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4 Introduction

Introduction

The search for algebraic curves over finite fields F, with many rational points
or, what amounts to the same, for global function fields with many ratio-
nal places was motivated by Goppa’s algebro-geometric construction of error-
correcting codes and initiated by Serre [S2, S3] in the early eighties. Serre
was the first to utilize class field theory, among other methods, to exhibit
such curves, and he also provided explicit formulas for the maximal numbers
N,(1) and N,(2) of rational points on curves over F, of genus g = 1 and 2,
respectively.

Until today, no such formula is known for N,(¢9) when ¢ > 3. In-
stead, the work of many mathematicians has led to large tables, such as
in [GV7], documenting the state of the art by giving lower and upper
bounds for the numbers N,(g). The lower bounds are obtained by more
or less explicit constructions of curves with many points. Hansen and
Stichtenoth [Han, HS, St1], Wirtz [Wi], van der Geer and van der Vlugt [GV1-
GV6], Niederreiter and Xing [NX1, NX2, NX5, NX6, NX7] and Shabat [Sh]
provided defining equations for such curves, mostly of Artin-Schreier or Kum-
mer type. The present work, which performs class field constructions, follows
the theme of research by Schoof [Sf], Lauter [Lal, La3] and Niederreiter and
Xing [XN, NX2, NX3, NX4, NX7, NX8, NX9]. In particular, it has been
influenced by the paper [XN], the methods of which are refined upon in Sec-
tion 6. Making use of algorithmic number theory, we succeed in improving the
mentioned tables in numerous places.

When dealing with class field theory, instead of an algebraic curve X
(smooth, projective, absolutely irreducible) defined over a finite field Fy, it
is convenient to consider its field K = F (X) of algebraic functions, a global
function field with full constant field IF,. The genus of K is that of X, and
coverings of X correspond to field extensions of K, the degree of the covering
being the degree of the extension. To a point P € X with minimal field of
definition over F, say [F « we associate the set p C K of all functions vanishing
in P and call p a place of K. This p is the maximal ideal in the discrete valua-
tion ring R consisting of those functions which are regular at P, it corresponds
in fact to the whole Frobenius (¢-th power map) orbit of P, which contains d
points, and it has (residue field) degree degp := [R/p : F ] = d. In particular,
the rational places, i.e. the places of degree 1, of K|F, are in 1-1 correspon-
dence with the I, -rational points on X. In this thesis we shall work with a
purely field theoretic definition of a global function field K|F, and forget about
curves completely. The necessary background is given in Section 1.
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The central objects in this work are the ray class fields K§, where S is a
non-empty set of places of K and m is an S-cycle, i.e. a finite formal sum
> myp of places p outside S together with non-negative integer multiplicities
my. The extension KK can be characterized as the largest abelian extension
L|K of conductor f(L|K) < m such that every place p € S splits completely
in L (i.e. there are [L : K] places of L lying above p). Roughly speaking, the
conductor measures the “wildness” of ramification at each place of K, thus
the S-cycle m confines this wildness. For example, if m = o0, no ramification is
allowed at all, and we obtain the special case of a Hilbert class field K§g, whose
degree over K equals the S-class number hg.

The extension K|K is always finite. This would no longer be the case if
we dropped the splitting condition in the characterization of a ray class field,
i.e. if we allowed S to be empty, because the maximal constant field extension
F,K|K is abelian of infinite degree and unramified everywhere. Thinking of ray
class fields of number fields, the role of S is usually played by the archimedean
primes. For function fields, however, there is no canonical choice of S.

The K§ provide a rather fine classification of the finite abelian extensions
of K and are canonical and quite beautiful objects in themselves. Already
because of this, they deserve being studied more intimately. We utilize them
mainly to produce curves with many points. For example, if S consists of
rational places only, then K§ has at least [K§ : K]|S]| rational places. For
suitable choices of S and m, this number tends to be large compared with the
genus of K, which remains to be calculated.

There are various ways of obtaining the ray class fields. If S consists of
exactly one place of K, then Kg can be constructed by adjoining the m-
torsion of a rank 1 Drinfel’d module to the Hilbert class field K§. This gives
us a so-called narrow ray class field, whose Galois group over K§ naturally
contains [Fy, and K3 is the subfield fixed by F;. In the general situation, one
singles out a place ¢ € S and gains K§ as the subfield of K E‘]} fixed by the
Frobenius automorphisms of all the other places in S (cf. [XN, NX4]).

Our approach is by class field theory: we define a suitable open subgroup
CZ of finite index in the idele class group Cx of K and obtain K¢ directly
as the class field associated to this subgroup. The Galois group G(K|K) is
isomorphic to Cx/CE. To obtain its order, this time one has to factor out
S-units, i.e. algebraic functions having all their poles and zeros in S, instead
of Frobenius automorphisms. For the convenience of the reader, we include a
brief introduction to class field theory in Section 4 also indicating ideas for the
proofs of its main theorems.

It should be mentioned that defining equations for the extensions K&K are
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only known in very few cases (Propositions 8.4 and 8.9). Surely, one could gain
such equations in each single case by calculating the minimal polynomial of a
suitable norm from the narrow ray class field in the Drinfel’d module construc-
tion. But the necessary calculations as well as the resulting polynomials tend
to get very lengthy. The proper method seems to consist in determining (the
coefficients of ) the equations for small successive Kummer and Artin-Schreier
extensions in the fashion of [GV6], and thereby make up the whole of K&K
step by step.

As was mentioned above, it is important to know the genus of K. By means
of a remarkable genus formula (Theorem 5.8 and Corollary 5.9), the problem
is reduced to the determination of the degrees [KX : K] for certain m’ < m.
This formula is deduced in Sections 3 and 5 from Hilbert’s Different Formula,
the Hasse-Arf Theorem and the connection between upper ramification groups
and higher unit groups known from local class field theory. Another proof not
included in this thesis applies Moebius inversion to the Conductor Discriminant
Product Formula and was found by Cohen et al. [CDO].

Unfortunately we only have explicit formulas for the degrees [K§ : K] in
very special cases (Theorems 8.1 and 8.5). Therefore we content ourselves with
giving algorithms for their computation under the additional assumption that
S is finite. The case of mixed S-cycles m is only treated for tame ramification,
i.e. for m of the form Zpe r P with a finite set R of places of K. Instead, from
page 40 onwards, we concentrate on ramification at a single place p of K. In
this situation we introduce the concept of the S-description at p, a polynomial
d(t) with non-negative integer coefficients satisfying 6(1) — §(0) = |S| — 1.
Together with the S-class number hg it carries the information about the
degrees of the extensions Kg'|K for all m € Ny (see Theorem 6.4 and the
discussion following it).

An algorithm for computing these S-descriptions was implemented in KASH,
the shell programming language of KANT, a powerful algorithmic number
theory tool developed by the Berlin KANT group [K] under the guidance of
M. Pohst. By searching through a large number of choices for K, S and p,
in Section 9 we filter out those S-descriptions which lead to ray class fields
having many rational places compared with their genera.
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Part 1
Global Function Fields

This first part treats certain topics which manage without class field theory.
The first section is a very concise introduction to global function fields, and
the second discusses the problem of finding S-units. In Section 3 we turn to
Hilbert’s ramification theory, thereby preparing ourselves for entering Part II.

1 Preliminaries

This section aims at familiarizing the reader with the notation and some basic
facts from the theory of algebraic function fields used in this thesis. Apart
from some results about completions (for which we shall give instant proof),
its whole content is covered by Stichtenoth’s book [St2].

The group of a Galois extension L|K is denoted G(L|K). For the notions
of a Dedekind domain, a discrete valuation (here always assumed to be
additive and normalized with values in Z U {oo}) and a discrete valuation
ring we refer the reader to e.g. [FJ, pp. 12ff]. If P is a prime element in a
factorial domain or a maximal ideal in a Dedekind domain, then we write vp
for the associated discrete valuation on the field of fractions.

Throughout the text, K is a global function field, i.e. K is finitely gener-
ated and of transcendence degree 1 over a finite field F,, where ¢ is a power of
the characteristic p. We always require that I, is the full constant field of
K, i.e. is algebraically closed in K, and express this circumstance by writing
K|F,.

A place of K is the maximal ideal p in some discrete valuation ring R, of
K. We say that p is a zero or a pole of the function z € K if z € p or z ¢ R,,
respectively. The constant field F, is naturally contained in the (finite) residue
field F, := R, /p of p. The degree of p is defined as degp := [F, : F,|. A place
of degree 1 is called a rational place. The map p — v, is a 1-1 correspondence
between the places and the (discrete) valuations of K. We denote the set of
all places of K by Py and define P4 := {p € Px | degp = d} for d € N.

The free abelian group Dk on the set Pk is called the divisor group of K.
The map deg : Px — Z is extended to Dk by linearity. Its kernel is denoted
by DY%. A divisor m € Dk is written as a formal sum m = > pepy MpP With
integer coefficients m, and finite support suppm := {p € Py |m, # 0}. If
n= Zp nyp € Dk is another divisor and m, < n, for all p € Pg, then we
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write m < n. The zero element in Dk is denoted o0, and a divisor m > o is
called effective.

Each function z € K* has only finitely many zeros and poles, hence one can
define its principal divisor (2) = (2)x = >_,cp, vp(2)p. Breaking up (2)
into the zero divisor (z)y > o and the pole divisor (z)., > o of z such that
(2) = (2)0 — (2)0, One has the following

1.1. Theorem. Let z € K\ F,. Then deg(z)o = deg(2)sc = [K : Fy(2)].

In particular, deg(z)x = 0 for all z € K*. The map ( )= ( ), : K* — DY,
z+ (z) is a group morphism with kernel F;, hence (K*) ~ K*/F;. The
quotient DY /(K*) is called the (divisor) class group of K. Its order, the
(divisor) class number h, is finite.

For m € Dk, the Riemann-Roch space £L(m) :={z € K*|(z)+m >o0}U
{0} is a finite Fy-space, and we set dimm := dimp, £(m). The genus of K can
be defined as the non-negative integer gx := max{degm—dimm-+1|m € Dy }.

The power series

Zk(t) = ZAnt” € Z|[[t]] € C((t))

with A, = [{m € Dg |m > 0, degm = n}| is called the zeta function of K.

It is actually a rational function, namely Z(t) = ( Pre ()

m Wlth numerator

polynomial Pk (t) € Z[t] of degree 2¢.

1.2. Theorem. The numerator polynomial of the zeta function of K satisfies
the functional equation

Pr(t) = qutQQKPK(%)-
Moreover, Pk (1) = hk is the class number of K.

The simplest example of a global function field is that of a rational func-
tion field F,(z) with an indeterminate x over F,. Extending the degree map
deg : F,[z] — No U {—o0} to the whole of F,(z) yields a discrete valuation
Vs := —deg on F,(z). The place oo of Fy(x) corresponding to v has degree
1 and is the (only) pole of z. All (discrete) valuations on F,(z) are given by
the set

{vp | P € F,[z] monic, irreducible} U {vs}.
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Hence there is a 1-1 correspondence P < p with vp = v, between the monic
irreducibles P € [F,[z] and the places p # oo of F,(z). In this correspondence,
p is the maximal ideal in the localization of F[z] at P, and the principal divisor
of Pis (P) =p — (deg P)oo, thus degp = deg P. A rational function field has
genus 0 and trivial divisor class group. Conversely, each global function field
of genus 0 is a rational function field.

Let L|F, be a finite separable extension of K|F,. In other words, L is a
global function field containing K with full constant field of degree d € N
over that of K, and LP does not contain K. Let q be a place of L; then
qN K =:p is a place of K. We say that q lies above p and write q|p. The
canonical inclusion F, C I, is compatible with the inclusions F, € F, and
F, CF.a CFg and [Fq : Fp] is called the inertia degree of q|p. Note that,
by definition, [F, : F,]degp = ddegq. The restriction vy|x equals e - v, for
some positive integer e =: e(q|p), called the ramification index of q|p. These
numbers satisfy the following

1.3. Fundamental Equality. Let p € Py, then

> elalp)[Fq: Fyl = [L: K],

alp

where the sum is over all places q of L lying above p.

We say that q|p is ramified if e(q|p) > 1, otherwise q|p is called unramified.
If e(qp) = [L : K], then (q is the only place of L above p and) we say that q|p
(or p) is totally ramified (in L). We call p unramified in L if q|p is unramified
for all g € Py, above p. The extension L|K itself is called unramified if all places
of K are unramified in L. A place p of K is said to split completely in L if
there are [L : K] places of L above p (necessarily each with ramification index
and inertia degree equal to 1).

The different exponent d(q|p) of q|p (for a definition see [St2, p. 82]) is
always > e(q|p) — 1 and = 0 iff q|p is unramified. Since only finitely many
places of K ramify in L, one can define the different }_ _, d(qlgNK)q € Dy,
of L|K. There is a norm map for divisors

D, — Dk
qum mgq = ZpeIPK Zq|p mg[Fq : Fylp.
We note that deg Npjgm = ddegm for m € D;. The norm behaves nicely on

principal divisors in that Npx(2)r = (Npykz)k for any z € L, where Npx
on the right hand side denotes the usual norm of elements (see [CF, p. 75]).

NL|K:
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Defining the discriminant 9(L|K) € Dk as the norm of the different of L| K,
the genus formula in [St2, p. 88] reads:

1.4. Hurwitz Genus Formula. In the above situation, the genera of K and
L satisfy the relation

d-(gn = 1) = [L+ Ko — 1) + 5 degd (L] ).

The special case of L = K(F.) = FaK is called the constant field ex-
tension of degree d over K. It is Galois with group G(L|K) ~ G(F|F,). For
any place p of K and q of L above p, one has e(qlp) = 1 and Fy = F,alF,, i.e.
there are exactly r := ged(d, degp) places q of L lying above p, each of which
has degree degq = degp/r. By the Hurwitz Genus Formula, L has the same
genus as K.

If p is any place of K, then the absolute value map K — R, z — |,z|p =
g (2P (2) defines a metric on K. (Two functions z, 2" € K are close to each
other if v,(z — 2’) is large.) In this way, K is made into a metrical field, i.e.
addition, multiplication and the inversion z — z~! are continuous w.r.t. the
defined topology. By the usual construction of “Cauchy sequences modulo
zero sequences’, we obtain a complete field K, naturally containing K as a
dense subfield, and by these properties it is uniquely determined up to K-
isomorphism. K, is called the completion of K at p. The topological closure
p of p in K, is the maximal ideal in the discrete valuation ring Rz := R,,
the topological closure of R, in K,. The residue field Fy = Rp/p is naturally
isomorphic with F,, and vp|x = v,. Thus we can identify F; with F,, and there
is no ambiguity in writing v, instead of vs. Now and then we shall need the
following form of the

1.5. Weak Approximation Theorem. Let S C Py be finite, and, for each
p €S, let a (positive) integer my, and an element z, € K, be given. Then there
exists z € K such that vy(z — z,) > my for allp € S.

This theorem is readily derived from its non-complete variant in [St2, p. 11]
using the fact that K is dense in K,. An application of this theorem will
usually be referred to in the text as “weak approximation”.

We return to the situation of a finite separable extension L|K. Let q € P,
lie above p € Px. The natural inclusion K, C L, is compatible with the
inclusions K € K, and K C L C Lg, and one has Ly, = K,L. The “local
extension” L,|K, has degree

[Lq: K] = e(alp)[Fq : Fyl.
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In particular, considering the constant field extension L = F K of degree
d := degp over K, we see that F, = F; = F. € L C Ly = K,. This
inclusion obviously identifies each residue class o € F, = F; with one of its
representatives in Ry C K, and is therefore independent of the choice of g.

Given a sequence of elements z, € K,, n € N, the corresponding sequence
(Sm)men, of partial sums s, := > | z, is Cauchy (and hence converges in
K,) iff lim,, .o 2, = 0, i.e. iff vy(2,) tends to co. The limit of the sequence
Sm)men, 15 denoted Y > z,. An element m € K, satisfying v,(7m) = 1, i.e.
p = Ry, is called a uniformizer at p. The structure of K, is as follows (cf.
H, p. 155)).

1.6. Proposition. Let p be a place of K and m € K, a uniformizer at p.
Then

K, =TF,((m)) = {gﬂ a,m"

m € Z and o, € T, for alln}.

For each z € K, the coefficients o, € F,, of the expansion z = ) «a,7" at
p in 7 are uniquely determined by z; moreover, oy, = 0 for all n < m := vy(2),
and oy, € Fy 1s the residue class of z/m™ if z # 0.

Proof. The proposition is probably better known in the case of p € Pk, for
which a proof is given in [St2, p. 143]. (Although there the proposition is only
formulated with the uniformizer chosen inside K, the argument given works
for any choice of 7 € K,.) We reduce the general case of p € P% with d € N
to the former by considering the constant field extension L := F«K of degree
d over K. Choose a place q of L above p. Because e(q|p) = [Fq : F,] = 1,
we have v, = vy on K, = L,, and 7 is a uniformizer at q € P} as well. Now,
everything follows from the first case. O

Expansions can in many cases be determined very easily from the defining
equation of a function field as the following examples show.

1.7. Example. (a) Consider the function field K := Fy(z,y) where x is
an indeterminate over Fy and y*> +y = 23(z + 1)%. By [St2, p. 115], the
pole co of x is the only place of Fy(x) ramified in K, the different exponent
being d(po|oo) = 6, where py € P} is the place above co. Therefore g = 2
according to the Hurwitz Genus Formula 1.4. The other rational places of
K are p; := (0,1), po := (1,0), ps := (1,1) and pys := (0,0), where (o, 3)
with «, 3 € Fy denotes the common zero of  — a and y — 3. Since P% is
empty, Zx(t) = 1+ 5t + 15t + ---. Hence Pg(t) = (1 — 3t + 2t*)Zx(t) =
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1+ 2t + 2t + 413 + 4t* and hy = Pg(1) = 13 according to Theorem 1.2. For
later purposes we need expansions at ps. Let us take x as a uniformizer. Using
the defining equation for K, we obtain

y:x3+x5+y2:x3+x5+x6+x10+x12+x20+x24+x40+~-,

from which we can compute the expansion of any z € K = Fy(x) @ Fo(z)y at
Py in x.

(b) In the rational function field K = IFS( ), consider the zero p € P% of
7= 2% +x+ 1. Write F} = (o) with o® = a + 1. Then the residue class
w = (ax + a°) + p € F, satisfies w’ = a, w?' = 2+ p and F} = (w). From
T+ w? =7+ (x4 w?)? € p C K, we derive the expansion

r=wt+r+rt+at+ a2 4 1B
of = at p. O

In the course of this work we shall perform several calculations within global
function fields K|F,. Each of these is obtainable from a rational function
field F,(x) by at most two successive extensions of Kummer or Artin-Schreier
type, whence the genus and the places of K can be determined according to
the corresponding theorems in [St2]. However, since these are not the only
calculations we have to do, we shall make use of KANT/KASH, a powerful
number theory tool (for details see [K]), also capable of dealing with global
function fields. It requires a global function field to be input in the form
K =F,(x,y), where y must be integral over the polynomial ring F,[z]. It will
then decompose places in K|F,(x) and compute the genus of K.

Let p € Px and let 7 € K, be a uniformizer at p. There are certain sub-
groups of K which will play an important role in our computations concerning
ray class fields, viz. the unit group

U(O) Up = Ry = {a0+a17r+a27r2+--- |oz0 eF,, a1, 0n,... € Fp}
and, for any postive integer n, the n-th one-unit group at p,
Uén) =14+p" = {1 + 0, 4 o 4 | Qs Qi 1y - - - € Fp}.

The first one-unit group Uél) is simply called the one-unit group. We note

that we have a canonical isomorphism Fy ~ Up/U,gl), a— aUr(,l) and that, for
positive integers m < n, the factor group

Uém)/Uén) — {(1 + Oémﬂ'm 4+ .4 anilﬂ'nfl)Uén) } Oy ooy Ap—1 € Fp}

has g™ degP glements.
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2 S-Units

Let K|F, be as before. We are concerned here with objects depending on a
non-empty set S C Px of places of K. The S-units will play an important
role in our treatment of the ray class fields. Some tools to compute them are
developed in the following.

Let Dg be the group of divisors of K with support in S, and DY := DgNDY,.
We write deg S for the (positive) greatest common divisor of the degrees of
the places in S; hence deg(Dg) = Zdeg S.

