which is given by

M
1 i i
Covar [X,Y] = 3 ;(X —Ey[X)) ® (Y — Ey[Y]).
1=

For the approximation of the covariance function of u we introduce more convenient
representatitons for the implementation of the covariance estimators Cov s [ur, ur] and
CovML (U4, U], respectively, where U = {u,}l_, is the sequence of FE solutions. Then we
can write

(AU — Ep[Apld]) @ (AU — Epg[AU))

Covys [up,ur] =

| =
&Mi

M
k+35<L
L L-1
= Z COVM [’U,k, uL,k] — Z COVM [uk, uL,k,l] s (3.59)
k=0 k=0
L
Cov™M™ U, U) =) {Cosz [ug, ug) — Covg, [ue—1, W—ﬂ}
=0
L l -1
= Z {Z Cov g, [uk, ue—g] — QE:COVMZ [, Up—j—1]
(=0 \k=0 k=0
0—2
+ Z COVMZ [uk, ngg]} . (360)
k=0

Remark 3.27. By symmetry not all blocks Covyy [ug,ur—x| have to be stored as their
transposed coefficient matrices represent those of Covyy [ur_g, ug). The same holds for the
level corrections in the multilevel variant, there not all Cov ay, [ug, we—g) , Covag, [uk, we——1]
nor all Covyy, [ug, ue—k—2] have to be stored for same reason. This saving in mem-
ory requirements is on top of the already favourable scaling of memory requirements as
O(NL log(NL)).

3.5.2 Computation of H'(D x D) norms and errors

In this section we present how to compute norms of errors and norms of discrete func-
tions in H%!'(D x D). For example, consider a covariance function Covs [X, X/ €
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L2V, @ V) € L*(2; H ® H) for certain finite dimensional subspaces Vi, V; C H sub-
ject to a number M of samples of X, X,. Let us denote the dimension of any finite
dimensional space V; by Nj, i.e. dim(V;) = Nj, and the corresponding bases of Vj, and
Vi by {¢* }i\f:kl and {gbf}i\f:‘zl, respectively. There holds the universal representation

Ny Ny
Covar [Xi, Xl (w1,72) = Y Y i ol (21)¢f (w2),

s=1 t=1

where we have suppressed the random dependence of the coefficients c];:f on w € Q. This
representation is wuniversal in the sense that the specific basis chosen for the spaces Vj
and V; is a priori arbitrary. Let 1,9 € H ® H, more precisely, let n € Vi, ® Vi, =: Vi, 1,
and ¢ € Vp, @V, =: Vp, 4, with the following representations

Ny, Ni,
k1,k2 ko
n(rn,we) =Y > el (31) ¢ (w2),
11=112=1
Ngl le
4 ,[ Y4
Y(21, 72) E E d; Ji z1)9,2(22).
J1=1j2=1
Then
Nkl Nk2
_ k17k2
0 )msop) = [ [ (Ve @9m) | 33 ol @)ol o)
DJD i1=1ip=1
Ngl Ng2
4 ,K Y4
. (Vxl &® va E E d]i Jz d) 2(1‘2) dl’l d{L‘Q
Jj1=1j2=1
Nigy Niy Ney Ney
_ k1,k2 €17£2
XYY (s [ vebiw)vel e an
11=1142=171=1j2=1
WACAN (x2>d:c2>
Nkl ng Ngl Ng2
Z Z Z Z K1,k 51752 k1,f1a/€2752
- Ciyia J1,J2 @iy 51 Yig o -
=lig=1j1=1j2=1
Now, since the coefficient matrices C*1F2 = (cfll’il?) RNk Ney - Dl — ( fi’?;) €
RNiiNi2 and the “mixed” stiffness matrices A = (a k’"’h) e RNer:New = 1,2, upon

'L'r sJr
contracting indices by suitable matrix multiplications we arrive at

Ny Nigy Negp N

klka 51752 k1,01 ka,lo
(77 ¢)H1 H(DxD) Z Z Z Ci iz J17J2ai17j1 @iy jo

i1=143=1j1=1jo=1

N, Ney ( Ny, Ny,
_ E : E : k17k2 k2752 . ak1,€1d517€2
Ciryio Yig,jo 11,J1 " J1,J2
i1=172=1 | i2=1 J1=1
::fil,jz =:9i1,52
Nkl NZZ
k1,k2 Aka,bl k1,61 1yl1,
= E E fil,jggil,jz = <F7 G>Frob = <C Lz AR 27A By 2 2>Fr0b'
i1=1jo=1
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Hence the exact computation of the inner product can be realised by computing certain
Frobenius norms of matrix products of stiffness matrices and corresponding coefficient
matrices. The mixed stiffness matrices A* " r = 1,2, can be computed once in the
postprocessing step, such that the Frobenius inner product can then be readily computed.

Computation of norms of errors using a reference solution

When computing the errors for the presented full tensor product and sparse tensor product
Monte Carlo or multilevel Monte Carlo methods, the question arises in which way a
comparison is most suitable. As the MLMC method is usually superior in its cost to
accuracy relation, we propose taking as reference solution wues the sparse tensor MLMC
approximation computed on the finest discretisation level available.

By the previous observation and universal representation of approximations involving
tensor products, we can characterise the error simply by the H'!(D x D) inner product,
namely

2 2 2
|Uref — n!Hl,l(Dxp) = |Uref|H1,1(DxD) — 2(Uref, 77)H1»1(DxD) + |77|H1,1(D><D)-

Obviously, |uref|12ql,1(DxD) has to be computed only once and is analagous to Section 3.5.2.
Hence, the subsequent discussion deals mostly with the computation of the two remaining
terms in this expression.

Here we have denoted by n any solution obtained by either full tensor MC, sparse
tensor MC or sparse tensor MLMC.

Remark 3.28. Note that we have not listed how to proceed for the full tensor product
MLMC solution. This is due to the fact that the computation in that case is analogous to
the computations needed for the full tensor product MC case.

In what follows we briefly describe how to compute the errors for the three methods
involved. In order to keep the presentation simple, we state the format of solutions for
each of the cases explicitly. As a shorthand notation let us also define n; ¢ € V¢ in terms
of the basis functions in V}, o by

Ne N,

Mee(rr,22) = 3 Y el o (1), (x2).

i1=112=1

Using this expression we can write solutions of the three methods in question symbolically
as follows:

(1) full tensor MC on level L:  np 1(z1,x2),

L L1
(2) sparse tensor MC on level L:  np(z1,22) = > nir—i(x1,x2)— Y min—1-i(z1,x2),
i=0 i=0

(3) sparse tensor MLMC on level L:
A—1 A—2
n"(x1,22) = Z {an i@, @2) =2 30 mip-1-i(T1,22) + X0 Mia-2- z(:v1,ﬂc2)}

