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Abstract

We prove that under certain assumptions a partial differential equation (PDE) is
necessarily variational, i.e. that it can be written as the Euler-Lagrange equation
for some Lagrangian. Instead of investigating the PDE directly, we consider the
so-called source form which is the natural object in this problem. We show that if a
source form satisfies certain symmetries and corresponding conservation laws then it
must necessarily be variational. This question was first formulated by Floris Takens
in a paper in 1977 and was then generalized by Ian M. Anderson, Juha Pohjanpelto
and others. The source forms and all other objects are defined on so-called jet spaces
JkE which are constructed over fiber bundles π : E →M . Symmetries are described
by projectable vector fields on E which are then prolonged to obtain vector fields on
the jet space. In the case of ordinary differential equations (ODEs), a conservation
law can be considered as a first integral, i.e. a quantity which is constant along
solutions of the differential equation. Conservation laws describe important prop-
erties of physical differential equations, like the conservation of energy, momentum,
angular-momentum, mass, charge and so on. It is well-known from Noether’s first
and second theorems that symmetries of a variational functional lead to conservation
laws. In some sense, we want to reverse this statement and prove that symmetries
and corresponding conservation laws lead to a variational functional. The main mo-
tivation comes from physics, where the fundamental theories, like gravity and the
standard model, are formulated as variational differential equations. We want to
get a deeper understanding of how this formulation possibly follows from required
symmetries, like Lorentz invariance and, conservation laws, like mass-conservation.
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Abstract

In dieser Arbeit wird bewiesen, dass eine partielle Differentialgleichung (PDG) unter
gewissen Voraussetzungen notwendigerweise variationell sein muss, d.h., dass sie sich
als Euler-Lagrange Gleichung schreiben lässt. Anstatt die PDG direkt zu unter-
suchen, wird die sogenannte source form betrachtet, welche das natürliche Objekt
in dieser Problemstellung ist. Wir zeigen, dass wenn eine source form gewisse Sym-
metrien und dazugehörige Erhaltungsgleichungen erfüllt, dann muss sie notwendi-
gerweise variationell sein. Diese Fragestellung wurde zuerst von Floris Takens in
einer Arbeit im Jahre 1977 formuliert und später von Ian M. Anderson, Juha Po-
hjanpelto und anderen verallgemeinert. Die source form und alle weiteren Objekte
werden auf sogenannten Jet Räumen JkE definiert, welche über einem Faserbündel
π : E → M konstruiert werden. Symmetrien werden durch projezierbare Vektor-
felder auf E beschrieben, welche anschließend prolongiert werden, um Vektorfelder
auf dem Jet Raum zu erhalten. Im Falle von gewöhnlichen Differentialgleichun-
gen (GDG) kann eine Erhaltungsgleichung als erstes Integral betrachtet werden,
d.h. eine Größe welche entlang der Lösungen der Differentialgleichung konstant ist.
Erhaltungsgleichungen beschreiben wichtige Eigenschaften von physikalischen Dif-
ferentialgleichungen, wie z.B. Energie-, Impuls-, Drehimpuls-, Massen-, Ladungser-
haltung usw. Wie aus dem ersten und zweiten Noetherschem Theorem bekannt ist,
führen Symmetrien des variationellen Funktionals auf Erhaltungsgleichungen. In
einem gewissen Sinne wollen wir diese Aussage umdrehen und beweisen, dass Sym-
metrien und Erhaltungsgleichungen zu einem variatonellen Funktional führen. Die
Hauptmotivation kommt dabei aus der Physik, in der die fundamentalen Theorien,
wie Gravitation und das Standardmodell, als variationelle Differentialgleichungen
formuliert werden. Wir wollen ein tieferes Verständnis dafür erlangen, warum diese
Formulierungen möglicherweise aus notwendigen Symmetrien, wie der Lorentz In-
varianz, und Erhaltungsgleichungen, wie der Massenerhaltung, folgen.
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1. Introduction

The main results of this dissertation are the proofs two theorems. The general
structure of both theorems is as follows (the exact formulation can be found in
Theorem 1.0.2 and Theorem 1.0.3 below):

Theorem 1.0.1. Let f = f(x,u(x),ux(x),uxx(x)) = 0 be a differential equation
for the unknown function u = u(x). If the differential equation satisfies certain
symmetries and conservation laws, then f must be variational.

Variational means that f can be written as f = ∂L
∂u
− d

dx
∂L
∂ux

for some function
L = L(x,u(x),ux(x)) which is called Lagrange function (we also call it Lagrangian).
In other words, variational means that the differential equation can be written as
Euler-Lagrange equation. Note that such theorems can also be formulated for higher
order differential equations f(x,u,ux,uxx,uxxx,...) and also what it means that f is
variational (we will explain it later). A symmetry could be, for example, f =
f(u(x),ux(x),...), where f is translation invariant with respect to the x-coordinate.
A conservation law is, e.g. 1

2
(u2

x + u2) = c, where c ∈ R is a constant. In this case
we think of some kind of energy conservation. Note that Theorem 1.0.1, as it is
formulated above, is not true in general, but it provides the idea of what we want
to prove.

For example, let us consider the differential equation f = uxx + u = 0 which
describes oscillations. This differential equation is translation invariant with respect
to x. This symmetry can also be described by the Lie derivative of some vector field.
In this case, the Lie derivative is ∂

∂x
and we get

∂

∂x
f =

∂

∂x
(uxx + u) = 0,

where (u,ux,...) now are considered as variables and not as functions depending on
x. Furthermore, f satisfies a conservation law of the form

uxf = ux(uxx + u) =
1

2

d

dx
(u2

x + u2) = 0 ⇔ 1

2
(u2

x + u2) = constant, (1.1)

where the equations in (1.1) are satisfied for every solution u = u(x) of the differen-
tial equation f = 0. The equation is variational and a Lagrangian is L = 1

2
(u2−u2

x),
where one can easily check the identity f = ∂L

∂u
− d

dx
∂L
∂ux

.
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1. Introduction

We want to mention here that symmetries and conservation laws are somehow
connected and it is better to speak about symmetries and corresponding conserva-
tion laws. For the above example this means that it is well-known from Noether’s
first theorem that invariance in time (what we called x here) leads to energy con-
servation. But in order to apply Noether’s theorem, we already need a variational
formulation from the beginning. In what we want to prove in this dissertation, we
do not assume a variational formulation from the beginning, we rather want to prove
such a formulation. This kind of problem can be considered as inverting the state-
ment in Noether’s theorem in some sense. In the next section, we will give some
more motivation why this is an interesting problem.

Here, we will only explain the result of this dissertation a little bit more precisely.
As we saw in the above example, when talking about symmetries and conservation
laws, sometimes we consider (u,ux,...) as variables or coordinates and sometimes we
consider them as functions (u(x),ux(x),...) depending on x. The first part of Chap-
ter 2 will give a precise definition of these two pictures. In this section, we simply
say which formulation we mean if it is essential to distinguish both. As one usually
defines a differential equation f = f(x,u,ux) of order one, f = f(x,u,ux,uxx) of order
two and so on, we define the order of the coordinates (x,u,ux,...) in the same way
and we write (x,u,ux,...,u(k)) for k-th order coordinates.

Let gs, s ∈ R, be a 1-parameter group acting on the coordinates (x,u). For exam-
ple, gs(x,u) = (x+s,u+s) which describes translations with respect to the parameter
s ∈ R in x and u direction. These kinds of transformations induce transformations
on the coordinates (x,u,ux,...) in a certain way and the induced transformation is
written as pr gs, where pr stands for prolongation. A differential equation f = 0, or
better a differential expression f , is invariant with respect to some prolonged group
action gs if f(pr gs(x,u,...)) = f(x,u,...) for all s ∈ R. It is well-known that this is
equivalent to

d

ds
f(pr gs(x,u,ux,...))|s=0 = 0

and this equation can be read as applying a vector field V := d
ds

pr gs|s=0 to f (for
translations in x direction we get gs(x,u) = (x+s,u) with corresponding vector field
d
ds
gs|s=0 = ∂

∂x
).

Actually, in this dissertation we want to consider relatively arbitrary systems
of partial differential equations (PDEs) and therefore we need to write (xi,uα), i =
1,2,...n and α = 1,2,...,m instead of (x,u). The coordinates (xi,uα) belong to the
space E which is a fiber bundle π : E → M and we have certain projections, like
π(xi,uα) = (xi), where (xi) are coordinates on the base manifold M . The coordinates
(xi,uα,∂u

α

∂xi
,...) belong to a space JkE, called the k-th order jet space of E, which is

also a fiber bundle with different kinds of projections. Furthermore, we will always
write dimM = n, and m is the dimension of the fibers of E, i.e. dimE = n+m.

2



Let us also briefly introduce the so-called source form, defined as

∆ := fαdu
α ∧ dx1 ∧ ... ∧ dxn,

which is a differential (n+ 1)-form on JkE. The source form is used to describe the
differential equation fα = 0. The brief explanation why we use ∆ instead of fα is
that in the calculus of variations the functional

I(u) :=

∫
L(x,u(x),ux(x)...)dx

plays a fundamental role and there we can see that the so-called Lagrange form
λ := Ldx is fundamental, as well. When computing the first variation δI, we then
get the source form ∆ in a very natural way. Roughly speaking, if we considered
the Lagrangian L instead of the Lagrange form λ = Ldx, then we would not get
an object which transforms correctly under local coordinate transformations. The
same would happen if we considered fα instead of ∆. This will be explained later
in more detail and is a technical detail at this point.

There is one last definition we would like to present before we give a precise
formulation of the main results in this dissertation. The space V is the space of
vector fields V on the fiber bundle E which describes symmetries of ∆. Moreover,
these vector fields have the additional property of being so-called projectable vector
fields (in short: π∗V exists and is a vector field on M , this will also be explained
later). The short notation will be

V := {V ∈ X(E) : V is projectable with respect to π and LprV ∆ = 0},

where LprV is the Lie derivative with respect to the prolonged vector field V . For
vector fields on E we usually write V = V i∂xi + V α∂uα or V = V x∂x + V u∂u in
local coordinates. The set of symmetry vector fields forms a vector space over R. In
general, it will not be sufficient to consider only one symmetry vector field (modulo
vector space structure) and we will need the additional condition that

spanR{Vp : V ∈ V} = TpE for all p ∈ E. (1.2)

The main results of this dissertation are:

Theorem 1.0.2. Let n,m ∈ N be arbitrary and let π : E → M be a fiber bundle of
fiber dimension m and base dimension n. Furthermore, let ∆ = fαdu

α∧dx1∧...∧dxn
be a second order source form defined on J2E. Assume:
i) The set V of symmetries of ∆ satisfies (1.2).
ii) Each V ∈ V generates a conservation law of the from Qα

V fα = DiC
i
V , where

Qα
V = V α − uαi V i are the characteristics.

Then ∆ must be locally variational.

3



1. Introduction

Theorem 1.0.3. Let π : E →M be a fiber bundle of fiber dimension one and base
dimension one. Furthermore, let ∆ = fdu ∧ dx be a 4-th order source form defined
on J4E. Assume:
i) The set V of symmetries of ∆ satisfies (1.2).
ii) Each V ∈ V generates a conservation law of the from QV f = DxCV , where
QV = V u − uxV x are the characteristics.
Then ∆ must be locally variational.

We conjecture that Theorem 1.0.3 is also true with the same assumptions, but ar-
bitrary base dimension n.

The functions Ci
V are different kinds of conserved quantities and, in the case of

ordinary differential equations (ODEs), a first integral for the differential equation
fα = 0.

Note that Theorem 1.0.2 is also true when the source form ∆ is only defined on
open subsets R2 ⊂ J2E, whereas Theorem 1.0.3 is no longer true in general for open
subsets R4 ⊂ J4E. For example, f = 1

ux
is not defined on J4E, but it can be defined

on some open subset R4 ⊂ J4E. In which cases Theorem 1.0.3 is also true when
allowing such topological obstructions depends on the subset R4 ⊂ J4E and needs
further investigation. In other words, Theorem 1.0.3 is only true for non-singular
source forms and it is no longer true for singular source forms (singular in the sense
that there is no smooth continuation of ∆ from R4 to J4E). We will discuss this in
detail in Subsection 3.8.1.

Similar theorems have already been proven by others and we only want to men-
tion two of them which are strongly connected to Theorem 1.0.2 and 1.0.3. The first
theorem is

Theorem 1.0.4. Let (xi), i = 1,2,...,n be coordinates on Rn. A classical field theory
is described by a 1-form A = Aidx

i, where (Ai) is the field. Assume the source form
∆ = f idAi∧dx1∧ ...∧dxn is translation and gauge invariant, and has corresponding
conservation laws of the form

Aj,if
j = DkC

k
i , for some functions Ck

i

Dif
i = 0.

i) Then ∆ is locally variational if n = 2 and f i is of third order or n ≥ 3 and f i is
of second order.
ii) Then ∆ is locally variational if the functions f i are polynomials of degree at most
n in the field variables Ai and their derivatives.

This theorem can be found in (AP96, p.370). There is a similar theorem which
holds also for non-Abelian gauge transformations, see (MPV08, p.4). For the second
theorem we need the condition

spanR{π∗Vp : V ∈ V} = Tπ(p)M for all p ∈ E, (1.3)

4



1.1. Literature Review and New Results

which is similar to (1.2), but is a actually a weaker assumption. The second theorem
is

Theorem 1.0.5. Let n ∈ N be arbitrary and m = 1. If a second order, non-singular
source form ∆ = fdu ∧ dx1 ∧ ... ∧ dxn is invariant under the prolonged vector fields
V ∈ V, such that (1.3) is satisfied and ∆ has corresponding conservation laws of the
form Qu

V f = DiC
i
V , where Qu

V = V u − uiV i are the characteristics, then ∆ must be
locally variational.

This theorem can be found in (AP94, p.213). Note that for m > 1, the stronger
assumption (1.2) is necessary otherwise the theorem is no longer true (see 4th
counter example in Section 4.1.). Notice to the reader: Sometimes, when citing
such theorems or definition we will slightly change the notation compared to the
original papers or books, to get a consistent notation in this thesis. In the papers
(AP12, MPV08, Poh95, AP96, AP95, AP94) and the original work (Tak77), differ-
ent versions and proofs of Takens’ problem can be found. As far as we know, this
should be a relatively complete list of such theorems. In the next section, we will
discuss in more detail what kinds of theorems have already been proven and what
kinds of new results we derive in this thesis.

I want to thank the Professors:

D. Grieser for advising me during my Ph.D. studies and supporting me in my re-
search. Especially, I want to thank him for giving me a lot of freedom in my research
and supporting my interests.

I.M. Anderson for a very nice stay at the Utah State University and for helping
me to solve a version of Takens’ problem.

P.J. Olver for giving me the opportunity to work at the University of Minnesota
and helping me in my research.

D. Krupka, especially for the beginning phase of my Ph.D. studies and for long
discussions about basics on jet bundles and concepts in the calculus of variations.

I also want to thank my colleagues I. Shestakov, A. Beyer and M. Behr for a very
nice collaboration at the University of Oldenburg.

1.1. Literature Review and New Results

There is quite a long history of questions similar to Takens’ problem. For example,
in the paper (LL74, p.1694) from 1974 we can find the following conjecture: “For

5



1. Introduction

metric theories of gravity, the existence of a conserved energy-momentum ... is
equivalent to the existence of a Lagrangian formulation.“. In 1977, Takens (Tak77)
was able to answer a similar question for second order source forms. In 2012, Ian M.
Anderson and Juha Pohjanpelto (AP12) answered such a question for third order
source forms. We could even go back to the paper (Noe18) of Emmy Noether in
1918 and set this as the starting point of these kinds of questions. It is no surprise
that such problems came up at that time and later, since Albert Einstein discovered
the special and general relativity at about the same time and the investigation of
symmetries became a very important factor. Einstein had different versions of the
nowadays so-called Einstein’s field equations. Some of them did not satisfy neces-
sary local energy-momentum conservation laws and they were also not variational
(VK15, p.1). Finally, Einstein (and Hilbert) found an equation which satisfies these
conservation laws and it turned out to be variational. Nowadays, the variational
formulation is given by the so called Einstein-Hilbert functional.

Now, we will start a more detailed discussion of the paper (Tak77) of Takens
from 1977, since, there, source forms are used (probably for the first time) and they
are necessary to give a precise formulation of the problem. Takens formulates three
different theorems and we will only describe the main features in informal notation:

Theorem 5,2 (Tak77, p.599): Let π : E → M be a linear fiber bundle, i.e. which
has a linear structure on the fibers. Furthermore, let ∆ be a linear source form, i.e.
which depends linearly on (uα,uαi ,...) (PDE of arbitrary order). If we have at least
one symmetry vector field V ∈ V and corresponding conservation law, such that
π∗V 6= 0, then ∆ is variational.

This theorem is special in this regard as the order is arbitrary. The proof can
be found in Appendix A., but we have to introduce more notation to be able to
understand it later. Basically all other theorems which we will present need to make
assumptions about the order (or polynomial degree). The proof is actually very sim-
ple and probably the simplest proof compared to the proofs of all other theorems
which give an answer to Takens’ question. The restriction to linear source forms
makes the proof relatively easy. More generally, restricting to polynomial source
forms of degree two or three has a similar effect and simplifies the proof. This will
be clear later, when we discuss polynomial structures in certain equations, especially
in the so-called equations of conservation laws and symmetries (ECS). The ECS is
the equation LprV ∆ = 0, where the corresponding conservation law condition is
eliminated (see Section 2.9. for further details).

Theorem 5,3 (Tak77, p.600): Let π : Rn × R → Rn be a linear fiber bundle of fiber
dimension one and base dimension n, i.e. E = Rn ×R and M = Rn. Furthermore,
let ∆ = fdu∧dx1∧ ...∧dxn be a second order source form defined on J2E. Assume:
i) ∆ is invariant under the symmetries V.
ii) For each ∂xi ∈ X(M), i = 1,2,...,n, there exists a V ∈ V such that π∗V = ∂xi.

6



1.1. Literature Review and New Results

iii) Each V ∈ V generates a conservation law.
Then ∆ is variational.

Note that we slightly changed Theorem 5,3 compared to the original work. The
condition in ii) is similar to (1.3). However, it is different in this regard that the
vector fields {∂xi} are constant on M and this set is an Abelian Lie algebra on M ,
but V is not necessarily an Abelian Lie algebra on E. This theorem is in some
sense similar to Theorem 1.0.3, at least concerning the proof and the importance of
investigating singularities.

We will not formulate Theorem 5,4 from Takens’ paper (Tak77, p.601), since
it needs more notation. Roughly speaking, the theorem is about metric field the-
ories of second order. There occur two complications for us here: First, we have
to define what we mean by metric field theory. Second, the symmetries are given
in a certain way and they involve so-called arbitrary functions used in Noether’s
second theorem. This also dictates how the corresponding conservation laws have
to look like. In fact, these symmetry vector fields generate an infinite dimensional
Lie algebra which is not the case in the context of Theorem 1.0.2 and 1.0.3. Infinite
dimensional Lie algebras usually lead to stronger conditions than (1.2) (for example,
span{(pr1V )p : V ∈ V} = TpJ

1E for all p ∈ J1E).
We could say that many theorems, proven by others, and proven in this the-

sis, are generalizations of these three theorems in one way or the other. How-
ever, significantly more notation has to be used and sometimes new techniques have
to be introduced, as well. We summarize these theorems in the following table:

article year dimension order pol. deg. sym. V ∈ V cons. laws

(AP94, p.213) 1994 m = 1, any n 2 - (1.3) is satisfied Noet. 1st
(AP95, p.629) 1995 any n,m any ≤ r dim{π∗Vp} = r Noet. 1st
(Poh95, p.352) 1995 any n = m 1 - translations ∂xi Noet. 1st
(AP96, p.370) 1996 n = m = 2 3 - (1.2) is satisfied

(classical gauge φxi∂ui Dif
i = 0

field th.) translations ∂xi Noet. 1st
(AP96, p.370) 1996 any n = m 2 - (1.2) is satisfied

(classical gauge φxi∂ui Dif
i = 0

field th.) translations ∂xi Noet. 1st
(AP96, p.370) 1996 any n = m any ≤ n (1.2) is satisfied

(classical gauge φxi∂ui Dif
i = 0

field th.) translations ∂xi Noet. 1st
(MPV08, p.4) 2008 any n = m 2 - (1.2) is satisfied,

(gauge (ϕαxi + cαβγu
β
i ϕ

γ)∂uαi ∇if iα = 0

field th.) translations ∂xi Noet. 1st
(MPV08, p.4) 2008 any n = m any ≤ n (1.2) is satisfied

(gauge (ϕαxi + cαβγu
β
i ϕ

γ)∂uαi ∇if iα = 0

field th.) translations ∂xi Noet. 1st
(AP12, p.4) 2012 any n, 3 - (∗)

(metrics) m = n(n+1)
2 ξi∂xi − 2ξi,(kgl)i∂gkl ∇if ji = 0

this thesis 2018 any n,m 2 - (1.2) is satisfied Noet. 1st
this thesis 2018 n,m = 1 4 - (1.2) is satisfied Noet. 1st
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1. Introduction

The short notation Noet. 1st stands for Noether’s 1st theorem and means that the
corresponding conservation laws are given in the form

QV f = DiC
i
V . (1.4)

The other conservation laws, i.e. Dif
i = 0, ∇if

i
α = 0 and ∇if

ji = 0, correspond
to Noether’s second theorem. Note that we sometimes write f i,ui instead of fα,u

α

and, ui does not always have the meaning of partial derivative ∂u
∂xi

, rather describes
the field uα, but with lower indices i (this is a technical detail at this point and we
refer to the original papers and the notation there). The functions φ, ϕα and ξi in
the symmetry vector fields are arbitrary functions and therefore we always have an
infinite dimensional Lie algebra in these cases. This can also be seen by the cor-
responding conservation laws, as we mentioned, since they correspond to Noether’s
second theorem. The star (∗) in the table above means that (1.2) is satisfied for
n = 2 and probably also for n > 2, but we did not check it in detail (maybe the
symmetries even satisfy span{(pr1V )p : V ∈ V} = TpJ

1E for all p ∈ J1E). Note
that the conservation laws (or differential identities) corresponding to Noether’s sec-
ond theorem can always be brought into the form (1.4) of Noether’s first theorem.
This is mainly important when investigating applications and the physical meaning
of conservation laws and how to reformulate these equations.

Notice to the reader: We will always try to explain, as well as possible, all the-
orems, definitions, calculations and so on. However, some aspects of the following
discussion are probably only understandable for the experts with advanced knowl-
edge of Takens’ problem. The reader could skip this short part and continue with
Section 1.2 and come back to this later.

In the following, we compare the new results in this dissertation with the theo-
rems in the above table:

New results in Theorem 1.0.2:
Dimension of Lie algebra: The papers from 1996 to 2012 consider infinite

dimensional Lie algebras, where φ, ϕα and ξi are arbitrary functions. Roughly
speaking, this means that the amount of symmetries leads to strong restrictions. In
more detail, and concerning the proofs: The zeroth order Helmholtz expression (in
our notation Hαβ) in (AP96, p.378) immediately vanishes, because φxi can be cho-
sen arbitrarily and independently of φxixj and φxixjxk . Nearly similarly in (MPV08,
p.12), the expression with the ϕβ

xj
-coefficient immediately vanishes, since it can be

chosen independently of ϕβ and ϕβ
xjxk

. Our proof of Theorem 1.0.2 in Section 3.6
only requires a finite dimensional set of vector fields (Lie algebra) and the zeroth
order Helmholtz expression Hαβ vanishes at the very end of the proof in Step 7 (see
Section 3.6). But more importantly, during the proof, Hαβ will be needed in Step
4 and Step 5. The so-called Helmholtz dependencies will play a fundamental role
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1.1. Literature Review and New Results

there and the ECS is also needed to deduce properties of Hαβ. The proofs of Theo-
rem 1.0.2, Theorem 1.0.3 and similar ones can be divided into different steps. The
vanishing of the zeroth order Helmholtz expression in (AP96) at the very beginning
does not need so many different steps in the proof in some sense. It also seems that
the zeroth order Helmholtz expression does not occur once again in the proof in
(MPV08) and equation (32) in (MPV08, p.12) is sufficient to complete the proof.
The Helmholtz dependencies are also not used in (MPV08), but in (AP96).

New algorithm: In general, the three theorems proven by Takens in 1977 have
similarities to all other theorems and provide useful techniques how to solve the
problem. For (AP96, MPV08) and Theorem 1.0.2, these techniques are basically to
discuss successively the order of jet coordinates in the equations forced by the sym-
metry and conservation law assumptions (we call these equations the ECS). Usually,
the discussion starts with the highest order jet coordinates.1 However, the problem
is the complexity and that there is no straightforward way telling us at which point
in the proof we have to use which of these equations and conditions. To find the
way (or the algorithm) in which these equations and conditions can be used, are
the main parts of these proofs. Beside the technical problems of how to handle a
tremendous amount of indices. Therefore, that Hαβ does not immediately vanish
in our proofs and that it will be needed in different steps also means that we will
find a new way in some sense (a new algorithm) how to prove a version of Takens’
problem and this way seems to be different from all the previous versions proven by
others.

New induction method: Step 3 in Section 3.6 can probably be proven with the
so-called d-fold operator, used in (AP96, p.379) and (MPV08, p.12). We prove Step
3 with a kind of induction which is an alternative method and which has not been
used in this form before. The proof of Step 6 in Section 3.6 is also the same kind of
induction and these inductions work fairly well in different situations. This new kind
of induction has the advantage that it provides information in every induction-step
and, more importantly, every induction-step is relatively easy to understand. On
the other hand, applying the d-fold operator does not split the problem into smaller
pieces, it rather solves the problem in one relatively complicated step. The applica-
tion of the d-fold operator is a transformation of an equation into a new equation
and the new equation will be discussed instead. If the original equation is already
relatively complicated, then the transformed equation will be again relatively com-
plicated and it is, in some sense, hard to understand what exactly happens during
the transformation. A lot of hard calculations are hidden behind notation. Some-
times, hiding complicated calculations behind notation is reasonable, but sometimes
it also makes sense to do a calculation where we can directly follow every reformu-
lation. The operator ∂bβ,k,X in (MPV08, p.11) replaces k-th order coordinates by
Xi1 ...Xik , whereas in the induction we eliminate k-th order coordinates by applying

1For (AP94) and Theorem 1.0.3 we also have to solve differential equations and the situation is
slightly different there.
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1. Introduction

partial derivatives, like ∂uγJJ . Eliminating almost all of the expressions reduces a
big problem into a small problem, whereas the replacement method just transforms
a problem into a new problem. However, we will also use this kind of technique
in Section 3.6 because in some situations it is a very good method and sometimes
there are simply no other techniques available. The proofs with the d-fold operator
in (AP96, MPV08) need density arguments, whereas the induction does not need
such arguments. Therefore, and for the other reasons mentioned previously, the
induction method is a different and new method. Note that, although the proof of
Step 3 in Subsection 3.6.1 looks much longer than similar proofs in (AP96, MPV08),
it can actually be brought in a much shorter version. It could probably be written
on one and a half pages, but we show the longer version in order to explain every
detail of the proof.

Many theorems make assumptions stronger than (1.2): For many theo-
rems, condition (1.2) is satisfied by the assumptions. In our Theorem 1.0.2 in this
thesis, we only need this condition and no specific symmetries, like translation- or
gauge symmetries or the symmetries for metrics. We could even say that if the
theorems in (AP96, MPV08, AP12) can be brought in such a form, then they are
just corollaries of the more general version we will prove here. For (AP12), this
is of course only true when restricting to second order.2 However, it is fair to say
the the more complicated fields, especially the metric field, probably need their own
formulations and some work has to be done there. It could be future work to check
in which way (AP96, MPV08, AP12) can be considered as corollaries or not.

Arbitrary n,m: We can prove Theorem 1.0.2 for any n,m. The condition n = m
in (AP96, MPV08), or m = n(n+1)

2
in (AP12), since the metric gij is symmetric in

i,j, seems not to be a crucial factor in these proofs. Especially, the discussion of the
formulas (3.8), (3.9), (3.10) and (3.11) in (AP96, p.378) makes explicitly use of the
property n = m.

Polynomial structure: To derive polynomial structure in some of the jet coor-
dinates in fα is crucial in almost all proofs of Takens’ problem. In (AP96, MPV08),
polynomial structure in second order jet coordinates is derived with the help of the
equations Dif

i = 0 and ∇if
i
α = 0. We prove it with the help of Step 2 in Section 3.6.

instead. Again, this means that we find an algorithm how to prove the theorem and
this method differs from others. Although the statement in the Local Simplification
Lemma 3.4.1 is almost trivial, the use of this lemma in Step 1 in Section 3.6 should
not be underestimated and there is no similar transformation in (AP96, MPV08).
This actually allows us to derive the Hyperjacobian structure in Step 2.

Polynomial degree and conservation laws: The proof of Step 6 in Sub-
section 3.6.2 is a new result in the following sense: It is known (or easy to see)
that n equations of the form uβikH

k
αβ = 0, for i = 1,2,...,n, have non-trivial solu-

2For third order source forms, the assumption span{(pr1V )p : V ∈ V} = TpJ
1E for all p ∈ J1E

is probably needed to prove Takens’ problem. I want to thank Ian M. Anderson for a fruitful
discussion concerning this.
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tions Hk
αβ of polynomial degree n in the second order coordinates uβij. There do

not exist non-trivial solutions of degree ≤ n − 1. Therefore, the number n is the
critical number here. We will prove that (Oβ

ik(1)− uβik)Hk
αβ = 0 for i = 1,2,...,n only

allows the trivial solution under the assumption H i
αβ,uγii

= 0, but it is still assumed

that H i
αβ is a polynomial of degree ≤ n. We show this with a kind of induction

which demonstrates the use of such methods once again. The analogous equation
(Aγj,kp + cγβζA

ζ
jA

β
k,p)H

ij,k
αγ = 0 in (MPV08, p.13) assumes polynomial degree ≤ n− 1

in second order coordinates of H ij,k
αγ . But the induction is not the only difference in

these proofs. In order to use the condition H i
αβ,uγii

= 0 in Step 5 in Section 3.6, we

need to find a way (or algorithm) how to use the symmetry and conservation law
assumptions, as we mentioned above. The condition ∇if

i
α = 0 in (MPV08, p.10)

leads to polynomial degree at most n− 1 in the source form and then to polynomial
degree at most n − 1 in H ij,k

αγ . In contrast, we allow source forms of polynomial
degree n and we do not require a conservation law (or differential identity) of the
special form ∇if

i
α = 0. All the conservation laws Dif

i = 0, ∇if
i
α = 0 and ∇if

ji = 0
in (AP96, MPV08, AP12) are strong restrictions from the very beginning (for n = 1,
Dif

i = 0 even means that f = f i must be constant). Note that we could also derive
that H i

αβ is polynomial degree at most n−1 in Step 5 in Section 3.6, but the stronger
assumption is not needed to complete the proof and the source form is still allowed
to have degree n (for example, we allow the variational Monge-Ampere expression
f = uxxuyy − u2

xy of degree n = 2). In any case, we derive this condition differently
and we use so-called Helmholtz dependencies there.

New results in Theorem 1.0.3: As far as we know, and according to the above ta-
ble, a theorem for 4-th order source forms has not been proven (except if we make
the additional assumption of source forms which are polynomial in the fields uα

and derivatives of uα, see (AP95) and Theorem 5,2 in (Tak77)). We find a very
interesting structure in the ECS, also for higher order. In more detail, we find in-
tegrating factors such that the ECS can be written as a total derivative and this
leads to a first integral. After eliminating some of the unknowns we repeat this and
we find the general solution of the ECS under the assumption of (1.2). We show
that the characteristics Qα are integrating factors for the ECS for arbitrary n,m and
arbitrary order and we indicate how this can possibly be used more generally. The
proof of Theorem 1.0.3 shows how the theorem for 4-th order, m = 1, and arbitrary
n can probably be proven. This proof differs from a pure order discussion of jet
coordinates and the investigation of singularities becomes important.

Above we mentioned some of the most important new results and new methods.
Note that it is almost impossible to discuss all proofs and differences between
(AP12, MPV08, Poh95, AP96, AP95, AP94, Tak77) and our work here. This would
be a topic of its own. In the following, we only mention some notational innovations
of this thesis.
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1. Introduction

We use the notation of O which describes lower order terms, i.e. non-important
terms (note that O does not mean the Landau symbol here). When the symmetries
are not given explicitly, as in (AP96, MPV08, AP12), then it is reasonable to work
with this notation. This would also simplify some of the explicit expressions in
(MPV08) and it clarifies the structure of such proofs in general, in our opinion. We
distinguish explicitly between Helmholtz conditions and Helmholtz dependencies,
which also clarifies what the actual problem is and how we can try to solve it. We
also give the equation LprV ∆ = 0 a name, after eliminating the conservation law
assumptions, we call it the ECS. Finally, we formulate an algorithm of the proof and
work out the main steps. This can help to find differences in the proofs of Takens’
problem and it explains the main ideas in these proofs.

1.2. Motivation and Physical Background

Our motivation for this thesis mainly comes from the following considerations:

• Since the fundamental laws of physics, described by differential equations,
should hold everywhere in the universe, the differential equations should be
translation invariant, rotation invariant and so on. In general, they do not
(explicitly) depend on the (t,x,y,z)-coordinates. Furthermore, when we think
of special relativity, then we assume Lorentz or Poincaré invariance.

• Since in physics (we observe in experiments that) we have energy-, angular-
momentum-, momentum-, charge-, and so on conservation, the solutions of
these differential equations must satisfy conservation laws, or rather, they
must allow such conservation laws.

Therefore, in physics we consider only a subset of the set of all differential equations,
satisfying the above and even more conditions. Now, the question is: Can we
describe this subset more precisely? For example, are all such differential equations
variational? That is, does a Lagrangian L exist such that the differential equation
can be written as the Euler-Lagrange equation for L? When n,m = 1 and L =
L(x,u,ux) this means

Euler-Lagrange equation =
∂L

∂u
− d

dx

∂L

∂ux
, (1.5)

as we already mentioned above. The Euler-Lagrange equations are the differential
equations which must be satisfied by extremal values of the variational functional

I(u) =

∫
L(x,u(x),ux(x))dx,
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1.2. Motivation and Physical Background

The main result of this thesis is that the answer to this question is yes under certain
conditions. In the paper by Floris Takens in 1977 (Tak77), we can find this question
(maybe for the first time in this form). Therefore, we call it Takens’ problem.
Other people also investigated this problem, for example, Ian M. Anderson, Juha
Pohjanpelto, Gianni Manno and Raffaele Vitolo, to name a few.

From a quantum mechanics point of view it could also be important to under-
stand if a variational formulation exists. With the help of Feynman’s path integral
formalism, variational equations can be quantized. In fact, all equations in the stan-
dard model and Einstein’s field equations are variational. The variational functional
for Einstein’s field equations is the famous Einstein-Hilbert functional (Wan94)

IEH(g) =
1

16πG

∫
(R + 16πGLmatter)

√
−gd4x

and, as an example regarding the standard model, the functional for quantum elec-
trodynamics (QED) is given by (PS95, p.303)

IQED(ψ,A) =

∫
[ψ̄(iγµ∂µ −m)ψ − 1

4
FµνF

µν − eψ̄γµψAµ]d4x.

Not only in physics, also in mathematics, the corresponding functionals of differential
equations are of great interest and can help to solve problems. We only want to
mention the famous functional

F(g,f) =

∫
(R + |∇f |2)e−fdV

used by G. Perelman in (Per02, p.5). This functional can be considered as a mod-
ification of the Einstein-Hilbert functional. However, in his paper (Per02, p.6) G.
Perelman says that the functional F can be found in the literature on string theory,
for example, in (DEF+99, p.911). These functionals can also be used for prov-
ing existence of asymptotic stationary solutions and stability analysis of stationary
solutions. In this case, they are called Lyapunov functionals and, usually, the cor-
responding differential equation is described by gradient flow.

Even if a differential equation is not variational, we can still ask if we can trans-
form it equivalently into a variational one. For example, one of these transformations
is known as the problem of finding a variational multiplier and was investigated by
different people (Dou41, AT92). In this sense, we could extend the question of
Takens and ask if a differential equation, which satisfies certain symmetries and
conservation laws, always allows a variational multiplier and similar questions are
thinkable, as well. For example, Maxwell’s equations are not variational when using
the electric and magnetic fields E,B. But they are variational when using the vec-
tor potential Aµ. The formulation with the vector potential Aµ also describes the
relativistic properties better and it is quite surprising that specifically this version
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1. Introduction

is variational. Switching from the fields E,B to Aµ can be considered as a sort of
transformation.3

1.3. Classical Calculus of Variations

Let us briefly recall the classical calculus of variations. We want to find a function
u : Ω→ Rm, Ω ⊂ Rn open, such that the functional

I(u) :=

∫
Ω

L(x,u(x),ui(x))dx

is minimal or maximal, i.e. extremal (ui(x) = du(x)
dxi

). Usually, the closure Ω̄ is a
compact subset of Rn. The function u is chosen from a set S, for example,

S := {u ∈ C∞(Ω̄,Rm) : u|∂Ω = g}, (1.6)

where g is a fixed function on the boundary. The condition u ∈ C∞ could be
weakened and we could choose u ∈ C2 or u in some Sobolev space. The regularity
of suitable spaces is dictated by the corresponding differential equation and can be
very different for different problems. Also, specific boundary conditions for u are
not necessary. For example, in classical mechanics we usually have initial conditions

S := {u ∈ C2([a,b],R3) : u(a) = u0, ux(a) = v0}, a,b ∈ R, u0,v0 ∈ R3,

where u : [a,b]→ R3 describes the position of a particle at time x with initial position
u0 and velocity v0. The calculus of variations can be applied in all these cases. The
only important assumption we have to make is that the test function ϕ has to have
compact support in Ω (here in (a,b)), since then partial integration works without
getting a boundary term and this will be crucial (this will be discussed below in
more detail). Recall that a test function ϕ is a function ϕ ∈ C∞c (Ω), where c
denotes compact support in Ω, and Ω is open.

3Maxwell’s equations are ∇E = ρ, ∇×B = j + ∂tE, ∇B = 0 and ∇×E = −∂tB. Two of them
can be solved immediately, namely, ∇B = 0 leads to B = ∇×A and then ∇×E = −∂tB can
be written as ∇× (E + ∂tA) = 0, which leads to E + ∂tA = −∇φ (at least locally). Now, we
can plug the homogenous solutions B = ∇×A and E = −∇φ− ∂tA into the inhomogeneous
equations and solve them for the vector potential (Aµ) = (φ,A). Using the vector potential Aµ
requires only the four inhomogeneous equations and the homogeneous ones are automatically
satisfied or already solved. Therefore, we have four unknowns Aµ and four (inhomogeneous)
equations, which have a chance of being variational. Six unknowns E,B and eight equations
cannot be variational (if they are independent equations). Note that using the vector potential
Aµ and the definition of field strength tensor Fµν , the so-called dual equation ∂µF̃

µν = 0 is
automatically satisfied and we could say that the variational formulation only describes the
four inhomogeneous equations.
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1.3. Classical Calculus of Variations

The classical calculus of variations does also not deliver a global minimum or
maximum, just a necessary condition for an extremal value, which can be derived
when using compactly supported test functions and doing perturbation up to first
order. Let us consider u : Rn → R. A perturbation of u, which can be written as
u + εϕ, where ϕ is a test function and ε is a small parameter (such that u + εϕ is
again in S when having boundary conditions, but it also works for other conditions),
leads to the necessary condition

δI(u;ϕ) =
d

dε
I(u+ εϕ)|ε=0 =

=
d

dε

∫
Ω

L(x,u(x) + εϕ(x),ui(x) + εϕi(x))dx =

=

∫
Ω

(
∂L

∂u
ϕ+

∂L

∂ui
ϕi)(x)dx =

=

∫
Ω

(
∂L

∂u
− d

dxi
∂L

∂ui
)(x)ϕ(x)dx+

∫
∂Ω

d

dxi
(
∂L

∂ui
ϕ)(x)dS(x) =

=

∫
Ω

(
∂L

∂u
− d

dxi
∂L

∂ui
)(x)ϕ(x)dx

!
= 0 for all ϕ ∈ C∞c (Ω),

i.e. the first variation δI(u;ϕ) must vanish. Using Du Bois-Reymond’s lemma (also
called fundamental lemma of the calculus of variations), we get

(Lu −
d

dxi
Lui)(x) = 0

as a necessary condition and this equation is called Euler-Lagrange equation. As we
can see here, a variational equation comes together with a weak formulation. This
will be important later. An expansion in ε of

I(u+ εϕ) = I(u) + δI(u;ϕ)ε+
1

2
δ2I(u;ϕ)ε2 + ...

leads to the first variation δI, second variation δ2I and so on. The functional I has
a minimum at u if δ2I > 0 and a maximum if δ2I < 0. A necessary condition for
an extremal value is δI = 0. This is completely analog to curve sketching in Rn.
Note that Rn is to distinguish from the base manifold M when we talk about curve
sketching and analogies.

Let us briefly consider the analogous case in Rn, i.e. curve sketching in Rn. Let
φ : Rn → R be a function (instead of a functional I) and v a vector in Rn (instead
of a test function ϕ). Then we get the expansion

φ(x+ εv) = φ(x)+ < ∇φ(x),v > ε+
1

2
< v,Hessφ(x)v > ε2 + ...,

where ∇ is the gradient, Hessφ is the Hessian of φ and < .,. > is the Euclidian scalar
product in Rn. Finding conditions under which a differential equation is variational
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is analog to finding conditions under which a vector field V in Rn is a gradient field
∇φ. It is well-known that when the Jacobian of a vector field V

JV =


V1x1 V1x2 ... V1xn

V2x1 V2x2 ... V2xn

...
Vnx1 Vnx2 ... Vnxn


is symmetric, then V is locally a gradient field ∇φ. It is clear that the Jacobian of
a gradient field ∇φ is the Hessian Hessφ and this matrix is always symmetric (by
Schwarz’s theorem). The symmetry of the Jacobian can also be written as

∂Vk
∂xl
− ∂Vl
∂xk

= 0, for all k,l = 1,2,...,n.

These conditions are called integrability conditions and, in a similar way, we get
conditions for a differential equation to be variational. In the case of differential
equations these conditions are called Helmholtz conditions and they will be ex-
plained in detail later. The Helmholtz conditions seem to be formulated for the first
time in (Hel87) and the original version of the paper (StbM12). Later, several au-
thors investigated this problem. For example, see the paper (Ton84) and references
therein.

Finding the right analogies in Rn solves a lot of problems in the calculus of varia-
tions and we will refer to analogies in Rn several times. The ideas are sometimes
quite simple, but the notation can get very complicated, especially when consider-
ing relatively arbitrary manifolds and the calculus of variations with higher order
differential expressions.

For example, the following problem occurs when considering more general man-
ifolds. Let p be a point in a manifold and γε a flow of some vector field V . The
expansion in ε of

φ(γε(p)) = φ(p) + dφp(V )ε+ ...

has terms in ε2, which includes objects which are not vector fields, since there occurs
a second derivative on γε. Therefore, it is not clear at this point how to define a
Hessian of φ on general manifolds. We also have no canonical scalar product and
we cannot say what it means that the Jacobian of some vector field is symmetric.
However, we will solve all these problems later. For example, instead of the gradient
∇, we will use the differential dφ, instead of the scalar product, we will use the
interior product ι and then most of the calculations are straight forward.
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1.4. Outline of this Dissertation

1.4. Outline of this Dissertation

In Chapter 2, we introduce more notation to clarify what we are doing later. We
also explain Takens’ problem in detail, show what the above mentioned Helmholtz
conditions are and how to derive them. Furthermore, in Chapter 2, we formulate
known results from the literature in order to solve and understand Takens’ problem
later on. The reader familiar with Takens’ problem, jet spaces, prolongations, Euler-
Lagrange mapping, Helmholtz mapping, Helmholtz conditions and locally exact
sequences in the calculus of variations can continue with Chapter 3, where the
actual results of this dissertation can be found. These results are mainly formulated
in Section 3.6 and Section 3.8. In the Sections 3.1-3.5 and Section 3.7 we explain
necessary information and techniques which will be needed for the proofs in Section
3.6 and Section 3.8. Chapter 4 provides further information about Takens’ problem
and investigates the question of applications and if Theorems 1.0.2 and 1.0.3 are
sharp. Finally, in Chapter 5 we formulate open problems and give a conclusion of
our research.

1.5. Notation

The standard definitions of manifolds, fiber bundles and related definitions in dif-
ferential geometry can be found in, for example, (Lee13). All of our manifolds are
smooth manifolds. Vector fields, sections and all maps between manifolds are also
smooth, unless stated otherwise. Furthermore, our notation is the following:

• M is a manifold (base manifold), dimM = n, local coordinates are (xi), where
i = 1,2,...,n.

• E is a fiber bundle with projection π and base M , we also write π : E → M .
Local coordinates on E are (xi,uα), where i = 1,2,...,n and α = 1,2,...,m.
Furthermore, xi are pull-backs of coordinates on M and dimE = n+m.

• JkE is the jet space of order k of sections of π : E → M and has local
coordinates (xi,uα,uβi ,u

γ
ij,...,u

δ
I), where I is a multi-index of length k. The jet

space will be introduced more precisely in Definition 2.1.4. Note that we will
allow unordered multi-indices I, see Section 2.12.

• We write fuβI
:= ∂f

∂uβI
for partial derivative, as well as

∂fβ
∂uαI

:= fβ,uαI , (where I is

a multi-index). Here, f and fβ are functions on JkE.

• Di := ∂
∂xi

+uαi
∂
∂uα

+uαij
∂
∂uαj

+... is the total derivative. The meaning of Di is that
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it treats functions g(xi,uα,uαi ,...) on JkE as functions g(xi,uα(xj),uαi (xj),...) on
M and (Dig)(xi,uα(xj),uαi (xj),...) = ∂xi [g(xi,uα(xj),uαi (xj),...)] for all sections
(xi,uα(xi)) and for all functions g on JkE. See Subsection 2.2.3 for further
details.

• DI := Di1Di2 ...Dik , where |I| = k.

• By definition uβi = Diu
β, but uβi is also considered as a local coordinate on

JkE. This is consistent by definition of Di and coordinates in JkE.

• fα,xi := ∂fα
∂xi

, as well as fα,i := ∂fα
∂xi

.

• fα;xi := Difα, as well as fα;i = Difα.

• We use Einstein summation. For example, AαBα =
∑m

α=1A
αBα and AiBi =∑n

i=1A
iBi.

• Ωl(M),Ωl(E) and Ωl(JkE) are sets of differential l-forms on M,E,JkE.

• LV denotes the Lie derivative with respect to the vector field V .

• [.,.] denotes the Lie bracket.

• π∗ is the pull-back under the projection π.

• π∗ is the push-forward under the projection π.

• X(M),X(E),X(JkE) are the sets of smooth vector fields on M,E,JkE.

• Γ(E) denotes the set of sections σ of π.

• ι denotes the interior product of vector fields and differential forms.
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2. Definition of the Basic Objects
and Ideas Behind Them

2.1. Jet Spaces

For explaining the following ideas, we start mostly with ordinary differential equa-
tions (ODEs) and later we will consider partial differential equations (PDEs) in more
detail. All ideas can be understood when discussing ODEs, where the notation is
much easier and we can refer to the literature for generalizations. For example, ad-
ditional notation is needed for PDEs when using multi-indices I and when we have
to say if this multi-index is ordered or not and we do not want to bother the reader
with that at this point.

A system of ODEs can be written as

fα(x,uβ,uβx,...) = 0; α = 1,2,...,m; β = 1,2,...,m;

where fα is smooth in all of the coordinates (x,uβ,uβx,...). To write such equations
in a coordinate independent way, we need the definition of a fiber bundle and jet
space. The coordinates (x,uβ) and (x,uβ,uβx,u

β
xx,...) are fiber bundle coordinates.

Roughly speaking, we need functions uβ, depending on x, and derivatives of these
functions, which are written as uβx,u

β
xx and so on. To clarify for which functions (or

better, coordinates pulled back by sections) we can compute derivatives, we need
the language of dependent and independent coordinates and this is the mo-
tivation for fiber bundles and jet spaces. We call x the independent and uβ the
dependent coordinate and we think of uβ = uβ(x). Jet spaces describe the concept
of dependent and independent coordinates in an appropriate way.

The rough idea of fiber bundle is the following: The coordinates (x,uβ) corre-
spond to a space E and we have a projection π, which maps π(x,uβ) = x. This
structure allows us to speak about dependent and independent coordinates. For
example, if (x,u) are coordinates on the standard 2-dimensional torus in R3 then we
have to clarify what it means to talk about functions and derivatives u(x),ux(x),...,
or if we want to talk about functions and derivatives x(u),xu(u),.... The following
definition describes the necessary structure.

Definition 2.1.1. Let M and F be topological spaces. A fiber bundle over M
with model fiber F is a topological space E together with a surjective continuous
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2. Definition of the Basic Objects and Ideas Behind Them

map π : E → M with the property that for each q ∈ M , there exists a neighbor-
hood U0 of q in M and a homeomorphism Φ : π−1(U0) → U0 × F , called a local
trivialization of E over U0, such that the following diagram commutes:

π−1(U0) U0 × F

U0

π

Φ

proj

.

The space E is called the total space of the bundle, M is its base, and π is
its projection. Furthermore, proj is the canonical projection to the first factor. If
E,M and F are smooth manifolds, π is a smooth map, and the local trivializations
can be chosen to be diffeomorphisms, then it is called a smooth fiber bundle.

This definition can be found in (Lee13, p.268). Note that we are always considering
smooth fiber bundles here and we simply call them fiber bundles.

Since we work locally most of the time, we can avoid the relatively complicated
definition of fiber bundle in some sense (especially for the reader who is not familiar
with it). We can reformulate the definition as follows: Locally, a fiber bundle
looks like π̃ : R × Rm → R with canonical projection π̃ and it is usually used
without further comment when talking about differential equations, dependent and
independent coordinates. We want to discuss local coordinates on fiber bundles in
more detail. Let p ∈ E and π(p) = q ∈ M . Near p ∈ E, there exists a local
fiber bundle chart ϕ : U → Ω, where U ⊂ E and Ω ⊂ R × Rm open, such that
ϕ(p) = (x,uβ) ∈ Ω. We also write (x,uβ) = (x(p),uβ(p)) and we will identify the
point p ∈ E with the local coordinates (x,uβ) without mentioning it every time and,
when possible, we do not use the map ϕ, we rather consider x(p) and uβ(p) as maps.
Near q ∈M , there exists also a chart ϕ0 : U0 → Ω0, where U0 ⊂M , U0 = π(U) and
Ω0 ⊂ R open, such that ϕ0(q) = x ∈ Ω0. Furthermore, for the canonical projection

π̃ :

{
R× Rm → R,
(x,uβ) 7→ x,

the diagram

U ⊂ E Ω ⊂ R× Rm

U0 ⊂M Ω0 ⊂ R

π

ϕ

ϕ0

π̃

commutes. This structure allows us to work locally with the fiber bundle π̃ : Ω→ Ω0

and we can use the well understood and nice structure of Rn. Local coordinate

20



2.1. Jet Spaces

transformations (the transition function) on fiber bundles have to be of a special
form, namely

(x,uβ) −→ (y,vγ) = (y(x),vγ(x,uβ)). (2.1)

This is called a fiber preserving coordinate transformation. This special trans-
formation property will have an impact on locally defined objects and we will refer
to it several times. Note that a more general transformation (not on fiber bundles)
would be of the form

(x,uβ) −→ (y,vγ) = (y(x,uβ),vγ(x,uβ)),

but for fiber bundles, only y(x) dependencies are allowed. The next definition is a
generalization of a function u : Rn → R, defined on more general manifolds, namely
on fiber bundles.

Definition 2.1.2. Let π : E → M be a fiber bundle. A section of E is a section
of the map π, that is, a continuous map σ : M → E satisfying π ◦ σ = idM .

This definition can be found in (Lee13, p.88, p.255). Again, let us discuss local
coordinates of sections. Let q ∈ M , then ϕ(σ(q)) = (x(q),uβ(x(q))) and therefore,
locally, we can identify the section σ with (x,uβ(x)). Or even simpler, we can identify
σ with the function uβ(x).

Usually, uβ(x) describes some physical quantity, like the position of a particle at
time x, or the electromagnetic field at some point x.

Definition 2.1.3. Two locally defined sections σ1 and σ2 are called k-equivalent
at a point q ∈M , if σ1(q) = σ2(q) and if there exist local charts ϕ,ϕ0 such that

∂lx(ϕ ◦ σ1 ◦ (ϕ0)−1)(x) = ∂lx(ϕ ◦ σ2 ◦ (ϕ0)−1)(x), for all 1 ≤ l ≤ k, (2.2)

where x = ϕ0(q).

Note that ∂lx means ∂x...∂x l-times. We took this definition from (Kru97b, p.29) and
changed it slightly. Also note that instead of writing (2.2), we can also write

∂lxu
β
1 (x) = ∂lxu

β
2 (x), for all 1 ≤ l ≤ k, for all β = 1,2,...,m,

where uβ1 (x) is identified with the section σ1 and uβ2 (x) with σ2. The difference is
that (2.2) is the same as

∂lx(x,u
β
1 (x)) = ∂lx(x,u

β
2 (x)), for all 1 ≤ l ≤ k, for all β = 1,2,...,m,

where the vector (x,uβ(x)) can be differentiated componentwise. If two sections are
k-equivalent with respect to one coordinate system, then it is possible to prove that
they are equivalent in every coordinate system. All k-equivalent sections at a point
x (or q ∈ M) define an equivalence class, which is denoted by [σ]k(q) and we write
σ1 ∼ σ2 if σ1 and σ2 are equivalent (up to some order k).
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2. Definition of the Basic Objects and Ideas Behind Them

Definition 2.1.4. We define JkqE as the set of all equivalence classes of local sec-
tions at a point q ∈M up to order k and

JkE :=
⋃
q∈M

JkqE

and it is called the k-th order jet space of E.

We took this definition from (Kru97b, p.29). Therefore, points in JkE are given by
equivalence classes of sections up to a certain order, but locally, we think of points
as coordinates (x,uβ,uγx,u

δ
xx,...,u

ε
(k)), since these coordinates define the equivalence

class at x. We will also use the short notation

(x,uβ[k]) := (x,uβ,uγx,u
δ
xx,...,u

ε
(k)) (2.3)

for local coordinates on JkE. The coordinates (x,uβ) are called 0-th order coor-
dinates, since there are zero derivatives on uβ, we call (x,uβ,uβx) the first order
coordinates, since there is one derivative on uβ and, in general, we call (2.3) the
k-th order jet coordinates. Moreover, a function g = g(x,uβ[k]) is called a func-
tion of order k. A similar definition holds for tensors, vector fields, differential
forms and so on. One can show that JkE has the structure of a fibre bundle with
projections

πk : JkE →M,

πk,0 : JkE → E,

πk,l : JkE → J lE, k > l.

Sometimes we refer to the infinite jet bundle, which is denoted by JE or J∞E. For
example, we can use it if the order is not important primarily and it will simplify
some of the notation then.

Definition 2.1.5. The infinite jet bundle J∞E is defined as follows. The inverse
sequence of topological spaces {Jk(E),πl,k} determine an inverse limit space J∞(E)
together with projection maps

π∞,k : J∞(E)→ Jk(E),

π∞,0 : J∞(E)→ E,

π∞ : J∞(E)→M.

The definition can be found in (And89, p.3) and also see (Tak79).
If we have a section (x,uα(x)) on E, we can consider (x,uα(x),uαx(x),...,uα(k)(x))

and this will give us a section of πk.
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2.2. Vector Fields and Differential Forms

Definition 2.1.6. If σ is a local section of π then the mapping q 7→ [σ]k(q) is a
section of πk and it is called the k-jet prolongation of the section σ and is
denoted by prkσ (sometimes written as jkσ, where j denotes jet).1

The definition can be found in (Kru97b, p.30). Most of the time we simply call it
prolongation of σ. Technically, it is a lift from E to JkE in a certain way. We will
also use the notation

(x,uα[k](x)) = (x,uβ(x),uβx(x),...,uβ(k)(x)) or prkσ(q).

Note that we have to distinguish between the two expressions

fα(x,uβ[k]) and

fα(x,uβ[k](x)) = [(prkσ)∗fα](x).

The first expression is defined on JkE and the second on M . A differential equation
is an equation for sections uβ(x), of the form

fα(x,uβ[k](x)) = 0. (2.4)

Before we continue with differential equations and the question under which con-
ditions they are variational, we introduce a bit more notation in the next section.
This notation will be needed to solve Takens’ problem.

2.2. Vector Fields and Differential Forms

In local coordinates, a general vector field V ∈ X(E) can be written as

V = V x(x,uα)∂x + V β(x,uα)∂uβ .

Usually, we write φt for the flow of V and we have

d

dt
φt|t=0 = V.

Note that for PDEs, we write V = V i∂xi + V α∂uα and when explicitly writing, for
example, V 1, we use the notation V x,1 or V u,1, to distinguish V i from V β. The flow
φt transforms points p ∈ E to new points φt(p) ∈ E and we will use it, for example,
to describe symmetries of differential equations. Since we can identify the point p

1It seems that most of the time j is used in the literature instead of pr. However, in his book
(Olv86, p.98) Peter Olver uses the notation of pr and we will use it, as well. For the reader
who is not familiar with prolongations, it may be easier to remember what it stands for and i,j
will also be used as indices later.
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2. Definition of the Basic Objects and Ideas Behind Them

with (x,uβ), we also write φt(x,u
β) for the transformation of local coordinates and

we will use the same φt if there is no danger of confusion.
Roughly speaking, a symmetry of f = f(x,uβ) is a flow φt such that

f(x,uβ) = f(φt(x,u
β)) for all t ∈ R (or where it is defined) and for all (x,uβ).

When we want to describe symmetries of differential equations f(x,uβ[k](x)) = 0,
then, intuitively, solutions should be mapped to solutions. Since solutions are section
of π, the map φt should map sections to sections. But this is not always the case.
For example, the vector field

V = V x(x,u)∂x + V u(x,u)∂u = −u∂x + x∂u ∈ X(E),

defined on E = R×R, describes rotations in the (x,u)-plane and the corresponding
flow is

φt(x,u) =

(
cos t − sin t
sin t cos t

)(
x
u

)
, for all t ∈ R.

When we rotate by t = π
2
, then a section is not mapped to a section. The property

that sections are mapped to sections is not only useful if we want to investigate sym-
metries of differential equations. It is a special case of a bundle map and preserves
the structure of the fiber bundle.

Definition 2.2.1. A vector field V ∈ X(E) is called π-projectable if there exists
a vector field V 0 ∈ X(M) such that π∗V = V 0. Let l < k. A vector field Z ∈
X(JkE) is called πk,l-projectable if there exists a vector field W ∈ X(J lE) such
that πk,l∗ Z = W .

We took the definition from (Kru97b, p.31) and changed it slightly. In local coordi-
nates, π-projectable vector fields can be written as

V = V x(x)∂x + V β(x,uα)∂uβ .

There is another property of vector fields, which is quite important and which can
naturally be defined on fiber bundles.

Definition 2.2.2. A π-projectable vector field V ∈ X(E) is called π-vertical if
π∗V = 0. Let l < k. A πk,l-projectable vector field Z ∈ X(JkE) is called πk,l-
vertical if πk,l∗ Z = 0.

The definition can be found in (Kru97b, p.31). Note that a π-vertical vector field
on E can be written in local coordinates as

V = V α(x,uβ)∂uα
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2.2. Vector Fields and Differential Forms

and local coordinate transformations are of the form

V = V α∂uα = V α

(
∂y

∂uα
∂y +

∂vγ

∂uα
∂uγ

)
, where

∂y

∂uα
= 0.

See (2.1) and Proposition 2.4.3 for local coordinate transformations. Also note that,
at this point, there is no natural way how to define horizontal vector fields (although
we will do it later, but we will need further notation). For example,

V = V x(x,uα)∂x

is not defined invariantly, since it transforms as

V = V x∂x = V x

(
∂y

∂x
∂y +

∂vγ

∂x
∂vγ

)
and ∂vβ

∂x
6= 0 in general, again see (2.1).

Since differential forms are the ”dual” objects to vector fields, the concept of
vertical vector fields can be transferred to differential forms, where we have the
concept of horizontal forms.

Definition 2.2.3. Let V be a vector field. Then the annihilator of V is the set of
all differential forms ω such that ιV ω = 0.

Definition 2.2.4. Let l = 0,1,2,... be any integer. A form ω ∈ Ωl(JkE) is called
πr,s-horizontal if ιV ω = 0 for every πr,s-vertical vector field V ∈ X(JkE).

We took Definition 2.2.4 from (Kru97b, p.33) and changed it slightly.

2.2.1. Prolongation of Vector Fields

We already defined the prolongation of sections on E, see Definition 2.1.6. Now we
also want to define the prolongation of vector fields on E. For example, symmetries
of differential equations are described by prolonged vector fields. Since a differen-
tial equation is usually not of the form fα(x,uβ) = 0, but fα(x,uβ,uβx,...) = 0, we
have to find out how to transform derivatives uβx,u

β
xx and so on. The idea is the

following: When we transform a section on E and get a new section on E, then
this transformation will have an impact on the derivatives of this sections at a point
x. Therefore, the coordinates (ux,uxx,...) will also be transformed. This induced
transformation is exactly described by prolonged vector fields.

Now let us explain how this prolongation works. First, we only want to prolong
vertical vector fields on E. The idea is the following: Let

V = V α(x,uβ)∂uα
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2. Definition of the Basic Objects and Ideas Behind Them

be a vertical vector field on E and φt its flow. Let p ∈ E, then we can find a local
section σ ∈ Γ(E) such that

p = σ(q), where q = π(p) ∈M.