Denote by Og = ﬂp¢s R, the ring of S-integral functions in K, i.e. those
functions which have poles only in S. The group O% of invertible elements in
Og is called the group of S-units. By [FJ, p. 22] and [St2, p. 69] the map
S — Qg is a 1-1 correspondence between the non-empty subsets of Px and the
Dedekind domains with field of fractions K. Accordingly, Og is a Dedekind
domain. Its ideal class group, C/(Og), which will be referred to as the S-class
group, is, as usual, defined as the quotient of the group of non-zero fractional
ideals of Og by its subgroup of principal ideals zOg with z € K*. It has finite
order hg :=|Cl(Os)|, called the S-class number.

The following proposition provides the connection between the S-class group
and the group of S-units (cf. [Rol]).

2.1. Proposition. The S-class group Cl(Og) is naturally isomorphic to
Dk /(Ds + (K*)), and the sequence

deg

0— Dg/((’)g) — D% /(K*) — Dg/(Ds + (K*)) = Z/Zdeg S — 0
18 exact.

Proof. The canonical map Dy — C/(Og) taking a divisor ) myp to the class
of the fractional ideal [[,os(pNOs)™ is surjective with kernel Dg+ (K*). The
exactness of the sequence follows (from left to right) from the facts (O%) = DN
(K*), Do+ (K*) = D%N(Ds+(K*)), D% +Ds = {m € D | degm € Zdeg S}
and deg Py = 1 (F. K. Schmidt’s Theorem, see [FJ, p. 32] or [St2, p. 164]). O

The index (DY : (OF)) is called the S-regulator and is denoted by regg. More
generally, for any subgroup U of finite index in O% we define its regulator reg U
as the index (DY : (U)); hence regg = reg O%.

2.2. Corollary. We have regghs = hx deg S, and (O%) ~ Og/F; is a free
abelian group of rank |S| — 1 (Dirichlet’s Unit Theorem,).
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We now turn to the practical computation of S-units. It is reasonable to
restrict to the case of S being finite (and non-empty).

We call a family of functions u; € K*, i € I, (multiplicatively) indepen-
dent (over Z) if they are linearly independent in the Z-module K*. Obviously,
(u;)ier are independent if and only if the corresponding family of principal di-
visors (u;) € DY are Z-linearly independent.

In all the examples that we shall treat in this thesis, it is not hard to find
s := |S| — 1 independent S-units uy,...,us simply by guessing. (A general
algorithm, which does this automatically, is currently being implemented in
KASH.) However, the principal divisors (u1), ..., (us) found in this way some-
times do not generate all of (O%). In order to check if they do and, if they do
not, to see how to produce other S-units generating larger subgroups of Of,
it is useful to determine the regulator.

2.3. Lemma. Lets:=|S|—1 € Ny and write S = {po,....ps}. Letu, ..., us
be independent S-units, U the subgroup of OF% generated by them, and Ay :=
(Vp, (ui))1<ij<s € Z5%°. Then

deg S
deg po
This is a slight improvement compared to a result by Schornig [Sg, p. 53], who

only made use of the fact that regU divides | det Ag|. Note that Schornig’s
definition of the regulator differs from ours by the factor [[j_,degp;/ deg S.

regU = |det Ay .

Proof. Set d; := deg{po,...,p;} and b; := d;_;/d;. Applying the submodule
basis construction from the proof in [Wa, p. 3] of the well-known theorem on
free modules over a principal ideal domain shows that there exists an upper

triangular matrix B € Z**® having by, ..., bs on its diagonal such that
*
(b1, ,b) 1= (o op) ()
is a Z-basis for DY. Since ® : DY — Z*, 37 jeipi — (ca,. .., ¢s) is injective,

we can conclude that

det AO
det B

(Ds : (U)) = (2Dg : (V) =

ds

2.4. Remark. In the situation of the lemma, let S’ be a non-empty subset
of S. Then a Z-basis for U N Og/ can be obtained as follows. Assume w.l.o.g.

that S = {po,...,py} where s = |S’| — 1. Since Z is euclidean, we can
compute T = (t;j)1<i j<s € GL4(Z) such that T'Ay is lower triangular. Setting
uj = [l u?j, it is easily seen that u}, ..., u}, form a basis for U N Og.
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A basis for O%/F;; can now be constructed from wuy, ..., us by applying the
following proposition to each prime number [ dividing reg U.

2.5. Proposition. In the situation of the previous lemma we set A =
(vp, (7)) 12125 € Z¥5FD and write ~ to denote reduction modulo a given prime
0<j

<s

number | € N. Consider the group isomorphism
u:Z°— (U)~=U, (my,...,ms)— (u™---ul™).

The pre-images M = u'((U) N (K*)) and N := u'((U) N IDxk) satisfy

1Z° C M C N, hence M := M/IZ°* C N := NJIZ* C F;.

(a) N is the kernel of F; — Fit! v vA.

(b) M =0 < 1] ((0%):(U)).

(c) Letm € N and z € K*. Then u(m) = (2') iff z € L(—u(m)/l) \ {0}.

(d) The dimension of N equals the l-rank of D% /(U), which in turn is bounded
by v (regU).

Proof. Note that [Z* is the u-pre-image of (U') C (U) N (K*').

(a) For m € Z*, by definition, mA € Z**! is the row vector whose compo-

nents are the coefficients of the divisor u(m). Reduction modulo ! shows the
assertion.

(b) {|((O%) : (U)) means that there exists z € K* satisfying (2!) € (U) and
(2) & (U), i.e. u™l(l(z)) € M\ IZ*.

(c) This is clear from the definition of Riemann-Roch space and because u
has values in DY..

(d) Recall that the l-rank of an abelian group G is defined as the F;-dimension
of G/IG, and that it is < v(|G]) if G is finite. Now u induces a surjective [F;-
homomorphism F; — ((U) + (DY) /IDY, whose kernel is N. Hence

dimp, N = s — dimg, ((U) + ID%)/IDY = dimg, D2/ ((U) + (DY),

DY/ (U
but DY/ ((U) + DY) ~ ﬁ O

The proposition suggests an algorithm that we want to describe briefly and
informally in the following. First we determine N from the matrix A by means
of 2.5(a). In order to find out whether [ divides ((O%) : (U)), by 2.5(b) it

suffices to test the condition

(1) u(m) € (K™)
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with m running through a system of representatives for the orbits {Fjv|v €
N\ {0}}, since M is a subspace of N. These are (|N|—1)/(I —1) tests, so we
have an obvious improvement of the algorithm in [Sg, p. 54|, which contains
a loop over [ — 1 elements. This simplification has the additional advantage
that we can choose the vectors m with at least one component, say m;, equal
to 1, so that, in case (1) holds, we simply replace u; by z € L(—u(m)/l) \ {0}
and thus obtain a larger subgroup U’ of OF satisfying (U’ : U) = [, to which
we can apply the described procedure anew.

Due to 2.5(c), each test (1) comes down to determining a Riemann-Roch
space (of dimension 0 or 1), a task for which a KANT algorithm has been
implemented by Hefl [He|. If | equals the characteristic p of K, then 1 can be
tested much easier, since taking p-th roots in K is a simple exercise in linear
algebra. Recall that the p-th power map in characteristic p is an injective ring
homomorphism, i.e. a p-th root is unique (if it exists), and that the p-th root
of a € F, is /.

2.6. Lemma. Let (y1,...,Yn) be a basis for the characteristic p field extension
Klk. We form the transition matric W = (wij)i<ij<n € k™" with y} =
i1 Wiy

(a) The matriz W is invertible if and only if K|k is separable.

(b) Letu=>"", fiyi and z=>_"_| g;y; with fi,..., fu,q1,...,9n € k. Then
u = 2P is equivalent to (fi,..., f.) = (g},..., g )W.

(c) The p-th power image of F,(x), x an indeterminate of Fy, is F,(zP).
Proof. (a) W isinvertible iff ¢}, ...,y are linearly independent over k, which

amounts to saying that K? and k are linearly disjoint over kP (here the super-
script p denotes p-th power); but this means that K|k is separable.

(b) and (c) are immediately verified. O

This lemma can readily be applied to any global function field K |F, because,
by [St2, p. 128], there always exists © € K \ F, such that K|F,(z) is separable.

2.7. Example. Let K be the function field Fy(x,y), where z is an indetermi-
nate over IF, and

yr (@ e+ D)y 4 (2 -2y =2 — 1

Because u = (y* — y)/(2? — x) satisfies u? — u = izzgffﬁ, K is obtainable

from Fy(z) by two successive Artin-Schreier extensions. Moreover K|F,(z) is
Galois. The Galois group is generated by the two automorphisms which take
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y to y+ 1 and y + z, respectively, and hence is abelian of type (2,2). Choose
a € Fy \ Fy. The following facts are easily verified using [St2, p. 115]. Exactly
those places of K associated to x, x — 1 and the pole co of x are ramified in K,
each with ramification index 2 and inertia degree 1, and K has genus 3 and
14 rational places, namely

Po = (Oa Oé), P = (0,042),
Pa = (Oz,O), Ps = (av 1
Ps = (042,0), Po = (aQ’
P12, P13,

where (a, 3) with «, 5 € F, denotes the place of K which is the common zero
of r—a and y— 3, and p12 and py3 are the zeros of y/x and y/x—1, respectively,
which lie above co. Let S := {po,...,p13} and “guess” S-units

(U,l,...,U13) = (x;x+047x+0¢27y73/+1;3/+047y+a271/+$7
y+r+o,y+ar,y+ar+ o,y + o’y + o’z + a);
then

|
N}

|
o

A = (Upj (uz)) 1<i<13 =

0<5<13

HOHROF,OOHFOOOON
OO0 OOHOOOOON
OOHOOOOOOHOOO
HOOOOrROOHROOOO
OO0 OHROOOO—ROFO
ONHOOOOO+HOORrO
OO0 O+HOHOOOHO
HOONOOHROOOORO
HOOOOO0OOOoOOrRHOO
COONRHROOO+HORrROO
ONOOOOOHOO—ROO
OO OO—HHFHOOO~ROO

|

—_

|

V)

Without regard to sign, any 13 x 13-minor of A (erase one column and compute
the determinant) equals 512, which by Lemma 2.3 is the regulator of U :=
(ug,...,u13). We want to test whether 2 divides ((O%) : (U)) by means of
Propositon 2.5 and find N = Fae; @ Faeig @ Faeqo, where e; denotes the i-th
canonical basis vector in F33. Hence we have to search for squares in the set

Vo={uM o uls? | (0,0,0) # (my, myg, miz) € {0,1}°}
:{x, Y+ ox,y+ oz2x, Ty + ozx2, Ty + a2x2,
y? 4wy + 2%, oy’ + 2ty + 2}
Applying Lemma 2.6 with (1,y,y? y?) as a basis for K|F(z), i.e.

-z 0 0 0
Wl 1 -1 22+az+1 1 0
_12—1‘ 0 SL‘Q—LC 0 0 ’

0 -1 224z+1 1
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shows that in fact no element of V' is a square in K and hence proves O¢ = FiU
and regg = 512.

If we have information about the S-class number and the divisor class num-
ber, we can determine the regulator regg directly or estimate it from below by
means of 2.2. One such technique is demonstrated in the following example
continued from Section 1.

2.8. Example. Let K = Fy(x,y) and po,...,ps as in Example 1.7(a). Sup-
pose S C P}, contains at least two elements, say p # p’, then p—p’ € DI\ (K*)
by Theorem 1.1, and consequently regg > 1. Let 0 < k£ < 4 and consider the
set Sk := {po,...,Pr}. Thenregs = hx = 13 and hg, =1 for k > 1 by Corol-
lary 2.2. We “guess” S,;-units u, := z, us := x + 1, uz := y and uy := y + 2
and set
—21001 136 —3 —2
A= (vp, (ug)) 12624 = (?,8553) and T := ( 23 -1 —(1]) € GLy(Z).
~50032 10 0 0

0<j<4

By Lemma 2.3,

shows that Of, = (w1, ug, us, us). Moreover, writing T' = (t;)1<; j<4 and set-
ting ) := H?Zl u;'”, we obtain O = (u},...,u;) according to Remark 2.4.
This example is continued in Section 6.

3 Ramification Groups

We shall recall some basics of Hilbert’s ramification theory as found in [Nk,
pp. 186ff] or [St2, pp. 118ff] and prove an upper index version of Hilbert’s
Different Formula for abelian extensions by means of the Hasse-Arf Theorem.
Although we restrict ourselves to the function field case here, everything in
this section, except for Example 3.3 and Corollary 3.5, carries over literally to
number fields by merely requiring the “places” (i.e. primes) under consideration
to be non-archimedean.

Let K|F, be as before, K a fixed algebraic closure of K, L|K a finite Galois
extension with group G(L|K), p a place of K and q a place of L lying above p.
It is well-known that G(L|K) acts transitively on the set of all places of L
above p. For s € [—1,00) there is the s-th lower ramification group of q|p,

Gs(qlp) :=={o € G(L|K) |v4(cz — 2) > s +1Vz € Ry}
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We note that G_1(q|p) = {oc € G|oq = q} is the decomposition group and
Go(qlp) is the inertia group of q|p. See [St2, p. 119] for their specific prop-
erties. After renumbering by means of the continuous and strictly isotonous
bijection

[_1700) - [_1700)
= "Nqp - s ° ’Gm<q‘p)‘dx
o Golalp)]

we get the upper ramification groups G"®(qlp) := G,(q|p). (Note that
n is the identity in any case on [—1,0].) Whereas, by definition, the lower
numbering is stable under modification of the lower field K (see [Nk, p. 187]),
the upper numbering is compatible with a change of the upper field (see [NKk,
p. 190)):

3.1. Proposition. For any Galois subeztension L'|K of L|K with q' :== qNL/,
the restriction map G(L|K) — G(L'|K) sends G*(q|p) onto G*(q'|p) for all
s € [—1,00).

Analogously we can define the ramification groups of the local exten-
sion Lq4|K,, which we denote by G,(Lq4|K,) and G*(L4|K,) for the moment.
Clearly, G_1(L4|K,) = G 1 (Ly|Ky) = G(L4|K,). Since the restriction map
G(L4|K,) — G(L|K) is injective and sends G(L4 K,) onto Gs(q|p) and
G*(Lq4|Ky) onto G*(q|p) for all s € [—1,00) (see [CF, p. 41]), we shall iden-
tify these groups with one another and drop the notations G4(L4|K,) and
G*(L4|K,) again.

The canonical surjection G~*(qlp) — G(F4|F,) has as kernel the inertia
group G°(q|p). Hence, in the case that g|p is unramified, there is a unique
element g, € G~'(q|p) satisfying

deg p
Pqlpz = 27 mod q

for all z € Ry, called the Frobenius automorphism of q|p (cf. [CF, p. 164]),
which will be used in Section 4. Note that @,q, = opgpo " for o € G(L|K).

Since Gy(oqlp) = oGs(q|p)o~! for any automorphism ¢ € G(L|K) and
s € [—1,00), the orders of the (lower and upper) ramification groups do not
depend on the specific choice of q. Therefore, we can define the conductor
exponent f(L,p) of p in L as the least integer m > 0 such that G™(q|p) is
trivial. The effective divisor

F(LIK) == > f(L,p)p

pelPk
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of K is called the conductor of L|K. Because G°(q|p) is the inertia group
of q|p, the places of K occurring in f(L|K) are exactly those which ramify in
L. The Conductor Lemma in Section 5 below shows that in the abelian case
f(L|K) is indeed the conductor of L|K in the sense of class field theory.

We also define the splitting set S(L|K) C Pk of L|K as the set consisting
of those places p of K which split completely in L. Due to the properties of
the decomposition group we have

(2) S(LIK)={p € Pk | G '(qlp) =1 for q € P, above p}.

As a consequence of Proposition 3.1, the splitting set and the conductor enjoy
the following properties:

3.2. Corollary. Let Ly and Ly be two finite Galois extensions of K within
K

(b) Let L == LyLs. Then S(LIK) = S(L|K) N S(Lo|K), and j(L|K) =
max{f(Li|K),f(Ls|K)}, where the mazimum is taken coefficientwise.

Proof. Let s € [—1,00) and p € P.

(a) Choose q; € Pr, and g2 € Py, such that gq|q:|p. By 3.1, the triviality of
G*(q2|p) implies that of G*(q|p). Hence f(Ly,p) < f(Lq,p) by definition of
the conductor exponent.

(b) Choose a place q of L above p and let q; := qN Ly and g2 := q N Lo.
From 3.1 we see that G*(q|p) is trivial iff G*(q1|p) and G*(qq|p) are trivial.
Hence f(L,p) = max{f(L1,p), f(L2,p)}. The assertion on the splitting sets
follows with (2). O

As an application we give the following

3.3. Example (Artin-Schreier Extensions). Let p: K — K, 2+ 2P — 2,
be the Artin-Schreier operator and define the Artin-Schreier reduced
valuation of a function u € K at a place p € Px by

vy (u) == max{vy(u — pt) [t € K} € ZU {oc}.

Let U C K be finite and L :== K (p~'U) C K.
(a) Foru e K with vy(u) < 0 we have the equivalence

vp(u) = vy(u) <= wvp(u) Z0 mod p.
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(b) The extension L|K has conductor

FLIK) = ) (mp+1)p,
myp >0
where my, := — min,ey vy (u) for p € Pr.
(c) The splitting set of L|K is S(L|K) = {p € Px [v;(u) > 0Vu € U}.

(d) The degree of L|K is [L: K] = (V 4 oK : pK), where V := ", Fyu is
the Fp,-subspace of K spanned by U.

Proof. (a) See [St2, p. 114].
(b) Let u € U. We show that K, := K(p~'u) C L satisfies

(3) HEJE)= Y (L—vjw)p.

vy (u)<0

If u € pK, then K, = K and v;(u) = oo for all p € P, and we are done.
Otherwise K,|K is Galois of degree p and we can use Proposition I11.7.8 of
[St2, p. 115]. Let p € Px. If vj(u) > 0, then p is unramified in L, i.e.
J(Ky,p) = 0. In case m := —vy(u) > 0, exactly one place q € Pk, lies over
p (with e(q|p) = p, i.e. p is totally ramified in K,) and the different exponent

equals

d(alp) = (p = 1)(m +1).
A comparison with Hilbert’s Different Formula (see [St2, p. 124))

o0

d(alp) = > (IGulalp)| — 1)

n=0

yields G(K,|K) = Go(qlp) = -+ = Gn(qlp) and Gp11(qlp) = 1. Hence
the bijection 7, is the identity on [~1,m] and 7g,(s) = m + =% for s €
[m, 00). We conclude that G™(q|p) = G,.(qp) = G(K,|K) and G™ ! (glp) =
Gmip(alp) = 1; hence, f(Ky,p) = m+1 = 1— v;(u) by the definition of
the conductor exponent. Thus we have established (3) for all u € U, and the
formula for f(L|K') follows from 3.2(b) since L =[],y Ku-

(c) Let p € P and u € U. We write K, = K(p 'u) = K(y) with y € p~'u
and show

vp(u) >0 <= p € S(K,|K).
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Suppose vy(u) > 0. Then there exists ¢ € K such that § := y — t satisfies
g’ —y =u—pt =0 mod p. Hence p splits completely in K,, = K(g) according
to [St2, p. 76]. Conversely, suppose p splits completely in K,. Then we can
assume vp(u) > 0 by the proof of (b) and, using [St2, pp. 96,76], conclude that
u = pt mod p for some ¢t € Ry; hence vy(u) > vy(u — pt) > 0. The assertion

follows with 3.2(b).

(d) This is due to the Kummer theory of the operator g (also called Artin-
Schreier theory, see [Nk, p. 294]). O

By Cebotarev’s Density Theorem', S(L|K) and, for [L : K] > 1, also its
complement Py \ S(L|K) is an infinite set. Another well-known consequence
of this deep theorem is the fact that L is uniquely determined by S(L|K) as a
finite Galois extension of K. More precisely, sharpening 3.2(a), we have

3.4. Theorem. Let L, and L be finite Galois extensions of K within K.
Then

L1 C Ly < S(Li|K) D 5(Lo| K).

Proof. See [CF, p. 362]. O

From this we can derive the following generalization of F. K. Schmidt’s
Theorem:

3.5. Corollary. Ford €N, let S; =~ P be the set of all places of K|F,
whose degree is divisible by d, and Kq = F K C K the constant field extension
of degree d over K. Then S; = S(Ky4|K), deg Sy = d, and K is the largest
Galois extension L of K within K such that Sq C S(L|K).