A=0 1=0 =0
It is noteworthy that, while the explicit expressions for single level and multilevel MC look
rather bulky, we will by symmetry only have to store roughly half of the corresponding
diagonals of (small) full tensor products, cf. also Remark 3.21.
The subsequent formulae are presented as a quick look-up reference for the computa-
tion.
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Chapter 3. Monte Carlo Methods for the Approximation of Covariance Functions

n as full tensor product MC solution

We are concerned with the computation of |77LaL|§{171(D><D) and (Uref, NL,L) H11 (DX D)-
There holds

nL.liapxp) = / / ((Vay ® Vi )iz 1 (21, 22))? dary dy
DJD

Ny Np Np Np

=33 3> (ankdtt, [ vekw) ek e an

i1=14i3=141=1 jo=1

/D Vo (22) VL (i) dx2>

N Np Np N

_ gbL gL L JLL
- § : § : 2 : 11,02 71,92 11,51 12,52

i1=11i3=1j1=1j2=1
L,L gL,.L AL,LL,L
= (D" A AP DY ) pop-
Concerning (uref, 11L,L) 1.1 (Dx D), We proceed with uer given by

Lt (A A-1 A—2
Uref = Z Uir—i — 2 Z Ui a—1—i + Z Uj \—2—
0 i=0 i=0

A=0 \i=

as follows

(trets M1.1) = / / (Vo © Vo Ytret(w1,22)) (Vay @ Vi pp (1, 22)) day o
D JD

Lyt A A—1 A—2
= / / (Va, @ Vay) (Z {Z Ui—i — 2 Z Ui A—1—i T ZW,A—Q—i})
DJD A=0 \i=0 i=0 i=0
X (Vxl ® Vm)nL,L(:cl, xg) dxq dzo
Lref A
= / / (Vi ® Vi) <Zzui,/\—z‘($1,$2)> (Vay @ Vi, )nr,L(21, v2) doy dag
DJD A=0 i=0
Lref A—1
- 2/ / (Vz, ® Vy,) <Z Zui,x\—1—z’($1,$2)> (Vi @ Voo )nr, p(z1, x2) dey dag
DJD A=0 i=0
Lref A—2
+/ / (Va, ® V) <Zzui,,\2i($1,x2)> (Vay @ Vo )nr,n(z1, x2) dzy dzs
DJD A=0 i=0
Lref A
= Z Z/ / (Ve @ Vi )uia—i(x1,22)) (Va, ® Vo )nr,0(x1, x2)) day das
A=0i=0 YD /D
Lref A—1
=2 / / ((Vay ® Vay)uir—1-i(21,22)) (Vay ® Vay)nr,p(21, 22)) dzy da
A=0i=0’ D /D
Lref A—2
+> > / / (Var © Vay)tin—2-i(21,22)) (Vo @ Vi, )nr, 1 (@1, 2)) day daa
A=0i=0 /D /D
ref A N; Ny, Ny_; Ny,
iA—i A—i,L oL L,L
= Z Z Z Z Ciryio Tin,jo ) Z aihﬁdjl,jz
A=0i=0 \i1=1jo=1 | iz=1 ji=1
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Lieg A=1 [ N; Np [ Nx-1- Ny,

_9 Ci,/\flfia)\flfi,L ) ai,L dL,L
2 : 2 : 2 : 2 : 2 : 11,82 12,72 Z 11,41 J1,J2
A=0 i=0 11=172=1 12=1 Jj1=1

Lref A—2 Ni NL N)\—Q—z NL
+ CZ A—2—1 >\ 2—i,L ai,L dL,L
E : E : 2 : 2 : § : iniz iz, E : 11,1 J1,42
A=0i=0 \i1=1jo=1 | do=1 ji=1
Lref A Lref A—1
§ : § : Cz A— ZA)\ i, L Az LDL L F ob — ) § Cz,/\—l—zA)\—l—z,L’ AZ,LDL,L>FrOb
A=0 2=0 A=0 =0
Lyet A—2
+ § : <Cl’>\_2_ZA)\_2_Z’L,AZ’LDL’L>Fr0b.
A=0 =0

7 as sparse tensor product MC solution

We are concerned with the computation of |77L|?{171(D><D) and (Uref, ML) 11 (Dx p)- There
holds

‘nL‘%ﬂ’l(DxD) - /D/;((vm ®vx2)77L(1'1,$2))2d.%'1 dxa

L L-1 2
= / / ((VJ?I ® Vi) (Z Mip—i(1,72) = Y ni,L—l—i(«Th«TQ))) dzq dzo
bJD =0 i=0

L 2
:/D/D<(Vxl ® Vaz,) (Zni,L—i($1,x2)>> dzy dzo

-1
—2// (Vaz, ® Vi) (anL 96'1,96'2)> (Vaz, ® Va,) <Z771L 1— z($1,962)> dx1 dxs

=0 =0

- 2
—i—/]D/D((Vzl ® Vag,) (Zm,L—1_i(x1,x2)>> dxq day

L
ZZ// (Va, @ Vo )s 1—s(1,22) (Ve @ Vo )0 p—t(x1, 2) dq dag

s=0 t=0
L

ZZ// (Va, @ Vo s —s(21,22) (Ve @ Vo ) —1-¢(x1, x2) dzq dag
—0 ¢

L—1L—
E E // (Va, @ Vi )ns,p—1-s(x1,22)(Vay, @ Ve )0, —1-¢(x1, 22) doy das
s=0 t=
L L Ns Np—t [ Np—s Ny
CS’L_SCLL_S’L_t . as,t ct,L—t
§ :E : § : § : z : i1,d2  Ti2,j2 z 11,91 J1,J2
s=0 t= i1=1 jo=1 10=1 J1=1
L L-1 [ Ns Np—1-¢ (Np—s N¢
QZZ Z CS,LfsaLfs,Lflft . as,t Ct,Lflft
§ : 2 : 11,02 12,j2 Z 11,J1 J1,J2
s=0 t=0 i1:1 j2:1 iQZl j1:1
L-1L-1 { N¢ Np—1-¢ [ No—1-s N
+ Z Z Cs,L—l—saL—l—s,L—l—t . as,t Ct,L—l—t
2 : z : 11,12 12,52 2 : 11,71 J1,J2
s=0 t= 11=1 j2=1 10=1 j1=1
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L L L L-1
_ E :<Cs ,L— sAL s,L—t As tCtL t Frob -9 § § <Cs,L—sAL—s,L—1—t’ As,tct,L—l—t>Frob
s=0 t=0 s=0 t=0
L-1L-1
JL—1—s AL—1—s,L—1—t gt L—1—t
+ (cs A s ,ASTC ) Frob-
s=0 t=0

Concerning (uref, 71,) H1.1(Dx D)s We proceed with uer given as before and find

(uref; 77L) = /D /D((Vaxl ® sz)uref(xh $2))((VI1 ® vm)”L(xl, 332)) dzq dxs

Lref

A A-1 A—2
= / / (Va, ® Va,) (Z {Zui)\—i -2 Z Ui \—1—i T Zuz‘,/\—Q—z}>
bJD A=0 Li=0 i=0 i=0
L L-1
X (Vi @ Va,) (Z Ni,L—i(T1,T2) — Z 77¢,L1z'(9€1,932)> dzy dag
i=0 i=0