At a fixed point p ∈ E, we can write

V (p) = V (σ(q)) and φt(p) = φt(σ(q)).

Then, for fixed t ∈ R, we can show that φt ◦ σ(q) is a local section on E, because
π ◦φt ◦ σ(q) = q (since q ∈M will not be transformed by vertical vector fields), and
we can prolong this section. We compute

d

dt
prk[φt ◦ σ(q)]|t=0 =: prkV (...) ∈ X(JkE). (2.5)

The bracket (...) will be explained below. Since prk[φt ◦ σ(q)] is a curve (or section
of πk) in JkE, the expression

d

dt
prk[φt ◦ σ(q)]|t=0

will give us a vector field in JkE which is what we want. The remaining question
is: At which point does it define which vector? To understand this: Let γt be a
curve in a manifold. Then ( d

dt
γt)|t=0 = V (γt=0) defines a vector V at the point γt=0.

The same happens with prolongations of sections, where (2.5) defines a vector at
the point prk[φt ◦ σ(q)]|t=0 = prkσ(q). This expression just looks complicated, but
there is no new concept behind it. Therefore, we get

d

dt
prk[φt ◦ σ(q)]|t=0 = prkV (prk[φt ◦ σ(q)]|t=0) = prkV (prkσ(q)).

Let us consider the local coordinate expression of prolonged vector fields. We use
the same φ there and φt(x,u

α) = (x,uαt ) are the coordinates at time t ∈ R:

d

dt
prk[φt(x,u

α(x))]|t=0 =

=
d

dt



x
uαt (x)
uαt,x(x)
uαt,xx(x)

...
uαt,(k)(x)


|t=0 =



d
dt
x

d
dt
uαt (x)

Dx
d
dt
uαt (x)

D2
x
d
dt
uαt (x)
...

Dk
x
d
dt
uαt (x)


|t=0 =



0
V α(x,uβ(x))
DxV

α(x,uβ(x))
D2
xV

α(x,uβ(x))
...

Dk
xV

α(x,uβ(x))


= (2.6)

=V α(x,uβ(x))∂uα + [DxV
α(x,uβ(x))]∂uαx + ...+ [Dk

xV
α(x,uβ(x))]∂uα

(k)
.

In (2.6), we used

d

dt
Dx = Dx

d

dt
.

We get the following definition:
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2.2. Vector Fields and Differential Forms

Definition 2.2.5. Let P ∈ JkE and V ∈ X(E) a vertical vector field. There exists
a local section σ of π such that prkσ(q) = P (by definition of points in JkE). We
define the prolongation of V at a point P ∈ JkE as the unique vector field prkV
at P as

prkV (P ) :=
d

dt
prk[φt ◦ σ](q)|t=0 ∈ X(JkE).

The definition can be found in (Kru97b, p.32), but we changed it slightly. It can be
seen that the right hand side depends only on the k-jet of σ.

Now let us investigate how to prolong projectable vector fields. For projectable
vector fields V on E, in general,

π ◦ φt ◦ σ(q) 6= q

and therefore the definition is a bit more complicated. In this case, we also need to
consider the flow φ0 of π∗V , to get

π[φt ◦ σ ◦ φ0
−t] = idM .

For projectable vector fields, the definition is the following:

Definition 2.2.6. Let V be a projectable vector field on E with flow φ. Furthermore,
let φ0 be the flow of π∗V and let P ∈ JkE. There exists a local section σ of π such
that prkσ(q) = P (by definition of points in JkE). We define the prolongation of
V at a point P ∈ JkE as

prkV (P ) :=
d

dt
{prk[φt ◦ σ ◦ φ0

−t](φ
0
t (q))}|t=0 ∈ X(JkE).

Again, this definition can be found in (Kru97b, p.32). The local coordinate expres-
sions for projectable vector fields are

prkV = V x∂x + V α∂uα + (DxV
α − uαxV x

x )∂uαx +
k∑
l=2

ξαl ∂uα(l) ,

where

ξαx = ξα1 := DxV
α − uαxV x

x ,

ξαl := Dxξ
α
l−1 − uα(l)V x

x , for l ≥ 2.

In Appendix B, we will derive this expression in detail. One can also find it in
(Kru97b, p.32).

The prolongation prkV can be written in a different way, which will also be
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2. Definition of the Basic Objects and Ideas Behind Them

important later. For l ≥ 1, let us write ξαl as

ξαl = Dxξ
α
l−1 − uα(l)V x

x =

= Dx(ξ
α
l−1 − uα(l)V x) + uα(l+1)V

x =

= Dx[(Dxξ
α
l−2 − uα(l−1)V

x
x )− uα(l)V x] + uα(l+1)V

x =

= Dx[Dx(ξ
α
l−2 − uα(l−1)V

x) + uα(l)V
x − uα(l)V x] + uα(l+1)V

x =

= D2
x(ξ

α
l−2 − uα(l−1)V

x) + uα(l+1)V
x =

= ... =

= Dl
x(V

α − uαxV x) + uα(l+1)V
x.

Then we can write

prkV = V x∂x + V α∂uα +
k∑
l=1

Dl
x(V

α − uαxV x)∂uα
(l)

+ V x

k∑
l=1

uα(l+1)∂uαl =

= V x∂x + (V α − uαxV x)∂uα +
k∑
l=1

Dl
x(V

α − uαxV x)∂uα
(l)

+ V x

k∑
l=0

uα(l+1)∂uαl =

= V xDx +
k∑
l=0

Dl
x(V

α − uαxV x)∂uα
(l)
,

where

Dx = ∂x +
k∑
l=0

uα(l+1)∂uαl (2.7)

and Qα := V α − uαxV
x are called characteristics of the vector field V . It is

elaborate to write the sum
∑k

l=0 and therefore we will also use the short notation

prkV = V xDx + (Dl
xQ

α)∂uα
(l)
. (2.8)

Note that the decomposition (2.8) cannot be done in JkE, but in Jk+1E, since the
coefficients in (2.7) are defined in Jk+1E. We will come back to this later, when we
define horizontal vector fields. Further information on prolongation of vector fields
and characteristics can be found in (Olv86, And89).

Earlier, we already defined vertical vector fields and, the dual objects, horizon-
tal forms. Now we want to define total vector fields and contact forms. Total
vector fields can be considered as the horizontal vector fields and contact forms are
the dual objects, the vertical forms. These are just different names for one and the
same thing. With the help of these definitions, we would like to uniquely decompose
vector fields and differential forms into these parts. But it turns out that this cannot
be done in the same space JkE, but in Jk+1E. We can also do the decomposition
in the infinite jet bundle.
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2.2. Vector Fields and Differential Forms

2.2.2. Contact Forms

Definition 2.2.7. A differential form ω on a jet manifold JkE is called contact
form, if for every local section σ : U0 → E, U0 ⊂M , we have (prkσ)∗ω = 0.

This definition can be found in (KS08, p.1044). Since sections are in some sense
naturally defined on fiber bundles, contact forms are as well. The contact one-forms

Θα
l = duα(l) − uα(l+1)dx, 0 ≤ l ≤ k − 1.

are a set of differential generators of contact forms on JkE, that is, these forms
and their exterior derivatives are algebraic generators. See Proposition 2.4.3 below,
where we investigate local coordinate transformations of these basis elements. For
low order forms, sometimes we write Θα

1 = Θα
x , Θα

2 = Θα
xx and so on. For m = 1, we

also write Θα
l = Θu

l or Θα
l = Θl. For example, the form duα ∧ dx is a contact form

and can be written as duα ∧ dx = Θα ∧ dx. Note that the symbol Θ is probably
motivated by 0 ∈ R, which satisfies 0 · a = 0 for every a ∈ R and similarly with
contact forms, where Θ ∧ ω is a contact form for every form ω. In the language of
algebra this is called an ideal, i.e. the set {contact forms} ⊂ Ωs(JkE) is an ideal.
Moreover, it is a differential ideal, i.e.

Θα
l ∧ η = contact form, for every form η

dΘα
l = contact form

and for prolonged vector fields V ∈ X(E), the Lie derivative LprV Θ is a contact
form, as well.

Proposition 2.2.8. Let V be a projectable vector field on E, then LprV Θα
l is a

contact form. More generally, LprV η is a contact form if η is a contact form. Fur-
thermore, dΘα

(l) = −Θα
(l+1) ∧ dx.

Proof: We simply prove it in local coordinates. Let V be a projectable vector field
on E. In the following, we will write (see (2.8))

prkV = V xDx + (DlQα)∂uαl , (0 ≤ l ≤ k).

For any function g of order k we can do the standard decomposition (of horizontal
and contact forms)

dg =gxdx+ guαdu
α + guαxdu

α
x + ...+ guα

(k)
duα(k) =

=gxdx+ guα(duα − uαxdx) + guαx (duαx − uαxxdx) + ...+ guα
(k)

(duα(k) − uα(k+1)dx)+

+ uαxguαdx+ uαxxguαxdx+ ...+ uα(k+1)guα(k)dx =

=(Dxg)dx+ guαΘα + guαxΘα
x + ...+ guα

(k)
Θα

(k).
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Then we can write

LprV Θα
(l) = (ιprV d+ dιprV )(duα(l) − uα(l+1)dx) =

= −ιprV (duα(l+1) ∧ dx) + d(Dl
xQ

α) =

= −((Dl+1
x Qα) + V xuα(l+2))dx+ V xduα(l+1) + d(Dl

xQ
α) =

= −(Dl+1
x Qα)dx+ V xΘα

(l+1) + d(Dl
xQ

α) =

= V xΘα
(l+1) +

l+1∑
r=0

[∂uβ
(r)

(Dl
xQ

α)]Θβ
(r) =

= V xΘα
(l+1) +

l∑
r=0

[∂uβ
(r)

(Dl
xQ

α)]Θβ
(r) − V

xΘβ
(l+1) =

=
l∑

r=0

[∂uβ
(r)

(Dl
xQ

α)]Θβ
(r) = contact,

where we consider Dl
xQ

α as the function g in the fourth line and applied the standard
decomposition. For an arbitrary differential form η we can do a similar calculation.
Furthermore, we get

dΘα
(l) = d(duα(l) − uα(l+1)dx) = −duα(l+1) ∧ dx = −Θα

(l+1) ∧ dx,
which proves Proposition 2.2.8. �

Note that a basis of differential forms on Ωs(JkE) is given by

dx,Θα,Θα
x ,...,Θ

α
(k−1),du

α
(k)

and the horizontal and contact forms

dx,Θα,Θα
x ,...,Θ

α
(k−1)

are not a basis. We cannot use

dx,Θα,Θα
x ,...,Θ

α
(k−1),Θ

α
k

as a basis, since Θα
k is not a form on JkE, rather on Jk+1E. But it would be nice

to have a unique decomposition of differential forms into horizontal and contact
forms. In the following, we consider the two spaces Jk−1E and JkE instead of
JkE and Jk+1E. Therefore, we lift the differential form ω ∈ Ωs(Jk−1E) to a form
πk,k−1,∗ω ∈ Ωs(JkE) and then we can do the decomposition in JkE. Let us consider
two simple examples. The first example is to apply the decomposition to one-forms
ω ∈ Ω1(Jk−1E), where n,m = 1. We can write

ω = ωxdx+ ωudu+ ωuxdux + ...+ ωuk−1du(k−1) =

= ωxdx+ ωu(du− uxdx) + ωux(dux − uxxdx) + ...+ ωuk−1(du(k−1) − u(k)dx)+

+ ωuuxdx+ ωuxuxxdx+ ...+ ωu(k−1)u(k)dx =

= (ωx + ωuux + ...+ ωu(k−1)u(k))dx+ ωuΘu + ...+ ωu(k−1)Θ
u
(k−1).
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2.2. Vector Fields and Differential Forms

The second example is to decompose a certain two-form ω ∈ Ω2(Jk−1E), where
n = 1 and m is arbitrary. That is, let us consider

ω = Aαdx ∧ duα +Bαβdu
α ∧ duβ =

= Aαdx ∧ (duα − uαxdx) +Bαβ(duα − uαxdx) ∧ duβ +Bαβu
α
xdx ∧ duβ =

= Aαdx ∧Θα +BαβΘα ∧ duβ +Bαβu
α
xdx ∧Θβ =

= Aαdx ∧Θα +BαβΘα ∧Θβ +Bαβu
β
xΘα ∧ dx+Bαβu

α
xdx ∧Θβ. (2.9)

Similar decompositions can be done for any form on Jk−1E. We do not formulate
a general proof for that, since the idea is clear. More generally, if a differential
form ω is defined on JkE and if it is πk,k−1-horizontal, then we can do the same
decomposition and we do not have to lift it to Jk+1E to do the decomposition. In
this case, the forms have coefficients in JkE, but are generated by basis elements
dx,duα,...,duα(k−1) in Jk−1E. In any case, we either lift a form to JkE, or if it is

πk,k−1-horizontal, we can do these kinds of decompositions. Further information
and a decomposition theorem can be found in (Kru97b, p.35). On the infinite jet
bundle, this decomposition can be done without lifting the forms, or requiring that
they have to be πk,k−1 horizontal. This is probably one of the motivations to define
the infinite jet bundles (see (And89)). We can also use the notation of r-horizontal
and s-vertical forms

Ω̃l(JkE) =
⊕
r+s=l

Ωr,s(JkE),

where Ω̃l(JkE) is the set of πk,k−1-horizontal forms in Ωl(JkE). Here, r counts the
number of dxi-forms (in PDE case, in ODE case r = 0 or r = 1) and s the number
of contact forms Θα

I . For example, if we consider the forms in (2.9), then we get

Aαdx ∧Θα ∈ Ω1,1(JkE),

BαβΘα ∧Θβ ∈ Ω0,2(JkE).

Although it is a very nice notation, instead of using Ωr,s, we will mostly use the
notation of horizontal and s-contact forms, since it seems that this is mainly used
in the finite variational sequence (Ku04, Kru97a) and we will sometimes refer to it.

Definition 2.2.9. Let ω ∈ Ωl(JkE) be a πk,k−1-horizontal l-form. We say that ω is
a 1-contact l-form if it is a contact form and if for every πk-vertical vector field
V ∈ X(JkE), the contraction ιV ω is πk-horizontal.

Note that for 1-forms, we only need the language of contact and horizontal forms.
Inductively we define

Definition 2.2.10. Let ω ∈ Ωl(JkE) be a πk,k−1-horizontal l-form. We say that ω
is a s-contact l-form if it is a contact form and if for every πk-vertical vector field
V ∈ X(JkE), the contraction ιV ω is (s− 1)-contact.
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We took Definition 2.2.9 and 2.2.10 from (KS08, p.1045) and changed them slightly.

Lemma 2.2.11. Let ω ∈ Ωl(JkE) be a πk,k−1-horizontal l-form, then it can be
uniquely decomposed into a sum of s-contact forms.

See Proposition 2.6.3 in (Kru97b, p.35).

2.2.3. Total- and Generalized Vector Fields

In this subsection, we want to define the dual objects to contact forms. The contact
forms can be considered as the vertical forms (these are just different names). We
already defined vertical vector fields and now we want to define horizontal vector
fields. The finite and infinite jet space are different in this regard and in the latter we
have total vector fields as the dual objects to contact forms. In the finite jet space,
the Cartan distribution describes the dual vector fields to contact forms. We mostly
work with the finite jet space, and therefore now we want to investigate the Cartan
distribution in more detail. More precisely, we want to consider a special part of the
Cartan distribution, namely, the part which is very similar to the total derivative.
To understand this in more detail, let us first define the Cartan distribution and
then we continue with the discussion.

Definition 2.2.12. A map δ on JkE is called distribution if it assigns at every
point p ∈ JkE a vector sub-scpace of TpJ

kE.

We took this definition from (Kru97b, p.21) and changed it slightly. Note that δ is
to distinguish from the Dirac-δ-distribution here.

The annihilator space of the contact one-forms is the so-called Cartan distri-
bution

Ck := span{∂x +
∑

0≤l≤k−1

uα(l+1)∂uαl , ∂uα(k)}

and span means the span over smooth functions.
Now we want to define total vector fields on the finite dimensional jet spaces.

Actually, these are not vector fields in the classical sense, as we will see below, rather
vector fields along a map. The idea is to define the total derivative operator

Dx = ∂x + uαx∂uα + uαxx∂uαx + ...+ uα(k+1)∂uα(k)

as a vector field. Local coordinate transformations lead to

∂y

∂x
Dy =

∂y

∂x
(∂y + vαy ∂vα + vαyy∂vαy + ...+ vα(k+1)∂vα(k)),
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2.2. Vector Fields and Differential Forms

see Proposition (2.4.3). Usually, total derivatives are written together with horizon-
tal forms, for example,

ω = (DxA)dx =
∂y

∂x
(DyA)

∂x

∂y
dy = (DyA)dy,

such that we get coordinate independent expressions (we will come back to this
later). More generally, any operator of the form

V = V x(x,uβ[k+1])(∂x + uαx∂uα + uαxx∂uαx + ...uα(k+1)∂uα(k)),

is called total vector field on JkE (see the definition below). It is clear that this V
cannot be a (classical) vector field on JkE, since it includes the coordinates uα(k+1),

even when V x(x,uβ[k+1]) = V x(x,uβ[k]) or when V x(x,uβ[k+1]) = V x(x). Therefore, we

are confronted with the problem to define V in some space, different from JkE.
To solve this problem, we need the definition of a vector field along a map. This
definition will also be needed when defining generalized vector fields.

Definition 2.2.13. Let P,Q be finite dimensional manifolds and φ : P → Q a
smooth map. A vector field along φ is a smooth map Z : P → TQ such that for
all p ∈ P , Z(p) is a tangent vector to Q at the point φ(p).

We took this definition from (And89, p.8) (and changed it slightly). Note that in
the standard definition for vector fields we consider a smooth map φ : Q→ Q, where
P = Q and φ = idQ. In the case where Q = JkE, a vector field is a (smooth) map
from JkE → TJkE. In a similar way, we define it for differential forms. We only
define it for one-forms, the definition is straight forward for l-forms

Definition 2.2.14. Let P,Q be finite dimensional manifolds and φ : P → Q a
smooth map. A differential 1-form along φ is a smooth map Z : P → T ∗Q such
that for all p ∈ P , Z(p) is a cotangent vector to Q at the point φ(p).

Finally, we are able to define total vector fields in a geometric way:

Definition 2.2.15. A total vector field on JkE is a vector field Z along πk+1,k

which annihilates all contact 1-forms on Jk+1E (or along πk+1,k), that is, ιZΘα
(l) = 0

for all α = 1,2,...,m and for all 0 ≤ l ≤ k.

See (And89, p.27) or (KS08, p.1046) for further details. Note that total vector fields
in (And89, p.27) have a slightly different meaning. Total derivatives V are of the
form

V = V x(x)(∂x + uαx∂uα + uαxx∂uαx + ...uα(k+1)∂uα(k)),

and this form holds in every local coordinate system (see Proposition 2.4.3). They
are a special case of total vector fields, where V x(x,uβ[k+1]) = V x(x). Beside that
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2. Definition of the Basic Objects and Ideas Behind Them

they are total vector fields, they have the property that they are πk+1-projectable,
i.e. πk+1

∗ (V x(x)Dx) = V x(x)∂x, which means that V x(x)Dx projects to a vector field
on M .

Note that in a fixed coordinate system, the total derivative of a function g,
written as Dxg, can also be characterised by the equation

(Dxg)(x,uα[k+1](x)) = ∂x[g(x,uα[k](x)] (2.10)

for every section (x,uα(x)) (see (Olv86, p.112)). This equation explains the name
total derivative, since every coordinate is considered to depend on x when applying
∂x.

Definition 2.2.16. A generalized vector field Z on JkE is a vector field along
the map πl,k for some l > k, i.e. Z is a smooth map

Z : J lE → TJkE

such that for all p ∈ J lE, Z(p) ∈ Tπl,k(p)(J
kE).

We took this definition from (And89, p.8). A similar definition can be found in
(Olv86, p295). A generalized vector field means that the coefficients are defined in
J lE, but the basis elements ∂x,∂uα ,...,∂uα

(k)
are from JkE. For example,

V = ∂x + ux∂u

is a generalized vector on E. Note that total vector fields do not have a flow.
The prolongation of generalized vector fields can be found in (Olv86) in Section

5.1, or in (And89), especially Proposition 1.12 therein. Let V be a generalized vector
field on E, written in local coordinates as

V = V x(x,uα[k])∂x + V β(x,uα[k])∂uβ .

Roughly speaking, we define the l-th prolongation of V as the generalized vector
field (see the proposition below)

prlV = V xDx +Dr
x(V

β − uβxV x)∂uβ
(r)
, 0 ≤ r ≤ l. (2.11)

Intrinsically, we have the following proposition, which is also a definition:

Proposition 2.2.17. Let l,k be integers and N = k + l. Furthermore, let V be
a vector field along πk,0, i.e. a generalized vector field on E. Then there exists a
unique vector field Z along πN,l, i.e. a generalized vector field on J lE, such that
i) Z projects to V , that is, πN,0Z = V , and
ii) Z preserves the contact ideal, that is, LZω must be a contact form on JNE
whenever ω is a contact form on JNE.
We call Z = prlV the l-th prolongation of V .
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2.2. Vector Fields and Differential Forms

We took this proposition from (And89, p.23), where we can also find the proof. Note
that in (And89), the definition is for the infinite jet bundle, but we can also use the
definition for the finite jet bundle.

Proof: Let Z be the generalized vector field

Z = Zx∂x + Zβ
r ∂uβ

(r)
, where 0 ≤ r ≤ l,

which preserves the contact ideal. It is sufficient to apply the Lie derivative on the
basis contact forms Θα

(s), where we get

LZΘα
(s) =LZ(duα(s) − uα(s+1)dx) =

=dZα
s − (ιZd+ dιZ)(uα(s+1)dx) =

=dZα
s − [ιZdu

α
(s+1) ∧ dx+ d(uα(s+1)Z

x)] =

=dZα
s − [Zα

s+1dx− Zxduα(s+1) + duα(s+1)Z
x + uα(s+1)dZ

x] =

=dZα
s − Zα

s+1dx− uα(s+1)DxZ
xdx+ contact form =

=(DxZ
α
s − Zα

s+1 − uα(s+1)DxZ
x)dx+ contact form

!
= contact form.

Then, inductively, we get the equation

Zα
s+1 = DxZ

α
s − uα(s+1)DxZ

x =

= Dx(Z
α
s − uα(s+1)Z

x) + uα(s+2)Z
x =

= Dx[(DxZ
α
s−1 − uα(s)DxZ

x)− uα(s+1)Z
x)] + uα(s+2)Z

x =

= D2
x(Z

α
s−1 − uα(s)Zx) + uα(s+2)Z

x =

= ... =

= Ds+1
x (Zα − uαxZx) + uα(s+2)Z

x,

which uniquely determines the coefficients Zα
s for all 0 ≤ s ≤ l − 1. That is, we get

Z = Zx∂x + Zα∂uα + [Ds+1
x (Zα − uαxZx) + uα(s+2)Z

x]∂uα
(s+1)

=

= ZxDx + (Zα − uαxZx)∂uα +Ds+1
x (Zα − uαxZx)∂uα

(s+1)
.

If Z projects to V , i.e. πN,0Z = V then we get Zx = V x and Zα = V α, which leads
to the expression in (2.11). �

A generalized vector field on E which is π-vertical is also called an evolutionary
vector field. This definition can be found in (And89, p.25).
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2. Definition of the Basic Objects and Ideas Behind Them

2.3. Differential Equations, Weak Formulations and
Source Forms

In this section, we try to motivate the definition of source form, which will be a
fundamental object later. It seems that the formal definition can be found in many
books and articles, but a good explanation and motivation is hard to find. Therefore,
we find our own motivation in the following. In the paper (Tak77) of Takens in 1977
we can probably find the definition of source form for the first time.

Before we start with the motivation, recall that a variational equation always
comes via a weak formulation (see Section 1.3). Therefore, let us first define what
we mean by a weak formulation precisely.

If we multiply a differential equation

fα(x,uβ[k](x)) = 0 (2.12)

by a test function ϕ = (ϕα) ∈ C∞0 (U0), where U0 ⊂M is open and Ū0 is the closure
of U0, such that Ū0 is compact, and let Ω0 be the corresponding subset of Rn in
local coordinates, then we can integrate over this expression, to get a new equation
of the form

K(σ,ϕ) :=< fα,ϕ
α >L2(U0)=

∫
Ω0

fα(x,uβ[k](x))ϕα(x)dx = 0. (2.13)

If we require this equation for all ϕα then we get a weak formulation of the
problem (2.12). Note that in (2.13) the expression < fα,ϕ

α >L2(U0) is a short nota-
tion, which explains the structure, however, fα has to be pull-backed by a section
(x,uβ[k](x)), otherwise integration does not make sense and the corresponding section

of (x,uβ(x)) is σ.

A variational equation is an equation of the form

d

dt
I(σt)|t=0 = δI(σ,

d

dt
σt|t=0)

∫
Ω0

(EαL)(x,uβ[k](x))ϕα(x)dx = 0, (2.14)

where fα = EαL is the Euler-Lagrange expression (see Section 1.3). After applying
the Du-Bois Reymond lemma, we get the Euler-Lagrange equation

(EαL)(x,uβ[k](x)) = 0.

Again, let (x,uβt (x)) be the local coordinate section corresponding to the 1-parameter
section σt, t ∈ R. The following observation is crucial: For variational equations,
like (2.14), the test function ϕα is of the form

d

dt
uαt (x)|t=0 = ϕα(x)
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and uαt (x) has the expansion

uαt (x) = uα(x) + tϕα(x) +O(t2).

That is, the test function ϕα is not an arbitrary function, rather a perturbation
of uα and we have certain transformation rules for uα, and therefore also for ϕα.
More precisely, the test function ϕα can be identified with a vertical vector field
V = V α∂uα , where ϕα = V α after pull-back by a section. Furthermore, V α has
support in U0 after pull-back by a section. For vector fields V = V x∂x ∈ X(M),
or V = V x∂x + V α∂uα ∈ X(E), support in U0, or in π−1(U0), means that V and
all derivatives of V x, or (V x,V α), must vanish at ∂U0, or π−1(∂U0) (note that the
vector fields must be smooth on M or E).

Now we want to consider the expression in (2.14) without writing the integral. Let
us define the differential form ηV ∈ Ω1(JkE), which is defined as

ηV := fα(x,uβ[k])V
α(x,uβ)dx

and let us also consider the form

fα(x,uβ[k](x))ϕα(x)dx,

which is defined on M . We pull-back ηV by a prolonged section σ on E and we get

prkσ∗[fα(x,uβ[k])V
α(x,uβ)dx] = fα(x,uβ[k](x))ϕα(x)dx,

where we can observe the relation between the vertical vector field V and the test
function ϕα. This is exactly the expression in (2.14), when writing EαL = fα. Let
us check if the differential form ηV is well-defined. Since dx transforms (because of
the fiber preserving local coordinate transformations) as

dx =
∂x

∂y
dy +

∂x

∂vβ
dvβ =

∂x

∂y
dy,

and

V = V α∂uα = V α

(
∂y

∂uα
∂y +

∂vβ

∂uα
∂vβ

)
= V α ∂v

β

∂uα
∂vβ ,

we get

ηV = fαV
αdx = fβV

α ∂v
β

∂uα
∂x

∂y
dy. (2.15)

Therefore, the set of forms ηV is in the sense well-defined under local coordinate
transformations, as we do not get dvα,dvαx ,...-basis elements after coordinate trans-
formation. Intrinsically, ηV is a πk-horizontal 1-form on JkE. It turns out that ηV
can be written as

ηV = ιW [fα(x,uβ[k])du
α ∧ dx], (2.16)
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where W ∈ X(JkE) is a πk,0-projectable vector field such that

πk,0∗ W = V α∂uα .

The vector field W is not uniquely determined. For example,

W1 = V α∂uα = V α∂uα + 0 · ∂uαx + ...+ 0 · ∂uα(k)

and

W2 = prk(V α∂uα) = V α∂uα + (DxV
α)∂uαx + ...+ (Dk

xV
α)∂uα

(k)
(2.17)

define the same ηV . Most of the time we will use W = prkV . This is because for
the variational weak formulation we apply prkV to L and only the component V α

(or ϕα) occurs in (2.14) because of partial integration.

Equation (2.16) motivates the definition of the differential form

∆ := fαdu
α ∧ dx ∈ Ω2(JkE), (2.18)

which is called a source form. In the case of PDEs, we define

∆ := fαdu
α ∧ dx1 ∧ ... ∧ dxn ∈ Ωn+1(JkE). (2.19)

Definition 2.3.1. Any (n + 1)-form on JkE (here n = 1) which is πk,0-horizontal
and 1-contact is called source form and usually we write ∆ for it.

For example, see (Kru97b, p.37), where it is called dynamical form (in case of
classical mechanics) or see (AP94, p.197). In local coordinates, source forms can be
written as we did in (2.18) or as

∆ = fαΘα ∧ dx.

Note that it is not sufficient to define source forms as elements in Ω1,1(JkE), since
then, for example, fαΘα

x ∧ dx would also be allowed, but this form is not πk,0-
horizontal. Roughly speaking, source forms represent differential equations via weak
formulations. One can easily check that the local coordinate representation is well
defined, since the transformation of coordinates is

∆ = fαdu
α ∧ dx = fα

(
∂uα

∂y
dy +

∂uα

∂vβ
dvβ
)
∧
(
∂x

∂y
dy +

∂x

∂vγ
dvγ
)

=

= fα
∂uα

∂vβ
∂x

∂y
dvβ ∧ dy = f̃βdv

β ∧ dy, (2.20)

where ∂x
∂vγ

= 0 because of fiber preserving local coordinate transformations. Now we
are able to give a reformulation of equation (2.12), which can be written as

(prkσ)∗(ιprV ∆) = 0

for all projectable and π-vertical vector fields V on E. In this notation, the section
σ is the solution of the differential equation.
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Proposition 2.3.2. The differential equation fα(x,uβ[k](x)) = 0 is equivalent to

i) prσ∗[ιprV (fαdu
α ∧ dx)] = 0 for all π-vertical V ∈ X(E),

ii) prσ∗[ιW (fαdu
α ∧ dx)] = 0 for all πk-vertical W ∈ X(JkE).

Let us say a few more words about the definition of source form, since it is a very
fundamental object in Theorem 1.0.2 and 1.0.3. As we explained, source forms
represent differential equations via weak formulations. But, even more, the source
form implies a transformation property for the differential equation fα = 0. When
we start with a source form and extract the equation fα = 0 in local coordinates,
then this is clear, since in another local coordinate system we get the equation
fα

∂uα

∂vβ
∂x
∂y

= 0. However, when we start with an equation fα = 0, then it is problematic
to assign a corresponding source form. Usually, a differential equations is written
down in local coordinates as an equation of the form

fα(x,uβ[k](x)) = 0

and usually it means that fα are scalar equations (they do not transform under the
indices α). The definition of source form however tells us exactly how to transform
the components of fα (this is also partially indicated by the lower index α) and fα
transforms like

fα −→ fα
∂uα

∂vβ
∂x

∂y
, (2.21)

as we saw in (2.20). Therefore, when we assign to an arbitrary system of differential
equations fα = 0 a source form ∆, then we force a special transformation property
of that fα.

Note that only for differential equations, where α = 1,2,...,m, we can assign a source
form. For example, in the classical formulation of Maxwell’s equations, we have
the electromagnetic field E,B. Maxwell’s equations are eight equations with six
unknowns E,B. Therefore, we cannot assign a source form to Maxwell’s equations
(so easily). But, if we consider the formulation with the vector potential Aµ, then
we can assign a source form and even more, the equations are variational.

Note that assigning a source form to a given differential equation is not problematic
from the solution point of view. Since fα = 0 and

fα
∂uα

∂vβ
∂x

∂y
= 0 (2.22)

have the same solutions, because the fiber coordinate transformation is a diffeomor-
phism (otherwise Proposition 2.3.2 would not make sense). Solutions are sections
in E and they are defined independently of local coordinates. But, the symmetries
of m scalar equations fα = 0 and the equations we get from source forms ∆, are
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2. Definition of the Basic Objects and Ideas Behind Them

different in general. We will come back to this later, when we have precisely defined
what we mean by a symmetry.

Note that there is no unique way how to assign a source form to a given differ-
ential equation. For example, let

f =

(
f1

f2

)
= 0

be a system of differential equations. Then we can assign

∆1 := f1du
1 ∧ dx+ f2du

2 ∧ dx

or

∆2 := f2du
1 ∧ dx+ f1du

2 ∧ dx.

The source form ∆1 might be variational, but the source form ∆2 might not be
variational (see Proposition 2.4.2 for the definition of variational source forms).

In the following, we always have the situation where we have a source form from the
beginning or where we assigned a source form to a given system of m equations. We
do not have to say how we actually assigned it. The assumptions in Theorem 1.0.2
and 1.0.3 do not rely on this information. These theorems are statements about
a given source form. If one assigns another source form to a given system of m
equations then it is a statement about this other source form.

2.4. Variational Equations and the Variational
Sequence

A variational functional is a map I : S → R,

I(u) :=

∫
Ω0

L(x,uα[k](x))dx, (2.23)

where S is a suitable space for the functions u (or sections σ). For example, S =
{u ∈ C∞(Ω0) : u|∂Ω0 = 0}. The Lagrangian L is given and usually one wants to
minimize or maximise the functional I, that is, to find the extremals u. Note that
since I is a functional, which depends non-locally on u and also on derivatives of u,
sometimes it is better to write I[u] instead of I(u) to indicate the more complicated
dependency. In the following, we also write

I(σ) :=

∫
U0

prkσ∗(Ldx) (2.24)
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2.4. Variational Equations and the Variational Sequence

and it is the same as (2.23), when identifying the section σ with u(x). We also write
U0 ⊂M for the corresponding Ω0 ⊂ R in local coordinates.

As we saw in the introduction, extremizing the functional I leads to the Euler-
Lagrange equations. For simplicity, at the beginning we only consider first order
Lagrangians L = L(x,uα,uαx) and corresponding variational equations of the form

fα = (∂uα −Dx∂uαx )L = 0. (2.25)

The operator ∂uα −Dx∂uαx will be needed quite often. For higher order expressions
we define

Eα := ∂uα −Dx∂uαx +D2
x∂uαxx ± ...+ (−1)kDk

x∂uα(k) (2.26)

and we call it the Euler-Lagrange operator of order k. The coordinate invari-
ance of this operator will be shown below. When we consider differential equations,
we are in the field of functional analysis, which is dealing with∞-dimensional spaces.
We say ∞-dimensional spaces, since the space S is ∞-dimensional.

In the following, we want to understand the geometric meaning of variational
equations and how they differ from general differential equations. For example, in
the case of 0-th order Lagrangian L = L(x,uα), (2.25) becomes

fα = Luα = (∇L)α, (2.27)

where ∇ = (∂u1 ,...,∂um) is the gradient of the uα-coordinates (the vertical coordi-
nates). At least in this case, variational equations are exactly described by vector
fields fα on E (given in local coordinates in the components fα), which can be
written as gradients. Or in the language of differential forms, they correspond to
1-forms, which are (locally) exact. This picture also holds for higher order jet co-
ordinates and we want to investigate it in more detail. To understand this picture,
we first consider finite dimensional spaces.

Finite dimensional space Rn: Let φ : Rn → R be a function (instead of a functional
I). To find the extremals of φ, we have to consider the equation

d

dt
φ(x+ tv) =< ∇φ(x),v >= 0,

where t ∈ R, v ∈ Rn and < .,. > denotes the Euclidian scalar product. More
generally, when we do not have a vector space structure and when we are not able
to write x + tv: Let γt be any smooth curve in Rn (or some other manifold) such
that γt=0 = x and ( d

dt
γt)(x)|t=0 = v(x), then we can write

(Lvφ)(x) =< ∇φ(x),v(x) >= dφx(v) = 0, for all v ∈ X(Rn),

where Lv denotes the Lie derivative with respect to the vector field v.
A vector field w in Rn can be written as a gradient field ∇φ for some function φ

in Rn if

(Lvφ)(x) =< ∇φ(x),v(x) >=< w(x),v(x) >,
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2. Definition of the Basic Objects and Ideas Behind Them

for all vector fields v in Rn and for all x ∈ Rn (this is just a reformulation, for
example, we take v = el, where el are the canonical unit vectors). On a general
manifold we do not have a gradient operator ∇ or canonical scalar product, but
we do have the concept of differential dφ and interior product ι. Therefore, more
generally we can say: A differential 1-form ω ∈ Ω1 can be written as dφ for some
function φ if

ιvω = Lvφ = (dφ)(v), (2.28)

for all vector fields v on that manifold.

Infinite dimensional analog in the calculus of variations: Let σ be a section in E and
γt a 1-parameter family of sections such that γt=0 = σ. Let us assume that γt = φt◦σ
for some flow φt and ( d

dt
φt)|t=0 = V , where V is a vertical vector field on E and

suppV ⊂ π−1(U0). Then we define

(LprV I)(σ) :=
d

dt
I(γt)|t=0 = δI(σ;V ) =

=< (EαL),V α >L2(U0)=

∫
U0

prkσ∗[(EαL)V αdx]. (2.29)

Note that the expressions in the scalar product < .,. > in (2.29) have to be pull-
backed by a section σ, otherwise the integral does not make sense. We did not
write the pull-back for simplicity and because it is more important to understand
the structure here. Let us further consider a weak formulation

K(σ;V ) :=

∫
U0

prkσ∗(fαV
αdx) =< fα,V

α >L2(U0) .

Then fα (or K) is variational if there exists a functional I such that

K(σ;V ) =< fα,V
α >L2(U0)=< (EαL),V α >L2(U0)= δI(σ;V ) (2.30)

for all vertical vector fields V on E and suppV ⊂ π−1(U0).

Local differential geometry on JkE approach: Instead of working with the integral
in (2.24), we also want to work with the differential form

λ = L(x,uα[k])dx, (2.31)

which is called Lagrange form. It can be invariantly characterized in the following
way:

Definition 2.4.1. Any n-form (here n = 1) on JkE which is πk-horizontal is called
Lagrange form of order k.
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2.4. Variational Equations and the Variational Sequence

This definition can be found in (Kru97b, p.37). In local coordinates, such forms
are exactly described by the expression in (2.31) and they only include the dx-basis
elements (no duα(l)-terms are allowed). Since L is not a function and transforms more
complicated, we will call it Lagrangian.

What we should be careful about the local diff. geom. on JkE approach: We would
probably assume, or let us say this is what we hope, that

LprV (Ldx) = (EαL)V αdx ? (2.32)

or even

d(Ldx) = (EαL)duα ∧ dx ? (2.33)

but this is wrong for at least two reasons:

• The integral in (2.29) has a non-trivial kernel.

• We have to pull-back (2.32) and (2.33) by a section when we want to get (2.29)
and the pull-back also has a non-trivial kernel, namely contact forms.

To understand that (2.32) and (2.33) is not satisfied and how it should be correctly,
let us investigate the following: Let L = L(x,u,ux) and V a projectable vector field:

LprV (Ldx) =

= (LprVL)dx+ LLprV dx =

= (LxV
x + LuV

u + LuxDxV
u)dx+ LV x

x dx =

= (LuV
u + LuxDxV

u)dx+Dx(LV
x)dx =

= (Lu −DxLux)V
udx+Dx (LuxV

u + LV x)︸ ︷︷ ︸
=:A

dx =

= (EL)V udx+ (Ax + uxAu + uxxAux)dx =

= (EL)V udx+ Axdx+ Au(uxdx− du) + Aux(uxxdx− dux) + Audu+ Auxdux =

= (EL)V udx+ AuΘ + AuxΘx + dA. (2.34)

It is clear that the contact forms AuΘ and AuxΘx vanish if we pull-back them by a
section and it is also clear that ∫

U0

prkσ∗(dA) = 0

for all projectable vector fields V ∈ X(E) and suppV ⊂ π−1(U0), since A, and
therefore also dA, depend linearly on V x,V u and derivatives of V x,V u. These are
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the two points which we mentioned above. We can do a similar calculation with the
left hand side of (2.33) and we get

d(Ldx) = (Ludu+ Luxdux) ∧ dx =

= Ludu ∧ dx+ Luxd(uxdx) =

= Ludu ∧ dx+ Luxd(−du+ uxdx) =

= Ludu ∧ dx− LuxdΘu =

= Ludu ∧ dx− d(LuxΘ
u) + (dLux) ∧Θu =

= Ludu ∧ dx− d(LuxΘ
u) + (DxLuxdx+ LuuxΘ

u + LuxuxΘ
u
x) ∧Θu =

= (EL)du ∧ dx+ d(1-contact) + (2-contact). (2.35)

Therefore, d maps the Lagrange form Ldx to the Euler-Lagrange source form

(EL)du ∧ dx

modulo d(1-contact) and 2-contact forms. In the quotient spaces of the variational
sequence these terms are considered to be zero. Very roughly speaking, d maps Ldx
to the Euler-Lagrange source form (EL)du ∧ dx. See (Ku04, Kru97a) for further
details.

Now we want to understand the meaning of the identities (2.34) and (2.35)
without doing the calculation. Let us consider the first variation, which can be
written as

δI(σ;V ) =
d

dt

∫
U0

prkγ∗t (Ldx)|t=0 =

∫
U0

prkσ∗[(LuV
u + LuxDxV

u)dx] =

=

∫
U0

prkσ∗[(EL)V udx]. (2.36)

Here γt is a 1-parameter family of sections such that γt=0 = σ, d
dt
γt|t=0 = V and

V ∈ X(E) is vertical and suppV ⊂ π−1(U0). Without writing the integral and
pull-back by a section in (2.36) we get basically two expressions

(LuV
u + LuxDxV

u)dx = ιprV [(Ludu+ Luxdux) ∧ dx] and

(EL)V udx = ιprV [(EL)du ∧ dx],

which both can be identified with the the first variation δI. They only differ by a
total derivative, which vanishes when integrated, and a contact form, which vanishes
when pull-backed by a section. Neglecting ιprV , these two expressions are

(Ludu+ Luxdux)∧dx and (2.37)

(EL)du∧dx (2.38)

and they should be equivalent in some sense. Indeed, (2.37) and (2.38) are two
different representations in the same equivalence class in the variational sequence
and we can write

[(Ludu+ Luxdux) ∧ dx] = [(EL)du ∧ dx],
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2.4. Variational Equations and the Variational Sequence

where the brackets [...] denote equivalence class. We can also write it as

[d(Ldx)] = [(EL)du ∧ dx],

what we roughly mentioned above. This is one example, which impressively shows,
that it makes a lot of sense to use equivalence classes and develop objects like the
variational sequence.

Actually, there are at least two ways how to define the Euler-Lagrange mapping
E . The first way is to use equivalence classes and the operator d as we discussed
above. A second way is to use interior Euler-operators, especially when considering
infinite jet spaces and the Bicomplex in (And89). The interior Euler-operator is
a projective operator. Roughly speaking, the interior Euler-operator chooses the
representative (2.38), which is in some sense special (VU13, p.1) (that is why it
is usually identified with the first variation). We will neither need the variational
sequence or Bicomplex essentially to solve Takens’ problem and one can find further
information in (Ku04, Kru97a, And89). We would need more space to introduce
these objects here in detail and for us the ideas are more important.

Without referring to the variational sequence or Bicomplex, the question for us,
how to define variational expressions fα invariantly, without the integral in (2.30),
is still open and we will solve it now. Intuitively, we would of course define it as: fα
is (locally) variational if there exists a Lagrangian L such that

fα = EαL.

We basically have to show that this is well defined and independent of the choice of
local coordinates.

Note that to write the first variation δI in the form
∫

(EαL)V αdx makes sense and
it is the way one usually writes it. But, for example, for the second variation δ2I
we cannot find a similar expression in the following sense: We cannot partially inte-
grate such that there are no DxV

α,D2
xV

α,...-terms. That is, we cannot shift all total
derivatives on V α to other terms. For example, let us consider L = 1

2
(u2 +u2

x), then

δ2I(σ;V ) =

∫
U0

prkσ∗{1

2
[(V u)2 + (DxV

u)2]dx}

and there is no way to write δ2I without total derivatives Dx on some of the V u-
terms. It seems that partial integration technique can be used very powerful for
the first variation, but it is not such powerful for higher variations when we have
non-linear expressions in V u.

Now let us define in local coordinates what we mean by a variational source form.
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The definition is straightforward and we only have to check that the definition is
independent of the choice of local coordinates. The following proposition is also a
definition:

Proposition 2.4.2 (Definition). Let ∆ = fαdu
α∧dx be a source form on JkE. We

say that ∆ is locally variational if for each p ∈ E there exist a neighbourhood
U ⊂ E, a Lagrange form λ = Ldx on (πk,0)−1(U) ⊂ JkE of order l ≤ k, and local
coordinates on (πk,0)−1(U) ⊂ JkE, such that we can write

∆ = [(∂uα −Dx∂uαx +D2
x∂uαxx ± ...(−1)lDl

x∂uα(l))L]duα ∧ dx on (πk,0)−1(U).

(2.39)

The expression in (2.39) is independent of the choice of local coordinates. If there
exists a globally defined Lagrange form λ = Ldx on JkE such that ∆ can be written
as (2.39), then we say ∆ is globally variational.

If ∆ is variational then we also write ∆ = E(λ), where E is the (formal) Euler-
Lagrange operator which leads to the expression in (2.39). Whether there exists a
Lagrangian L of the same order as fα, or lower order, or any order, is a different
question and we do not want to discuss it here in detail. Let us only note that
we can always lift a Lagrangian L defined on J lE to a Lagrangian defined on JkE
such that Ldx and ∆ are defined in the same space JkE. When the order of Ldx is
greater than ∆ then we can lift ∆ such that Ldx and ∆ are defined in the same jet
space. Later, we will construct a Lagrangian with the help of homotopy formulas
such that Ldx and ∆ have the same order. We will also show that we can always
add a term DxΛ to L which leads to the same expression fα. By adding this term,
the order of the equivalent Lagrangian L̃ := L + DxΛ can always be increased to
arbitrary order, but this is a technical detail at this point.

The invariance of variational expressions (or source forms) can be understood in
two ways. First, doing local coordinate transformations of the corresponding func-
tional I. Then the extremals are again described by (the same) functional in these
new local coordinates. When extremizing a functional, this always leads to to Euler-
Lagrange equations in the corresponding local coordinates. Then it is also clear that
the Lagrangian L transforms according to Ldx. More precisely, let us consider

I(σ) =

∫
Ω0

L(x,u(x),ux(x))dx =

∫
Ω̃0

L̃(y,v(y),vy(y))dy,

then the section σ ∈ Γ(E) extremizes I if and only if the corresponding sections in
local coordinates u(x) and v(y) satisfy the corresponding Euler-Lagrange equation.
Since we are defining variational through source forms (pure local differential ge-
ometry on JkE) and not through functionals I, the question basically is: How are
source forms related to weak formulations of differential equations and one has to
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understand this in detail, what we did in (2.30) and what is completely in analogy
to (2.28).

The second way how to show the invariance is simply to consider local coordi-
nate transformations. We will do that below. Note that even if the combinations
Dx∂ux ,D

2
x∂uxx and so on in (2.39) look pretty specific and somehow invariant (in x),

it is actually non-trivial to show it, since we also need to consider the specific plus-
minus-combinations. Without mentioning the relation to the variational functional
I, it would probably be quite surprising to find out that the coordinate expression
of variational source forms is invariant. Note that, for example, fx(x)dx is invariant
since it is the differential df at the point x. But Lu(x,u,ux)du∧dx is not invariantly
defined on J1E, even the combination (∂uL)du looks invariant. See Proposition
2.4.3 below and how to transform ∂u on JkE. The expression Lu(x,u)du ∧ dx is
invariantly defined on E or on J1E.

Note that if a source form is locally variational then it is not necessarily globally
variational and the Lagrangian L may not exist globally (see Section 4.1 and 6th
counter example).

This is a good point where we can discuss local coordinate transformations on fiber
bundles in more detail. These transformations are important in many situations
and we get the following proposition:

Proposition 2.4.3. Let π : E → M be a fiber bundle, where n,m = 1. Coordinate
transformations of the coordinates (x,u,ux,uxx), vector fields ∂x,∂u,∂ux ,∂uxx, total
derivative Dx, differential forms dx,du,dux,duxx and contact forms Θ,Θx,Θxx are as
follows:

y
v
vy
vyy

 =


y(x)
v(x,u)

∂x
∂y

( ∂v
∂x

+ ux
∂v
∂u

)

∂2x
∂y2

(
∂v
∂x

+ ux
∂v
∂u

)
+
(
∂x
∂y

)2 (
∂2v
∂x2

+ 2ux
∂2v
∂x∂u

+ u2
x
∂2v
∂u2

+ uxx
∂v
∂u

)
 =

=


y
v

∂x
∂y
Dxv

∂x
∂y
Dx(

∂x
∂y
Dxv)

 ,


∂x
∂u
∂ux
∂uxx

 =


∂y
∂x

∂v
∂x

∂vy
∂x

∂vyy
∂x

0 ∂v
∂u

∂vy
∂u

∂vyy
∂u

0 0 ∂vy
∂ux

∂vyy
∂ux

0 0 0 ∂vyy
∂uxx



∂y
∂v
∂vy
∂vyy

 , Dx =
∂y

∂x
Dy,
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
dx
du
dux
duxx

 =


∂x
∂y

0 0 0
∂u
∂y

∂u
∂v

0 0
∂ux
∂y

∂ux
∂v

∂ux
∂vy

0
∂uxx
∂y

∂uxx
∂v

∂uxx
∂vy

∂uxx
∂vyy



dy
dv
dvy
dvyy

 ,

 Θ
Θx

Θxx

 =

 ∂u
∂v

0 0
∂ux
∂v

∂ux
∂vy

0
∂uxx
∂v

∂uxx
∂vy

∂uxx
∂vyy

 Θ̃

Θ̃y

Θ̃yy

 ,

where ∂y
∂x
, ∂v
∂u
, ∂vy
∂ux

, ∂vyy
∂uxx
6= 0 and furthermore

∂vy
∂ux

=
∂x

∂y

∂v

∂u
,

∂vyy
∂uxx

=

(
∂x

∂y

)2
∂v

∂u
. (2.40)

We see here that the transformations for vyy and higher order coordinates can get
very complicated and usually we should avoid these explicit expression. However,
the highest order coordinate dependencies are quite simple and described by (2.40)
and similar expressions for higher order. In the highest order coordinates, here in
uxx,vyy, we have affine linear dependencies. Furthermore, we have a polynomial
structure for lower order coordinate dependencies, except for (x,u) and (y,v).

Let (x,u,ux,...,u(k)) and (y,v,vy,...,v(k)) be two local coordinate systems on JkE.
It follows that the dependencies are

x(y), u(y,v), ux(y,v,vy),..., u(k)(y,v,vy,...,v(k)),

simply by the fact that J lE are jet spaces with projections πk,l,πk,0,πk and that we
need fiber preserving coordinate transformations for every 0 ≤ l < k and every k.
Moreover, the transformations on JkE are induced by the transformations on E.
The charts for higher order coordinates are also called associated charts (Kru97b,
p.30), since we can construct these charts from the charts on E.

In the following, sometimes it is helpful to distinguish between the coordinates
(x,u), (y,v) and the mappings between these coordinates. Let ψ and φ be the maps
between these coordinates, i.e.(

x
u

)
=

(
ψ1(y)
ψ2(y,v)

)
,

(
y
v

)
=

(
φ1(x)
φ2(x,u)

)
,

x = ψ1(y) = ψ1(φ1(x)), u = ψ2(y,v) = ψ2(φ1(x),φ2(x,u)),

y = φ1(x) = φ1(ψ1(y)), v = φ2(x,u) = φ2(ψ1(y),ψ2(y,v)),

ψ ◦ φ = id(x,u), φ ◦ ψ = id(y,v). (2.41)
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When there is no danger of confusion then we also use the shorter notation

x = ψ1(y) = x(y),
∂ψ1

∂y
=
∂x

∂y

and so on. We also do not write where they are evaluated, that is, we do not write
∂y(x)
∂x

, we only write ∂y
∂x

(all expressions are clearly defined by this notation).
Locally, the structure of a fibre bundle is one to one coded in the coordinate

transformations (2.41). For global properties we have to know all charts.
The transformation on E is completely described by (2.41) and there is nothing

more to say about that. However, for J1E, J2E and so on, there are induced trans-
formations (associated charts) and we want to investigate them.

Proof of Proposition 2.4.3: A point in J1E, written as [σ]1(q), is by definition an
equivalence class of local sections at q ∈ M (up to first order). Let σ ∈ Γ(E) be a
representative of that point and (x,u(x)) the corresponding local coordinate section.
We also write (x0,u,ux0) for the point [σ]1(q) and ϕ0(q) = x0. We fix this (local)
section u(x) and vary x in a small neighborhood of x0. For any x in this small
neighbourhood, we get

(
φ1(x)

φ2(x,u(x))

)
=

(
y

φ2(ψ1(y),u(ψ1(y)))

)
=

(
y
v(y)

)
,

that is, a local section in the (y,v)-coordinate system. Then we get the coordinate vy
as follows (since vy defines the equivalence class of sections in the (y,v)-coordinate
system up to first order)

vy(x,u(x),ux(x)) = ∂yφ2(x,u(x)) =

=
∂ψ1

∂y

(
∂φ2

∂ψ1

+
∂u

∂ψ1

∂φ2

∂u

)
=
∂x

∂y

(
∂v

∂x
+ ux

∂v

∂u

)
=

=
∂x

∂y
(vx + uxvu) =

∂x

∂y
Dxv,

where we have to evaluate the expression at x = x0. Note that we actually do not
have to use Dx in the last expression to write down the coordinate transformations,
but this notation will be helpful later and it is reasonable to use it here (Dxv actually
means (Dxv)(x), and as we said above, we do not always write the evaluation at x).
This can be done for all sections u(x) in the same equivalence class, since they agree
up to first order and deliver the same point (x0,u,ux0) at ϕ0(q) = x0. Therefore, we
get the transformation for the coordinates (x,u,ux)→ (y,v,vy). The whole transfor-
mation is induced by the local coordinate transformation on E. Similar calculations
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can be done for higher order coordinates. For vyy we get

vyy(x,u(x),ux(x),uxx(x)) = ∂y∂yφ2(x,u(x)) =

=Dy

[
∂x

∂y
(vx + uxvu)

]
=

=
∂2x

∂y2
(vx + uxvu) +

(
∂x

∂y

)2

Dx(vx + uxvu) =

=
∂2x

∂y2
(vx + uxvu) +

(
∂x

∂y

)2

(vxx + 2uxvxu + u2
xvuu + uxxvu) =

=
∂2x

∂y2

(
∂v

∂x
+ ux

∂v

∂u

)
+

(
∂x

∂y

)2(
∂2v

∂x2
+ 2ux

∂2v

∂x∂u
+ u2

x

∂2v

∂u2
+ uxx

∂v

∂u

)
.

Higher order coordinates are probably best describe by the total derivative operator
Dx, see property (2.10). For example, vyy = ∂x

∂y
Dx(

∂x
∂y
Dxv) and v is considered to

be a function depending on x and u and Dx increases the order by one. For v(k) we
have to write

v(k) =
∂x

∂y
Dx

∂x

∂y
Dx...

∂x

∂y
Dx︸ ︷︷ ︸

k-times

v.

Then the partial derivatives ∂x,∂u,∂ux ,∂uxx transform as

∂x =
∂

∂x
=
∂y

∂x
∂y +

∂v

∂x
∂v +

∂vy
∂x

∂vy +
∂vyy
∂x

∂vyy ,

∂u =
∂

∂u
=
∂y

∂u
∂y︸ ︷︷ ︸

=0

+
∂v

∂u
∂v +

∂vy
∂u

∂vy +
∂vyy
∂u

∂vyy ,

∂ux =
∂

∂ux
=

∂y

∂ux
∂y +

∂v

∂ux
∂v︸ ︷︷ ︸

=0

+
∂vy
∂ux

∂vy +
∂vyy
∂ux

∂vyy ,

∂uxx =
∂

∂uxx
=

∂y

∂uxx
∂y +

∂v

∂uxx
∂v +

∂vy
∂uxx

∂vy︸ ︷︷ ︸
=0

+
∂vyy
∂uxx

∂vyy

and similar for higher order partial derivatives. Note that we do not write down the
explicit expressions for ∂vyy

∂x
and so on, since they are complicated. Now we use the

transformations for the coordinates and ∂x,∂u,∂ux ,... and we can write

Dx =∂x + ux∂u + uxx∂ux =

=

(
∂y

∂x
∂y +

∂v

∂x
∂v +

∂vy
∂x

∂vy

)
+ ux

(
∂v

∂u
∂v +

∂vy
∂u

∂vy

)
+ uxx

∂vy
∂ux

∂

∂vy
=

=
∂y

∂x
∂y +

(
∂v

∂x
+ ux

∂v

∂u

)
︸ ︷︷ ︸

= ∂y
∂x
vy

∂v +

(
∂vy
∂x

+ ux
∂vy
∂u

+ uxx
∂vy
∂ux

)
︸ ︷︷ ︸

=Dxvy= ∂y
∂x
Dyvy= ∂y

∂x
vyy (∗)

∂vy =
∂y

∂x
Dy,
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where (∗) can be seen by induction (especially for higher order coordinates). The
calculation for dx,du,... can be done in a similar way and we get

dx =
∂x

∂y
dy +

∂x

∂v
dv +

∂x

∂vy
dvy + ...︸ ︷︷ ︸

=0

,

du =
∂u

∂y
dy +

∂u

∂v
dv +

∂u

∂vy
dvy + ...︸ ︷︷ ︸

=0

,

dux =
∂ux
∂y

dy +
∂ux
∂v

dv +
∂ux
∂vy

dvy +
∂ux
∂vyy

dvyy + ...︸ ︷︷ ︸
=0

.

For the contact forms we get

Θ = du− uxdx =

(
∂u

∂y
dy +

∂u

∂v
dv

)
− ∂y

∂x

(
∂u

∂y
+ vy

∂u

∂v

)
∂x

∂y
dy =

=
∂u

∂v
(dv − vydy) =

∂u

∂v
Θ̃.

To compute the transformation for Θx we first consider

uxx = Dxux =
∂y

∂x
Dyux =

=
∂y

∂x

(
∂ux
∂y

+
∂ux
∂v

vy +
∂ux
∂vy

vyy

)
and then

Θx =dux − uxxdx =

=

(
∂ux
∂y

dy +
∂ux
∂v

dv +
∂ux
∂vy

dvy

)
− ∂y

∂x

(
∂ux
∂y

+
∂ux
∂v

vy +
∂ux
∂vy

vyy

)
∂x

∂y
dy =

=
∂ux
∂v

(dv − vydy) +
∂ux
∂vy

(dvy − vyydy)

=
∂ux
∂vy

Θ̃y +
∂ux
∂v

Θ̃. (2.42)

This means that the form Θx is not invariantly defined, but the combinations in
(2.42) are. Higher order contact forms can be done in a similar and we only write
down Θxx. First, we write

u(3) = Dxuxx =
∂y

∂x
Dyuxx =

=
∂y

∂x

(
∂uxx
∂y

+
∂uxx
∂v

vy +
∂uxx
∂vy

vyy +
∂uxx
∂vyy

v(3)

)
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and then

Θxx =duxx − u(3)dx =

=

(
∂uxx
∂y

dy +
∂uxx
∂v

dv +
∂uxx
∂vy

dvy +
∂uxx
∂vyy

dvyy

)
−

− ∂y

∂x

(
∂uxx
∂y

+
∂uxx
∂v

vy +
∂uxx
∂vy

vyy +
∂uxx
∂vyy

v(3)

)
∂x

∂y
dy =

=
∂uxx
∂v

(dv − vydy) +
∂uxx
∂vy

(dvy − vyydy) +
∂uxx
∂vyy

(dvyy − v(3)dy)

=
∂uxx
∂vyy

Θ̃yy +
∂uxx
∂vy

Θ̃y +
∂uxx
∂v

Θ̃.

The fact that

∂y

∂x
,
∂v

∂u
,
∂vy
∂ux

,
∂vyy
∂uxx

6= 0

simply follows by the requirement that ∂y
∂x
6= 0 and ∂v

∂u
6= 0, since the transformation

on E is a diffeomorphism, the corresponding Jacobian matrix must be invertible and
∂y
∂u

= 0, since we consider fiber bundles. Higher order, like ∂vy
∂ux

= ∂x
∂y

∂v
∂u
6= 0, can be

reduced to these expressions (as we have shown above). �

Note that the transformation Dx = ∂y
∂x
Dy was probably what we expected, since

Dx imitates derivatives of functions which only depend on x (or y), and then the
transformation is given by the standard transformation for derivatives.