Proof. Clearly, p € Pk splits completely in Ky|K if and only if d divides deg p.
To verify the second assertion, set d' := degS;. Then S; = Sy, which by
Theorem 3.4 implies K; = Ky and hence d = d’. Finally, let L C K be finite
Galois over K with Sy = S(K4|/K) C S(L|K). Then, again by Theorem 3.4,
L C K,. O

In what follows, L|K will be assumed finite abelian. The Frobenius auto-
morphism and the ramification groups no longer depend on ¢, so we can write
¢r,p instead of g, and G*(L,p) instead of G*(q|p). The subfield of L fixed
by G*(L,p) is denoted L*(p) and called the s-th upper ramification field

'We do not want to formulate the theorem itself here. Instead, we state some of its
consequences which are not essential for what follows but produce illustrative examples.
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of p in L. In particular, L™!(p) is the decomposition field and L°(p) is the
inertia field of p in L (cf. [St2, p. 118]). As we shall see later, the upper
ramification fields have an interpretation in terms of ray class fields. In view
of this, it will turn out useful to have an upper index version of Hilbert’s

3.6. Different Formula. The different exponent of q|p satisfies

NE

d(glp) (JG°(L,p)| — (G°(L,p) : G"(L,p)))

n=0

[M]8

(L L)) = [L"(p) - LO(p)]) -

I
o

n

Proof. For convenience, put G® := G*(L,p), n := ngp and 1 :=n~'. Set t; :=
—l and let 0 <ty < --- < t, be the (other) jumps of the filtration (G®)s>_1,
i.e. the numbers s > —1 satisfying G C G* for all ¢ > 0. Obviously, all
Y(t;) are integers, and ¢y = —1 is a jump iff [Fy : ] > 1. The bijection 7 is
piecewise linear, its slopes being

1 by —ti1

1'(s) = (GO: Gt ah(ty) — Y(tisy)

for (t;—1) < s <(t;) and i € {1,...,r}. By the Hasse-Arf Theorem (see [S1,
p. 93]%), the ¢; are integers, too; in particular, ¢, = f(L,p) — 1. Substituting
the above equation into Hilbert’s (lower index) Different Formula (see [St2,
p. 124] or [CF, p. 36]) yields

o0 T T/’(ti)
d(alp) = (IGnlalp)| — 1) = (l6% =1)
n=0 i=1 s=t(t;_1)+1
= ;W(E) = ¥(ti-1)) © Lgo(th)C: :

=3 — 1) (6] - (6 6M)

S (6= 6m) = S (e - (@ o). O

i=1 n=t;_1+1 n=0

2We prefer Serre’s direct proof to one deduced from local class field theory (see [Nk,
p. 372] or [CF, p. 157]), which is merely touched upon in our next section.
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As an immediate consequence we obtain the following

3.7. Discriminant Formula. Let f(L|K) < m = }_ myp € Dg. Then the
discriminant of L|K is given by

O(LIK) = [L: Kjm— 3 (mz L) K

peP K n=0

Proof. Since L°(p) is the inertia field of p in L, we have Zq|p[lﬁ‘q : Fp] =

[LO(p) : K] for each p € Pg. The discriminant is the norm of the different.
Hence 0(L|K) = >_ d(L,p)p with

d(L,p) = [Fq: Fyld(alp)

alp
=[L(p) : K] > ([L: L°(p)] — [L™(p) - L°(p)])
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Part 11
Ray Class Fields

This part is devoted entirely to the definition and investigation of the central
objects of this thesis, the ray class fields K¢, where S is a non-empty set
of places and m an effective divisor of K with support away from S. Their
existence is based on (global) class field theory, of which we shall give a brief
survey in Section 4.

The extension Kg|K will be characterized as the largest abelian extension
of K with conductor < m such that every place in S splits completely. This
and other properties of the ray class fields are discussed in Section 5. Here
we also see that everything comes down to knowing the degrees [K : K], the
determination of which is therefore attacked in Section 6.

In the whole of Part II we assume again that K|F, is a global function
field. Moreover, we fix an algebraic closure K of K, inside which all algebraic
extensions of K are chosen.

4 Class Field Theory

The purpose of this section is to make available the necessary tools from class
field theory. A complete exposition of this theory, as presented in [CF| and
[AT], would be beyond the scope of this thesis. Nevertheless, we want to give
an impression of how the results depend on each other and how the proofs are
arranged. A general introduction to topological groups, which play a central
role here, is found e.g. in [Lu].

We recall from Section 1 that for each place p of K the multiplicative group
K, is a topological group, in which the subgroups Uén) with n € Ny form a
basis of open neighbourhoods of 1. The idele group Zx of K is defined as
the restricted topological product of the Ky, p € Pk, with respect to their
subgroups U, (see [CF, p. 68]). In other words,

Ty = {(O{p>pe]pK € H K; ayp € Uy for almost all p € IP’K},

pePK

and the topology on Zy is the initial topology induced by the canonical pro-
jections Ty — K, p € P. Therefore, a subset of Zf is open iff it is a union
of sets of the form HpeJP’K V, with V,, C K;‘ open for all p € Px and V,, = U,
for almost all p € Pg. It is readily verified that Zy is a topological group.
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The canonical embedding of K into Zx will be expressed by the symbol [ ],
ie. [z], for 2 € K} is the idele (...,1,2,1,...) having 2 at its p-th position
and 1 elsewhere. Clearly, the morphism | ]p preserves the topology, i.e. is a
homeomorphism onto its image. The diagonal embedding of K* into Zx is
considered as inclusion. The factor group Cx = Zx/K* is called the idele
class group of K and carries the quotient topology induced from Z, i.e. the
canonical projection Zx — Ck is continuous and open.

Let L be finite separable over K. The inclusion K* C L* is extended to ideles
by identifying o = (ap)pep, € Zx With (aq)qer, € I, where ag = o, for glp.
Since L*NZx = K™, it induces an inclusion Cx C Cy,. Both inclusions preserve
the respective topologies. Also the norm Npx from L* to K* is extended to
ideles by the continuous morphism

IL — IK
(ﬁq)qEPL = (Hq\pNLﬂKPﬂQ)pe]P’K

(see [CF, p. 75]). Since NpjxL* C K*, it induces a norm map Nk : Cp — Ck,
which is continuous, too. Finally, the norm is obviously transitive, i.e. if L’ is
an intermediate field of L|K, then Nyjx = Nk o Npjp.

Until the end of this section we assume L|K to be finite abelian. Consider
G(L|K) as a topological group equipped with the discrete topology. Class field
theory asserts the existence of a canonical group morphism built up from the
Frobenius automorphisms defined in Section 3.

NL|K:

4.1. Reciprocity Law. (a) Let S C P be a finite set of places of K in-
cluding all those which ramify in L. Then there is a unique continuous
homomorphism

(. LIK) : Tx — G(LIK)
such that (K*, L|K) =1 and
(o, LK) = H o7 o (cxp)
pEPK\S
for each o = (oy)pep, € Li satisfying o, =1 for allp € S.
(b) The map ( , L|K) is surjective with kernel K*Np Ty,

(c) If L' is an intermediate field of L|K, then (o, L'|K) = (o, L|K)|ps for all
a€Tk.

The homomorphism ( , L|K) is called the Artin map or the norm residue
symbol of L|K.
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Remarks on the proof. We can follow [CF, pp. 170-193]; only for the part con-
cerning Artin-Schreier extensions we refer to [AT, pp. 29-37].

The uniqueness of ( , L|K) follows from the continuity by means of weak
approximation and shows that the definition of the Artin map does not depend
on the exceptional set S. Also, (c¢) can easily be derived from this uniqueness,
noting that ¢, = ¢ p|rs. The behaviour of the Frobenius automorphism in
towers, by applying weak approximation once more, implies that Np g7y, is
contained in the kernel of ( , L|K).

In order to prove (b) and the existence of the Artin map one usually employs
Galois cohomology. In the beginning the so-called first inequality, stating that
[L : K] divides (Ckx : NpjxCr), is established for cyclic extensions L|K by
determining the Herbrand quotient of Cr, as a G(L|K)-module. Assuming the
existence of an Artin map, one can now derive that it must be onto for any
finite abelian extension L|K.

The second inequality, (Cx : NpjxCr)|[L : K], can be stated more generally
for L|K abelian, because it is easily reduced to the situation where L|K is
cyclic of prime degree n and K contains the n-th roots of unity. If n = p is the
characteristic, L is an Artin-Schreier extension of K and therefore contained
in K := K(p~'K). Thinking of G(K|K) as equipped with the Krull topology,
one exhibits a homeomorphism?® w : Cx /C? ~ G(K|K) in terms of traces of
residues of local differentials and shows, by the aid of the first inequality, that
w(NpxCr/Ch) = G(K|L), whence Cx/NpxCp =~ G(L|K). The case n # p
is somewhat more technical. This time L|K is a Kummer extension, and
the proof of the second inequality uses an intricate interplay between Kummer
groups and idele norms, too difficult to present here. Having shown the second
inequality, one can immediately conclude that the Artin map (if it exists) must
have the kernel K*Np k.

In order to finally prove the existence of the Artin map, ( , L|K) is defined
as the product of all local Artin maps ( , Ly|K,) with p € Pk, as indicated at
the end of this section. By this definition ( , L|K) is continuous and also the
representation by Frobenius automorphisms as required in (a) verifies trivially.
The crucial point is to show that ( , L|K) indeed swallows K*. This is easy for
constant field extensions of K and generalizes via an assertion on the Brauer
group of K to arbitrary finite abelian extensions. O

Since K* is contained in its kernel, we can also think of the Artin map

3 Although not needed for the proof, it should help understanding the Reciprocity Law
to verify that w( )|, = ( , L|K) for all finite subextensions L|K of K|K.
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( ,L|K) as defined on Ck. As such it is continuous, too. Its kernel
NL = NL|KCL = K*NL‘KIL/K*

is called the norm group of L, and L is called the class field associated to
this norm group. We note that the Artin map induces an isomorphism

Cx /Ny ~G(L|K).

From the Reciprocity Law we can derive some consequences on inclusions of
class fields and norm groups.

4.2. Corollary. Let Ly, Ly be finite abelian over K. Then
(d) L1 C Ly < N, D Np,.

(b) Npyo, =Np, N NL,.

(¢) Nojan, = N, N,

Proof. We can follow the arguments in [Nk, p. 321]. The implication = in
(a) and the inclusions C in (b) and D in (c) follow from the transitivity of the
norm. If in (b) conversely a K* € Ny, NN, for a € Ty then («, Ly Lo|K)|p, =
(a, L;| K) = 1 for ¢ € {1,2} by 4.1(c), thus aK* € N,1,. Using (b) to prove
the opposite implication in (a) we see that N, D N, implies Ny, 1, = N,
thus [LiLs : K] = [Ls : K] by the Reciprocity Law, whence L; C Lo.

It remains to show that Ny ,nz, € N := Ny, Np,. For i € {1,2}, by Galois
theory, (N, L;|K) = G(L;|L}) for some intermediate field L, of L;|K, and by
the Reciprocity Law, N is the kernel of ( , Li|K), i.e. equals Np,. Using (a)
we conclude L} = Ly, C Ly N Ly and N D N nz,- O

4.3. Existence Theorem. The map L — N, is a 1-1 correspondence be-
tween the finite abelian extensions of K (within K ) and the open subgroups of
finite index in Ck.

Remarks on the proof. We follow [CF, pp. 201f]. Clearly the kernel N} =
Ny kCr, of the continuous map ( ,L|K) : Ck — G(L|K) is open and of finite
index in Cg. Moreover, N, is uniquely determined by L according to 4.2(a).
Let us call a subgroup N of Cx normic if it is the norm group N7, of some
abelian extension L|K. We note that if N contains a normic subgroup N’,
say with class field L', then N is itself normic, for, by the Reciprocity Law,
(N, L'|K) is a subgroup of G(L'|K), whose fixed field L C L' has norm group
N =N.
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It remains to show that any open subgroup A of finite index in Cg is normic.
If the index n = (Ck : N) is a prime number and K contains the n-th roots
of unity, this follows from the proof of the Reciprocity Law, or more precisely
of the second inequality, where the class field (of a subgroup) of N was con-
structed. By a lemma on norm lifts in cyclic extensions one can reduce the
general case to the former. O

To conclude this section, we point out the connection between global and
local class field theory. Let p € Px and denote by L, the completion of L at
any one of the places above p. (They are all K,-isomorphic.) By [CF, p. 175],
the composed morphism

([ ]p,L]K) ' Ky — I — G(L|K)

has image G~!(L,p). In the course of the proof of the Reciprocity Law this
morphism turned out to be equal to the local norm residue symbol ( , L,|K,),
whose definition is given in [CF, p. 140]. By [CF, p. 155] we obtain:

4.4. Theorem. The homomorphism ([ ],, LIK) : Ky — G~'(L,p) is surjec-
tive and maps Uén) onto G™(L,p) for all n € Ny.

In particular, ([Up]y, L|K) = 1 for all but the finitely many places p € Pk
which ramify in L. Hence for each a = (o) € Zx, by continuity,

(a, LIK) = H (lovplp, LK),

pePK

and the product is finite.

5 Definition and Properties

Pursuing the program we announced in the beginning of this part, our next
task is to find a suitable open subgroup of finite index in Cx such that its class
field has the desired properties. Reflecting on Theorem 4.4 encourages us to
give the following definitions.

Let S be a set of places of K. By an S-cycle we mean an effective divisor of
K with support disjoint from S. Let m = Zp mypp be such an S-cycle. Then
we define the S-congruence subgroups mod m,

I3 := (HK; X H Uémp)) NZx and Cg:=K'Ig/K",
pGS PG]PK\S



5 Definition and Properties 31

of Tx and Cg, respectively. (Here intersection with Zx is only necessary, of
course, when S is infinite.) For an arbitrary effective divisor n =3 nyp of K

we set I" = I];’}K\suppn and define

o(n) = H (U : Ué”")) = H (gi°eP — 1)g(me— D degp,

pePx pEsuppn
We note some elementary properties of the congruence subgroups.

5.1. Remark. Let S C Px and m = Zp mpp be an S-cycle.

(a) If T C S andn > m is a T-cycle, then I} C I and C} C CZ.

(b) IfT C Pk andn is a T-cycle, then I§T} = I?Lij?{m’n}, where the minimum
is taken coefficientwise.

(c) The congruence subgroups Zj and Cj with n running through all effective
divisors of K form a basis of open neighbourhoods of 1 in Ik and Cg,
respectively.

(d) Both IT and C are open.

(e) We have I3/TF =TI, Up/US™ and (I§ : IF) = ¢(m).

(f) The index (Cx : C}) is infinite for every effective divisor n of K.

(g) K*I" =17k for anyn >o.

(h) Zg is topologically generated by its subgroups [K;],, p € S, and [U,Sm")]p,
Proof. (a)—(e) are obvious.

(f) Choosing a place p € Px \ suppn, the homomorphism K; — Zx/K*Ij
induced by the embedding [ ], has kernel U,. But Ky /U, ~ Z.

(g) This is merely an idelic reformulaton of the Weak Approximation Theo-
rem 1.5.

(h) Let o = (ap)pep, € Z3 and n = 3 npp be an effective divisor of K.

Then the set T := {p € Py | o ¢ U,g"")} is finite and o =[] p[oy], mod Zy.
Thus the assertion follows by (b). O

Because of 5.1(f) we require S to be non-empty from now on. In a moment
we shall see that under this assumption the index of Cg in Ck is indeed finite.
In order to obtain an ideal theoretic interpretation of the corresponding fac-
tor group, we introduce the S-class group mod m, (/™(Og), defined as the
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quotient of the group of fractional ideals of Og prime to m by its subgroup of
principal ideals zOg with z € K*NZI™. Note that C/°(Og) = C/(Og) is the
usual S-class group defined in Section 2.

5.2. Proposition. Let S C Pg be non-empty and m an S-cycle.
(a) C™(Os) is naturally isomorphic to Ci /CE.
(b) The sequence

O = I3/IT — T [K*IY — T | K*T5 — 1

15 exact.
(c) (Ck :CT) is finite.

Proof. (a) The natural homomorphism Z™ — C/™(Og) mapping the idele
(ap)perc € I™ to the class of the fractional Og-ideal [ ,cp,.\s(p N Og)™ (ep)
is onto with kernel Z{HK* NI™) = K*ZF NIZI™. Consequently, /™(Og) =~
K*T™ K*T8 = T /K*TE by 5.1(g).
(b) We have O% = K* N T2, implying QLT3 /T = (K*I% N Z8)/I%, which is
the exactness at Z¢/Z. The exactness at the other groups is even simpler.
(c) This follows from (b) since both Z¢/Z& and Zy / K*TZ ~ C/(Og) are finite.
]

According to the Existence Theorem 4.3, we can now define K¢ as the class
field associated to the congruence subgroup Cg and call it the S-ray class
field mod m. By 4.1(b) we have an isomorphism

G(KS|K) =T | K'Y ~ Ck /CT ~ C™(Og).

We remark that K§ is the Hilbert class field of Og in the sense of Rosen
[Ro2] (with the slight generalization that we allow S to be infinite). Moreover,
in case S consists of exactly one place, an explicit construction of K§ in terms
of rank 1 Drinfel’d modules has been carried out by Hayes [Hay]. This special
case is treated in an example at the end of this section.

As a consequence of our remark about the congruence subgroups we obtain
the following

5.3. Corollary. Let S and T be non-empty subsets of Px, m an S-cycle and
n a T-cycle.

(@) If SO T and m <n, then K& C K}.
(b) Ko i} = Kun,
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(c) IfSOT, m<n andn is also an S-cycle, then [K§ : K] < [K} : K}].
Proof. (a) This is clear from 5.1(a) and 4.2(a).

(b) By 5.1(b) we have CIC: = Coni™" 5o that the assertion follows
from 4.2(c) and the definition of the ray class fields.

(c) By 4.1(c), the norm residue symbol ( , K§|K) induces an isomorphism
K*T§/K*T§ ~ G(KE|KYE), and likewise for T instead of S. Because of 5.1(b),
the natural map K*ZF/K*T} — K*Ig/K*T{ is onto. O

Next we want to investigate some extremality properties of the ray class fields.

5.4. Conductor Lemma. Let L|K be finite abelian and let S be any non-
empty subset of S(L|K). Then f(L|K) is the smallest S-cycle m such that L
s contained in Kg.

Proof. Let m = Zp mpp be an S-cycle. By the definition of the conductor ex-
ponent and Theorems 4.4 and 4.1(b), for each p € Px we have the equivalence

F(Lp) <my = G™(L,p) =1 < [U™)], C K* Ny,

and moreover p € S implies G™'(L,p) = 1, i.e. [K}], € K*NpZy. Since
K*NypkZy, is open, hence closed, by 5.1(h) and 4.2(a) the above facts can be
summarized as

f(LIK) <m <= I3 C K'NyxI, < C§C N, < LCKY,
which is what we had to show. O

We deduce the following characterization of the ray class fields.

5.5. Proposition. Let S be a non-empty set of places of K and m an S-cycle.
Then K is the largest abelian extension L of K such that S C S(L|K) and
f(LIK) < m. Moreover, F,a with d := deg S is the full constant field of K.

Proof. Let L|K be finite abelian. By the lemma, S C S(L|K) and f(L|K) <m
imply L C K§. Conversely, let L C K§. Then f(L|K) < m is also clear from
the Conductor Lemma, and it remains to show that S C S(L|K). Indeed,
p € S implies [K}], C I§ C K*Np Iy, by 4.2(a); hence, from Theorem 4.4 it
follows that G=(L,p) = ([K}],, LIK) =1, i.e. p € S(L|K).

As for the second assertion, recall that the constant field extension K; =
F,aK of degree d over K is unramified and S C S(Ky4|K). This implies F . C
K; C K C Kg. On the other hand, in order that qu/ for some d' € N be
contained in K, d must divide the degree of every place in S(K|K) D
so that d'|d.

DO)
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Recall that a rational function field has trivial divisor class group. So by 2.1
we obtain the following

5.6. Corollary. Let K =TF,(z) be a rational function field and S C P non-
empty. Then hg = deg S =: d and the Hilbert class field K¢ = F K = F(x)
is again a rational function field.

If we choose S large enough, it may happen that the S-ray class field does not
even depend on the modulus m, as we see in our next

5.7. Corollary. With notation as in Corollary 3.5, we have Kg, = K, and
C™Og,) ~ Z/dZ for any Sq-cycle m; in particular, hg, = d.

Proof. The equality Kg, = K, follows from 3.5 and the previous proposition.
We conclude that C/™(Osg,) ~ G(K§ | K) = G(K4|K) ~ Z/dZ. O

Given a place p and an effective divisor m of K whose p-th coefficient is
my, we set m \ p := m — mypp. With this notation, we can write down the
remarkable fact that the ramification fields of the S-ray class field mod m are
the S-ray class fields mod m' for certain m’ < m.

5.8. Theorem. Let S be a non-empty set of places of K, m an S-cycle and
L an intermediate field of K|K. For any place p of K and any n € Ny we
have

L'(p) = LO K™ and L7'(p) = LOKpY =LOKG!,.