Lref A L
= ZZ/ /(vz1 ®Va:2)ui,)\ Z(vl‘l ®V$2)775L sdxl das
A=0 i=0 s=0 DJD
Lyet A—1 L
-2 Z/ /(Vzl ®V£E2)ui,)\—l z(vxl ®vx2)nsL sdxl d$2
A=0i=0 s=0 7D /D
Lref A— L
+ Z / (vxl X vxg)uz)\ 2 z(v:c1 X vxz)nsL sdzydas
A=0 i=0 s=0 DJD
Lref A L-1
- Z / /(Vacl ®vx2)uz)\ z(vm ®vx2>778L 1 sdxl dxa
A=0i=0 s=0 /D /D
Lref —-1L
+2 Z // V:vl ®vmz)uz/\ 1— Z(V€E1®v$2)775L 1-s dzg dag
A=0 1=0 s=0
Lyet A—2L—1
_ZZZ/ / vxl ®vr2 Ui \—2— z(vxl ®vx2)nsL 1—sdzy dao
A=0 i=0 s=0
Lref

A—1
_9 Z<Di,)\flfiA/\flfi,Lfs7 Ai,sCS,Lfs>Frob
=0
A—2
+ <D2,)\7272A)\7271,Lfs’A'L,SOS,L75>F‘mb
1=0
Lyes L—1 A
i, A—1 AA—1,L—1— iy JL—1—
_ Z Z E (Dl i AT S’Al 5O S>Frob
A=0 s=0 \i=0
A—1
iA—1—4 gA—1—4,L—1—s pisvs,L—1—
_2Z<D A S,AZSCS S>Frob
=0
A—2
+§ :<D1,A7271A)\727z,L71757Az,scs,Lflfs>Fr0b )
=0
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7 as sparse tensor product MLMC solution

In this situation the reference solution is of the same form as the solution n* on level L.
We are concerned with the computation of |77L|12LI1,1(DxD) and (Uref, nL)Hlyl(Dny There
holds

|77L|%{171(D><D) :/ /((Vxl ® Vo )n" (21, 22))? dwy day

A—1 A1—2
ZZ// vx1®vm2 {Zﬁml z_2z7h>\1 11+Z7h/\12z}

A1=0 X2=0

)\2 1 )\2 —92
X(V:rl@sz {Zm& —1 2277@)\2 1— Z+Zm>\2 9_ z} dzy dza
A2
Z Z / / { ( vxl (%9 VxQ)nzd,)\l—il) <Z(vx1 ® sz)nz-%)\z_h) }
=0 i9=0

A1=0 X2=0

A1—1 A2—1
+4 { <Z (V:L“l & v12)77i17/\1—1—i1> <Z (Vﬂcl & vxz Nig, Ao — 1—@2) }
i1=0 i2=0
A1—2 Ao—2
+ { ( v:vl 02 v$2>nl1,)\1 2— 21> (Z (vatl X VIL’Q Tig, Ao —2— 12) }
11=0 12=0
Ao—2
+2 { ( (Vay ® sz)nu,h 21) (Z (Va, ®Va,) Nig, Ao —2— 12> }
i11=0 i9=0
Ao—1
—4 { < v:ﬁ ® vx2)7711 A1— l1> <Z ((vxl ® vwz Mg, Aa—1— z2> }
i1=0 i9=0
A1—1 Ao—2
—4 { ( Vxl ® vxg)nil,/\l—l—h) <Z (Vxl & VCEQ Mig, o —2— 22> } d-’El d.’IJQ
11=0 19=0
L L A1 g
— Z Z {Z Z<Ci1,)\17i1A)\17i1,)\27i2’Ail,igci27A27i2>FrOb
A1=0X2=0 \21=014i2=0
A1—1)Xo—1
+ 4 Z Z <Ci1’>\1_1_i1AAl_l_il7>\2_1_i2,Ail’i2ci2’>\2_1_i2>Frob
11=0 i2=0
A1—2 A2
+ Z Z <Czl,)\1—2—z1A)\1—2—i1,)\2—2—22,Azl,zzcﬂz,)\g—Q—iQ)Frob
11=0 i2=0
A1 Ao—2
) Z Z <Ci1,)\171'1‘(4)\172'1,/\27271‘27 Ail,izcig,A2—2712>Fr0b
11=0 i2=0
A Ao—1
_4 Z Z <Ci1’>\l_i1A)\1_i1’>\2_1_i2, Ail,i20i2’A2—1—i2>Fr0b
11=0 i2=0
A1—12X2—2
-4 Z Z <Ci1=>\1—1—i1A>\1—1—i1,>\2—2—i27Ai1,z’20i2,)\2—2—i2>Frob} .
i1=0 i2=0
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Analogously for (uref, %)

Lref L )\1 )\2
L i1 M —i1 AN —i1, A2 —d2  Ai1,i2 vio,Aa—i
(urefan)ZE § E E <Cll 1AM 1,22 27A1 22,2 2>Frob
A1=02X2=0 \21=012=0
A1—1Xo—1
+4 § E <Cll,)\1—1—Z1Az\1—1—11,)\2—1—12’Al1,22022,)\2—1—12>Fr0b
i1=0 i2=0
A1—2Ap—2
+ § : § :<Cz1,)\1—2—2114)\1—2—117)\2—2—22,Azl,zQCzQ,A2—2—12>Frob
11=0 22=0
A1 Ao—2
+ E E (Clh)\l*nAz\l*ll,)\Q*Q*ZQ’All,lQCZQ,)\2*2*Z2>FrOb
11=0 i2=0
A1—2 Ao
+ E E <CZ1,>\1—2—11A>\1—2—11,>\2—12’A11,22CZ27>\2—Z2>Fr0b
11=0 i2=0
A1—1 Ao
—9 § : § :<CZ1,>\1—1—11A>\1—1—z1,>\2—227A11,12CZ27>\2—12>Fr0b
11=0 i2=0
A1 Ao—1
_9 E E <011,A1—11A)\1—11,)\2—1—22,A117120127)\2—1—12>Fr0b
11=0 i2=0
A—1X2—2
-9 § : § :<C7,1,A]_7177,1A)\]_*l*ll,)\Q*Z*lQ’A11,220227A272712>F‘r0b

11=0 72=0

A1—2Xo—1
—92 Z Z <Cllv>\1—2—11A>\1—2—21,)\2—1—12,Au,mcw,)\g—l—m)Frob .

11=0 72=0

H1.1(Dx D), We obtain

3.5.3 Implementation and numerical experiments

In the following we give a description of the implementation and present numerical ex-
periments that complement the foregoing analysis and verify the theoretical results. We
start by discussing the approximation of the random diffusion coefficient x for w € €. In
order to be able to conduct the numerical experiments, the random field k(z,w) has to
be represented parametrically.