Proof of Proposition 2.4.2 (for first order Lagrangians): We simply consider local co-
ordinate transformations and show that the definition is invariant. According to
Proposition 2.4.3, where we can find the transformation of local coordinates, we can
write

∂u −Dx∂ux =

(
∂v

∂u
∂v +

∂vy
∂u

∂vy

)
− ∂y

∂x
Dy

(
∂vy
∂ux

∂vy

)
=

=
∂v

∂u
∂v +

∂vy
∂u

∂vy −
(
Dx

∂vy
∂ux

)
∂vy −

∂y

∂x

∂vy
∂ux︸︷︷︸

= ∂x
∂y

∂v
∂u

Dy∂vy =

=

(
∂vy
∂u
−Dx

∂vy
∂ux

)
︸ ︷︷ ︸

=:(∗)

∂vy +
∂v

∂u
(∂v −Dy∂vy) =

=
∂v

∂u

[
−∂y
∂x

∂2x

∂y2
∂vy + (∂v −Dy∂vy)

]
=

=
∂v

∂u

∂y

∂x
(∂v −Dy∂vy)

∂x

∂y
. (2.43)
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In the second and last line in (2.43) we used ∂y
∂x

∂x
∂y

= 1 (for example, this is not true

for ∂u
∂y

∂y
∂u

= 0 and therefore one has to be careful with that). Before we continue, let

us prove (∗):

∂vy
∂u
−Dx

∂vy
∂ux

=
∂vy
∂u
−Dx

(
∂x

∂y

∂v

∂u

)
=

=
∂vy
∂u
−
(
Dx

∂x

∂y

)
∂v

∂u
− ∂x

∂y
Dx

∂v

∂u
=

=
∂vy
∂u
−
(
∂y

∂x
Dy

∂x

∂y

)
∂v

∂u
− ∂x

∂y

∂y

∂x
Dy

∂v

∂u
=

=
∂vy
∂u
− ∂y

∂x

∂2x

∂y2

∂v

∂u
− ∂uDyv =

= −∂y
∂x

∂2x

∂y2

∂v

∂u
. (2.44)

Now we use (2.43) and we can write

[(∂u −Dx∂uαx )L]du ∧ dx =

[
∂v

∂u

∂y

∂x
(∂v −Dy∂vy)(

∂x

∂y
L)

]
du ∧ dx =

= [(∂v −Dy∂vy)(
∂x

∂y
L)]dv ∧ dy

and we have proven Proposition (2.4.2) (for first order L and n = m = 1). �

We want to finish this part of Section 2.4 with a table of corresponding objects:

classical analysis in Rn ∞-dim, calculus of variations differential geometry

φ : Rn → R I =
∫
Ldx : S → R λ = Ldx ∈ Ω(JkE)

x ∈ Rn finite dim. u ∈ S = {u ∈ C∞ : ...} ∞-dim. σ ∈ Γ(E) section

v, VF in Rn ϕα, test function V , vertical VF
dφx(v) differential δI(u;ϕ) first variation LprV λ
d, exterior derivative δ or Eα, Euler-Lagrange op. E

ω ∈ Ω1(Rn) fα, differential expression ∆, source form
ω = dφ ? fα = EαL ? ∆ = E(λ) ?

In the above table, VF denotes vector field.

2.4.1. Trivial Lagrangians

Let us start this subsection with the following question: What kind of functions
are in the kernel of the gradient ∇ (or the differential d)? These are the constant
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functions. What kind of integral functionals are in the kernel of the first variation
δ? These are definitely the constant functionals, but are there more than that. The
answer is yes and this will be discussed in this subsection. Let us also consider
the following question: What kind of Lagrangians are in the kernel of the Euler-
Lagrange operator Eα? These are the constant Lagrangians, but are there more
than that? The answer is again yes. We find immediately out that local coordinate
transformation lead to

Ldx = L
∂x

∂y
dy

and this means that every Lagrangian L = L(x), where L only depends on x, is in
the kernel of the Euler-Lagrange operator (which is also easy to see without doing
local coordinate transformation). But this does not completely describe the kernel.
Let us first make a definition, before we further discuss this problem.

Definition 2.4.4. Let λ = Ldx be a Lagrange form on JkE. If EαL = 0 in some
local coordinates and at all points in JkE, then we call L a trivial Lagrangian
(sometimes called null Lagrangian).

The fact that this definition is independent of the choice of local coordinates can be
seen from (2.48) below, EαDx = 0 and locally exact sequences later, or one proves
it directly when transforming the Euler-Lagrange operator Eα and L in local coor-
dinates. For the transformation of Eα see (2.43) and L transforms as L̃ = ∂x

∂y
L.

How can we find out more about trivial Lagrangians and how they can be
described? According to the relation between Lagrangians L and variational func-
tionals I, we expect that trivial Lagrangians should be described by trivial first
variations

δI(σ;V ) =

∫
U0

prkσ∗[LprV (Ldx)] = 0, (2.45)

where (2.45) is satisfied for all sections σ and all vertical vector fields V on E and
suppV ⊂ π−1(U0).

What we should be careful about the local diff. geom. on JkE approach: We would
probably assume that trivial Lagrangians or Lagrange forms are described by the
equation

LprV (Ldx) = 0 or prkσ∗[LprV (Ldx)] = 0 (2.46)

for all points in JkE, or for all sections σ in E, and all projectable vector fields
V ∈ X(E), suppV ⊂ π−1(U0). But this is not the case. We already see that
compact support of V is somehow unnecessary in this local description. Note that
the second equation in (2.46) is the weaker condition, since it implies

LprV (Ldx) = contact form.
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However, the first or the second equation in (2.46) is not equivalent to δI(σ;V ) = 0,
since the integral in (2.45) is missing and it has a non-trivial kernel. If

LprV (Ldx) = dη

for all points in JkE and all projectable V ∈ X(E), suppV ⊂ π−1(U0) and for
some function η, then dη must depend linearly on prV and this means that (2.45)
is satisfied. Now, we would probably assume that the equation

LprV (Ldx) = dη + contact form (2.47)

describes trivial Lagrangians and this is actually true (at least locally). Later, in
Lemma 2.7.1, we will construct a homotopy operator which will completely describe
locally trivial Lagrangians. Here instead we now want to discuss further aspects of
this problem.

Let Λ be a function on JkE and we set L = DxΛ as Lagrangian. The corresponding
Lagrange form is λ = (DxΛ)dx. This Lagrange form λ is invariantly defined, since
coordinate transformations lead to

L = (DxΛ)dx =
∂y

∂x
(DyΛ)

∂x

∂y
dy = (DyΛ)dy. (2.48)

See Proposition 2.4.3 for the transformation of Dx and dx. Note that Λ is a different
function in different local coordinates. More precisely, we should write

Λ(x,u,...) = Λ(x(y),u(y,v),...) = Λ̃(y,v,vy,...),

and therefore (DxΛ)dx = (DyΛ̃)dy. However, when there is no danger of confusion
then we simply write (DxΛ)dx = (DyΛ)dy.

Let u(x) ∈ S be a section in local coordinates in an admissible set S in the
calculus of variations and σ ∈ S̃ ⊂ Γ(E) the corresponding section on E in the
corresponding set S̃ (also see (1.6)). In general,

I(σ) =

∫
U0

prkσ∗[(DxΛ)dx] = (prkσ∗Λ)|∂U0 6= constant, for all σ ∈ S̃, (2.49)

since the section σ and corresponding section u(x) in local coordinates and deriva-
tives ux(x),uxx(x) are not fixed values at the boundary ∂U0 (for different u ∈ S).
As we mentioned in Section 1.3, in the calculus of variations, perturbations are de-
scribed by test functions (or vertical vector fields) with compact support in some
set U0 ⊂ M (or in the set (π)−1U0). But there are no further assumptions on
the set S in general. Especially, we do not require fixed boundary conditions for
u ∈ S and derivatives of u. However, for any sections γ and σ in the set S̃, where
prkγ|∂U0 = prkσ|∂U0 , we get that I(γ) = I(σ) if the Lagrangian is a total derivative
DxΛ (see (2.49)). Furthermore, let γt ∈ S̃ be a 1-parameter family of sections, such

55



2. Definition of the Basic Objects and Ideas Behind Them

that γt=0 = σ and, prkγt|∂U0 = prkσ|∂U0 for all t ∈ R. Then I(γt) = I(σ) for all
t ∈ R, if the Lagrangian is a total derivative and the first variation d

dt
I(γt)|t=0 must

vanish. Therefore, DxΛ is a trivial Lagrangian. Note that if the derivative of a
function φ : R → R vanishes everywhere, then the function must be constant on
R. In contrast here, if the first variation vanishes everywhere on S, then I does not
have to be constant on the set S. In this sense, functions φ defined on R, and inte-
gral functionals I defined on S behave quite differently. We could say that the first
variation only allows perturbations in certain directions of S, whereas the derivative
(or gradient ∇) of a function φ describes perturbations in all directions of R (or
Rn).

Let us give a second explanation why DxΛ is a trivial Lagrangian and let us
go back to the expression (2.47). First, we compute (with the help of the standard
decomposition)

(DxΛ)dx =

=(Λx + uxΛu + uxxΛux + ...+ u(k+1)Λu(k))dx =

=Λxdx+ Λu(uxdx− du) + Λux(uxxdx− dux) + ...+ Λu(k)(u(k+1)dx− du(k))+

+ (Λudu+ Λuxdux + ...+ Λu(k)du(k)) =

=dΛ− ΛuΘ
u − ΛuxΘ

u
x − ...− Λu(k)Θ

u
(k) =

=dΛ−
k∑
l=0

Λu(l)Θ
u
(l).

Second, we want to apply the Lie derivative LprV on this special Lagrange form.
Note that the Lie derivative LprV commutes with the exterior derivative d, since by
Cartan’s formula we get

LprV d = (ιprV d+ dιprV )d =

= dιprV d =

= d(ιprV d+ dιprV ) = dLprV .

Furthermore, for projectable vector fields V ∈ X(E), the Lie derivative LprV applied
to a contact form will again be a contact form, see Proposition 2.2.8. Therefore,

LprV [(DxΛ)dx] = d(LprV Λ) + contact form

and this indeed means that (DxΛ) is a trivial Lagrangian, which satisfies (2.45).
Using the Euler-Lagrange operator Eα, we get

Eα(DxΛ) = 0

for all points in JkE and for all functions Λ. This is equivalent to saying that the
operator identity EαDx = 0 holds. It turns out that this exactly describes the kernel
of the Euler-Lagrange operator Eα.
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Lemma 2.4.5. Total derivatives are in the kernel of the Euler-Lagrange operator,
that is, EαDx = 0 and L = DxΛ is a trivial Lagrangian.

To prove Lemma 2.4.5, we need to prove Lemma 2.4.6 first, which might be anyway
of interest in other situations (for example, to prove the Helmholtz conditions later
or to show that the Cartan distribution is non-integrable).

Lemma 2.4.6. We have the following commutator identities for vector fields and
differential operators on JkE

[∂x,∂uα
(k)

] = 0, [∂uα
(k)
,∂uβ

(l)
] = 0, [∂x,Dx] = 0, [∂uα ,Dx] = 0,

[∂uαx ,Dx] = ∂uα , [∂uαxx ,Dx] = ∂uαx , [∂uα
(k)
,Dx] = ∂uα

(k−1)
,

[∂uαx ,D
2
x] = 2Dx∂uα , [∂uαxx ,D

2
x] = ∂uα + 2Dx∂uαx . (2.50)

Proof of Lemma 2.4.6: It is clear that the partial derivatives ∂x and ∂uα
(l)

commute

for all 0 ≤ l ≤ k. Since the coefficients of Dx do not depend on x or uα, it is also
clear that ∂x,Dx and ∂uα ,Dx commute. That is, we have proven the first line in
(2.50). Then we are considering the identities in the second line in (2.50) and we
get

[∂uαx ,Dx] = [∂uαx , ∂x + uβx∂uβ + uβxx∂uβx + ...+ uβ(k+1)∂uβk
] =

= [∂uαx , u
β
x∂uβ ] + [∂uαx , ∂x + uβxx∂uβx + ...+ uβ(k+1)∂uβk

]︸ ︷︷ ︸
=0

=

= ∂uαx (uβx∂uβ)− uβx∂uβ∂uαx = ∂uα .

The rest of the identities in the second line in (2.50) are proven in a similar way.
For the third line in (2.50) we can already use the identities in the second line and
we get

[∂uαx ,D
2
x] = ∂uαxDxDx −D2

x∂uαx =

= (∂uα +Dx∂uαx )Dx −D2
x∂uαx =

= ∂uαDx +Dx(∂uα +Dx∂uαx )−D2
x∂uαx = 2Dx∂uα

and

[∂uαxx ,D
2
x] = ∂uαxxD

2
x −D2

x∂uαxx =

= (∂uαx +Dx∂uαxx)Dx −D2
x∂uαxx =

= ∂uαxDx +Dx(∂uαx +Dx∂uαxx)−D
2
x∂uαxx =

= ∂uαxDx +Dx∂uαx =

= (∂uα +Dx∂uαx ) +Dx∂uαx = ∂uα + 2Dx∂uαx .
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Note that more general identities, for example [∂uα
(r)
,Ds

x] for arbitrary r,s, are proven

in a similar way and by induction. �

Proof of Lemma 2.4.5: We use the commutator identities in Lemma 2.4.6 and we
want to bring the operator Dx to the left side of all expressions. Then we get a
telescoping sum of the following form

EαDx = [∂uα −Dx∂uαx +D2
x∂uαxx ± ...+ (−1)kDk

x∂uα(k) ]Dx =

= Dx∂uα −Dx(∂uα +Dx∂uαx ) +D2
x(∂uαx +Dx∂uαxx)± ...+

+ (−1)kDk
x(∂uα(k−1)

+Dx∂uα
(k)

) =

= (−1)kDk+1∂uα
(k)

= 0

The last line vanishes, since the operator Eα is applied to Lagrangians of order k
and therefore Λ must be of order (k − 1), since Dx increases the order by one. �

Similar telescoping sums also occur in the proof of the Helmholtz conditions later.

Example: The equation f = uxx = 0 is variational and usually one uses L = −1
2
u2
x

as Lagrangian. The Lagrangians

L = −1

2
u2
x,

L̃ = −1

2
u2
x + uxuxx

are equivalent and lead to the same differential equation, since the term uxuxx =
1
2
Dx(ux)

2 is a total derivative.

In general, any two Lagrangians L ∼ L̃ if L − L̃ = DxΛ for some function Λ. This
shows that it is reasonable to consider equivalence classes of Lagrangians denoted by
[L]. In a more general theory, one uses Lagrange forms λ = Ldx+ dΛ + (1-contact)
and quotient mappings, where we do not have such trivial Lagrangians, since the
trivial ones are considered to be zero in the quotient space and we get [λ] = [Ldx] =
[Ldx + dΛ + (1-contact)]. This shows once again that it is reasonable to construct
such quotient spaces. Let us consider trivial Lagrange forms (and use the standard
decomposition)

λ = (DxΛ)dx =

= (Λx + uxΛu + uxxΛux + ...+ u(k+1)Λuk)dx =

= Λxdx+ (−ΛuΘ− ΛuxΘx − ...− Λu(k)Θ(k)) + (Λudu+ ...+ Λu(k)du(k)) =

= dΛ + (1-contact).

We observe that (DxΛ)dx and dΛ+1-contact are in the same trivial equivalence class.

58



2.5. The Order of Jet Coordinates, Part I

Let us explain the variational sequence of quotient spaces a bit more detailed. First,
the naive de-Rham sequence in R3 can be written as

0→ R→ C∞(R3)
∇−→ X(R3)

curl−→ X(R3)
div−→ C∞(R3)→ 0.

The actual de-Rham sequence in R3 is

0→ R→ C∞(R3)
d−→ Ω1(R3)

d−→ Ω2(R3)
d−→ Ω3(R3)→ 0.

In analogy, in the calculus of variations, we get the naive variational sequence

0→ R→ C∞(JE)
Dx−→ {L} Eα−→ {fα} −→ ...

and the actual variational sequence (for n = 1) is the sequence of quotient spaces

0→ R→ C∞(JE)
d−→ Ω1(JE)/(dC∞ + 1-contact)

d−→ Ω2/... −→ ...,

where we wrote JE instead of JkE (but actually the sequence is defined on the finite
jet space). Note that instead of d one usually writes El for these mappings. Further
information can be found in (Ku04, Kru97a). Also note that a similar sequence can
be defined for the infinite jet space, but there without quotient spaces, see (And89).

2.5. The Order of Jet Coordinates, Part I

To understand how we can use the order of jet coordinates is very important when
we want to solve Takens’ problem and it can also be used in other situations. In this
section, we discuss two examples, where the order of jet coordinates can be used.
These examples connect with the previous section, where we investigated variational
source forms and trivial Lagrangians.

Not every differential equation is variational. For example,

f = ux = 0

cannot be written as an Euler-Lagrange equation and here is the idea of the proof:
Let us assume there is a first order Lagrangian L = L(x,u,ux) such that

f = Lu −DxLux =

= Lu − Lxux − uxLuux − uxxLuxux
!

= ux. (2.51)

Equation (2.51) must hold for every point (x,u,ux,uxx) in J2E. Since L and therefore
Lu, Lxux , Luux , Luxux only depend on (x,u,ux), and on the right hand side of (2.51)
there does not occur the uxx-coordinate, the term

Luxux = 0
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2. Definition of the Basic Objects and Ideas Behind Them

must vanish. The vanishing of this term forces L = A(x,u) + uxB(x,u) for some
functions A,B, simply by integrating the condition two times. Now we plug this L
again in equation (2.51) and we get

f = Lu −DxLux = Lu − Lxux − uxLuux =

= Au + uxBu −Bx − uxBu =

= Au −Bx
!

= ux. (2.52)

Since the left hand side of (2.52) does not depend on ux, this equation cannot be
satisfied, and therefore the equation is not variational. If we want to do a complete
proof, we also have to show that there are no higher order Lagrangians which satisfy
(2.51) and this is not very complicated (one can do it as an exercise).

The main feature in the proof was basically to discuss the coordinates (ux,uxx)
in equation (2.51). That is, we discussed that there cannot be second order uxx-
coordinates in this equation and later that there cannot be ux-coordinates. We call
these kinds of discussions the order discussion and it is also a very fundamental
technique when solving Takens’ problem. The fact that f = ux is not variational
can also be proven in a some sense different way, namely, to show that f = ux does
not satisfy the Helmholtz conditions which will be shown later.

We want to present another very simple example, where the discussion of order
can be used. Not every Lagrangian is a trivial Lagrangian. For example, L = u2

x

is not a trivial Lagrangian. In this small paragraph, we assume that every trivial
Lagrangian can be written as a total derivative DxΛ for some function Λ (the ex-
actness of the variational sequence will be proven later, we could also say that not
every function is a total derivative). The first way how to prove this is that Eu2

x 6= 0.
The second way is that we consider the equation

L = u2
x = DxΛ

and we show that it has no solution. Let Λ be of order k then

L = u2
x

!
= DxΛ = Λx + uxΛu + uxxΛux + ...+ u(k+1)Λu(k) . (2.53)

Since the left hand side in (2.53) does not depend on the u(k+1)-coordinate, it must
vanish on the right hand side and this means

Λu(k) = 0.

This equation tells us that Λ is not of order k, but of order k − 1. Then we can
repeat the argument until we get Λ is of order zero, i.e. Λ = Λ(x,u). Again, we plug
this Λ into (2.53) and we get

L = u2
x

!
= DxΛ = Λx(x,u) + uxΛu(x,u),
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2.6. Integrability- and Helmholtz Conditions

but this equation cannot be satisfied, since the right hand side is affine linear in ux,
but the left hand side depends quadratically on ux. Therefore, L = u2

x cannot be
written as a total derivative and therefore is not a trivial Lagrangian.

In Takens’ problem, we will use this sort of technique in a more complicated situa-
tion, but the idea is the same as here. Also integrating simple differential equations,
like Λu(k) = 0, or Luxux = 0, get a result, and plug the result again into the initial
equation is used, when solving Takens’ problem.

2.6. Integrability- and Helmholtz Conditions

Let us start this section with the following question: Is there a general condition
which shows if an equation, or better a source form, is variational, or is not varia-
tional? We did the calculation above for the example f = ux, but here we want to
find a second approach, in a more general situation. We already explained the cor-
respondence between variational equations in infinite dimensional spaces and vector
fields in Rn, which can be written as gradients, or 1-forms, which are (locally) ex-
act. Now this will be investigated in more detail and we will find a general condition
which gives the answer to the above question.

In the first part of this section (in Subsection 2.6.1), we motivate the Helmholtz
conditions and we also deliver a proof why these conditions have to be satisfied for
variational source forms. In the second part (in Subsection 2.6.2), we deliver an
alternative proof which is more or less a straightforward calculation without using
all the ideas from Subsection 2.6.1.2

2.6.1. Motivation and Proof of the Helmholtz Conditions

Again, let us first start with the finite dimensional analog in Rn. More precisely,
let us consider a manifold N of dimension n. Let ω ∈ Ω1(N) and we want to find
out: Under which conditions is is ω exact, that is, ω = dφ for some function φ? A
necessary and locally sufficient condition is dω = 0. Let us write ω as

ω =ω1dx
1 + ω2dx

2 + ...+ ωndx
n,

then dω = 0 is equivalent to

∂ωk
∂xl
− ∂ωl
∂xk

= 0, for all k,l = 1,2,...,n (2.54)

2As I found out later, the approach in Subsection 2.6.1 is probably the best way to prove the
Helmholtz conditions, since the method which is explained there can also be applied for PDE’s
of higher order, whereas the calculations in Subsection 2.6.2 can get very complicated.
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and usually these are known as the integrability conditions. On infinite di-
mensional manifolds, like in the calculus of variations, we do not have an exterior
derivative operator d yet. But we have the concept of Lie derivative and interior
product and the Lie derivative is connected with d through Cartan’s formula

LV = ιV d+ dιV .

We can use this identity to construct an operator d. To construct such an operator
d on infinite dimensional spaces, we need the following characterization of d:

Proposition 2.6.1. Let ω ∈ Ω1(N) and V,W vector fields on N . Then:
i) LV (ιWω) = ιWLV ω + ι[V,W ]ω.
ii) ιW ιV dω = (LV ιW − LW ιV )ω − ι[V,W ]ω.
iii) ιW ιV dω = (LV ιW − ιVLW )ω.

For the reader who is more familiar with vector fields than differential forms: The
use of the identities in Proposition 2.6.1 can be understood very easily, when rewrit-
ing (2.54) slightly differently. Let us consider N = Rn for simplicity and ω̃ is a
vector field on N , i.e.

ω̃ = ω̃1e1 + ω̃2e2 + ...+ ω̃nen,

where ek are the canonical unit vectors (vector fields) in Rn, and ω̃k are the coef-
ficients of the vector field. We can use the Euclidian scalar product and we can
write

0 =
∂ω̃k
∂xl
− ∂ω̃l
∂xk

= ∂xl < ω̃,ek > −∂xk < ω̃,el >=

=< ∂xlω̃,ek > − < ∂xk ω̃,el >=

=< ∂xlω̃,ek > −∂xk < ω̃,el >=

= Lel < ω̃,ek > −Lek < ω̃,el > , for all k,l = 1,2,...,n,

where the commutator [ek,el] = 0, for constant vector fields ek,el. Note that ω̃ is the
corresponding vector field to ω, that is, ω̃ = ω], where ] is the sharp isomorphism.
The general formula for non-commuting vector fields is

0 = LV < ω̃,W > −LW < ω̃,V > − < ω̃,[V,W ] > , ∀ vector fields V,W, (2.55)

which can be easily checked and this is basically one of the identities in Proposition
2.6.1. More generally, instead of the Euclidian scalar product in Rn, we have the
interior product ι.

Proof of Proposition 2.6.1: Statement i) follows by direct computation in local co-
ordinates and one can use Cartan’s formula LV = ιV d + dιV for 1-forms. We only
prove it for dimN = 2, where ω = ωidx

i, V = V i∂xi , W = W i∂xi . We get

LV (ιWω) = LV (ωiW
i) =

= (LV ωi)W i + ωi(LVW i) (2.56)
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and on the other hand

ιWLV ω = ιW (ιV d+ dιV )ω =

=ιW [ιV (ω1,x2dx
2 ∧ dx1 + ω2,x1dx

1 ∧ dx2) + d(ωiV
i)] =

=ιW [ιV (ω2,x1 − ω1,x2)dx
1 ∧ dx2] + LW (ωiV

i) =

=ιW [(ω2,x1 − ω1,x2)(V
1dx2 − V 2dx1)] + LW (ωiV

i) =

=(ω2,x1 − ω1,x2)(V
1W 2 − V 2W 1) + LW (ω1V

1 + ω2V
2) =

=ω2,x1V
1W 2 − ω2,x1V

2W 1 − ω1,x2V
1W 2 + ω1,x2V

2W 1+

+ω1,x1W
1V 1 + ω1,x2W

2V 1 + ω2,x1W
1V 2 + ω2,x2W

2V 2 + ω1LWV 1 + ω2LWV 2 =

=ω2,x1V
1W 2 + ω1,x2V

2W 1+

+ω1,x1W
1V 1 + ω2,x2W

2V 2 + ω1LWV 1 + ω2LWV 2 =

=W 2LV ω2 +W 1LV ω1 + ω1LWV 1 + ω2LWV 2 =

=W iLV ωi + ωiLWV i. (2.57)

When we add the term

ι[V,W ]ω =ι(LVW i)∂xi−(LWV i)∂xi
ωidx

i =

=(LVW i)ωi − (LWV i)ωi

to (2.57) then we get the expression (2.56). The statement ii) follows by i) and
Cartan’s formula, i.e.

ιW ιV dω = ιW (LV − dιV )ω =

= LV (ιWω)− ι[V,W ] − ιWd(ιV ω) =

= LV (ιWω)− ι[V,W ] − LW (ιV ω).

The statement iii) follows by i) and ii), i.e.

(LV ιW − LW ιV )ω − ι[V,W ]ω = [LV ιW − (ιVLW + ι[W,V ])]ω − ι[V,W ]ω =

= (LV ιW − ιVLW )ω.

Therefore, we have proven Proposition 2.6.1. �

We also need the following proposition:

Proposition 2.6.2. Let ω ∈ Ω1(N). The following statements are equivalent:
i) dω = 0.
ii) ιW ιV dω = 0 for all V,W ∈ X(N).
iii) (LV ιW − LW ιV )ω − ι[V,W ]ω = 0 for all V,W ∈ X(N).
iv) (LV ιW − ιVLW )ω = 0 for all V,W ∈ X(N).
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Proof: By definition of differential forms, the equivalence in i) and ii) is clear. The
rest follows by Proposition 2.6.1. �

Now we want to investigate the infinite dimensional analog in the calculus of varia-
tions. Proposition 2.6.1 and 2.6.2 will be needed there. In the infinite dimensional
case, we have the concept of flow and Lie derivative. This allows us to find similar
conditions, as the integrability conditions, without having the operator d, or we
could even define an operator d if we want. Further information can be found in
(And89, p.68).

The infinite dimensional analog in calculus of variations: To be able to formulate
the integrability conditions for the infinite dimensional case, we need a definition
for Lie derivative of integral functionals. The Lie derivative uses the concept of flow
of a vector field. Since integral functionals are integrals over sets U0 ⊂M , we have
to define how to transform such sets by flows. In the following, U0 ⊂ M is always
an open set such that the closure Ū0 ⊂ M is compact. Compact support in U0, or
π−1(U0), means for vector fields V = V x∂x ∈ X(M), or V = V x∂x + V α∂uα ∈ X(E),
that V and all derivatives of V x, or (V x,V α), must vanish at ∂U0, or π−1(∂U0) (note
that the vector fields must be smooth on M or E).

Definition 2.6.3. Let V be a projectable vector field on E and φt the corresponding
flow. Furthermore, let φ0

t be the flow of π∗V . Then we define φ0
tU

0 := {q ∈M : q =
φ0
t (q̃), for all q̃ ∈ U0}.

Note that the first variation δI(σ;V ) can be considered as a Lie derivative of I with
respect to the (vertical) vector field V at a point σ and it is reasonable to write it
as LprV I. The more general definition for projectable vector fields is the following:

Definition 2.6.4. Let I =
∫
Ldx be an integral functional, σ ∈ Γ(E) a section and

V ∈ X(E) a projectable vector field. Furthermore, let φt be the flow of V , φ0
t the

flow of π∗V and U0 ⊂ M (the flow is always defined for small t ∈ R). Then we
define

φt[I(σ)] = (φtI)(φt ◦ σ ◦ φ0
−t) :=

∫
φ0tU

0

prk(φt ◦ σ ◦ φ0
−t)
∗(Ldx),

(LprV I)(σ) :=
d

dt

∫
φ0tU

0

prk(φt ◦ σ ◦ φ0
−t)
∗(Ldx)|t=0. (2.58)
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Note that (2.58) can be written differently as

(LprV I)(σ) =

=
d

dt

∫
φ0tU

0

prk(φt ◦ σ ◦ φ0
−t)
∗(Ldx)|t=0 =

d

dt

∫
U0

prk(φt ◦ σ)∗(Ldx)|t=0 =

=

∫
U0

d

dt
prk(φt ◦ σ)∗(Ldx)|t=0 =

∫
U0

prkσ∗[LprV (Ldx)].

Definition 2.6.4 and this calculation can be found in (Kru97b, p.42).
Note that this definition makes sense for the following reason: We think of the

integral as a finite sum of functions depending on (different) points in JkE and all
of these points are transformed by φt. Then we do the limit process of the sum to
get the integral. It is basically the only way how to define the transformation φt
applied to an integral functional in a natural way.

In the case of vertical vector fields V ∈ X(E), suppV ⊂ π−1(U0), this definition
delivers exactly the first variation. We can also define the symmetry of a weak
formulation. Let V be a vertical vector field on E, suppV ⊂ π−1(U0), and W a
projectable vector field on E, then:

LprV I(σ) = δI(σ;V ), (first variation)

LprW

∫
U0

prkσ∗(fαV
αdx) =

∫
U0

prkσ∗[LprW (fαV
αdx)], (sym. of weak formulation).

Our goal is to find the integrability conditions for variational equations, where we
now want to continue. The ∞-dimensional analog of (2.54) or (2.55) is

LprV < fα,W
α >L2(U0) −LprW < fα,V

α >L2(U0) − < fα,[V,W ]α >L2(U0)= 0, (2.59)

where V,W are vertical vector fields on E and suppV,W ⊂ π−1(U0). Here < .,. >L2

denotes the scalar product of L2-functions. Note that the L2-scalar product implies
that we have to pull-back all expressions by sections, otherwise integration does not
make sense, but we did not write the pull-back, to keep the notation simple and to
see the main structure.

Lemma 2.6.5. If the source form fαdu
α ∧ dx is variational then (2.59) must be

satisfied.

Proof: For variational fα there exists a functional I, such that

< fα,V
α >L2(U0)= LprV I, for all vertical V ∈ X(E), suppV ⊂ π−1(U0).

Let W be another vertical vector field on E and suppW ⊂ π−1(U0). Then we get

LprV (LprW I)− LprW (LprV I)− Lpr[V,W ]I = 0.
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This follows by definition of Lie derivative applied to such integral functionals. �

With the help of (2.59), we can also define a sort of exterior derivative d for weak
formulations through the equation

ιprV ιprWdK := LprV < fα,W
α >L2 −LprW < fα,V

α >L2 − < fα,[V,W ]α >L2 ,

for all vertical vector fields V,W on E, suppV,W ⊂ π−1(U0). Furthermore K = K∆

is the operator defined through

ιprVK :=

∫
U0

prkσ(fαV
αdx) =

∫
U0

prkσ∗[ιprV (fαdu
α ∧ dx)],

where V ∈ X(E) is vertical, suppV ⊂ π−1(U0). If the weak formulation K is varia-
tional then dK = 0. Note that if K is variational then dK is not the second variation
δ2I.

In the next paragraph we want to answer the following question: How can we
find conditions for fα, or the corresponding source form, to be variational, without
writing the L2-integral in (2.59). That is, we want to find pure local conditions on
JkE.

What we should be careful about the local diff. geom. on JkE approach: For the
source form we would probably expect that the condition

LprV (ιprW∆)− ιprV (LprW∆) = 0 ∀ vertical V,W on E, suppV,W ⊂ π−1(U0)
(2.60)

is the right analog to (2.59) (also in the general case of non-commuting vector fields,
see Proposition 2.6.2). But this is not true, since the integral from the L2-scalar
product in (2.59) has a non-trivial kernel, as well as the pull-back by a section. We
had a similar discussion at the beginning of Section 2.4.

More precisely, any form which can be written as prσ∗(dη), where η depends
linearly on prV,prW vanishes when integrated over U0, since V,W are assumed to
have support π−1(U0). Therefore, we get in any case the weaker condition

prσ∗[LprV (ιprW∆)− ιprV (LprW∆)] = pr σ∗(dη) ∀ vertical V,W on E, (2.61)

suppV,W ⊂ π−1(U0).

Note that for n = 1, we do not have to require that η depends linearly on prV,prW
in (2.61), since this is clear, at least up to constants, form the left hand side in this
equation, and constants vanish when d is applied. For n ≥ 2 we have a similar effect
and the kernel of d has to be considered.

To see that the condition (2.60) cannot be the right one, we consider the following
simple example of a variational expression f = uxx and corresponding source form
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∆ = uxxdu ∧ dx. Then we compute

LprV (ιprW∆)− ιprV (LprW∆) =

= LprV (uxxW
udx)− ιprV [(D2

xW
u)du ∧ dx+ uxxW

u
u du ∧ dx] =

= [(D2
xV

u)W u + uxxW
u
u V

u]dx− [(D2
xW

u)V u + uxxW
u
u V

u]dx =

= [(D2
xV

u)W u − (D2
xW

u)V u]dx =

= Dx[(DxV
u)W u − (DxW

u)V u]dx

and this form is non-zero in general, but ∆ is variational. However, it can be written
as pr σ∗(dη), since (using the standard decomposition)

Dx[(DxV
u)W u − (DxW

u)V u]dx = Dx [ιprW ιprV (dux ∧ du)]︸ ︷︷ ︸
=:A

dx =

= (Ax + uxAu + uxxAux)dx =

= Axdx+ Au(uxdx− du) + Aux(uxxdx− dux) + Audu+ Auxdux =

= dA+ AuΘ
u + AuxΘ

u
x

and when applying prσ∗ to contact forms they vanish and we get the expression
prσ∗(dη), where η = A. We also get that A and also dA depend linearly on prV
and prW .

Now we give some more ideas and explanations which lead to the mappings in
the variational sequence. However, we cannot discuss all the details here and we
focus more on the main ideas. Further information can be found in (Kru97a, Ku04).
Let us assume that (2.61) holds for every U0 ⊂ M , since we are considering pure
local conditions on JkE, where the precise set U0 should not be important. Then
without pull-backing the form by a section, we get

ιprV ιprWd∆ = LprV (ιprW∆)− ιprV (LprW∆) = (dη)prV,prW + (1-contact)prV,prW

for all vertical V,W on E, for variational source forms. Omitting the vector fields
prV,prW , this equation is equivalent to

d∆ = d(2-contact) + (3-contact). (2.62)

We only explain briefly why (2.62) should be correct. We consider

ιprV ιprWd∆ = ιprV ιprW [d(2-contact) + (3-contact)]

and we want to find out how we can rewrite the right hand side. It is clear that
ιprV ιprW (3-contact) = (1-contact)prV,prW . Next, we use Cartan’s formula and we
rewrite

ιprV ιprWd(2-contact) = ιprV [(LprW − dιprW )(2-contact)] =

= ιprV [(2-contact)prW − d(1-contact)prW ] =

= (1-contact)prV,prW − (LprV − dιprV )(1-contact)prW =

= (1-contact)prV,prW + (dη)prV,prW ,
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where we used Proposition 2.2.8, that is, L contact = contact. If one wants to do
a strict proof of (2.62), then one has to do the calculation in local coordinates,
which is also not very complicated and one will probably need the identity dΘα

(l) =
−Θα

(l+1) ∧ dx.

In the quotient spaces of the variational sequence (n = 1 for ODEs), where

[∆] ∈ Ωn+1(JkE)/[d(1-contact) + (2-contact)],

we get that [∆] is closed, i.e.

[d∆] ∈ Ωn+2(JkE)/[d(2-contact) + (3-contact)]

is zero in the equivalence class if it is of the form (2.62) and then it can be shown that
it is locally exact. We will not prove it here, for further details see (Kru97a, Ku04).
The operator d between these quotient spaces is called (generalized) Euler operator
and usually written as En+1,En+2 and so on (to distinguish from the fiber bundle E).
It is defined as El([ω]) = [dω] for every differential form ω. As we mentioned earlier,
there is another method, using interior Euler operators and the exterior derivatives
dH ,dV , see (And89).

In the following, we want to develop further methods how to formulate integrabil-
ity conditions for source forms. In this case, these conditions are called Helmholtz
conditions. To derive them needs some straight forward, but computational heavy
work. But we need these conditions for at least two reasons:

• We need to construct a homotopy operator later and there we will need these
conditions.

• We need them to solve Takens’ problem.

In the next subsection, we will prove the Helmohltz conditions in detail and here
we have to understand the idea of the problem. To derive these conditions in local
coordinates, we use equation (2.59). Let

V = V α∂uα ∈ X(E),

W = Wα∂uα ∈ X(E),

be vertical vector fields on E and suppV,W ⊂ π−1(U0). Then

0 = LprV < fα,W
α >L2 −LprW < fα,V

α >L2 − < fα,[V,W ]α >L2=

=

∫
U0

prσ∗[Wα(LprV fα)− (LprWfα)V α]dx. (2.63)

Now we want to investigate equation (2.63) in more detail. More precisely, we want
to derive conditions for fα without having the components of the vector fields V,W
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in it. In the following, we benefit from the assumption that we are only considering
vertical vector fields, which makes some calculations easier. The integrand in (2.63)
can be rewritten as

Wα(LprV fα)− (LprWfα)V α =Wα(fα,uβV
β + fα,uβxDxV

β + fα,uβxxD
2
xV

β)−
− V β(fβ,uαW

α + fβ,uαxDxW
α + fβ,uαxxD

2
xW

α).
(2.64)

We want to order all terms with respect to WαV β, WαDxV
β, WαD2

xV
β and a total

derivative of something. That is, we want all derivatives on V β, no derivatives on
Wα and a total derivative of something. This can be done with a sort of partial
integration technique. Before we continue with rewriting (2.64), we consider the
following identities: Let a,b,c be functions on JkE, then the first identity is of the
form

abDxc = Dx(abc)− c(aDxb+ bDxa).

However, what we actually want is (with summation over α,β)

V βfβ,uαxDxW
α = Dx(V

βWαfβ,uαx )−WαDx(V
βfβ,uαx ) =

= Dx(V
βWαfβ,uαx )−Wα[(DxV

β)fβ,uαx + V β(Dxfβ,uαx )]. (2.65)

The second identity is of the form

abD2
xc = Dx(abDxc)− (Dxc)Dx(ab) =

= Dx(abDxc)−Dx[cDx(ab)] + cD2
x(ab) =

= Dx[abDxc− cDx(ab)] + c[bD2
xa+ 2(Dxa)(Dxb) + aD2

xb]

and what we actually want is (with summation over α,β)

V βfβ,uαxxD
2
xW

α =

=Dx[fβ,uαxxV
β(DxW

α)]− (DxW
α)Dx(fβ,uαxxV

β) =

=Dx[fβ,uαxxV
β(DxW

α)]−Dx[W
αDx(fβ,uαxxV

β)] +WαD2
x(fβ,uαxxV

β) =

=Dx[fβ,uαxxV
β(DxW

α)−WαDx(fβ,uαxxV
β)]+

+Wα[(D2
xV

β)fβ,uαxx + 2(DxV
β)(Dxfβ,uαxx) + V β(D2

xfβ,uαxx)]. (2.66)
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With the help of the identities (2.65) and (2.66), equation (2.64) can be written as

Wα(LprV fα)− (LprWfα)V α =

=−Dx[V
βWαfβ,uαx + fβ,uαxxV

β(DxW
α)−WαDx(fβ,uαxxV

β)]+

+ (fα,uβ − fβ,uα)WαV β+

+Wα(fα,uβxDxV
β + fα,uβxxD

2
xV

β)+

+Wα[(DxV
β)fβ,uαx + V β(Dxfβ,uαx )]−

−Wα[(D2
xV

β)fβ,uαxx + 2(DxV
β)(Dxfβ,uαxx) + V β(D2

xfβ,uαxx)] =

=−Dx[V
βWαfβ,uαx + fβ,uαxxV

β(DxW
α)−WαDx(fβ,uαxxV

β)]+

+ (fα,uβ − fβ,uα +Dxfβ,uαx −D
2
xfβ,uαxx)W

αV β+

+ (fα,uβx + fβ,uαx − 2Dxfβ,uαxx)W
α(DxV

β)+

+ (fα,uβxx − fβ,uαxx)W
α(D2

xV
β) =

=−Dx[V
βWαfβ,uαx + fβ,uαxxV

β(DxW
α)−WαDx(fβ,uαxxV

β)]+

+HαβW
αV β +Hx

αβW
αDxV

β +Hxx
αβW

αD2
xV

β, (2.67)

where we define

Hαβ := fα,uβ − fβ,uα +Dxfβ,uαx −D
2
xfβ,uαxx ,

Hx
αβ := fα,uβx + fβ,uαx − 2Dxfβ,uαxx ,

Hxx
αβ := fα,uβxx − fβ,uαxx (2.68)

as the Helmholtz expressions (for second order ODEs). With these identities we
can show that if (2.63) vanishes for all vertical V,W on E, suppV,W ⊂ π−1(U0),
then

Hαβ = 0, Hx
αβ = 0, Hxx

αβ = 0.

These are called the Helmholtz conditions.

Proposition 2.6.6. i) If (2.63) is satisfied for all vertical vector fields V,W on E,
suppV,W ⊂ π−1(U0), then the Helmholtz conditions are satisfied.
ii) If the Helmholtz conditions are satisfied, then (2.63) is satisfied for all vertical
vector fields V,W on E and suppV,W ⊂ π−1(U0).

Proof of i): For the proof, we need the Du Bois-Reymond lemma, or a version of it.
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Equation (2.63) can be written as

0 =−
∫
U0

prσ∗
{
Dx[V

βWαfβ,uαx + fβ,uαxxV
β(DxW

α)−WαDx(fβ,uαxxV
β)]dx

}
+

+

∫
U0

prσ∗
{

[HαβW
αV β +Hx

αβW
α(DxV

β) +Hxx
αβW

α(D2
xV

β)]dx
}
,

according to (2.67). Then we get

0 =

∫
U0

prσ∗
{
Dx[V

βWαfβ,uαx + fβ,uαxxV
β(DxW

α)−WαDx(fβ,uαxxV
β)]dx

}
, (2.69)

since the integrand is a total derivative of something and depends linearly on V,W
and their derivatives (by fundamental theorem of integration). It remains the inte-
gral

0 =

∫
U0

prσ∗
{

[HαβW
αV β +Hx

αβW
α(DxV

β) +Hxx
αβW

α(D2
xV

β)]dx
}

for all vertical V,W ∈ X(E) and suppV,W ⊂ π−1(U0). Let us consider

prσ∗(WαV β) =: ϕα(x)ψβ(x),

prσ∗(WαDxV
β) =: ϕα(x)ψβx(x),

prσ∗(WαD2
xV

β) =: ϕα(x)ψβxx(x)

as functions of x (after pull-back by a section) and we consider ϕψ,ϕψx,ϕψxx as
test functions. Since these test functions are in some sense independent, we get
Hαβ = Hx

αβ = Hxx
αβ = 0. Now we formulate this statement more precisely. Why are

the functions ϕψ,ϕψx,ϕψxx independent? Because we choose ϕ,ψ such that suppϕ
⊂ suppψ and such that ψ(x) ≡ 1 in the support of ϕ(x). Then we get

ϕ(x)ψ(x) = ϕ(x),

ϕ(x)ψx(x) = 0,

ϕ(x)ψxx(x) = 0

and by Du Bois-Reymond’s lemma we get prσ∗Hαβ = 0 for all sections σ and
therefore for all points in JkE. Second, we can repeat this argument and we get
Hx
αβ = Hxx

αβ = 0.

Proof of ii): This direction is easy and follows immediately by (2.67) and the fun-
damental theorem of integration. �

In the next subsection, we show that

Hαβ = Hx
αβ = Hxx

αβ = 0 (2.70)
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for all second order variational fα, without using Du Bois-Reymond’s lemma and
integration. Therefore, it would have been sufficient to define the Helmholtz condi-
tions (invariantly) and then show that they are satisfied. But we wanted to provide
some ideas how to find them and show the correspondence to the (standard) integra-
bility conditions for vector fields and differential forms in finite dimensional spaces,
like Rn.

2.6.2. Alternative Proof of the Helmholtz Conditions and
Summary

The task in this subsection is to deliver an alternative proof for the Helmholtz
conditions.

Lemma 2.6.7. If a second order source form ∆ = fαdu
α∧dx is (locally) variational,

then:
i) The Helmholtz conditions

Hαβ(f) = fα,uβ − fβ,uα +Dxfβ,uαx −D
2
xfβ,uαxx = 0,

Hx
αβ(f) = fα,uβx + fβ,uαx − 2Dxfβ,uαxx = 0,

Hxx
αβ(f) = fα,uβxx − fβ,uαxx = 0

are satisfied (necessary conditions).
ii) The Helmholtz conditions hold in every local coordinate system and the transfor-
mation of fα is given by the source form ∆.

Proof of i): We only prove it when L is of second order (the more general case is
similar). Then, by definition, variational fα can be written as

fα = (∂uα −Dx∂uαx +D2
x∂uαxx)L. (2.71)

Let us consider the leading order term of fα, that is, the term D2
x∂uαxxL. First,

if ∂uαxxL depends on the uγxx-coordinates, then D2
x will generate uγ(4)-coordinates.

But we assumed that fα is of second order, and therefore this cannot be the case.
Second, if (−∂uαx +Dx∂uαxx)L depends on the uγxx-coordinates, then Dx will generate
uγ(3)-coordinates. But we assumed that fα is of second order, and therefore this also
cannot be the case. Together,

∂uγxx(∂uαxxL) = 0, (2.72)

∂uγxx [(−∂uαx +Dx∂uαxx)L] = 0. (2.73)

Using the identities in Lemma 2.4.6, we can rewrite equation (2.73) as

0 = ∂uγxx [(−∂uαx +Dx∂uαxx)L] = [−∂uγxx∂uαx + (∂uγx +Dx ∂uγxx)∂uαxx︸ ︷︷ ︸
=0 (2.72)

]L =

= (−∂uγxx∂uαx + ∂uγx∂uαxx)L. (2.74)
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Then we use again the commutator identities in Lemma 2.4.6 and we can show that

Hxx
αβ =[∂uβxx(∂uα −Dx∂uαx +D2

x∂uαxx)− ∂uαxx(∂uβ −Dx∂uβx +D2
x∂uβxx)]L =

={∂uβxx∂uα − (∂uβx +Dx∂uβxx)∂uαx + (∂uβ + 2Dx∂uβx +D2
x∂uβxx)∂uαxx−

− [∂uαxx∂uβ − (∂uαx +Dx∂uαxx)∂uβx + (∂uα + 2Dx∂uαx +D2
x∂uαxx)∂uβxx ]}L =

=[−3Dx∂uβxx∂uαx + 3Dx∂uαxx∂uβx ]L = 3Dx(−∂uβxx∂uαx + ∂uαxx∂uβx)L = 0, (2.75)

simply by ordering all terms with zero Dx, one Dx and a D2
x-term and using (2.74)

in the last line. In a similar way we prove it for Hαβ and Hx
αβ.

Proof of ii): Since we have already proven in Proposition 2.4.2 that variational fα
can be written as we did in (2.71) in every local coordinate system of JkE, the cal-
culation in (2.75) holds in every local coordinate system and also for Hx

αβ and Hαβ. �

In the next section, we show that the Helmholtz conditions are also locally suffi-
cient for the existence of a local Lagrangian. Let us define the (naive) Helmholtz
operator

Hγ
αβ :=


H0,γ
αβ = ∂uβδ

γ
α − ∂uαδ

γ
β +Dx∂uαx δ

γ
β −D2

x∂uαxxδ
γ
β ,

Hx,γ
αβ = ∂uβxδ

γ
α + ∂uαx δ

γ
β − 2Dx∂uαxxδ

γ
β ,

Hxx,γ
αβ = ∂uβxxδ

γ
α − ∂uαxxδ

γ
β ,

where δαγ is the Kronecker-delta. Above, we have proven that Hγ
αβEγ = 0, where Eγ

is the Euler-Lagrange operator defined in (2.26). Also note that

Hγ
αβfγ =


Hαβ = ∂uβfα − ∂uαfβ +Dx∂uαxfβ −D2

x∂uαxxfβ,

Hx
αβ = ∂uβxfα + ∂uαxfβ − 2Dx∂uαxxfβ,

Hxx
αβ = ∂uβxxfα − ∂uαxxfβ.

Later, we can construct a (naive) locally exact sequence of the form (also see
(And89))

0→ R→ C∞(JkE)
Dx−→ {L} Eα−→ {fα}

Hγαβ−→ {Hαβ,H
x
αβ,H

xx
αβ} −→ ....

As the sequence is written here, it is not very precise, especially it is not coordinate
invariant, but it provides a good understanding. The idea is that we want to con-
struct a sequence, where the morphisms are some kind of exterior derivatives d, the
sets are sets of differential forms, and it looks something like

0→ R→ C∞(JkE)
d−→ Ω1(JkE)

d−→ Ω2(JkE) −→ ..., (2.76)

73



2. Definition of the Basic Objects and Ideas Behind Them

which is pretty similar to the De Rham sequence. However, this is just the idea
and we would need more time and space to introduce it precisely. We would need
to introduce the Variational Bicomplex or the Variational Sequence (And89, Ku04,
Kru97a). As we already partially mentioned earlier, the Variational Sequence (for
n = 1) is the sequence of quotient spaces

0→ R→ C∞(JkE)
d−→ Ω1(JkE)/(dC∞ + 1-contact)

d−→
d−→ Ω2/(d(1-contact) + 2-contact)

d−→ Ω3/(d(2-contact) + 3-contact) −→ ...

Similar as the Lagrange and source form is defined, the Helmholtz form is defined
as

H = H(∆) :=
1

2
(HαβΘβ ∧Θα ∧ dx+Hx

αβΘβ
x ∧Θα ∧ dx+Hxx

αβΘβ
xx ∧Θα ∧ dx),

where Hαβ,H
x
αβ,H

xx
αβ are the Helmholtz expressions in (2.68) (see (VU13, p.13)). It

turns out that

ιprV ιprWH = [HαβW
βV α +Hx

αβW
βDxV

α +Hxx
αβW

βD2
xV

α +Dx(...)]dx.

See Appendix C. (it also turns out that we need the factor 1
2

in the Helmholtz
form). The Helmholtz form is important to understand where the Helmholtz con-
ditions come from, when working with the variational sequence.

Example: Earlier, we have already shown that f = ux is not variational. There
we did a more or less straight forward calculation and we used order discussion of
jet coordinates. Now we can also show it with the help of the Helmholtz conditions.
The Helmholtz conditions for single, second order ODEs are (see (2.68), α = β = 1
and we do not write these indices)

0 = Dx(fux −Dxfuxx) = Hαβ = H, (2.77)

0 = 2(fux −Dxfuxx) = Hx
αβ = Hx, (2.78)

0 = Hxx
αβ = Hxx. (2.79)

Since fux − Dxfuxx = 1 6= 0, condition (2.78) is not satisfied and the expression
f = ux is not variational.

We can see here that (2.77) and (2.78) are not independent, because (2.77) is a
half the total derivative of (2.78). Actually, this sort of dependencies allow us to
solve Takens’ problem, as we will see later. See Section 3.8, where we discuss this
in detail.

At the end of this section we want to summarize what we have found out so far
with the help of the following table:

74



2.7. Homotopy Formula and Locally Exact Sequences

classical analysis in Rn ∞-dim, calculus of variations differential geometry on JkE

φ : Rn → R I =
∫
Ldx : S → R λ = Ldx ∈ Ωn(JkE)

x ∈ Rn, finite dim. uβ(x) ∈ S, ∞-dim. σ ∈ Γ(E), section

xt, 1-parameter point uβt (x), 1-parameter function σt, 1-parameter section
d
dtxt|t=0 = v d

dtu
β
t (x)|t=0 = ϕβ(x) σt = φt ◦ σ, d

dtφt|t=0 = V
v, vector in Rn ϕβ(x), test function V = V β∂uβ , vertical VF on E

dφx(v), differential δI(u;ϕ), first variation LprV λ
d, exterior derivative δ or Eα En+1

d const. = 0 EαDxΛ = 0 En+1(dη + 1-contact) = 0

ω ∈ Ω1(Rn) fα ∆, source form
ω = dφ ? fα = EαL ? ∆ = En+1(λ) ?, or [∆] = [dλ]?

(LprV ιprW − ιprV LprW )ω = 0 (LprV ιprW − ιprV LprW )K = 0 (LprV ιprW − ιprV LprW )∆ = 0
dω = 0, necessary cond. dK = 0, necessary cond. En+2(∆) = 0, or [d∆] = 0

dd = 0 HγαβEγ = 0, or dδI = 0 En+2En+1 = 0

In the above table, VF denotes vector field. Note that dδI is not the second variation
of I which is denoted by δ2I.

2.7. Homotopy Formula and Locally Exact Sequences

In this section, we want to show that the (naive) variational sequence

0→ R→ C∞(JkE)
Dx−→ {L} Eα−→ {fα}

Hγαβ−→ {Hαβ,H
x
αβ,H

xx
αβ} −→ ...

is locally exact.

2.7.1. The Inverse Euler-Lagrange Mapping

We want to prove the following lemma:

Lemma 2.7.1. Let n = 1, m ∈ N and L be a Lagrangian on JkE. If EαL = 0 then
there exists locally a function Λ ∈ C∞(Jk−1E) such that L = DxΛ.

Before we start with the proof, let us explain the idea. We start with the simplest
case of first order Lagrangian L = L(x,u,ux) and n,m = 1. We have to construct
the function Λ = Λ(x,u) somehow. The idea is to integrate along the x-coordinate,
since formally, when L = DxΛ, then∫

γ

Ldx =

∫ x

x0

pr1 σ∗[(DxΛ)dx] = Λ(x,u(x)) + constant, (2.80)

where γ is the curve along the section pr1 σ in J1E with some initial and endpoint
in J1E. It is clear that constants are in the kernel of Dx, as we have wirtten in (2.80).
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The problem with the formula in (2.80) is that Λ(x,u(x)) should be a function
which depends explicitly on (x,u) and in the form Λ(x,u(x)) = (prσ∗Λ)(x) it only
depends on x and the explicit dependency on u might be not obvious. In other
words, (pr σ∗Λ)(x) and Λ(x,u) are different functions, one is locally defined on M
and the other one on E. We want to get the function Λ on E (or more generally on
Jk−1E) without pull-back by a section σ ∈ Γ(E).

Since it is not clear at this point how to integrate (2.80) such that we get Λ on E
(or on Jk−1E), we are inverting the operator ∂u−Dx∂ux by hand and we try to find
out if we get a better understanding thereby. Indeed, we will find the right formula.
We can solve relatively easily the following equation (here Eu = Eα, where α = 1)

EuL = Lu −DxLux =

= Lu − Lxux − uxLuux − uxxLuxux = 0. (2.81)

Since Lu,Lxux ,Luxux only depend on the coordinates (x,u,ux), we get Luxux = 0
(since there is no second order coordinate uxx on the right hand side in (2.81)). The
equation Luxux = 0 can easily be solved and we get

L(x,u,ux) = A(x,u) + uxB(x,u), (2.82)

where A,B are no more specified functions on E at this point. Therefore, we con-
structed an approximative L, approximation in highest order coordinate ux, and we
have to find out more about A and B. For this purpose, we plug this L again in
equation (2.81) and we get

(Au + uxBu)− (Bx + uxBu) = Au −Bx =

(
∂u
∂x

)
×
(
B
A

)
= 0. (2.83)

This is basically the first time where we have a more or less non-trivial partial
differential equation to solve. Locally, the solution is(

B
A

)
=

(
∂u
∂x

)
φ (2.84)

for some function φ on E. As it is well-known, the function φ can be obtained by
the homotopy formula

φ =

∫
γ

〈(
A
B

)
,

(
dx
du

)〉
=

∫ 1

0

〈(
A(γ(t))
B(γ(t))

)
,
d

dt
γ(t)

〉
dt, (2.85)

using the standard Poincaré lemma, where γ(t) is a 1-parameter curve in the (x,u)-
plane and γ(t = 1) = (x,u). Therefore, we know the function φ and with the help
of (2.82) and (2.84) we get

L(x,u,ux) = φx(x,u) + uxφu(x,u) = Dxφ(x,u),
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and therefore Λ = φ. Now the question is: How can we explicitly construct Λ for
higher order with the help of L and without doing the intermediate step, where we
computed A and B. The answer is: With the help of equation (2.82) and (2.85).
First, we write B as

B = Lux ,

and second, we write A as

A = L− uxLux .

Then we use (2.85) and we get

Λ(x,u) =

∫
γ

〈(
L− uxLux

Lux

)
,

(
dx
du

)〉
. (2.86)

If we pull-back this formula by a section σ ∈ Γ(E), where (x,u(x)) is the corre-
sponding local coordinate section, then we get

Λ(x,u(x)) =

=

∫ x

x0

pr1 σ∗
〈(

L− uxLux
Lux

)
,

(
dx
du

)〉
=

∫ x

x0

〈
pr1 σ∗

(
L− uxLux

Lux

)
,

(
dx

ux(x)dx

)〉
=

=

∫ x

x0

〈
pr1 σ∗

(
L− uxLux

Lux

)
,

(
1

ux(x)

)〉
dx =

∫ x

x0

pr1 σ∗(Ldx),

which is exactly formula (2.80) from the beginning (modulo the constant). Formula
(2.86) has two advantages compared to (2.80):

• The formula in (2.86) tells us now how to integrate without pull-backing by a
section. We can integrate along any curve γ in J1E, not necessarily a prolonged
section (see Lemma 2.7.2 below).

• The formula in (2.86) can also be used when, for example, L = uxux, where
we cannot write L = A + uxB, then of course L 6= DxΛ. But we could use
it to measure the extent of not being a total derivative by writing L =
(L−DxΛ)+DxΛ, where (L−DxΛ) could be defined as the extent of not being
a total derivative (we would have to check that this is coordinate independent).
In a similar way we can define the extend of not being a variational equation.

Lemma 2.7.2. The integral in (2.86) is locally independent of the choice of a curve
γ and only depends on the initial and endpoint of γ.

Proof: In other words, we have to show that the vector field(
L− uxLux

Lux

)
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is conservative (see (Mat98)) and this can simply be shown by

(
∂x
∂u

)
×
(
L− uxLux

Lux

)
= Lxux − (Lu − uxLuux) = DxLux − Lu = −EuL = 0.

The equality before last holds since uxxLuxux = 0 (order dicussion). �

It will be important soon that the integral is independent of the choice of a sec-
tion, or any curve, and only depends on initial and endpoint. We could also say
that the differential form (L − uxLux)dx + Luxdu is closed and locally exact. This
differential form is also called Poincaré Cartan form and can be found in the litera-
ture, for example, see (Kru97b, p.48).

Formula (2.86) can also be written with the help of contact forms as

Λ(x,u) =

∫
γ

(Ldx+ LuxΘ
u)

and this may help to find a formula for higher order Lagrangians (however, we
could also do a calculation for higher order with the methods from above). Let us
explain how we construct such differential forms Ldx+LuxΘ

u. We are looking for a
differential one form ω ∈ Ω1(JkE), such that prσ∗ω = prσ∗(Ldx) and dω = 0. Then

∫
γ

ω = Λ

for any curve γ in JkE, since ω is locally exact, and therefore the integral depends
only on the initial and endpoint of γ. Furthermore,

∫ x

x0

prσ∗ω =

∫ x

x0

prσ∗(Ldx) = Λ(x,u(x),ux(x),...).

The question is if we can always find such a differential form ω which satisfies
both conditions. Let us try to do this for second order L = L(x,u,ux,uxx). In the
following, we will write Θu = Θ for simplicity. We try to determine A and Ax in

ω = Ldx+ AΘ + AxΘx,

such that the conditions from above are satisfied. The condition prσ∗ω = prσ∗(Ldx)
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is of course satisfied. Furthermore, (we use the standard decomposition)

0 = dω =Ludu ∧ dx+ Luxdux ∧ dx+ Luxxduxx ∧ dx+

+ (dA) ∧Θ + AdΘ + (dAx) ∧Θx + AxdΘx =

=LuΘ ∧ dx+ LuxΘx ∧ dx+ LuxxΘxx ∧ dx+

+ (dA) ∧Θ− AΘx ∧ dx+ (dAx) ∧Θx − AxΘxx ∧ dx =

=LuΘ ∧ dx+ LuxΘx ∧ dx+ LuxxΘxx ∧ dx+

+ (DxA)dx ∧Θ− AΘx ∧ dx+ (DxA
x)dx ∧Θx − AxΘxx ∧ dx+

+ AuxΘx ∧Θ + AuxxΘxx ∧Θ + AxuΘ ∧Θx + AxuxxΘxx ∧Θx =

=(Lu −DxA)Θ ∧ dx+ (Lux − A−DxA
x)Θx ∧ dx+ (Luxx − Ax)Θxx ∧ dx+

+ (Aux − Axu)Θx ∧Θ + AuxxΘxx ∧Θ + AxuxxΘxx ∧Θx. (2.87)

In the last line in (2.87) we find out that A,Ax must be of first order, i.e.

Auxx = 0, Axuxx = 0.

In the last expression of the second last line in (2.87) we find out that

Ax = Luxx . (2.88)

Then, the vanishing of Lux − A−DxA
x leads to

A = Lux −DxA
x = Lux −DxLuxx . (2.89)

Then it is clear that the first term in (2.87) vanishes, since

Lu −DxA = Lu −Dx(Lux −DxLuxx) = EuL = 0,

by assumption of Lemma 2.7.1. To show that we can also choose A,Ax such that
Aux−Axu vanishes, is a bit more complicated. We use the identities in Lemma 2.4.6,
to commute ∂ux ,∂uxx with Dx and then we get

Aux − Axu = ∂ux(Lux −DxLuxx)− ∂uLuxx =

= Luxux − (Dx∂ux + ∂u)Luxx − ∂uLuxx =

= Luxux −DxLuxuxx − 2Luuxx =

= Luxux −Dx∂uxx(A+DxLuxx)− 2Luuxx =

= Luxux −Dx∂uxx(DxLuxx)− 2Luuxx =

= Luxux − (∂uxxDx − ∂ux)(DxLuxx)− 2Luuxx =

= Luxux − 2Luuxx − ∂uxxD2
xLuxx + ∂uxDxLuxx =

= Luxux − 2Luuxx − ∂uxx(−Lu +DxLux) + (Dx∂ux + ∂u)Luxx =

= Luxux − ∂uxxDxLux +Dx∂uxLuxx =

= Luxux − (Dx∂uxx + ∂ux)Lux +Dx∂uxLuxx = 0.
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Therefore, if we choose A and Ax as we did in (2.88) and (2.89), then ω is closed
when EuL = 0.