In particular, writing m = 3 myp, the discriminant of K§|K is

mp—1

R(KPIK) = K3+ Klm = 3 (S IKT 7 K]

p n=0

Proof. Consider an arbitrary intermediate field L' of L| K. By Propositions 3.1
and 5.5 we obtain the following equivalence of conditions on L’:

L'CLMp) <= G(LIL) 2 G (L,p) < G"(L,p) =1 <
n>f(L'p) < m\p+np>jL|K) — L' CK3P",
Similarly,
L'CL'(p) <= G (L'p)=1 < pe S(L|K)
= UCKR) e L'CKGl,.

The last identity follows from the Discriminant Formula 3.7 since f(K | K) <
m. 0
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Together with the Disriminant Formula 3.7, Proposition 5.5 and the Hurwitz
Genus Formula 1.4, we deduce the following

5.9. Corollary. Let S C Pk be non-empty, p € Px\S and L an intermediate

field of Kgﬁ‘p\Kémfl)p for some m € N. Then the genera of K and L are related
as

[\')l’—‘

(90 —1)degS = [L: K](gx — 1+ % degp) — ZK”‘“ ] degp.
n=0

Thus computation of the discriminant (and thereby of the genus) of ray class
field extensions amounts to determining their degrees. This has already been
seen by Cohen et al. [CDO] in the number field case. As an illustration we
give the following

5.10. Example (Ray Class Fields a la Hayes). Assume that S consists
of exactly one place of degree d € N. Let m be an S-cycle, h = hy the (divisor)
class number and g = gi the genus of K. Then

(a) [K§: K] =hd and [K$: K] = "2 form # o,

(b) The genera of the S-ray class fields are given by

(1+h( ) if degm <1,
ha(m— 1)n( n 1)( 1) hnm mn_(m+1) (m—1)n_ 492
B 1+ ha qq g=1) | hnma q_q1 q
Ikg = if m = mp with p € P and m,n € N,
1+%(—)<29—2+degm > ie(ip> if |[suppm| > 1.
pEsuppm

Note that the genus of K§ does not depend on d but on g, h and m only.

Proof. (a) By Proposition 2.1, [S| = 1 implies hg = hd and O = [}, which is
mapped injectively into Z%/Z& when m # 0. Hence the degree formulas follow
from Proposition 5.2 and 5.1(e).

(b) Note that K§ has the full constant field F,« according to Proposition 5.5.
For m € P} we have ¢(m) = ¢ — 1, hence K& = K§ by (a). Since KJ|K is
unramified, its discriminant is 0. Hence the assertion in case degm < 1 follows
from the Hurwitz Genus Formula 1.4.
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For the other two cases, write m = Zp mpp and let p € suppm. Then

mp—1 myp—1

Z [Kgl\rwrnp : K] _ hd ¢<m)q(1—mp)degpq(n—1)degp
n=1 q- 1 n=1
_ R 9 e
q—1¢(p)

If m = mp with p € P and m,n € N, then m\ p = o0, so (a) and the
discriminant formula in Theorem 5.8 yield

MK?Uszﬂ@ﬁ@Qmp—(m#+-ﬁi?g@9(y_¢lmmnp

q—1 q¢—1 o(p)
hd (m—1)n/ n (m—1)n
:q_—l(mq ("—1)—qg+1—gq +1)p.
If p is not the only place in suppm, then [K;\p : K] = %%q(kmp)degp,
whence
hdg(m) hd ¢(m)
UKD K) = m— e A,
WS =3 2 q—1¢(p)

pEsupp m

In both cases the genus of K turns out as asserted by applying the Hurwitz
Genus Formula 1.4. O

As soon as S consists of more than one place, the determination of the
degrees is much more difficult. We shall dedicate the next section to working
out this problem.

6 Computation of Degrees

In view of the previous section (especially Theorem 5.8), our task is to deter-
mine the degrees [K§ : K] for a fixed non-empty subset S of Px, which for
practical reasons is now assumed to be finite, and for a varying S-cycle m. We
divide the problem into three steps by considering two intermediate fields of
K% K, namely the Hilbert class field Kg and the field KT with

m:= Z p.

pEsuppm

By Proposition 5.2(a) the extension Kg|K has group G(KZ|K) ~ C(Og).
Its order hg can be determined via Corollary 2.2 after a computation of O
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and the divisor class number hx of K. In the next section we shall learn about
yet another method to determine (or at least estimate) hg when S contains
“many” rational places, which may also help us with the S-units.

As for the second step, G(KF|KZ) is by 5.2(b) isomorphic to Z3/OLIE.
Therefore the degree [KT : Kg] divides ¢(m)/(q — 1) (cf. also Example 5.10),
and can be determined as follows (for technical reasons we exclude the trivial

case of m = 0). Let s := |S| — 1 € Ny, and suppose we have computed S-units
uy, ..., us such that Og = (o, us, ..., u,), where a is a generator of F. Write
R :=suppm = {py,...,p,} with r = |R| € N. For each j € {1,...,7} we set
dj := q%% — 1 and ¢; := dj/(q¢ — 1) and choose a generator w; of F}, such

that ch.j =«. Let D = (dij)lgi,jgr € Z"" with

di forl<i=j<r,
diyj = q¢; fori=r,

0 otherwise,

be the matrix obtained from the diagonal matrix with entries di,...,d,
by replacing the last row with (¢i,...,¢.). Note that the sacrificed row
(0,...,0,d,) € Z" is a Z-linear combination of the rows of D. Since SNR = ),
there exists an A = (aij)llgégi € Z*" such that w;” = u; +p; € F,, for
all i € {1,...,s} and j € {1,...,7}. The (non-canonical) surjective group
morphism

Zr — I3/18 ~ | [ F;,
j=1

(a1, ... ay) — (W )1<j<r

gives rise to the exact sequence
0— N—Z" —I/OIs — 1,

where N is the subgroup of Z" generated by the rows of the matrix (g)
ZGxT of rank 7. After some row transformations T = (t;;)1<ij<sir
GLgt,(Z), we find a B € Z™" with T (4) = (). Because G(KT|KE)
Z" /N, it now follows that

R M m

(K3 : K] = |det B.

At the same time we have found a basis for the group K* N Z®, which is
needed in step three below.
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6.1. Lemma. With notation as above, the S-units
Uy 1= aliet Huzk, 1<i<s,

form a basis of the free abelian group K* NIF = O NIT.

Proof. Fori e {1,...,s} and j € {1,...,r} we have > ;_, tixaxj + tisirCj =0
mod d; by definition of T"; hence,

s

y Li,s+rCj Lik Qg

k=1
This shows 4, ..., U, € Iﬁ‘

Conversely, suppose u = a Hk 1 u € O with ty,...,ts € Z is contained
in Zm Then there are tsyq,...,tsir € Z such that

toc; + Ztkakj +tsydj =0 Vje{l,...,r}.
k=1

Thus ¢ := (t1,...,tsir—1,10) satisfies ¢ (g) = 0. Putting £ = (f1,...,tey) =
tT—1, from

@) () ()

we can conclude sz =... = fs+r = ( since the rows of B are linearly inde-
pendent. Therefore

Hm H( ttWHutz k> _atoHutk —

It remains to show that K*NZT = O5NIT is free of rank s. The morphism
K*NIF — Dg, u— (u) has kernel F;NZF = 1, since we have assumed m # o.
Therefore, by 2.2, K* NIH ~ (K* NIF) C (O%) is free of rank < s. On the
other hand, for any common multiple d of dy, ..., d,, we have (’)*d C 2, from
which it follows that ((O%) : (K* NZF)) < (((’)S) :d(0%)) = 5% < 0. O

The rest of this section is devoted to the treatment of step three, the exten-
sion K| K. The Reciprocity Law tells us that

(4) GKIKM ~ KT/ KT ~1I%/(K*NIHIE.
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Writing m = Zp mypp, we see that Z5/I% ~ U,Sl)/Uém”) is a p-group.
We need to know what the structure of the groups Uél) / Uén) with p € Px and
n € Nis. In order to answer this question it is useful to agree upon some

notation. Recall that p is the characteristic of K. For any real a > 0, let

HpEsuppm

[a], = min{p’ |a < p',1 € Ny}

be the least p-power integer > a. Moreover denote by N := N \ pZ the set
of positive integers prime to p and by n* := n/p»™ ¢ N7 the non-p-part of
n € N. The following proposition could easily be derived from Hasse’s One
Unit Theorem in [H, p. 227]. For reasons of constructiveness, however, we
write down a direct proof.

6.2. Proposition. Let p be a place of K, m € K, a uniformizer at p, B an
IF,-basis of F, and n € N.

(a) For each j € N and € F}, the coset (1 + ﬁﬂj)Ué") € Uél)/Uén) has
order [n/jl,.
(b) There is a decomposition
op g = TI ()0
JENy
BeB
as a direct product of cyclic subgroups.
Proof. (a) For I € Ny, one has (14 gr/)Y' =1+ pr'ai' ¢ U,§”) iff p! >n/j.
(b) Let H be the subgroup of US" /U™ generated by all cosets (1 + ga?)U™
with j € NJ and 8 € B. We prove that
0 €

form € {1,...,n} by induction on n—m. For m = n there is nothing to show.
Let 1 <m <nandu € U™, Setl:=v,(m), thenu = 1 + w’'7™ mod U™
for some w € Fy. Writing w =} 5 5 agfl with ag € {0,...,p—1}, we see that

H(l + 1) =1+ wn’ mod UéjH)
BeB
with j :=m* € NJ; hence,

H(l + 8r)” = (1 +wrd)? =4 mod U™,
BeB
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By the induction hypothesis, UémH) / Uén) C H, from which we may conclude
uUén) € H. So we have proved U,S”/Ué”) = H. Since (Uél) ; Uén)) = g degp
the directness of the product follows from (a) and part (b) of the next lemma.

0

6.3. Lemma. The positive integers (?L with m, j € N satisfy the following
properties.

- m1 ) p if there is | € Ny such that m = jp!,
(a) | +w /(TWP_ {1 otherwise.

(B) e, [2], =5
Proof. (a) Clearly, (mTJﬂp = (?L unless % = p' for some [ € Ny, in which
case [222], = p = 2],

(b) By induction on m. The assertion is trivial for m = 1. Write m = ip'
with i :=m* € N} and [ := v,(m), then

I =20, = =21, I 13l =r 11 1%, =
JENS JENZ\{i} JENS
by (a) and the induction hypothesis. O

For simplicity we restrict to the case of [suppm| =1, i.e. m =:p € Pg \ S.
In this case the result is as follows.

6.4. Theorem. Let p € Px \ S. There are s = |S| — 1 positive integers
ny,...,ns depending only on S and p such that

[KIP K7 = glmDdess / I1 {R@L
i=1 "

for allm € N

With nq,...,ns as in the theorem we define the polynomial
5 qdegp -1 6
= + t" = t" € Z[t]
<q _ 1 KP Ko Z %
neNp

4In general, all degrees [K® : K], for suppm within a fixed set R C Px \ S of r places,
can be given in terms of (a tree of at most) Zle 7’ positive integers. A complete exposition
of this result would make this section even more technical than it is already.
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and set 6™ .= S0 Omyp = Hi € {1,...,s}|n; <m, n} =m*}| form e N
and 6(© := §;. From 6.4 and 6.3(a) we derive the recursive degree formula

(5) [P RG] = gty YmeN,

which is more convenient for practical computations. Since the coefficients
6n, n € Ny, of 6 can be reconstructed out of the numbers 6™ m € Ny,
from (5) we see that ¢ is uniquely determined by S and p. We call dg, 1= §
the S-description at p. Note that dg,(1) — d5,(0) = s = |S| — 1. Together
with 5.3(c) we obtain the following

6.5. Corollary. Let ) # S' C S. Then 8y} < 65" for all m € Ny.?

Before we enter the proof of Theorem 6.4, we want to take a closer look
at the structure of Uél). As usual we denote by Z, = liﬂllZ/plZ the ring of

p-adic integers, the completion of Z at v,. Identifying u € Uél) with the family

(uUén))neN, we can write

UM = lim UM JUS.

—

Since Uél) / Uén) is naturally a module over Z/ [n] »Z, and thereby a fortiori
a Zy,-module, the definition of u® := ((uUé"))“)neN for u € Uél) and a € Z,

makes U,gl) a Z,-module (cf. [H, pp. 215ff]). For the proof of 6.4 it is important
to know how linear independence in Uél) over Z and Z, are related.

6.6. Theorem (Kisilevsky). Let I be a set. A family (u;)ie; of one-units
u; € U,gl), 1 € 1, is independent over Z iff it is independent over Z,.

Proof. See [Ki. O

By Proposition 6.2 and with m and B as therein, for each n € N there is a
(non-canonical) group isomorphism

R e | mmp)B

JENZ

H (1+ 57Tj)CjBU,§n) — (ng +7Z (n/ﬂp) jeng °

JEN} BeB
BEB

((n) .

5Moreover, one has deg dsp < degdgp. But we shall not prove this here.
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Passing to projective limits on both sides yields an isomorphism ¢ : Uél) ~
Z = liLHnZ(") = ZE”XB of Z,-modules (cf. Hasse’s One-Unit Theorem in [H,

p. 227]), which makes the diagram

v sz

l Lo
(n)
o U £ 209

commutative for all n € N. Here (™ means the canonical projection Z — Z™,
A crucial role in the proof of Theorem 6.4 is played by the map

Z — NU{oo}
(2j5)se;  — min{jp™e) |j € N}, 8 € B},

BEB

[Z8

where we agree that v(0) = p™ = oo. It satisfies the following properties.

6.7. Lemma. Let 2,2 € Z, a € Z, and m € N. Then

(a) v(az) = p»Du(z).

(b) v(z+2") > min{v(z),v()}.

(c) The subgroup of Z™ generated by =™ has order |(z™)| = [m/v(2)],.
(d) 2™ =0 if and only if m < v(z).

(e) If m > v(z) then v(z) can be read from 2™,

Proof. Write z = (2j5) jeny and 2’ = (25)

BeB

(a) v(az) = min{jp@p) | j € N;, B € B = pr@u(2).
(b) (= +#) = min{jp ), jp*“9 | j € N, § € B} = min{v(2), v(=")}.

. *
jENP .
BEB

(c) Write 2™ = (cjﬂ +7Z [m/ﬂp) jens with ¢;s € Z. For j € Ny and 8 € B,
BEB
we then have zj5 = ¢;3 mod [m/j],, and therefore c;s + Z[m/j], €
Z[Z[m/j], has order

<cjﬂ +Z [m/ﬂp>
It follows that

()] = max [m/ (=) = [m/v(2)],

= max{1, [m/j], /p* @} = [m/(jp*=))] .

by definition of v.
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(d) This is deduced from (c) and entails (e). O
After these preparations we can finally give the

Proof of Theorem 6.4. By Lemma 6.1, Ug, := O% N U,gl) = K*NZ§ is free

of rank s, say with basis® (u1,...,us). Set z; = (245) ey = ((w;) for i €
BEB
{1,...,s}. According to Kisilevsky’s Theorem 6.6, uy,...,us and hence also
21,...,%s € Z are Z,-linearly independent. We can assume w.l.o.g. that
v(z1) =ng = min v(z).

Write n; = jip' with j; := n} and [ := v,(n;). By definition of v, there is
B1 € B such that v,(z15,5,) = . Fori € {2,...,s} we have | < v,(z;,5, ) and
can therefore define

- Zij
Zi =2 — J—16121 € Z.
215161

Replacing zs, ..., zs by Zs, ..., Z; yields a direct decomposition

<z§m), e ,ng)> = <Z§m)> S <2§m), .. .,égm)>

for all m € N, while <z£m)> ~ Z/Z[m/n,], by Lemma 6.7(c). We note that
V(%) > v(z) > ny fori € {2,...,s} and that 2, ..., Z; are again Z,-linearly
independent. Hence we can apply the same procedure to Zs, ..., Zs once more
and so on. In this way, we obtain positive integers ny < --- < n, such that

Us U™ JU™ <Z§m), . 7Z§m)> ~[[z/z[2,
j=1

and, consequently,

S

m m m— e m
K Y = 0 Usy i) = g T[]

for all m € N by the isomorphism (4) on page 38. O

SIn fact it would suffice to assume (u1, ..., us) of finite index prime to p in Ug .
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The previous proof describes an algorithm for determining the positive in-
tegers n; < --- < ng. In practice we shall perform it with some “preci-
sion” n € N, ie. we apply it to z%n), ..., 2" rather than to z1,...,2,. By
Lemma 6.7(e) this works fine, if we chose n > ny (which we cannot know
beforehand). Otherwise, it is impossible to finish with the algorithm because
of 6.7(d), and we have to redo the computations with larger precision. We

shall illustrate this algorithm in an

6.8. Example. We continue Example 2.8 and retain the notation therein.
Let k € {0,...,3}. We want to determine the Si-description at p := p,. Note
that Uéo) = Uél) and 5(5(,]3,;3 = 1. It will suffice to work with “precision” n = 6.
We abbreviate (a 4+ 8Z,b+ 2Z,c+2Z) € Z by (a b c¢) and let

v Ul 20

C(6)3
(1+2)%(1 + 23 (1 + 2V — (a b c)

be the group isomorphism defined above. The expansion of y at p in x has been
determined in Example 1.7(a). Using the constructive proof of Proposition 6.2,
we compute the “matrix”

0 00
e ((6) () p (i) <6>> _| 100 (6))4
C = (¢O /o IU) =21 | eE
1 10
Let T}, € Z*** consist of the first k& rows of 7. Then
‘ 6 1 1
<g<6>(u;U,§"))> =T5C=[001]ec(2®):
t=i=3 100

Applying the algorithm of the previous proof yields dg, , = 1 + 2, g, =
1+t*+t° and dg,, = 1+ + 1>+ ¢°. By means of Theorem 6.4 or formula (5)
we can now calculate the degrees [Kg? : K] = [Kg" : K¢ | for any m € N. The
genera are obtained from Corollary 5.9. For m € Ny we put K™ = Kg;p )
Note that p = p, ramifies totally and pgy, p1, po split completely in K.
From [Kg : K] =1 < 2 = [KZ : K] we conclude by Proposition 5.5 that
ps ¢ S(K™|K) and, consequently,

Ny = [Prem | = 1+ 3[K"™ : K]
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for m > 2. The genus and number of rational places of K™ with m €
{2,...,17} are given in the following table.

q=2
m 2346 7 [89[10-11] 12 [ 13 [ 14 15 [ 16-17
KWK | 2 | 4 | 8| 16| 32 [ 64 | 128 | 256 | 512 | 1024
Irm 4 [ 10 [ 28| 68 | 164 | 388 | 868 | 1892 | 4068 | 8676
Nicom) 7 |13 [25] 49 | 97 [ 193385 | 769 | 1537 | 3073

In the previous example, K™ has the maximal number of rational places
possible for a function field L|F; of genus 10, and K™ and K® have more
rational places than any example L|Fsy of genus 28 and 68 found before. We
shall further pursue this method of producing global function fields with many
rational places in Part III.
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Part II1
Many Rational Places

As announced in the title, we are now trying to find global function fields K
for which the number

Nk = |Pk]|

is large. In view of our preceding investigations, we are searching for such
fields among ray class fields. This is done systematically in Section 9.

Before, in the next section, we turn to the question of how large Ng can be.
In connection with this problem we shall discuss an upper bound for S-class
numbers as well. In Section 8 we shall treat certain ray class fields of the
rational function field with many rational places.

7 Upper Bounds

Let K|F, be as before. In 1948 Weil proved the famous function field analogue
of the Riemann Hypothesis, stating that the inverse roots wy, ..., wag, of the
numerator polynomial P () = [[22% (1 —w;t) all have absolute value |w;| = Va
(see [St2, Ch. V]). As an immediate consequence one obtains the so-called
Hasse-Weil bound for the number of rational places

(6) Nk <q+1+29x+/q.

In case equality holds, we call K maximal. Obviously, K can only be maxi-
mal if g = 0 or if ¢ is a square. A consideration involving the constant field
extension of degree 2 (see [St2, p. 182]) shows that in addition one must have
gk < (¢ — /4)/2. In fact (for each square ¢), the Hermitian function field
(see [St2, p. 198]) is a maximal function field of genus (¢ — /g)/2. Stichtenoth
and Xing [SX] conjectured a large gap below this genus and showed that there
are indeed smaller values of g, for which K cannot be maximal. Finally
Fuhrmann and Torres [FT] succeeded in completing the proof of this conjec-
ture.