Karhunen-Loéve expansion of k
To this end, we suppose the random field
K(a,w) € L2(Q; WH(D))

admits a Karhunen-Loéve expansion in terms of eigenpairs (A, )72 | with respect to the
underlying covariance operator. The covariance operator is a self-adjoint and compact
integral operator with kernel C,; given by

Cy :=E[(k — E[r]) ® (k — E[&])]
or formally represented pointwise as

Cr(x,2) = E[(r(z,w) — E[](2)) ® (5(2',w) — E[x](z"))].
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We assume that the eigenfunctions ¢y are normalized in L?(D) and that the Ay are ordered
by decreasing magnitude. Then the Karhunen-Loéve expansion of x can be written as

w(z,w) = Els(z,w)] + Y VAYilw)pi(@),
i=1

where the random coefficients Y;(w), i = 1,2, ... are defined by the expression

1
Yi(w) = { VA /D(”(x"*’) — E[s](2z))pi(z)dz, A >0,

0, otherwise.

The given expansion converges in L?(Q; L?(D)) and emphasis is put on the fact, that
in order to determine the Karhunen-Loéve expansion of k, explicit knowledge of the
covariance kernel C); is mandatory.

The numerical experiments have been implemented in MATLAB and have been run
on a laptop with an Intel i7-4720HQ at 2.6GHz with 16GB of RAM.

Numerical experiment for d =1 on D = [—1,1]

In this case the family of meshes 7, consists of intervals of the form
-1+ (i—1)27% —14427]

fori=1,...,21 The meshwidth is thus given by hy = 2~ ¢hg = 2~¢ with a total number
of 2441 elements on level £. Consequently, we have a nested family of meshes {7;}5°, and
the meshes are 1-shape regular. Since we only consider Dirichlet boundary conditions,
there are no degrees of freedom on the boundary and we use the FE spaces V; = S& ’0(72)
as specified earlier. For every £ the space Vj is spanned by the usual basis of hat functions
¢fi=1,...,2%" —1 and dim(V}) = 2+ — 1. The basis (¢f)§f11*1 is explicitly given by

x— (=14 (i —1Dhg), x€[-1+(—1)hg,—1+ih,
Pt(z) = e (=14 (i +Dhy) — 2, € [~14ihy,—1+ (i +1)hy,

0, otherwise.

We adopt the following numerical example from [6, Example 5.1] and refer the reader to
this article and references therein for more details. We set f = 1 and specify the random
diffusion coefficient  as follows. Let E[x](xz) = 5 + x and the corresponding covariance
kernel C, is chosen as

min{z,y} + 1

Cr(z,y) = 5

e HY (D) ® HY(D).

It can be shown that the eigenpairs in the Karhunen-Loéve expansion are given by

8 z+1
A= =sin | —— k>1. .61
o e (g) e (0

We truncate the Karhunen-Loéve series for the random diffusion coefficient x after the first
term and redefine this truncated representation as the exact random diffusion coefficient
k1. This is done to avoid an additional error in the simulation. Then with T; ~ A/(0, 1),
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i.e. Yp is normally distributed with expectation zero and unit variance, we can get
realizations of the stochastic diffusion coefficient by the following expression

22 psn (HEED)

2
ki(z,w) =54z + TTl(w) sin 1

\ —— sparse tensor MC —— sparse tensor MC

\ —&— sparse tensor MLMC S nsor MLMC
1l AN —o—full tensor MC ] ~. —o—full tensor MC
10 N — 5 — full tensor MLMC 10— \ — 5 — full tensor MLMC
g S —-—-—O0(N;")
~. — — —O(N; "log(N,))

relative error
relative error

Figure 3.1: Plots of the relative error with respect to the reference solution on level L = 14
for the sparse tensor MLMC and the reference solution on level L = 11 for the full tensor
MLMC against the elapsed time (left) and degrees of freedom (right), where Ny, denotes
the amount of DOFs that are needed to represent the covariance function in the different
cases.

To compute the covariance function with respect to u we proceed as follows. We
compute solutions u@, ¢=1,...,L,i = 1,...,M for given realizations x(-,w;) of the
random diffusion coefficient at level £ for the Monte Carlo methods and compute My, ¢ =
1,...,L samples of the level corrections for the MLMC methods. For each method we
have chosen the optimal number of samples, i.e. for the Monte Carlo variants we have
chosen M ~ ¢72 and for the multilevel Monte Carlo methods we chosen the number of
samples in a way to balance the computational cost against the accuracy of the method
(cf. (3.49), (3.53) and (3.54)). As a solver we have used the MATLAB built-in backslash
operator and we assume that since the resulting system matrix is tridiagonal that the
complexity of the solver is given by v = 1. In Figure 3.1 we have given two graphs,
where one is showing the relative error against the runtime of the computation and the
other shows the convergence rate of the methods by plotting the relative error against
the number of degrees of freedom.

From the convergence graph it can be seen that the full tensor product methods clearly
show a convergence rate of N; !, which is expected from the theory as the FEM in 1D
yields a convergence rate of one. In tune with the theory are also the error curves of
the sparse tensor product MC and MLMC methods, which show the theoretically found
convergence rate of N Yog(Ny). For the full tensor product methods as well as the
sparse tensor product methods we have chosen as a reference solution the solution of the
FTP MLMC and STP MLMC, respectively. This means that the FTP MC is compared
against the reference solution of the FTP MLMC method and the STP MC solutions are
compared against the reference solution of the finest refinement level of the STP MLMC
method.

For the parameters of the asymptotic cost bounds we note that 6 = 1 and as such we
can see in the other graph of Figure 3.1 that the full tensor product MC is in accordance
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with the theory. Here the predicted asymptotic cost is g=2-max{y.2}/0 which amounts to

a % in this context and can be seen from the graph as the error curve becomes parallel
to the t~1/4 curve. The sparse tensor product MC method has a predicted asymptotic
cost of e7277/9 .| log(e)|**1/? which amounts to £ ~3|log(¢)|? in this situation. This rate is
better than that of the FTP-MC and can be seen from the figure. Note that the methods
have only been run once and as such the MC methods exhibit a fair amount of fluctuation.
But this is no hindrance to show the expected convergence, also cf. [5]. Considering the
full tensor product MLMC method as there holds 2§ = max{~,2} we have an expected
asymptotic cost of e 2|loge|? + e72 which is also seen in the graph. More precisely, we
see that up to a logarithmic factor that the full tensor product MLMC method becomes
parallel to the curve for t~%/2. The last data point is a little bit misleading and can be
explained by the use of a reference solution to compute the errors. For the sparse tensor
product MLMC method we have an expected asymptotic cost of e =2 + ¢~ !|log(e)| which
is clearly visible as the blue curve becomes parallel with the curve for t—1/2 before it shows
even better behavior for the last two datapoints. This may still be an artefact of the fact
that we have only performed one run as well as the use of a reference solution for the
convergence history. As seen from the graph as well as from the ranking of section 3.4 is
the fact that the sparse tensor product MLMC method outperforms the other methods
clearly in terms of cost. Moreover, keep in mind that the sparse tensor product MLMC
also has a more adavantageous asymptotic memory requirement as it is essentially linear
and still achieves comparable accuracy.

Numerical experiment for d =2 on D = [-1,1]?