Now we basically understood how we can construct Λ and one finds out that the
general formula is

Λ(x,u,ux,...) =

∫
γ

〈
L− ux(Lux −DxLuxx ± ...)− uxx(Luxx −DxLuxxx ± ...)− ...

Lux −DxLuxx +D2Luxxx ± ...
Luxx −DxLuxxx ± ...

...

 ,


dx
du
dux

...


〉
.

(2.90)

A similar formula holds for PDEs in any dimension, for example, see the slightly
different formula 5.109 in (Olv86, p.363).

There are now at least two ways how to prove Lemma 2.7.1. The first way is
to prove that we can always determine the coefficients A,Ax,...,A(k−1) in

ω = Ldx+ AΘ + AxΘx + ...+ A(k−1)Θ(k−1),

such that dω = 0 on JkE and then we use the standard Poincaré lemma to integrate
ω and we get a function Λ. To prove that there exist coefficients A,Ax,...,A(k−1) such
that dω = 0 is not obvious, since dx,Θ,Θx,...,Θ(k−1) do not form a basis of differential
1-forms on JkE. The previous calculation has also shown that it can get complicated
to determine these coefficients. We know that dx,Θ,Θx,...,Θ(k−1),du(k) form a basis
on JkE and the freedom of choosing the coefficient in front of du(k) is missing. Then
it would be trivial to find coefficients A,Ax,...,A(k) such that dω = 0. But actually
we do not need to determine the coefficient A(k) in front of du(k), since we have the
additional condition EαL = 0, which can be used.

That we can choose A,Ax,...,A(k−1), such that dω = 0, can probably easier be seen
when understanding the Euler-Lagrange operator Eα in the variational sequence.
There, EαL = 0 is equivalent to [d(Ldx)] = 0 and this is equivalent to [d(Ldx +
AΘ + AxΘx + ... + A(k−1)Θ(k−1))] = 0 (in the equivalence class of the variational
sequence). Then with the help of [d(Ldx)] = 0 it can be shown that this (locally)
leads to

Ldx = dη + contact form, (2.91)

where η is some function on JkE. The forms {Θ,Θx,...,Θ(k−1)} are a basis of contact
forms on JkE. Therefore, the contact form in (2.91) can be written as −AΘ −
AxΘx − ...− A(k−1)Θ(k−1), where we choose suitable coefficients A,Ax,...,A(k−1) and
we get

Ldx+ AΘ + AxΘx + ...+ A(k−1)Θ(k−1) = dη.
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It is also interesting to note here that the non-triviality of this problem - because
we can only choose A,Ax,...,A(k−1) - cannot be seen directly when using the infinite
jet space J∞E. Since there dx,Θ,Θx,...,Θ(k),... is a basis of 1-forms. In this case, the
Euler-Lagrange operator is also defined differently and not as a quotient mapping.
Since we have not developed both of these theories very well so far, we also do a
straight forward calculation below.

A second, more straight forward, proof is to integrate the formula from above by
hand and then show that L = DxΛ is satisfied. In any case, one has to do a more
or less notation heavy calculation at some point and the question is where we want
to do that.

Proof of Lemma 2.7.1: We only prove it for first order Lagrangians L = L(x,u,ux).
Actually, we have already proven it above. But now we want to find a different
proof, without using A and B directly. It is helpful to rewrite (2.90) as

Λ(x,u,ux) :=

∫ 1

0

〈(
L(t)− uxtLux(t)

Lux(t)

)
,

(
x
u

)〉
dt,

where

γ =

(
tx
tu

)
, t ∈ [0,1], L(t) := L(tx,tu,tux), Lux(t) := Lux(tx,tu,tux).

More generally, we define g(t) := g(tx,tu,tux,...) for every function g. We assume
that there are local coordinates such that (x,u) = (0,0) is in this coordinate system
and that the coordinate system is a starlike set (see (GM10, p.45)). We want to
prove the following formula

d

dt
[tL(t)] +

d

dt
[(1− t)uxtLux(t)] = Dx

〈(
L(t)− uxtLux(t)

Lux(t)

)
,

(
x
u

)〉
, (2.92)

then

Dx

∫ 1

0

〈(
L(t)− uxtLux(t)

Lux(t)

)
,

(
x
u

)〉
dt =

∫ 1

0

d

dt
[tL(t) + (1− t)uxtLux(t)]dt =

= L(x,u,ux)

and we are done.

Proof of (2.92):

Dx

〈(
L(t)− uxtLux(t)

Lux(t)

)
,

(
x
u

)〉
=

= xDx[L(t)− uxtLux(t)]︸ ︷︷ ︸
=:I

+uDx[Lux(t)]︸ ︷︷ ︸
=:II

+ [L(t)− uxtLux(t)] + uxLux(t)︸ ︷︷ ︸
=:III

. (2.93)

81



2. Definition of the Basic Objects and Ideas Behind Them

We start with discussing II:

II : uDx[Lux(t)] = u[tLxux(t) + tuxLuux(t) + tuxxLuxux(t)] =

= u[(t− 1)Lxux(t) + (DxLux)(t)] =

= u[(t− 1)Lxux(t) + Lu(t)] =

= (1− t)u[−Lxux(t) + Lu(t)] + tuLu(t). (2.94)

Then we can use the second last line in (2.94) to discuss I:

I : xDx[L(t)− uxtLux(t)] =

=x{Dx[L(t)]− uxxtLux(t)− uxt[(t− 1)Lxux(t) + Lu(t)]} =

=x[tLx(t)− uxt(t− 1)Lxux(t)]

and III can be written as

III : L(t)− uxtLux(t) + uxLux(t) = L(t) + (1− t)uxLux(t).

We continue with (2.93) and we order all terms with respect to t and (1− t)-terms
and we use Luxux = 0, which is the highest order coefficient in the equation EuL = 0.
Then we get

Dx

〈(
L(t)− uxtLux(t)

Lux(t)

)
,

(
x
u

)〉
=

=x[tLx(t)− uxt(t− 1)Lxux(t)] + (1− t)u[−Lxux(t) + Lu(t)] + tuLu(t)+

+ L(t) + (1− t)uxLux(t) =

=t[xLx(t) + uLu(t) + uxLux(t)] + L(t)

+ (1− t)[xuxtLxux(t)− uLxux(t) + uLu(t) + (1− 2t)uxLux(t)] =

=
d

dt
[tL(t)] + (1− t)[xuxtLxux(t)− u Lxux(t)︸ ︷︷ ︸

=(DxLux )(t)
−tuxLuux (t)

+uLu(t)] + [
d

dt
(t− t2)]uxLux(t) =

=
d

dt
[tL(t)] + (1− t)[xuxtLxux(t) + tuuxLuux(t)] + [

d

dt
(t− t2)]uxLux(t) =

=
d

dt
[tL(t)] + (1− t)tux

d

dt
Lux(t) + [

d

dt
(t− t2)]uxLux(t) =

=
d

dt
[tL(t)] +

d

dt
[(1− t)tuxLux(t)],

which proves Lemma 2.7.1. �

This proof is a good example, where we can see that the computation is getting much
more complicated in a slightly more general situation, compared to the calculation
at the beginning of this subsection. There we used the special form L = A+uxB and

82



2.7. Homotopy Formula and Locally Exact Sequences

found out pretty easily that (A,B) = (φx,φu) and then we computed Λ. However, to
be fair, there we referred to the standard Poincaré lemma to get this result and here
we have basically proven a version of the Poincaré lemma. Surprisingly, proving the
homotopy formula in the next subsection will be simpler.

2.7.2. The Inverse Helmholtz Mapping

Similar to the previous subsection, we want to prove the following lemma:

Lemma 2.7.3. If fα satisfies the Helmholtz conditions, then locally there exists a
Lagrangian L, such that fα = EαL. Locally, a Lagrangian is given as

L =

∫ 1

0

fα(x,tuβ,tuβx,tu
β
xx,...,tu

β
(k))u

αdt. (2.95)

Again, before we start with the proof, let us explain the idea. Variational equations
correspond to vector fields, which can be written as gradients, or in the language of
differential forms, they correspond to 1-forms which are (locally) exact.

Finite dimensional analog in Rn: Let us assume that the vector field w on Rn can be
written as a gradient field w = ∇φ for some function φ. To construct the potential
φ, we have to integrate along a 1-parameter curve γt, where γt=0 = x0, γt=1 = x and

φ(x) =

∫ 1

0

< w(γt),γ̇t >Rn dt, (2.96)

where γ̇t := d
dt
γt. In (2.96) we used the Euclidean scalar product.

The ∞-dimensional analog in the calculus of variations: We do the same in the cal-
culus of variations, where we have an ∞-dimensional space S with scalar product
given as an integral

∫
dx over some set U0 ⊂M . Let γt be a 1-parameter family of

sections on E such that γt=1 = σ ∈ Γ(E) and γt=0 = σ0 ∈ Γ(E). Then, the analog
of (2.96) is

I(σ) =

∫
U0

prkσ∗(Ldx) =

∫ 1

0

∫
U0

f(prkγt) · γ̇tdxdt =

∫ 1

0

< f(prkγt),γ̇t >L2(U0) dt,

where γ̇t := d
dt
γt. Note that γ̇t = Vt is a vertical vector field on E and suppVt ⊂

π−1(U0). Interchanging the integrals
∫ 1

0
dt and

∫
U0 dx shows that

L =

∫ 1

0

fα(prkγt)γ̇
α
t dt
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should be the Lagrangian, where

prkγt = (x,u1
t ,...,u

m
t ,u

1
t,x,...,u

m
t,x,...,u

1
t,(k),...,u

m
t,(k)),

prkγ̇t = (0,V u,1
t ,...,V u,m

t︸ ︷︷ ︸
=(γ̇αt )

,DxV
u,1
t ,...,DxV

u,m
t ,...,Dk

xV
u,1
t ,...,Dk

xV
u,m
t ),

since we consider vertical perturbations. In a more special case, where

prkγt = (x,tu1,tu2,...,tum,tu1
x,...,tu

m
x ,...),

prkγ̇t=0 = (0,u1,u2,...,um︸ ︷︷ ︸
=(γ̇α)

,u1
x,...,u

m
x ,...),

we get

L =

∫ 1

0

fα(x,tuβ,tuβx,tu
β
xx,...,tu

β
(k))u

αdt (2.97)

and this is called the Vainberg-Tonti Lagrangian (for example, see (KM10)). Note
that there is no t in front of x in (2.97), since we consider vertical perturbations.

Example: As we already discussed above, the equation f = uxx = 0 is variational

and usually we use L = −1
2
u2
x as Lagrangian. Formula (2.95) tells us

L =

∫ 1

0

tuxxudt =
1

2
uuxx = Dx(

1

2
uux)−

1

2
u2
x = −1

2
u2
x +DxΛ,

where DxΛ = Dx(
1
2
uux) is a trivial Lagrangian. Formula (2.95) has the disadvantage

that it does not deliver the lowest order possible Lagrangian, instead a Lagrangian
of the same order as the differential expression fα. Finding lowest order possible
Lagrangians (also invariant Lagrangians) is a topic of its own and we will not discuss
it here.

Proof of Lemma 2.7.3: We prove it only for second order Lagrangians. Let us con-
sider

Eα
∫ 1

0

fβ(x,tuγ,tuγx,tu
γ
xx)u

βdt =

=(∂uα −Dx∂uαx +D2
x∂uαxx)

∫ 1

0

fβ(x,tuγ,tuγx,tu
γ
xx)u

βdt =

=

∫ 1

0

[tfβ,uα(x,tuγ,tuγx,tu
γ
xx)u

β + fα(x,tuγ,tuγx,tu
γ
xx)]dt−

−
∫ 1

0

Dx[tfβ,uαx (x,tuγ,tuγx,tu
γ
xx)u

β]dt+

∫ 1

0

D2
x[tfβ,uαxx(x,tu

γ,tuγx,tu
γ
xx)u

β]dt.

(2.98)
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To compute the integrals in (2.98), we need the following short notation

g(t) := g(x,tuα,tuαx ,tu
α
xx,...),

for every function g and we need

Dx[g(t)] = Dx[g(x,tuα,tuαx ,tu
α
xx,...)] =

= gx(t) + tuαxguα(t) + tuαxxguαx (t) + tuαxxxguαxx(t) + ... =

= (Dxg)(t).

Then, (2.98) can be written as∫ 1

0

[tfβ,uα(t)uβ + fα(t)]dt−
∫ 1

0

t[(Dxfβ,uαx )(t)uβ + fβ,uαx (t)uβx]dt+

+

∫ 1

0

t[(D2
xfβ,uαxx)(t)u

β + 2(Dxfβ,uαxx)(t)u
β
x + fβ,uαxx(t)u

β
xx]dt =

=

∫ 1

0

[tfβ,uα(t)uβ + fα(t)]dt+ uβ
∫ 1

0

t [−(Dxfβ,uαx )(t) + (D2
xfβ,uαxx)(t)]︸ ︷︷ ︸

=f
α,uβ

(t)−fβ,uα (t)

dt+

+ uβx

∫ 1

0

t [−fβ,uαx (t) + 2(Dxfβ,uαxx)(t)]︸ ︷︷ ︸
=f

α,u
β
x

(t)

dt+ uβxx

∫ 1

0

t fβ,uαxx(t)︸ ︷︷ ︸
=f

α,u
β
xx

(t)

dt,

where we used the Helmholtz expressions in (2.68) and the corresponding Helmholtz
conditions. Therefore, (2.98) can be written as∫ 1

0

[tfβ,uα(t)uβ + fα(t)]dt+ uβ
∫ 1

0

t[fα,uβ(t)− fβ,uα(t)]dt+ uβx

∫ 1

0

tfα,uβx(t)dt+

+ uβxx

∫ 1

0

tfα,uβxx(t)dt =

=

∫ 1

0

d

dt
[tfα(t)]dt = fα(x,uβ,uβx,u

β
xx)

and we have proven Lemma 2.7.3. �

Together with the previous section, we have proven the local exactness of the se-
quence

0→ R→ C∞(JkE)
Dx−→ {L} Eα−→ {fα}

Hγαβ−→ {Hαβ,H
x
αβ,H

xx
αβ} −→ ....
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2.8. Conservation Laws

So far, we explained a lot about variational equations and we discussed the most
important concepts and objects. Now we want to talk about something different,
namely conservation laws.

Definition 2.8.1. Let fα be a differential expression with corresponding source form
∆ = fαdu

α ∧ dx. A conservation law for fα is a horizontal differential 1-form
Fdx ∈ Ω1(JkE) (we think of a function F in local coordinates), which satisfies the
following two properties{

F (x,uβ,uβx,...,u
β
(k)) = DxC, for some function C ∈ C∞(JkE),

F (x,uβ,uβx,...,u
β
(k)) = 0, whenever fα = 0.

(2.99)

Note that F is not a function on JkE because when we change coordinates then

F = DxC = (DyC)
∂y

∂x
6= DyC̃

in general. Therefore, we need an object which is invariant under coordinate trans-
formation and the differential form Fdx does exactly what we want.

For example, let us consider the coordinate system (x,u) and (y,v) and the coordi-
nate transformation x = ey for x ∈ R+ and u = v on R. Then ∂y

∂x
= ∂ lnx

∂x
= 1

x
= e−y.

Let C = u = v, then DxC = ux = vye
−y is not a total derivative in the (y,v)-

coordinate system, but in the (x,u)-coordinate system (see Proposition 2.4.3 for
coordinate transformations).

In the above definition, we could also say that F is a trivial Lagrangian, which
vanishes on solutions of fα = 0. This is also the definition for PDEs, where conser-
vation laws are divergence expressions and these are also the trivial Lagrangians.

The more classical definition of conservation law is a divergence expression
DxC, which vanishes on solutions of fα = 0, that is, prkσ∗(DxC) = 0 whenever
prkσ∗fα = 0. For further details, see (Olv86), especially on page 265 and the fol-
lowing ones. The classical definition is slightly differently compared to Definition
2.8.1, since a differential equation may not always have a solution, but Definition
2.8.1 may still hold. For example, solutions of the differential equation

(fα) =

(
u− ux
u− 1

)
= 0 (2.100)

must satisfy u = cex, c ∈ R, because of the first entry in (fα) and u ≡ 1 because of
the second entry. Both conditions will never be satisfied (except for one very special
value x). But

ux(u− 1) = Dx(
1

2
u2 − u)
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is a conservation law in the sense of Definition 2.8.1 (the points in J1E, which satisfy
(2.100), are u = 1, ux = 1 and all x). Even more cases have to be investigated. For
example, let us consider

f = 1 + u2
x.

Then f = 0 has no (real) solution, either in J1E or as differential equation prkσ∗f =
0. But there is a formal conservation law of the form

Qf = uxx(1 + u2
x) = Dx(ux +

1

3
u3
x),

where Q := uxx and Definition 2.8.1 still holds (this example also works with
f = 1 + u2 and Q = ux).

We say we are on the equation fα = 0 if we mean the set of points in JkE
given by a section σ, or let us say by a solution, such prkσ∗fα = 0. If we have a
conservation law for a differential equation fα = 0, we get DxC = 0 on the equation
and this can be integrated very easily and forces C = const. on the equation. We
also say that C = const. is a first integral for the differential equation.

If we have F = Qαfα = DxC for some generalized vector field Qα∂uα on JkE,
then both conditions in (2.99) are satisfied. We call Qα the characteristics of
the conservation law, see (Olv86, p.270) (recall the transformation property of
fα with corresponding source form ∆ = fαdu

α ∧ dx). For example, let f = u+ uxx,
then we can choose Q = ux and we get

Qf = ux(u+ uxx) = Dx(
1

2
u2 +

1

2
u2
x) for all points in JkE.

It turns out that the special form F = Qαfα = DxC is what we will need in the
following. Therefore, we formulate a second definition of conservation law as follows:

Definition 2.8.2. Let fα be a differential expression with corresponding source form
∆ = fαdu

α ∧ dx. A conservation law for fα in characteristic form is a
horizontal differential 1-form Fdx ∈ Ω1(JkE) (we think of a function F in local
coordinates), which satisfies the following two properties{
F (x,uβ,uβx,...,u

β
(k)) = DxC, for some function C ∈ C∞(JkE),

F (x,uβ,uβx,...,u
β
(k)) = Qαfα, for some generalised vector field Qα∂uα on JkE.

See (Olv86, p.270). In the following, we will always use this definition instead of
Definition (2.8.1) and we simply call it conservation law for fα. Let us explain why
this restriction is reasonable:

• The best answer is probably that, later, we will have even further restrictions
and we will only allow characteristics of the form Qα = V α − uαxV

x, where
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V = V x∂x + V α∂uα is a projectable vector field on E. The reason is that
Noether’s first theorem does not allow any more freedom (in the classical
formulation with projectable vector fields) and it therefore only makes sense
to consider such characteristics in Takens’ problem (in the classical formulation
with projectable vector fields). We will explain this later in more detail, when
we have discussed Noether’s theorems.

• One can find an explanation in Peter Olver’s book (Olv86, p.270) (especially
Exercise 2.33. therein). The statement is the following: We can prove the
special form F = Qαfα if we assume that fα is totally non-degenerate (in this
case, we do not necessarily require the special form Qα = V α − uαxV x). For
the definition of totally non-degenerate see Definition 2.83 in (Olv86, p.171).
We will explain in Appendix D how to prove the special form F = Qαfα in
this case.

Now we want to find a way how to define a conservation law in an intrinsic way.
That is, we rewrite Definition 2.8.2. Let Q = Qα∂uα be a generalized π-vertical
vector field. We consider

prkσ∗(dC) = prkσ∗(Cxdx+ Cudu+ Cuxdux + ...) = prkσ∗[(DxC)dx] =

= prkσ∗[ιprQ∆] = prkσ∗[Qαfαdx] for all σ ∈ Γ(E)

and this equation tells us how to define it:

Definition 2.8.3. A source form ∆ on JkE admits a conservation law, if there
exists a generalized π-vertical vector field Q = Qα∂uα and a function C ∈ C∞(JkE),
such that

prkσ∗(ιprQ∆− dC) = 0

for all sections σ on E (we can also say that ιprQ∆− dC is a contact form).

Note that conservation laws have the structure of a vector space. This will be
important later, since they are connected to symmetry vector fields which also have
the structure of a vector space.

Also note that there are different kinds of trivial conservation laws. For example,
c ∈ R is always a trivial conservation law for any differential equation, since Dxc = 0
is always satisfied, whether we are on the equation or not. Another kind of triviality
is that Dl

xfα, where l ≥ 1, is always a conservation law in the classical definition of
conservation law. Further information can be found in (Olv86) on pages 268-270.
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2.9. Symmetries and the ECS

Finally, we are able to formulate Takens’ problem in the notation we have developed
so far. We only need one more definition, to clarify what we mean with symmetry
of a differential equation or source form.

Intuitively, a symmetry of a differential equation f = 0 is a transformation T ,
such that Tu is again a solution whenever u is a solution and with solution we
actually mean a section (x,uα(x)). This definition alone would immediately cause
some problems, since do we mean solutions for some initial or boundary problems or
do we not restrict to such additional constraints? Therefore and for other reasons,
we define a symmetry of a differential equation or source form slightly differently,
actually as it is usually defined. Formally, it is defined as follows: We take any
section or formal object u, not necessarily a solution, and if

f(u) = f(Tu) for all u, (2.101)

then we call the transformation T a symmetry of f . For many problems, this
definition is not sufficient and we need a slightly weaker condition, namely

Tf(u) = f(Tu) for all u. (2.102)

That is, the transformation T also induces a transformation on f in a certain way
(which can differ from the transformation on u). Functions f which satisfy (2.102)
are also called equivariant with respect to the transformation T . Here, f , u and T
are formal objects. Actually, we think of a Lie group, where g is an element in the Lie
group and T = g. Then Tu = g ·u is a group action and f is a function or differential
form. In the case of differential equations, usually, we have to prolong the group
action. Note that if (2.101) holds for all u then it of course also holds for solutions.
Sometimes it is too complicated to consider symmetries only for solutions, because
this would mean we need to have knowledge about the solutions and it can be
very hard to solve differential equations or find even any properties of the solutions.
From a physical point of few, the definition for all u in (2.101) or (2.102) also makes
sense, since differential equations describe physical laws and the physical laws itself
should have symmetries and not only the solutions. In fundamental physical laws
and differential equations, we have actually almost always the situation in (2.102)
(it depends on how the laws are formulated). Especially, when we are considering
source forms and symmetries of source forms then fα does not satisfy (2.101) rather
a version of the condition (2.102).

Now let us define what we mean with symmetry precisely and one has to convince
oneself that it is equivalent to the formal definition in (2.101) or (2.102).

Definition 2.9.1. A projectable vector field V on E, such that LprV ∆ = 0 (for all
points in JkE), is called a symmetry of ∆.
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We also have to keep in mind that LprV ∆ = 0 is not equivalent to LprV fα = 0 and
that the source form induces a transformation for fα. For example, f = u + uxx
satisfies the symmetry x∂x, but the corresponding source form ∆ = (u+uxx)du∧dx
does not satisfy this symmetry.

Usually, symmetries are of course described by Lie groups and Lie algebras.
However, Takens’ problem can be solved without having the structure of a Lie al-
gebra and this is important to note here (see Theorem 1.0.2). But let us say a
few more words about Lie algebras. It turns out that the set of all symmetries of
∆ is a Lie algebra. To prove this, we basically have to show that when V,W are
projectable vector fields on E, then [V,W ] is also a projectable vector field on E and
that [prV,prW ] = pr[V,W ]. Also see Lemma 4 in (Kru15, p.172). Since we will not
need this structure to prove Theorem 1.0.2 and 1.0.3 this exercise is left to the reader.

Let us briefly say a few words about the special form of Qα = V α − uαxV
x, why

the conservation laws are connected to the symmetries and if Theorem 1.0.2 makes
sense from a physical point of few. Since we know from Noether’s theorem (see next
section) that variational equations fα = EαL have conservation laws of such a form,
where the characteristics are Qα = V α−uαxV x (when using projectable vector fields),
it is absolutely necessary, from a pure mathematical point of few, to consider this
special form of characteristics. More precisely, in Noether’s theorem the invariance
of Ldx leads to

0 = LprV (Ldx) = [QαLuα + (DxQ
α)Luαx +Dx(V

xL)]dx =

= [QαEαL+Dx(Q
αLuαx + V xL)]dx =

= (Qαfα +DxC)dx,

where

C := QαLuαx + V xL = V αLuαx + V x(L− uαxLuαx )

is the conserved quantity. For example, in classical mechanics V x(L − uαxLuαx ) de-
scribes the kinetic energy (Legendre transformation of L) and V αLuαx , describes
momentum- and angular momentum. However, at this point it is not clear if the
relation Qα = V α − uαxV x also makes sense in general and what kind of meaningful
conservation laws we can assume in physics. We will discuss this later in Section 4.3.

To be able to prove Theorem 1.0.2, we need the following lemma, which we only
derive for vertical vector fields on E. Actually, we need the identity (2.103) in the
Lemma 2.9.2 for projectable vector fields on E and the more general version can be
found in (AP94, p.202) in Theorem 2.6, or see the remark below.

Lemma 2.9.2. Let ∆ = fαdu
α ∧ dx be a second order source form defined on JkE

and V = V β∂uβ be a vertical vector field on E. Then

LprV ∆ = [Eα(Qβfβ) +HαβQ
β +Hx

αβ(DxQ
β) +Hxx

αβ(D2
xQ

β)]duα ∧ dx, (2.103)
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where Eβ is the Euler-Lagrange operator, Hαβ,H
x
αβ,H

xx
αβ are the Helmholtz expressions

and Qβ = V β is the corresponding characteristic of V .

Proof: Since we are only considering vertical vector fields, we have V α = Qα and

pr2V = V α∂uα + (DxV
α)∂uαx + (D2

xV
α)∂uαxx =

= Qα∂uα + (DxQ
α)∂uαx + (D2

xQ
α)∂uαxx .

We get

LprV ∆ =ιprV d∆ + d(ιprV ∆) =

=ιprV

(
fα,uβdu

β ∧ duα ∧ dx+ fα,uβxdu
β
x ∧ duα ∧ dx+

+fα,uβxxdu
β
xx ∧ duα ∧ dx

)
+ d(Qβfβdx) =

=
(
fα,uβQ

β + fα,uβxDxQ
β + fα,uβxxD

2
xQ

β
)
duα ∧ dx−

−Qα
(
fα,uβdu

β ∧ dx+ fα,uβxdu
β
x ∧ dx+ fα,uβxxdu

β
xx ∧ dx

)
+

+ 0 (since ιprV dx = 0 for vertical vector fields V )

+ ∂uα(Qβfβ)duα ∧ dx+Qβfβ,uαxdu
α
x ∧ dx+Qβfβ,uαxxdu

α
xx ∧ dx. (2.104)

All terms with a duβx or duβxx basis element are canceling out (This is surely the case,
since if ∆ is a source form then LprV ∆ is also of source form type). We can also
change some indices α,β in (2.104) and then it becomes

LprV ∆ =
(
fα,uβ − fβ,uα

)
Qβduα ∧ dx+ ∂uα(Qβfβ)duα ∧ dx+

+
(
fα,uβxDxQ

β + fα,uβxxD
2
xQ

β
)
duα ∧ dx. (2.105)

Now we will rewrite the second line in (2.105). Before we continue with rewriting
(2.105), we have to derive two identities, with a sort of partial integration technique.
Let a,b functions on JkE. Then, the first identity is formally (without summation)
of the form

aDxb = aDxb+ aDxb−Dx(ab) + bDxa

and in our case, with summation over β,

fα,uβxDxQ
β = fα,uβxDxQ

β + fβ,uαxDxQ
β − fβ,uαxDxQ

β =

= fα,uβxDxQ
β + fβ,uαxDxQ

β −Dx

(
fβ,uαxQ

β
)

+QβDxfβ,uαx .

The second identity is formally of the form

aD2
xb = aD2

xb− aD2
xb+ aD2

xb =

= (a− a)D2
xb+D2

x(ab)− 2(Dxa)(Dxb)− bD2
xa
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and in our case, with summation over β,

fα,uβxxD
2
xQ

β =

=fα,uβxxD
2
xQ

β − fβ,uαxxD
2
xQ

β + fβ,uαxxD
2
xQ

β =

=
(
fα,uβxx − fβ,uαxx

)
D2
xQ

β +D2
x

(
fβ,uαxxQ

β
)
− 2

(
Dxfβ,uαxx

)
DxQ

β −
(
D2
xfβ,uαxx

)
Qβ.

Now we use these identities and (2.105) becomes

LprV ∆ =
(
fα,uβ − fβ,uα

)
Qβduα ∧ dx+ ∂uα(Qβfβ)duα ∧ dx+

+
[
fα,uβxDxQ

β + fβ,uαxDxQ
β −Dx

(
fβ,uαxQ

β
)

+QβDxfβ,uαx

]
duα ∧ dx+

+
[(
fα,uβxx − fβ,uαxx

)
D2
xQ

β +D2
x

(
fβ,uαxxQ

β
)
− 2

(
Dxfβ,uαxx

)
DxQ

β−

−
(
D2
xfβ,uαxx

)
Qβ
]
duα ∧ dx.

(2.106)

Since Qα = Qα(x,uβ) for vertical V , and therefore

fβ,uαxQ
β = ∂uαx (fβQ

β) and

fβ,uαxxQ
β = ∂uαxx(fβQ

β), (2.107)

we can write (2.106) as

LprV ∆ =
[(
∂uα −Dx∂uαx +D2

x∂uαxx
)

(Qβfβ)
]
duα ∧ dx+

+
[
fα,uβ − fβ,uα +

(
Dxfβ,uαx

)
−
(
D2
xfβ,uαxx

)]
Qβduα ∧ dx+

+
[
fα,uβx + fβ,uαxx − 2Dx

(
fβ,uαxx

)]
DxQ

βduα ∧ dx+

+
(
fα,uβxx − fβ,uαxx

)
D2
xQ

βduα ∧ dx =

=Eα(Qβfβ)duα ∧ dx+

+HαβQ
βduα ∧ dx+Hx

αβ(DxQ
β)duα ∧ dx+Hxx

αβ(D2
xQ

β)duα ∧ dx,

where Eα is the Euler-Lagrange operator for second order ODEs and Hαβ,H
x
αβ,H

xx
αβ

are the Helmholtz expressions defined in (2.68). �

Remark: Note that for projectable vector fields V ∈ X(E) we can also write

pr2V = V xDx +Qα∂uα + (DxQ
α)∂uαx + (D2

xQ
α)∂uαxx
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and

LprV ∆ = (LprV fα)duα ∧ dx+ fαLprV (duα ∧ dx) =

= (LprV fα)duα ∧ dx+ fαd[ιprV (duα ∧ dx)] =

= (LprV fα)duα ∧ dx+ fαd(V αdx− V xduα) =

= (LprV fα)duα ∧ dx+ fα(V α
uβdu

β ∧ dx+ V x
x du

α ∧ dx) =

= [V xDxfα +Qβfα,uβ + (DxQ
β)fα,uβx + (D2

xQ
β)fα,uβxx ]du

α ∧ dx+

+ fα(V α
uβdu

β ∧ dx+ V x
x du

α ∧ dx) =

= [Dx(V
xfα) +Qβfα,uβ + (DxQ

β)fα,uβx + (D2
xQ

β)fα,uβxx ]du
α ∧ dx+

+ [∂uβ(fαV
α)− fα,uβV α]duβ ∧ dx =

= [Qβ(fα,uβ − fβ,uα) + (DxQ
β)fα,uβx + (D2

xQ
β)fα,uβxx ]du

α ∧ dx+

+Dx(V
xfα)duα ∧ dx+ [∂uβ(fαV

α)− fα,uβuαxV x]︸ ︷︷ ︸
=∂

uβ
(fαQα)

duβ ∧ dx

Then we do similar reformulations as we have done above, when we applied a kind
of partial integration. The difference is that the identities in (2.107) will be slightly
differently and we will get, for example,

(DxQ
β)fβ,uαx = Dx(Q

βfβ,uαx )−QβDxfβ,uαx =

= Dx∂uαx (Qβfβ) +Dx(V
xfα)−QβDxfβ,uαx

and the term in the middle in the last line will cancel with other terms.

We need another proposition, to be able to prove Theorem 3.1.1.

Proposition 2.9.3. Let V be a projectable vector field on E, such that LprV ∆ =
0. Furthermore, we have a corresponding conservation laws, i.e. Eα(Qβfβ) =
Eα(DxC) = 0. Then

QβHαβ + (DxQ
β)Hx

αβ + (D2
xQ

β)Hxx
αβ = 0. (2.108)

The proof easily follows from the identity in (2.103), the fact that the Euler-Lagrange
operator Eα annihilates total derivatives, and by the assumption that we assume
Qαfα is a total derivative, i.e. a corresponding conservation law.

For a set of symmetries {V }, equations (2.108) are the key to solve Takens’
problem and we call them the equations of conservation laws and symmetries
(ECS). Already Takens derived these equations and they can also be found in a
paper of Ian M. Anderson and Juha Pohjanpelto in a more general version (AP94).
For arbitrary n,m, the ECS is

QβHαβ + (DiQ
β)H i

αβ + (DijQ
β)H ij

αβ = 0,
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where we also have summation over i,j. This equation can slightly be simplified and
it can be written as

Qβ
;IH

I
αβ = 0,

where I is a multi index of length |I| ≤ 2 and ; I denotes total derivativeQβ
;I = DIQ

β.

2.10. Noether’s First and Second Theorem

This section is not relevant for the proof of Theorem 1.0.2 and 1.0.3, it rather pro-
vides further information and connections to other fields in mathematics and physics.
Solving Takens’ problem can be considered as inverting Noether’s theorem and we
want to explain this in more detail in this section. In (AP94, p.192) we can find
the following theorem (we changed it slightly and the theorem is only formally true):

Generalized Noether’s Theorem (AP94, p.192): Any two of the following three state-
ments imply the third:
(A) ∆ is invariant, i.e. LprV ∆ = 0
(B) The symmetry vector fields V generate corresponding conservation laws.
(C) ∆ is locally variational.

Takens’ problem is to show (A),(B) ⇒ (C) and Noether’s theorem are basically
all the other possibilities. In the original paper of Noether (Noe18), (B),(C) ⇒
(A) is called reversal (in German: Umkehrung) and from physical point of view,
(A),(C)⇒ (B) is probably the most interesting direction, at least it is what is usu-
ally taught when studying physics. It is probably also the simplest direction. Note
that (A) is equivalent to the invariance of the first variation δI and in the original
work of Noether, she only considered the invariance of I, which is slightly weaker.
The invariance of δI implies the invariance of I, but not in reversal direction.

In each cases in Noether’s work, we have the so-called first and second Noether’s
theorem. Roughly speaking, the first is about finite dimensional Lie groups and the
second is about infinite dimensional Lie groups. We will now formulate (A),(C)⇒
(B) for finite- and infinite dimensional Lie groups. In both cases we will formulate
the theorems only formally.

Noether’s first Theorem (finite dimensional): If Ldx (or δI) is invariant under pro-
jectable symmetry vector fields (and therefore fα is variational), then there exist
conservation laws and they can explicitly be described.

Proof: We only prove the case where I, or equivalently Ldx, satisfies these sym-
metries. For simplicity, we assume first order Lagrangians L = L(x,u,ux). Then the
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proof is to apply the Lie derivative and do one time partial integration, i.e.

0 = LprV (Ldx) = [QαLuα + (DxQ
α)Luαx +Dx(V

xL)]dx =

= [QαEαL+Dx(Q
αLuαx + V xL)]dx =

= (Qαfα +DxC)dx, (2.109)

where we define the conserved quantity C as

C = QαLuαx + V xL = V αLuαx + V x(L− uαxLuαx ). (2.110)

This proves the formal version of Noether’s first theorem. �

Note that equation (2.109) is pretty similar to the ECS. Noether’s second theo-
rem needs the definition of so-called differential identities. Let r ∈ N0 be some fixed
integer. Then any equation of the form

r∑
l=0

Aαl D
l
xfα = 0 for all points in JkE,

where Aαl are certain functions on JkE, is called differential identity for fα. The
definition is relative to some local coordinates and we do not further show how to get
a coordinate independent formulation (this must be done in more concrete examples
as, for example, for Maxwell’s equations, see below). Let us briefly consider PDEs,
to show an interesting example. Let n = m, then i = 1,2,...,n and α = 1,2,...,n and
we write f i instead of fα. Then Dif

i = div(f i) = 0 is a differential identity for (f i)
and it is called: (f i) is divergence-free.

For example, Maxwell’s equations in vacuum are

DiF
ij = 0, DiF̃

ij = 0,

where F̃ ij is the dual field strength tensor of F ij and we get the differential identities
DjDiF

ij = 0 and DjDiF̃
ij = 0, since Dij is symmetric in i,j and F ij,F̃ ij are skew-

symmetric in i,j. Actually, the definition of Di is slightly differently in case of
Maxwell’s equations and should be replaced by (Di) = (Dt,Dx,Dy,Dz) and (Di) =
(Dt,−Dx,−Dy,−Dz), i.e. we have to use the relativistic 4-gradient in Minkowski
space (this will be needed to define F ij). Using differential forms, we can also write
Maxwell’s equations in vacuum as

dF = 0, d ∗ F = 0,

where ∗ is the Hodge-star-operator and then it is immediately clear that ddF = 0
and d(d ∗ F ) = 0. For the definition of F and further details see (AF01). In the
case of Maxwell’s equations, these differential identities describe charge conservation.
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Noether’s second Theorem (infinite dimensional): If Ldx (or δI) is invariant under
projectable symmetry vector fields V = V x∂x + V α∂uα (and therefore fα is varia-
tional) and V x,V α depend linearly on arbitrary functions p = p(x) and their deriva-
tives, i.e

V x = V x(x,p(x),px(x),...),

V α = V α(x,uβ,p(x),px(x),...),

then there are differential identities for fα and they can explicitly be described.

Note that if the projectable symmetry vector field V = V α∂uα + V x∂x depends
linearly on p,px,... then Qα = V α − uαxV x also depends linearly on p,px,....

Proof: For simplicity, we assume first order Lagrangian L = L(x,uβ,uβx) and V x,V α

depend linearly on p,px. In the following, we will just write p,px, but we have to
keep in mind that we actually mean p(x),px(x). We get

Qα(x,uβ,uβx,p,px) = V α(x,uβ,p,px)− uαxV x(x,p,px) =

= (paα + pxb
α)− uαx(pc+ pxd) =

= (aα − uαxc)p+ (bα − uαxd)px,

where aα,bα,c,d are functions on E. Then we derive the same identity as in (2.109)
from Noether’s first theorem (without writing dx) and we can write

0 = Qαfα +DxC =

= [(aα − uαxc)p+ (bα − uαxd)px]fα +DxC =

= (aα − uαxc)pfα +Dx[(b
α − uαxd)pfα]− pDx[(b

α − uαxd)fα] +DxC =

= p{(aα − uαxc)fα −Dx[(b
α − uαxd)fα]}+Dx[(b

α − uαxd)pfα + C]. (2.111)

In (2.110) we can observe that C depends linearly on p and their derivatives and
the second term in (2.111) is a total derivative. Since p is arbitrary, we can choose
p with compact support in U0, and then we get

0 =

∫
U0

prkσ∗ (p{(aα − uαxc)fα −Dx[(b
α − uαxd)fα]}dx)

for all p with compact support in U0 and all sections σ ∈ Γ(E). Using Du Bois-
Reymond’s lemma shows that

0 = (aα − uαxc)fα −Dx[(b
α − uαxd)fα] (2.112)

for all points in JkE and this is the differential identity for fα. This is the idea of
the proof of Noether’s second theorem and a more general proof can be done in a
similar way. �
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Note that the second term in (2.111) must now also vanish and we get further
differential identities. In the case of PDEs, where n ≥ 2, we get a divergence equa-
tion at this point, which might be hard to solve in general. However, for n = 1, this
equation is very simple and we can write it as

c1 = (bα − uαxd)pfα + C
(2.110)

=

= p(bα − uαxd)fα +QαLuαx + V xL =

= p(bα − uαxd)fα + [p(aα − uαxc) + px(b
α − uαxd)]Luαx + (pc+ pxd)L =

= p[(bα − uαxd)fα + (aα − uαxc)Luαx + cL] + px[(b
α − uαxd)Luαx + Ld], (2.113)

where c1 ∈ R. Since we can choose p arbitrary, the two summands in (2.113)
must vanish separately and c1 must also vanish. Then we get the two additional
differential identities

0 = (bα − uαxd)fα + (aα − uαxc)Luαx + cL, (2.114)

0 = (bα − uαxd)Luαx + Ld. (2.115)

Equation (2.115) is a very simple differential equation for L, with solution

L =
1

d
(bα − uαxd)cα, cα = cα(x,uβ)

in the case when d 6= 0 and L = L(x,uβ) when d = 0. This shows that we get very
strong restrictions for L and fα. Now we could try to solve equation (2.114) and
(2.112) to get more information, but we will stop the discussion here. It would also
be interesting if (2.112),(2.114) and (2.115) are somehow dependent. It seems that
this has probably not been discussed extensively in the literature and one is usu-
ally only interested in the identity (2.112). At least in the original paper of Emmy
Noether (Noe18, p.243) there is only one remark, namely: “... Aus (15) und (16)
folgt noch Div(B − Γ) = 0...“, which means in our notation the vanishing of the
second term in (2.111).

There are two modifications of Noether’s theorem. The first modification is to as-
sume a weaker symmetry condition and the second is an implicit version of Noether’s
theorem.

Weaker symmetries (because of equivalent Lagrangians): Noether’s first theorem ba-
sically says that we can compute the conserved quantity with the help of the La-
grangian L. However, we already know that any two Lagrangians L and L+DxΛ are
equivalent. Therefore, the question is if we can also compute the conserved quantity
with the help of the Lagrangian L + DxΛ. To understand this modification, let
us consider a trivial Lagrangian L = DxΛ. Such a Lagrangian leads to the trivial
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Euler-Lagrange expression fα ≡ 0 for all points in JkE. Then, going back to the
symmetry equation (2.109), we get

LprV (Ldx) = LprV (DxΛdx) = (DxC)dx
(2.110)

= Dx(Q
αLuαx + V xL)dx.

This equation shows that trivial Lagrangians always lead to a total derivative ex-
pression (DxC)dx, when we apply the Lie derivative to Ldx. Therefore, we can use
a weaker symmetry assumption in Noether’s first theorem, namely

(DxA)dx = LprV (Ldx) = (Qαfα +DxC)dx,

for some function A ∈ C∞(JkE), where we now also allow DxA 6= 0. This leads to
the modified conservation law

Qαfα +Dx(C − A) = 0,

with modified conserved quantity C̃ = C − A.

Lemma 2.10.1. Let (DxΛ)dx be a trivial Lagrange form on JkE and V a projectable
vector field on E. Then LprV (DxΛdx) = (DxA)dx for some function A on JkE.

The interesting observation is here that we do not get a statement modulo contact
forms. That is, we do not get a trivial Lagrange form plus a contact form, when
applying the Lie derivative to a trivial Lagrange form, we rather get exactly a trivial
Lagrange form.

Proof: We have to do the calculation in (2.109) for higher order Lagrangians. First,
we need the identity

(Dk
xQ

α)Luα
(k)

= Dx[(D
k−1
x Qα)Luα

(k)
]− (Dk−1

x Qα)DxLuα
(k)

=

= Dx[(D
k−1
x Qα)Luα

(k)
− (Dk−2

x Qα)DxLuα
(k)

] + (Dk−2
x Qα)D2

xLuα(k) =

= ... =

= Dx[
k−1∑
l=0

(−1)l(Dk−1−l
x Qα)Dl

xLuα(k) ] + (−1)kQαDk
xLuα(k) =

= Dx[...] + (−1)kQαDk
xLuα(k) ,

for all k ≥ 1, to compute

LprV (Ldx) = [Dx(V
xL) +QαLuα + (DxQ

α)Luαx + ...+ (Dk
xQ

α)Luα
(k)

]dx =

= [QαEαL+Dx(V
xL+QαLuαx + ...)]dx =

= (Qαfα +DxA)dx,
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2.10. Noether’s First and Second Theorem

where

A :=

= V xL+QαLuαx + [(DxQ
α)Luαxx −Q

αDxLuαxx ] + ...
k−1∑
l=0

(−1)l(Dk−1−l
x Qα)Dl

xLuα(k) =

= V xL+
k−1∑
r=1

r−1∑
l=0

(−1)l(Dr−1−l
x Qα)Dl

xLuα(r) , k ≥ 1.

If fα vanishes for all points in JkE, i.e. if EαL = 0, or in other words, when L = DxΛ,
then LprV (Ldx) = (DxA)dx is a trivial Lagrange form. �

Implicit version of Noether’s theorem: To understand this version of Noether’s the-
orem, we consider the following lemma:

Lemma 2.10.2. If Ldx (or I) is invariant under some projectable symmetry vector
fields then the corresponding variational source form ∆ (or δI) is also invariant
under the same symmetry vector fields. The opposite direction is not true in general.

Proof: For simplicity, we consider first order Lagrangians L = L(x,uβ,uβx). Let
V = V x∂x + V α∂uα be a projectable vector field on E such that LprV (Ldx) = 0.
Then we can write

0 = LprV (Ldx) = (LprVL)dx+ LV x
x dx =

= [Dx(LV
x) +QαLuα + (DxQ

α)Luαx ]dx =

= [QαEαL+Dx(LV
x +QαLuαx )]dx =

= [Qαfα +DxC]dx, (2.116)

where C := LV x +QαLuαx . Furthermore,

LprV ∆ = [Eα(Qβfβ) +QβHαβ + (DxQ
β)Hx

αβ + (D2
xQ

β)Hxx
αβ]duα ∧ dx =

= [Eα(Qβfβ)]duα ∧ dx, (2.117)

what we have already derived in Lemma 2.9.2 (only for vertical V ) and the Helmholtz
expressions vanish, since ∆ is variational. Since Ldx in (2.116) satisfies the sym-
metry condition, we get Qαfα = −DxC and if we plug this into (2.117) then we
get

LprV ∆ = [Eα(Qβfβ)]duα ∧ dx = (2.118)

= [Eα(−DxC)]duα ∧ dx = 0, (2.119)

since the Euler-Lagrange operator Eα annihilates total derivatives Dx(−C). There-
fore, ∆ satisfies the symmetry condition if Ldx satisfies the symmetry condition.
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To show that the opposite direction is not true in general, we consider the following
simple example: Let Ldx = (DxΛ)dx = xdx be a trivial Lagrangian with corre-
sponding fα ≡ 0 for all points in JkE. Then Ldx is not invariant with respect to
∂x-symmetry, since

LprV (Ldx) = [QαEαL+Dx(LV
x +QαLuαx )]dx =

= [Dx(x · 1)]dx = dx 6= 0,

but the corresponding source form ∆ ≡ 0 satisfies every symmetry condition, since
it is identically zero for all points on JkE. �

Now equation (2.117) describes the implicit version of Noether’s first theorem. If
a variational source form ∆ is invariant under some symmetry vector fields, then
Eα(Qβfβ) = 0 and this gives an implicit version of Noether’s theorem. Implicit be-
cause we do not get the conserved quantity C directly, but we know there must be
a C such that Qβfβ = DxC (locally exact sequence). We could invert the operator
Dx and compute C, but it needs slightly more work or we could compute the La-
grangian L, which also needs slightly more work.

When we allow the weaker symmetry condition in (2.116), i.e.

(DxA)dx = LprV (Ldx) = [Qαfα +DxC]dx,

then we get

LprV ∆ = [Eα(Qβfβ)]duα ∧ dx =

= [EαDx(A− C)]duα ∧ dx = 0

in (2.117). Therefore, Ldx (or I) satisfies a weak symmetry if and only if ∆ (or δI)
satisfies this symmetry (in the usual sense).

We finish this section with a short summary:

invariance of Ldx or I ⇔ 0 = Qαfα +DxC (explicitly)
weak invariance of Ldx or I ⇔ 0 = Qαfα +Dx(C − A) (explicitly)

invariance of ∆ or δI ⇔ 0 = Eα(Qβfβ) ⇔ Qαfα = DxΛ (implicitly)

The symmetry equation in Noether’s first theorem and the ECS are pretty similar
and they are given by the two equations

LprV (Ldx) = [Dx(LV
x +QαLuαx ) +QαEαL]dx, (2.120)

LprV ∆ = [Eα(Qβfβ) +QβHαβ + (DxQ
β)Hx

αβ + (D2
xQ

β)Hxx
αβ]duα ∧ dx, (2.121)

where Dx,Eα are the operators used in (2.120) and Eα,Hγ
αβ are the operators used in

(2.121). We could say that the Lie derivative LprV can be decomposed into these two
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operators. Similar formulas also hold for higher order and more general differential
forms in the variational sequence and the decomposition is also reflected by Cartan’s
formula

LprV ω = (dιprV + ιprV d)ω

for general differential forms ω. Further information can be found in (Kru15, p.174),
especially Theorem 2 therein.

2.11. The Order of Jet Coordinates, Part II

We already introduced the notation of order in Section 2.1 and Section 2.5. Here we
introduce a second notation which is slightly shorter and which will help us to solve
Takens’ problem. A function ϕ is of order k, in short ϕ = O(k), if ϕ ∈ C∞(JkE).
Total derivatives increase the order by one when applied to functions, i.e. Dx :
C∞(JkE)→ C∞(Jk+1E). More precisely, the order is increased affine linear in the
highest order jet coordinates, i.e.

Dxϕ = ϕx + uαxϕuα + uαxxϕuαx + ...+ uα(k)ϕuα(k−1)
+ uα(k+1)ϕuα(k) =

= O(k) + uα(k+1)ϕuα(k) ∈ C∞(Jk+1E) (2.122)

for every function ϕ ∈ C∞(JkE). This is a very simple but important observation
and will be crucial later. We also want to introduce the notation ϕ = O1(k) if ϕ is
affine linear in the k-th order jet coordinates (see (2.122), where the expression is
affine linear in uα(k+1)). Sometimes we will also write O1(k) = Olin(k). In general,

ϕ = OP (k) if ϕ is a polynomial of degree P in k-th order jet coordinates. However,
note that later OA (1) does not indicate a polynomial of degree A , it rather labels
the different kinds of symmetries. Sometimes we will write a few indices on the
expression O(k), for example Oβ

ij(k), and always when we use the indices A ,α,β,i,j,
then we do not describe polynomial degree (this will also be clear from the context).
Also note that the definition of objects OP (k) is invariant under local coordinate
transformations, in other words, it is well-defined. See Proposition 2.4.3, where the
transformation of the highest order jet coordinates can be found and highest order
does never change in the sense of O(k)-notation. This is not true for lower order.
The notation of OP (k) satisfies some nice properties, like

OP1(k)OP2(k) = OP1+P2(k), for all k ≥ 1,

OP1(k)OP2(l) = OP1(k), for all k > l ≥ 0.

We can further develop similar properties when needed.
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2.12. The Expressions for Arbitrary PDEs

Since we mostly discussed ODEs so far and we also want to solve Takens’ prob-
lem for PDEs, we briefly have to explain the more general notation. Most of the
generalizations are straight forward, except the definition of conservation law and
conserved quantity will be different in some sense and we have to say a few words
about that.

The Expressions for arbitrary PDEs can be found in (AP94) and references
therein. However, sometimes we use slightly different notation here. In the case
where n = 3, we write (xi) = (x,y,z), and similar for m = 3, we will write
(uα) = (u,v,w). We also want to refer to (Kru15) for the PDE case.

Now let us discuss some of these expressions. The Euler-Lagrange expression in
PDE case is

EαL = Luα −DiLuαi + cijDijLuαij ± ...

and the Helmholtz expressions for second order fα are

Hαβ = fα,uβ − fβ,uα +Difβ,uαi − cijDijfβ,uαij ,

H i
αβ = fα,uβi

+ fβ,uαi − 2cijDjfβ,uαij ,

H ij
αβ = cij(fα,uβij

− fβ,uαij),

where cij is defined as

cij :=

{
1, i = j,
1
2
, i 6= j.

The constants cij are needed to avoid double counting of partial derivatives, like
∂uαxy ,∂uαyx . We already see here that the factors cij are a bit annoying, but we need
them when we want to use Einstein summation in the Euler-Lagrange and Helmholtz
expressions. Note that Einstein summation in cijDij∂uαij means that we have Einstein
summation in Dij∂uαij and cij are just numerical factors, that is, there is no second
Einstein summation with cij∂uαij and therefore we could also hide the factors cij in
the expression

∂ijα := cij∂uαij .

This notation is also used in (Poh95) and later in Section 3.7 we will also use it.
The so-called double counting also occurs in the following situations:

• Let us consider the case where n = 2 and m = 1. Then, for example, in the
summation uijA

ij = uxxA
xx + uxyA

xy + uyxA
yx + uyyA

yy we have the double
counting of uxy,uyx, which are (by definition) the same coordinates in the jet
bundle (and we can define Axy = Ayx).
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• Again, let us consider n = 2. Differential forms like Aijdx
i ∧ dxj = Axydx ∧

dy + Ayxdy ∧ dx = (Axy − Ayx)dx ∧ dy also have this double counting in a
different way.

In short, the PDE case is getting more complicated and one reason is the double
counting, discussed above. Alternatively, we could use ordered sums, instead
of Einstein summation over all indices, but this can also get complicated (from
notation point of view). Most of the time we will use Einstein summation without
any ordering. The factors cij are also important in the total derivative

Di = ∂xi + uαi ∂uα + uαik∂uαk + cklu
α
ikl∂uαkl + ...

and it seems that there is no way out of using these factors. Similar, as we defined
cij, we can also define cijk and so on to avoid double counting of higher order jet
coordinates. Most of the time it will be sufficient to use the coefficients cij and
therefore we do not further stress this notation. Also see (Poh95, p.344) (in general
cI := I!

|I|!). In the PDE case, we consider jet coordinates

(xi,uα,uαj1 ,u
α
j1j2

,...,uαI )

on JkE, where I = j1j2...jk is a multi index of length |I| = k, and where 1 ≤ jr ≤ n.
Let 0 ≤ l ≤ k, then the indices j1j2...jl are unordered and

uαj1j2...jl = uαπ(j1)π(j2)...π(jl)
(2.123)

defines the same jet coordinate for every permutation π. For example, as we already
mentioned, uαxy = uαyx, as well as uαxxy = uαxyx = uαyxx. Even if we allow such unordered
indices, local coordinates on JkE are also given as (xi,uα,uαj1 ,u

α
j1j2

,...,uαI ), where

uαj1j2...jl , 1 ≤ j1 ≤ j2 ≤ ... ≤ jl ≤ n, l = 0,1,2,...,k. (2.124)

Also see (And89, p.3). But it is reasonable to work with the unordered indices,
where we get the equivalent expressions in (2.123).

Now let us continue with the definition of Lagrange and source forms. The
Lagrange form is

λ = Ldx1 ∧ dx2 ∧ ... ∧ dxn = Ldx

and the source form is a (n+ 1)-form

∆ = fαdu
α ∧ dx1 ∧ dx2... ∧ dxn = fαdu

α ∧ dx.

Vector fields on E are written as

V = V i∂xi + V α∂uα
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and when using concrete labels, like i = 1,α = 2, we will write

V = V x,1∂x1 + V u,2∂u2 ,

since V 1 does not indicate if it belongs to ∂x1 or ∂u1 . The prolongation of vector
fields is

prkV = V iDi +Qα∂uα + (DiQ
α)∂uαi + cij(DijQ

α)∂uαij + ...

and higher order coefficients can be found in (AP94, p.197). To define conservation
laws, we need to consider horizontal (n− 1)-forms

C =
n∑
j=1

(−1)j+1Cjdx1 ∧ ... ∧ dxj−1 ∧ dxj+1 ∧ ... ∧ dxn

(the conserved quantities in some sense). We took this definition from (AP94,
p.199), except we wrote C,Cj instead of ω,V j. Then a conservation law is a trivial
Lagrangian, i.e. a horizontal n-form, which is a divergence expression (for fα) of the
form

Fdx =
n∑
j=1

(−1)j+1(DjC
j)dxj ∧ dx1 ∧ ... ∧ dxj−1 ∧ dxj+1 ∧ ... ∧ dxn =

=
n∑
j=1

(DjC
j)dx1 ∧ ... ∧ dxj−1 ∧ dxj ∧ dxj+1 ∧ ... ∧ dxn =

= (DjC
j)dx.

Note that such trivial Lagrangians can also be written as Fdx = dHC, where dH is
the horizontal exterior derivative and this operator is similar to the usual exterior
derivative d, except it treats the coordinates uα,uαi ,... as functions depending on
x1,...,xn. Usually, dH is defined on the infinite jet bundle J∞E (see (AP94)). The
operator dH is also similar to the operator Dj, which also treats the coordinates
uα,uαi ,... as functions depending on x1,...,xn and then Dj is just imitating the stan-
dard partial derivative ∂xi . From that point of view, the coordinate invariance of
divergence expressions should be clear. However, we will also show it below by direct
computation in the case where n = 2. The form Fdx can also be written as dC
plus a contact form. Now let us do the calculation for n = 2, where the horizontal
(n− 1)-form C transforms like

C = Cxdy − Cydx = Cx

(
∂y

∂x̃
dx̃+

∂y

∂ỹ
dỹ

)
− Cy

(
∂x

∂x̃
dx̃+

∂x

∂ỹ
dỹ

)
=

=

(
Cx ∂y

∂x̃
− Cy ∂x

∂x̃

)
dx̃+

(
Cx∂y

∂ỹ
− Cy ∂x

∂ỹ

)
dỹ =

= −C̃ydx̃+ C̃xdỹ,
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where

C̃y := −
(
Cx ∂y

∂x̃
− Cy ∂x

∂x̃

)
, C̃x := Cx∂y

∂ỹ
− Cy ∂x

∂ỹ
.

Furthermore,

dx̃ ∧ dỹ =

(
∂x̃

∂x
dx+

∂x̃

∂y
dy

)
∧
(
∂ỹ

∂x
dx+

∂ỹ

∂y
dy

)
=

=

(
∂x̃

∂x

∂ỹ

∂y
− ∂x̃

∂y

∂ỹ

∂x

)
dx ∧ dy.

Then, using the transformation of Dx,Dy, see Proposition 2.4.3, we get

(Dx̃C
x̃ +DỹC

ỹ)dx̃ ∧ dỹ =

=

[(
∂x

∂x̃
Dx +

∂y

∂x̃
Dy

)
C x̃ +

(
∂x

∂ỹ
Dx +

∂y

∂ỹ
Dy

)
C ỹ

]
dx̃ ∧ dỹ =

=

[(
∂x

∂x̃
Dx +

∂y

∂x̃
Dy

)(
Cx∂y

∂ỹ
− Cy ∂x

∂ỹ

)
−

−
(
∂x

∂ỹ
Dx +

∂y

∂ỹ
Dy

)(
Cx ∂y

∂x̃
− Cy ∂x

∂x̃

)]
dx̃ ∧ dỹ = (2.125)

Let us continue here with (2.125)

=

[
∂x

∂x̃

∂y

∂ỹ
DxC

x +
∂y

∂x̃

∂y

∂ỹ
DyC

x + Cx ∂
2y

∂ỹ∂x̃
−

−
(
∂x

∂x̃

∂x

∂ỹ
DxC

y +
∂y

∂x̃

∂x

∂ỹ
DyC

y +
∂2x

∂ỹ∂x̃
Cy

)
−

−
(
∂x

∂ỹ

∂y

∂x̃
DxC

x +
∂y

∂ỹ

∂y

∂x̃
DyC

x + Cx ∂
2y

∂x̃∂ỹ

)
+

+
∂x

∂ỹ

∂x

∂x̃
DxC

y +
∂y

∂ỹ

∂x

∂x̃
DyC

y +
∂2x

∂x̃∂ỹ
Cy

]
dx̃ ∧ dỹ =

=

(
∂x

∂x̃

∂y

∂ỹ
− ∂x

∂ỹ

∂y

∂x̃

)
(DxC

x +DyC
y)

(
∂x̃

∂x

∂ỹ

∂y
− ∂x̃

∂y

∂ỹ

∂x

)
dx ∧ dy =

=(DxC
x +DyC

y)dx ∧ dy,

where we used det(A−1) = (detA)−1 for every invertible matrix A in the last line.
We also used

1 = ∂x̃x̃ = ...,

0 = ∂ỹx̃ =

(
∂x

∂ỹ
∂x +

∂y

∂ỹ
∂y

)
x̃ =

∂x

∂ỹ

∂x̃

∂x
+
∂y

∂ỹ

∂x̃

∂y
,

0 = ∂x̃ỹ = ...,

1 = ∂ỹỹ = ...
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to show that

AA−1 =

(
∂x̃
∂x

∂x̃
∂y

∂ỹ
∂x

∂ỹ
∂y

)(
∂x
∂x̃

∂x
∂ỹ

∂y
∂x̃

∂y
∂ỹ

)
=

(
... ∂x̃

∂x
∂x
∂ỹ

+ ∂x̃
∂y

∂y
∂ỹ

... ...

)
=

(
... 0
... ...

)
.