7.1. Theorem (Fuhrmann and Torres). Let K|F, be mazimal. Then ei-
ther gx = (¢ — /2)/2 or gk < (/4 — 1)%/4.

For non-square ¢, Serre [S2] could improve (6). We denote by |a| the integer
part of a € R.
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7.2. Theorem (Serre). For any K|F, we have:
(a) Nx <q+1+gx[2/4].

(b) If Nk = q+ 9k |2/q] then gx =1 or gx = 2.
Proof. (a) See [St2, pp. 180f].

(b) This is proven in [S5, pp. 5-11a] with the aid of a theorem by Siegel on
totally positive algebraic integers. O

The bound in 7.2(a) is called the Serre bound. Combining 7.2(b) with 7.1,
we obtain:

7.3. Corollary. If q is a square > 16 and (\/q — 1)*/4 < gk # (¢ — /7)/2,
then Ng < q—1+2g,/q.

The maximum number of rational places a global function field of genus
g € Ny with full constant field I, can have is denoted N,(g). We call K|F,
optimal if N = N,(gx). Note that, trivially, N,(0) = ¢+ 1. Also N,(1) and
N,(2) have been determined in general. (For details see [S3].) For larger g,
the precise value of N,(g) is still unknown in most cases. An overview of what
is known about N,(g) for ¢ < 50 and ¢ a not too large power of 2 or 3 is given
in [GV7].

For large genera one can improve the above bounds by means of the so-called
explicit Weil formulas (see [St2, p. 183]): Each polynomial ¥(t) = c1t + -+ - +
Cmt™ € R[t] with ¢, ..., ¢, > 0 satisfying

L+(t)+(t 1) >0 VteCwith |t =1
(write ¢ > 0 for short) provides an estimate

(7) 9K = (NK — 1)w(q_1/2) _ w(ql/Q)

The maximization of the right hand side of (7) over all ¢ > 0 goes back to an
unpublished manuscript of Oesterlé’s, given to Serre [S6, pp. 29-37a]. In the
following we shall give an outline of this result, which is also presented in [Sf]
and [Th].
First note that, for each m € N, the map
mrml — 0,1]

m+17’m 1
F, : cos

Y = - m—1
COS TQO
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is an isotonous homeomorphism because it has derivative F (¢) = (sinmep +

msin @) /(2 cos? ™=Lp). Next we define a map
2

Y, [g+1,00) = [0,1)

piecewise as follows. Given a real number N > g+ 1, let m > 2 be the unique
integer such that N € [¢"/2 4+ 1,¢™*+Y/2 1 1) and set

1 q(m+1)/2 ~N+1
u = % N_1_ q(m—l)/2

€ (0,1].

Then we define 9,(N) := cos(F,,'(u)). It is easily verified that 9, is again an
isotonous homeomorphism. Finally we claim that also

S T
Yq - s qUuyq -
N 1+q—2\/519q(N)+1'

is strictly increasing. The isotony of 7, on [¢* 4 1,00) is evident since 9,(¢* +
1) =1/v2>1/,/g. A direct computation shows that

(8) 7%(N)=(N—-q-1)/(2yq) for N€[qg+1,¢""+1]

W(N) = & (N =¢* =1
-+¢@q+an—u&ﬂ+mq+mN+q%+@&+wf+8¢+Q
for N € [¢*? +1,¢* +1],

(9)

whence we see that ~, is strictly increasing on ¢ + 1, ¢* + 1] as well.

7.4. Theorem (Oesterlé). Suppose that Nk > g+ 1. Then gk > v,(Nk).
For ¢ > 3 (but not always for ¢ = 2), v,(Nk) is the mazimum of the right
hand side of (7) over all ¢ > 0.

Proof. See [Th, pp. 45-63]. O

Let Ny :=,"':[0,00) — [¢+1,00) be the inverse map. Then clearly

(10) Ny(g) < Ny(g) Vg e No.
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We call this estimate the Oesterlé bound. Equation (8) implies N,(g) =
q+1+2g,/q, i.e. the Oesterlé bound coincides with the Hasse-Weil bound, for
g €1[0,(¢ — /q)/2]. Furthermore, from (9) we deduce

(11) Ng(g) =q+1+ %(\/(8q+ 1)g? +4(¢® — q)g — g)
for g € [3(¢ — V), \/3(a = 1)].

The right hand side of (11) is also known as the Thara bound for N,(¢g) and
has been directly and more elegantly established for all g € Ny in [I].

7.5. Example. (a) We want to find a good upper bound for N(3). The
Hasse-Weil bound and the Serre bound both say N7(3) < 23. From (11) we
see that

22 < N7(3) = (3V113 + 13)/2 < 23.

Since N7(3) # 22 by 7.2(b) we can conclude N7(3) < 21. The exact value of
N7(3), as determined by Serre [S4], is 20.

(b) By (11) we have Ny(3) = 5+ 3(v/441 — 3) = 14. This shows that the
global function field in Example 2.7 is optimal and that N,(3) = 14.

For non-empty S C Pk, the S-class number hg can be estimated by applying
Oesterlé’s Theorem to the Hilbert class field of Og.

7.6. Proposition. Assume that K|F, has genus g > 1 and that S C Pk
contains at least N > (\/q — 1)(g — 1) rational places. Then

N+ (g+1)(g—1)
VIN+29—-2)

Proof. The restrictions on g and N ensure that 1/,/qg <t < 1, whereby b, is
well-defined. Let K’ := K¢ be the Hilbert class field of Og. By Proposition 5.5,
its field of constants is again F,, and the extension K’|K is unramified of
degree [K' : K| = hg. Hence ¢’ := gx» = 1 + hg(g — 1) by 1.4. Moreover,
N’ := Ny > hgN since every place of S splits completely in K'|K. For
N'" < g+ 1, the claim of the proposition is obvious. Assume N’ > ¢+ 1. Then,
by Oesterlé’s Theorem,

g—1>g’—1>7q(N’)—1: V@Ue(N') =1
N = N T N 0= 2 a0 (N) +1°

hs < hy(g,N) := 19;1(t)/N with t:=

Isolating ¥,(N') in this inequality results in 9,(N') < ¢, from which, by the
isotony of ¥,, we conclude the assertion. O
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From the following lemma, which also helps us compute the bounds %, (g, N),
we see that ! is piecewise a Q(/q)-rational function.

7.7. Lemma. For each n € N, define a polynomial

/2]
fult) = (M) (=2t = ) ez,

1=0

(a) The fn satisfy fnfl +fn = fn+1 an is even, and fnfl(t) - 2(t+ 1)fn<t) =
frr1(t) if nis odd.

(b) Lett € [cos T, cos m—+1} with 2 < m € N. Then

(m+1)/2 m/2
91 =142 T i e It
1+ \/C_IU fm—l(t)

Proof. (a) This is verified using 2=% (")) + -2 (") = ni—ﬁlﬂ("tl_’)

(b) Using (a) and the formula cos %1 + cos 2o = 2 cos £ cos ¢, one can

show by induction that

(—1)1/2) o s — 3 fu(cos @) if n is even,
’ (cos £) fu(cos ) if nis odd,

for all n € N and ¢ € R. Writing ¢ = cos ¢ with ¢ € [m+17 —} it follows that
Fon(@) = fims1(t)/ fin—1(t). Hence the assertion is clear from the definition of
Yy O

7.8. Example. By means of 7.7(a) we obtain

fl(t) = 17 fQ(t) = _2t7 f3(t) = _2t+ 17 f4(t) = 4t2 - 2a
f5(t) =48> =2t — 1,  fo(t) = =8t +6t, fr(t) = —8t° +4t* + 4t — 1,
fs(t) = 16t* — 16t* +2,  fo(t) = 16t* — 8t* — 12¢* + 4t + 1,

fo(t) = —32t° + 40> — 10¢,
fii(t) = —32t° + 16t* +32¢3 — 12¢* — 6t + 1,
fia(t) = 645 — 96t* + 36t% — 2,



8 Rational Function Field 51

(a) Let K and S be as in Example 2.7. By Lemma 7.7 we have
1 2 1
6 + 8u b — fa(2/3)

Wha(3,14) = 07 (5) = 1+ o - with w= 0728 =

3

since % € [cos §,cos 7. Hence hg < hy(3,14) = 1 according to Proposition 7.6.
By Corollary 2.2, we can therefore conclude that K has divisor class number
hi = regg = 512.

(b) Let K = Fs(x,y) where x is an indeterminate over F, and y satisfies
the Artin-Schreier equation y*> —y = 27 — 2°. The numbers of places of K
up to degree g = 6 are given by (‘IP’C}(DKKG = (10,9,0, 18,36,108). Hence

Zr(t) = 1+ 10t + 64t + 3103 + 1273t* + 4648t° + 15700¢° + - - -,

Py (t) = (1 — 4t + 3t%) Zy (t) = 1 + 6t + 27¢% + 84¢° + 225¢* + 486t°
+ 9275 + 1458t + 2025t + 2268t 4 2187¢'Y + 1458t 4 729¢12

and hx = Pg(1) = 11881 according to Theorem 1.2. Let S C Px contain
at least 5 rational places. We want to show that then hg = 1. We have

t:= 23 € [cos I, cos 75] and u := fia(t)/ fio(t) = 222+/3, consequently,

3% +3°V/3 993101
95N (t) =14 > Viu _
14+ +/3u 1904
by Lemma 7.7. From Proposition 7.6 we obtain hg < h3(6,5) = 93" (t)/5 =
993101/9520 < 105. Since, on the other hand, hg divides hx = 109%, we can
conclude that hg = 1. O

8 Rational Function Field

Let K = F,(x), where z is an indeterminate over [F,. For convenience we again
fix an algebraic closure K, in which all algebraic extensions of K considered
here, especially the ray class fields, are assumed to lie.

Throughout this section we assume that S C IP’}( is non-empty and that
p € Pi \ S is another rational place. Note that under these assumptions
we have hg = hy = 1 and Zg/O4T% ~ Uy/F:U{"Y = 1, hence K} = K
by Proposition 5.2. For a € F, denote by p, the zero of x — a. After a
transformation of the variable x we can assume that p = oo is the pole of x
and that pg € S.

We shall consider two special situations in this section. First we restrict to
the case ¢ = p, and in the end we allow ¢ to be an arbitrary p-power again but
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require |S| = ¢. In both cases we shall explicitly give the S-description at p
and provide defining equations for the first few ray class fields.

From now on we assume ¢ = p and set A := {a € F}|p, € S}. Then
Al =S| —1=:s€{0,...,p—1}.

8.1. Theorem. Under the above conditions, the S-description at p equals

Osp= > 1"
n=0

The proof depends on the following
. ()* (1) 1) _ (s41)
8.2. Lemma. Let Ugsy :== OgNU," . Then Uy’ = Ug,p Uy .

Proof of the lemma. Write A = {ay,...,as} and take 7 := 1/z as a uni-
formizer at p = co. Then Ugy = (1 — aym,...,1 — aym). By Proposition 6.2,
it suffices to show that the product

s+1 1 s+1
[T{0-amus?) c o /ue
i=1
is direct. To this end, let ¢y,...,¢cs € {0,...,p — 1} and write

s

Y= H(l — aum)¥ = Z lop ik

i=1 n&eNp

with 1 = 0¢,01,09,... € F,. For j € N, set §; = > 7 | ciozg and recall
Newton’s Formulas

(12) no, + Zﬁjan_j =0 VneN

j=1
Now we assume that y € U;gsﬂ), ie. o1 =+ =05 = 0. By (12) it follows
inductively that 3, = --- = B, = 0. In other words, (ci,...,c,), viewed as
a vector in Iy lies in the kernel of the matrix (of)i<ij<s € GL4(F,), ie.
cp=---=c,=0. O

Proof of the theorem. Write dg, = 1+ >\ 0pt™ with 01,02,... € {0,1}. By

the lemma we know that K ésﬂ)p = K%. According to the recursive degree

formula (5) in Section 6, this implies 5(;;) =1 for m € {1,...,s}, which in
turn yields 6; = --- = 0, = 1. Since dg,(1) = s+1, we obtain the assertion. [
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Note that p is totally ramified in Kg* for all m € Ny since K = K is
the inertia field of p in Kg¥. Furthermore, if S" C P}, satisfies |S'| — 1 > s,
then K&P = K C K és+2)p according to Theorem 8.1. Consequently for all
m > s+ 2, by Proposition 5.5, S = S(K?|K) NP} and therefore K has
exactly

Nyme =1+ [Kg¥ : K](s + 1)
rational places. The genus can be calculated by means of 5.9.

8.3. Example. For p = ¢ € {5,7} and different values of s = |S| — 1 and m
we compute genus and number of rational places of the ray class fields Kg*.
As an orientation we include (the integer part of) the Oesterlé bound in the
following tables.

q=>5
s 1 2 3 4 1 2 3 4 1 2 3 4
m 3 4 | 56| 7 5-6 7 8 5-6 7 8 9
[K;”p : K| 5 5 5 51251 25 | 25 25 | 125 | 125 | 125 | 125
grmr 2 4 6 | 10 | 22| 34 | 56 70 | 172 | 284 | 356 | 420
NKZW 11 16| 21 | 26 | 51 | 76 | 101 | 126 | 251 | 376 | 501 | 626
U%(gKZLp)J 14 | 19| 25 | 34 | 60 | 83 | 125 | 150 | 324 | 506 | 622 | 723
q=17
s 1 2 3 4 5 6 1 2 3 4 5 6
m 3 4 5 6 | 7-8| 9 4 5 6 7-8 9 10
[K;"p : K| 7 7 7 7 7 7 | 49 49 49 49 49 49
grme 3 6 9 | 12| 15 | 21| 45 69 93 | 117 | 162 | 189
Nyemo 15122129 | 36| 43 | 50 | 99 | 148 | 197 | 246 | 295 | 344
LN7(9KZ”’)J 22 1 32 |42 | 52| 60 | 77 | 140 | 198 | 254 | 311 | 413 | 472

We want to write the first few K ?p as Artin-Schreier extensions in the sense
of Example 3.3. Recall the definition of Nj = N \ pZ from Section 6.

8.4. Proposition. For s <n € N we set

Up = a"° H(x —a).

a€cA

Letme{s+1,....,p(8+ 1)} withs:=sifs<p—1ands:=pifs=p—1.7
Then

K§™ =K(p 'up|n e N, § <n <m).

"It is not hard to derive from the proof of 6.4 that if m is larger than this, then G(K2**°|K)
is no longer of exponent p, i.e. K§°°|K can no longer be written as an Artin-Schreier

extension in the sense of 3.3.
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Proof. Set J:={n € N;|5 <n <m}and L := K(p 'u,|n € J). By 3.3(b)
and (c), the extension L|K has conductor f(L|K) < moo and splitting set
S C S(L|K); hence, L C K2 according to Proposition 5.5. We show equality
by comparing degrees. Set

Vo= ZFpun C F,lxl;
neJ

then we have degu € J C Ny for all u € V' \ {0}. Therefore V N pK =
V N pF,[x] = 0, thus

log,[L : K| = dimg, V = |J|

by 3.3(d). For n € N, Theorem 8.1 and the recursive degree formula (5) yield
[Kénﬂ)oo : Kg>®] =pif s <n* and Kgnﬂ)oo = K> otherwise. Hence

log,[Kg'™ : K] = [{n € N|s <n",n <m}|.

The inclusion {n € N|s < n*,n < m} C J holds due to the restrictions
on m. 0

Now we turn to a different situation. We let ¢ = p® with e € N arbitrary
and take S as large as possible under the general assumptions of this section,
ie. S = Pk \ {p}. In this case, the S-description at p has been explicitly
determined by Lauter [La3]. We present her result in the following.

Take @ :={1,...,qg— 1} C Z as a set of representatives for the cyclic group
Z/(q —1)Z = F}. Via this latter isomorphism (and independent of its specific
form), the group G := G(F,|F,) acts on Q. Clearly, two elements n and n’ of
Q lie in the same G-orbit Gn = Gn' iff n’ = p'n mod ¢ — 1 for some [ € N,
For n € N we define

0 otherwise.

{|Gn| if n € Q and n = min Gn,
Cn 1=

Note that if e, > 0, then n € Ny N Q and e, divides e = [G|. Some other facts
concerning the numbers e,, are collected in Lemma 8.7 below.

8.5. Theorem (Lauter). Under the above assumptions with |S| = q, the S-
description at p is

Osp =1+ ent"

neN
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Proof. See [La3]. O

Thus the recursive degree formula (5) simplifies to
(13) [K$"VP: Ko%= ¢/p° ¥m €N,

By Galois theory, for each | € Ny we choose an extension L;|K of degree p!
such that L; is an intermediate field of KgLP|Kém_l)p for some m € N. The
genus gz, of L; can be computed by means of 5.9. According to 5.8, the inertia
field of p in L; is LY(p) = L; N K% = K; hence, p is totally ramified in L.
Therefore

(14) NLl =1 —i—plq Vi € No.

In fact, for small [, the L; tend to have many rational places compared to their
genera.

8.6. Example. Let ¢ = 16. Then the G-orbits in @) are
{1,2,4,8}, {3,6,9,12}, {5,10}, {7,11,13,14} and {15}.

Hence 05, = 1+ 4t + 4¢3 + 2t° + 4t + !5 by Lauter’s Theorem. The degrees of
the extensions Kg¢*|K, as computed by means of (13) for the first few values
of m, are as follows

m 05|69 | 10| 11 | 12-13 | 14-15 | 16-17 | 18 19 | 20 | 21 22
[Kglp . K] 1 4 64 28 212 216 219 223 227 231 233 237

Using (14) and the genus formula of Corollary 5.9, we obtain the genera and
numbers of rational places of the fields L; for 1 <[ < 11 in the table below,
the last row of which gives (the integer part of) the Oesterlé bound.

q=16
l 11 2 3 4 5 6 7 8 9 10 11
91, 2 | 6| 22 | 54 | 118 | 246 | 534 | 1110 | 2390 | 4950 | 10070
Ny, 33 | 65 | 129 | 257 | 513 | 1025 | 2049 | 4097 | 8193 | 16385 | 32769
| N16(gr,)] | 33 | 65 | 150 | 309 | 590 | 1135 | 2271 | 4496 | 9211 | 18489 | 36503

8.7. Lemma. Write ¢ = p°® with e € N.
(a) Wehaveegz1=1,e,=0forq—q/p<n<q—1, andes_1_4/, = e.
(b) Lete be even andr := \/q. Thene, = e forn € {1,...,2r}\(pZU{r+1}).

Moreover, e,;1 =¢e/2 and eg.11 = 0.

(c) Let e be odd and r := \/pq. Then e, = e forn € {1,...,r} \ pZ and
e, =0 forne{r,....,r+p}.
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Proof. (a) Clearly, the G-orbit of ¢ —11is G(¢—1) = {g—1}; hence ¢,_; = 1.
Let g—q/p <n < q—1. Thenq # pand p—1 < n' :=pn—(p—1)(¢—1) < g—1.
Hence n' € Gn, and from n —n’ = (p — 1)(¢ — 1 —n) > 0 we conclude that
e, = 0. Finally let n:= ¢ —1— ¢q/p. Then

pn=p(g—1-q/p)=qg—1-p""' modgq—1

foralll € {1,...,e}. Thus Gn = {g—1—p""!|1 <1 < e} has e elements and
minimum n.

(b) Let n € {1,...,2r} \ pZ. Then
n<pne{p. . . ,2¢/p—ptCQfor0<1<e/2

In particular, Gn has at least e/2 elements. Now let ¢/2 < [ < e and write
n=a+pbwithae{l,...,p°"—1} and b € {0,...,2p"~*/?> — 1}. Then

n'=pn—(g-Db=pa+be{p,. ... q—1—-(-2p " CQ.
Thus again n < 2r < pr < pt < n/ fore/2 <1 < e. If | = ¢/2, then
n=a+rband n' = ra+0b with a € {1,...,r — 1} and b € {0,1}; hence
n—n=(r—1)(a—>0)>0,and n’ =nonly fora=b=1,ie forn=r+1.
This shows n = min Gn and |Gn| > €/2 <= n#r+ 1.
Finally we have p®/?(2r +1) = 2¢ +7 =7 +2 mod ¢ — 1; hence eg.,; = 0.
(c) Let ne{1,...,7}\ pZ. Then

n<pne{p. . .,.q—p}tCQfor0<i<(e—1)/2

In particular, |Gn| = e. Now let (e +1)/2 <[ < e and write n = a + p°~'b
witha € {1,...,p"' =1} and b € {0,...,2p"="V/2 — 1}, Then

n <pl Spla—Fb:pln— (q_ 1)b <q-— 1 — (r_p)pl—(e—l)/Q;

hence n = min Gn. As for the second assertion, let n € {r+1,...,7+p—1}.
Then p=1/2n —g+1=r(n—7r)/p+1<r+1<n, hence e, = 0. O

As in the lemma, we set 7 := ,/q or ,/pq according to whether ¢ is a square
or not. From (13) and 8.7(b) and (c) we conclude Kérﬂ)p = K. Furthermore
we obtain two canonical fields, namely Kér+2)p and Kgrﬂ) P of degree r and ¢
over K if ¢ is a square, and p — 1 canonical fields K g’”““)‘“ with 1 <4 < p of
degree ¢* over K in case ¢ is non-square. Below we shall give defining equations
for these canonical fields. Their genera and those of the intermediate fields L,
introduced above are easily computed by means of 5.9.
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8.8. Proposition. Write ¢ = p© with e € N.
(p'—1) for0<l<e/2,

a) If e is even, then =2
(a) If 9gr, {g(Qpl—T—l) fore/2 <1< 3e/2.