Here, we consider the unit square and define the mesh on level £ = 0 to be the set of trian-
gles specified as Py Po Py and P, P3P, with the vertices P; = (—1,—1), P, = (1,—1), Py =
(1,1), Py = (—1,1).

.
—— sparse tensor MC
—8— sparse tensor MLMC
—6— full tensor MC
AN _ _ S o
N > — full tensor MLMC 100‘
100 3
8 8
-1
g £ 10
5 ()
4 " [
£ w0 £
ge] 2
= T2
< < 10
& &
102
10'3 L
10'3 1 L ! L 10,4 . . .
10 102 tl'oo 10? 10* 10° 102 10* N 10° 108
m s L

Figure 3.2: Plots of the relative error with respect to the reference solution on level L = 10
for the sparse tensor MLMC and the reference solution on level L = 7 for the full tensor
MLMC against the elapsed time (left) and degrees of freedom (right), where N;, denotes
the amount of DOFs that are needed to represent the covariance function in the different
cases.

Then we build 7; by uniform refinement of the two triangles in 7y, such that 77 has
one internal degree of freedom and consists of eight triangles. Solving on the mesh Ty
is rendered superfluous by the homogeneous Dirichlet boundary conditions. The meshes
Te for £ > 1 are constructed in the same way, such that 7,41 is obtained by uniform
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Chapter 3. Monte Carlo Methods for the Approximation of Covariance Functions

refinement of all triangles in 7;. Furthermore, we define the random diffusion coefficient
K by tensorization of the one dimensional random diffusion coefficient kq of the previous
section

k(z,y,w) = k1(z,w)k1 (Y, w).

For the computation of the covariance function in this setting we proceed as for the one
dimensional experiment, i.e. we compute the optimal amount of samples for each method
in question. We have again used the solution on the finest grind of the FTP MLMC
method as a reference soution for the full tensor product methods and the solution of
the STP MLMC method on finest refinement level as a reference solution for the sparse
tensor product methods.

The convergence graph (cf. Figure 3.2) shows that the theoretically predicted conver-
gence rates of the methods are verified. In particular, since we have § = 1/2 and assume
~v = 1, although the backslash operator might exhibit slightly non-optimal behaviour, the
convergence rate of the full tensor product MC and MLMC method on level L is given by
N, 1/ 2, whereas the sparse tensor product methods show a convergence of N, 1/2 log(Np).

Regarding the asymptotic costs of the method we find according to Figure 3.2 and
theoretical prediction that the full tensor product MC method has an asymptotic cost
of e78. For the full tensor product MLMC method, since 26 < max{~, 2}, we find that
the theoretical asymptotic cost is given by e . This can also be seen from the graph as
the curve becomes almost parallel with ¢~2/4 curve. For the sparse tensor product MC
the theory predicts an asymptotic cost of e#|log(¢)|?, when assuming v = 1, which is
also visible from the graph. In case of the sparse tensor product MLMC method, because
20 = 1, we expect an asymptotic cost of e2|log(e)|® + 72| log(e)| ~ £2|log(¢)|?, which
is clearly seen from Figure 3.2 as well as the logarithmic factor.

In the two dimensional situation we see that again the sparse tensor product MLMC
method noticeably outperforms the other methods, which is already apparent from the
asymptotic costs, but is much more pronounced than for the one dimensional model
problem.
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Comparison of DME and MLMC
approximation

4.1 1D model problem

We are interested in solving the deterministic moment equation (DME)

920;C, =Cy, inD,
Cy. =0, on 90D,
on D = D x D with D = [-1,1], where Cy(z,y) = E[u(z,w) ® u(y,w)] and C¢(z,y) =
E[f(xz,w)®f(y,w)]. This problem follows from the tensorization of the following stochastic
elliptic model problem: Find u(z,w) € L*(Q; H' (D)), such that for a.e. w € Q

~0%u(r,w) = f(r,w), in D,
u = 0, on 0D.

Suppose that f is given as a Karhunen-Loéve expansion
fla,w) = F@) + Y VATi(w)ei(x)
i=1

where f(z) = E[f(z,w)], E[T;] = 0, E[Y?] = 1,Vi, and (\;, p;(x)) are the eigenpairs of
the associated covariance kernel Cy, i.e.

/ Cr(z,y)pi(x) dz = Xipi(y),
D

where it is assumed that [, pip; = d;5, i.e. the ¢; are mutually orthonormal.

In order to compare the methods we have analyzed in this thesis, we would like to find
a representation of the exact solution C,(z,y). To this end we suppose that the random
field u(z,w) has a representation of the form

u(z,w) =u(z) + Z Ti(w)yi(z)
i=1

with certain functions v; and random variables Y;. To this end, we see that there must
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Chapter 4. Comparison of DME and MLMC approximation

hold

—0ju(z,w) = — O — Y Ti(w)o5ei(x)
i=1

=F(@) + Y VAT i(w)pi()
=1

Zf(.%', w)
and therefore that .
—d%u(z) = f(z), inD,
uw = 0, on 0D,

and for all ¢ the v;’s have to statisfy the following boundary value problem

~2¢i(z) = VNyi(z), inD,

Y = 0, on 9D. (4.1)

If moreover f = 0, then we find that @ = 0 and therefore the covariance functions C, and
Cy can be written as follows:

Cul,y) = vi@)¢i(y),
i=1

Cr(z,y) = Z Aigi(2)pi(y)-

Cs(z,y) = exp(—|z —yl/p),p =1 Cs(z,y) = exp(—|z —yl/p),p=1

0.9
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{ \
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Cr(z,y) = exp(—|z —y|/p),p= 0.1 Cr(z,y) = exp(—|z —y|/p),p=0.1

Figure 4.1: Exponential covariance function for diferent values of p.
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4.1. 1D model problem

In order to illustrate the advantages and disadvantages of the methods investigated
in this thesis, we choose a representative example. Let us suppose that C; is given as the
exponential covariance function expressed by

Cr = exp(—|z —yl/p),

where p again denotes the correlation length. A plot of this covariance function for
p € {1,0.1} can be found in Figure 4.1. It can be easily seen that this covariance is
strongly concentrated towards the diagonal of the domain for small values of p. For this
case of Cy with D = [—a, a] the eigenpairs (\;, ¢;) are given by (cf. [32])

2% e 20
1+ prw? 14 pR(w)?
cos(w;x) sin(w;x) (4.2)

pile) = ———=, ¢ilt) = "
= o B

In Figure 4.2 we have depicted the decay of eigenvalues for different values of p. For this
example the eigenvalues decay quadratically after a possible "shelf" of eigenvalues of the
same magnitude. This is especially clear for the smaller values of p.

Eigenvalue decay for exponential covariance
102 T T T * 0=10

of ¥
10 * 0=001

% 0=0.001

102k, * R 0 = 0.0001
N ok % 0=0.00001
3. % . e, e O(n?)