A similar calculation holds for arbitrary n. Note that considering the n-tupel

(C1,C2,...,Cn)

as a sort of conserved quantity seems to be confusing at first sight. However, it is
well-known that the 4-tupel

(C1,C2,C3,C4) = (ρ,j1,j2,j3),

with corresponding divergence

DiC
i = Dtρ+Dx1j

1 +Dx2j
2 +Dx3j

3,

describes the conservation of electromagnetic charge, where ρ is the charge density
and (j1,j2,j3) the current density in Maxwell’s equations. In the following, let
dx := dx1 ∧ dx2 ∧ dx3, and we integrate over a compact set Ũ0, which corresponds
to the coordinates (x1,x2,x3). Then, by Gauss’s theorem, we get

0 =

∫
Ũ0

prkσ∗(DiC
idx) = ∂t

∫
Ũ0

prkσ∗(ρdx) +

∮
∂Ũ0

prkσ∗[
3∑
i=1

(Dij
i)dS], (2.126)

for all solutions σ ∈ Γ(E) of the corresponding differential equation (Maxwell’s
equations). Therefore, the total charge∫

Ũ0

prkσ∗(ρdx)

in some compact set Ũ0 can only change in time when we have a flow (j1,j2,j3) of
current into or out of this set. Thus, it makes still sense to speak about conservation
laws, even when we do not mean constant functions here, as we have in the case
where n = 1. Now we consider again, as usually, dx := dx1 ∧ dx2 ∧ ... ∧ dxn. A
conservation law for fα is a divergence expression Fdx and a generalized vertical
vector field Qα∂uα on E, such that

ιprQ∆ = (DiC
i)dx = Fdx

for all points in JkE. This is equivalent to saying that ιprQ∆− dC is a contact form
or ιprQ∆ = dHC, where dH is the horizontal exterior derivative in the variational
bicomplex (And89).
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In the first part of this chapter, we only consider second order source forms, and
in Section 3.8, we start with the discussion of fourth order source forms. The ECS
(2.108) for second order PDE source forms is

QβHαβ + (DiQ
β)H i

αβ + (DijQ
β)H ij

αβ = 0. (3.1)

This equation can also be found in (AP94). Note that Qβ = V β − uβi V
i, where

V = V i∂xi + V α∂uα is a the symmetry vector field V ∈ V . Roughly speaking, we
want to solve this equation for the unknown Helmholtz expressions Hαβ,H

i
αβ,H

ij
αβ.

More precisely, we want to derive that the Helmholtz conditions are satisfied, i.e.
that Hαβ = 0,H i

αβ = 0,H ij
αβ = 0. The ECS (3.1) is a linear equation for the

Helmholtz expressions. Actually, it is a partial differential equation, but when we
consider Hαβ,H

i
αβ,H

ij
αβ as arbitrary expressions, then it can be considered as a linear

system in terms of linear algebra. Solving the pure linear algebra system does in
general not solve Takens’ problem, since then it has a non-trivial kernel. Therefore,
we also have to take in account that Hαβ,H

i
αβ,H

ij
αβ are not arbitrary expression,

but Helmholtz expressions and they must satisfy certain conditions, also called in-
tegrability conditions. There are two ways how to formulate that Hαβ,H

i
αβ,H

ij
αβ are

Helmholtz expressions:

• We simply write

Hαβ = fα,uβ − fβ,uα +Difβ,uαi − cijDijfβ,uαij ,

H i
αβ = fα,uβi

+ fβ,uαi − 2cijDjfβ,uαij ,

H ij
αβ = cij(fα,uβij

− fβ,uαij), (3.2)

and therefore the ECS is a partial differential equation for fα.

• We extend the locally exact sequence

0→ R→ C∞(JkE)→ ...
Di−→ {L} Eα−→ {fα}

Hγαβ−→ {Hαβ,H
i
αβ,H

ij
αβ}

F−→ ...,
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where we introduced an operator F and if (formally)

F{Hαβ,H
i
αβ,H

ij
αβ} = 0, (3.3)

then Hαβ,H
i
αβ,H

ij
αβ can locally be written as (3.2).

The conditions (3.3) are then called integrability conditions for the expressions
Hαβ,H

i
αβ,H

ij
αβ. These conditions are relatively complicated when written down in

local coordinates. Let us only mention the following condition

Hxx
αβ,uγxx

|[α,β,γ] = 0, (3.4)

where [α,β,γ] means skew-symmetrization in α,β,γ. A direct computation shows

6Hxx
αβ,uγxx

|[α,β,γ] =∂uγxx(fα,uβxx − fβ,uαxx)− ∂uγxx(fβ,uαxx − fα,uβxx)+
+ ∂uαxx(fβ,uγxx − fγ,uβxx)− ∂uαxx(fγ,uβxx − fβ,uγxx)−
− ∂uβxx(fα,uγxx − fγ,uαxx) + ∂uβxx(fγ,uαxx − fα,uγxx) = 0.

Also see (KM10) and (Mal09) for further details. Most of the time it seems to be
easier to use the expressions in (3.2) directly. In either case, solving Takens’ problem
means to solve a system of partial differential equations{

ECS: QβHαβ + (DiQ
β)H i

αβ + (DijQ
β)H ij

αβ = 0,

integrability conditions for Hαβ,H
i
αβ,H

ij
αβ,

and (3.2), (3.3) are locally equivalent. There is one additional information we have
to understand, when we want to solve Takens’ problem. Surprisingly, the Helmholtz
expressions and conditions are not independent and we have the condition

0 =Hαβ +Hβα −DiH
i
αβ +DijH

ij
αβ,

0 =H i
αβ −H i

βα − 2DjH
ij
αβ,

0 =H ij
αβ +H ij

βα. (3.5)

We discovered such dependencies already earlier in (2.78). Also see Proposition 3
in (AP12) and Proposition 3.1 in (AP96), where such dependencies are formulated.
These identities can be proven by a direct computation, when using the expressions
in (3.2). Note that the (formal) operator F always differentiates the expressions
Hαβ,H

i
αβ,H

ij
αβ. For example, the operator F leads to the condition (3.4). Since

there are no partial derivatives applied on the first two summands Hαβ + Hβα in
(3.5), the first equation cannot be obtained from the operator F directly. But of
course indirectly, since when (3.3) is satisfied then we get (3.2) and then (3.5). A
similar observation holds for the expressions H i

αβ − H i
βα and H ij

αβ + H ij
βα in (3.5),

where also no partial derivatives are applied. We call (3.5) the Helmholtz depen-
dencies and we want to distinguish them from the integrability conditions. The
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Helmholtz dependencies are really key to solve Takens’ problem, also see Section
3.8, where we discuss them in more detail.

Therefore, solving Takens’ problem means to solve the system

0 = QβHαβ + (DiQ
β)H i

αβ + (DijQ
β)H ij

αβ, (ECS),

integrability conditions for Hαβ,H
i
αβ,H

ij
αβ,

0 = Hαβ +Hβα −DiH
i
αβ +DijH

ij
αβ, (Helmholtz dependencies),

0 = H i
αβ −H i

βα − 2DjH
ij
αβ, (Helmholtz dependencies),

0 = H ij
αβ +H ij

βα, (Helmholtz dependencies),

(3.6)

which still seems to be a pretty complicated system of PDEs (even if we have added
additional equations). This system is also complicated, because Qβ is a function
and if we try to solve this system of PDEs explicitly, then we have to solve it for
every admissible function Qβ (or characteristic). In general, there is not a high
chance of solving such a system explicitly in this form. However, when we consider
a set of symmetry vector fields with corresponding set of characteristics {Qβ} then
we get a set of ECS. In some situations this allows us to eliminate some of the
unknowns Hαβ,H

i
αβ,H

ij
αβ and we get a simplified ECS, which could be solvable. Also

discussing the order of the equations in (3.6) step by step will simplify the problem.
In the next sections we discuss how to solve (3.6) in several simple cases. After
this discussion we prove Theorem (1.0.2) and (1.0.3). However, before we continue
with this discussion, we need to formulate a technical theorem to be able to prove
Theorem (1.0.2) and (1.0.3).

3.1. Local Properties

Takens’ problem is to prove Theorem 1.0.2, 1.0.3 or similar ones. This mainly means
that we have to solve the ECS somehow. Let us focus on Theorem 1.0.2 and we
will rewrite the statement slightly differently (actually we can prove it with slightly
weaker assumptions). For the calculations later, it is reasonable to introduce the
label A and to work only with a finite set of symmetry vector fields. Theorem 1.0.2
follows from the following theorem:

Theorem 3.1.1. Let n,m ∈ N be arbitrary and let U ⊂ E be open. Furthermore, let
∆ = fαdu

α∧dx1∧...∧dxn be a second order source form defined on (π2,0)−1U ⊂ J2E.
Assume:
i) There are projectable vector fields VA , A = 1,2,...,n+m on U which are symme-
tries of ∆, and they satisfy span{VA ,p , A = 1,2,...,n+m} = TpE for all p ∈ U .
ii) Each VA , A = 1,2,...,n + m generates a conservation law of the from Qα

A fα =
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3. The Main Result and What We Need to Prove it

DiC
i
A on (π2,0)−1U ⊂ J2E, where Qα

A = V α
A − uαi V i

A are the characteristics.
Then fα satisfies the Helmholtz conditions in (π2,0)−1(U) ⊂ J2E.

Note that the statement: fα satisfies the Helmholtz conditions in (π2,0)−1(U) ⊂ J2E,
and ∆ is locally variational in (π2,0)−1(U) ⊂ J2E are equivalent (see Proposition
2.4.2 and Lemma 2.7.3). Also note that if fα satisfies the Helmholtz conditions
in (π2,0)−1(U) then there does not necessarily exist a Lagrange form on the whole
space (π2,0)−1(U), but on certain subsets of (π2,0)−1(U). We can formulate a similar
theorem to be able to prove Theorem 1.0.3. This technical formulation simplifies
the proof of Theorem 1.0.2 and 1.0.3 and it is easier to explain and understand
how many equations and unknowns we will have later. The whole fiber bundle E
is the union of such sets U ⊂ E and when we show that the Helmholtz conditions
are satisfied in all of the subsets (π2,0)−1U ⊂ J2E then fα satisfies the Helmholtz
conditions on JkE, which means that ∆ is locally variational on JkE.

Proposition 3.1.2. Let {V } be a set of projectable vector fields on E such that
span{Vp} = TpE for all p ∈ E. Then for every p0 ∈ E there exists a small neigh-
bourhood Up0 ⊂ E of p0 such that we can choose n+m vector fields {V1,V2,...,Vn+m} ⊂
{V } such that span{V1,p,V2,p,...,Vn+m,p} = TpE for all p ∈ Up0.

Proof: Let p0 ∈ E. Then, by assumption, there exist {V1,V2,...,Vn+m} ⊂ {V } such
that

spanR{V1,p0 ,V2,p0 ,...,Vn+m,p0} = Tp0E. (3.7)

Let us write Vl ∈ {V1,V2,...,Vn+m}, 1 ≤ l ≤ n+m, in local coordinates as

Vl = V i,x
l ∂xi + V α,u

l ∂uα .

The condition (3.7) forces that the matrix
V x,1

1 V x,2
1 ... V x,n

1 V u,1
1 V u,2

1 ... V u,m
1

V x,1
2 V x,2

2 ... V x,n
2 V u,1

2 V u,2
2 ... V u,m

2
...

...

V x,1
n+m V x,2

n+m ... V x,n
n+m V u,1

n+m V u,2
n+m ... V u,m

n+m


must be invertible at p0 ∈ E. If a matrix is invertible at a point p0 ∈ E and the
coefficients in this matrix are smooth function on E, then the matrix must also be
invertible in a small neighbourhood Up0 ⊂ E of p0. This is due to the fact that the
determinant of this matrix is non-zero at p0 ∈ E and then the determinant must
also be non-zero in a small neighborhood of p0, which proves the proposition. �
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3.2. Counting the Unknowns and Equations

Labeling the symmetry vector fields V by A , and using the notation of order, the
ECS can be written as

(V β
A − u

β
i V

i
A )Hαβ + (Oβ

A (1)− uβikV
i
A )Hk

αβ + (Oβ
A (2)− uβiklV

i
A )Hkl

αβ = 0,

where A = 1,...,(n+m), i = 1,2,...,n and α = 1,2,...,m. Therefore, we have

(n+m)m (3.8)

equations. Note that the vector fields {VA : A = 1,2,...,n + m} span TpE at each
p ∈ U ⊂ E. Therefore, we get n + m equations at each p ∈ E for the different
kinds of symmetries. Furthermore, since α = 1,2,...,m in the ECS, we get (3.8).
The number of unknowns Hαβ,H

i
αβ,H

ij
αβ is

#Hαβ = m2,

#H i
αβ = nm2,

#H ij
αβ =

n(n+ 1)

2

m(m− 1)

2
.

This simply follows by counting the indices in the unknowns. Whether we say,
as above, that H ij

αβ are n(n+1)
2

m(m−1)
2

unknowns, or whether we start with n2m2

unknowns and then show that there are actually less unknowns, because of the
Helmholtz dependencies (3.5), is a matter of taste. We presuppose from the be-
ginning that we know the symmetry and skew-symmetry conditions for H ij

αβ, since
they can easily be observed in the Helmholz dependencies. For dependencies which
involve Hαβ,H

i
αβ, the counting of indices more complicated and we do not further

investigate Hαβ and H i
αβ. Together, the number of unknowns is

m2 + nm2 +
n(n+ 1)

2

m(m− 1)

2
.

Therefore, for large n,m, we have a highly under-determined ECS system and only
for m = 1, we get that the system only allows the trivial solution in the case where
we can span TpE at each p ∈ E, see (1.2). In the case where we can only span TqM
for all q ∈M , i.e. condition (1.3), the problem is more complicated and we have to
investigate the non-trivial solutions of the ECS.

The idea how to prove Theorem 1.0.2 and 1.0.3 is very simple. The ECS is used
to show that the Helmholtz conditions are satisfied. In general, since the ECS does
not provide enough information, we also have to use the integrability conditions for
the Helmholtz expressions and the Helmholtz dependencies. Discussing the order of
these equations step by step will also help to solve the problem.
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3.3. The Proof for m = 1, Arbitrary n and 2nd Order
Source Forms

In the case where m = 1, the ECS (3.1) has a very special form, namely

0 = QβHαβ + (DiQ
β)H i

αβ =

= QH + (DiQ)H i, (3.9)

where H ij
αβ = 0, H i

αβ = H i = 2(fui − cikDkfuik) and we write uα = u,Qβ = Q.

Furthermore, we have the Helmholtz dependency 2H = DiH
i and we write Hαβ =

H. This very special form allows us to formulate a simpler proof, compared to the
more general situation when m > 1. Therefore, it is probably no surprise that also
Takens considered this case in one of his proofs in the original paper (Tak77).

3.3.1. Full Rank, a Proof for m = 1, Arbitrary n and 2nd Order

The first and easiest method which we want to present how to solve Takens’ problem
is the following: If we can span TpE at each point p ∈ E with the symmetry vector
fields, i.e. when (1.2) is satisfied, then this means that we must have at least n+ 1
symmetry vector fields (with certain properties). Therefore, we get at least n + 1
equations and the ECS can be written in matrix vector form as

Q1 D1Q1 D2Q1 ... DnQ1

Q2 D1Q2 D2Q2 ... DnQ2
...

...
Qn D1Qn D2Qn ... DnQn

Qn+1 D1Qn+1 D2Qn+1 ... DnQn+1



H
H1

...
Hn

 = 0.

If we can show that the determinant∣∣∣∣∣∣∣∣∣∣∣

Q1 D1Q1 D2Q1 ... DnQ1

Q2 D1Q2 D2Q2 ... DnQ2
...

...
Qn D1Qn D2Qn ... DnQn

Qn+1 D1Qn+1 D2Qn+1 ... DnQn+1

∣∣∣∣∣∣∣∣∣∣∣
6= 0, (almost everywhere) (3.10)

then we know that the Helmholtz conditions must be satisfied. It is rather simple
to show that the determinant is non-zero almost everywhere in JkE (or subsets
(πk,0)−1U of JkE), in the case where we can span TpE at each p ∈ E, i.e. when
(1.2) is satisfied. By a continuity argument we get that the Helmholtz conditions
must be satisfied everywhere in JkE. Also see Case I in (AP94, p.207), where we
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can find a similar discussion and some examples.
Since this proof is rather simple, let us investigate if we can weaken the condition

of spanning TpE at each p ∈ E. That is, instead of the condition (1.2), we only
want to assume the condition (1.3). This assumption leads us directly to the next
subsection, where we solve the ECS explicitly for n,m = 1 and a single symmetry
vector field. A generalization can be found in (AP94).

3.3.2. Solving the ECS Explicitly in the Simplest Case

A second method how to solve Takens’ problem is to solve the ECS (3.9) explicitly
for a single symmetry vector field (or characteristic Q). Because of the Helmholtz
dependency 2H = DiH

i, we can write the ECS as

0 =
1

2
QDiH

i + (DiQ)H i.

Let us first consider the simplest case, where n = 1 (and m = 1). Then the ECS is

0 =
1

2
QDxH

x + (DxQ)Hx. (3.11)

This is probably one of the rare cases, where we are able to solve the ECS explicitly
(for a single symmetry). Note that we want to solve this equation for Hx and for
all admissible functions Q. Let us write V = V x∂x + V u∂u for the symmetry vector
field in V and Q = V u − uxV x. The general solution is

Hx =
c

Q2
=

c

[V u(x,u)− uxV x(x)]2
, where c ∈ R. (3.12)

If V x(x) 6= 0 (for at least one x), then c = 0, since Hx must be a non-singular
function in the coordinates (x,u,ux). The condition V x(x) 6= 0 (for all x) can also
be written as π∗V 6= 0. We could also investigate singular function Hx and compute
the corresponding f , but we will not discuss this case in more detail in this subsec-
tion. If just V u(x,u) 6= 0 for at least one (x,u) and V x ≡ 0, then it does not follow
that c = 0. Here we can observe once again, where we need the span-TpE-condition
(1.2) in the assumptions of Theorem 1.0.2 and 1.0.3 to be able to prove these theo-
rems. Only for m = 1, the condition (1.3) is sufficient to show that the Helmholtz
conditions for second order source forms must be satisfied and we do not need the
stronger assumption (1.2). However, when we only assume (1.3) then we need the
additional non-singular assumption of the Helmholtz expressions (or of f) to be able
to solve the problem. For the more general case, where m = 1 and arbitrary n, see
(AP94).

Note that we can pull-back the equation in (3.11) by a prolonged section σ ∈
Γ(E), in local coordinates by a section u(x), and then we get an ODE for u(x),
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which has the general solution (3.12). Otherwise (3.11) has to be consider as a kind
of PDE on J2E and it might not be clear what we mean with general solution.

We finish this short section with two remarks: First, in special cases, like for n,m = 1,
it is relatively easy to find conditions under which we can solve Takens’ problem.
For example, when we assume π∗V 6= 0. One should start with such simple cases
to get a good understanding for the problem. Second, for arbitrary n,m, arbitrary
order differential equations, and quite general symmetry assumptions, it is very
hard to solve the problem. One part of solving Takens’ problem is to find condi-
tions, especially for the symmetries, under which we can solve it. The condition
span{Vp : V ∈ V} = TpE for all p ∈ E seems to be quite obvious, but actually we
do not exactly know how to generalize this condition for arbitrary k-th order dif-
ferential equations. For example, for k-th order source forms maybe the condition
span{Vp : V ∈ V} = TpJ

lE for all p ∈ J lE, where l = k − 2, solves the problem?
Also finding counter examples is a very important part of solving Takens’ problem.
Therefore, there are many open problems and it is fair to say that Takens’ problem is
only solved in some special cases and there is no general understanding and solution
to this problem.

In the next sections, we will solve Takens’ problem in more general situations,
where the actual results of this dissertation are formulated.
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3.4. The Proof for n = 1, Arbitrary m and 2nd Order
Source Forms

In this section, we solve Takens’ problem in the special case n = 1, arbitrary m and
second order source forms. In this case, the Helmholtz expressions are given as

Hαβ = fα,uβ − fβ,uα +Dxfβ,uαx −D
2
xfβ,uαxx , (3.13)

Hx
αβ = fα,uβx + fβ,uαx − 2Dxfβ,uαxx , (3.14)

Hxx
αβ = fα,uβxx − fβ,uαxx . (3.15)

Symmetries and conservation laws lead to the ECS (see (2.108))

Qβ
AHαβ + (DxQ

β
A )Hx

αβ + (D2
xQ

β
A )Hxx

αβ = 0, (3.16)

where A = 1,2,...,(1 +m), since we can span TpE at each p ∈ U ⊂ E and dimE =
1 +m. Also see Section 3.1. Before we start with the proof of Theorem 1.0.2 in this
special case, let us formulate a lemma. The following lemma also holds for PDEs
and we will formulate it in that way, since we also need it later.

Lemma 3.4.1 (Local Simplification Lemma). Let

VA = V i
A (x)∂xi + V α

A (x,u)∂uα , A = 1,2,...,n+m

be projectable vector fields on U ⊂ E. If spanR{VA ,p , A = 1,2,...,n+m} = TpE at
each p ∈ U , then there exists a (n + m) × (n + m)-matrix C = C(x,u) on U , such
that the (n+m)× (n+m)-matrix (V i

A ,V
α
A )A ;i,α satisfy the following condition

C · (V i
A ,V

α
A )A ;i,α = id.

That is, the matrix (V i
A ,V

α
A )A ;i,α is invertible for all p ∈ U and C is the inverse

matrix. Moreover, there exists a row cA = cA (x,u) of the matrix C such that either

cA V i
A = δij, cA V α

A = 0, (3.17)

or

cA V i
A = 0, cA V α

A = δαβ, (3.18)

where δij,δαβ are Kronecker deltas.

The proof follows directly by definition of spanR{Vp,A , A = 1,2,...,n + m} = TpE
at each p ∈ U ⊂ E. �

115



3. The Main Result and What We Need to Prove it

For example, let n,m = 1 and VA = V x
A ∂x + V u

A ∂u ∈ V , where A = 1,2 such
that span{Vp,A , A = 1,2} = TpE at each p ∈ E is satisfied. Then

(V i
A ,V

α
A )A ;i,α =

(
V x

1 V u
1

V x
2 V u

2

)
⇒ C =

1

V x
1 V

u
2 − V u

1 V
x

2

(
V u

2 −V u
1

−V x
2 V x

1

)
and furthermore

cA1 =
1

V x
1 V

u
2 − V u

1 V
x

2

(V u
2 ,− V u

1 ), cA2 =
1

V x
1 V

u
2 − V u

1 V
x

2

(−V x
2 ,V

x
1 ),

⇒ cA1 V
x
A =

1

V x
1 V

u
2 − V u

1 V
x

2

(V u
2 ,− V u

1 )

(
V x

1

V x
2

)
= 1,

⇒ cA2 V
x
A =

1

V x
1 V

u
2 − V u

1 V
x

2

(−V x
2 ,V

x
1 )

(
V x

1

V x
2

)
= 0.

A similar calculation holds for cA2 . Also see Appendix E, where we explicitly com-
pute the matrix C and the rows cA in another example.

The reason why we formulate this lemma is the following: We will need a simple,
or more precisely, the most simplest local coordinate formulation of the condition
span{VA ,p , A = 1,2,...,n + m} = TpE at each p ∈ U ⊂ E and this is described by
the conditions (3.17) and (3.18).

Although this lemma seems to be an obvious statement, let us notice the follow-
ing: If VA ∈ X(E) is a projectable symmetry of ∆, then cA VA is not a symmetry
of ∆ in general, because cA prVA 6= pr(cA VA ) and only prolonged vector fields are
allowed to describe symmetries. And, LcA prVA

∆ 6= cALprVA
∆ for source forms, or

more generally, for any differential forms. Only for functions LcA prVA
f = cALprVA

f
(the R-span is to distinguish from the C∞-span). In short: cA VA is not a symmetry
of ∆, but we want to use cA VA to get simple local expressions.

Now let us prove Theorem 1.0.2 in the case n = 1 and arbitrary m. We divide
the proof into different steps and the main results in every step will be written in
a box. The results in the boxes will be needed in the next steps. Things which are
not written in boxes are basically the proofs of what is written in the boxes.

Proof of Theorem 1.0.2 in the case n = 1 and arbitrary m:

Step 1 (transform the ECS): We want to investigate equation (3.16) and we want to
reduce the number of unknowns Hαβ,H

x
αβ,H

xx
αβ. Since (3.16) is a linear equation for

the unknowns, we can apply a sort of Gauss algorithm and eliminate some of the
unknowns. Note that

DxQ
β = Dx(V

β − uβxV x) = Oβ(1)− uβxxV x,

D2
xQ

β = D2
x(V

β − uβxV x) = Dx(O
β(1)− uβxxV x) = Oβ(2)− uβxxxV x.
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Therefore, we can write the ECS as

(V β
A − u

β
xV

x
A )Hαβ + (Oβ

A (1)− uβxxV x
A )Hx

αβ + (Oβ
A (2)− uβxxxV x

A )Hxx
αβ = 0,

where A = 1,2,...,(m+1). Using the Local Simplification Lemma 3.4.1, we can take
linear combinations

cA (V β
A − u

β
xV

x
A )Hαβ + cA (Oβ

A (1)− uβxxV x
A )Hx

αβ + cA (Oβ
A (2)− uβxxxV x

A )Hxx
αβ = 0,

such that we get the system

i) 0 = Hαγ +Oβ
γ (1)Hx

αβ +Oβ
γ (2)Hxx

αβ,

ii) 0 = −uβxHαβ + (Oβ(1)− uβxx)Hx
αβ + (Oβ(2)− uβxxx)Hxx

αβ. (3.19)

For equation i) we used

cA V x
A = 0 and cA V β

A = δβγ

and for equation ii) we used

cA V x
A = 1 and cA V β

A = 0.

Then we add i) and ii) such that we eliminate Hαβ, i.e.

0 = ii) +
m∑
γ=1

uγxi) = (Õβ(1)− uβxx)Hx
αβ + (Õβ(2)− uβxxx)Hxx

αβ,

where Õβ(1) = uγxO
β
γ (1) + Oβ(1) and Õβ(2) = uγxO

β
γ (2) + Oβ(2). Therefore, we

derived the transformed system

i) 0 = Hαγ +Oβ
γ (1)Hx

αβ +Oβ
γ (2)Hxx

αβ,

ii) 0 = (Oβ(1)− uβxx)Hx
αβ + (Oβ(2)− uβxxx)Hxx

αβ (3.20)

and we will use it instead of the ECS (3.16). We should remember equations i) and
ii), since we will need them several times and from now on we simply call them i)
and ii). Note that i) can be considered as the contribution of the vertical part of
the symmetry vector fields and ii) the horizontal part.

Step 2 (discuss uγ(4)): The Helmholtz expressions in (3.13)-(3.15) show that the order

of i) is

0 = Hαγ︸︷︷︸
O1(4)

+Oβ
γ (1)Hx

αβ +Oβ
γ (2)Hxx

αβ︸ ︷︷ ︸
O(3)
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and since the left hand side is zero, and therefore does not include fourth order
coordinates, fourth order coordinates on the right hand side must vanish, as well. If
fα is of second order, then Hαβ in (3.13) is of fourth order. More precisely,

Hαβ = O(3)−D2
xfβ,uαxx = O(3)− uγxxxxfβ,uαxxuγxx .

Therefore, we get fβ,uαxxuγxx = 0 for all β,α,γ. We can integrate this equation, which
is of the form

Gzαzγ = 0, where G = fβ, zα = uαxx, zγ = uγxx.

The solution is

G =

{
a(zα) + b(zγ), for zα 6= zγ,

c+ zαd or c+ zγd, for zα = zγ,

where a is a functions which does not depend on zγ and b is a function which does
not depend on zα. Furthermore, c and d are functions which do not depend on
zα = zγ. We solve this equation for all combinations α,γ = 1,2,...,m and together
we get G = c + zδdδ, where δ = 1,2,...,m and c,dδ do not depend on (z1,z2,...,zm).
For fβ we get

fβ = Aβ +Bβγu
γ
xx, (3.21)

where Aβ,Bβγ = O(1).

Step 3 (restrictions for the Helmholtz expressions)

Lemma 3.4.2. If fα = Aα + uβxxBαβ is affine linear in the second order jet coordi-
nates uβxx, where Aβ,Bαβ = O(1), then the Helmholtz expressions are of the form

Hαβ = O(2) + uγxxx(Bβγ,uαx −Bβα,uγx),

Hx
αβ = O(1) + uγxx(Bαγ,uβx

+Bβγ,uαx − 2Bβα,uγx),

Hxx
αβ = Bαβ −Bβα = O(1). (3.22)

Proof of Lemma 3.4.2: Again, for n = 1, the Helmholtz expressions can be found in
(3.13)-(3.15).
Derivation of Hαβ:

fα,uβ − fβ,uα +Dxfβ,uαx −D
2
xfβ,uαxx =

= (Aα,uβ + uγxxBαγ,uβ)− (Aβ,uα + uγxxBβγ,uα) +Dx(Aβ,uαx + uγxxBβγ,uαx )−D2
xBβα =

= O(2) + uγxxxBβγ,uαx −D
2
xBβα =

= O(2) + uγxxxBβγ,uαx −Dx(O(1) + uγxxBβα,uγx) =

= O(2) + uγxxx(Bβγ,uαx −Bβα,uγx).
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Derivation of Hx
αβ:

fα,uβx + fβ,uαx − 2Dxfβ,uαxx = (Aα,uβx + uγxxBαγ,uβx
) + (Aβ,uαx + uγxxBβγ,uαx )− 2DxBβα =

= O(1) + uγxx(Bαγ,uβx
+Bβγ,uαx − 2Bβα,uγx).

Derivation of Hxx
αβ: The expression for Hxx

αβ can be easily seen and therefore we have

proven Lemma 3.4.2. �

Step 4 (discuss uγ(3)): Using Lemma 3.4.2, the transformed system (3.20) now has

the following order

i) 0 = Hαγ︸︷︷︸
O1(3)

+Oβ
γ (1)Hx

αβ︸︷︷︸
O1(2)

+Oβ
γ (2)Hxx

αβ︸︷︷︸
O(1)

, (3.23)

ii) 0 = (Oβ(1)− uβxx)︸ ︷︷ ︸
O1(2)

Hx
αβ︸︷︷︸

O1(2)

+ (Oβ(2)− uβxxx)︸ ︷︷ ︸
O1(3)

Hxx
αβ︸︷︷︸

O(1)

. (3.24)

Since i) does not have order three on the left hand side, it must also vanish on the
right hand side and this means

0 = Bβγ,uαx −Bβα,uγx . (3.25)

And, since ii) does not have order three on the left hand side, it must also vanish
on the right hand side and this means

0 = Hxx
αβ = Bαβ −Bβα. (3.26)

Step 5 (restrictions for the Helmholtz expressions): Condition (3.25) and (3.26) forces
that Bβγ,uαx must be symmetric in all of the three indices α,β,γ and this leads to

0 = Bαγ,uβx
+Bβγ,uαx − 2Bβα,uγx .

Therefore,

Hαβ = O(2),

Hx
αβ = O(1),

Hxx
αβ = 0.

Step 6 (discuss uγxx): Now (3.24) becomes

ii) 0 = (Oβ(1)− uβxx)︸ ︷︷ ︸
O1(2)

Hx
αβ︸︷︷︸

O(1)

,
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and therefore Hx
αβ = 0. Then from (3.23) we get

i) 0 = Hαγ

and all Helmholtz conditions are satisfied. �

3.4.1. The Algorithm for n = 1, Arbitrary m and 2nd Order

Here, we formulate again the main steps in the proof:

Step 1: transform the ECS, (simplify the ECS)

Step 2: discuss uγ(4), (fourth order)

Step 2: restrictions for Hαβ,H
x
αβ,H

xx
αβ,

Step 4: discuss uγ(3), (third order)

Step 5: restrictions for Hαβ,H
x
αβ,H

xx
αβ,

Step 6: discuss uγxx, (all Helmholtz conditions are satisfied).

Note that in a more general situation, for example when we consider PDEs, it is
probably not clear whether we should start with the discussion of the different orders
in i) or ii) first. In the proof above there was no big difference and we did not notice
it explicitly in the algorithm. More precisely, in Step 4 there is no difference whether
we first discuss i) and then ii) or first discuss ii) and then i). In the next section,
we have to find a generalization of this algorithm and we also explain why we chose
this algorithm.
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3.5. The Problem of the Proof for n = 2, Arbitrary m

and 2nd Order

Since the proof from the previous section for n = 1 and arbitrary m was quite nice,
it is obvious to try to formulate a similar proof also for n = 2 and arbitrary m.
However, we will find out that this is not so easy.

The following discussion shows that it is not a good idea to generalize the pre-
vious proof (the previous algorithm), especially when n > 2. It is probably even
impossible to formulate such a proof for n > 2, because the notation is getting to
complicated. However, the following (idea of a) proof has the advantage, that it
is very systematically, because it is a sorting of polynomial degree and order of jet
coordinates and it makes a lot of sense to do so, at least theoretically.

There are two reasons why we would like to present the following idea of a proof.
The first reason is that it shows that there is no simple algorithm, which can be
applied to solve Takens’ problem. That is, a possible notation heavy, but systemat-
ically simple algorithm does not exist and this is an important observation (at least
we did not find a simple algorithm). The second reason is that it gives an overview of
techniques and expressions which will occur in Takens’ problem. These expressions
are especially the so called Hyperjacobians. Roughly speaking, Hyperjacobians
are a generalization of affine linear from the previous section, where we found out
that fβ = Aβ + uγxxBβγ in Step 2. When one wants to solve Takens’ problem, the
first thing one would try to do is probably to use this systematic approach. But then
one will find out, that it is not the best method and one has to improve the notation
and formalism. In Section 3.6, we present a general proof of Theorem 1.0.2 which
is in some sense much shorter than the (idea of a) proof in this section. Actually,
we will not present a complete proof of Theorem 1.0.2 in this section. We will just
start with the proof and stop it when the notation is getting too complicated. Note
that the following idea of a proof can be completed for n = 2 and arbitrary m, but
we do not present it in this dissertation.

The main features of the following (idea of a) proof are:

• Generalize the nice proof from the previous section (it is obvious to try to do
so).

• Discuss systematically the order and degree of jet coordinates (which makes
sense in principle).

• Find out if a tensor is symmetric or skew-symmetric in some of the indices or
both and combine these conditions.
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3. The Main Result and What We Need to Prove it

The setting here is the same as in the ODE case. We want to prove Theorem 1.0.2
for n = 2, arbitrary m. Symmetries and conservation laws force the ECS

QβHαβ + (DiQ
β)H i

αβ + (DijQ
β)H ij

αβ = 0, (3.27)

where

Hαβ = fα,uβ − fβ,uα +Difβ,uαi − cijDiDjfβ,uαij , (3.28)

H i
αβ = fα,uβi

+ fβ,uαi − 2cijDjfβ,uαij , (3.29)

H ij
αβ = cij(fα,uβij

− fβ,uαij) (3.30)

are the Helmholtz expressions (also see (AP94)) and

cij =

{
1, i = j,
1
2
, i 6= j.

The proof is again divided into different steps. We will discuss successively

O(4),

O(3),

O(2).

Again, the main results in every step are written in a box and the results in the
boxes will be needed in the next steps. Things which are not written in a box are
basically the proofs of what is written in the boxes.

Proof of Theorem 1.0.2 for n = 2, arbitrary m: The characteristics Qβ are of the
form

Qβ = V β(xj,uα)− uβi V i(xj).

Therefore, equation (3.27) can be written as

(V β
A − u

β
i V

i
A )Hαβ + (Oβ

A (1)− uβikV
i
A )Hk

αβ + (Oβ
A (2)− uβiklV

i
A )Hkl

αβ = 0, (3.31)

where A = 1,...,(2 +m) and α = 1,2,...,m.

Step 1 (transform the ECS): We want to apply a sort of Gauss algorithm to the

system (3.31) and thereby eliminate some of the unknowns Hαβ,H
i
αβ,H

ij
αβ. Counting

the unknowns shows that it is in general only possible to eliminate Hαβ. Using the
Local Simplification Lemma 3.4.1, we can take linear combinations of (3.31)

cA (V β
A − u

β
i V

i
A )Hαβ + cA (Oβ

A (1)− uβikV
i
A )Hk

αβ + cA (Oβ
A (2)− uβiklV

i
A )Hkl

αβ = 0
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3.5. The Problem of the Proof for n = 2, Arbitrary m and 2nd Order

such that we get

i) 0 = Hαγ +Oβ
γ,k(1)Hk

αβ +Oβ
γ,kl(2)Hkl

αβ,

ii) 0 = −uβjHαβ + (Oβ
jk(1)− uβjk)H

k
αβ + (Oβ

jkl(2)− uβjkl)H
kl
αβ.

For i) we used

cA V i
A = 0 and cA V β

A = δβγ

and for ii) we used

cA V i
A = δij and cA V β

A = 0.

We want to eliminate Hαβ and therefore we consider

0 = ii) +
m∑
γ=1

uγj i) = (Õβ
jk(1)− uβjk)H

k
αβ + (Õβ

jkl(2)− uβjkl)H
kl
αβ.

Then we get the transformed system

i) 0 = Hαγ +Oβ
γ (1)Hk

αβ +Oβ
γ (2)Hkl

αβ,

ii) 0 = (Oβ
jk(1)− uβjk)H

k
αβ + (Oβ

jkl(2)− uβjkl)H
kl
αβ

(3.32)

(3.33)

and we simply call these two equations i) and ii). We should remember the equa-
tions i) and ii), since we will need them several times.

Step 2 (discuss uγ(4)): Since the left hand side of i) is zero, and therefore does not

include fourth order coordinates, fourth order must also vanish on the right hand
side and only Hαβ can include fourth order (see (3.28)).1 Fourth order in Hαβ is
given as

Hαβ = O(3)− cijDiDjfβ,uαij = O(3)− cijckluγijklfβ,uαijuγkl . (3.34)

It is important not to forget the factors ckl in (3.34), otherwise the following dis-
cussion leads to a different result. We want to analyze the fourth order of (3.34) in
detail:

uγxxxx : 0 = fβ,uαxxuγxx , (3.35)

uγxxxy : 0 = fβ,uαxxuγxy + fβ,uαxyuγxx , (3.36)

uγxxyy : 0 = fβ,uαxxuγyy + fβ,uαxyuγxy + fβ,uαyyuγxx , (3.37)

uγxyyy : 0 = fβ,uαxyuγyy + fβ,uαyyuγxy , (3.38)

uγyyyy : 0 = fβ,uαyyuγyy . (3.39)

1It is also possible to consider the conservation law condition Eα(fβQ
β) = 0, but discussing

successively the order of the Helmholtz expressions seems to be more systematically here. Note
that E(ιprQ∆) = 0 means that ιprQ∆ is a trivial Lagrangian and this is discussed in (AD80),
especially Theorem 4.3 therein.
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3. The Main Result and What We Need to Prove it

We can integrate these equations and find the general solution. However, it needs
some work and notation. Surprisingly, the general solution can be described by a
finite dimensional vector space, which is not obvious for PDEs. We start with (3.35).
This equation is of the form

Gzαzγ = 0, where G = fβ, zα = uαxx, zγ = uγxx

and the solution is{
G = a(zα) + b(zγ), for zα 6= zγ,

G = c+ zαd or G = c+ zγd, for zα = zγ.

Together

G = c+ zδdδ,

where c,dδ do not depend on zδ, or in our case, fβ = A+ uγxxBγ, where A,Bγ do not
depend on uαxx. A similar calculation holds for (3.39) and together we get

fβ = C + uγyyDγ + uγxx(Eγ + uδyyFγδ) =

= C + uγyyDγ + uγxxEγ + uγxxu
δ
yyFγδ,

where C,Dγ,Eγ,Fγδ do not depend on uγxx,u
γ
yy, but on uγxy and first order coordinates.

Note that we do not write the index β on C,Dγ,Eγ,Fγδ, to keep the notation as simple
as possible. Then the condition (3.37) leads to

(Fαγ + Fγα) +
∂2

∂uαxy∂u
γ
xy

(
C + uδyyDδ + uδxxEδ + uδxxu

ε
yyFδε

)
= 0

and this forces

Eδ,uαxyuγxy = 0, (3.40)

Dδ,uαxyu
γ
xy

= 0, (3.41)

Fδε,uαxyuγxy = 0, (3.42)

Fαγ + Fγα +
∂2

∂uαxy∂u
γ
xy
C = 0. (3.43)

We can integrate the equations (3.40), (3.41), (3.42), which are again of the form
Gzαzγ = 0, where zα = uαxy, z

γ = uγxy and we get

Eδ = eδ + uηxyEδη,

Dδ = dδ + uηxyDδη,

Fδε = fδε + uηxyFδεη,
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where eδ,Eδη,dδ,Dδη,fδε,Fδεη do not depend on uγxx,u
γ
xy,u

γ
yy, i.e. they are of first order.

Now fβ can be written as

fβ =C + uαxx(eα + uγxyEαγ) + uαyy(dα + uγxyDαγ) + uαxxu
γ
yy(fαγ + uδxyFαγδ) =

=C + uαxxeα + uαyydα + uαxxu
γ
xyEαγ + uαyyu

γ
xyDαγ + uαxxu

γ
yyfαγ + uαxxu

γ
yyu

δ
xyFαγδ.

Then the condition (3.36) leads to

fβ,uαxxuγxy + fβ,uαxyuγxx = Eαγ + Eγα + uβyy(Fαβγ + Fγβα) = 0

and this forces

0 = Eαγ + Eγα,

0 = Fαβγ + Fγβα. (β is fixed in the middle position) (3.44)

Then the condition (3.38) leads to

0 = fβ,uαxyuγyy + fβ,uαyyuγxy = Dγα +Dαγ + uβxx(Fβγα + Fβαγ)

and this forces

0 = Dγα +Dαγ,

0 = Fβγα + Fβαγ. (β is fixed in the first position) (3.45)

From (3.44) and (3.45) we get

0 = Fαβγ + Fγβα, (fix middle index β)

0 = Fαβγ + Fαγβ, (fix first index α)

⇒ 0 = Fαβγ + Fβαγ, (fix last index γ)

because of

0 = Fαβγ + Fγβα︸︷︷︸
fix first

= Fαβγ − Fγαβ︸︷︷︸
fix middle

= Fαβγ + Fβαγ.

Therefore, Fαβγ has to be skew-symmetric whenever we change two indices.2 Now
the condition (3.43) can be written as

fαγ + fγα + uηxy (Fαγη + Fγαη)︸ ︷︷ ︸
=0

+
∂2

∂uαxy∂u
γ
xy
C = fαγ + fγα +

∂2

∂uαxy∂u
γ
xy
C = 0. (3.46)

2For m = 2, we know more than Fαγη + Fγαη = 0. Then we even know that Fαβγ = 0. Because,
for m = 2, two of the three indices α,β,γ have to be the same, since only F111 = 0, F112 = 0,
F221 = 0 and F222 = 0 and permutations of that are possible.
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3. The Main Result and What We Need to Prove it

We can integrate (3.46) and we get

C = −uαxyuγxyfαγ + uαxycα + h,

where fαγ,cα,h must be of first order. Now fβ can be written as

fβ =h+ uαxycα + uαxxeα + uαyydα−
− uαxyuγxyfαγ + uαxxu

γ
xyEαγ + uαyyu

γ
xyDαγ + uαxxu

γ
yyfαγ + uγxxu

δ
xyu

ε
yyFγδε =

=h+ uαxycα + uαxxeα + uαyydα+

+ (uαxxu
γ
yy − uαxyuγxy)fαγ + uαxxu

γ
xyEαγ + uαyyu

γ
xyDαγ + uγxxu

δ
xyu

ε
yyFγδε,

where Eαγ and Dαγ have to be skew-symmetric and there are no restrictions for fαγ.
Let us write this differently as

fβ =h+ uαxycα + uαxxeα + uαyydα + (uαxxu
γ
yy − uαxyuγxy)fαγ+

+
∑
α<γ

(uαxxu
γ
xy − uγxxuαxy)Eαγ +

∑
α<γ

(uαyyu
γ
xy − uγyyuαxy)Dαγ + uγxxu

δ
xyu

ε
yyFγδε =

=h+ uαxycα + uαxxeα + uαyydα + (uαx ,u
γ
y)fαγ+

+
∑
α<γ

(uαx ,u
γ
x)Eαγ +

∑
α<γ

(uαy ,u
γ
y)Dαγ + uγxxu

δ
xyu

ε
yyFγδε,

where we define the expressions

(uαi ,u
β
j ) := det(∇uαi ,∇u

β
j )) =

D(uαi ,u
β
j )

D(x,y)
= uαi1u

β
j2 − uαi2u

β
j1 (3.47)

and they are so-called Monge-Ampere expressions or Hyperjacobians (note
that uxxuyy − u2

xy = 0 is called Monge-Ampere equation). For the more general
definition of Hyperjacobians see (Olv83). We also define the determinant

(uγ,uδ,uε) :=

∣∣∣∣∣∣
uγxx uδxx uεxx
uγxy uδxy uεxy
uγyy uδyy uεyy

∣∣∣∣∣∣ ,
which is not a Hyperjacobian. We finish Step 2 with some change in the notation
and we will write

fα = Aα + uγijB
ij
α|γ + (uγi ,u

δ
j)C

ij
α|γδ + (uγ,uδ,uε)Dα|γδε, (3.48)

where Aα,B
ij
α|γ,C

ij
α|γδ,Dα|γδε = O(1), and furthermore Dα|γδε is skew-symmetric in

γ,δ,ε. Note that for m = 2, two of the three indices γ,δ,ε in Dα|γδε have to be the
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same. For example, Dα|112 or Dα|221 and therefore Dα|γδε = 0 when m = 2.

Step 2 b) (explaining some problems in the case n,m = 2): For simplicity, we only
consider n,m = 2 in Step 2 b). Compared to Step 2 in the ODE case in Section
3.4, we saw that we needed a lot more notation and work to get the result in Step
2 in this section. The more complicated notation causes problems in the following
discussion of the proof. Let us explain this in more detail. However, note that this
step is only partially relevant for the proof and one can also continue with Step 3
(that is why we also called it Step 2 b)). This step only explains some notational
problems.

After discussing O1(4) in the ODE case in Section 3.4, we derived

fα = Aα + uγxxBαγ (fα is affine linear in uγxx)

and in the PDE case here, where n = 2, we derived

fα = Aα + uγijB
ij
α|γ + (uγi ,u

δ
j)C

ij
α|γδ + (uγ,uδ,uε)Dα|γδε,

where the last expression Dα|γδε vanishes, when m = 2. As we already mentioned,
this is because Dα|γδε is skew-symmetric in γ,δ,ε and at least two of the three indices
γ,δ,ε have to be the same when m = 2 (this only holds for m = 2, otherwise we
have to discuss uα(3)u

β
(3) as well). In the PDE case, we now have to handle some

problems and the main problem is the so-called double counting, which was already
mentioned in Section 2.12. The first observation is that

uγijB
ij
α|γ = uγxxB

xx
α|γ + uγxyB

xy
α|γ + uγyxB

yx
α|γ + uγyyB

yy
α|γ =

= uγxxB
xx
α|γ + uγxy(B

xy
α|γ +Byx

α|γ) + uγyyB
yy
α|γ =

= uγxxB̃
xx
α|γ + uγxyB̃

xy
α|γ + uγyyB̃

yy
α|γ

and since uγxy = uγyx (jet coordinates are (x,u,ux,uy,uxx,uxy,uyy), see (2.123) and
(2.124)) we define

B̃ij
α|γ := Bij

α|γ +Bji
α|γ, if i < j,

B̃ii
α|γ := Bii

α|γ, if i = j.

Then we get the ordered sum

uγijB
ij
α|γ =

∑
γ

∑
i,j

uγijB
ij
α|γ =

∑
γ

∑
i≤j

uγijB̃
ij
α|γ.

The ordered sum has the advantage that when we have, for example, an equation∑
γ

∑
i≤j

uγijB̃
ij
α|γ = 0,
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then we get immediately that all coefficients B̃ij
α|γ = 0, whereas

∑
γ

∑
i,j

uγijB
ij
α|γ = 0

does not imply Bij
α|γ = 0.

To order the Hyperjacobians needs more effort. There are sixteen terms and
they can be written as

(uγi ,u
δ
j)C

ij
α|γδ = (uγx,u

δ
x)C

xx
α|γδ + (uγx,u

δ
y)C

xy
α|γδ + (uγy ,u

δ
x)C

yx
α|γδ + (uγy ,u

δ
y)C

yy
α|γδ =

= (u1
x,u

1
x)C

xx
α|11 + (u1

x,u
2
x)C

xx
α|12 + (u2

x,u
1
x)C

xx
α|21 + (u2

x,u
2
x)C

xx
α|22+

+ (u1
x,u

1
y)C

xy
α|11 + (u1

x,u
2
y)C

xy
α|12 + (u2

x,u
1
y)C

xy
α|21 + (u2

x,u
2
y)C

xy
α|22+

+ (u1
y,u

1
x)C

yx
α|11 + (u1

y,u
2
x)C

yx
α|12 + (u2

y,u
1
x)C

yx
α|21 + (u2

y,u
2
x)C

yx
α|22+

+ (u1
y,u

1
y)C

yy
α|11 + (u1

y,u
2
y)C

yy
α|12 + (u2

y,u
1
y)C

yy
α|21 + (u2

y,u
2
y)C

yy
α|22 =

= (u1
x,u

2
x)(C

xx
α|12 − Cxx

α|21)+

+ (u1
x,u

1
y)(C

xy
α|11 − C

yx
α|11) + (u1

x,u
2
y)(C

xy
α|12 − C

yx
α|21)+

+ (u2
x,u

1
y)(C

xy
α|21 − C

yx
α|12) + (u2

x,u
2
y)(C

xy
α|22 − C

yx
α|22)+

+ (u1
y,u

2
y)(C

yy
α|12 − C

yy
α|21).

By definition of the Hyperjacobians we have

(u1
x,u

1
x) = (u2

x,u
2
x) = (u1

y,u
1
y) = (u2

y,u
2
y) = 0, (3.49)

and, more generally, we have the identity

(uαi ,u
β
j ) = uαixu

β
jy − uαiyu

β
jx = −(uβj ,u

α
i ). (3.50)

Now we want to order the Hyperjacobians. Let us define{
C̃ii
αγδ = C̃ii

α12 := Cii
α12 − Cii

α21, if i = j and γ < δ

C̃ij
αγδ = C̃xy

αγδ := Cxy
αγδ − C

yx
αδγ, if i < j and for all γ,δ.

Then we can write

(uγi ,u
δ
j)C

ij
αγδ =

∑
γ,δ

γ<δ if i = j

∑
i≤j

(uγi ,u
δ
j)C̃

ij
αγδ. (3.51)
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We have the ordered expressions (we write u1 = u and u2 = v)

z1 := (ux,vx),

z2 := (ux,uy),

z3 := (vx,uy),

z4 := (ux,vy),

z5 := (uy,vy),

z6 := (vx,vy), (3.52)

and they are also characterized by the property that they are linearly independent
(this is easy to check for n = 2 and one can do it as an exercise). The expressions
in (3.52) are not completely independent, since there are non-linear relations like

z1z5 + z4z3 = z2z6. (3.53)

This is called a Plücker relation, see (KPS08). Note that this relation is a special
case of Syzygy. When we consider z1,z2,...,z6 as new coordinates, they only form a
five-dimensional manifold and not a six-dimensional one, as we would might expect,
since they are generated by the six coordinates

u1
xx,u

1
xy,u

1
yy,u

2
xx,u

2
xy,u

2
yy.

There are further relations like (we write u1
xx = uxx, u

2
xx = vxx and so on)

vxxz2 − uxyz1 = vxx(uxxuyy − u2
xy)− uxy(uxxvxy − uxyvxx) =

= vxxuxxuyy − uxyuxxvxy = uxxz3,

and therefore

vxxz1 = uxyz2 + uxxz3. (3.54)

Note that in the case n = 4, there are also linear relations among the Hyperjacobians.
For example,

D(u1,u2)

D(x3,x4)
− D(u1,u3)

D(x2,x4)
+
D(u1,u4)

D(x2,x3)
= 0. (3.55)

We took (3.55) from (BCO81, p.155), where it can be found in formula (4.6) (there,
one can also find the more general definition of Hyperjacobian). In (BCO81, p.156)
is also written that it seems to be difficult to find the number of linearly independent
Hyperjacobians for arbitrary n.

Step 3 (restrictions for the Helmholtz expressions):
Similar to Step 3 in the proof in the ODE case, see Lemma 3.4.2, now we have to
compute the Helmholtz expressions explicitely, under the assumption that fα can
be written as (3.48). It turns out that these expressions are very complicated, and
therefore we will stop the proof here. We will anyway formulate a better proof for
arbitrary n in Section 3.6. Let us finish this section with the algorithm how the
proof would work in principle.
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3.5.1. The Algorithm for n = 2, Arbitrary m and 2nd Order

In this subsection, we explain the structure of the previous idea of a proof and we
give some remarks on why we chose this algorithm, also why we chose a similar
algorithm for n = 1 in Section 3.4. We want to understand the following steps:

Step 1: transform the ECS,

Step 2: discuss uγ(4), (degree 1)

Step 3: restrictions for Hαβ,H
i
αβ,H

ij
αβ,

Step 4: discuss uγ(3)u
δ
(3), (degree 2)

Step 5: restrictions for Hαβ,H
i
αβ,H

ij
αβ,

Step 6: discuss uγ(3)u
δ
(2), (degree 2)

Step 7: restrictions for Hαβ,H
i
αβ,H

ij
αβ,

Step 8: discuss uγ(3), (degree 1)

Step 9: restrictions for Hαβ,H
i
αβ,H

ij
αβ,

Step 10: discuss uγ(2)u
δ
(2), (degree 2)

Step 11: restrictions for Hαβ,H
i
αβ,H

ij
αβ,

Step 12: discuss uγ(2), (degree 1)

which is the algorithm in Section 3.5. Theoretically, this algorithm works pretty
good, also for arbitrary n,m. Practically, using this algorithm, the previous proof
cannot be generalized to arbitrary n,m, since the expressions are getting too compli-
cated and we cannot find a simple structure in the expressions. For n = 1 in Section
3.4, we had only to discuss polynomial degree one. Here, in Section 3.5, we have
also to discuss polynomial degree two. For arbitrary n, we would have to discuss
polynomial degree n.

Now we want to explain why we chose this algorithm, especially why we compute
the restrictions for the Helmholtz expressions between these steps. For example, it
is not a good idea to use the following algorithm

Step 1: transform the ECS,

Step 2: discuss O(4),

Step 3: discuss O(3),

Step 4: discuss O(2),

Step 5: consider all restrictions from the O(4),O(3),O(2)-discussion together,

which would also be possible. In the following, we give an explanation why this is
not meaningful. After discussing uγ(4) in Step 2, i.e. the equation

cijcklu
γ
ijklfβ,uαiju

γ
kl

= 0,
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see (3.34), we could immediately discuss the uγ(3)u
δ
(3)-terms in Hαβ and in equation

(3.32), without computing the restrictions for the Helmholtz expressions. That is,
we could solve the equation

uδiklu
γ
jpqcijcklcpqfβ,uαijuδklu

γ
pq

= 0. (3.56)

We observe that it is difficult to handle the conditions (3.56), but it is possible.
After a longer calculation we get the following equations (let us write f instead of
fβ)

6x,0y uβxxxu
γ
xxx : fuαxxuβxxuγxx = 0, (3.57)

5x,1y uβxxxu
γ
xxy : 2fuαxxuβxxuγxy + fuαxyuβxxuγxx = 0, (3.58)

4x,2y uβxxxu
γ
xyy : ... (3.59)

4x,2y uβxxyu
γ
xxy : ... (3.60)

3x,3y uβxxxu
γ
yyy : fuαxyuβxxuγyy = 0 (3.61)

3x,3y uβxxyu
γ
xyy : ... (3.62)

2x,4y uβxxyu
γ
yyy : ... (3.63)

2x,4y uβxyyu
γ
xyy : ... (3.64)

1x,5y uβxyyu
γ
yyy : ... (3.65)

0x,6y uβyyyu
γ
yyy : ... (3.66)

We observe that a lot of these conditions are redundant. For example, the conditions
(3.57) and (3.58) follow from (3.35). Not to have these redundant conditions, we
constructed the following algorithm

• Discuss order,

• Restrictions for the Helmholtz expressions,

• Discuss order,

• Restrictions for the Helmholtz expressions,

• and so on...

In this algorithm we do not have (many) redundant conditions, since in every step
we already restricted to such f which satisfy all the conditions from the previous
steps. For example, from the conditions (3.57)-(3.66) we only need one condition,
e.g. (3.61). Since (3.61) leads to Dβ|γδε = 0 and then (uγ,uδ,uε)Dβ|γδε = 0. That
is, when this term vanishes, then we do not have to investigate all the remaining
uγ(3)u

δ
(3)-terms in Hαβ, since only (uγ,uδ,uε)Dβ|γδε in fβ can generate uγ(3)u

δ
(3)-terms in
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the Helmholtz expressions. Therefore, only with the condition (3.61) we can derive
that

fα = Aα + uγijB
ij
α|γ + (uγi ,u

δ
j)C

ij
α|γδ,

i.e. we get the Hyperjacobian structure in the second order coordinates of fα and
all other conditions (3.57)-(3.60) and (3.62)-(3.66) are redundant, when also using
the conditions (3.35)-(3.39). Now, the idea is that these redundancies do not occur
when we use the algorithm from the beginning of Subsection 3.5.1. However, it is
hard to say if there never occur redundancies in this algorithm. But in any case
there are less of them.

Let us finish this section with three remarks. First, the above algorithm is clever
in some sense, but it is not clever enough to handle the problem for arbitrary n.
Second, the systematic discussion of degree and order of jet coordinates makes sense
in principle and gives an interesting view of a very rich mathematical structure. For
example, the vanishing of fourth order does not force Hyperjacobian structure in fα,
since we also have terms of the form (uα,uβ,uγ) which are not Hyperjacobians. But
we can also find a structure in these expressions and it would be nice to find out more
about this structure in general. It seems that a lot of these expressions can be written
as different kinds of determinants. It also seems that there is a sub-structure of the
Hyperjacobians and not all Hyperjacobians are variational expressions. A possible
question could be: Can we find an invariant definition of all of the expression which
occur in every step? That is,

{all fα}︸ ︷︷ ︸
Step 1

⊃ {(uα,uβ,uγ),Hyperjacobians}︸ ︷︷ ︸
Step 2

⊃ ... ⊃ {Hyperjacobians}︸ ︷︷ ︸
Step 4

⊃ ...

... ⊃ {variational expressions}︸ ︷︷ ︸
Step 12

⊃ ...

The third remark is the following: Although the algorithm seems to be very system-
atically, it is actually not completely systematically. One reason is that computing
the (restrictions for the) Helmholtz expressions is non-trivial and there are different
ways how to write down these expressions. Let us explain this in the case n = 1
and arbitrary m. In Step 5 in the proof for n = 1 and arbitrary m in Section 3.4,
we combined the conditions

0 = Bαβ −Bβα,

0 = Bβγ,uαx −Bβα,uγx

and deduced that this forces

0 = Bαγ,uβx
+Bβγ,uαx − 2Bβα,uγx .

Therefore, the last equation actually follows by Helmholtz dependency, i.e. relations
among Hαβ,H

x
αβ,H

xx
αβ. A systematic discussion of polynomial degree and order of jet
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coordinates alone does not solve the problem in general and the algorithm does not
tell us where and how we should use the Helmholtz dependencies to compute the
restricted expression Hαβ,H

x
αβ,H

xx
αβ.
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3.6. The Proof for n ≥ 2, Arbitrary m and 2nd Order
Source Forms

The proof in this section is probably shorter as expected, when we recall the algo-
rithm and expressions of the proof in Section 3.5. The difficulty is rather to find
the following steps of the proof. The proof is much shorter as expected, since we do
not need to use the full properties of Hyperjacobians, other available information,
and we can refer to the work of I.M. Anderson, J. Pohjanpelto and others, where
some of the problems are already solved. In some sense we could even say that
not using all the available information actually allows us to formulate a proof for
arbitrary n,m. The previous algorithm in Subsection 3.5.1 seems not to be gener-
alizable, since the expressions in the steps there are getting too complicated. As
far as we know, and as it is written in (BCO81, p.156), it can be very complicated
to determine the dimension of the set of Hyperjacobians in general. For n = 2, we
presented relations in the previous section, see (3.53), (3.54) and (3.55). When we
would try to prove Theorem 1.0.2 for arbitrary n,m with the algorithm from Subsec-
tion 3.5.1, then we would definitely have to know how many (linearly) independent
Hyperjacobians there are and a method how to order them. Even when we would
know all that, the proof would still be very long and complicated. There occur a lot
of tensors, indices, symmetry/skew-symmetry conditions and it is hard to combine
them systematically, if not even impossible. In the following proof, we also have
to combine such symmetry/skew-symmetry conditions, but these combinations are
relatively simple.

Now we will give an overview of the different steps in the proof, which is also a
part of the proof. Details are then proven separately, if they need more space.
Counter examples at the end of the proofs also show that we are indeed proving
non-trivial statements and that they are no longer true under slightly weaker as-
sumptions.

Proof of Theorem (1.0.2) for arbitrary n,m:

Step 1 (transform the ECS): Using the Local Simplification Lemma 3.4.1, we get

the transformed ECS3

i) 0 = Hαγ +Oβ
γ,k(1)Hk

αβ +Oβ
γ,kl(2)Hkl

αβ,

ii) 0 = (Oβ
jk(1)− uβjk)H

k
αβ + (Oβ

jkl(2)− uβjkl)H
kl
αβ,

3This step was developed during my visit at Utah State University when working together with
Ian M. Anderson.
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where

Hαβ = fα,uβ − fβ,uα +Dkfβ,uαk − cklDklfβ,uαkl ,

H i
αβ = fα,uβi

+ fβ,uαi − 2cikDkfβ,uαik ,

H ij
αβ = cij(fα,uβij

− fβ,uαij)

are the Helmholtz expressions (cij = 1 if i = j and cij = 1
2

if i 6= j). Note that

i) and ii) are together m2 + nm equations and we have m2 + nm2 + n(n+1)
2

m(m−1)
2

unknowns H ij
αβ,H

i
αβ,Hαβ. That is, for large n,m the system i) and ii) is a highly

under-determined system and only for m = 1 we can immediately solve it.