(b) If e is odd, then

1 . q —q
ngz—(pl(rH—l)—?“— )

2 qg—1
for (i —1)e <1 <ie with1 <i<p.

Proof. (a) If0 <1< e/2, then L; is an intermediate field of K T2P|K P,
whence g, = 14 p'% — 32 = Z(p' — 1) by Corollary 5.9. For ¢/2 <1 < ¢/3, L,
is an intermediate field of Ké2r+2)p|K§2r+1)p, thus gr, = 1+plr—3(r+2+¢q) =
L(2pt —r —1) by 5.9.
(b) If 1 —1)e <1 <iewithi € {1,...,p— 1}, then L; is an intermediate
field of K PIKYTP thus gp, = 14 plmHE — L(r+ 14+ 2071 ¢) =
%(pl(r—l-i—l)—r—‘f;_—_lq) by 5.9. O

In particular, if e is even, then Lo,...,L./» are maximal, and moreover,
according to [RS], L¢s = K g+2)p is a Hermitian function field. If e is odd
and p = 2 or p = 3, then KPP = L(p-1)e,s is optimal (cf. [S3]). There
is also a connection with Deligne-Lusztig curves which has been elucidated

by [La2]. The following equations have already been found by Pedersen [Ped|
and Hansen and Stichtenoth [HS] in special cases (cf. also [GS1, GS2]).

8.9. Proposition. (a) Assume that r := /g € N and let y,z € K satisfy
Yy +y=2a"" and 29 — z = 2*" (27 — x). Then

Ké’r"‘r2)00 — K(y) and Ké2r+2)oo — K(y7 Z)

(b) Assume that r := /pq € N and let yy,...,yp_1 € K satisfy y! —y; =
27" /P(29 — ). Then

KST9™ = K(yy,.,p) for ie{l,...,p—1}

Proof. Write ¢ = p°® with e € N and let p : I_(_—> K be the Artin-Schreier
operator as defined in Example 3.3. For z € K and § € F,, define 2P =
Z;;(l](ﬁz)pj. Then, clearly,

(15) pzf = B(z7 — 2).
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(a) By [St2, p. 203], the extension K(y)|K has degree r, and S(K(y)|K)
contains S. Define the F,-space I' := {y € F,|7"+~v =0} = {8" - (|0 €
F,} ~F,/F, ~ T, and set

e/2—1

yy=— > ()

J=0

for v € T; then py, = —(yy)" + vy = ya" . Since I'z" ™' N pK = 0, from 3.3
we can conclude K(y) = K(y, |y € I') and f(K(y)|K) = (r 4+ 2)oo. Hence

K g+2)°° = K(y) by the characterization of the ray class fields in Proposi-
tion 5.5. For 3 € F, we have pz° = 82%" (29 — x) =: ug by (15), and

satisfies ptg = Bxd? — Bra™2 implying 4 := ug — pty = Fra" > — Szt
and thus v’ (ug) = v () = —(2r + 1) by 3.3(a). Because the F,-space

V=T2"" o {us| 3 € F,}

has ¢ elements and V N pK = 0, from 3.3(b)—(d) we obtain K(y,z) =
K(y,, 2% |y € T,8 € F,), {(K(y,2)|K) = (2r + 2)oo and S C S(K(y, 2)|K).
Therefore, again by 5.5, Kézrﬂ)oo = K(y, 2).

(b) Leti€ {1,...,p—1}. Then K; := K(yi,...,;) has degree [K; : K] < ¢’
over K. For § € F, we have gy’ = Ba"/?(x9 — x) =: u;s by (15), and

(e=3)/2

tpi= Y (@)

J=0

satisfies pt;g = BrH7/P— 32" implying s := uip— ptip = Fa"H — Bair/PH
and thus v’ (u;3) = voo(@ig) = —(r +14) by 3.3(a). Since the F,-space

Vii={u|1 <j<i,BeF,}

has ¢’ elements and V; N K = 0, applying 3.3(b)-(d) shows that K; =
K(yﬂl <Jj<iB € R, (K @ K| = q', f(K;|K) = (r+i+ 1)oo and
S C S(K;|K). Therefore K§ > = K; according to Proposition 5.5. O
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9 Tables of Examples

Global function fields with many rational places have been constructed be-
fore by Serre [S2-S6|, Hansen and Stichtenoth [Han, HS, St1], Wirtz [Wi],
Schoof [Sf], van der Geer and van der Vlugt [GV1-GV7|, Lauter [Lal, La3],
Niederreiter and Xing [XN,NX1-NX9]|, Shabat [Sh], Garcia, Stichtenoth and
Xing [GSX, GS3], Doumen [Do], Ozbudak and Stichtenoth [OS], and certainly
many others. They use various methods, some of which are quite similar to
the ones introduced in this work.

In this section we want to reproduce or, where possible, improve some of the
known results by means of ray class field extensions. As a reference point we
take the tables in [GV7] and consider function fields of genus up to 50 over F,
for g € {2,3,4,8,9}. We refrain from also listing the results for larger values of
q obtained in [Au] by employing a special method for determining the degrees
of ray class fields over a rational function field, that we did not discuss here.

As before, we start with a global function field K|F, of “small” genus gx
having “sufficiently” many rational places, which is given by an explicit equa-
tion. We choose a non-empty subset S C P}, and a place p € Pg \ S and
consider the intermediate fields L of Kg¥|K ém_l)p for m € N. From Section 6
and Corollaries 2.2 and 5.9 we recall the formulas

(16) hgregg = hg,

qdegp -1
(q—1)6%)
(18) [KE0P: K] = 7 /p'ss vm e N

(17) [K§:K]=hs, [K§:Kg|=

and

—_

3

(19) gr=1+[L: K|(9x — 1+ Z degp) — [K¢P: K] degp.

NN
Il
o

n

By Theorem 5.8, the inertia degree of p in L is [K§ : K§ 1] = hs/hsugy-
Therefore L has

hs if hg = hgygpy and degp =1

20) Ny > |L: K||S|+
(20) vz 1151 {0 otherwise

rational places, and equality holds iff S = S(L|K) N PL.
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Now the computations are arranged as follows. First we calculate hg via
Pk (t) by counting all places of K up to degree grx. Next we “guess” Sp-
units uq, ..., us with s = [Sp| — 1, where Sy is either equal to or (due to the
specific equation for K) slightly larger than P}.. We verify that the upper
bound hy (g, Nk) for hg, established in Proposition 7.6 is less than 2 and that
reg(uy, . .., us) = hi and thereby prove Og = F; X (uy, ..., u,). By means of
Remark 2.4, Lemma 2.3 and equation (16) we then obtain hg and a Z-basis of
O%/F; for any non-empty subset S C Py

These calculations are performed automatically by a program written in
KANT/KASH. Also the algorithms for computing S-descriptions discussed in
Section 6 have been implemented in KASH. By (17), (18) and (19) we can
then calculate the genera of the intermediate fields L. The program is in fact
fast enough to run through all non-empty subsets S of P} \ {p}, so that we
can always take S = S(L|K) NP} and achieve equality in (20).

The whole procedure is applied to several examples of ground fields K|F,,
the results for each g being summarized in a corresponding NV, (g)-table. In each
example, K|F, is defined via an equation, in which x means an indeterminate
over F, and y is algebraic over [ (z). Furthermore the relevant data of the
ground field K|F, are provided. These are the field invariants gx, Nk and
hr, the set Sy containing Pk, a small table of Sy-units together with their
valuations at all p € Sp, the Sp-regulator and the bound %,(gx, Nr). While
the rational places are specified by the table of Sy-units, other places p, which
are possibly needed, are given in the form p = (zo,...), meaning that p is the
common zero of 2y, ... in Pg. Finally the S-class numbers and S-descriptions
leading to an entry in the corresponding N,(g)-table are listed, each S being
labelled with its cardinality |.S| and a small letter in parantheses.

Every N,(g)-table is superscribed by the corresponding value of ¢. In its
second column it provides a lower and an upper bound, connected by a hyphen,
for the number N,(g) with g given in the first column, or a single value if
these bounds coincide. Except for some cases in which explicit improvements
have been achieved by Serre [S2-S5] or Lauter [La4], the upper bound is (the
integer part of) the Oesterlé bound N,(g); it is thereby the same as in the
tables of [GV7]. The lower bound given here is always greater than or equal to
the one in those tables, and it is realized by a certain field L of genus g, = ¢
as outlined above. The last three columns give reference to how this field L is
obtained. The column entitled “K,S” gives the number of the example, from
which the ground field K is taken, and the label of a set S in this example
satisfying S = S(L|K)NPL. The last column tells us the conductor of L|K in
the form f(L|K) = mp with p € Px and m € Ny. Thus L is any intermediate
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field of KZ”J|Kgn_1)p other than Kém_l)p (or of K§|K if m = 0) having degree
[L : K] as given in the table’s fourth column. The lower bound for N,(g) is set
in boldface if our construction by ray class fields improves its previously known
value. (Note that many of these improvements have already been added to the
tables in [GVT]).

Examples for ¢ = 2

9.1. Example. Let K = Fy(z) and consider the places po = (), p1 = (x+1),
po=(1/2), p3= (2> +2+1),pa=(a*+ 2+ 1) and p5 = (2° + 23 + 1) of K.
The relevant S-class numbers and S-descriptions are given below.

(la) S ={po}, hs =1, dgp, = 1, 05, = 1.
(2a) S ={po,p2}, hs =1, dsp, =9 + 1.
(2b) S = {po,p1}, hs =1, dgp, = 1 + 1.
(3a) S = {po, p1,p2}, hs =1, d5p, = 3+ 2t.
9.2. Example. Let K = Fy(x,y) with > +y = (2* + 2)/(2* + x + 1). Then

gk = 1 and Ng = 4. The set Sy := {po,...,ps} and Sp-units us, ..., us are
given by the following table:

Po P1 P2 P3 Psa Ps5
uy =x 1 1 0 0-1 O
ug =x +1 0O 0 1 1-1 0
ug=z?+x+1| 0 0 0 0 -2 2
ug =y 1 01 0 0 -1
us =y +x 2 0 0 2 -1 -1

We have fip(1,4) = 5/4 < 2 and reg(uy,...,us) = 4 = hg. Apart from the
rational places also py = (1/z) € P%, ps = (2> + = + 1) € P% are used. The
relevant S-class numbers and S-descriptions are given below.

(2&) S = {p07p2}7 hS = 17 55,]34 =14+t

9.3. Example. Let K = Fy(z,y) with y?> +y = 23 + . Then g = 1 and
Ng = 5. The set Sy := {po,...,ps} and Sp-units uq, ..., us are given by the
following table:

Po P1 P2 P3 P4
Uy =x 1 1 0 0 -2
uz=x+1| 0 0 1 1 -2
uz =y 1 0 2 0 -3
us =y+x 2 0 0 1 -3
We have fi2(1,5) = 1 and reg(uy,...,us) =5 = hg. Apart from the rational

places also ps = (23 +2+1) € P, ps = (2" + 2+ 1,y +2° +2° + 22 +2) € P%
are used. The relevant S-class numbers and S-descriptions are given below.
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(13) S = {p0}7 hs =5, 5S,p4 =1.
(5&) S = {po,pl,pg,pg,m}, hs =1, 557]35 =063 + 4t, (55,136 = 127 + 4t.
9.4. Example. Let K|Fs and py, ..., ps be as in Examples 1.7(a), 2.8 and 6.8.

We recall that gx = 2, Nx = 5 and hg = 13. The relevant S-class numbers
and S-descriptions are given below.

(3a) S = {po,p1, P2}, hs =1, dgp, = 1+ 1>+ 17,

9.5. Example. Let K = Fy(x,y) with y* +y = (2* + z)/(2®> + x + 1). Then
gk = 2 and Nig = 6. The set Sy := {po,...,ps} and Sp-units uy, ..., us are
given by the following table:

Po P1 P2 P3 P4 P5 Ps
Uy =x 1 1.0 0 -1 -1 0
up=x+1 001 1-1-1 0
uz=ax>+x+1 0 00 0-3-3 2
Uy =y 101 0 1 0-1
us =y +<x 2 0 0 3 -1-1-1
ug=(z3+z+y+1| 0 4 0 1 -2 -3 0

We have 7iy(2,6) = (893 + 306v/2)/1262 < 2 and reg(uy, ..., ug) = 19 = h.
Apart from the rational places also ps = (2* + z + 1) € P% is used. The
relevant S-class numbers and S-descriptions are given below.

(la) S ={p:i}, hs = 19.
(4&) S = {p17p2ap47p5}a hS - ]-7 6S7p0 =1 +t+t3 +t7
(53“) S = {p17p27p37p47p5}7 hS - 17 5S,p0 =1 +t+t3 +t5 +t7
9.6. Example. Let K = Fy(z,y) with y?+y = (23 +22) /(25 +2° + 2%+ 2+ 1).

Then gx = 3 and Ng = 6. The set Sy := {po,...,ps} and Sp-units uy, ..., ug
are given by the following table:

Po P1 P2 P3 P4 Ps  Pe
ul =x 1 1 0 0-1-1 0
ug =x +1 001 1-1-1 0
uz=x2+x+1 00 0 0-2-2 2
ug =y 2 010 3 0-3
us = (22 +x+1y+1 010 3 0-2-1
ug = (2?2 +x+y+2>2| 3 0 0 2 -2 -1 —1
We have h2(3,6) = 195/146 < 2 and reg(uy,...,us) = 52 = hgx. Apart from

the rational places also pg = (22 + 2z + 1) € P%, pr = (2® + 2% + 1) € P are
used. The relevant S-class numbers and S-descriptions are given below.

(3&) S = {p07p37p4}7 hS = 47 6S,p7 =21 + 2t.
(4&) S = {p17p27p37p4}7 hS - 17 (SS,po =1 +t+t5 +t9.

9.7. Example. Let K = Fy(z,y) with 3+ (22 +2+1)y* + (2 +22)y = 22+ .
Then g = 3 and N = 7. The set Sy := {po, ..., P} and Sp-units uy, ..., ug
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are given by the following table:

Po P1 P2 P3 P4 P5 Ps
Uy = 2 1 0 0 -1 -1 -1
up =x+1 o 0 2 1-1-1-1
uz =y 101 0 1-2-1
ug=y+1 02 0 1 0-2-1
us =y -+ 1 0 0 2 -1-2 0
we=y+x2| 1 0 0 1 -2 2 -2

We have hy(3,7) = 911/853 < 2 and reg(uy, ..., ug) = 71 = hg. The relevant
S-class numbers and S-descriptions are given below.

(6a) S'={p1,p2, 03,00, 05, P6}, hs =1, 0spy = L+t + 2+ +17 +1°.
9.8. Example. Let K = Fy(z,y) with y*+ay? + (23 +22)y = 2"+ 28+ 25+ 2.
Then gx = 4 and Ng = 8. The set Sy := {po, ..., pr} and Sp-units uy, ..., ur
are given by the following table:

Po P1 P2 P3 P4 P5 Ps p7
ul =a 1 1 2 0 0 0 0 —4
ug =a+1 0001 1 1 1 —4
uz =y 2 11 2 01 0 -7
up=y+1 0000 10 6 -7
us =y + 22 311 01 0 2 -8
ug = y> +zy 3 3 2 2 2 1 1-14
wr=yl+ay+ad+22 | 2 2 2 1 1 3 3 —14

We have hip(4,8) = 1571/1472 < 2 and reg(uq,...,u;) = 260 = hgx. The

relevant S-class numbers and S-descriptions are given below.
(4a) S = {ps, pa,05,p6}, hs =1, 0sp, = 1+ 17 + 14 + 17
(6a) S = {po,P1,P2,P4,P5,P6}, hs =1, Ogp, = L+t + 13 + ¢ + 17 + 12,
(7Ta) S = {po, P1,P2,Pa, D5, 6,7}, hs = 1, gy = L+ +1° + 17+ 7 +17 + 112,

9.9. Example. Let K = Fy(z,y) with y* + (22 + 2 + 1)y? + (2*> + 2)y =
27+ 2% + 2° + 2%, Then gx =5 and Ng = 9. The set Sy := {po, ..., ps} and

Sp-units uy, ..., us are given by the following table:

Po P1 P2 P3 P4 P5 Ps P7 P8
uy =x 11 1 1 0 0 0 0 -4
ug=z+1 0000 1 1 1 1 -4
uz3 =y 30102010 -7
ug=y+zx 1 030010 2 -7
us =y> +y 331 1 2 2 1 1-14
ug = y2 +y+ 2% + 22 2 2 1 1 1 1 3 3-14
ur =y + (22 +z+ 1)y 311 2 2 1 1 4-15
ug =y + (2 +z+y+a3+22 | 2 1 1 3 1 4 2 1 —15

We have hy(5,9) = 2423032139;;%?3360‘/5 < 2 and reg(uy,...,ug) = 975 = hg. The

relevant S-class numbers and S-descriptions are given below.
(78’) S = {plv p37 p47 p57 p67 p77 pS}v hS = ]-7 6S,p0 =1 +t+t3 +t5 +t7 +t9 +t15‘

(88’) S = {php27p37p47p57p67p77p8}7 h'S = 1; 6S,p0 = 1+t+t3+t5+t7+t9—|—
4t
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The outgrowth of Examples 9.1-9.9 is gathered in the table below.

q=2 g | No(g) | K, 5 | [L:K]| §(LIK)
g Na(9) | K, S | [L:K]]|fLIK) | [ 22] 21-22 | 9.5(5a) 4 12p,
6 10 |93(a) 10 [ 2ps 27 | 24-25 | 9.2(2a) 12 | 3py
7] 10 |9.3(5a) 2| 2ps 28 | 25-26 | 9.4(3a) 8| 7po
8| 11 |95(5a) 2 | 10pg 29 | 25-27 | 9.7(6a) 4| 14pg
9| 12 |91(3a) 4| 4ps 30 | 25-27 | 9.8(6a) 4| 12ps
10| 13 | 9.4(3a) 4| 4p, 35 | 29-31 | 9.8(7a) 4| 16ps
12 | 14-15 | 9.1(2a) 71 ps 37 | 29-32 | 9.9(7a) 4| 14p,
14 | 15-16 | 9.1(1a) 15| ps 39 | 33 | 9.1(2b) 16 | 8ps
15| 17 | 9.1(2b) 8| Tps 41 | 33-35 | 9.8(4a) 8| 6pr
16 | 17-18 | 9.9(8a) 2 | 1dpg 42 | 33-35 | 9.6(4a) 8| 8po
17 | 17-18 | 9.1(1a) 16 | 5ps 44 | 33-37 | 9.5(4a) 8| 1lp,
19| 20 | 9.3(5a) 4| 2ps 49 | 36-40 | 9.6(3a) 12| pr
20 | 19-21 | 9.5(1a) 19 0 50 | 40 | 9.3(5a) 8| 2pe

Examples for ¢ =3

9.10. Example. Let K = F3(z) and consider the places po = (x), p1 =
(x—1),po=(z+1),p3=(1/2), ps = (> + 1) and p5 = (z* —2® + 2°> + 1) of
K. The relevant S-class numbers and S-descriptions are given below.

(2&) S = {po,pg}, hS = 1, 537135 =5+t

(2b) S ={po,p1}, hs =1, 05, = 1 + 1.

(3&) S = {po,pl,pg}, hg = 1, 557,33 =14+t+ tz, (537134 =4 + 2t.
9.11. Example. Let K = F3(z,y) with y* = 2% + 2> — 2. Then gx = 1 and

Ng = 6. The set Sy := {po,...,ps} and Sp-units uy, ..., us are given by the
following table:

Po P1 P2 P3 P4 Ps5
U= 2 0 0 0 0 =2
up =x —1 0 1 1 0 0 -2
ug =x+1 0O 0 0 1 1 -2
ug =9y —1 0 0 1 0 2 -3
us =Yy —x 1 01 1 0 -3

We have h3(1,6) = 7/6 < 2 and reg(uy,...,us) = 6 = hgx. Apart from the
rational places also pg = (22 —x — 1,y + © — 1) € P% is used. The relevant
S-class numbers and S-descriptions are given below.