104F

10-10 L

10-12
10°

Figure 4.2: Eigenvalue decay for different values of p

The associated eigenfunctions multiplied by their respective eigenvalues have been
plotted in Figure 4.3 for p = 1. We see that the ¢;’s are even and that the ¢}’s are odd
functions. Equipped with these eigenpairs we can write

2p cos(w;x)
Crlx,y) =
f($ y) Z 1+ ,02(,01-2 a+ sin(2w;a)

2w;
n i 2p sin(wfx)
1+ p?(wf)? [, sinCeia)’

*
2w;

where the w; and w; are given by the two following transcendental equations for w and
w*, respectively:

1 1
- —wtan(wa) =0, w4+ —tan(w*a) = 0.
p p
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First ten eigenfunctions ¢; for p =1 First ten eigenfunctions ¢} for p =1

15

15

Figure 4.3: Eigenfunctions of the exponential covariance for p = 1 multiplied with their
respective eigenvalues.

Solving the ordinary differential equation (4.1) for the t;’s and ¥’s, respectively,
leads to the following representations

VA

WY = ; RE (cos(wpx) — cos(wpa)),
Wpy/ a + T
PF = VA (sin(w* ) — —sin(w;a))x) .
! (w;;>2 a— sin(2w? a) " a

2w
One readily verfies that the ;s fulfill the boundary value problem (4.1) in D and have
zero boundary values on dD. This implies the following representation of C, as

oo

Culw,y) =Y (i(2)ei(y) + ¢f (@)} (y)) - (4.3)

i=1

First ten modes 9; of C, for p =1 First ten modes ] of C, for p =1

0.5

0.15

01 L L L L L L L L L -0.15

Figure 4.4: Modes of C,,

So far we only have one parameter to manipulate the behavior of the covariance
function Cy, which is through the correlation length p. Moreover, we can control the decay
of the eigenvalues in the Karhunen-Loéve expansion by replacing A, and A}, respectively,
with

A=A Ai=(\), Yn=1,2,...
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Cu(z,y) for p=1 w(z,y) for p=1
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Figure 4.5: Plots of the exact solution C, of the DME for different values of p.

By defintion of the A, and A} (cf. (4.2)) this then leads to an algebraic decay of the
eigenvalues as O(n=27).

Test suite 1 (y=1,p € {1,0.1}) As the title suggests here we let v = 1, such that the
decay of the eigenvalues for the covariance function of f is equal to two. Furthermore,
we choose p = 1 and p = 0.1 and run all methods for the problem with exponential
covariance function and the given parameters. We expect the error of the adaptive Finite
Element Methods (AFEM) to exhibit a convergence rate of N I Y ? where N, denotes the
dimension of the global FE space, which is used to represent the approximate covariance
function. For the full and sparse tensor product methods we expect a convergence rate of
the error as N Vand N I ! log(Np), respectively, where Ny, denotes the dimension of the
approximation space for the samples of X and Y7. The degrees of freedom to represent
the covariance function for the FTP and STP MC and MLMC methods is also denoted as
Np, and is of O(N?) and O(Ny, log(N7)) magnitude, respectively. The amount of samples
taken for the MC and MLMC methods has not been adjusted to the correlation length of
the covariance kernels of the given experiments. Moreover, insofar the given comparison
is meant to be more of an “out of the box“investigation of the competetiveness of the
presented methods.

For the MC and MLMC method we have chosen to truncate the Karhunen-Loéve
expansion (KLE) after a hundred terms (i.e. Mgy, = 100) as this is sufficient for the range
in which we are comparing the methods. Also this has been done to avoid unnecessary
errors introduced due to the high oscillatory nature of the eigenfunctions in the KLE with
respect to the mesh width. If one wants to take more terms, one has to adjust for better
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Chapter 4. Comparison of DME and MLMC approximation

quadrature in the solver. This leads to a longer runtime proportional to the amount of
work added, either via an additional amount of quadrature or the need to compute more
terms in the KLE. For the comparison we have chosen for the STP MC and MLMC as
reference solution the solution on the finest grid of STP MLMC method, which is not
shown in the graphs, and analogously taken the solution on the finest refinement level of
the FTP MLMC method as reference solution for the FTP MC and MLMC methods.

In Figure 4.6 we find the convergence history of the numerical experiments for p €
{0.1,1}. For p = 1 we can clearly see that the H'!-seminrom error for the FTP and STP

T T T
ol —*— H"'-norm (uniform)
10 —&— H"'-norm (adaptive)
F B E 7ﬁH
ik —o— H"'-norm (adaptive)
—o-m
—5— H"!'-norm (adaptive)
. i
o 2L -V N4
50 ~3-—STP MC
—-A-—STP MLMC
103 F —-p-—FTP MC
o |—<--FTP MLMC
G172
— SO
L O(N; og(N,))
107 L L Ll L
10° 10 102 / -~ 10 10
Np
101 T T
100 F —— H"'-norm (uniform)
—8&— H"'-norm (adaptive)
— B Ay
101k —o— H"'-norm (adaptive)
—©-nr
5 —g— H"!'-norm (adaptive)
= 102 F e —
- v —7NA
o —-v-—STP MC
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Figure 4.6: Convergence history for all methods and varying p. top: p = 1. bottom:
p=0.1.
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4.1. 1D model problem

MC and MLMC methods converge at the expected rate of O(N; ) and O(N ! log(Np)),
respectively. This clearly outperforms the AFEM for any configuration and even the uni-
form FEM as their rate is clearly seen to converge at O(N£1/2). This shows that Monte
Carlo methods are very well suited to problems where the underlying random process
features a high degree of correlation.

For p = 0.1 we observe the convergence shelf of the AFEM for the residual and
hierarchical estimator, such that these cannot attain a convergence rate of the error of
0(1\7 I 1/ 2). The AFEM guided by n4 performs at the optimal rate, albeit it cannot
beat the uniform FEM here. Furthermore, it can be observed that the error in the
Hb%!'_seminorm fails to converge at the expected rate for the FTP and STP MC and
MLMC methods. This behavior is observed with excessively high quadrature, or even
adaptive Gaufs-Kronrod type quadrature and is also not alleviated by taking more terms
in the KLE. This effect of the correlation length versus decay of eigenvalue decay for the
effectiveness of the methods can also be observed in the next test suite.

10 e ———
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100 Q 1,1 .
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| — 8-
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G-1/2
: - = -O(N;'?)
S R O(N; ' log(Ny))
10° ‘ ‘
10° 10t )5 10° 10°

Figure 4.7: Convergence history for all methods and v = 3/2.

Test suite 2 (v € {3/2,5/2},p = 0.1) In order to find out if the effect of the correlation
is connected to the decay of the eigenvalue we choose v € {3/2,5/2} for p = 0.1.

For the MC and MLMC method we have again chosen to truncate the Karhunen-Loéve
expansions after a hundred terms (i.e. Mk, = 100).

For v = 3/2 and as such for a rate of decay of 3 of the eigenvalues, we see in Figure
4.7 that the full tensor and sparse tensor MC and MLMC methods cannot attain their
theoretically predicted convergence rates in the range of comparison. Here it is again seen
that the AFEM and FTP and STP MC and MLMC methods are very competetive. The
AFEM seems to perform better for problems with a low degree of correlation.