Step 2 (polynomial structure, we discuss uα(4)- and uα(3)u
β
(3)-terms, which are

generated by the Dij-derivatives): In this step, we solve the equations

uγijklcklcijfα,uβiju
γ
kl

= 0 ⇔ ∂(kl
γ ∂

ij)
β fα = 0 (3.67)

and

uγkliu
δ
jpqcklcpqcijfα,uβiju

γ
klu

δ
pq

= 0 ⇔ ∂(kl
γ ∂

i)(j
β ∂pq)γ fα = 0 (3.68)

and show the equivalence in (3.67) and (3.68). These equations result from the lead-
ing terms in Hαβ in equation i). Note that we could also discuss the leading orders
in Eα(Qβfβ) = 0, which leads to the same result. Equations (3.67) and (3.68) force
that fα must be a polynomial of degree ≤ n in the second order jet coordinates.

We could also show the more precise result that fα must be a sum of Hyperjaco-
bians in the second order jet coordinates. However, we will actually only need the
weaker statement that fα must be a polynomial of degree ≤ n in the second order
jet coordinates. For this statement we need results from a paper of I.M. Anderson
and T. Duchamp (AD80, pp.786), which are pretty complicated to prove in general.
However, for second order source forms it is not that complicated and we will prove
it in Subsection 3.7.3.

Step 3 (we consider equation ii) and discuss uα1

(2)...u
αn
(2) and uα(3)-terms): With the help

of Step 2 we show that

H i
αβ = O(2),

H ij
αβ = 0. (3.69)

It needs a lot of work to deduce these equations and therefore we will prove it sep-
arately in Subsection 3.6.1.

This step can probably also be proven with the help of the so called d-fold oper-
ator used in the proof of Theorem 1.1 in (AP96, p.379) or in the proof of Theorem

135



3. The Main Result and What We Need to Prove it

1 in (MPV08, p.12).
Note that after deriving the conditions in (3.69) we have still m2 + nm2 =

m(m + nm) unknowns, but i) and ii) are only m(n + m) equations, and therefore
the problem is still non-trivial.

Step 4 (we consider equation i) and discuss uα(3)-terms): This step is quite simple

and we can prove it here directly. From Step 3 we know that

i) Hαγ +Oβ
γ,k(1)Hk

αβ︸ ︷︷ ︸
=O(2)

+Oβ
γ,kl(2)Hkl

αβ︸ ︷︷ ︸
=0

= 0,

and therefore

Hαβ = O(2).

Step 5 (we consider the Helmholtz dependencies): This step is again very simple.
We consider the Helmholtz dependency

Hαβ +Hβα︸ ︷︷ ︸
=O(2)

= DkH
k
αβ −Dkl H

kl
αβ︸︷︷︸

=0

,

and therefore

ciju
γ
kijH

k
αβ,uγij

= 0. (3.70)

From (3.70) we get that ∂uγ
(ij
H
k)
αβ = 0, where (ijk) means symmetrization in ijk.

When we set i = j = k, then symmetrization leads to a single term and we get

H i
αβ,uγii

= 0. (3.71)

Note that there is no summation over i in (3.71). As we mentioned at the beginning
of this section, sometimes we do not need the full available information, i.e. in this
case we do not need the full information of ∂uγ

(ij
H
k)
αβ = 0.

Note that the equation DkH
k
αβ = O(2) is almost a trivial divergence DkH

k
αβ = 0

and such equations are discussed in Subsection 3.7.1. The more information we can
get is that H i

αβ must be a polynomial degree ≤ n − 1 in second order jet coor-
dinates (see Subsection 3.7.1). However, it is reasonable only to use the minimal
amount of needed information here. Especially when we try to find generalizations
of this proof with weaker assumptions, where we do not have the stronger condition
DkH

k
αβ = O(2), but the condition (3.71).
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Step 6 (we consider equation ii) and discuss second order): We consider equation ii),
condition (3.71) and show that

H i
αβ = 0.

This step is quite difficult and we prove it separately in Subsection 3.6.2. Note
that this step can probably also be proven with a different method, when using the
so-called d-fold operator in (AP96, p.379) or (MPV08, p.12).

Step 7 (we consider equation i) and discuss second order): Then from equation i)
we can easily conclude that Hαβ = 0, and therefore all Helmholtz conditions are
satisfied. �

It remains to prove Step 3 and Step 6 in the following subsections. We also prove
Step 2 in Subsection 3.7.3, although we could refer to the work of I.M. Anderson
and T. Duchamp (AD80).

Let us reformulate the above algorithm as the following one, where the steps differ
from the steps above, but the similarities to the algorithms in Subsection 3.4.1 and
Subsection 3.5.1 can be seen more clearly:

Step 1 : transform the ECS,

Step 2 : discuss uα(4) and uα(3)u
β
(3) simulatanously,

Step 3 : restrictions for Hαβ,H
i
αβ,H

ij
αβ, fα is a polynomial of degree ≤ n,

Step 4 : consider equation ii) and discuss uα(3),

Step 5 : restrictions for Hαβ,H
i
αβ,H

ij
αβ,

Step 6 : consider equation i) and discuss uα(3),

Step 7 a) : restrictions for Hαβ,H
i
αβ,H

ij
αβ,

Step 7 b) : consider the Helmholtz dependencies and

derive further restrictions for Hαβ,H
i
αβ,H

ij
αβ,

Step 8 : consider equation ii) and discuss O(2),

Step 9 : restrictions for Hαβ,H
i
αβ,H

ij
αβ,

Step 10 : consider equation i) and discuss O(2),

Step 11 : restrictions for Hαβ,H
i
αβ,H

ij
αβ, all Helmholtz conditions satisfied.

This is just one possibility how to formulate an algorithm similar to the algorithms
in Subsection 3.4.1 and Subsection 3.5.1. Different formulations can be meaningful,
especially discussing certain orders of jet coordinates and computing the restricted
Helmholtz expressions can be formulated as one step. Polynomial degree of second
order jet coordinates seems not to be necessarily split into different steps in this
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algorithm and this is why it works fairly well for arbitrary n (compare the algorithm
in Subsection 3.5.1).

3.6.1. Proof of Step 3

Let us briefly explain the notation in this subsection and then we start with the
proof. From Step 2 in Section 3.6 we know that fα must be a polynomial of degree
≤ n in second order jet coordinates (or more precisely, a sum of Hyperjacobians).
We will write

fα = A0 + A1u(2) + ...+ An u(2)...u(2)︸ ︷︷ ︸
n times

,

where u(2) is a short notation for second order jet coordinates uγij, and Ak = O(1)
for all k = 0,1,...,n. That is, we use a symbolic notation, where we suppress some
of the indices. The exact notation would be

fα = Aα + Aijα|γu
γ
ij + ...+ Ai1j1...injnα|γ1...γn uγ1i1j1 ...u

γn
injn

,

and the coefficients A...... = O(1) satisfy some symmetry and skew-symmetry condi-
tions, which are relatively complicated and not important here, just Hyperjacobians.
In the following, we only need that fα is a polynomial of degree ≤ n in the second
order jet coordinates. Then for H ij

αβ we get

H ij
αβ = cij(fα,uβij

− fβ,uαij) =

symbolic
= cij(∂uβij

− ∂uαij)[A0 + A1u(2) + ...+ An u(2)...u(2)︸ ︷︷ ︸
n times

] =

= Ã1 + Ã2u(2) + ...+ Ãn u(2)...u(2)︸ ︷︷ ︸
(n−1) times

,

i.e. H ij
αβ is of degree ≤ n− 1 in the second order jet coordinates, where Ãk = O(1).

We wrote symbolic, since fα and fβ have different coefficients Ak. In exact notation
we get

H ij

αβ,u
γ1
i1j1

...uγninjn
= 0. (3.72)
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For H i
αβ we can do a similar (symbolic) calculation and we get

H i
αβ = fα,uβi

+ fβ,uαi − 2cikDkfβ,uαik =

= On(2)− 2cikDk∂uαik [A0 + A1u(2) + ...+ An u(2)...u(2)︸ ︷︷ ︸
n times

] =

= On(2)− 2cikDk[A1 + A2u(2) + ...+ An u(2)...u(2)︸ ︷︷ ︸
(n−1) times

] =

= On(2)− 2cik[Ã2u(2) + ...+ Ãn u(2)...u(2)︸ ︷︷ ︸
(n−2) times

u(3)] (3.73)

and u(3) is a short notation for third order jet coordinates uγijk. Note that for n = 1,

H i
αβ does not depend on third order, and for n = 2, we only have combinations of

the form O(1)uγjtk as third order terms. In general, the third order terms are quite
specific and we will use this property below. In exact notation we get

H i
αβ,u

γ1
i1j1

...u
γn−1
in−1jn−1

= Olin(2) = O(2). (3.74)

Note that only third order terms vanish here when applying the partial differential
operator ∂uγ1i1j1

...∂uγn−1
in−1jn−1

on H i
αβ, since they are also of degree ≤ n − 2 in second

order coordinates and, in general, second order coordinates in H i
αβ can occur up to

degree ≤ n.

Then we consider equation ii) and we apply the following differential operators

a) (∂uγJJ )n−1 = ∂uγ1JJ ...∂u
γn−1
JJ︸ ︷︷ ︸

(n− 1) times

(to determine Hkl
αβ),

b) ∂uδjJ (∂uγJJ )n−2 = ∂uδjJ ∂u
γ1
JJ
...∂uγn−2

JJ︸ ︷︷ ︸
(n− 2) times

(to determine Hk
αβ),

c) ∂uδjj(∂u
γ
JJ

)n−2 = ∂uδjj ∂u
γ1
JJ
...∂uγn−2

JJ︸ ︷︷ ︸
(n− 2) times

(to determine Hk
αβ),

where all the J can take all possible values and combinations such that J ∈ {1,2,...,n}
and J 6= j. It is important to understand that the expressions in a), b), c) can take all
possible combinations of such J , i.e. J is not one fixed number in these expressions
it is a combination of numbers. For example, let j = 1 and n = 4, then we get

(∂uγJJ )2 = ∂uγ122∂u
γ1
22

and (∂uγJJ )2 = ∂uγ123∂u
γ2
24

(3.75)

and even more expressions. That is, we actually apply a set of operators

(∂uγJJ )2 = {∂uγ122∂uγ122 , ∂uγ123∂uγ224 , ...},
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which will lead to a set of equations below. We also use the notation (γ)n = γ1...γn,
i.e. multi index notation in (γ)n is assumed. Without using this simplified notation
for J and (γ)n it would be very hard to write down all the expressions in a), b), c),
or in (3.75). For example, for a) we would have to write

(∂uγJJ )n−1 =

{
∂uγ1J1J2

∂uγ2J3J4
...∂uγn−1

J2n−3J2n−2

, for all Jl ∈ {1,2,...,n} and Jl 6= j

}
,

where 1 ≤ l ≤ 2n−2, which is an equivalent notation to what we have written above
and a similar notation holds for b) and c). Note that below we will also have further
restrictions than J ∈ {1,2,...,n}, J 6= j and then we simply write J ∈ {2,3,...,n},
J ∈ {3,4,...,n} and so on. We do not always write J 6= j, since this is always be
assumed.

Here the actual proof of Step 3 in Section 3.6 starts. The proof is based on a
sort of induction. We will write Step 3.k for the different steps in the induction.

Proof of Step 3 in Section 3.6:

Step 3.0: We briefly repeat what we know from the discussion above. We know
that

0 = Hkl
αβ,u

γ1
i1j1

...uγninjn
,

O(2) = Hk
αβ,u

γ1
i1,j1

...u
γn−1
in−1jn−1

.

(3.76)

(3.77)

Actually, we only need the weaker conditions written in the following boxes

a) apply (∂uγJJ )n−0 = (∂uγJJ )n ⇒ (∂uγJJ )nHkl
αβ = 0, J ∈ {1,2...n} , (3.78)

b) apply ∂uδjJ (∂uγJJ )n−1 ⇒ (∂uγJJ )n−1HJ
αβ = O(2), J ∈ {2,3...n} , (3.79)

c) apply ∂uδjj(∂u
γ
JJ

)n−1 ⇒ (∂uγJJ )n−1Hj
αβ = O(2), J ∈ {2,3...n} . (3.80)

Without loss of generality, we always assume j = 1 and then J are all the other
possibilities, or, when explicitly writing J ∈ {1,2,...,n}, then it is also clear which
values J can take, for example, in (3.78). The zero in n−0 should coincide with Step
3.0 in the induction and this will be clear soon after we showed how the indiction
works. We will also explain where and why we only need the weaker conditions in
(3.78)-(3.80) and why we sometimes write only if or also for.
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Step 3.1: Applying the operator (∂uγJJ )n−1 = ∂uδJJ (∂uγJJ )n−2 to equation ii), we get

a) 0 = (∂uγJJ )n−1[(O(1)− uβjk)H
k
αβ + (O(2)− uβjkl)H

kl
αβ] =

= (O(1)− uβjk)H
k
αβ,(uγJJ )n−1︸ ︷︷ ︸

=O(2) also for
J ∈ {2,3...n}

Step 3.0 (3.77)

+ (∂uγJJ )n−1[O(2)Hkl
αβ]︸ ︷︷ ︸

=O(2) always

−uβjklH
kl
αβ,(uγJJ )n−1︸ ︷︷ ︸

here we want to
get information

, (3.81)

and since Hkl
αβ is symmetric in k,l, we get

Step 3.1 a) 0 = Hkl
αβ,(uγJJ )n−1 , where J is in a set of n− 1 numbers,

e.g. j = 1 then J ∈ {2,3,...,n}.
(3.82)

We restricted to J ∈ {2,3,...,n}, because otherwise we cannot commute (∂uγJJ )n−1

with uβjk. This restriction is crucial in the whole proof.4 For example, for n = 2

we get Hkl
αβ,uγxx

= 0 and Hkl
αβ,uγyy

= 0, but we do not get Hkl
αβ,uγxy

= 0, since we only

choose from a set of n− 1 = 1 numbers.5 Now we apply the operator ∂uδjJ (∂uγJJ )n−2,

J ∈ {3,4,...,n} to equation ii) and we get

b) 0 =∂uδjJ (∂uγJJ )n−2[(O(1)− uβjk)H
k
αβ + (O(2)− uβjkl)H

kl
αβ] =

=O(1) ∂uδjJ (∂uγJJ )n−2Hk
αβ︸ ︷︷ ︸

=O(2) also for J ∈ {3,4...n}
Step 3.0 (3.77)

−∂uδjJ (∂uγJJ )n−2[uβjkH
k
αβ]+

+ ∂uδjJ (∂uγJJ )n−2[O(2)Hkl
αβ]︸ ︷︷ ︸

=O(2) always

−uβjkl ∂uδjJ (∂uγJJ )n−2Hkl
αβ︸ ︷︷ ︸

=0 only if J = {3,4...n}
Step 3.1 a) (3.82)

=

=O(2)− ∂uδjJ (∂uγJJ )n−2[uβjkH
k
αβ] =

=O(2)− ∂uδjJ [uβjk(∂uγJJ )n−2Hk
αβ] =

=O(2)− (∂uδJJ )n−2HJ
αδ − u

β
jk ∂uδjJ (∂uγJJ )n−2Hk

αβ︸ ︷︷ ︸
=O(2) also for J ∈ {3,4...n}

Step 3.0 (3.77)

=

=O(2)− (∂uγJJ )n−2HJ
αδ, J ∈ {3,4,...,n}. (3.83)

This computation needs some explanation. In the third line in (3.83) we had to
choose J in a set of n−2 numbers (formally we wrote J ∈ {3,4,...,n}), such that the

4Step 3.0, i.e. (3.77) can also be applied when we would choose J ∈ {1,2,...,n} and therefore we

wrote also for, but then we would not be able to commute the differential operators with uβjk.
Later, i.e. in Step 3.2, we cannot write also for any longer, and we will write only if.

5For n = 3, j=̂z and J=̂{x,y}, we would get Hkl
αβ,uγxxuδxx

= Hkl
αβ,uγxxuδxy

= Hkl
αβ,uγxxuδyy

=

Hkl
αβ,uγxyuδxy

= 0, but we would not get Hkl
αβ,uγxxuδyz

= 0.
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3. The Main Result and What We Need to Prove it

set {j,3,4,...,n} is a set of n − 1 numbers and only then we can apply (3.82) from
Step 3.1 a).6 Therefore, we get

Step 3.1 b) O(2) = (∂uγJJ )n−2HJ
αδ, J in a set of n− 2 numbers,

e.g. J ∈ {3,4,...,n}.
(3.84)

Applying ∂uδjj(∂u
γ
JJ

)n−2, J ∈ {3,4,...,n}, leads to

c) 0 =∂uδjj(∂u
γ
JJ

)n−2[(O(1)− uβjk)H
k
αβ + (O(2)− uβjkl)H

kl
αβ] =

=O(1) ∂uδjj(∂u
γ
JJ

)n−2Hk
αβ︸ ︷︷ ︸

=O(2) also for J ∈ {3,4...n}
Step 3.0 (3.77)

−∂uδjj(∂uγJJ )n−2[uβjkH
k
αβ]+

+ ∂uδjj(∂u
γ
JJ

)n−2[O(2)Hkl
αβ]︸ ︷︷ ︸

=O(2) always

−uβjkl ∂uδjj(∂uγJJ )n−2Hkl
αβ︸ ︷︷ ︸

=0 only if J = {3,4...n}
Step 3.1 a) (3.82)

=

=O(2)− ∂uδjj(∂uγJJ )n−2[uβjkH
k
αβ] =

=O(2)− ∂uδjj [u
β
jk(∂uγJJ )n−2Hk

αβ] =

=O(2)− (∂uδJJ )n−2Hj
αδ − u

β
jk ∂uδjj(∂u

γ
JJ

)n−2Hk
αβ︸ ︷︷ ︸

=O(2) also for J ∈ {3,4...n}
Step 3.0 (3.77)

=

=O(2)− (∂uγJJ )n−2Hj
αδ, J ∈ {3,4,...,n}

and we conclude

Step 3.1 c) O(2) = (∂uγJJ )n−2Hj
αδ, J in a set of n− 2 numbers,

e.g. J = {3,4,...,n}
(3.85)

Together with a), b), c), i.e. with (3.82),(3.84) and (3.85), we get

0 =Hkl
αβ,(uγJJ )n−1 , where J is in a set of n− 1 numbers,

O(2) =Hk
αδ,(uγJJ )n−2 , where J is in a set of n− 2 numbers.

(3.86)

(3.87)

Note that there is always one derivative more on Hkl
αβ in comparison with the deriva-

tives on Hk
αβ and the equations hold for all k,l = 1,2...n. We can also observe that

we have to prove a) first, since it is needed to prove b) and c).

Step 3.2: Now we are almost ready to do this inductively, i.e. to repeat the same

6Step 3.0, that is (3.77), would also be applicable when we would choose from the set J ∈
{2,3,...,n}, and therefore we wrote also for in the second last line in (3.83).
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3.6. The Proof for n ≥ 2, Arbitrary m and 2nd Order Source Forms

argument. To get the induction working, we write down Step 3.2 once again, since
there is a small difference in comparison with Step 3.1. In Step 3.2 a), we apply the
operator (∂uγJJ)n−2, J ∈ {3,4...n}, and we get

a) 0 = (∂uγJJ )n−2[(O(1)− uβjk)H
k
αβ + (O(2)− uβjkl)H

kl
αβ] =

= (O(1)− uβjk)H
k
αβ,(uγJJ )n−2︸ ︷︷ ︸

=O(2) only if
J ∈ {3,4...n}

Step 3.1 (3.87)

+ (∂uγJJ )n−2[O(2)Hkl
αβ]︸ ︷︷ ︸

=O(2) always

−uβjklH
kl
αβ,(uγJJ )n−2︸ ︷︷ ︸

here we want to
get information

,

that is, we get

Step 3.2 a) 0 =Hkl
αβ,(uγJJ )n−2 , where J is in a set of n− 2 numbers. (3.88)

Here we can observe that in Step 3.2 a), we wrote only if instead of also for and this
is in contrast to Step 3.1 a). For commuting (∂uγJJ )n−2 with uβjk, we could also have
chosen J ∈ {2,3...n}, but then we would not be able to use (3.87) and therefore the
set of possible J is again decreased by one. In Step 3.2 b) we apply ∂uδjJ(∂uγJJ)n−3,
J = {4,5,...n}, which leads to

b) 0 =∂uδjJ (∂uγJJ )n−3[(O(1)− uβjk)H
k
αβ + (O(2)− uβjkl)H

kl
αβ] =

=O(1) ∂uδjJ (∂uγJJ )n−3Hk
αβ︸ ︷︷ ︸

=O(2) only if J ∈ {4,5,...n}
Step 3.1 (3.87)

−∂uδjJ (∂uγJJ )n−3[uβjkH
k
αβ]+

+ ∂uδjJ (∂uγJJ )n−3[O(2)Hkl
αβ]︸ ︷︷ ︸

=O(2) always

−uβjkl ∂uδjJ (∂uγJJ )n−3Hkl
αβ︸ ︷︷ ︸

=0 only if J = {4,5,...n}
Step 3.2 a) (3.88)

=

=O(2)− ∂uδjJ (∂uγJJ )n−3[uβjkH
k
αβ] =

=O(2)− ∂uδjJ [uβjk(∂uγJJ )n−3Hk
αβ] =

=O(2)− (∂uδJJ )n−3HJ
αδ − u

β
jk ∂uδjJ (∂uγJJ )n−3Hk

αβ︸ ︷︷ ︸
=O(2) only if J ∈ {4,5...n}

Step 3.1 (3.87)

=

=O(2)− (∂uγJJ )n−3HJ
αδ, J ∈ {4,5,...,n},

and therefore we get

Step 3.2 b) O(2) =HJ
αδ,(uγJJ )n−3 , where J in a set of n− 3 numbers.

Note that if J ∈ {4,5...n} is in a set of n− 3 numbers, then {j,4,5...n} is in a set of
n− 2 numbers and only in this case we can apply (3.87) and (3.88). In Step 3.2 c),
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3. The Main Result and What We Need to Prove it

we apply ∂uδjj(∂u
γ
JJ)n−3, J ∈ {4,5...n}, and this leads to

c) 0 =∂uδjj(∂u
γ
JJ

)n−3[(O(1)− uβjk)H
k
αβ + (O(2)− uβjkl)H

kl
αβ] =

=O(1) ∂uδjj(∂u
γ
JJ

)n−3Hk
αβ︸ ︷︷ ︸

=O(2) only if J ∈ {4,5,...n}
Step 3.1 (3.87)

−∂uδjJ (∂uγJJ )n−3[uβjkH
k
αβ]+

+ ∂uδjj(∂u
γ
JJ

)n−3[O(2)Hkl
αβ]︸ ︷︷ ︸

=O(2) always

−uβjkl ∂uδjj(∂uγJJ )n−3Hkl
αβ︸ ︷︷ ︸

=0 only if J = {4,5,...n}
Step 3.2 a) (3.88)

=

=O(2)− ∂uδjj(∂uγJJ )n−3[uβjkH
k
αβ] =

=O(2)− ∂uδjj [u
β
jk(∂uγJJ )n−3Hk

αβ] =

=O(2)− (∂uδJJ )n−3Hj
αδ − u

β
jk ∂uδjJ (∂uγJJ )n−3Hk

αβ︸ ︷︷ ︸
=O(2) only if J ∈ {4,5...n}

Step 3.1 (3.87)

=

=O(2)− (∂uγJJ )n−3Hj
αδ, J ∈ {4,5,...,n},

and therefore we get

Step 3.2 c) O(2) =(∂uγJJ )n−3Hj
αδ, where J in a set of n− 3 numbers.

Together with a), b), c) we get

0 =Hkl
αβ,(uγJJ )n−2 , where J in a set of n− 2 numbers,

O(2) =Hk
αδ,(uγJJ )n−3 , where J in a set of n− 3 numbers.

Now we are able to do this inductively, since we can repeat exactly the same argu-
ment from Step 3.l in Step 3.(l+1) (and we will always need a only if ).

...

Step 3.(n-2): In this step, we get

0 =Hkl
αβ,(uγJJ )n−(n−2) = Hkl

αβ,u
γ1
JJu

γ2
JJ
, J in a set of n− (n− 2) = 2 numbers,

O(2) =Hk
αδ,(uγJJ )n−(n−1) = Hk

αδ,uγJJ
, J in a set of n− (n− 1) = 1 numbers.

(3.89)

For example, for n = 3, we get Hk
αδ,uγxx

,Hk
αδ,uγyy

,Hk
αδ,uγzz

= 0. But we do not get one

of the mixed derivatives Hk
αδ,uγxy

= 0, Hk
αδ,uγxz

= 0 or Hk
αδ,uγyz

= 0. This will be crucial
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in the next step, since applying ∂uδjJ does not work any longer.

Step 3.(n-1): The second last step is different in comparison with all the previ-
ous steps, since applying the ∂uγjJ -operator does not work any longer, as we will see

below. Formally, in this step we would get

0 =Hkl
αβ,(uγJJ )n−(n−1) = Hkl

αβ,uγJJ
, J in a set of n− (n− 1) = 1 numbers,

O(2) =Hk
αδ,(uγJJ )n−n = Hk

αδ J in a set of n− n numbers, i.e. J ∈ ∅

(3.90)

and since we cannot choose J ∈ ∅, there must be something wrong. However, part
a) still works, where we get

a) 0 = (∂uγJJ )n−(n−1)[(O(1)− uβjk)H
k
αβ + (O(2)− uβjkl)H

kl
αβ] =

= (O(1)− uβjk) Hk
αβ,uγJJ︸ ︷︷ ︸

=O(2) only if J ∈ {n}
Step 3.(n-2) (3.89)

+ ∂uγJJ [O(2)Hkl
αβ]︸ ︷︷ ︸

=O(2) always

−uβjkl Hkl
αβ,uγJJ︸ ︷︷ ︸

here we want to
get information

,

J ∈ {n},

where J is in a set of one number. Otherwise (3.89) would not be applicable, i.e.
both of the JJ must be the same. Therefore, we get

Step 3.(n-1) a) 0 =Hkl
αβ,uγJJ

, where J is in a set of 1 number. (3.91)

Therefore, and because of Step 3.(n-2) b), the Step 3.(n-1) does not work any longer,
where we would formally get

b) 0 =∂uδjJ (∂uγJJ )n−1−(n−1)[(O(1)− uβjk)H
k
αβ + (O(2)− uβjkl)H

kl
αβ] =

=O(1) ∂uδjJH
k
αβ︸ ︷︷ ︸

=O(2) only if J ∈ ∅
Step 3.(n-2) (3.89)

−∂uδjJ [uβjkH
k
αβ] + ∂uδjJ [O(2)Hkl

αβ]︸ ︷︷ ︸
=O(2) always

−

− uβjkl ∂uδjJH
kl
αβ︸ ︷︷ ︸

=0 only if J ∈ ∅
Step 3.(n-1) a) (3.91)

= ...
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Surprisingly, part c) still works and we get

c) 0 =∂uδjj(∂u
γ
JJ

)n−1−(n−1)[(O(1)− uβjk)H
k
αβ + (O(2)− uβjkl)H

kl
αβ] =

=O(1) ∂uδjjH
k
αβ︸ ︷︷ ︸

=O(2) no J necessary
Step 3.(n-2) (3.89)

−∂uδjj [u
β
jkH

k
αβ] + ∂uδjj [O(2)Hkl

αβ]︸ ︷︷ ︸
=O(2) always

−

− uβjkl ∂uδjjH
kl
αβ︸ ︷︷ ︸

=0 no J necessary
Step 3.(n-1) a) (3.91)

=

=O(2)− ∂uδjj [u
β
jkH

k
αβ] =

=O(2)−Hj
αδ − u

β
jk ∂uδjjH

k
αβ︸ ︷︷ ︸

=O(2) no J necessary
Step 3.(n-2) (3.89)

=

=O(2)−Hj
αδ, no J necessary.

Therefore, we get

Step 3.(n-1) c) O(2) = Hj
αδ for all α,δ = 1,2,...,m and for all j = 1,2,...,n.

From a), b) and c) together, we get

0 =Hkl
αβ,(uγJJ )n−(n−1) = Hkl

αβ,uγJJ
, J in a set of n− (n− 1) = 1 number,

O(2) =Hk
αδ,(uγJJ )n−n = Hk

αδ, (formally for J ∈ ∅). (3.92)

Now we also want to show that Hkl
αβ = 0.

Step 3.n: Formally, we would apply (∂uγJJ )n−n = 1 and deduce

a) 0 = (∂uγJJ )n−n[(O(1)− uβjk)H
k
αβ + (O(2)− uβjkl)H

kl
αβ] =

= (O(1)− uβjk) Hk
αβ︸︷︷︸

=O(2)
Step 3.(n-1) (3.92)

+ O(2)Hkl
αβ︸ ︷︷ ︸

=O(2) always

−uβjkl Hkl
αβ︸︷︷︸

here we want to
get information

,

and therefore (since Hkl
αβ is symmetric in k,l and third order must vanish) we get

0 =Hkl
αβ.

Equation b) and c) do not provide new information in Step 3.n. All together, we
have proven what we wanted to prove and, again, the result is

0 =Hkl
αβ,

O(2) =Hk
αδ.
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For n = 1, we should probably do the proof separately, or we can use the slightly
different proof in Section 3.4. �

Remarks: The proof of Step 3 does not work any longer under slightly weaker as-
sumptions, as we want to show here. Before we do so, we should be aware of what
the assumptions have been in what we have proven above. We did not use the full
structure of the Helmholtz expressions in the proof of Step 3. For example, we did
not us the skew-symmetry of Hkl

αβ in α,β.
Under weaker assumptions, here is a counter example for n = 1 and m = 2: If

we assume fα is a polynomial of degree 2, then the expressions for Hk
αβ and Hkl

αβ are
of the form

Hx
αβ = A1 + A2γu

γ
xx + A3γδu

γ
xxu

δ
xx + A4γu

γ
xxx,

Hxx
αβ = B1 +B2γu

γ
xx,

where A1,A2γ,A3γδ,A4γ,B1,B2γ = O(1). For example, we could choose

Hxx
11 = 0, Hx

11 = −u2
xxx,

Hxx
12 = u1

xx, Hx
12 = 0,

Hxx
21 = 0, Hx

21 = 0,

Hxx
21 = 0, Hx

22 = 0

and equation ii)

0 = uβxxH
x
1β + uβxxxH

xx
1β = −u1

xxu
2
xxx + u2

xxxu
1
xx,

0 = uβxxH
x
2β + uβxxxH

xx
2β

would be satisfied, but Hxx
αβ 6= 0. Of course, a more interesting counter example

would be if we define a function fα which is a polynomial of degree 2 and then we
compute Hx

αβ and Hxx
αβ, such that Hxx

αβ 6= 0, but the equations ii) are satisfied. This
is probably not possible, since then Hxx

αβ has definitely to be skew-symmetric in α,β
and we would have additional restrictions. We do not discuss this in more detail.

3.6.2. Proof of Step 6

Let us directly start with the proof. Again, the proof will be a kind of induction
and we will write Step 6.k for the different steps in the induction.

Step 6.0: From Step 5 in Section 3.6 we know that

Hj
αβ,uγjj

= 0. (3.93)
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We also know that H i
αβ is a polynomial of degree ≤ n in the second order jet

coordinates (terms with third order jet coordinates even have degree ≤ n− 2 in the
second order jet coordinates, but they already vanished). Therefore, we can assume
that

∂uγ111∂u
γ2
22
...∂uγnnnH

j
αβ 6= 0,

in general. But this is actually not the case, since in the derivatives ∂uγ111∂u
γ2
22
...∂uγnnn

we can definitely find a ∂uγjj -derivative and Hj
αβ,uγjj

= 0. Therefore, we actually get

∂uγ111∂u
γ2
22
...∂uγnnnH

j
αβ = 0.

Now we will use this property as the starting point in the induction and we will also
use (3.93).

Step 6.1 (apply n derivatives, then compute expression with (n− 1) derivatives):
We consider equation ii) and apply certain differential operators. Let ∂uγ111∂u

γ2
22
...∂uγnnn

be a differential operator. Then we define

∂uγ111∂u
γ2
22
... ∧jj ...∂uγnnn := ∂uγ111∂u

γ2
22
...∂

u
γj−1
(j−1)(j−1)

∂
u
γj+1
(j+1)(j+1)

...∂uγnnn ,

i.e. the notation ∧jj means that the ∂
u
γj
jj

-derivative is omitted (and all other deriva-

tives are included). Now we apply the operator ∂uγ111∂u
γ2
22
...∂uγnnn to ii), i.e.

ii) 0 = (Oβ
jk(1)− uβjk)H

k
αβ | ∂uγ111∂u

γ2
22
...∂uγnnn

and we get (there is no summation over j)

0 = Oβ
jk(1) Hk

αβ,u
γ1
11 ...u

γn
nn︸ ︷︷ ︸

=0, see Step 6.0,
definitely ∂uγ

kk
-der.

included ∀k

−Hj

αγj ,u
γ1
11 ...∧jj ...u

γn
nn
− uβjk Hk

αβ,u
γ1
11 ...u

γn
nn︸ ︷︷ ︸

=0, see Step 6.0,
definitely ∂uγ

kk
-der.

included ∀k

.

This leads to

Hj

αγj ,u
γ1
11 ...∧jj ...u

γn
nn

= 0,

where we have (n−1) derivatives on Hj
αγj

, all derivatives are different, and the ∂
u
γj
jj

-

derivative is omitted. For example, for n = 2 we get Hx
αβ,uγyy

= 0 and Hy
αβ,uγxx

= 0,

but we do not (yet) get Hx
αβ,uγxx

= 0. But because of Step 6.0, see (3.93), we also
know that

Hj

αγj ,u
γ1
11 ...∧kk...u

γn
nn

= 0,

(n− 1) derivatives, all derivatives different,

the ∂
u
γj
jj

-derivative is included, i.e. k 6= j.
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Together we get

Hj

αγj ,u
γ1
11 ...∧kk...u

γn
nn

= 0

(n− 1) derivatives, all derivatives are different, for all j,k = 1,2,...n.

(3.94)

Note that the standard rule is: In Step 6.1 there is one derivative omitted, in Step
6.2 there will be two derivatives omitted and so on.

Step 6.2 (apply (n− 1) derivatives, compute expression with (n− 2) derivatives):
We apply the following differential operator to equation ii)

0 = (O(1)− uβjk)H
k
αβ |∂uγ111 ... ∧ll ...∂uγnnn .

If j = l, then we can commute all derivatives with uβjk and we do not get any new
information. Therefore, let j 6= l, i.e. the ∂

u
γj
jj

-derivative is included. Then we get

0 = O(1)Hk
αβ,u

γ1
11 ...∧ll...u

γn
nn︸ ︷︷ ︸

=0,
Step 6.1, see (3.94)

−Hj

αγj ,u
γ1
11 ...∧jj ...∧ll...u

γn
nn
− uβjkH

k
αβ,u

γ1
11 ...∧ll...u

γn
nn︸ ︷︷ ︸

=0,
Step 6.1, see (3.94)

(3.95)

and we get

Hj

αγj ,u
γ1
11 ...∧jj ...∧ll...u

γn
nn

= 0,

(n− 2) derivatives, where all derivatives different, j 6= l.

Note that when we would write j = l, then we would have to say which derivatives
are included, since from the different derivatives ∂uγ111 ...∂u

γn
nn

, we can only omit dif-

ferent derivatives. Also note that in the sum over k in (3.95) there exists a k such
that k = l, and therefore it is not possible to apply Step 6.0 and we definitely need
the result from Step 6.1 in (3.94). Because of Step 6.0, we can also write

Hj

αγj ,u
γ1
11 ...∧rr...∧ll...u

γn
nn

= 0,

(n− 2) derivatives, all derivatives different, r 6= l and r,l 6= j,

i.e. the ∂
u
γj
jj

-derivative in ∂uγ111 ... ∧rr ... ∧ll ...∂uγnnn is included. Then, together we get

Hj

αγj ,u
γ1
11 ...∧rr...∧ll...u

γn
nn

= 0,

(n− 2) derivatives, all derivatives are different, r 6= l.

(3.96)

Step 6.3 (apply (n− 2) derivatives, compute expression with (n− 3) derivatives):
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Now we are able to do this inductively, i.e. we can repeat exactly the same argu-
ment. Once again, we will briefly write down the next step. We apply the following
differential operator to equation ii)

0 = (O(1)− ujk)Hk
αβ |∂uγ111 ... ∧rr ... ∧ll ...∂uγnnn .

Of course, r 6= l, since from different derivatives we can only omit different deriva-
tives. If j = l or j = r, i.e. the ∂

u
γj
jj

-derivative is not included, then all derivatives

commute with uβjk and we do not get any new information. Now let r,l 6= j (and
r 6= l), i.e. the ∂

u
γj
jj

-derivative is included. Then we get

0 = O(1)Hk
αβ,u

γ1
11 ...∧rr...∧ll...u

γn
nn︸ ︷︷ ︸

=0,
Step 6.2, see (3.96)

−Hj

αγj ,u
γ1
11 ...∧jj ...∧rr...∧ll...u

γn
nn
− uβjkH

k
αβ,u

γ1
11 ...∧rr...∧ll...u

γn
nn︸ ︷︷ ︸

=0,
Step 6.2, see (3.96)

,

and therefore we get

Hj

αγj ,u
γ1
11 ...∧jj ...∧rr...∧ll...u

γn
nn

= 0,

(n− 3) derivatives, all derivatives are different and

j,r,l are different (i.e. from different derivatives

we exclude three different derivatives)

Note that because of symmetry, the index j in Hj
... can also be written as r or l.

This is again true when the ∂
u
γj
jj

-derivative is included, since then we can apply Step

6.0 and together we get

Hk
αγj ,u

γ1
11 ...∧jj ...∧rr...∧ll...u

γn
nn

= 0,

(n− 3) derivatives, where all derivatives are different

j,r,l are different, for all k = 1,2,...,n.

We repeat exactly the same argument from Step 6.l in Step 6.(l+1)

...

until we get Step 6.(n-1).

Step 6.(n-1) (apply n− (n− 2) = 2 derivatives, then compute expression with
1 derivative): We do the same calculation as before until we get

Hk
αγj ,u

γ1
ll

= 0,

(n− (n− 1)) = 1 derivative, for all k,l = 1,2,...,n
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and this is a generalization of Step 6.0, since the conditions now also holds for k 6= l.

Step 6.n (apply n− (n− 1) = 1 derivatives, compute expression with 0 derivatives):
In the last step we apply the differential operator ∂

u
γj
jj

0 = (O(1)− uβjk)H
k
αβ |∂

u
γj
jj
,

i.e. the ∂
u
γj
jj

-derivative is included, as it always was the case above, since otherwise

we do not get any new information, and we get

0 = O(1) Hk

αβ,u
γj
jj︸ ︷︷ ︸

=0,
Step 6.(n-1)

−Hj
αγj
− uβjk Hk

αβ,u
γj
jj︸ ︷︷ ︸

=0,
Step 6.(n-1)

.

Therefore,

Hj
αγj

= 0

and this proves the initial statement. �

Remarks: In the above proof, we did not even use that Hk
αβ is a polynomial in the

second order jet coordinates of degree ≤ n. We only used the condition Hj
αβ,uγjj

= 0

at the beginning of the proof. This could be a difference to applying the d-fold
operator, used in similar proofs, as in (AP96, p.379) or (MPV08, p.12).

If we would not be able to use the initial condition Hj
αβ,uγjj

= 0 (Helmholtz

dependency) from Step 6.0 in Subsection 3.6.2, then we would not be able to do
this proof. Since, for example, for n = 1,m = 2, the expressions Hx

α1 = −u2
xx and

Hx
α2 = u1

xx satisfy the equation

0 = uβxxH
x
αβ,

but it does not follow that Hx
αβ = 0.

More generally and what the proof of Step 6 is about: A system of the form

uβikH
k
β = 0 for all i = 1,2,...,n (3.97)

has solutions of degree ≥ n and there are no non-trivial solutions of degree < n. To
understand this, let us write (3.97) as

(
u1
xx u1

xy u2
xx u2

xy

u1
yx u1

yy u2
yx u2

yy

)
Hx

1

Hy
1

Hx
2

Hy
2

 = 0, (3.98)
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where we consider n,m = 2 for simplicity and the more general case is analogous.
To solve (3.98), we do the following trick: Let us write (3.98) as two terms of the
form (

u1
xx u1

xy

u1
yx u1

yy

)
︸ ︷︷ ︸

=:A

(
Hx

1

Hy
1

)
+

(
u2
xx u2

xy

u2
yx u2

yy

)(
Hx

2

Hy
2

)
= 0. (3.99)

The matrix A can be inverted almost everywhere and multiplying the equation (3.99)
by this almost everywhere invertible matrix, we get(

1 0
0 1

)(
Hx

1

Hy
1

)
+

1

u1
xxu

1
yy − u1

xyu
1
xy

(
u1
yy −u1

xy

−u1
xy u1

xx

)(
u2
xx u2

xy

u2
yx u2

yy

)(
Hx

2

Hy
2

)
= 0.

Therefore, the almost everywhere solution is(
Hx

1

Hy
1

)
=

−1

u1
xxu

1
yy − u1

xyu
1
xy

(
(u1

yyu
2
xx − u1

xyu
2
yx) (u1

yyu
2
xy − u1

xyu
2
yy)

(u1
xxu

2
yx − u1

xyu
2
xx) (u1

xxu
2
yy − u1

xyu
2
xy)

)(
Hx

2

Hy
2

)
=

=
−1

(u1
x,u

1
y)

(
(u2

x,u
1
y) (u2

y,u
1
y)

(u1
x,u

2
x) (u1

x,u
2
y)

)(
Hx

2

Hy
2

)
,

where we used the notation of Hyperjacobians, see (3.47). Then we get


Hx

1

Hy
1

Hx
2

Hy
2

 =


(u1y ,u

2
x)

(u1x,u
1
y)
Hx

2 +
(u1y ,u

2
y)

(u1x,u
1
y)
Hy

2

(u2x,u
1
x)

(u1x,u
1
y)
Hx

2 +
(u2y ,u

1
x)

(u1x,u
1
y)
Hy

2

Hx
2

Hy
2

 =


(u1y ,u

2
x)

(u1x,u
1
y)

(u2x,u
1
x)

(u1x,u
1
y)

1
0

Hx
2 +


(u1y ,u

2
y)

(u1x,u
1
y)

(u2y ,u
1
x)

(u1x,u
1
y)

0
1

Hy
2 . (3.100)

In the case where Hx
2 ,H

y
2 = O(1), it is relatively easy to find out that there is only

the trivial solution Hk
β = 0, or singular non-polynomial solutions. This follows, since

there are no linear relations between the Hyperjacobinans over O(1)-coefficients for
n = 2. This is no longer true for n ≥ 4, see (3.55). In the case where Hx

2 ,H
y
2 =

Olin(2) this kind of discussion is already more complicated and we need to take in
account the relations in (3.54) and similar ones. Although it is more complicated,
we can still investigate all the relations between the Hyperjacobians and we can
show that there is only the trivial solution, or singular non-polynomial solutions.
Now let us write Hx

2 = (u1
x,u

1
y)λ1, Hy

2 = (u1
x,u

1
y)λ2, where λ1,λ2 = O(2) are smooth

functions (polynomials in second order coordinates). Then we get
Hx

1

Hy
1

Hx
2

Hy
2

 =


(u1

y,u
2
x)

(u2
x,u

1
x)

(u1
x,u

1
y)

0

λ1 +


(u1

y,u
2
y)

(u2
y,u

1
x)

0
(u1

x,u
1
y)

λ2.
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and this shows that there are definitely polynomial solutions of degree ≥ 2 in second
order coordinates. A similar calculation holds in any dimension and the equation
uβikH

k
αβ = 0 can always be written in the form

u1
ikH

k
1 +

m∑
β=2

uβikH
k
β = 0

and then we can multiply with the almost everywhere invertible matrix (u1
ik)i,k,

where the determinant of this matrix has degree n. This is the idea why we always
get non-trivial polynomial solutions of degree ≥ n and why there are no non-trivial
(non-singular and polynomial) solutions of degree < n. Of course, that the entries
in the solution vector Hk

β , i.e. (u1
y,u

2
x)H

x
2 + (u1

y,u
2
y)H

y
2 and (u2

x,u
1
x)H

x
2 + (u2

y,u
1
x)H

y
2

in (3.100), do not factor through a certain Hyperjacobian simultaneously when Hk
β

is of degree < n has to be proven in more detail and we will not further discuss
it here. This is probably a complicated discussion for general n, when one has to
understand all the relations between the Hyperjacobians. Hilbert’s syzygy theorem
could also be of importance here, although we never investigated this problem in
detail. There is definitely a rich algebraic structure behind this and we should also
keep in mind the Plücker relations, which have been discussed earlier, see (3.53),
(3.54) and (3.55).

Note, the fact that uβikH
k
αβ = 0 has no non-trivial polynomial solutions of degree

< n can be proven with a similar proof as we have done above or see Lemma 2.3.
in (AP95, p.629) or (MPV08, p.13).

Together, the above example shows that an equation of the form uβikH
k
αβ = 0

has a non-trivial solution of degree ≥ n and has no non-trivial solution of degree
< n. Moreover, Hk

αβ has degree ≤ n, see Step 2 in Section 3.6. This means that it is
possible to get a non-trivial solution of degree n. However, the conditions H i

αβ,uγii
= 0

is sufficient to prove that there are only the trivial solutions and this is what Step
6 is about.
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3.7. Methods from Multi-Linear Algebra

The goal in this section is to use some simple ideas from multi-linear algebra to
analyze the large systems of differential equations which arise in problems in the
calculus of variations. For example, this ideas can be used to solve equations (3.35)-
(3.39) or (3.57)-(3.66) in some sense. We could say that there is a formalism which
tells us how to solve such equations or to get properties of the solutions. We will
start this section with some motivation, or more precisely, we will start with special
algebraic equations and later we will apply the formalism to differential equations.
The following discussion is about multi-linear forms with additional properties, like
symmetry or skew-symmetry conditions. The results in this section are not new and
they can be found in (And89) and (AD80).

Let T : Rn × ...× Rn → R be a k-tensor. This map can be written as

T (A1,...,Ak) = T i1...ikA1
i1
...Akik ,

where A1,...,Ak ∈ Rn and il ∈ {1,2,...,n}, 1 ≤ l ≤ k, label the components of
the vectors A1,A2,...,Ak ∈ Rn. The tensor T vanishes identically, by definition, if
T i1...ik = 0 for all indices i1,...,ik. Now there is an equivalent way how to show the
vanishing of this tensor. To explain this, let us consider a few very simple examples
to understand the idea, before we will do a more complicated calculation in the case
where we will need similar techniques.

Linear forms: If we have a linear form T : Rn → R such that

0 = T (A) = T iAi for all A ∈ Rn,

then the form T vanishes identically.

Bilinear forms: If we have a bilinear form T : Rn × Rn → R such that

0 = T (A,B) = T ijAiBj for all A,B ∈ Rn, (3.101)

then, again, T vanishes identically. If we have a bilinear form T such that

0 = T (A,A) = T ijAiAj for all A ∈ Rn,

then the form T must be skew-symmetric, i.e. T (A,B) = −T (B,A) for all A,B ∈ Rn.
If however n = 1, then skew-symmetry implies T ≡ 0. How can we prove this? Well
for n = 1, skew- symmetry is equivalent to (3.101), since for every A,B (except for
A = 0) we can find a λ ∈ R, such that B = λA and then

T (A,B) = λT (A,A) = 0, for all A,B ∈ R with A 6= 0,
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3.7. Methods from Multi-Linear Algebra

and therefore for almost every A,B. When A = 0, it is clear that T (A,B) = 0,
by linearity of T . Therefore, T (A,B) vanishes for all A,B and this means T ≡ 0.
Now the idea is the following, for small n (here we had n = 1) the following three
statements are equivalent

T (A,A) = 0 ∀A ∈ Rn ⇔ T (A,B) = 0 ∀A,B ∈ Rn ⇔ T ≡ 0.

For large n (here we had for n ≥ 2), this is not true, but we will extend the linear
form T to a linear form T̃ (A1,...,Al), where l > n and then it is true for the extended
form T̃ .

Let us do one more example.

Trilinear forms: If we have a trilinear form T such that

0 = T (A,B,C) = T ijkAiBjCk for all A,B,C ∈ Rn, (3.102)

then the form T vanishes identically. If we have a form T , such that

0 = T (A,A,B) = T ijkAiAjBk for all A,B ∈ Rn,

0 = T (B,A,A) = T ijkAiAjBk for all A,B ∈ Rn, (3.103)

then in general T 6= 0. For example, the Levi-Civita tensor T ijk = εijk is not
identical zero in general, but satisfies (3.103). In the case where we consider the
Levi-Civita tensor and n = 2, (3.103) is equivalent to (3.102), since for almost every
A,B,C ∈ R2 we can find λ1,λ2 ∈ R such that

C = λ1A+ λ2B

and then we get

T (A,B,C)
linearity

= λ1T (A,B,A) + λ2T (A,B,B) =

skew-sym.
= − λ1T (A,A,B) + λ2T (A,B,B)

(3.103)
= 0. (3.104)

By a density argument this holds for every A,B,C ∈ R2, and therefore T ≡ 0. Here,
density argument means that if the equation holds for almost every A,B,C ∈ R2

then it must also hold for every A,B,C ∈ R2. In other words, for n = 2, at least
two of the three indices i,j,k in the Levi-Civita tensor εijk must be the same, and
therefore εijk ≡ 0.

In (3.104), we used (3.103) and also skew-symmetry of the Levi-Civita tensor.
However, this kind of argumentation also works when we assume the conditions

0 =T (A,A,B) = T ijkAiAjBk for all A,B ∈ Rn,

T (A,B,C) is symmetric in A,B,C,
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since this implies (3.103) and we can do the calculation in (3.104), except with a
plus instead of a minus in the second line (i.e. using symmetry instead of skew-
symmetry).

Now we want to find a generalization of that and apply it to our problems,
especially to Takens’ problem. In the following, we have the additional property
that all of our forms are symmetric in A1,A2,...,Al, i.e.

T (A1,A2,...,Al) = T (Aπ(1),Aπ(2),...,Aπ(l))

for all permutation π. The idea is formulated in the following formal lemma:

Formal Symmetric Tensor Lemma: Let T be a symmetric, multi-linear form, defined

for Ak ∈ Rn, where k = 1,2,...,l, i.e. a map of the form

T : Rn × Rn × ...× Rn︸ ︷︷ ︸
l−times

→ R.

If l ≥ n+ 1 and

0 = T (A1,A1,A2,...,Al−1) for all A1,A2,...,Al−1 ∈ Rn (3.105)

then T ≡ 0.

The proof is simple and follows by the fact that in the case where l ≥ n + 1,
we get that A1,A2,...,Al must always be linearly dependent and we can almost al-
ways write Al = λ1A

1 + ... + λl−1A
l−1. Then by symmetric permutations we can

use the condition (3.105). By a density argument we get that the form must vanish
everywhere. Later, we will also need slightly modifications of that formal lemma.

3.7.1. Classification of Trivial Divergences of Second Order

In this subsection, we will discuss the first example, where we can use the techniques
which we explained above. The goal is to characterizing trivial divergences.

Let f i = f i(xk,uα,uαk ,u
α
kl) be a second order tensor with vanishing divergence,

i.e.

0 = Dif
i = f ixi + uαi f

i
uα + uαikf

i
uαk︸ ︷︷ ︸

=O(2)

+cklu
α
iklf

i
uαkl
,

for all points in J3E. A necessary condition is that third order terms must vanish,
i.e.

cklu
α
iklf

i
uαkl

= 0 (3.106)
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and this condition classifies the leading order of f i. For simplicity, let us consider
the case where n = 2, the more general case is analogous. For n = 2, we write
(f i) = (fx,f y).

When n = 2, from equation (3.106) we get four conditions

a) uαxxx : 0 = fxuαxx , (3.107)

b) uαxxy : 0 = f yuαxx + fxuαxy , (3.108)

c) uαxyy : 0 = fxuαyy + f yuαxy , (3.109)

d) uαyyy : 0 = f yuαyy . (3.110)

We differentiate b) and c) with respect to ∂uβxx and ∂uβyy and we use a) and d) to

deduce

b) i) f y
uβxxuαxx

= 0,

b) ii) fx
uβyyuαxy

= 0,

c) iii) f y
uβxxuαxy

= 0,

c) iv) fx
uβyyuαyy

= 0.

Then we differentiate b) and c) with respect to ∂uβxy and we use c) iii) and b) ii) to

deduce

b) v) fx
uβxyuαxy

= 0, (3.111)

c) vi) f y
uβxyuαxy

= 0. (3.112)

Then, from equations (3.107)-(3.112) we can deduce that

fxuαxx , f
x

uβyyuαxy
, fx

uβyyuαyy
, fx

uβxyuαxy
= 0,

f yuαyy , f
y

uβxxuαxx
, f y

uβxxuαxy
, f y

uβxyuαxy
= 0 (3.113)

and this means that all 2-combinations of second order derivatives applied to fx or
f y must vanish. Therefore, f i must be affine linear in uαxx, u

α
xy, u

α
yy, i.e.

f i = ai + biklα u
α
kl,

where ai, biklα = O(1). We could also solve equations a), b), c) and d) exactly, but
we do not need the more precise result here.

For example, let us consider n = 2. Then(
fx

f y

)
=

(
uyy
−uxy

)
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is a trivial divergence of second order, which is a polynomial of degree n− 1 = 1 in
second order coordinates. Note that if Dxf

x + Dyf
y = 0, then for n = 2, we could

also have shown that locally(
fx

f y

)
=

(
Dyφ
−Dxφ

)
=

(
O(1) + uxyφux + uyyφuy
O(1)− uxxφux − uxyφuy

)
for some function φ = O(1), by standard exactness arguments and order discussion.
However, for n > 2, this is more complicated and, more precisely, the leading order
is not obvious.

For n = 1, only constants are trivial conservation laws, which are polynomials
of degree n− 1 = 0.

In a more general situation, we have to find a better method how to solve equa-
tions of the form (3.106) or similar ones. Let us now explain how this works. First,
we define

∂klα := ckl∂uαkl , (3.114)

since this simplifies the expressions slightly and symmetrization can be seen explic-
itly (note that ckl = 1 if k = l and ckl = 1

2
if k 6= l). The notation in (3.114) can be

found in (Poh95, p.344). Then (3.106) can be written as

0 = uαikl∂
kl
α f

i ⇔ 0 = ∂(kl
α f i),

where brackets (kli) mean symmetrization in k,l,i. Symmetrization occurs because
uαikl is symmetric in i,k,l. Next, we set

A =

(
A1

A2

)
∈ R2

and we consider the equation

0 = AiAkAl∂
kl
α f

i =A1A1A1∂
11
α f

1+

+A1A1A2∂
12
α f

1 + A1A2A1∂
21
α f

1 + A2A1A1∂
11
α f

2+

+A1A2A2∂
22
α f

1 + A2A1A2∂
12
α f

2 + A2A2A1∂
21
α f

2+

+A2A2A2∂
22
α f

2 =

=A1A1A1∂
11
α f

1+

+A1A1A2(2∂12
α f

1 + ∂11
α f

2)+

+A1A2A2(∂22
α f

1 + 2∂12
α f

2)+

+A2A2A2∂
22
α f

2.
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If we assume that this equations must be satisfied for every A ∈ R2 then we get

0 = ∂11
α f

1,

0 = 2∂12
α f

1 + ∂11
α f

2,

0 = ∂22
α f

1 + 2∂12
α f

2,

0 = ∂22
α f

2

and this is exactly the system in (3.107)-(3.110). Therefore,

0 = cklu
α
iklf

i
,uαkl
, (for all uαikl)

⇔ 0 = AiAkAl∂
kl
α f

i, for all A ∈ R2 and all α

are equivalent. To assign (or replace) the polynomial AiAkAl to the coordinate uαikl
is a very special case of the Gelfand Dikii transformation, which can be found
in (GD75) and (AP95, p.634). Note that the assignment of the polynomial AiAkAl
to the coordinates uαikl can be understood when we evaluate on a section

uα(xj) = uα0 + uα0ix
i +

1

2
uα0ikx

ixk +
1

6
cαAiAkAlx

ixkxl.

This transformation has similarities to the Fourier transformation, where we also
replace the expression u′′′(x) by the transformed expression ξ3û(ξ). (Roughly speak-
ing, the third derivative of u(x) can be identified with ξ3 = ξξξ in some sense. This
is just the rough idea and why there are similarities, of course we cannot forget
the factor û(ξ).) Beside some similarities, the Gelfand Dikii transformation is also
different, since we can transform non-linear terms, like u′(x)u′′(x) and differential
forms, as well, however the non-linearity has to be polynomial. We could also say
that the Gelfand Dikii transformation is an appliance of a polarization operator
(AP95, p.634). Let us consider the following notation

0 = AkAlAi∂
kl
α f

i = AkAlAiT
kli
α = Tα(A,A|A),

where we define ∂klα f
i =: T kliα . We want to define Tα as a multi-linear form. There-

fore, we define the map

Tα(A,B|C) := AkBlCiT
kli
α , for all A,B,C ∈ R2 (3.115)

and we know that

Tα(A,A|A) = 0 for all A ∈ R2. (3.116)

Assigning an object Tα(A,B|C) to the object Tα(A,A|A) can be considered as a kind
of polarization technique, which is a well known theory for homogeneously poly-
nomials. Roughly speaking, polarization extends an object, which is only defined
for A, to an object, which is defined for (A,B,C). Actually, we will only need the
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3. The Main Result and What We Need to Prove it

form Tα(A,A|B) = AkAlBiT
kli
α for all A,B ∈ R2, but it is reasonable to start with

the more general definition in (3.115) when introducing this technique (otherwise
the expressions are non-linear in A).

Note that if we would know that Tα(A,A|B) = 0 for all A,B ∈ R2, then we would
know that all second order derivatives of f i must vanish, but we do not know that
and it is not true in general.

Now we extend the form Tα by applying differential operators and we will get the
extended form Tβα. Note that we derived equations (3.113) by applying differen-
tial operators to a), b), c) and d) and now we want to do the same manipulation
with algebraic methods. We define

Tβα(A,A|B,B|C) :=AkAlBiBjCpT
klijp
βα =

=AkAlBiBjCp∂
kl
β ∂

ij
α f

p, for all A,B,C ∈ R2.

Since partial derivatives commute (by Schwartz’s theorem), we get the symmetry
condition

Tβα(A,A|B,B|C) = Tαβ(B,B|A,A|C), for all A,B,C ∈ R2.

From equation (3.116) we deduce

Tβα(A,A|B,B|B) = AkAl∂
kl
β Tα(B,B|B) = 0, for all A,B ∈ R2,

Tβα(A,A|B,B|A) = Tαβ(B,B|A,A|A) = 0, for all A,B ∈ R2,

but we do not know if Tβα(A,A|B,B|C) = 0 for all A,B,C and this would mean that
all 2-combinations of second order derivatives vanish.

Almost all randomly chosen vectors A,B ∈ R2 are linearly independent, since
the set of linearly dependent vectors

R := {(A,B) ∈ R2 × R2 : A = λB, λ ∈ R}

has measure zero in the set of all pairs (A,B), which is defined as

G := {(A,B) ∈ R2 × R2}.

In other words, G \ R is dense in G. Also note that the set G has dimension four,
since we have four parameters (A1,A2,B1,B2) and the set R has dimension three,
since it can be described by three parameters (A1,A2,λ). Now let (A,B) ∈ G \ R,
then every C ∈ R2 can be written as linear combination of A,B for some λ1,λ2 ∈ R
as

C = λ1A+ λ2B. (3.117)

Then by linearity of Tβα, we get

Tβα(A,A|B,B|C) = λ1 Tβα(A,A|B,B|A)︸ ︷︷ ︸
=0

+λ2 Tβα(A,A|B,B|B)︸ ︷︷ ︸
=0

= 0, (3.118)
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3.7. Methods from Multi-Linear Algebra

i.e. Tβα ≡ 0 in G \ R. By continuity of linear forms and density of G \ R in G, we
get Tβα ≡ 0 in G. This means all 2-combinations of second order derivatives applied
to f i must vanish, and therefore f i must be a polynomial of degree n− 1 = 1 in the
second order jet coordinates.

For example, for n = 1 and B 6= 0 we can always find a λ ∈ R such that A = λB
for every A and Tα(A,A|B) = λTα(A,A|A) = 0, where A,B ∈ R. Therefore, for
n = 1 the function f must be a polynomial of degree zero, i.e. a constant.

Solving the system of differential equations (3.107)-(3.110) directly or solving the
system with the help of Tβα are two essentially different methods. Solving equations
(3.107)-(3.110) directly does not require any density arguments and this is an essen-
tial difference. Since three vectors A,B,C ∈ R2 are always linearly dependent, we
get the following observation: In the case where we write C as linear combination
of A and B, we can immediately derive (3.118), and therefore the density argument
is not needed there. But if we write A as linear combination of B and C, then we
get

Tβα(λ1B + λ2C,λ1B + λ2C|B,B|C) =

=λ1Tβα(B,λ1B + λ2C|B,B|C) + λ2Tβα(C,λ1B + λ2C|B,B|C) =

=λ1λ1Tβα(B,B|B,B|C) + λ1λ2Tβα(B,C|B,B|C) + ...,

i.e. expressions of the form Tβα(B,B|B,B|C), Tβα(B,C|B,B|C), where we do not
immediately know if they vanish or not. However, using the density argument, we
do not have to consider such expressions explicitly and this is the advantage of this
method.