(2a) S = {po,pa}, hs =2, dgp, = 1 + 1.

(3a) S ={po,p3,pa}t, hs =2, 0gp, =4+ 1+ 1%
(3b) S = {p1,p2,ps5}, hs =2, 0sp, = 1+t + 1.
(4a) S = {po,p1,P3,Pa}, hs =1, dspy = 4 +1+2t%
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<4b) S = {p17p27p37p4}7 hS = 17 5S,p0 =1 +t+t2 +t5
(53“) S = {p17p27p37p47p5}7 hS - 17 5S,p0 =1 +t+t2 +t4 +t5

9.12. Example. Let K = F3(z,y) with y> = 2> — 2 + 1. Then gx = 1 and
Ng = 7. The set Sy := {po,...,ps} and Sp-units uq, ..., us are given by the
following table:

Po P1 P2 P3 P4 P5 Ps
uy =x 1 1 0 0 0 0 —2
up =x —1 0 01 1 0 0-2
uz =x+1 0O 0 0 0 1 1 -2
ug =y—1 01 01 0 1 -3
us =y — 0O 0 0 2 1 0 -3
ug =y—x—1 0 2 1 0 0 0-3

We have h3(1,7) = 1 and reg(us,...,us) = 7 = hgx. Apart from the rational
places also p; = (23 —x + 1) € P, pg = (2% + 1) € P} are used. The relevant
S-class numbers and S-descriptions are given below.

(5a) S = {po, p1,P2,P3, 06}, hs = 1, dgp, = 13 + 2t + 2t°.
(6a) S = {p1,P2,P3,Pa:Ps5, P}, hs =1, Osp = L+t + 12+t + 7 + 17
(Ta) S = {po, b1, P2, P3, Pa, P5, 06}, hs = 1, dgp, = 40 + 4t + 212,

9.13. Example. Let K = F3(z,y) with y*> = 2% — 22 + 1. Then gx = 2 and
Ni = 8. The set Sy := {po,...,p7} and Sp-units uy, ..., u; are given by the
following table:

Po P1 P2 P3 P4 P5 Ps Ppr
up = 11 0 0 0 0 -1 —1
ug=x—1 001 10 0-1-1
uz =z +1 000 0 1 1-1-1
ug =y — 0O 0 o 1 1 0-3 1
us =y —a°> —1 021 00 0-3 0
ug=y—a>+1 2 0 000 1-3 0
ur=y+a® —z+1 10 2 01 0-1-3

We have h3(2,8) = 13/11 < 2 and reg(uy, ..., u7) = 35 = hg. Apart from the
rational places also pg = (2 + 1,y + 1) € P% is used. The relevant S-class
numbers and S-descriptions are given below.

(2&) S = {pg,p4}, hS = 7, 55,108 =1+t
9.14. Example. Let K = F3(z,y) with y* —y = (2> — 1)/z. Then gx = 2
and Ng = 8. The set Sy := {po,...,pr} and Sp-units uy, ..., ur are given by
the following table:

Po P1 P2 P3 P4 P5 P6  P7
U =x 3 00 0 0 0 0 -3
ug =z — 1 01 1 1 0 0 0-3
us =z +1 00 0 0 1 1 1-3
ug =y -1 1 0 0 1 0 0 -1
us =y —1 -1 0 0 1 0 1 0 -1
ug =xy + 1 0O 0 2 0 0 2 0 —4
ur=zy+x+1 0O 0 0 2 2 0 0 -4
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We have h3(2,8) = 13/11 < 2 and reg(uy,...,u;) = 36 = hx. Apart from the
rational places also pg = (22 + 1,2y — 1) € P% is used. The relevant S-class
numbers and S-descriptions are given below.

(2&) S = {P17P4}, hg = 12, 55438 =241t

(4a) S = {p1,03,p4,P5}, hs =2, 0gp, = L+t + 1> + 1.

(6a) S = {p1,p2,03,P4,P5,P6}, hs =1, Ogp, = L+t + 12+ + 1" + 5.

(88’) S = {p()?p17p27p37p47p57p67p7}7 hS = 17 6S,p8 =4 + 2t + 2t2 + t4 + 2t5
9.15. Example. Let K = F3(x,y) with y* —y = 2 — 22, Then g = 3 and

Ng = 10. The set Sy := {po,...,po} and Sp-units uq, ..., uy are given by the
following table:

Po P1 P2 P3 P4 P5 P P7 P8 P9
up =z 11 1.0 0 0 0 0 0 -3
uy =z —1 0001110 0 0-3
uzg =z +1 0 0 000 0 1 1 1-3
Ug =y 2 0 01 001 0 0-4
us =y —1 0020010 0 1-4
Uug =y — 1 0 0 00 2 0 1 0—-4
ur=y—z—1 001 02010 0-4
ug =y +x 1 00 01 0 0 0 2 —4
ug=y+z—1 001 1 0O0O0 2 0-4

We have h3(3,10) = (2414+270+/3)/2531 < 2 and reg(uy, . .., ug) = 196 = h.
Apart from the rational places also pyg = (2° + 2% — 1,y + 2 + 23 + x) € P53,
is used. The relevant S-class numbers and S-descriptions are given below.
(5&) S = {p17p27p57p87p9}7 hS = 17 5S,po =1 + t2 + t4 + t5 + t10'
(93) S = {php?ap37p47p57p67p77p87p9}7 hS = 17 55,]30 =1 +t+ t2 + t4 + t5 +
tTH S 10
(10&) S = {vaplup27p37p47p57p67p77p87p9}7 hS = 17 65,}310 = 121 + 5t + 4t2

9.16. Example. Let K = F3(z,y) with y* —y = (2* —z)/(z* —2*+1). Then
gk = 4 and Ng = 12. The set Sy := {po, ..., p12} and Sp-units uq, ..., uy are
given by the following table:

Po P1 P2 P3 P4 P5 P6 P7 P8 P9 Pio P11 Pi2
ul =z 1 1 1 00 0O0O0O0-1-1-1 0
ug =z —1 00011100 0-1-1-1 0
ug=x+1 00 0O0O0OO0OT1T11-1-1-1 0
ug =22 +1 00 0O0O0O0OO0OO0-2-2-2 3
us =y 100 1 00100 1 0 0 -2
ug =y — 1 001010010 0 0 1 -2
ur=y-—=x 3000 2000 2-1-1-1 -2
ug=y—x—1 003002 200-1-1-1-2
ug = (22 + 1)y +1 01001003 0-1-2-2 0
uio = (22 + 1)y — 2 10 00 0 1 00 3-2-2-1 0
un = (@2 + )y —= 3000010 10-1-2-2 0
uig=(z2+1)y—22-2—-1| 0 0 3 1. 0 0 0 0 1 -2 -2 —-1 0
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We have h3(4, 12) = (610+120v/3) /759 < 2 and reg(uy, . . ., u12) = 1225 = h.
Apart from the rational places also p1o = (2% + 1) € P% is used. The relevant
S-class numbers and S-descriptions are given below.

(10a) S = {p1, b2, P3, P14, P5, P7, Ps, P9, P10, P11}y hs = 1, dgpy = L +E+ 2+ +
t5+t7+t8+t10+t11+t14.

The outgrowth of Examples 9.10-9.16 is gathered in the table below.

q=3 9| Ns(g) | K, S [L: K] | §(LIK)
g N3(g) | K, S [L:K] | §(LIK) || 30 | 37-46 | 9.11(db) 9 8po
5 12-13 | 9.11(4a) 3 2pg 33 | 46-49 | 9.15(5a) 9| 4p,
70 16 | 9.10(2a) 81 ps 34 | 45-50 | 9.12(5a) 9| 3p;
9| 19 |9.14(6a) 3| 5pr 36 | 46-52 | 9.11(5a) 9| 9po
10 | 19-21 | 9.10(2b) 9| 5ps 37 | 48-54 | 9.14(2a) 24 | ps
13 | 24-25 | 9.14(2a) 12 0 39 | 48-56 | 9.11(2a) 24 | 2pg
14 | 24-26 | 9.14(8a) 3| bps 43 | 55-60 | 9.12(6a) 9| 11p,
15| 28 | 9.10(3a) 9| 6ps 45 | 54-62 | 9.11(3a) 18 | 3pe
16 | 27-29 | 9.10(3a) 9| 3p, 46 | 55-63 | 9.10(2b) 27 | 6ps
17 | 24-30 | 9.14(4a) 6| 5pr 47 | 54-65 | 9.11(3Db) 18 | 6po
19 | 28-32 | 9.15(9a) 3| 12po || 48 | 5566 | 9.14(6a) 9| 1lp;
22 | 30-36 | 9.15(10a) 3| 3pio || 49 | 6367 | 9.12(7a) 9| 3ps
24 | 31-38 | 9.16(10a) 3| 1dpy || 50 | 56-68 | 9.13(2a) 28 | ps

Examples for ¢ =4

Let a be the multiplicative generator of F} satisfying o = o + 1.

9.17. Example. Let K = Fy(z) and consider the places py = (z), p1 =
(x+1), pp = (x+ ), p3 = (x +a?), ps = (1/2), p5 = (2 + = + a) and
ps = (22 + ) of K. The relevant S-class numbers and S-descriptions are given
below.

(3a) S = {po,p1,p2}, hs =1, 65, = 1 + 2t.
(3b) S = {p1,p2, b3}, hs =1, dgps = 7+ 2t.
(4a) S = {po,p1, P2, P}, hs =1, dgp, = 1+ 2t + 17, 655 = 21 + 3t.
(5a) S = {po,P1, P2 Ps,Pa}, hs =1, Ggp; = 5 +4t, 65, = 21 4 4t.
9.18. Example. Let K = Fy(z,y) with > +y = 2%/(x + 1). Then gx = 1

and Ni = 8. The set Sy := {po,...,pr} and Sp-units u;, ..., ur are given by
the following table:
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Po P1 P2 P3 Pa P5 Ps  P7
uly ==z 11 0 0 0 0 0 -2
ug=x+1 00 2 0 0 0 0 -2
uz =+« o 0 0 1 1 0 0 -2
uy=x+a®>| 0 0 0 0 0 1 1 -2
us =y 2 0-1 0 0 0 0 -1
ug =Y+ a 0 0-1 10 0 1-1
ur =y+x 1 0-1 1 0 1 0 -2

We have f4(1,8) = 9/8 < 2 and reg(uy,...,u;) = 8 = hg. The relevant
S-class numbers and S-descriptions are given below.

(38‘) S = {php?up'?}? hS = 27 55,;30 =1 +1i4+ t3.
(7Ta) S = {p1, P2, 03, Pa, D5, P6, 07}, hs = 1, dgp, = 1+ 2t + 2t° + 17 + 1.
9.19. Example. Let K = Fy(z,y) with y*> + y = 2. Then gx = 1 and

Ng = 9. The set Sy := {po,...,ps} and Sp-units uq, ..., us are given by the
following table:

Po P1 P2 P3 P4 P5 Pe P7 P8
uy =z 1 1.0 0 0 0 0 0 -2
ug=x+1 00 1 1 0 0 0 0-2
uz =+« O 0 0 0 1 1 0 0 -2
us=z+a®>| 0 0 0 0 0 0 1 1 —2
us =y 300 0 0 0 O0 O0-3
ug =Y + o 00 1 0 1 0 1 0-=3
ur =y—+z 10 0 01 00 1-3
ug =y + ax 1 010 01 0 0 -3

We have hy(1,9) = 1 and reg(us,...,us) = 9 = hg. The relevant S-class
numbers and S-descriptions are given below.

(2&) S = {po,pl}, hS = 3, 5S,pg =1 +t3

9.20. Example. Let K = Fy(z,y) with y*> + y = 2° + 2%, Then gx = 2 and
Ni = 9. The set Sy := {po,...,ps} and Sp-units uy, ..., us are given by the
following table:

Po P1 P2 P3 P4 P5 Pe P7 P8
u =z 1 1 0 00 0 0 0 -2
uy =z +1 001 1000 0-2
us=z+a 0000 110 0-2
ug =z + a2 o o0 o0 o0 0 o0 1 1 -2
us =y 4 01 0 0 0 0 0-5
ug =y +x 1 0 0 21 0 0 1 -5
ur =y + a2 2 001 01 1 0-5
ug =y + ax3 300 01 0 2 0—6

We have hy(2,9) = 57/41 < 2 and reg(uy,...,ug) = 45 = hg. The relevant
S-class numbers and S-descriptions are given below.

(4a) S = {p1,p2,03,08}, hs =3, 0gp, = L+ 1 +1° +1°.

9.21. Example. Let K = Fy(x,y) with y*+y = x/(2*+x+1). Then gx = 2
and Ng = 10. The set Sy := {po, ..., P10} and Sp-units uy, ..., uio are given
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by the following table:

Po P1 P2 P3 P4 P5 P P7 P8 P9 P10
Uy = 11 00000 O0-1-1 0
up=x+1 001 1000 0-1-1 0
u3 =z +a 0000 110 0-1-1 0
ug = x + a? 000000 T11-1-1 0
us =ax +x+1 00000 OO0 O0-3-3 2
ug =y 100 00 O0O0O 2 0 -1
ur =y+a 001 00110 0 0-1
ug =y +x 3000010 1-1-1-1
ug = (23 +x+ 1)y +« 001 00 00 3—-1-3 0
up=@3+z+)y+22| 1 0 0 0 0 2 0 2 -2 -3 O

We have fi4(2,10) = 41/34 < 2 and reg(uy, ..., u10) = 55 = hg. Apart from
the rational places also pjg = (2® + z + 1) € P% is used. The relevant S-class
numbers and S-descriptions are given below.

(3a) S = {p1,ps,Po}, hs =5, dgp, = L+ 1+ 1.

(4a) S = {po,p1,ps,Po}, hs =5, dspy, = 7+ 2t + 12,

(7Ta) S = {po, 1,03, P4,P5,P6,P7}, hg =1, g, = 14 2t +° + 267 + 7.

(8a) S = {po, 1,04, P5,P6, P7, P, Do}, hs = 1, Oy, = 21 + 4t 47 + 2t°.

(9a) S7= {gpl,pz,pg,m,ps,pa,p?,pg,pg}, hs =1, 0gpy = 1 + 2t +26° +2t° +
4+t

9.22. Example. Let K = Fy(z,y) with y* +y = 23 + 22 + 2. Then g = 3
and Nig = 13. The set Sy := {po,...,p12} and Sp-units uy,...,uss are given
by the following table:

Po P1 P2 P3 P4 P5 Pe P7 P8 P9 P10 P11 P12
Uy =x 1 1.1 1 0 0 0 0 0 O 0 0 —4
uy =T+ a 0000111100 0 0 -4
uz =z + a? 000O0OOO0DOOT11 1 1 -4
ug =y 10 001 000 1 0 O 0-3
us =y+1 01 00 O0OT1O0O0O0OT1 0 0 -3
ug =y +a 001 00OT10O0O0 1 0 -3
ur =y+x 2 0 0 0O O1 0 O0OO0O 0O 1 -4
ug =y+a+1 02 00O0O0OO0OT1O0O0 1 0 -4
ug=y+zr+ao 00 201 00O0O0OT1 0O 0 -4
up =y +ox 1 0 0 0O OO0 0 2 01 0 0 —4
uil =y+ar+1 0O 1 0 0 0 0 2 0 1 0 0 0 —4
u2 =y +ar+« 0O 0 1 0 0 2 0 0 0O 0 1 —4

We have f4(3,13) = 183/163 < 2 and reg(uy,...,u12) = 441 = hg. Apart

from the rational places also p13 = (2® + 2> + 1,y + 2? + ) € P% is used. The

relevant S-class numbers and S-descriptions are given below.

(10a) S = {p1, s, Ps5, Ps, P7, P8, Po, P10, P11, P12}, hs = 1, gy = 1+ 2t +28° +
4267 417 -t

(10b) S = {p1, P2, P3, Pa, P6, P7. Ps, P10s P11, P12}, hs = 1, dgpy = 1+ 2t + 263 +
2t° + 219 + ¢,
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(13a) S = {po, b1, P2, P3, Pa, P5, P6., P7, Ps, Vo, P10, P11, P12}, hs = 1, g p, = 21 +
6t + 5t + t°.

9.23. Example. Let K|F4 and po,...,p13 be as in Example 2.7. We recall
that gx = 3, Nk = 4 and hxg = 512. The relevant S-class numbers and
S-descriptions are given below.

(10&) S = {p07plap27p47p57p77p87p97p10ap13}ﬂ hS = 17 5S,p12 =1 + 2t + 2t3 +
26° + 9 + 21,

(113) S = {p()vplap27p37p47p57p77p87p97p107p13}7 hS - ]-7 6S,p12 =1+2t+
263 4+ 215 + 7 4+ 19 + 21,

(123) S = {poap1>p27p3>p47p5>p67p7>p87p9>p107p11}7 hS = 17 55,!312 =1+2t+
263 4 215 + 247 + 2411 15,

(13a) S = {po, p1, P2, P3, P4, P5, V6, 97, Ps, Po, P10, P11, P13}, hs = 1, dgp, = 1 +
2t + 23 + 2t° + 2t7 + 19 4+ 211 4 ¢15,

The outgrowth of Examples 9.17-9.23 is gathered in the table below.

q=14
, g | Nalg) | K, S [L:K] | f(LIK)
T N‘iég) 51’8% ) L: KQ] f(?K) 24 | 4952 | 9.23(12a) 1| 10p
51 1718 | 9.17( 4a) T2 | 5153 | 9.20(4a) 12 | 3p,
6| 20 |o17(5e L Lok o7 | 4956 | 9.17(3a) 16 | 6ps
8 | 2124 | 922(100) S| oo |28 | 5358 | 9.23(13a) 4| 14pys
rotoa Po- 11 32 | 57-65 | 9.18(7a) 8| 10po
10 | 27-28 | 9.19(2a) 12 2 {| 55| gogs | o174 |
11 | 26-30 | 9.22(13a) 2| e || 5 | 5768 | o21(re o s
}3 2%;31 g}ggag ;1 2”0 36 | 64-71 | 9.21(8a) 8| 3puo
14 | 32.35 | 9.17(48) S| opt a1 | 6578 | 921(3a) 20 | 3po
o Ps 1143 | 7281 | 9.17(3b) 24 | 2pg
19 ) 37743 | 9.21(%) 100 1 y5 | 8084 | 9.17(5a) 16 | dps
20/| 40745 | 917(50) 81 3P 1147 | 7387 | 9.21(9a) 8| 12pg
91 | 41-47 | 9.22(10b) 1) so0 || an | aass | o170 3| 1
22 | 41-48 | 9.22(10a) 4| 1000 [| 30| 500 | 023100 S
23 | 4550 | 9.23(11a) 4| 10p;,

Examples for ¢ =8
Let a be the multiplicative generator of Fj satisfying o® = o + 1.

9.24. Example. Let K = Fg(z) and consider the places py = (z), p1 =
(l’—i—l), P2 = (:IZ'—FO(), ps = (l’—i—OéQ), pa= ('x—i_&g)a ps = (.Q?+Oé4), Pe = (.CC+OJ5>,
pr = (z+ab), ps = (1/2), po = (z* + 2+ 1) and p1o = (2* + 2+ a) of K. The
relevant S-class numbers and S-descriptions are given below.
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(3a) S = {po,p1,p2}, hs =1, 05y = 1 + 2t.

(4a) S = {po,p1,p2,p3}, hs =1, dsp, = 1+ 3t.

(4b) S = {po,p1, P2, pa}, hs =1, g pg = 1+ 2t +¢°.

(6a) S = {p2, P3,P4,P5,06,P7}, hs =1, dsp, = 9+ 4t +1°.
(6b) S = {po.p1, P2, P3, Pa, P}, hs =1, dgp,, = 73 + Bt

(7Ta) S = {po, P2, 03, P4, P5,P6, 7}, hs =1, g, = 9+ 5t + t°.
(8a)

8a S - {pO;plap27p3ap47p5ap67p7}a hS = ]-7 557)38 = 1+3t+3t3+t77 55,]310 -
73 + Tt.

(9&) S = {pO»plap27p37p47p57p67p77p8}7 hS = 17 55,139 = 9+6t+ 2t37 5S,p10 =
73 4 8t.