In the graph of Figure 4.8 we see that for v = 5/2 the FTP and STP MC and MLMC
are able to beat the AFEM again in the range of comparison and attain their theoretically
predicted error convergence rate of O(N; ') and O(N; *log(Ny)), respectively. Here the
rate of decay of the eigenvalues is 5 which indicates a highly correlated process. Moreover,
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Chapter 4. Comparison of DME and MLMC approximation

we observe that the AFEM behaves almost identically in both cases for all types of error
estimators for both choices of . Furthermore, it seems in both tests that the correlation
length has more influence on the MC methods than on the MLMC methods.

100 E T T
el —%— H%'-norm (uniform)
—a— H"'-norm (adaptive)
— 8 -Ng
102k —o— H"'-norm (adaptive)
—© -Nr
g —s— H"'-norm (adaptive)
S 108k -7 N4
5 5~ STP MC
—-A-—STP MLMC
104k —-p>—-FTP MC
—-<-—FTP MLMC
— 0N ")
0% "By e O(Np " log(N1))
10.6 . M| . M | . M
10° 10t ~ 10? 10°

Figure 4.8: Convergence history for all methods and v = 5/2.

4.2 2D model problem

Here we are interested in solving the DME

(Ar ®Ay)Cy = Cy, inD,
C, = 0, on 0D,

on D = D x D with D = [~1,1]? to compare the analyzed methods. Let us first make
the following observation. Let us assume that

Cr(z,y) == Cp (x1,91)Cpy (22, y2)

is given as a tensorized covariance kernel, where x = (z1,292) and y = (y1,y2). If we
consider

Cy (xk, yr) = exp(—|zp — yxl/pr), k=1,2
then

Cr (@ yr) = > {Mkiri (@) i (Wn) + Moioh i (@) () }

=1
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4.2. 2D model problem

This leads to the following representation of Cy as a double sum via
Cy(Z,9) = Cpi (x1,41)Cp, (22, y2)

o0
=) e o1 (@) e (Y1) e, (2) @2, (Y2) + ALids jori(@1)@1i (1) @3 (22)95 ; (y2)
ij=

+ A1iA2,01 (2191 (Y1) 2,5 (22) 02, (y2) + )\T,i)\é,js@’{,i(fvl)ﬁ,i(yl)wij(iﬁz)@,j(yﬂ}

—_

=) {Al,i)\z,jsﬂl,i(m)602,]'(162)@1,1'(1!1)802,;'(yz) + A1iAs 01 (21)93 (22) 01, (Y1) 93 (y2)
i =1

+ AT, 01 (@) 2,3 (22) 01 5 (y1)2,5 () + Al §,j90’{,i(w1)90§,j(wz)wii(yl)w;,j(w)}~
(4.4)

If we assume, without loss of generality, that E[f(x1,z2,w)] = 0, then f can be written
as

f(w1,22,w <Z VALY (W)eri(zn) + (/AT ’{,(Mwﬁ(m))
x| D0 V2T (@)ena) + /X5, T3 5(w)05 ()
=1

—Z{\/WTU w) o j(w)pri(w1)p2,j(x2)

1,j=1

+ mTl,i(W)T;j(W)901,i(901)90§,j(332)
N A2 T3 (0) T (@) (1) o2 (2)

+ AL L-(w)’rz,j(w)soﬁ(m)soz,j<x2>}

where the Ty ;, T ;, To5, 15 ;, Vi, j are assumed to be independent identically distributed
random variables with zero mean and unit variance. Comparing E[f(z1, z2,w)Rf(y1, Y2, w)]
with (4.4) shows that f has C¢(x,y) as covariance function. This enables us to draw sam-
ples from the previous representation by assuming, exempla gratia

Tl,iv TT,@'? T2,j7 Tz’] ~ N(O, 1)
or by setting
Ty = V3605, T, = V360L, k=12

where O ¢ ~ U([-1,1]) and ©F , ~ U([-1,1]),k = 1,2, Vi are uniformly distributed on
the interval [—1, 1] and thus the T} ¢’s and T;; s have mean zero and unit variance.

As Cy has been constructed as the tensor product of two exponential covariance func-
tions one might feel the urge to presume that maybe C, can be written as a tensor product
as well. Assuming Cy,(z,y) = Cy, (21, y1)Cuy (72, y2) leads to

(Aaj & Ay)cu( ) 65%1 8ylc'u,1 (xla yl)cu2 (xQ, yg) + aﬁ%lcul (331, y1)82 Cu2 (x27 y2>
+ 8ylcu1 (1, y1)5§2cu2 (z2,y2) + Cyy (21, y1)3§28y2cu2 (z2,102)
# Cp (x1,51)Cp, (22, y2)
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Chapter 4. Comparison of DME and MLMC approximation

and assuming Cy(z,y) = Cy, (21, 22)Cu, (Y1, y2) yields

(Az ® Ay)CU(% y) = Amcul (1'1, -%'Q)Aycu2 (yl: yg)
= 6glcu1 (:L'lv :L'Q)@;lch (yl, y2) + aﬁlcul (fL’l, :BQ)OSQCUQ (yl, y2)
+ 83%26u1 (xla w2)8§16u2 (yl, yQ) + 8326161 (1’17 1'2)8526,“2 (y17 y2)
# Cp, (21,91)Cry (22, 92)

where C,, and C,,, are defined by (4.3) for given Cy, and Cy,. Thus, even for this simple ex-
ample in two dimensions of a tensorized covariance function Cy leads to a non-tensorizable
covariance function C, for wu.

Here by construction we have a rate of decay of the eigenvalues of the corresponding
covariance operator as 4 and as such a quite highly correlated process. We expect the
FTP and STP MC and MLMC methods to perform at their theoretical convergence rates.
This is why we have again chosen to investigate the effect of the correlation length on the
behaviour of all methods. For this we choose the values for p; and ps independently.

For the MC and MLMC method we have again chosen to truncate the Karhunen-
Loéve expansion after a hundred terms (i.e. Mgy, = 100) as it is sufficient for the range
in which we want to compare the methods in question. Also this has been done to avoid
unnecessary errors introduced due to the high oscillatory nature of the eigenfunctions
in the KLE with respect to the mesh width. These are now two dimensional and the
problems of quadrature can also otherwise dominate the overall runtime. We have chosen
4096 quadrature points on each element for the AFEM and the uniform FEM in four
dimensions as otherwise the method was not stable(!). If one wants to take more terms,
one must adjust for better quadrature in the solver.

For the comparison we have chosen for the STP MC and MLMC as reference solution
the solution on the finest grid of STP MLMC method, which is not shown in the graphs,
and analogously taken the solution on the finest refinement level of the FTP MLMC
method as reference solution for the FTP MC and MLMC methods. As such only the
error level may be compared. The accuracy is better of course for the deterministic
methods as the MC and MLMC methods can only deliver more accurate results when the
results are averaged for a growing number of runs.