For n = 2, solving the system of differential equations (3.107)-(3.110) directly
or solving the problem with the help of Tβα seems to be equivalently difficult, but
for large n, solving the problem with the help of Tβα is much easier and it is almost
impossible to solve the system systematically for large n in this or similar situations.
However, note that we do not completely solve the equations, we only derive that
the solutions must be polynomial of a certain degree.

Let us briefly present how we can solve the equation

0 = cklu
α
iklf

i
uαkl

(3.119)

for arbitrary n. We define the extended form

Tα1...αn(A1,A1|...|An,An|B) := A1
i1
A1
j1
...AninA

n
jnBi∂

i1j1
α1

...∂injnαn f i.

From (3.119) it follows that

Tα1α2...αn(A1,A1|A2,A2|...|An,An|B) = 0,

whenever Ak = B for at least one k = 1,2,...,n. Since A1,...,An,B ∈ Rn, these vectors
must be linearly dependent and almost always we can write

B =
n∑
k=1

λkA
k.
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3. The Main Result and What We Need to Prove it

Then by density, Tα1α2...αn vanishes for all Ak,B ∈ Rn. Therefore, all n-combinations
of second order derivatives applied to f i must vanish and this means that f i must
be a polynomial of degree n− 1.

For example, for n = 3,

(f i) =

fxf y
f z

 =


D(uy ,uz)

D(y,z)

−D(uy ,uz)

D(x,z)
D(uy ,uz)

D(x,y)

 =

 uyyuzz − uyzuyz
−(uxyuzz − uyzuxz)
uxyuyz − uyyuxz


is a trivial divergence since by direct calculation

Dif
i =uxyyuzz + uyyuxzz − 2uxyzuyz−
− (uxyyuzz + uxyuyzz) + (uyyzuxz + uyzuxyz)+

uxyzuyz + uxyuyzz − (uyyzuxz + uyyuxzz) = 0.

We also observe that f i is a polynomial of degree n− 1 = 2.
The idea and proof in this subsection can be found in (AP96, p.377). General-

izations can be found in (AD80). In the next subsection we want to classify trivial
Lagrangians with similar methods.

3.7.2. Classification of Trivial Lagrangians of Second Order,
n = 2

Here we want to present a second example, where we can use the techniques from
multi-linear algebra which have been explained above. Let L be a second order
Lagrangian (we also think of L = Qαfα) and, for simplicity, we first consider the
case n = 2. Later, we will generalize it. Solving

EαL = 0 or Hγ
αβfγ = 0 (3.120)

forces to highest order the equations (3.35)-(3.39), i.e. uα(4)-terms must vanish. From

the uα(3)u
β
(3)-terms, we also get equation (3.61). These equations force that L or fα

must be polynomials of degree two in second order jet coordinates, as we found
out earlier. It took quite some effort to derive this, especially solving the equations
(3.35)-(3.39). We now want to find a faster method, and later also a method for
arbitrary n, how to prove this.

We apply ∂uδxx ,∂uδxy ,∂uδyy to (3.35) and (3.39) and we get (we write L instead of
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3.7. Methods from Multi-Linear Algebra

fβ)

0 = Luαxxuγxxuδxx ,

0 = Luαxxuγxxuδyy ,

0 = Luαxxuγxxuδxy ,

0 = Luαyyuγyyuδxy ,

0 = Luαyyuγyyuδxx ,

0 = Luαyyuγyyuδyy . (3.121)

Then we apply ∂uδxx ,∂uδyy to (3.37), we use the conditions in (3.121), and we deduce

0 = Luαxyuγxyuδxx ,

0 = Luαxyuγxyuδyy . (3.122)

Next, we apply ∂uδxy to equation (3.37) and we deduce

0 = Luαxxuγyyuδxy + Luαyyuγxxuδxy + Luαxyuγxyuδxy . (3.123)

Then we change δ ↔ α and δ ↔ γ in (3.123), we add the changed equations, and
we deduce

0 =Luδxxuγyyuαxy + Luδyyuγxxuαxy + Luαxyuγxyuδxy+

+ Luαxxuδyyuγxy + Luαyyuδxxuγxy + Luαxyuδxyuγxy =

=∂uδxx (Luγyyuαxy + Luαyyuγxy)︸ ︷︷ ︸
=0, (3.38)

+∂uδyy (Luγxxuαxy + Luαxxuγxy)︸ ︷︷ ︸
=0, (3.36)

+2Luαxyuγxyuδxy =

=2Luαxyuγxyuδxy . (3.124)

From the conditions in (3.121), (3.122) and (3.124), we get that all 3-combinations
of partial derivatives

Luαiju
γ
klu

δ
pq

= 0

must vanish, except

Luαxx,uγyyuδxy .

It is clear that at least one of these combinations cannot vanish, since (uα,uβ,uγ)-
terms are still allowed after uα(4)-discussion, see (3.48). After using the condition
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3. The Main Result and What We Need to Prove it

(3.61), we get that L must be a polynomial of degree 2 in second order coordi-
nates. It is an interesting observation that we do not need to discuss the uα(3)-terms

in (3.120) to derive this. The uα(3)-terms are a result of Di- and Dij-derivatives,
whereas the discussion above results from pure Dij-derivatives.

Now let us discuss another method how to derive this result and how the discussion
can be generalized for arbitrary n in the next subsection. From the results above
it is clear that we need to consider uα(4)- and uα(3)u

β
(3)-terms when we want to derive

that L is a polynomial of degree 2 (or of degree n in the next subsection). First, the
uα(4)-terms in (3.120) lead to

0 = cijcklu
β
ijklLuαiju

β
kl
⇔ 0 = ∂(ij

α ∂
kl)
β L. (3.125)

We define

Tαβ(A,A|B,B) := AiAjBkBl∂
ij
α ∂

kl
β L = AiAjBkBlT

ijkl
αβ , A,B ∈ R2.

Equation (3.125) is equivalent to

0 = Tαβ(A,A|A,A) = AiAjAkAl∂
ij
α ∂

kl
β L, for all A ∈ R2.

In general, it is not true that

0 = Tαβ(A,A|B,B), for all A,B ∈ R2,

since this would mean that all 2-combinations of second order partial derivatives
must vanish, which is not the case. Second, the uα(3)u

β
(3)-terms in (3.120) lead to

0 = cijcklcpqu
β
kliu

γ
jpqLuβkluαiju

γ
pq
⇔ 0 = ∂

(kl
β ∂i)(jα ∂pq)γ L. (3.126)

The equivalence in (3.126) will be proven in Subsection 3.7.3 (we have summation
over β,γ and we have to check that we indeed get the equivalence in (3.126)). We
define the extended form

Tβαγ(A,A|A,B|B,B) := AkAlAiBjBpBq∂
kl
β ∂

ij
α ∂

pq
γ L,

where (A,A,A) and (B,B,B) can be considered as the transformations of uβkli and
uγjpq (see Gelfand Dikii transformation (GD75, OS78, AP95)). If we would know
that

0 = Tβαγ(A,A|C,C|B,B) :=

:= AkAlCiCjBpBq∂
kl
β ∂

ij
α ∂

pq
γ L for all A,B,C ∈ R2,

then all 3-combinations of second order partial derivatives would vanish. However,
we only know

0 = Tβαγ(A,A|A,B|B,B) for all A,B ∈ R2,
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since this is equivalent to (3.126). We have the symmetry

Tβαγ(A,A|A,B|B,B) = AkAlAiBjBpBq∂
kl
β ∂

ij
α ∂

pq
γ L =

=AkAlBjAiBpBq∂
kl
β ∂

ij
α ∂

pq
γ L = Tβαγ(A,A|B,A|B,B),

since ∂ijα is symmetric in i,j. For almost all randomly chosen A,B,C ∈ R2 we get
that A,B are linearly independent and that we can write

C = λ1A+ λ2B

for some λ1,λ2 ∈ R. Then we can write

Tβαγ(A,A|C,C|B,B) = Tβαγ(A,A|λ1A+ λ2B,λ1A+ λ2B|B,B) =

= λ2
1Tβαγ(A,A|A,A|B,B) + λ1λ2 Tβαγ(A,A|A,B|B,B)︸ ︷︷ ︸

=0

+

+ λ1λ2 Tβαγ(A,A|B,A|B,B)︸ ︷︷ ︸
=0

+λ2
2Tβαγ(A,A|B,B|B,B) =

= λ2
1Tβαγ(A,A|A,A|B,B) + λ2

2Tβαγ(A,A|B,B|B,B). (3.127)

Since we can extend the form Tβα and Tαγ, for example,

BpBq∂
pq
γ Tβα(A,A|A,A)︸ ︷︷ ︸

=0

= BpBqAiAjAkAl∂
pq
γ ∂

ij
β ∂

kl
α L =

= Tβαγ(A,A|A,A|B,B) = 0,

we know that (3.127) must vanish for almost all A,B,C ∈ R2. By a density argument
we get

Tαβγ(A,A|C,C|B,B) = 0 for all A,B,C ∈ R2.

This means that all 3-combinations of second order partial derivatives must vanish,
and therefore L must be a polynomial of degree 2 in second order coordinates.

In the next subsection, we will do this calculation for second order trivial La-
grangians and arbitrary n,m, which is also the proof of Step 2 from Section 3.6. We
will also show the equivalence in (3.126).7

3.7.3. Proof of Step 2

In this subsection, we want to solve the equations (3.35)-(3.39) and (3.57)-(3.66)
for arbitrary n, i.e. we want to solve the equations (3.120) for arbitrary n and to

7It would also be interesting to find out what kind of expressions we would get, when solving only
the equations from the uα(3)u

β
(3)-terms in (3.120).
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3. The Main Result and What We Need to Prove it

a certain order. The ideas how to solve this problem have been discussed at the
beginning of this section. The equations (3.35)-(3.39) and (3.57)-(3.66) are a result
of order discussion in the equations Hαβ = 0 or Eα(Qβfβ) = 0 (or Hαβ = O(2)), when
applying operators Dij∂uαij on the functions fγ or L. Let us consider the equation
Hαβ = 0, where Hαβ depends on fγ. However, in the following, we will write L
instead of fγ, since then we do not have to write the index γ and the relation to the

equation Eα(Qβfβ) = EαL = 0 is also given. We consider the uβ(4)- and uβ(3)u
γ
(3)-terms

in these equations, i.e.

0 = cijcklu
β
klijLuαiju

β
kl
⇔ 0 = ∂(ij

α ∂
kl)
β L (3.128)

and

0 = cijcklcpqu
β
kliu

γ
jpqLuβkluαiju

γ
pq
⇔ 0 = ∂

(kl
β ∂i)(jα ∂pq)γ L. (3.129)

The equivalence in (3.128) is clear, but we have not yet shown the equivalence in
(3.129) (roughly speaking, summation over β,γ does not affect the expressions). We
have to distinguish the two cases:

First Case (only one term): Let β = γ and without loss of generality β = γ = 1.
Then the following equation for L has to be satisfied separately:

0 = cijcklcpqu
1
kliu

1
jpqLu1kluαiju1pq ⇔ 0 = ∂

(kl
1 ∂i)(jα ∂

pq)
1 L

and this is equivalent to (3.129) for β = γ = 1.
Second Case (two terms): Let β 6= γ and without loss of generality β = 1, γ = 2

and β = 2, γ = 1. Then, the following equation has to be satisfied separately (it is
possible that this equation splits up once more, this is the question here):

0 = cijcklcpqu
1
kliu

2
jpqLu1kluαiju2pq + cijcklcpqu

2
kliu

1
jpqLu2kluαiju1pq . (3.130)

In the second term (3.130) we can change the following indices

i↔ j, p↔ l, k ↔ q

and we get

0 = cijcklcpqu
1
kliu

2
jpqLu1kluαiju2pq + cijcklcpqu

2
qpju

1
ilkLu2qpuαjiu1lk =

= cijcklcpqu
1
kliu

2
jpq(Lu1kluαiju2pq + Lu2qpuαjiu1lk) = (3.131)

= 2cijcklcpqu
1
kliu

2
jpqLu1kluαiju2pq

⇔ 0 = ∂
(kl
1 ∂i)(jα ∂

pq)
2 L,
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i.e. this equation does not split into two conditions. That is, we get

0 = cijcklcpqu
β
kliu

γ
jpqLuβkluαiju

γ
pq
⇔ 0 =

{
∂

(kl
β ∂

i)(j
α ∂

pq)
γ L, β = γ,

2∂
(kl
β ∂

i)(j
α ∂

pq)
γ L, β 6= γ.

We define the form

Tαβ(A1,A1|A2,A2) := A1
iA

1
jA

2
kA

2
l ∂

ij
α ∂

kl
β L

and we know that

0 = Tαβ(A1,A1|A1,A1) for all A1 ∈ Rn, (3.132)

since this is equivalent to (3.128). Furthermore, we define the form

Tβαγ(A
1,A1|A2,A2|A3,A3) := A1

kA
1
lA

2
iA

2
jA

3
pA

3
q∂

kl
β ∂

ij
α ∂

pq
γ L for all A1,A2,A3 ∈ Rn

and we know that

0 = Tβαγ(A
1,A1|A1,A2|A2,A2) for all A1,A2 ∈ Rn. (3.133)

Equations (3.132) and (3.133) are equivalent to (3.128) and (3.129). The extended
form is defined as

Tαn+1αn...α1(A
n+1,An+1|...|A3,A3|A2,A2|A1,A1) :=

=An+1
in+1

An+1
jn+1

∂in+1jn+1
αn+1

...A1
i1
A1
j1
∂i1j1α1

L, for all An+1,An,...,A1 ∈ Rn. (3.134)

Note that we also define the form in (3.134) when the pairs of vectors in ...|Ak,Ak|...
are not equal, i.e. when we have entries of the form ...|Ak,Bk|... with Ak,Bk ∈ Rn

and Ak 6= Bk. The forms Tαβ, Tβαγ and Tαn+1αn...α1 satisfy the symmetry condition

Tαn+1...αk...αl...α1(...|Ak,Ak|...|Al,Al|...) = Tαn+1...αl...αk...α1(...|Al,Al|...|Ak,Ak|...),
(3.135)

since partial derivatives commute. Moreover, we have the symmetry

Tαn+1...αk...α1(...|Ak,Bk|...) = Tαn+1...αk...α1(...|Bk,Ak|...). (3.136)

Note that the condition (3.135) is actually sufficient for the discussion below and we
do not necessarily need the condition (3.136), because with (3.135) we can always
bring the pairs Ak,Ak on the side where we want them (this will be needed in (3.138)
below). The extended form Tαn+1αn...α3α2α1 is generated by Tβαγ and Tαβ, i.e.

Tαn+1αn...α3α2α1(A
n+1,An+1|...|A3,A3|A2,A2|A1,A1) =

=An+1
in+1

An+1
jn+1

∂in+1jn+1
αn+1

...A4
i4
A4
j4
∂i4j4α4

Tα3α2α1(A
3,A3|A2,A2|A1,A1) =

=An+1
in+1

An+1
jn+1

∂in+1jn+1
αn+1

...A3
i3
A3
j3
∂i3j3α3

Tα2α1(A
2,A2|A1,A1).
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Since Tαn+1αn...α3α2α1 is generated in this way, we know that

0 = Tαn+1αn...α1(A
n+1,An+1|...|A3,A3|A3,A2|A2,A2)

for all An+1,An,...,A2 ∈ Rn, because of (3.133). Moreover, we know that

0 = Tαn+1αn...α1(A
n+1,An+1|...|A3,A3|A2,A2|A1,A1),

whenever two of the An+1,An,...,A1 ∈ Rn are the same, because of (3.132) and by
the symmetry of commuting partial derivatives (3.135). If we would know that

0 = Tαn+1αn...α3α2α1(A
n+1,An+1|An,An|...|A3,A3|A2,A2|A1,A1) (3.137)

for all An+1,An,...,A1 ∈ Rn, then all (n+1)-combinations of second order derivatives
applied to L must vanish, and therefore L must be polynomial of degree n in second
order jet coordinates. We will show this now. The vectors

An+1,An,...,A2,A1 ∈ Rn

are always linearly dependent and we can almost always write

A2 =
n+1∑
i=1
i 6=2

λiA
i.

Then by multi-linearity, we get

Tαn+1αn...α3α2α1(A
n+1,An+1|...|A3,A3|A2,A2|A1,A1) =

=
n+1∑
i=1
i 6=2

n+1∑
j=1
j 6=2

λiλjTαn+1αn...α3α2α1(A
n+1,An+1|...|A3,A3|Ai,Aj|A1,A1) = 0, (3.138)

since Tαn+1αn...α3α2α1 is generated by Tαβ and Tβαγ and either (3.132) or (3.133) is
satisfied. By a density argument we get that the equation (3.137) must always be
satisfied for all An+1,An,...,A1 ∈ Rn, even when we cannot write A2 as such a linear
combination. Therefore, we get that L must be a polynomial of degree ≤ n in second
order jet coordinates. �
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3.8. Helmholtz Dependencies and 4th Order Source
Forms

In this section, we prove Theorem 1.0.3, which is again formulated as:

Theorem 3.8.1. Let π : E →M be a fiber bundle of fiber dimension one and base
dimension one. Furthermore, let ∆ = fdu ∧ dx be a 4-th order source form defined
on J4E. Assume:
i) The set V of symmetries of ∆ satisfies (1.2).
ii) Each V ∈ V generates a conservation law of the from QV f = DxCV , where
QV = V u − uxV x are the characteristics.
Then ∆ must be locally variational.

Note that Theorem 3.8.1 is no longer true when ∆ is only defined on open subsets
R4 ⊂ J4E (see the counter examples in Section 4.2). We conjecture that Theorem
3.8.1 also holds with the same assumption, but arbitrary n. The theorem can be
proven by investigation of the Helmholtz dependencies, which are also interesting
for other reasons and we start with the discussion of these relations. The investiga-
tion of the Helmholtz dependencies for m = 1 can also be found in (And89, p.76).
However, it seems that this problem has not been investigated extensively in the
literature, especially for m > 1.

For second order source forms and arbitrary n,m, we have the Helmholtz depen-
dencies

Hαβ +Hβα = DkH
k
αβ −DklH

kl
αβ,

H i
αβ −H i

βα = 2DkH
ik
αβ,

H ij
αβ +H ij

βα = 0. (3.139)

For arbitrary order source forms, n = 1 and arbitrary m, the Helmholtz conditions
are

∂uβ
(j)
fα − (−1)j∂uα

(j)
fβ −

∑
i=j+1

(
i

j

)
(−1)iDi−j

x ∂uα
(i)
fβ = 0, ∀j = 0,1,2,... ∀α,β,

(3.140)

where the sum goes formally to infinity, but is actually finite, since every fα is
assumed to have finite order (we use this notation in this section, since it simplifies
some of the calculations). These conditions can be found in (Kru97b, p.56) (also
compare the conditions in (2.68) and Lemma 2.6.7). In the following, we consider
only the case where n,m = 1, but arbitrary order source forms. Then the Helmholtz
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3. The Main Result and What We Need to Prove it

conditions (3.140) are ∑
i=1

(−1)i+1

(
i

0

)
Di
xfu(i) = 0, j = 0 (3.141)

2fux+
∑
i=2

(−1)i+1

(
i

1

)
Di−1
x fu(i) = 0, j = 1 (3.142)

∑
i=3

(−1)i+1

(
i

2

)
Di−2
x fu(i) = 0, j = 2 (3.143)

2fu(3)+
∑
i=4

(−1)i+1

(
i

3

)
Di−3
x fu(i) = 0, j = 3 (3.144)

...

Let us call (3.141), (3.143) odd and (3.142), (3.144) even Helmholtz conditions.
For example, for fourth order source forms we get

H = H0 =Dx(fux −Dxfuxx +D2
xfu(3) −D

3
xfu(4)) = 0, (3.145)

Hx = H1 =2fux − 2Dxfuxx + 3D2
xfu(3) − 4D3

xfu(4) = 0, (3.146)

Hxx = H2 =Dx(3fu(3) − 6Dxfu(4)) = 0, (3.147)

H(3) = H3 =2fu(3) − 4Dxfu(4) = 0. (3.148)

We can easily see that the Helmholtz condition (3.147) is unnecessary, since if (3.148)
is satisfied, then (3.147) is automatically satisfied. Let us multiply (3.145) by 2, then
we get

2Dx(fux −Dxfuxx +D2
xfu(3) −D

3
xfu(4)) =

=Dx(2fux − 2Dxfuxx + 3D2
xfu(3) − 4D3

xfu(4)) +D3
x(−fu(3) + 2Dxfu(4)),

and therefore this conditions is also unnecessary, since if (3.146) and (3.148) are sat-
isfied, then (3.145) is automatically satisfied. Therefore, in this case it is reasonable
to define the integrability conditions (Helmholtz conditions) as

h0 :=(fux −Dxfuxx +D2
xfu(3) −D

3
xfu(4)) = 0,

h1 :=(fu(3) − 2Dxfu(4)) = 0,

instead of using the partially redundant conditions (3.145)-(3.148). It turns out that
we can write

H0 = Dxh
0,

H1 = 2h0 +D2
xh

1,

H2 = 3Dxh
1,

H3 = 2h1. (3.149)
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More generally, we can write

H0 = Dxh
0,

H1 = 2h0 +D2
xh

1,

H2 = 3Dxh
1 +D3

xh
2,

H3 = 2h1 + 4D2
xh

2 +D4
xh

3,

H4 = 5Dxh
2 + 5D3

xh
3 +D5

xh
4,

H5 = 2h2 + 9D2
xh

3 + 6D4
xh

4 +D6
xh

5, (3.150)

where hj is defined in (3.152) below. Finding the dependencies (3.139) is important,
however, finding non-dependent conditions is even more interesting. For arbitrary m
(and n = 1) we also get such dependencies for all α = β, and therefore the following
investigation of such dependencies is also important in more generality. That we can
always find such simpler conditions for n,m = 1 and arbitrary order is formulated
in the following lemma:

Lemma 3.8.2. Let n,m = 1. The dependent Helmholtz conditions

Hj =

(
∂u(j) − (−1)j∂u(j) −

∑
i=j+1

(
i

j

)
(−1)iDi−j

x ∂u(i)

)
f = 0, ∀j = 0,1,2,...

(3.151)

also follow by the reduced Helmholotz conditions

hj =

(∑
i=j

(
i

j

)
(−1)j+iDi−j

x ∂u(i+j+1)

)
f = 0, ∀j = 0,1,2,.... (3.152)

The proof can be shown by using the following identities (where i ≥ 0 and n ≥ 0)(
2i+ 2n+ 1

2i

)
=

i∑
p=0

[(
i+ 1 + p

i− p

)
+

(
i+ p

i− (1 + p)

)](
i+ 2n− p
i+ p

)
, (3.153)

(
2i+ 2n+ 2

2i

)
=

i∑
p=0

[(
i+ 1 + p

i− p

)
+

(
i+ p

i− (1 + p)

)](
i+ 2n− p+ 1

i+ p

)
, (3.154)

(
2i+ 2n

2i− 1

)
=

i∑
p=0

[(
i+ 1 + p

i− p

)
+

(
i+ p

i− (1 + p)

)](
i+ 2n− 1− p
i− 1 + p

)
, n ≥ 1,

(
2i+ 2n+ 1

2i− 1

)
=

i∑
p=0

[(
i+ 1 + p

i− p

)
+

(
i+ p

i− (1 + p)

)](
i+ 2n− p
i− 1 + p

)
, (3.155)

which can be proven inductively. For the induction we will need all four identities at
the same time, which makes it rather complicated (numerically, the proof can easily
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be done for very high numbers, which should be sufficient for practical reasons). Also
see (And89, p.77), where such binomial coefficients occur. Note that by definition
(a,b ∈ Z0) (

a

b

)
= 0, if b < 0,(

a

b

)
= 0, if a < b and b > 0,(

0

0

)
= 1. (3.156)

It seems that the Helmholtz conditions and Helmholtz form is not completely un-
derstood and we should probably find conditions and a form where we do not have
such dependencies (i.e. we should find a certain representative in the equivalence
class of the variational sequence). Then Takens’ problem could probably be solved
much easier. Note that the Helmholtz form (VU13, p.13)

H =
1

2
(Hαβdu

β ∧ duα +Hx
αβdu

β
x ∧ duα +Hxx

αβdu
β
xx ∧ duα + ...) ∧ dx

may have a coefficient Hαα which does not vanish, but the term Hαβdu
β ∧ duα ∧ dx

vanishes for α = β, since duα ∧ duα = 0. Moreover, in the case where n,m = 1, the
term Hαβdu

β ∧ duα ∧ dx vanishes completely. However, the term Hxxduxx ∧ du∧ dx
does not vanish and as we saw above Hxx = H2 = 3Dxh1 + D3

xh
2. Therefore, we

definitely get a redundant condition from this term. More precisely, we get an ex-
pression which can be written as an exact form plus a 3-contact form. We will not
further discuss the Helmholtz form in this section and we only consider the redun-
dant conditions in 3.151.

Proof of Lemma 3.8.2: Let us rewrite the equations (3.151) and (3.152) as(
∂u(j) − (−1)j∂u(j) −

∑
p=0

(
j + 1 + p

j

)
(−1)j+1+pD1+p

x ∂u(j+1+p)

)
f = 0, ∀j = 0,1,2,...

and

hj =

(∑
p=0

(
j + p

j

)
(−1)2j+pDp

x∂u(2j+1+p)

)
f = 0, ∀j = 0,1,2,.... (3.157)

Let us first consider the case where j is even, i.e. j = 2i for some i ∈ N0. Then we
get

∂u(j) − (−1)j∂u(j) −
∑
p=0

(
j + 1 + p

j

)
(−1)j+1+pD1+p

x ∂u(j+1+p)
=

=Dx

∑
p=0

(
2i+ 1 + p

2i

)
(−1)pDp

x∂u(2i+1+p)
. (3.158)

172



3.8. Helmholtz Dependencies and 4th Order Source Forms

The partial derivatives Dp
x∂u(2i+1+p)

in (3.157) and (3.158) have the same structure,
but the binomial coefficients are quite different. Let n ∈ N0. If p = 2n + 1 is odd,
then we use (3.154), and if p = 2n is even, then we use (3.153) to write

Dx

∑
p=0

(
2i+ 1 + p

2i

)
(−1)pDp

x∂u(2i+1+p)
=

=Dx

∑
n=0

(
2i+ 1 + 2n

2i

)
D2n
x ∂u(2i+1+2n)

−Dx

∑
n=0

(
2i+ 2 + 2n

2i

)
D2n+1
x ∂u(2i+2n+2)

=

=Dx

∑
n=0

i∑
p=0

[(
i+ 1 + p

i− p

)
+

(
i+ p

i− (1 + p)

)](
i+ 2n− p
i+ p

)
D2n
x ∂u(2i+1+2n)

−

−Dx

∑
n=0

i∑
p=0

[(
i+ 1 + p

i− p

)
+

(
i+ p

i− (1 + p)

)](
i+ 2n− p+ 1

i+ p

)
D2n+1
x ∂u(2i+2n+2)

=

=Dx

i∑
p=0

[(
i+ 1 + p

i− p

)
+

(
i+ p

i− (1 + p)

)]
×

×
∑
n=0

[(
i+ 2n− p
i+ p

)
D2n
x ∂u(2i+1+2n)

−
(
i+ 2n− p+ 1

i+ p

)
D2n+1
x ∂u(2i+2n+2)

]
=

=Dx

i∑
p=0

[(
i+ 1 + p

i− p

)
+

(
i+ p

i− (1 + p)

)]∑
k=0

(
i+ k − p
i+ p

)
(−1)kDk

x∂u(2i+k+1)
.

(3.159)

In the second sum over k in the last line in (3.159) we now use the condition

i+ k − p ≥ i+ p ⇔ k ≥ 2p,

since otherwise the binomial coefficient of this sum vanishes, see (3.156). Therefore,
we can write (3.159) as (k = 2p+ l, where l = 0,1,2,...)

= Dx

i∑
p=0

[(
i+ 1 + p

i− p

)
+

(
i+ p

i− (1 + p)

)]∑
k=0

(
i+ k − p
i+ p

)
(−1)kDk

x∂u(2i+k+1)
=

= Dx

i∑
p=0

[(
i+ 1 + p

i− p

)
+

(
i+ p

i− (1 + p)

)]∑
l=0

(
i+ p+ l

i+ p

)
(−1)2p+lD2p+l

x ∂u(2i+2p+l+1)︸ ︷︷ ︸
=D2p

x hi+p

=

=
i∑

p=0

[(
i+ 1 + p

i− p

)
+

(
i+ p

i− (1 + p)

)]
D2p+1
x hi+p = note:

(
n

k

)
=

(
n

n− k

)

=
i∑

p=0

[(
i+ 1 + p

1 + 2p

)
+

(
i+ p

1 + 2p

)]
D2p+1
x hi+p. (3.160)
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For j = 2i+ 1 odd we can do a similar calculation, when we use the identity (3.155)
and the identity above it. �

Let us consider three very simple examples, where we can use the binomial co-
efficients in the third line in (3.160), when j = 2i: For i = 0, we get

H0 =

[(
1

0

)
+

(
0

−1

)]
Dxh

0 = Dxh
0.

For i = 1, we get

H2 = Dx

[(
2

1

)
+

(
1

0

)]
h1+0 +D3

x

[(
3

0

)
+

(
2

−1

)]
h1+1 = 3Dxh

1 +D3
xh

2.

and for i = 2, we get

H4 =Dx

[(
3

2

)
+

(
2

1

)]
h2+0 +D3

x

[(
4

1

)
+

(
3

0

)]
h2+1 +D5

x

[(
5

0

)
+

(
4

−1

)]
h2+2 =

=5Dxh
2 + 5D2

xh
3 +D5

xh
4.

Therefore, for n = 1 and arbitrary m, it is reasonable to define the Helmholtz
conditions as

Hj
αβ = ∂uβ

(j)
fα − (−1)j∂uα

(j)
fβ −

∑
i=j+1

(
i

j

)
(−1)iDi−j

x ∂uα
(i)
fβ = 0; ∀j = 0,... ;α 6= β,

hjα =

(∑
i=j

(
i

j

)
(−1)i+jDi−j

x ∂uα
(i+j+1)

)
fα = 0; ∀j = 0,1,2,...; α = β,

but maybe there are still dependencies among these conditions. Now they do not
have such a nice form as the usual Helmholtz conditions, but (some of) the depen-
dencies are eliminated, and for m = 1, they reduce to the much simpler conditions
(3.157). Now we can use the simpler conditions to solve Takens’ problem.

3.8.1. The Proof for 4th Order Source Forms and n,m = 1

The reduced Helmholtz conditions allow us now to solve Takens’ problem more
systematically and we do not have to use the Helmholtz dependencies anymore at
some stage in the proof. The proof is now more likely solving differential equations
than discussing highest order jet coordinates. Solving differential equations in the
whole range of definition also means that we are investigating a kind of global version
of Takens’ problem. Global in the sense that we are investigating the whole fibers of
JkE over E. However, we do not investigate the global structure of E, and therefore
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3.8. Helmholtz Dependencies and 4th Order Source Forms

the problem is still local in this sense.
Some of the solutions of the differential equations below will have singularities.

We will discuss and define at the end of this subsection what we precisely mean with
singularity. To define and explain it here would interrupt the flow of our discussion
and intuitively it will be clear what we mean with singularity.

Let us consider n,m = 1 and 4-th order source forms. The ECS in the standard
form is

0 =QβHαβ + (DxQ
β)Hx

αβ + (D2
xQ

β)Hxx
αβ + (D3

xQ
β)H

(3)
αβ + (D4

xQ
β)H

(4)
αβ . (3.161)

Using the notation from Section 3.8, we can write the ECS as (see (3.149) and
(3.150))

0 =QH0 + (DxQ)H1 + (D2
xQ)H2 + (D3

xQ)H3 + (D4
xQ)H4 =

=QDxh
0 + (DxQ)(2h0 +D2

xh
1) + (D2

xQ)(3Dxh
1 +D3

xh
2)+

+ (D3
xQ)(2h1 + 4D2

xh
2 +D4

xh
3) + (D4Q)(5Dxh

2 + 5D3
xh

3 +D5
xh

4). (3.162)

For 4-th order source forms we get immediately that h2,h3,h4 = 0, see (3.157), which
reduces the number of unknowns essentially. Then the ECS (3.162) can be written
as

0 = [QDxh
0 + 2(DxQ)h0] + [(DxQ)D2

xh
1 + 3(D2

xQ)Dxh
1 + 2(D3

xQ)h1] (3.163)

and instead of considering the four unknowns H0,H1,H2,H3 (H4 was anyway zero),
we only have to consider the two unknowns h0,h1, but we have derivatives on these
expressions, whereas (3.161) has no derivatives on the unknowns. This allows us now
to solve the differential equation for h0,h1 and if the general solution is, for example,
singular, or has some other properties which are not allowed in our setting, then the
Helmholtz conditions must be satisfied. Note that the equation is linear and by mul-
tiplying h0,h1 with some constant we can always get the non-singular trivial solution.

Now we will discuss a few very interesting aspects of equation (3.163) and after
that we prove Theorem 1.0.3 for 4-th order source forms.

Compared to (3.161), equation (3.162) looks very complicated. However, it can
be written in a much simpler form. In the following, we will also consider h2 in the
higher order version of (3.162), see (3.150), to understand the general structure of
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this type of equation. Let us start with the following identities

QDxh
0 + 2(DxQ)h0 =

1

Q
Dx[Q

2h0], (3.164)

(DxQ)D2
xh

1 + 3(D2
xQ)Dxh

1 + 2(D3
xQ)h1 = Dx

(
Dx[(DxQ)2h1]

DxQ

)
, (3.165)

(D2
xQ)D3

xh
2 + 4(D3

xQ)D2
xh

2 + 5(D4
xQ)Dxh

2 + 2(D5
xQ)h2 = D2

x

(
Dx[(D

2
xQ)2h2]

D2
xQ

)
.

(3.166)

It seems that (this is our conjecture), in general, we can write the ECS as

0 =
∑
k=0

Dk
x

(
Dx[(D

k
xQ)2hk]

Dk
xQ

)
=

=
1

Q
Dx[Q

2h0] +Dx

(
Dx[(DxQ)2h1]

DxQ

)
+D2

x

(
Dx[(D

2
xQ)2h2]

D2
xQ

)
+ .... (3.167)

Note that this is a formal notation and there are no singularities in this equation,
even if it seems that we dividing by Dk

xQ. The counter in the fraction has terms

Dx[(D
k
xQ)2hk] = 2(Dk

xQ)(Dk+1
x Q)hk + (Dk

xQ)2Dxh
k =

= (Dk
xQ)[2(Dk+1

x Q)hk + (Dk
xQ)Dxh

k],

and therefore it can always be divided by (Dk
xQ), without producing singularities.

It is very helpful to use this formal notation, since it explains the structure, whereas
(3.163) has no structure. To prove the conjecture for arbitrary order, we have to
understand the coefficients in (3.160). Hopefully we can solve this problem in the
future and since we are now mostly investigating 4th order source forms, we are not
confronted with that problem.

Investigating (3.167) immediately provides a few interesting results. The first, sec-
ond, third,... summands in the sum (3.167) have separately solutions of the following
form:

0 =
1

Q
Dx[Q

2h0] ⇒ h0 =
c0

Q2
, c0 ∈ R, (3.168)

0 = Dx

(
Dx[(DxQ)2h1]

DxQ

)
⇒ h1 =

c1 +Qd1

(DxQ)2
, c1,d1 ∈ R,

0 = D2
x

(
Dx[(D

2
xQ)2h2]

D2
xQ

)
⇒ h2 =

c2 + (DxQ)d2 + [x(DxQ)−Q]e2

(D2
xQ)2

, c2,d2,e2 ∈ R

and all of these solutions are singular, if V x 6= 0, i.e. if we have a symmetry V ∈ V
and corresponding conservation law such that π∗V 6= 0. The coupled system (3.167)
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for h0,h1,h2,... has also non-singular solutions, for example,

h0 = D2
xQ, h1 = −1

2
Q, h2,h3,... = 0.

This solution corresponds to translation symmetry ∂x, corresponding characteristic
Q = −ux, source form

∆ = fdu ∧ dx = (
1

2
uxu(3) + u2

xx)du ∧ dx

and conservation law

Qf = −1

2
u2
xu(3) − uxu2

xx = −Dx(
1

2
u2
xuxx).

The source form is not variational. This source form has also ∂u-symmetry, i.e.
translations in u-direction, but not corresponding conservation law. Therefore, Tak-
ens’ question cannot be answered affirmatively for n,m = 1 and third order source
forms if we only assume one symmetry π∗V 6= 0. However, maybe for two sym-
metries which span TpE at every p ∈ E. Indeed, we can prove the existence of a
variational formulation in this case and we will do that below. Therefore, we want
to investigate the solutions of the coupled system in more detail.

The summands in (3.167) are very special: When we multiply them by Q, then
they can (again) be written as total derivatives. For k = 0 this is clear. For k = 1
we apply the partial integration technique and we get

QDx

(
Dx[(DxQ)2h1]

DxQ

)
= Dx

(
Q
Dx[(DxQ)2h1]

DxQ

)
− (DxQ)

Dx[(DxQ)2h1]

DxQ
=

= Dx

[
Q
Dx[(DxQ)2h1]

DxQ
− (DxQ)2h1

]
︸ ︷︷ ︸

=:g1

= Dxg
1 (3.169)
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For general k we can also apply a sort of partial integration technique and we get
inductively (we use the short notation DxQ = Q;x, D

2
xQ = Q;xx and Dk

xQ = Q(k))

QDk
x

(
Dx[Q

2
(k)h

k]

Q(k)

)
=

=Dx

[
QDk−1

x

(
Dx[Q

2
(k)h

k]

Q(k)

)]
−Q;xD

k−1
x

(
Dx[Q

2
(k)h

k]

Q(k)

)
=

=Dx[...]−Dx

[
Q;xD

k−2
x

(
Dx[Q

2
(k)h

k]

Q(k)

)]
+Q;xxD

k−2
x

(
Dx[Q

2
(k)h

k]

Q(k)

)
=

=... =

=Dx[...] + (−1)lQ(l)D
k−l
x

(
Dx[Q

2
(k)h

k]

Q(k)

)
= , (we continue until l = k)

=Dx[...] + (−1)kQ(k)

(
Dx[Q

2
(k)h

k]

Q(k)

)
=

=Dx [...+ (−1)kQ2
(k)h

k]︸ ︷︷ ︸
=:gk

= Dxg
k.

This means that the ECS multiplied by Q is a total derivative and we can use this
property to reduce the order of the differential equation. In other words, Q is an
integrating factor for this differential equation.

Remark: Let us explain why the more general ECS expression multiplied by Qα,
i.e.

QαQβHαβ +Qα(DiQ
β)H i

αβ +Qα(DijQ
β)H ij

αβ + ...,

is also a total derivative (or divergence) for arbitrary n,m. At least for first order
source forms (we use the short notation DiQ

α = Qα
;i)

QαQβHαβ +QαQβ
;iH

i
αβ = QαQβ︸ ︷︷ ︸

sym.

(fα,uβ − fβ,uα︸ ︷︷ ︸
skew-sym. in α,β

+Difβ,uαi ) +QαQβ
;i(fα,uβi

+ fβ,uαi ) =

= QαQβDifβ,uαi +QαQβ
;i(fα,uβi

+ fβ,uαi ) =

= Di(Q
αQβfβ,uαi ) (3.170)

we can immediately observe that QαQβHαβ + QαQβ
;iH

i
αβ must be a divergence ex-

pression. When this expression vanishes, then it must be a trivial divergence with
certain properties, see Subsection 3.7.1. This immediately forces strong restrictions
for possible differential equations fβ. It could be an interesting open problem to
investigate this structure in more detail. To understand why Qα is an integrating
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factor for higher order ECS’s, see the calculation in (2.67), which shows that for
V = W the expression LprV (ιprW∆)− ιprVLprW∆ must always vanish (also for non-
variational source forms). The question is if the method of integrating factor can
only be used for n,m = 1 or if it is also useful for m,n > 1. Note that for m > 1,
the (system) ECS is transformed to a single equation, when multiplied by Qα and
summing over α. Therefore, the meaning of integrating factor is slightly different
there and this method is possibly only useful for m = 1, but arbitrary n. Now let
us continue with the case n,m = 1.

For simplicity, let us discuss equation (3.167) for k = 0,1,2, i.e.

0 =
1

Q
Dx[Q

2h0] +Dx

(
Dx[(DxQ)2h1]

DxQ

)
+D2

x

(
Dx[(D

2
xQ)2h2]

D2
xQ

)
. (3.171)

We multiply (3.171) by Q and we get

0 = Dx(Q
2h0) +Dx(g

1 + g2).

This leads to

c1 = Q2h0 + g1 + g2, c1 ∈ R. (3.172)

More generally, and as we mentioned above, it seems that we get an equation of the
form c1 = Q2h0 +g1 +g2 + ...+gk, if the ECS in (3.167) can be written in such a way.

The next step is to solve equation (3.172). Therefore, we do the following trick:
We multiply (3.172) by DxQ

Q2 and we can reduce the order of all terms, except the

h0-term, once again. We conjecture that this also works for any order and the more
general expression c1 = Q2h0 + g1 + g2 + g3 + ... + gk. Note that multiplying by
Q2DxQ

Q2 = DxQ is in some sense equivalent to what we will consider later. But

for technical reasons it is better to multiply by DxQ
Q2 , which slightly simplifies the

calculations below. Also note that multiplying by DxQ
Q2 seems to make sense only

when DxQ 6= 0, otherwise we get a trivial equation. For the moment, we ignore
this aspect. For example, when we consider translation symmetries ∂x,∂u, where
the characteristic Q for the ∂u-symmetry is a constant, we get DxQ = 0. Before we
consider all terms in equation (3.172) together, let us separately compute

DxQ

Q2
g1 =

DxQ

Q2

[
Q
Dx[(DxQ)2h1]

DxQ
− (DxQ)2h1

]
=

=
Dx[(DxQ)2h1]

Q
− (DxQ)

Q2
(DxQ)2h1 =

= Dx

(
1

Q
(DxQ)2h1

)
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and

DxQ

Q2
g2 =

DxQ

Q2

[
QDx

(
Dx[(D

2
xQ)2h2]

D2
xQ

)
− (DxQ)

Dx[(D
2
xQ)2h2]

D2
xQ

+ (D2
xQ)2h2

]
=

=
DxQ

Q
Dx

(
Dx[(D

2
xQ)2h2]

D2
xQ

)
− (DxQ)2

Q2

Dx[(D
2
xQ)2h2]

D2
xQ

+
DxQ

Q2
(D2

xQ)2h2 =

= Dx

(
DxQ

Q

Dx[(D
2
xQ)2h2]

D2
xQ

)
−
(
D2
xQ

Q
− (DxQ)2

Q2

)
Dx[(D

2
xQ)2h2]

D2
xQ

−

− (DxQ)2

Q2

Dx[(D
2
xQ)2h2]

D2
xQ

+
DxQ

Q2
(D2

xQ)2h2 =

= Dx

(
DxQ

Q

Dx[(D
2
xQ)2h2]

D2
xQ

)
− Dx[(D

2
xQ)2h2]

Q
+
DxQ

Q2
(D2

xQ)2h2 =

= Dx

(
DxQ

Q

Dx[(D
2
xQ)2h2]

D2
xQ

− (D2
xQ)2h2

Q

)
.

That is, both of these expressions are total derivatives. Therefore, using these
identities, and multiplying (3.172) by DxQ

Q2 , we get

DxQ

Q2
c1 = (DxQ)h0 +Dx

[
(DxQ)2h1

Q
+

(
DxQ

Q

Dx[(D
2
xQ)2h2]

D2
xQ

− (D2
xQ)2h2

Q

)]
.

(3.173)

The left hand side of (3.173) is also a total derivative, since

DxQ

Q2
c1 = Dx

−c1

Q
.

Then we bring this expression to the right hand side of (3.173) and we get

0 = (DxQ)h0 +Dx

[(
c1

Q
+

(DxQ)2h1

Q

)
+

(
DxQ

Q

Dx[(D
2
xQ)2h2]

D2
xQ

− (D2
xQ)2h2

Q

)]
.

(3.174)

Now we assume 4th order source forms, and therefore h2 = 0. Above, we just wanted
to show that our reformulations work more generally. As we already mentioned,
instead of multiplying by DxQ

Q2 , we can also multiply (3.172) by DxQ, and then we
get

0 = Q2

[
(DxQ)h0 +Dx

(
c1

Q
+

(DxQ)2h1

Q

)]
. (3.175)

For technical reasons it is better to write (3.175) instead of (3.174), since otherwise
we get singularities of the form 1

Q2 .
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Since one projectable symmetry V = V x∂x + V u∂u ∈ X(E), where V x 6= 0 is
not sufficient to solve Takens’ problem for 3rd or 4th order source forms, as we saw
above, we now assume that we have two projectable symmetries V1,V2 ∈ X(E) such
that span{V1p,V2p} = TpE at each p ∈ E. For every symmetry vector field V1,V2 we
get an equation of the form (3.175), i.e.

0 = Q2
1

[
(DxQ1)h0 +Dx

(
c1

Q1

+
(DxQ1)2h1

Q1

)]
, (3.176)

0 = Q2
2

[
(DxQ2)h0 +Dx

(
c2

Q2

+
(DxQ2)2h1

Q2

)]
, (3.177)

whereQ1 = V u
1 −uxV x

1 andQ2 = V u
2 −uxV x

2 . It is easy to see that we can eliminate h0

with the help of (3.176) and (3.177) and then we can solve the remaining equation for
h1. However, as we mentioned above, in the case where DxQ1 = 0 or DxQ2 = 0, one
of these equations is trivial (or even both). Therefore, in the case where DxQ1 = 0
or DxQ2 = 0, we rather use the original equation (3.171), i.e. the two equations

0 =
1

Q1

Dx[Q
2
1h

0] +Dx

(
Dx[(DxQ1)2h1]

DxQ1

)
, (3.178)

0 =
1

Q2

Dx[Q
2
2h

0] +Dx

(
Dx[(DxQ2)2h1]

DxQ2

)
. (3.179)

Short conclusion of what we have found out so far: Multiplying (3.178) and (3.179)
by the integrating factor Q and by the factor DxQ to derive (3.176) and (3.177) only
makes sense if DxQ 6= 0, otherwise we get a trivial equation (which is definitely the
case for translation symmetries ∂x,∂u). Equations (3.178) and (3.179) are one order
higher compared to (3.176) and (3.177), where the two constants c1,c2 already oc-
cur, because we integrated the equations one time. The above derivation of (3.176)
and (3.177) shows how to reformulate the equations (3.178) and (3.179) to be able
to solve them later. Furthermore, the ECS for n,m = 1 seems to have a very nice
structure and we can assume that, more generally, multiplying by Q, then by DxQ,
and similar factors can help to find the general solution of the ECS. However, we do
not want to consider the two different kinds of systems (3.176), (3.177) and (3.178),
(3.179) simultaneously. These different kinds of systems occur, because we have to
distinguish the two cases DxQ = 0 and DxQ 6= 0 and similar problems may also
occur for higher order (maybe when D2

xQ = 0 and so on). Deriving the equation
(3.176) (or (3.177)) is important when we want to solve the ECS for a single sym-
metry vector field (or characteristic Q). But in the following, we want to solve the
ECS for two or more symmetries such that (1.2) is satisfied and we can immediately
use the condition (1.2) to simplify the problem.

Therefore, now we will start with (3.178) and (3.179) once again, but derive an
equivalent system somehow differently, such that we do not have a problem when
DxQ1 = 0 or DxQ2 = 0, and we can immediately use the assumption (1.2), since we
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want to prove Theorem 1.0.3 below. We can do this relatively fast, since we already
explained the general structure of the ECS (3.167).

Let us multiply (3.178) and (3.179) by Q1 and Q2. It could be possible that Q1 or
Q2 vanish somewhere, but this will not effect our calculations below (only DxQ = 0
would be a problem later). Then we use the identity (3.169) and the short notation
DxQ = Q;x to derive the two equations

0 = Dx

[
Q2

1h
0 +

(
Q1

Dx(Q
2
1;xh

1)

Q1;x

−Q2
1;xh

1

)]
, (3.180)

0 = Dx

[
Q2

2h
0 +

(
Q2

Dx(Q
2
2;xh

1)

Q2;x

−Q2
2;xh

1

)]
. (3.181)

Equations (3.180) and (3.181) are written in a formal notation and there are no
singularities in these equations, even when we formally divide by Q;x. Let us rewrite
(3.180) and (3.181) as

0 = Dx

[
Q2

1h
0 +

Q2
1

Q1;x

Dx

(
Q2

1;xh
1

Q1

)]
, (3.182)

0 = Dx

[
Q2

2h
0 +

Q2
2

Q2;x

Dx

(
Q2

2;xh
1

Q2

)]
, (3.183)

which is again a formal notation and there do not occur singularities. From (3.182)
and (3.183) we get

c1 = Q2
1h

0 +
Q2

1

Q1;x

Dx

(
Q2

1;xh
1

Q1

)
, c1 ∈ R, (3.184)

c2 = Q2
2h

0 +
Q2

2

Q2;x

Dx

(
Q2

2;xh
1

Q2

)
, c2 ∈ R. (3.185)

Now we are not multiplying by DxQ
Q2 , as we did above, instead we do the following:

We multiply (3.184) by Q2
2, (3.185) by Q2

1, and subtract both. This eliminates h0

and we get (again, Q = 0 is not a problem here since it cannot vanish everywhere)

c1Q
2
2 − c2Q

2
1 =

Q2
2Q

2
1

Q1;x

Dx

(
Q2

1;xh
1

Q1

)
− Q2

1Q
2
2

Q2;x

Dx

(
Q2

2;xh
1

Q2

)
=

=Dx

(
Q2

2Q
2
1

Q1;x

Q2
1;xh

1

Q1

− Q2
1Q

2
2

Q2;x

Q2
2;xh

1

Q2

)
−

−
Q2

1;xh
1

Q1

Dx

(
Q2

2Q
2
1

Q1;x

)
+
Q2

2;xh
1

Q2

Dx

(
Q2

1Q
2
2

Q2;x

)
. (3.186)
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Let us compute the last two terms in (3.186) separately (we can factor out h1), i.e.

−
Q2

1;x

Q1

Dx

(
Q2

2Q
2
1

Q1;x

)
+
Q2

2;x

Q2

Dx

(
Q2

1Q
2
2

Q2;x

)
=

=−
Q2

1;x

Q1

(
2
Q2Q2;xQ

2
1 +Q2

2Q1Q1;x

Q1;x

− Q2
2Q

2
1Q1;xx

Q2
1;x

)
+

+
Q2

2;x

Q2

(
2
Q1Q1;xQ

2
2 +Q2

1Q2Q2;x

Q2;x

− Q2
1Q

2
2Q2;xx

Q2
2;x

)
=

=(−2Q2
2Q

2
1;x +Q2

2Q1Q1;xx) + (2Q2
1Q

2
2;x −Q2

1Q2Q2;xx) =

=2(Q2
1Q

2
2;x −Q2

2Q
2
1;x) +Q1Q2(Q2Q1;xx −Q1Q2;xx) =

=2(Q2
1Q

2
2;x −Q2

2Q
2
1;x) +Q1Q2Dx(Q2Q1;x −Q1Q2;x) =

=2(Q1Q2;x −Q2Q1;x)(Q1Q2;x +Q2Q1;x) +Q1Q2Dx(Q2Q1;x −Q1Q2;x) =

=2(Q1Q2;x −Q2Q1;x)Dx(Q1Q2) +Q1Q2Dx(Q2Q1;x −Q1Q2;x) =

=− 2ADxB +BDxA,

where we define

A := Q2Q1;x −Q1Q2;x and B := Q1Q2.

Using this identity, (3.186) becomes

c1Q
2
2 − c2Q

2
1 =Dx[(Q

2
2Q1Q1;x −Q2

1Q2Q2;x)h
1] + (BDxA− 2ADxB)h1 =

=Dx[Q1Q2(Q2Q1;x −Q1Q2;x)h
1] + (BDxA− 2ADxB)h1 =

=Dx(BAh
1) + (BDxA− 2ADxB)h1. (3.187)

Then we multiply (3.187) by A (note that Q1;x or Q2;x could vanish, but this does
not cause problems, since A cannot vanish everywhere) and we get

A(c1Q
2
2 − c2Q

2
1) =ADx(BAh

1) + (BADxA− 2A2DxB)h1 =

=Dx(BA
2h1)− (DxA)BAh1 + (BADxA− 2A2DxB)h1 =

=Dx(BA
2h1)− 2(DxB)A2h1. (3.188)

Now we define the new unknown F := A2h1 and (3.188) becomes

A(c1Q
2
2 − c2Q

2
1) = Dx(BF )− 2(DxB)F. (3.189)

The homogeneous solution is Fhom = λ1B, where λ1 ∈ R. Therefore,

h1
hom =

Fhom

A2
= λ1

B

A2
=

λ1Q1Q2

(Q2Q1;x −Q1Q2;x)2
, λ1 ∈ R.

We get the inhomogeneous solution with the help of variation of constants, i.e.

A(c1Q
2
2 − c2Q

2
1) = Dx(λ1B

2)− 2(DxB)λ1B
!

= (Dxλ1)B2
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and this leads to

Dxλ1
!

=
A(c1Q

2
2 − c2Q

2
1)

B2
=

(Q2Q1;x −Q1Q2;x)(c1Q
2
2 − c2Q

2
1)

(Q1Q2)2
=

= (Q2Q1;x −Q1Q2;x)(
c1

Q2
1

− c2

Q2
2

) =

=
c1Q2

Q1

(
Q1;x

Q1

− Q2;x

Q2

)
− c2Q1

Q2

(
Q1;x

Q1

− Q2;x

Q2

)
=

=

(
c1Q2

Q1

− c2Q1

Q2

)
Dx(lnQ1 − lnQ2) =

=

(
c1Q2

Q1

− c2Q1

Q2

)
Dx ln

Q1

Q2

. (3.190)

The equation in (3.190) is of the form

Dxλ1 =

(
c1

g
− c2g

)
Dx ln g =

(
c1

g
− c2g

)
Dxg

g
= (3.191)

= Dx

(
−c1

g
− c2g

)
, where g :=

Q1

Q2

. (3.192)

Therefore, we get

λ1 =
−c1

g
− c2g + c3, c1,c2,c3 ∈ R.

Then we can write

A2h1
inhom = Finhom = λ1B = (

−c1

g
− c2g + c3)B =

(
−c1

Q2

Q1

− c2
Q1

Q2

+ c3

)
B =

= −c1Q
2
2 − c2Q

2
1 + c3Q1Q2

and a inhomogeneous solution h1
inhom is

h1
inhom =

−c1Q
2
2 − c2Q

2
1 + c3Q1Q2

(Q2Q1;x −Q1Q2;x)2
.

The general solution h1
gen is

h1
gen =

−c1Q
2
2 − c2Q

2
1 + c3Q1Q2

(Q2Q1;x −Q1Q2;x)2
+

λ1Q1Q2

(Q2Q1;x −Q1Q2;x)2
=

=
C1Q

2
2 + C2Q

2
1 + C3Q1Q2

(Q2Q1;x −Q1Q2;x)2
, (3.193)

C1 := −c1, C2 := −c2, C3 := c3 + λ1 ∈ R.
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Since

Q2;xQ1 −Q1;xQ2 = (O(1)− uxxV x
2 )(V u

1 − uxV x
1 )− (O(1)− uxxV x

1 )(V u
2 − uxV x

2 ) =

= O(1)− uxxV x
2 (V u

1 − uxV x
1 ) + uxxV

x
1 (V u

2 − uxV x
2 ) =

= O(1) + uxx(−V x
2 V

u
1 + V x

1 V
u

2 ) + uxxux(V
x

2 V
x

1 − V x
1 V

x
2 ) =

= O(1) + uxx (−V x
2 V

u
1 + V x

1 V
u

2 )︸ ︷︷ ︸
6=0 for all p ∈ U ⊂ E

,

there will be points (x,u,ux,uxx) in JkE, where this expression vanishes. There-
fore, h1

gen is singular, except C1,C2,C3 = 0. The coordinates (ux,uxx,...) are always
assumed to take all possible values in the whole domain of R, which is a simple
consequence of the definition of the jet space and the use of associated charts.
Let us pull-back h1

gen in (3.193) by a prolonged section σ ∈ Γ(E). Then, in the
one-dimensional case where n = 1, Picard-Lindelöf’s theorem says: If we found a
(singular) solution (3.193) for almost every x in the considered domain of definition,
which tends to ±∞ for some values x, then there cannot exist a smooth continuation
for all x in the considered domain.

If h1 ≡ 0 then (3.182) and (3.183) tell us h0 is singular or h0 ≡ 0 and we have
proven Theorem 1.0.3. The singularity in h0 is caused by the term

h0 =
C4

Q2
, C4 ∈ R,

where either Q1 = V u
1 − uxV x

1 or Q2 = V u
2 − uxV x

2 satisfy V x
1 6= 0 or V x

2 6= 0 for
some x. It is also possible to argue that, if h1 ≡ 0, then the two equations (3.184)
and (3.185)

h0 =
C4

Q2
1

, h0 =
C5

Q2
2

, C4,C5 ∈ R

(⇒ Q2
2C4 = Q2

1C5)

cannot be satisfied at the same time. With the singular solution h1
gen we could try

to solve the equation for h0 and then construct H0,H1.
We conjecture that we get a similar result for fourth order source forms, m = 1,

but arbitrary n. Solving the differential equation for h1 in this case could be quite
difficult. Maybe we should only try to investigate the singularities and do a kind of
perturbation theory. In any case, it seems to be a very interesting open problem.
Because of lack of time we cannot solve it anymore here in this dissertation. The
above calculations already prove Theorem 1.0.3, but we want to formulate the proof
briefly again.

Proof of Theorem 1.0.3: Proving the reduced Helmholtz conditions in Lemma 3.8.2
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is the first step. Then, the ECS can be written as

0 = [QDxh
0 + 2(DxQ)h0] + [(DxQ)D2

xh
1 + 3(D2

xQ)Dxh
1 + 2(D3

xQ)h1],

what we derived in (3.163). It turns out that this equation can also be written as

0 =
1

Q
Dx[Q

2h0] +Dx

(
Dx[(DxQ)2h1]

DxQ

)
.

what we derived in(3.171). Multiplying this equation by the integration factor Q
leads to

c = Q2h0 +
Q2

DxQ
Dx

(
(DxQ)2h1

Q

)
, c ∈ R, (3.194)

what we derived in (3.184) and (3.185). Since in the case where span{Vp : V ∈
V} = TpE for all p ∈ U ⊂ E, we have at least two symmetry vector fields V1,V2 with
corresponding characteristics Q1,Q2. Therefore, the expression h0 in (3.194) can be
eliminated and we get the equation

A(c1Q
2
2 − c2Q

2
1) = Dx(BA

2h1)− 2(DxB)A2h1, (3.195)

what we derived in (3.188), where

A := Q2Q1;x −Q1Q2;x and B := Q1Q2.

Equation (3.195) can be solved and the general solution is (3.193). The solution is
singular, except h1 ≡ 0. Then h0 is singular or h0 ≡ 0. Also see the remark below. �

We did not yet precisely define what we mean with singular, and therefore we need
the following definition:

Definition 3.8.3. We call a source form ∆ singular if it is defined on some open
subset Rk ⊂ JkE and if there is no smooth continuation of ∆ from Rk to JkE.
Otherwise we call a source form non-singular.

A similar definition holds for general differential forms and functions on JkE.8 Note
that every source form defined on Rk ⊂ JkE is a smooth differential form on Rk,
whether it is singular or non-singular according to Definition 3.8.3.

Let us discuss further aspects of singular and non-singular expressions. For
example, intuitively the expression

f =
1

ux
(3.196)

8Subsets R ⊂ JkE are also used in (AT92, p.17ff), but there not necessarily open subsets, rather
some kind of embedded manifolds.
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should be a singular expression, defined on some open subset R1 ⊂ J1E, where
we have local coordinates (x,u,ux). However, we have to clarify for which subset
R1 we define the expression (3.196), how all possible continuations of (3.196) form
R1 to J1E can be described and where the local coordinates (x,u,ux) are defined.
Without specifying these things it does not make sense to talk about a singular
or non-singular expression in (3.196). We do the discussion exemplary with the
expression in (3.196) and generalizations are straight forward.

Let U ⊂ E be open and ϕ : U → Ω a local chart for E, where Ω ⊂ Rn+m.
Furthermore, let ϕ0 : U0 → Ω0, U0 = π(U), Ω0 ⊂ Rn be the corresponding local
chart for M , such that the diagram

U ⊂ E Ω ⊂ Rn × Rm

U0 ⊂M Ω0 ⊂ Rn

π

ϕ

ϕ0

π̃

commutes (π̃ is the canonical projection). The chart ϕ defines a so called associated
chart on JkE, where local coordinates (xi,uα,uαi ,u

α
ij,...,u

α
I ), |I| = k, on JkE are

given as

uαi1...il(prkσ(q)) = [Di1 ...Dil(u
α ◦ σ ◦ (ϕ0)−1)](x), 1 ≤ l ≤ k, (3.197)

and ϕ0(q) = (xi) = (x1,...,xn). Associated charts on JkE are written as ϕk. We
took the definition for associated charts from (Kru97b, p.30).

Every locally defined smooth functions uα(x), α = 1,2,...,m define a section
σ(q) := ϕ−1(x(q),uα(x(q))) on E, where x = ϕ0(q). Prolonging this local section
σ ∈ Γ(E) at a point q ∈ M defines corresponding coordinates (xi,uα,uαi ) on J1E
(see (3.197)). These local coordinates are defined in Ω× Rnm, i.e.

(xi,uα,uαi ) ∈ Ω× Rnm.

Now we consider the situation the other way around, i.e. for every (xi,uα,uαi ) ∈ Ω×
Rnm there exists a local section γ ∈ Γ(E) such that pr1γ has these local coordinates
at a point x = γ(q), i.e.