The outgrowth of Example 9.24 is gathered in the table below.

q= 9| Nsg) | K, S [L: K] | {(LIK)
g Ns(g) | K, S [L:K] | f(LIK) | [21 | 7286 | 9.24(%) 8 dpg
1| 14 | 9.24(7a) 2 [ 2py 27 | 96-103 | 9.24(6a) 16 | 3po
2| 18 | 9.24(9) 2| 2p10 || 29| 97-109 | 9.24(3a) 32 | dps
3] 24 | 9.24(6a) 4| 2pg 30 | 96-112 | 9.24(6b) 16 | 2p1o
6 | 33-36 | 9.24(8a) 4] 6ps 38 | 129-135 | 9.24(8a) 16 | 8ps
7 | 33-39 | 9.24(4a) 8| dps 45 | 144-156 | 9.24(9a) 16 | 4pg
11 | 48-54 | 9.24(6a) 8| 3po 46 | 129-158 | 9.24(4b) 32 | 6ps
14| 65 |9.24(8a) 8| 6ps 48 | 128-164 | 9.24(8a) 16 | 3pio

Examples for ¢ =9

Let a be the multiplicative generator of F§ satisfying o = o + 1.

9.25. Example. Let K = Fy(x) and consider the places py = (z), p1 =
(ZE—l), P2 = (ZL’+1), ps = (J]—Oé), Ps= (m—aQ), ps = (ZL'—OZ?))7 Pe = (I—Oé5>,
pr = (x —ab), ps = (x — a’) and py = (1/z) of K. The relevant S-class
numbers and S-descriptions are given below.

(2a) S ={po,p1}, hs =1, dsp, = 1 + 1.

(5a) S = {po,P1,P2,P3,P5}, hs =1, 5, = 1 + 2t + 2 + ¢4,

(6a) S = {po,P1,P3,Pa;Ps5, 06}, s = 1, dgpg = 1 + 2t + 267 +1°.

(7Ta) S = {po, b1, P2, P3, Pa, P5, 06}, hs = 1, dgpy = 1 4 2t 4 26* + ¢ + 1.

(9a) S = {po, P1, P2, P3, P4, P5,P6, P7.Ps}, hs = 1, dgpy = 1+ 2t + 26 +t* +

25 + 8.
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The outgrowth of Example 9.25 is gathered in the table below.

q=9
g| Nolg) | K, S [L: K] | (LK)
1 16 9.25(5a) 31 3po
3 28 9.25(9a) 31 b5pg
12 | 55-63 | 9.25(2a) 27 | 3pg
15 | 64-74 | 9.25(7a) 9| 6py
48 | 163-180 | 9.25(6a) 27 | 6py
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List of Symbols

Below we list most of the notation and symbols used in this work. The numbers
on the right refer to the page of the definition or of the first occurence.

a a generator of Fy .............. 13 F,, homeomorphism from [mLH’ =]
a anideleof K ................. 27 onto [0, 1] ..ot a7
ap  p-th component of a € T ... 26 F, residuefieldatp .............. 8
B abasisof Fp over F), .......... 41 Fy((m)) field of expansions in 7
atp ..o 12
C  the complex numbers F, finite field with ¢ elements ..... 8
C((®) the’ field of formal Laurent F,aK constant field extension of
. \serles over C ............... 9 degree d over K ........... 11
Crc idele class group of K ... 27 F,(x) rational function field ...... 9
C% S-congruence subgroup ) . .
mod M oo 30 [Fq: Fp] inertia degree of qlp ... 10
Cl(Og) S-class group ............ 14 f(L,p) conductor exponent of p
N ] ML 20
a™(Og) S-class group mod m ... 31 fu(t)  auxiliary polynomials
Dk divisor group of K ........... 8 OVET 7 oooeeeaeeeiae 50
DY divisors of degree 0 ........... 8 f(LIK) conductor of LIK ........ 20
DY /(K*) divisor class group of K 9 G =GEFp) oo 54
Dg  S-diviSOTS .+, 14 G(L|K) Galois group of L|K ..... 8
DY S-divisors of degree 0 ........ 14 GL, invertible n x n-matrices
deg degree ....................... 9 G*(L,p) s-th upper ramification
fpinL ......... 23
degm degreeofm ................ 8 group ot p in
Gs(qlp) s-th lower ramification group
degp degreeofp ................. 8 of g woee 19
degS degreeof S ................ 14 G*(qlp) s-th upper ramification
dimm dimension of L(m) ......... 9 group of qlp ............. 20
O(L|K) discriminant of L|K ..... 11 G°(alp) inertia group of qlp ...... 20
d(q|p) different exponent of qlp .. 10 G~'(alp) decomposition group
fglp oo 20
0 adescription .................. 40 of alp
gk genusof K ................... 9
5™ number derived from § .. ... 41
v lower bound for the genus .... 48
0, n-th coefficient of § ........... 40
hy divisor class number of K .... 9
dsp S-descriptionatp ........... 41
hs S-class number .............. 14
e =log,q ..o 54

hq upper bound for S-class

en 0 or length of a G-orbit in @ . 54 nUMbErs ..., 49

e(qlp) ramification index of qlp .. 10 n continuous bijection on [—1,00) 20



74

Ik idele groupof K ............. 26
I" large idele congruence subgroup
modn .........oiiiiiiii... 31
Zg S-idele congruence subgroup
modm ...........iiii 30
K global function field ........... 8
K, completionof K atp ........ 11
Kg S-ray class field mod m ..... 32
K¢ Hilbert class field of Og ..... 32
K|F, global function field with full
constant field Fy ............ 8

K a fixed algebraic closure of K . 19

K* group of invertible elements

of K
(K*) group of principal divisors
of K oo 9
L global function field ........... 10

L; field of degree p! over Fy(z) in
between KTP|K{™ P 55

L, completion of L at some qlp .. 30

Ly completionof Latq ......... 11
Lq4|K, local extension ........... 11
L*(p) s-th upper ramification field
ofpin L ............... ... 23
L%(p) inertia field of pin L ...... 24
L=Y(p) decomposition field of p
inL ... 24
L|F,a extension of K|F, ......... 10

[L: K] degreeof LIK
Li1Ls compositum of Ly and Lo
L(m) Riemann-Roch space of m .. 9

max{m,n} coefficientwise maximum

ofmandn ........... 21
min{m,n} coefficientwise minimum

ofmandn ........... 32
m adivisor ........... il 8
m  tame part > oo, pofm ... 36

m\p non-p-partof m ........... 34

List of Symbols

Ng number of rational places

of K oo 46
Npg normmap ................ 10
Npx(B) mormof BeZp ........ 27

N,(g) maximum number of rational
places for global function
fields K|F, of genus g ..... 47

N, Oesterlé bound .............. 48
N the positive integers
Ny the non-negative integers

N»  the positive integers prime

top oo 39
Np norm group of Lin C¢ ...... 29
n* non-p-partofn e N .......... 39
n o oadivisor ... 8
v valuation-like map on Z ....... 42

Og ring of S-integral functions .. 14

O% group of S-units ............. 14
(O%) group of principal

S-divisors ................. 14
0 zeroelement in Dy ............. 9
w;j a generator of Fo, oo, 37
¢ Artin-Schreier operator ....... 21
©qlp Frobenius automorphism

ofgqlp oo 20
¢r,p Frobenius automorphism of p

in L. 23
¢(m) Euler function of m ........ 31
Px set of all places of K ......... 8
P4 set of places of K of degree d . 8
Pk (t) numerator of Zg(t) ........ 9
p the characteristic ............... 8
poaplace ... 8
po thezeroofx —a ......... ... o1
p; place in the support of m ..... 37

p topological closure of p in K, .. 11

7 a uniformizer ................. 12



List of Symbols

¥ (t) polynomial over R .......... 47

Q@ representatives {1,...,q — 1}
of Z)(q—1)Z ..o 54

@Q the rational numbers

q apowerofp .................... 8
g aplace ...l 10
qlp qliesoverp ................. 10
R supportofm ............ ..., 37
R, discrete valuation ring at p .... 8

R; topological closure of R,
in Ky oo 11

R the real numbers

R[¢{] polynomial ring over R ..... 47
regg S-regulator ................ 14
regU regulator of U ............. 14
S subset of Pg ...l 14
S(L|K) splitting set of L|K ..... 21
s =S| —1, the rank of OF ...... 15
suppm supportofm .............. 8

Do "

¥y homeomorphism from [g + 1, 00)

an expansion in 7 ..... 12

onto [0,1) ..o, 48
U subgroup of O% ............... 14
U, unitgroupatp .............. 13

U;Sn) n-th one-unit group at p ... 13

Uél) the one-unit group at p ..... 13
u a map with values in (0%) .... 16
vy l-adic valuation ............... 16
vp p-adic valuation ............... 8
vy valuationatp ................. 8
vy  Artin-Schreier reduced valuation
atp . 21
Uso degree valuation on Fy(z) ..... 9
z indeterminate over Fy ......... 51

y algebraic element over Fy(x) ...

Z[t] polynomial ring over Z

Z[[t]] formal power series ring

OVET Zi v voieicieeiaeinn

Zx(t)
Z  the Z,-module Zp"”

Z(™)  additive group isomorphic

to U™

Z the integers
Z

¢ isomorphism Uél) ~ Z

of Zp-modules ................

¢ group isomorphism

UV juim e~z

principal divisor map .......

()
(2)
(2)
(2)

z

(") projection of Z onto Z(™ ...
Artin map of L|IK .....
Artin map of L,y|K, ..

(LK)
( ’LD‘KP)
[
(

Jp

Uy,...,Us) group generated

by u1,...,us
m|n m divides n
fla restriction of f to A
|a] absolute value of a

|S| cardinality of S

| 1

|la| integer part of a ............
[a], least p-power integer >a ...

fog composite of maps f and g,

f after g

n* mnon-p-partof n ..............

oo poleof xin Fy(z) ............

zeta function of K .......

p» the p-adic integers ...........

principal divisor ............
z)o divisor of zeros .............

oo divisor of poles ............

embedding of K into Zx ...

absolute value at p .........

60

42

41

41

42

41

11
46
39

75



76 References

References

[AT]  E. Artin, J. Tate. Class Field Theory. Mathematics Lecture Notes
Series. Benjamin, Reading Massachusetts, 1967.

[Au] R. Auer. Ray class fields of global function fields with many rational
places. Preprint at http://xxx.lanl.gov/find/math/1/auer, 1998.

[CF] J. W. S. Cassels, A. Frohlich. Algebraic Number Theory. Academic
Press, New York, 1967.

[CDO] H. Cohen, F. Diaz y Diaz, M. Olivier. Computing ray class groups,
conductors and discriminants. In: Algorithmic Number Theory. H. Co-
hen (ed.). Lecture Notes in Computer Science 1122, Springer, Berlin,
(1996) 51-59.

[Do]  J. Doumen. Master’s thesis. Universiteit Leiden, 1998

[FJ] M. D. Fried, M. Jarden. Field Arithmetic. Springer, 1987.

[FT]  R. Fuhrmann, F. Torres. The genus of curves over finite fields with
many rational points. Manuscr. Math. 89/1 (1996) 103-106.

[GS1] A. Garcia, H. Stichtenoth. Elementary abelian p-extensions of alge-
braic function fields. Manuscr. Math. 72 (1991) 67-79.

[GS2] A. Garcia, H. Stichtenoth. Algebraic function fields over finite fields
with many rational places. IEEE Trans. Inf. Theory 41/6 (1995) 1548
1563.

[GS3]  A. Garcia, H. Stichtenoth. A class of polynomials over finite fields.
Preprint, 1998.

[GSX] A. Garcia, H. Stichtenoth. C. P. Xing. On subfields of the Hermitian
function field. Preprint 1998.

[GV1] G. van der Geer, M. van der Vlugt. Curves over finite fields of charac-
teristic 2 with many rational points. C. R. Acad. Sci. Paris 317 (1993)
série I, 593-597.

[GV2] G. van der Geer, M. van der Vlugt. Generalized Hamming weights of

codes and curves over finite fields with many rational points. In: Isreal
Math Conf. Proc. 9 (1996) 417-432.



References 77

(GV3]

[GV4]

[GV5]

GV6]

[GVT]

[Han]

[HS]

G. van der Geer, M. van der Vlugt. Quadratic forms, generalized Ham-
ming weights of codes and curves with many points. J. Number Theory
59 (1996) 20-36.

G. van der Geer, M. van der Vlugt. How to construct curves over finite
fields with many points. In: Arithmetic Geometry (Cortona 1984). F.
Catanese (ed.). Cambridge Univ. Press (1997) 169-189.

G. van der Geer, M. van der Vlugt. On generalized Reed-Muller codes
and curves with many points. Report W 97-22, Universiteit Leiden,
1997.

G. van der Geer, M. van der Vlugt. Constructing curves over finite
fields with many points by solving linear equations. Preprint 1997.

G. van der Geer, M. van der Vlugt. Tables of curves with many points.
Preprint at http://www.wins.uva.nl/"geer, 1999.

J. P. Hansen. Group codes and algebraic curves. Mathematica Gottin-
gensis, Schriftenreihe SFB Geometrie und Analysis, Heft 9, 1987.

J. P. Hansen, H. Stichtenoth. Group codes on certain algebraic curves
with many rational points. Appl. Alg. Eng. Commun. Comp. 1 (1990)
67-77.

H. Hasse. Number Theory. Springer, Berlin, 1980.

D. R. Hayes. Fxplicit class field theory in global function fields. Stud.
Alg. Number Th./Adv. Math. Suppl. Stud. 6 (1979) 173-217.

F. HeB3. Effective construction of Riemann-Roch spaces. Short commu-
nication given at the ICM 1998 in Berlin.

Y. Thara. Some remarks on the number of rational points of algebraic
curves over finite fields. J. Fac. Sci. Tokyo 28 (1981) 721-724.

The KANT Group. M. Daberkow, C. Fieker, J. Kliners, M. Pohst,
K. Roegner, M. Schornig, K. Wildanger. KANT V4. J. Symb. Comp.
24/3 (1997) 267-283.

H. Kisilevsky. Multiplicative independence in function fields. J. Num-
ber Theory 44 (1993) 352-355.



78

[Lal]

[La2]

[La3]

[Lad]

INX3]

INX4]

INX5]

INX6]

References

K. Lauter. Ray class field constructions of curves over finite fields with
many rational points. In: Algorithmic Number Theory. H. Cohen (ed.).
Lecture Notes in Computer Science 1122, Springer, Berlin (1996) 189
197.

K. Lauter. Deligne Lusztig curves as ray class fields. Preprint at
http://www.mpim-bonn.mpg.de/html/preprints/preprints.html,
1997.

K. Lauter. A formula for constructing curves over finite fields with
many rational points. Preprint at http://www.mpim-bonn.mpg.de/
html/preprints/preprints.html, 1997.

K. Lauter. Non-existence of a curve over F3 of genus 5 with 14 rational
points. Preprint 1998.

D. Lutz. Topologische Gruppen. B.I.-Wissenschaftsverlag, Ziirich,
1976.

J. Neukirch. Algebraische Zahlentheorie. Springer, Berlin, 1991.

H. Niederreiter, C. P. Xing. Ezxplicit global function fields over the
binary field with many rational places. Acta Arith. 75/4 (1996) 383—
396.

H. Niederreiter, C. P. Xing. Cyclotomic function fields, Hilbert class
fields, and global function fields with many rational places. Acta Arith.
79/1 (1997) 59-76.

H. Niederreiter, C. P. Xing. Algebraic curves over finite fields with
many rational points. In: Proc. Number Theory Conf. (Eger 1996).
W. de Gruyter, Berlin, to appear.

H. Niederreiter, C. P. Xing. Drinfel’d modules of rank 1 and algebraic
curves with many rational points II. Acta Arith. 81 (1997) 81-100.

H. Niederreiter, C. P. Xing. Global function fields with many rational
places over the ternary field. Acta Arith. 83/1 (1998) 65-86.

H. Niederreiter, C. P. Xing. Global function fields with many rational
places over the quinary field. Demonstratio Math. 30/4 (1997) 919-
930.



References 79

INX7]

INXS]

INX9]

[Per]

[Rol]

[Ro2]

H. Niederreiter, C. P. Xing. Global function fields with many rational
places over the quinary field II. Acta Arith. 86/3 (1998) 277-288.

H. Niederreiter, C. P. Xing. Algebraic curves with many rational points
over finite fields of characteristic 2. In: Proc. Number Theory Conf.
(Zakopane 1997). W. de Gruyter, Berlin, to appear.

H. Niederreiter, C. P. Xing. A general method of constructing global
function fields with many rational places. Algorithmic Number The-
ory (Portland 1998), Lect. Notes in Comp. Sci., Springer, Berlin, to
appear.

F. Ozbudak, H. Stichtenoth. Curves with many points and configura-
tions of hyperplanes over finite fields. Preprint 1998.

J. P. Pedersen. A function field related to the Ree group. In: Cod-
ing Theory and Algebraic Geometry, Proceedings, Luminy 1991.
H. Stichtenoth, M. A. Tsfasman (eds.). LNM 1518, Springer, Berlin,
1992.

M. Perret. Tours ramifiées infinies de corps de classes. J. Number
Theory 38 (1991) 300-322.

M. Rosen. S-Units and S-class group in algebraic function fields. J. Al-
gebra 26 (1973) 98-108.

M. Rosen. The Hilbert class field in function fields. Expo. Math. 5
(1987) 365—-378.

H.-G. Riick, H. Stichtenoth. A characterization of Hermitian function
fields over finite fields. J. reine angew. Math. 457 (1994) 185-188.

R. Schoof. Algebraic curves and coding theory. UTM 336, Univ. of
Trento, 1990.

M. Schornig. Untersuchungen konstruktiver Probleme in globalen
Funktionenkorpern. Thesis at the Technische Universitat Berlin, 1996.

J.-P. Serre. Local Fields. Springer, New York, 1979.

J.-P. Serre. Sur le nombre des points rationelles d’une courbe algébrique
sur un corps fini. C. R. Acad. Sci. Paris 296 (1983) série I, 397-402.



References

J.-P. Serre. Nombres de points des courbes algébrique surIF,. Séminaire
de Théorie des Nombres de Bordeaux 22 (1982/83).

J.-P. Serre. Résumé des cours de 19853-1984. Annuaire du College de
France (1984) 79-83.

J.-P. Serre. Rational points on curves over finite fields, Part I. Notes
of lectures at Harvard University, 1985.

J.-P. Serre. Rational points on curves over finite fields, Part II. Notes
of lectures at Harvard University, 1985.

V. Shabat. Unpublished manuscript. University of Amsterdam,
1997/98.

H. Stichtenoth. Algebraic geometric codes associated to Artin-Schreier
extensions of Fy(2). In: Proc. 2nd Int. Workshop on Alg. and Comb.
Coding Theory. Leningrad (1990) 203—-206.

H. Stichtenoth. Algebraic Function Fields and Codes. Springer, Berlin,
1993.

H. Stichtenoth. C. P. Xing. The genus of mazimal function fields over
finite fields. Manuscr. Math. 86 (1995) 217-224.

M. Thomas. Turme und Pyramiden algebraischer Funktionenkorper.
Thesis at the Universitat GH Essen, 1997.

B. L. van der Waerden. Algebra. Volume II. Springer, Berlin, 1991.

M. Wirtz. Konstruktionen und Tabellen linearer Codes. Thesis at the
Westfilische Wilhelms-Universitat Miinster, 1991.

C. P. Xing, H. Niederreiter. Drinfel’d modules of rank 1 and algebraic
curves with many rational points. Report Austrian Academy of Sci-
ences, Vienna, 1996.



Curriculum Vitae

11.08.1967
1973-1979

1979-1986

19861989

1989-1994

1996-1999

Staatsbiirgerschaft:

Roland Auer, geboren am
in Lindau (Bodensee)

Grundschule und Orientierungsstufe in
Osterholz-Scharmbeck

Gymnasium Osterholz-Scharmbeck
Abschlufl: allgemeine Hochschulreife

Grundstudium Mathematik in Oldenburg (Oldb)
Abschlufl: Diplom-Vorpriifung

Hauptstudium Mathematik in Oldenburg (Oldb)
Abschluf}: Diplompriifung

Doktorand im Fach Mathematik an der
C.v.O.-Universitat Oldenburg

osterreichisch



	Contents
	Introduction
	I. Global Function Fields
	1. Preliminaries
	2. S-Units
	3. Ramification Groups

	II. Ray Class Fields
	4. Class Field Theory
	5. Definition and Properties
	6. Computation of Degrees

	III. Many Rational Places
	7. Upper Bounds
	8. Rational Function Field
	9. Tables of Examples

	List of Symbols
	References
	Curriculum Vitae