The AFEM has been run with ¢ = 0.5 and the maximum strategy for marking the
elements has been used. Moreover, we have implemented a stopping criterion of 50’000
elements, because of the high amount of quadrature points per element (4096 points),
which are the result of a tensorized Gauk-Legendre qudrature rule with 8 points in each
direction. As a reference solution for the AFEM and the uniform FEM we used the
uniform FEM solution on a grid of 16° four dimensional cubes in all cases.

Test 1(y = 1,p1 = 1,p2 = 1) For this experiment we see the same situation as for
the 1D model problem. The FTP and STP MLMC are able to outperform the adaptive
methods in the range of comparison, which can be seen in Figure 4.9. The STP and
FTP MC suffer from fluctuation and are in general more susceptible to outliers and
thus the convergence in this early range may rather be chaotic. The FTP MC shows a
rather preasymptotic behavior at first whereas the STP MC may just have had some "bad
samples”. Ignoring the last two data points of the STP MC curve the predicted behavior
is visible. These fluctuations of course would be flattened if one would only do enough
runs for this comparison. But since for this comparison one run of the MC and MLMC
methods for the tests 1,2 and 3 takes a total of roughly 12 and a half hours, we have not
pursued this as the tests are indicative as they are already. The AFEM then still has to
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4.2. 2D model problem

be run for the comparison, but in comparison is negligible although it also takes in total
roughly 4 hours to run.
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Figure 4.9: Convergence history for tensorized exponential covariance with p; = 1 and
p2 = 1.
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Figure 4.10: Convergence history for tensorized exponential covariance with p; = 1 and
p2 =0.1.

Test 2(y = 1,p1 = 1,p2 = 0.1) In this experiment (cf. Figure 4.10) we again find
that lowering the correlation length, this time just in one of the factors, results in a
deterioration of the convergence rate of the MC and MLMC methods. Here the AFEM

147



Chapter 4. Comparison of DME and MLMC approximation

and uniform FEM for the deterministic moment equations (DME) are very competetive
and beat the MC/MLMC mehtods outright. As observed before the AFEM behaves more
favorably if covariance kernels with a low degree of correlation are involved.

Test 3(y=1,p1 =0.1,p2 =0.1) As a last experiment in this direction we have lowered
both correlation lengths. From Figure 4.11 we infer that the convergence in the range
of comparison is further deteriorated for the MC and MLMC methods. The AFEM and
uniform FEM for the DME converge nonetheless, although it seems that the AFEM guided
by the error indicators 7y and ngr are experiencing a convergence shelf phenomenon.
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Figure 4.11: Convergence history for tensorized exponential covariance with p; = 0.1 and
P2 = 0.1.
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Figure 4.12: Convergence history for a non-tensorizable exponential type covariance with
p1 =10 and py = 0.1.
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Test 4 (p1 = 10,p2 = 0.1) Here we have chosen Cy as

o —u1)2 To—1o)2
Cy(z,y) = exp (—\/( S g ! )

to illustrate that we are not bound by a Karhunen-Loéve expansion to find the covariance
function C, to such a hand-picked covariance function. The convergence history for this
experiment can be seen in Figure 4.12.

The numerical experiments have been implemented in MATLAB and have been run
on a laptop with an Intel i7-4720HQ with 16GB of RAM.

Remark 4.1. Another possibility of approximating C, can be employed if an expansion
like (4.4) is known. Since then there holds

Culz,y) = D U (x,y)

ij=1
where for all pairs of indices i,j = 1,...,00 the V; ;’s satisfy the PDE

(Ax®Ay)\I/¢7j = (I)iﬂ‘, n D,
\Iji,j = O, on 87.),

with
@; j(z,y) == (Aideg) Pori(@1)eni(y1) o (@2) 92, (y2)
+ (ALids ) 201 (@) o1i ()@ (w2)e5 ; (y2)
+ (AL ) 207 (1)@t i (1) 92,5 (22) 2,5 (y2)
+ ( T,MZJ)”%T,i(wl)wii(yl)w%,j(932)@3,]-(3/2)-

Thus, instead of solving for C, "in total" one might resort to approrimating the most
contributing ¥; ;’s and build a solution by adding up the partial solutions. In particular,
this can be an attractive idea in terms of parallelization.
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Chapter 4. Comparison of DME and MLMC approximation
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Conclusion

In this thesis we have developed adaptive FEM for the approximation of covariance func-
tions and second moments of elliptic partial differential equations. We could show that
the developed residual and hierarchical error estimators, ng and 1y, are reliable but only
weakly efficient. As a remedy for this deficiency we have additionally developed an er-
ror estimator based on averaging and shown it to be asymptotically exact, i.e. reliable
and efficient. It is seen that in typical situations, such as solutions with steep gradients,
that the adaptive Finite Element Method (AFEM) for the approximation of covariance
functions is very competetive. Since the polynomial degree is kept fixed at p = 1, the
quality of approximation is of a low order, which is a drawback of the presented approach,
if the data are of high regularity. By adopting existing hp-error estimators (cf. [41]) to
the situation of deterministic moment equations the presented methods may be extended
to (potentially) yield higher if not exponential convergence rates (cf. e.g. [44, 45] for a
related problem) and alleviate the difficulties when approximating singular derivatives of
solutions.

Moreover, the 1-irregularity might be viewed as an inflexible restriction on the adap-
tive procedure. The l-irregularity condition on the mesh 7 is not well suited to the four
dimensional situation, as there can be a large magnitude of “unnecessary” refinements.
These could be avoided if one considers the extension of the given theory to the situation
of k-irregular meshes (cf. [24, 57, 39]), which can give a better handle on the refinement
procedure in four space dimensions as well as decrease the need for too many implied re-
finements because of hanging nodes. This idea also fits well together with hp-refinement
ideas.

We have also presented in this thesis the error analysis of Monte Carlo and multi-
level Monte Carlo approximations for covariance functions by way of the second moment
problem. We have shown that we can improve upon a full tensor product approximation
by virtue of sparse tensor approximation techniques and have shown that in all regimes,
which are given by the quality of the solver used, the analyzed sparse tensor product
multilevel Monte Carlo method is the best method in terms of cost versus accuracy and
in terms of asymptotic memory requirements. These methods might further be improved
by considering different approximating sequences X and ) that are used in combination
with the sparse tensor product operator PL(X , V). For example, if the sequences X and
Y are based on an adaptive solution procedure, the dimensions of the corresponding finite
dimensional spaces may be optimized to yield an overall better asymptotic cost require-
ment as well as a potentially better convergence rate in the presence of singularities may
be experienced.

Finally, we have presented numerical experiments comparing the Monte Carlo and
multilevel Monte Carlo methods with the AFEM as well as its uniform variant. It can
be seen that in the case of a highly correlated random process and in the presence of a
Karhunen-Loéve expansion that the Monte Carlo and multilevel Monte Carlo methods
are the preferrable methods, when one wants to approximate the covariance function. If
on the other hand the underlying process has a short correlation length, then it is also
shown in the experiments that the adaptive and uniform Finite Element Method are the
preferrable methods.
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