ϕ1(pr1γ(q)) = (xi,uα,uαi ).

More importantly, ϕ1 : (π1,0)−1(U)→ Ω×Rnm is an (associated) chart for J1E, i.e.
a bijective map between these open sets.

We define the function (3.196) on R1, where

R1 := (ϕ1)−1(Ω× (R \ {0})). (3.198)
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It can easily be seen that the function (3.196) is singular in the sense of Definition
3.8.3, when written in local coordinates and defined on Ω × (R \ {0}). That is,
there is no smooth continuation of f(ux) = 1

ux
from Ω × (R \ {0}) to Ω × R. The

occurrence of such singularities is independent of the choice of local coordinates.
Therefore, when f is considered to be a function defined on R1, i.e.

f(ux) = f̃(pr1σ) =
1

ux(pr1σ)
,

then there is no smooth continuation form R1 to J1E and this means that f is
singular. More general singular functions, differential forms and so on can be inves-
tigated in a similar way and usually we do not discuss this in such a detail.

Remark on the proof of Theorem 1.0.3: Let us consider the expression (3.193), let
us explain why this expression is singular according to Definition 3.8.3, and we want
to say a few more words about the proof of Theorem 1.0.3. First, we define an asso-
ciated chart on JkE and a certain open subset Rk ⊂ JkE, where (3.193) is defined.
Then we do all the calculations in the proof of Theorem 1.0.3 and then we show
that there is no smooth continuation of h1 from Rk to JkE, except when h1 ≡ 0.
Then we do the same for h0 which completes the proof.

Note that open subsets Rk ⊂ JkE do in general not have the structure of a jet
bundle over E. When we do not have the structure of a jet bundle then it is not
obvious what we mean with sections and prolonged vector fields on Rk. However,
projectable vector fields V ∈ X(E) can be prolonged on JkE and then we can restrict
prkV to Rk and apply the restricted vector field on functions or the corresponding
Lie derivative on differential forms.

Let us assume that we would derive in the proof of Theorem 1.0.3 that h1 in
(3.193) is of the form

h1 =
c

ux
, c ∈ R.

According to what we have discussed above means that h1 can only be a non-singular
expression on JkE when c = 0. This holds in a similar way when

h1 =
c

uxx
, h1 =

c

u(3)

, h1 =
c

u(4)

,..., c ∈ R. (3.199)

But if we would derive that, for example,

h1 =
c

u
, c ∈ R (3.200)

then it does not necessarily follow that c = 0, since (3.200) is in general not a singu-
lar expression defined on some open subset Rk ⊂ JkE. For example, when the fiber
bundle E is π : R×(R\0)→ R, where the local coordinates (x,u) are identified with
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points on E through the identity map, π(x,u) = x and where (3.200) is defined (on
open subsets) and non-singular. Under which conditions (3.200) is singular or non-
singular on open subsets depends on the definition of E and the local charts there.
The same happens when we consider f = c

x
, c ∈ R. The main difference between the

expressions in (3.199) and (3.200) is that we always describe, in all calculations, the
coordinates (ux,uxx,...,u(k)) by associated fiber bundle charts, but there are no such
special charts for the expression in (3.200). This is why (3.200) can be defined on
E (or open subsets of E) as a non-singular expression. In other words, for E we do
not assume a certain topology and we do not have canonical charts on E. However,
we always have canonical charts for the coordinates (uαi ,u

α
ij,...,u

α
I ) on JkE, namely

associated charts. The investigation of singularities can be considered as a question
of topology and global analysis in what we have discussed above.

In this context, it is helpful to know that E can have non-trivial cohomology in
the sense of De-Rham. The cohomology of JkE (in the sense of the variational
sequence) is the following H∗(JkE) w H∗(E), see (KM10, Tak79) or (Kru15, p.xi).

Also note that local coordinate transformations of ux are of the form

vy =
∂x

∂y

(
∂v

∂x
+ ux

∂v

∂u

)
. (3.201)

This shows that J1E is not a vector bundle over E, rather an affine linear bundle.
However, this is no longer true for higher order jet spaces. For example, J2E is not
an affine linear bundle over E. This can be seen in Proposition 2.4.3 and the local
coordinate transformation for vyy. Note that when ux takes all possible values in
R then vy in (3.201) also takes all possible values in R (since ∂x

∂y
∂v
∂u

is non-vanishing

everywhere). This is also true for higher order coordinates uxx, vyy and so on. Prac-
tically, we always use associated fiber bundle charts. Then the expressions (3.199)
cannot be defined for all ux ∈ R, uxx ∈ R and so on, which immediately shows
they will be singular expressions when deriving them in the proof of Theorem 1.0.3.
However, when we would derive the expression (3.200) in the proof of Theorem 1.0.3
then it does not necessarily follow that c = 0, since the x and u-coordinate do not
have to be defined for all values in R. This is the rough idea how to understand this
problem, but of course the precise formulation is to consider the topology on E and
the local charts there.

Although, we do not allow singular expression like (3.193), by assumptions of The-
orem 1.0.3, it would be interesting to know how the corresponding f or source form
∆ would look like. In other words, we would like to find the homotopy operator
of h0,h1. We will partially investigate this problem in the next subsection, where
we again consider n,m = 1. In the next subsection, we will consider a very special
case, where we only investigate translation symmetries ∂x,∂u and third order source
forms. We also do not introduce the homotopy operator in detail, we rather invert
the operator h0,h1 by hand and we want to get a relatively fast result as a kind of
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verification or example of what we have proven above. In the next subsection, we do
not use Lemma 3.8.2 or other techniques from this subsection. Therefore, it will be
a second approach how to solve Takens’ problem in a very special case and, indeed,
a kind of verification of the result from above.

3.8.2. Complete Classification for Translation Symmetries

Let us consider the trivial fiber bundle π : R2 → R, with coordinates (x,u) and
projection π(x,u) = x. Furthermore, we consider translation symmetries ∂x,∂u and
source forms of third order. We want to classify all source forms which are invariant
under the prolonged symmetries ∂x,∂u ∈ V and which satisfy the corresponding
conservation law conditions

∂u : Qf = 1 · f = Dxg,

∂x : Qf = uxf = Dxh, (3.202)

for some functions g,h. The statement is the following: All source forms which
satisfy the above conditions are of the form

f = a− e−
(−uxe+ s)u(3)

u2
xx

+ uxxKux(ux)

where a,s,e ∈ R and Kux is an arbitrary function depending on ux.

Proof: Since the source form is of third order, the conservation law conditions (3.202)
lead to g,h = O(2). Because ∆ satisfies the ∂x,∂u symmetries, f cannot depend on
(x,u). Furthermore, ∂x,∂u commute with Dx and ux. Therefore, we get

∂x : 0 = ∂xf = ∂xDxg, ⇒ 0 = Dxgx

∂x : 0 = ∂x(uxf) = ∂xDxh, ⇒ 0 = Dxhx

∂u : 0 = ∂uf = ∂uDxg, ⇒ 0 = Dxgu

∂u : 0 = ∂u(uxf) = ∂uDxh, ⇒ 0 = Dxhu.

These equations show that gx,hx,gu,hu must be constant. Integrating these condi-
tions leads to

g = xa+ ub+ r(ux,uxx),

h = xc+ ud+ q(ux,uxx),

where a,b,c,d ∈ R and r,q are arbitrary functions depending on (ux,uxx). We can
write

uxf = Dxh = uxDxg = Dx(uxg)− uxxg ⇒ uxxg = Dx(uxg − h).
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That is, uxxg must be a total derivative and the Euler-Lagrange operator applied to
this expression must vanish, i.e.

0 = (∂u −Dx∂ux +D2
x∂uxx)(uxxg) =

= uxxb−Dx(uxxrux) +D2
x(g + uxxguxx) =

= 2uxxb−Dx(uxxrux) +D2
x(r + uxxruxx) =

= 2uxxb−Dx(uxxrux) +Dx(uxxrux + u(3)ruxx + u(3)ruxx + uxxDxruxx) =

= 2uxxb+Dx(2u(3)ruxx + uxxDxruxx) =

= Dx[2uxb+ (2u(3)ruxx + uxxDxruxx)] =

= Dx[2uxb+ 2u(3)ruxx + uxx(uxxruxuxx + u(3)ruxxuxx)] =

= Dx[2uxb+ u2
xxruxuxx︸ ︷︷ ︸

=:I)

+u(3) (2ruxx + uxxruxxuxx)︸ ︷︷ ︸
=:II)

]. (3.203)

The term I) in (3.203) must be constant and the term II) must vanish. To solve the
equation for II), let us multiply II) by uxx. Then the general solution of

uxx(2ruxx + uxxruxxuxx) = ∂uxx(u
2
xxruxx) ⇒ ruxx = −R(ux)

u2
xx

⇒ r =
R(ux)

uxx
+K(ux)

allows only singular solutions or solutions, where r only depends on ux. In case of
singular solutions, we can further determine r with the help of I), i.e.

2uxb−Rux(ux) = e,

where e ∈ R. Therefore, the solution for R is

R(ux) = −u2
xb− uxe+ s,

where s ∈ R. Therefore, R has no singularities. Then we get

f = Dxg = Dx(ax+ ub+
R(ux)

uxx
+K(ux)) =

= a+ bux −
u(3)R(ux)

u2
xx

+Rux(ux) + uxxKux(ux) (3.204)

and this describes the singularity of third order f very precisely. However, we
can determine R even more precisely, by using the fact that uxf must be a total
derivative, i.e. E(uxf) = 0. This leads to the equation

0 = E [uxa+ bu2
x −

u(3)uxR(ux)

u2
xx

+ uxRux(ux) + uxxuxKux(ux)].
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The term aux is a total derivative, and therefore vanishes for all a. The same
happens with

uxxuxKux(ux) = Dx

∫
uxKux(ux)dux.

It remains to show that

0 = (∂u −Dx∂ux +D2
x∂uxx −D3

x∂u(3))

[
bu2

x −
u(3)uxR(ux)

u2
xx

+ uxRux(ux)

]
=

= Dx(−∂ux +Dx∂uxx −D2
x∂u(3))

[
−
u(3)uxR

u2
xx

− bu2
x

]
=

= Dx

[
u(3)(R + uxRux)

u2
xx

− 2bux + 2Dx

u(3)uxR

u3
xx

+D2
x

uxR

u2
xx

]
=

= Dx

[
u(3)(R + uxRux)

u2
xx

− 2bux + 2Dx

u(3)uxR

u3
xx

+

+ Dx

(
−2

u(3)uxR

u3
xx

+
Dx(uxR)

u2
xx

)]
=

= Dx

[
u(3)(R + uxRux)

u2
xx

− 2bux +Dx
uxxR + uxxuxRux

u2
xx

]
=

= Dx

[
−2bux +

Dx(R + uxRux)

uxx

]
=

= Dx

[
−2bux +

uxxRux + uxxRux + uxxuxRuxux

uxx

]
=

= Dx [−2bux + 2Rux + uxRuxux ] =

= Dx [−2bux + 2(−2bux − e) + ux(−2b)] =

= Dx [−8bux − 2e]

and this means b = 0. Therefore,

f = a−
(−uxe+ s)u(3)

u2
xx

− e+ uxxKux(ux) (3.205)

and this exactly describes the singularity of f , and even more, all f which satisfy
∂x,∂u symmetry and corresponding conservation laws are of this form. �

We could also consider the equation Ef = 0 and investigate if we get further restric-
tions and we could try to compute the function q, but we will stop the discussion
here.

A similar calculation holds for n = 1, arbitrary m and third order source forms,
but the calculations are getting more complicated. We could generalize Theorem
1.0.3 in the following sense: Classify all source forms, which satisfy certain symme-
tries and corresponding conservation laws (similar to the calculation above).
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Maybe there remains one open question: How does the expression in (3.205)
transform under local coordinate transformations (and how can we describe the sin-
gularity invariantly)? We will not investigate this problem in more detail. Let us
only mention that when vector fields V,W ∈ V commute and when they span TpE
at every p ∈ E, then we can always find local coordinates such that V = ∂x and
W = ∂u. Therefore, at least for such vector fields we get the same result as in
(3.205) (modulo coordinate transformations). The effect of choosing certain local
coordinates will be investigated in more detail in Section 4.4 and it is of great inter-
est in general. Then we can indeed classify a wide variety of source forms, namely
all those where the symmetry vector fields span TpE at every p ∈ E and [V,W ] = 0.
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4. Information Beyond the Proofs

In this chapter, we want to provide further information about Takens’ problem. In
Section 4.1, we show interesting counter examples, which show that Theorem 1.0.2
is sharp in some sense, and in Section 4.2, we show that Theorem 1.0.3 is sharp
in some sense, as well. Then in Section 4.3, we want to investigate the question
of applications. Finally, we investigate a kind of technical question in Section 4.4,
namely if the special choice of local coordinates can simplify the proof of Theorem
(1.0.2), (1.0.3) and similar ones.

4.1. Counter Examples, Part I

The following counter examples show that Theorem 1.0.2 is sharp in basically any
sense.

The trivial source form ∆ ≡ 0 satisfies all symmetry conditions and correspond-
ing conservation laws (and it is also variational). If Theorem 1.0.2 would imply
that all second order source forms, which satisfy symmetries V ∈ V such that
span{Vp : V ∈ V} = TpE at each p ∈ E and the corresponding conservation laws
hold, are trivial source forms, then we would have formulated the theorem in that
way. Indeed, Theorem 1.0.2 allows a lot of non-trivial source forms. Let us discuss
just two of them. Note that when not otherwise stated we will always assume the
trivial fiber bundle π : Rn × Rm → Rn with projection π(xi,uα) = (xi). The source
form

∆ = uxxdu ∧ dx

satisfies ∂x,∂u symmetry and corresponding conservation laws. Laplace’s equation
in general satisfies these conditions. Let us consider n = 2 and

∆ = (uxx + uyy)du ∧ dx ∧ dy,
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which satisfies ∂x,∂y,∂u symmetry and corresponding conservation laws of the form

1 · div gradu = div(gradu) = div

(
ux
uy

)
,

ux(uxx + uyy) = div

(
1
2
(u2

x − u2
y)

uxuy

)
,

uy(uxx + uyy) = div

(
uxuy

1
2
(u2

y − u2
x)

)
.

The first conservation laws has probably a physical meaning in the sense of Fick’s
law. The second and third maybe not. We will come back to this in Section 4.3,
where we briefly discuss applications and the physical meaning of conservation laws.

To formulate the counter examples, it is reasonable to consider the following defini-
tion:

Definition 4.1.1. We call a k-th order source form ∆ = fαdu
α ∧ dx1 ∧ ... ∧ dxn

non-degenerate if fα,uβI
6= 0 for at least one α,β = 1,2,...,m and one multi-index

I of length k. Otherwise we call ∆ degenerate.

1st Counter example (corresponding conservation laws are necessary): Let us con-
sider the simplest case, where n,m = 1 and where we have the trivial fiber bundle
π : R2 → R and π(x,u) = x. In this case, we have global coordinates (x,u) and they
will be identified with points on E through the identity map (similar for (x,u,ux)
on J1E and for higher order jet coordinates). The second order (degenerate) source
form

∆ = fdu ∧ dx = uxdu ∧ dx

satisfies translation symmetry in x and u directions, described by the vector fields
V1 = ∂x and V2 = ∂u on E. The prolongations of V1 and V2 are

pr2V1 = ∂x + 0 · ∂u + 0 · ∂ux + 0 · ∂uxx = ∂x,

pr2V2 = ∂u + 0 · ∂ux + 0 · ∂uxx = ∂u.

The characteristics are

Q1 = −ux and Q2 = 1.

Only Q2 generates a conservation law of the form

Q2f = 1 · ux = Dxu. (4.1)

The source form is not variational (as we saw in Subsection 2.6.2). The symmetry
vector fields V1,V2 span the tangent space TpE at each p ∈ E. But we do not have
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corresponding conservation laws, since V1 = ∂x does not generate a conservation
law. Therefore, the assumption of having corresponding conservation law in Theo-
rem 1.0.2 is necessary in general. Theorem 1.0.2 is sharp in this sense. This counter
example can also be found in (AP94, p.215) in Example 3.12.

2nd Counter example (span{Vp,A } = TpE is necessary, vertical symmetry): We con-
sider the same situation as in the 1st Counter example, except we only consider the
symmetry vector field V2 = ∂u on E and corresponding conservation law (4.1). Then
all assumption in Theorem 1.0.2 are satisfied, except we cannot span TpE with all
of the symmetry vector fields which satisfy corresponding conservation laws. There-
fore, the assumption span{Vp,A } = TpE is necessary in general and Theorem 1.0.2
is sharp in this sense.

In this counter example, ∂u is a vertical symmetry and we also want to find a
symmetry where π∗V 6= 0. It is clear (see Subsection 3.3.2) that we have to consider
systems if we want to find non-singular second order counter examples. A singular
counter example would be f = 1

ux
with ∂x symmetry. It is also possible to consider

third and higher order source forms.

3rd Counter example (span{Vp,A } = TpE is necessary, non-vertical symmetry, 3rd

order): Let us consider the 3rd order source form

∆ = (
1

2
uxu(3) + u2

xx)du ∧ dx,

which satisfies ∂x symmetry and corresponding conservation law

−Qf = ux(
1

2
uxu(3) + u2

xx) = Dx(
1

2
u2
xuxx),

but is not variational.

4th Counter example (span{Vp,A } = TpE is necessary, non-vertical symmetry, 2nd

order): We consider ∂x symmetry and the trivial fiber bundle π : R× R2 → R with
coordinates (x,u,v) and projection π(x,u,v) = x. Let us define

∆ := Avxvxdu ∧ dx− Auxvxdv ∧ dx

where A = A(u,v). This source form is ∂x invariant and has a trivial conservation
law of the form

uαxfα = uxAvxvx − vxAuxvx = 0 = Dx const.

The source form is not variational when, for example, A ≡ 1, since then

Huv = fu,v − fv,u +Dxfv,ux = vxvxAv + uxvxAu −Dx(vxA) =

= vxvxAv + uxvxAu − vxxA− vx(uxAu + vxAv) = −vxxA 6= 0.
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This counter example is similar to the construction of counter examples in (Poh95,
p.354).

5th Counter example (third order source forms): In (MPV08, p.14) we can find a
counter example, but it is relatively complicated (it is also for n ≥ 3). Therefore,
we construct a simpler counter example. Similar to the proof in Subsection 3.8.2,
we can classify source forms, which satisfy translation symmetries ∂x,∂u,∂v and cor-
responding conservation laws. Let us define

∆ := Dx(uxxvxx)du ∧ dx+Dx(−u2
xx)dv ∧ dx.

It is clear that this is a third order irreducible source form, which satisfies ∂u,∂v sym-
metries and corresponding conservation laws, since the differential equation itself is a
total derivative. Furthermore, the source form is ∂x invariant and has corresponding
conservation law of the form

uxf1 + vxf2 = uxDx(uxxvxx)− vxDx(u
2
xx) =

= Dx(uxuxxvxx − u2
xxvx).

The source form is not variational.

6th Counter example (globally variational source forms): We consider the fiber bun-

dle π : (R × (R2 \ 0)) → R with coordinates (x,u,v) and projection π(x,u,v) = x.
Furthermore, let us define

∆ :=

(
v

u2 + v2
du− u

u2 + v2
dv

)
∧ dx. (4.2)

Then ∆ satisfies the Helmholtz conditions

Hαβ = fα,uβ − fβ,uα = ∂v
v

u2 + v2
+ ∂u

u

u2 + v2
= , α = 1,β = 2

=
1

u2 + v2
− v2v

(u2 + v2)2
+

1

u2 + v2
− u2u

(u2 + v2)2
= 0

and all other Helmholtz conditions are also satisfied. A local Lagrangian is

L = arctan
u

v
,

since

Lu = ∂u arctan
u

v
=

1
v

1 + (u
v
)2

=
1
v
v2

v2 + u2
,

Lv = ∂v arctan
u

v
=

−u
v2

1 + (u
v
)2

=
1

v2
v2 −u
v2 + u2

.
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The Lagrangian is not globally defined, since it is defined on R × (R2 \ {v = 0})
and for all u 6= 0 and there is no smooth continuation from that set to R× (R2 \ 0).
There does not exist a global Lagrangian, since this would mean

dL = Ludu+ Lvdv =
v

u2 + v2
du− u

u2 + v2
dv = ∆

and then ∮
γ

dL = 0

for every closed integral in E. But for γ = (x,u(t),v(t)) = (x, cos t, sin t), t ∈ [0,2π],
which is a closed curve in E, we get∮

γ

(
v

u2 + v2
du− u

u2 + v2
dv

)
=

∫ 2π

0

〈(
v(t)

u2(t)+v2(t)
−u(t)

u2(t)+v2(t)

)
,

(
− sin t
cos t

)〉
dt = −2π 6= 0.

Furthermore, the source form satisfies translation symmetry ∂x and corresponding
conservation law. The idea is that

uαxfα = ux
v

u2 + v2
− vx

u

u2 + v2
= Dx arctan

u

v

is a total derivative. But we have to verify that on the whole space JkE, i.e. also
where v = 0 and u 6= 0. Actually, we only need to verify Eβ(uαxfα) = 0 , since this
is the local conservation law condition assumed in Theorem 1.0.2. We get

Eu(uαxfα) = (∂u −Dx∂ux)(
uxv

u2 + v2
− vxu

u2 + v2
) =

= − uxv2u

(u2 + v2)2
− vx
u2 + v2

+
vxu2u

(u2 + v2)2
−Dx

v

u2 + v2
=

=
−2uxvu− vx(u2 + v2) + 2vxu

2

(u2 + v2)2
− vx
u2 + v2

+
v2(uux + vvx)

(u2 + v2)2
=

=
−2uxvu− 2vx(u

2 + v2) + 2vxu
2 + 2v(uux + vvx)

(u2 + v2)2
= 0.

A similar calculation holds for Ev(uαxfα) (by u ↔ v symmetry of ∆). Furthermore,
the source form satisfies scale and rotation invariancexu

v

→
 x
etu
etv

 ⇔ V := u∂u + v∂v, (scale invariance)

xu
v

→
 x
u cos t− v sin t
u sin t+ v cos t

 ⇔ W := −v∂u + u∂v (rotation invariance),
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since

LprV ∆ =LprV

(
v

u2 + v2
du− u

u2 + v2
dv

)
∧ dx =

=

(
LprV

v

u2 + v2

)
du ∧ dx+

v

u2 + v2
LprV (du ∧ dx)−

−
(
LprV

u

u2 + v2

)
dv ∧ dx− u

u2 + v2
LprV (dv ∧ dx) =

=

(
v

u2 + v2
− v2(u2 + v2)

(u2 + v2)2
+

v

u2 + v2

)
du ∧ dx−

−
(

u

u2 + v2
− u2(u2 + v2)

(u2 + v2)2
+

u

u2 + v2

)
dv ∧ dx = 0, (4.3)

where we use

LprV
v

u2 + v2
=

v

u2 + v2
− v(2u2 + 2v2)

(u2 + v2)2
= −v(u2 + v2)

(u2 + v2)2

and

LprV (du ∧ dx) = (LprV du) ∧ dx = du ∧ dx.

In a similar way we can compute it for W , where we use

LprW
1

u2 + v2
= −LprW (u2 + v2)

(u2 + v2)2
=
−v2u+ u2v

(u2 + v2)2
= 0 (4.4)

and the same manipulations in the second and third line in (4.3), we get

LprW∆ =
u

u2 + v2
du ∧ dx+

v

u2 + v2
LprW (du ∧ dx)︸ ︷︷ ︸

=−dv∧dx

−

− −v
u2 + v2

dv ∧ dx− u

u2 + v2
LprW (dv ∧ dx)︸ ︷︷ ︸

=du∧dx

= 0.

The corresponding (trivial) conservation laws are

Qαfα = u
v

u2 + v2
+ v

−u
u2 + v2

= 0 = Dxc, c ∈ R,

Qαfα = −v v

u2 + v2
+ u

−u
u2 + v2

= −1 = Dx(−x). (4.5)

In (4.5) we can observe that the differential equation has no solution, but this does
not contradict any assumptions in Theorem 1.0.2.

Let us check if we can span TpE for every p ∈ E. The three symmetries are ∂x
u∂u + v∂v
u∂v − v∂u

 =

1 0 0
0 u v
0 −v u

∂x∂u
∂v


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and since the determinant∣∣∣∣∣∣
1 0 0
0 u v
0 −v u

∣∣∣∣∣∣ = u2 + v2 6= 0 on E,

we can span TpE for every p ∈ E. When we add a non-degenerate second order vari-
ational source form to (4.2), which satisfies ∂x,V,W symmetries and corresponding
conservation laws, then we get a non-degenerate counter example of second order.

4.2. Counter Examples, Part II

In this section, we want to show that Theorem 1.0.3 is sharp. First, we want
to investigate if there are any non-trivial source forms of 4th order which satisfy
symmetries V ∈ V and corresponding conservation laws such that span{Vp : V ∈
V} = TpE for all p ∈ E. Therefore, let us consider the source form

∆ = (2uxxu(3) + uxu(4))du ∧ dx,

which satisfies ∂x,∂u symmetry and corresponding conservation laws

∂u : Qf = 1 · f = Dx(
1

2
u2
xx + uxu(3)),

∂x : Qf = uxf = Dx(u
2
xu(3)),

and this source form is also variational with Lagrangian L = u(uxxu(3) + 1
2
uxu(4)).

1st Counter example (the assumption non-singular is necessary): In this context, non-

singular is equivalent to say that ∆ is defined on the whole space J4E. Let us
consider the trivial fiber bundle π : R2 → R with coordinates (x,u) and projection
π(x,u) = x. Furthermore, we consider the singular source form

∆ = −
u(3)

u2
xx

du ∧ dx = fdu ∧ dx, (4.6)

which satisfies ∂x,∂u symmetry and corresponding conservation laws of the form

∂u : Qf = 1 · f = −
u(3)

u2
xx

= Dx
1

uxx
,

∂x : Qf = uxf = −
uxu(3)

u2
xx

= Dx(
ux
uxx
− x).

The source form is not variational since the Helmlholtz condition fu(3) = 0 is not
satisfied. Therefore, if we allow singular source forms, then Theorem 1.0.3 is no
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longer true for third order source forms and the theorem is sharp in this sense.

2nd Counter example (the assumption span{Vp : V ∈ V} = TpE is necessary):
The following counter example was already discussed in Subsection 3.8.1. Again, let
us consider the trivial fiber bundle from 1st Counter example above and we define
the source form

∆ := fdu ∧ dx = (
1

2
uxu(3) + u2

xx)du ∧ dx,

The source form satisfies translation symmetry ∂x and corresponding conservation
law

−uxf = −1

2
u2
xu(3) − uxu2

xx = −Dx(
1

2
u2
xuxx).

The source form is not variational. The source form also satisfies ∂u-symmetry,
but not corresponding conservation law. Therefore, the assumption of having cor-
responding conservation laws is also necessary.
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4.3. Applications and Corollaries

In this section, we want to investigate Theorem 1.0.2 in the light of applications,
especially in physics. It is relatively easy to accept that fundamental physical theo-
ries should be invariant in some sense, as we motivated in Section 1.2. Moreover, it
is also relatively easy to define what we mean with invariance, i.e. we apply the Lie
derivative to certain objects and investigate when the expressions vanish or do not
vanish. It is much more complicated to find reasonable conservation laws, connected
to the symmetries or not. For example, if the physical theory should satisfy some
kind of energy conservation, then the question is of course: What is the energy
(function) in general and how do we define it? For example, what is the energy
function for fourth order differential equations?, or does it only make sense to talk
about energy for second order differential equations? To investigate and formulate
it more precisely would be a topic of its own and we are not able to do that here. It
is also possible, and even most likely, that there does not exist such a definition of
energy for very general classes of differential equations. In the following, our focus
is rather to discuss some examples, explain the relation Qα = V α − uαi V i between
symmetries and conservation laws, and investigate the conservation laws, or better
differential identities, in Noether’s second theorem. Our standard notation is that
the vector field V = V i∂xi + V α∂uα ∈ V describes a symmetry of ∆.

The idea of this section is to replace the relation Qα = V α − uαi V i by divergence-
free or related conditions and to apply Noether’s second theorem. In many cases
in Noether’s second theorem, we do not have the components V α,V i in the conser-
vations laws or differential identities. More precisely, the arbitrary functions p in
Noether’s second theorem do not occur explicitly in the conservation laws, as we
explained in Section 2.10. Only the components aα,bα,c,d do occur and in many
cases these are constants. We also know that symmetries are described by vector
fields and a vector space structure, where such constants do not have an explicit
meaning in applications (only how they relate different components has a meaning).
In this sense we do not directly have such a strong relation between symmetries
and corresponding conservation laws, as we have in Noether’s first theorem, where
we have the condition (V α − uαi V

i)fα = DiC
i. On the other hand, in Noether’s

second theorem we need an infinite dimensional symmetry group and this seems to
be a stronger condition as in Noether’s first theorem. However, infinite dimensional
symmetry groups can be explained much better in some applications as the relation
in Noether’s first theorem. For example, let γ be a curve in Rn. Then we can define
the curvature κ of such curves γ. Furthermore, let us think of a physical differ-
ential equation which depends on the curvature κ and derivatives of κ (derivatives
in the sense of derivation with respect to arc length). The curvature is invariant
under reparametrization of γ and this is an infinite dimensional symmetry group
(diffeomorphism group). Since the curvature could be of interest in applications, it
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is obvious that diffeomorphism symmetries could be of interest in applications and
it does not seem to be a strong restriction from that point. For example, Einstein’s
field equation has diffemorphism invariance. We will now explain this in more detail
and discuss applications.

Before we do so, it is fair to say that finding applications is not easy and we would
have to spend more effort on that. One reason is that applications can get quite
complicated and we would have to introduce more notation. Hopefully we can solve
these problems in future and when we systematically write down physical meaning-
ful symmetries and conservation laws or differential identities.

The conservation law condition Qαfα = DiC
i is problematic from an application

point of view for at least two reasons, where the first reason is more drastic as the
second:

• From an application point of view, we cannot explain the very special relation
Qα = V α−uαi V i. We can only show that Qαfα = DiC

i if fα is non-degenerate.
But in general, Qα does not have the special form Qα = V α−uαi V i, even if fα
is non-degenerate. (For the definition of non-degenerate see (Olv86, p.171).)

• Non-degenerate is a nice mathematical condition, but how can we explain it
from an application point of view.

In some situations, the condition divergence-free or vanishing of covariant derivative
solves both of these problems. Note that divergence-free and vanishing of covari-
ant derivative have sometimes the same meaning. However, we want to distin-
guish them in the following as we will explain below. Divergence-free is nothing
else than div f = 0. This only works when n = m and it can also be written as
div f = Dif

i = 0, where we write f i with upper indices i = 1,2,...,n instead of
fα. Vanishing covariant derivative is nothing else than ∇i;f

i = 0, where ∇i;

is the covariant derivative in some metric field theory. Note that in (AP12, p.4)
divergence-free means vanishing covariant derivative in our notation here. We want
to distinguish metric fields from vector fields, diffeomorphism invariance of metrics
and gauge transformations for vector fields. The reason is that gauge transforma-
tions are vertical fields, see (AP96, p.370) and (MPV08, p.3), but the transforma-
tions for vanishing covariant derivative (AP12, p.3) are non-vertical, and therefore
they can be quite different (especially when we want to investigate if they span TpE
or TpJ

1E and so on).

Let us start the discussion from the perspective of physics. Maxwell’s- and Einstein’s-
field equation satisfy the divergence-free or vanishing covariant derivative condition,
and in this case, it is also called charge-,energy- and mass-conservation. Note that
in the following, we will always write f i for the differential equation instead of
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fα. Formally, let f i = 0 be Maxwell’s- or Einstein’s equation in vacuum, where
i has to be chosen such that it labels all components of the corresponding differ-
ential equation. Note that Einstein’s equation is usually written as Gµν = 0 and
(one of) Maxwell’s equation is written as ∂µF

µν = 0. The equation where we have
charge- or mass sources are formally written as f i = J i where (J i) is the current
or energy-momentum-tensor. The equation f i = J i is called equation in matter.
In experiments we observe that we have charge- and mass-conservation and this is
formulated as DiJ

i = 0 or ∇i;J
i = 0. Now it is reasonable to assume that this

property is transferred to f i, i.e. div f = Dif
i = 0 or ∇i;f

i = 0, where these iden-
tities hold for all values in JkE, not only for solutions of the differential equation.
That physical equations in matter can be written as f = J can probably be found
out in experiments. For example, in the case of Einstein’s field equation, f = J , or
as it is usually written Gµν = Tµν , roughly says that the mass is the source which
curves the space and the curvature is somehow proportional to the presence of mass
or energy (this is just the rough idea). In the case of Maxwell’s equation, f = J ,
or as it is usually written ∂µF

µν = Jν , roughly says that the charge and current is
the source which generates the electric and magnetic fields, and the electromagnetic
field is somehow proportional to the presence of charge and current (this is just the
rough idea and we did not write the homogeneous Maxwell’s equation). We could
also say that this is in some sense the simplest coupling method of different kinds
of fields, like metric fields to energy and electromagnetic fields. This of course has
to be explained in more detail. But for us this should be sufficient motivation here.
Now we want to find the link between div f = 0 or ∇i;f

i = 0 and Qα = V α − uαi V i,
i.e. we want to find the correspondence of symmetries and conservation laws.

Let us first explain the idea before we show a concrete example. Vanishing co-
variant derivative will be explained below, it is a bit more complicated. If (f i) is
divergence-free, i.e. if Dif

i = 0, then also pDif
i = 0 for every function p = p(x)

(we could also allow p = p(x,u,ux,...)). Using partial integration, we can show that
div f = 0 provides a conservation law of the form

0 = pDif
i = Di(pf

i)− (Dip)f
i

for every function p = p(x) and for every point in JkE. This equation can we
rewritten as

(Dip)f
i = Di(pf

i) = DiC
i, where Ci := pf i

and Qi = Dip is the characteristic in this case. Usually, we wrote Qα = V α − uαi V i

for the characteristics, but the notation here is Qi = Vi − ui,jV j = Dip, where we
write ui instead of uα. Higher order jet coordinates are written as ui,j = Djui and
more generally ui,I = DIui, where I is a multi-index.

Since p = p(x), and therefore we do not have a ui,j-coordinate in the character-
istic, the only possibility for the corresponding projectable symmetry vector field is
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Vi = Dip. Considering the symmetry vector field V = Vi∂ui and the corresponding
transformation, we observe that

ui → ui + tDip, t ∈ R

and this is called gauge transformation. Roughly speaking, we can add a gradient
field to the field ui and this does not change the considered differential equation or
source form. Therefore, we found the link between symmetries and conservation
laws and it is

Dif
i = 0, conservation law, divergence-free,

V = (Dip)∂ui , for all p = p(x), gauge transformation. (4.7)

Since we can choose any function p it is an infinity dimensional symmetry group,
and therefore related to Noether’s second theorem. Sometimes, divergence-free is
also called charge-conservation. Also see (2.126), where we discuss the physical
meaning of conservation laws.

The idea is that we would like to prove the following corollary of Theorem 1.0.2:

Formal Corollary of Theorem 1.0.2: Let n = m. If a second order source form
∆ = f idui ∧ dx1 ∧ ... ∧ dxn is gauge invariant and f i is divergence-free, then ∆
must be locally variational.

But it turns out that the corollary is not true as it is formulated and we need
additional conditions. The problem is that the corresponding symmetries of gauge
transformations do not span TpE for every p ∈ E (gauge transformations are ver-
tical vector fields). Therefore, we need additional symmetries and corresponding
conservation laws to be able to span TpE. Otherwise the corollary is not true in
general (also see the counter examples in Section 4.1).

The next question which arises is if div f = 0 can also be used for symmetries,
where π∗V 6= 0 or if we need additional conservation laws or differential identities.
To answer this question, let us consider the following: What are physically reason-
able symmetries? Let us assume translation symmetries of the x coordinates, i.e.
V = ∂xi . From a physical point of view, on the base manifold M , we have Poincaré
transformations and translations of the x-coordinates are a very special case of that.
The characteristic for the vector field ∂xi is Qk = Vk − uk,iV i = −uk,i and a simple
calculation

Qkf
k = −uk,ifk = −(Diuk)f

k = −Di(ukf
k) + ukDif

k︸ ︷︷ ︸
6=div f

shows that we cannot use div f = 0 as corresponding conservation law for the ∂xi-
symmetries (at least not so easily). Therefore, we need to assume further that
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−uk,ifk is a divergence expression. This is problematic when we cannot explain the
physical meaning of this conservation law. As far as we know it has no physical
meaning, or the meaning is not yet known. Although the ∂xi-symmetry and corre-
sponding conservation law seems to be some kind of energy conservation, the exact
interpretation is missing.

Note that in (AP96, p.370) and (MPV08, p.3) −uk,ifk is required to be a divergence
expression and it cannot be derived from the divergence-free condition Dif

i = 0.
But as it is shown in (AP96, p.371), gauge symmetry, ∂xi-symmetry and the as-
sumption that −uk,ifk is a divergence expression implies divergence-free. However,
we would like to have the opposite direction. Anyway, we will not further discuss
this problem here. Instead, we want to consider metric field theories below. Before
we discuss this problem, we have to say a few words about vector- and metric field
theories.

Let Ai describe the vector potential in Maxwell’s equation and gij the metric in
a metric field theory. We think of Einstein’s field equation, however, we consider
the Riemannian case for simplicity. The vector potential Ai transforms according to
the 1-form A := Aidx

i and the metric gij according to g = gijdx
i ⊗ dxj. Therefore,

in the discussion above we ignored some non-trivial transformations for Ai and gij.
Let ξi∂xi be a vector field on M . This vector field induces a transformation for A
and g in the following form

A = Aidx
i ⇒ ξi∂xi − ξk,iAk∂Ai ∈ X(E),

g = gijdx
i ⊗ dxj ⇒ ξi∂xi − 2ξi,(kgl)i∂gkl ∈ X(E). (4.8)

The transformation for g can be found in (AP12, p.3). When doing a more detailed
discussion, this has to be taken in account of course and can change the situation
which we discussed above. This depends on which kinds of symmetries we are in-
vestigating. Note that in the case where we assume the gauge transformation (4.7)
this does not change what we have discussed above.

Metric field theories: In metric field theories we have the coordinates

(xi,gkl,gkl,j,...,gkl,I)

on JkE, where I is a multi-index of length k and all indices have values in 1,2,...,n.
Furthermore, gkl is symmetric in k,l and det(gkl) 6= 0. The source form is given as

∆ = f ijdgij ∧ dx1 ∧ ... ∧ dxn,

where we now consider f ij instead of fα, see (AP12, p.6). We assume diffeomorphism
invariance of g, when pull-backed to M . This transformation is described by the
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vector field in (4.8). The corresponding characteristics Qα = V α − uαi V i are in this
case of the form

Qkl = −2ξi,(kgl)i − ξigkl,i. (4.9)

The expression (4.9) can also be found in (AP12, p.6). The conservation laws are
of the form

Qklf
kl = −(2ξi,(kgl)i + ξigkl,i)f

kl = ....

To complete this equation, we have to investigate the Christoffel symbols Γbcd, which
are defined as

Γbcd =
1

2
gbk(gdk,c + gck,d − gcd,k).

We also need the identity gbcg
bk = δkc , i.e. gbk is the inverse matrix of gbc. Then we

get

gbeΓ
b
cd =

1

2
gbeg

bk(gdk,c + gck,d − gcd,k) =

=
1

2
δke (gdk,c + gck,d − gcd,k) =

=
1

2
(gde,c + gce,d − gcd,e).

Let us investigate the following equation:

0 = ξegbe(Daf
ab + Γbcdf

cd) =

= Da(ξ
egbef

ab)− fabDa(ξ
egbe) + ξegbeΓ

b
cdf

cd =

= Da(ξ
egbef

ab)− fabDa(ξ
egbe) +

1

2
ξe (gde,c + gce,d − gcd,e)f cd︸ ︷︷ ︸

c→a, d→b

=

= Da(ξ
egbef

ab)− fab(ξe,agbe + ξegbe,a) +
1

2
ξe(gbe,a + gae,b − gab,e)fab =

= Da(ξ
egbef

ab) + [−(ξe,agbe + ξegbe,a) +
1

2
ξe(gbe,a + gae,b − gab,e)]fab =

= Da(ξ
egbef

ab) + [−ξe,agbe +
1

2
ξe(−gbe,a + gae,b − gab,e)]fab. (4.10)

In (4.10) we assume that fab is symmetric in a,b. Then we can write

0 = ξegbe(Daf
ab + Γbcdf

cd) =

= Da(ξ
egbef

ab) + [−ξe,(agb)e +
1

2
ξe(−gab,e)]fab =

= Da(ξ
egbef

ab)− 1

2
(2ξe,(agb)e + ξegab,e)f

ab.
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This means that the characteristic in (4.9) generates a conservation law (we have to
multiply the expression by 2) if the covariant derivative

0 = Daf
ab + Γbcdf

cd (4.11)

vanishes. This is also well-know by Noether’s second theorem. When we can show
that the vector fields in (4.8) span TpE at every p ∈ E, then we get the following
formal corollary:

Formal Corollary of Theorem 1.0.2: If a second order symmetric source form ∆ =
f ijdgij∧dx1∧ ...∧dxn is diffeomorphism invariant on M , i.e. under the vector fields
(4.8) and the covariant derivative (4.11) vanishes, then ∆ must be locally variational.

Such a theorem is also proven in (AP12) for third order source forms and it is
a highly complicated calculation. Note that it is a non-trivial calculation to show
(or disprove) that the vector fields in (4.8) span TpE at every p ∈ E and we will not
investigate this problem in more detail here.

As far as we understand the problem, the setting with the metric fields seems to be
one of the rare direct applications of Theorem 1.0.2, where vanishing of covariant
derivative and diffeomorphism invariance can be assumed to be more or less nec-
essary assumptions in applications in physics. Historically, Einstein had different
versions of his metric field equations and some of them did not satisfy the necessary
conservation laws. Later, it turned out that the field equation, which can be derived
from the Einstein Hilbert functional, describes the right physical laws. Therefore, it
could be possible that this setting is also historically mostly relevant, when search-
ing for applications of Theorem 1.0.2 and Takens’ problem. Hopefully we are able
to find more applications in the future.
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4.4. Do Coordinate Transformations Simplify the
Problem

In this short section, we want to investigate the following question: Are there local
coordinates, such that a projectable vector field

V = V i(xj)∂xi + V α(xj,uβ)∂uα ∈ X(E)

has constant coefficients? More generally, let {VA , A = 1,2,...,n + m} be a set of
projectable vector fields on E. Can we take linear combinations over R and find
local coordinates, such that {VA , A = 1,2,...,n + m} = {∂xi ,∂uα , i = 1,...,n, α =
1,...,m}, i.e. such that these vector fields describe translation symmetries in a certain
coordinate system on E. If the symmetry vector fields in Theorem 1.0.2 or 1.0.3 are
{∂xi ,∂uα , i = 1,...,n, α = 1,...,m} then we can immediately derive from the ECS
that Hαβ = 0 and this simplifies the proof in some sense. In the following, we only
consider the case n,m = 1 for simplicity.

According to the above question, we cannot always find such local coordinates.
For example, if V is vertical, i.e. π∗V = 0 then we cannot choose coordinates
such that V = ∂x, because then π∗V 6= 0. Second example, in the case where we
have two vector fields V,W on E, we can also use the vector space structure and
try to find simpler vector fields, by taking linear combinations over R and doing
local coordinate transformations, as well. Let us consider n,m = 1 and we assume
span{Vp,Wp} = TpE for every p ∈ E. We want to find local coordinates and
λ1,λ2,λ3,λ4 ∈ R such that

λ1V + λ2W = ∂x,

λ3V + λ4W = ∂u. (4.12)

The vector fields ∂x,∂u in (4.12) satisfy [∂x,∂u] = 0. Therefore, we get

0 = [∂x,∂u] = [λ1V + λ2W,λ3V + λ4W ] =

= λ1λ4[V,W ] + λ2λ3[W,V ] = (λ1λ4 − λ2λ3)[V,W ]. (4.13)

This means that if the linear combination is invertible, i.e. (λ1λ4 − λ2λ3) 6= 0,
then this implies [V,W ] = 0. Moreover, the linear combination in (4.12) must be
invertible, since ∂x,∂u are linearly independent. More precisely, let us consider

a∂x + b∂u = a(λ1V + λ2W ) + b(λ3V + λ4W ) =

= (aλ1 + bλ3)V + (aλ2 + bλ4)W, a,b ∈ R. (4.14)

If the linear combination in (4.12) would not be invertible, then(
λ1 λ3

λ2 λ4

)(
a
b

)
= 0
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in (4.14) would have a non-trivial solution (a,b) 6= 0 which is a contradiction. In
general, the commutator [V,W ] does not always vanish of course. For example, for
the vector fields V = ∂x and W = ex∂u we get [V,W ] 6= 0. With the following
lemma and proposition we want to investigate this question more systematically.
More generally, we would like to prove them for arbitrary n,m, but for simplicity,
we only consider the case where n,m = 1.

Lemma 4.4.1. Let n,m = 1 and V,W be projectable vector fields on E such that
span{Vp,Wp} = Tp for every p ∈ E. Then, the commutator [V,W ] vanishes if and
only if we can take linear combinations over R and find local coordinates such that
Ṽ = ∂x,W̃ = ∂u, where Ṽ = V λ1 +Wλ2 and W̃ = λ3V + λ4W and λ1,λ2,λ3λ4 ∈ R.

Proposition 4.4.2. Let n,m = 1 and V,W be projectable vector fields on E such
that span{Vp,Wp} = TpE for every p ∈ E and [V,W ] = 0. Then we can take linear
combinations over R and find local coordinates such that

λ1V + λ2W = ∂v,

λ3V + λ4W = ∂y +B(y)∂v, λ1,λ2,λ3,λ3 ∈ R. (4.15)

Furthermore, in any local coordinates there exists a function C = C(x,u) and a
function F = F (x,u) 6= 0 for all p ∈ E such that V,W have the following form:

V = c1A(x)∂x + c1(C(x,u) + F (x,u))∂u, (π∗V 6= 0),

W = c2A(x)∂x + c2(C(x,u)− F (x,u))∂u, (π∗V 6= 0), (4.16)

where c1,c2 ∈ R \ 0 and the function A vanishes nowhere, or

V = c1A(x)∂x + c1C(x,u)∂u, (π∗V 6= 0),

W = c2F (x,u)∂u, (π∗W = 0), (4.17)

or

V = c1F (x,u)∂u, (π∗V = 0),

W = c2A(x)∂x + c2C(x,u)∂u, (π∗W 6= 0). (4.18)

Roughly speaking, Proposition 4.4.2 says that we can find simple local coordinate
expressions, like (4.15), if and only if the vector fields are already written in a very
simple form, namely of the form (4.16), (4.17) or (4.18). More precisely, in any local
coordinates it is relatively easy to see that we can take linear combinations over R
such that one of the vector fields is vertical. This is obvious for (4.17) and (4.18),
but it also holds for (4.16). Moreover, with the help of Proposition 4.4.2 we can
prove Lemma 4.4.1.
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Proof of Proposition 4.4.2: By assumptions we have [V,W ] = 0, i.e.

0 = [V,W ] = [V x∂x + V u∂u,W
x∂x +W u∂u] =

= [V x∂x,W
x∂x] + [V x∂x,W

u∂u] + [V u∂u,W
x∂x] + [V u∂u,W

u∂u] =

= (V xW x
x −W xV x

x )∂x + V xW u
x ∂u −W xV u

x ∂u + (V uW u
u −W uV u

u )∂u =

= (V xW x
x −W xV x

x )∂x + (V xW u
x + V uW u

u −W xV u
x −W uV u

u )∂u. (4.19)

The coefficient in front of ∂x tells us

0 = V xW x
x −W xV x

x =

〈(
V x

W x

)
,

(
W x
x

−V x
x

)〉
.

This means that (W x
x , − V x

x ) must be orthogonal to (V x,W x). Since we can span
TpE for every p ∈ E, the coefficient V x and W x cannot vanish at the same point,
and therefore (

W x
x

−V x
x

)
= κ

(
W x

−V x

)
describes the one-dimensional solution space, where κ = κ(x). The solution of these
two differential equations are

W x = c2 exp(

∫
κdx), V x = c1 exp(

∫
κdx), (4.20)

where c1,c2 ∈ R and A := exp(
∫
κdx). By definition of A, it is clear that A vanishes

nowhere (this can also be seen by the condition span{Vp,Wp} = TpE). Now let us
again consider (4.19), which can now be written as

0 = V xW u
x + V uW u

u −W xV u
x −W uV u

u =

= (c1W
u
x − c2V

u
x )A+ (V uW u

u −W uV u
u ). (4.21)

The coefficients V x,W x in (4.20) show that c1,c2 cannot both vanish at the same
time, since we can span TpE at every p ∈ E. We have to distinguish the two cases:

• c1 6= 0 and c2 6= 0,

• without loss of generality c1 6= 0 and c2 = 0.

In the following, we will also need local coordinate transformations of vector fields,
which can be found in Proposition 2.4.3 and they are of the form

V = V x(x)∂x + V u(x,u)∂u = V x(
∂y

∂x
∂y +

∂v

∂x
∂v) + V u ∂v

∂u
∂v =

= V x ∂y

∂x
∂y + (V x ∂v

∂x
+ V u ∂v

∂u
)∂v
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and

W = W x(x)∂x +W u(x,u)∂u = W x(
∂y

∂x
∂y +

∂v

∂x
∂v) +W u ∂v

∂u
∂v =

= W x ∂y

∂x
∂y + (W x ∂v

∂x
+W u ∂v

∂u
)∂v.

First Case (c1 6= 0 and c2 6= 0): In this case, we take linear combinations over R,
such that

c2V − c1W =

= (c2V
x ∂y

∂x
− c1W

x ∂y

∂x
)∂y +

[
c2(V x ∂v

∂x
+ V u ∂v

∂u
)− c1(W x ∂v

∂x
+W u ∂v

∂u
)

]
∂v =

= (c2V
x − c1W

x)
∂y

∂x
∂y +

[
(c2V

x − c1W
x)
∂v

∂x
+ (c2V

u − c1W
u)
∂v

∂u

]
∂v =

= (c2V
u − c1W

u)
∂v

∂u
∂v

and

c2V + c1W =

= (c2V
x ∂y

∂x
+ c1W

x ∂y

∂x
)∂y +

[
c2(V x ∂v

∂x
+ V u ∂v

∂u
) + c1(W x ∂v

∂x
+W u ∂v

∂u
)

]
∂v =

= (c2V
x + c1W

x)
∂y

∂x
∂y +

[
(c2V

x + c1W
x)
∂v

∂x
+ (c2V

u + c1W
u)
∂v

∂u

]
∂v =

= 2c1c2A
∂y

∂x
∂y +

[
2c1c2A

∂v

∂x
+ (c2V

u + c1W
u)
∂v

∂u

]
∂v,

where the determinant of the transformation does not vanish, i.e.(
c2 −c1

c2 c1

)(
V
W

)
,

∣∣∣∣c2 −c1

c2 c1

∣∣∣∣ = 2c1c2 6= 0.

Since A vanishes nowhere, as well as ∂y
∂x

, we can do local coordinate transformations
such that

2c1c2A
∂y

∂x
= 1.

Furthermore, since V,W span TpE at every p ∈ E, we get c2V
u − c1W

u 6= 0 every-
where, otherwise

c2V = c2(V x∂x + V u∂u) = c2(c1A∂x + V u∂u),

c1W = c1(W x∂x +W u∂u) = c1(c2A∂x +W u∂u)
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would be linearly dependent over R. Then we can do the local coordinate transfor-
mations such that we also get

(c2V
u − c1W

u)
∂v

∂u
= 1. (4.22)

Then we derive the following identity

(c2V
u − c1W

u)(c2V
u
u + c1W

u
u )− (c2V

u
u − c1W

u
u )(c2V

u + c1W
u) =

=[c2
2V

uV u
u + c1c2V

uW u
u − c1c2W

uV u
u − c2

1W
uW u

u ]−
− [c2

2V
u
u V

u + c1c2V
u
uW

u − c1c2W
u
u V

u − c2
1W

u
uW

u] =

=2c1c2(V uW u
u −W uV u

u ).

We use this identity, (4.22) and the identity

0 = ∂u · 1 = ∂u[(c2V
u − c1W

u)
∂v

∂u
] =

= (c2V
u
u − c1W

u
u )
∂v

∂u
+ (c2V

u − c1W
u)
∂2v

∂u2

to derive

2c1c2(V uW u
u −W uV u

u ) =

= (c2V
u − c1W

u)(c2V
u
u + c1W

u
u )− (c2V

u
u − c1W

u
u )(c2V

u + c1W
u) =

=
1
∂v
∂u

∂v

∂u
(c2V

u − c1W
u)︸ ︷︷ ︸

=1

(c2V
u
u + c1W

u
u )− 1

∂v
∂u

∂v

∂u
(c2V

u
u − c1W

u
u )︸ ︷︷ ︸

−(c2V u−c1Wu) ∂
2v
∂u2

(c2V
u + c1W

u) =

=
1
∂v
∂u

(c2V
u
u + c1W

u
u ) +

1
∂v
∂u

(c2V
u − c1W

u)
∂2v

∂u2
(c2V

u + c1W
u) =

=
1
∂v
∂u

(c2V
u
u + c1W

u
u ) +

1(
∂v
∂u

)2

∂v

∂u
(c2V

u − c1W
u)︸ ︷︷ ︸

=1

∂2v

∂u2
(c2V

u + c1W
u) =

=
1(
∂v
∂u

)2

[
∂v

∂u
(c2V

u
u + c1W

u
u ) +

∂2v

∂u2
(c2V

u + c1W
u)

]
=

=
1(
∂v
∂u

)2∂u[
∂v

∂u
(c2V

u + c1W
u)] = 2c1c2(c2V

u
x − c1W

u
x )A, (4.23)

where we used (4.21) in the last step. Now we apply the partial derivative ∂u on the
second coefficient in the vector field c2V + c1W , i.e. on

2c1c2A
∂v

∂x
+ (c2V

u + c1W
u)
∂v

∂u
(4.24)
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and we use (4.23) to derive

2c1c2A
∂2v

∂x∂u
+ ∂u[(c2V

u + c1W
u)
∂v

∂u
] =

=2c1c2A∂x
∂v

∂u
+ ∂u[(c2V

u + c1W
u)
∂v

∂u
] =

=2c1c2A∂x
∂v

∂u
+

(
∂v

∂u

)2

2c1c2A∂x(c2V
u − c1W

u) =

=2c1c2A

[
∂x
∂v

∂u
+

(
∂v

∂u

)2

∂x
1
∂v
∂u

]
= 0.

This means that the coefficient (4.24) does not depend on u, and therefore does not
depend on v, but it can depend on x or on y and we can write

2c1c2A
∂v

∂x
+ (c2V

u + c1W
u)
∂v

∂u
= B(y)

for some function B = B(y). Therefore, we derived

c2V − c1W = ∂v,

c2V + c1W = ∂y +B(y)∂v.

Now let us consider

2c2V = (c2V − c1W ) + (c2V + c1W ) = ∂v + ∂y +B(y)∂v = ∂y + (1 +B(y))∂v,

2c1W = (c2V + c1W )− (c2V − c1W ) = ∂y +B(y)∂v − ∂v = ∂y + (B(y)− 1)∂v.

Furthermore, let us consider arbitrary fiber preserving local coordinate transforma-
tions of the vector fields

∂y + (1 +B(y))∂v,

∂y + (B(y)− 1)∂v,

which describe the vector fields V,W up to the constants 1
2c2
, 1
2c1

. The first transforms
like

∂y + (1 +B(y))∂v = (
∂x

∂y
∂x +

∂u

∂x
∂u) + (1 +B(y))

∂u

∂v
∂u =

=
∂x

∂y
∂x +

[
∂u

∂x
+ (B(y) + 1)

∂u

∂v

]
∂u

and the second transforms like

∂y + (B(y)− 1)∂v = (
∂x

∂y
∂x +

∂u

∂x
∂u) + (B(y)− 1)

∂u

∂v
∂u =

=
∂x

∂y
∂x +

[
∂u

∂x
+ (B(y)− 1)

∂u

∂v

]
∂u.
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We define

C :=
∂u

∂x
+B

∂u

∂v
,

F :=
∂u

∂v
6= 0

and then we can write

V =
1

2c2

∂x

∂y
∂x +

1

2c2

(C(x,u) + F (x,u))∂u,

W =
1

2c1

∂x

∂y
∂x +

1

2c1

(C(x,u)− F (x,u))∂u,

where F 6= 0 for all p ∈ E. We define c̃1 := 1
2c2

, c̃2 := 1
2c1

and we have proven what
we wanted to prove in the first case.

Second Case (c1 6= 0 and c2 = 0): The calculation is similar to the first case and
we can do it faster. In this case, the vector fields V = V x∂x +V u∂u and W = W u∂u
can be written as

V = V x ∂y

∂x
∂y + (V x ∂v

∂x
+ V u ∂v

∂u
)∂v = c1A

∂y

∂x
∂y + (c1A

∂v

∂x
+ V u ∂v

∂u
)∂v

and

W = W u ∂v

∂u
∂v

after local coordinate transformations. Since we can span TpE for every p ∈ E, we
get W u 6= 0 for every p ∈ E. Then we can choose local coordinates such that

c1A
∂y

∂x
= 1,

W u ∂v

∂u
= 1. (4.25)

Then the second coefficient in V , i.e.

c1A
∂v

∂x
+ V u ∂v

∂u

cannot depend on u or v. To show this, let us go back to (4.21), which can be
written as

0 = c1W
u
xA+ (V uW u

u −W uV u
u ) = c1W

u
xA− (W u)2∂u(

V u

W u
) =

= (W u)2

(
c1AW

u
x

(W u)2
− ∂u(

V u

W u
)

)
. (4.26)
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We apply ∂x on (4.25) and we get

0 = ∂x · 1 = W u
x

∂v

∂u
+W u ∂

2v

∂x∂u
= W u

x

∂v

∂u
+

1
∂v
∂u

∂2v

∂x∂u
.

This equation can be solved with respect to W u
x and we plug W u

x into (4.26) to
derive

0 = (W u)2

(
c1AW

u
x

(W u)2
− ∂u(

V u

W u
)

)
= (W u)2

(
−c1A

∂2v
∂x∂u

(W u)2( ∂v
∂u

)2
− ∂u(

V u

W u
)

)
=

= (W u)2

(
−c1A

∂2v
∂x∂u

1
− ∂u(

V u

W u
)

)
= (W u)2∂u

(
−c1A

∂v

∂x
− V u

W u

)
=

= −(W u)2∂u

(
c1A

∂v

∂x
+ V u ∂v

∂u

)
= 0.

Therefore, we can write

V = c1A
∂y

∂x
∂y +B(y)∂v,

W = W u ∂v

∂u
∂v, (4.27)

where B = B(y) is a function depending only on y. (Note that this case can also
be proven when considering V and V +W and then we can use the proof from the
First Case.) Local coordinate transformations lead to

V = c1A
∂y

∂x
∂y +B(y)∂v = c1A

∂y

∂x

(
∂x

∂y
∂x +

∂u

∂y
∂u

)
+B(y)

∂u

∂v
∂u =

= c1A∂x +

(
c1A

∂y

∂x

∂u

∂y
+B(y)

∂u

∂v

)
∂u

and

W = W u∂u.

Therefore, we have proven Proposition 4.4.2. �

Proof of Lemma 4.4.1: One direction is simple, since if Ṽ = ∂x and W̃ = ∂u then
we get span{Ṽp,W̃p} = TpE for every p ∈ E and by the calculation in (4.13) we get
[V,W ] = 0.

For the other direction, we use Proposition 4.4.2 and the expressions in (4.15).
Then we do a second local coordinate transformation to derive

Ṽ = ∂u =
∂v

∂u
∂v,

W̃ = ∂x +B(x)∂u =
∂y

∂x
∂y +

(
∂v

∂x
+B(x)

∂v

∂u

)
∂v,
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where we consider B(x) as a function depending on x (the new transformation has
noting to do with the old transformation in Proposition 4.4.2). We want to find a
local coordinate transformations such that

∂v

∂u
!

= 1,

∂v

∂x
+B(x)

∂v

∂u
!

= 0

and this can be satisfied by the transformation

y = x,

v(x,u) = u−
∫
B(x)dx.

Always when ∂y
∂x
6= 0 and ∂v

∂u
6= 0, the transformation must be a diffeomorphism and

corresponds to an allowed coordinate transformation. Therefore, we have proven
Lemma 4.4.1. �

For example, the vector fields

V = ∂u,

W = ∂x + ex∂u.

are already in the form, described in Proposition 4.4.2. The vector fields

V = ∂x,

W = ∂x + eu∂u

are not in such a form, but we can bring them in such a form, since they span TpE
for every p ∈ E and the commutator vanishes. We can do the same with

V = ex∂x + ∂u,

W = ∂u,

but it does not work for

V = ∂x + ∂u,

W = ex∂u,

since there the commutator does not vanish.
Also see (Spi99, p.158) and (Tal11), where a theorem, similar to Lemma 4.4.1,

can be found.
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In this chapter, we discuss open problems, possible further research and we provide
a critical discussion of Theorem 1.0.2 and 1.0.3, especially concerning applications.
We also discuss a new question similar to Takens’ problem.

Open problems regarding Takens’ question in general:

• Find conditions, like span{Vp : V ∈ V} = TpE for all p ∈ E, for the symmetries
and conservation laws, under which Takens’ problem can be solved for higher
order, or even arbitrary order source forms. The condition span{(pr1V )p : V ∈
V} = TpJ

1E for all p ∈ J1E could probably solve the problem for third order
source forms and similar conditions might solve it for arbitrary order.

• Find the general solution of the ECS for arbitrary order and arbitrary n,m.
For example, when we have only one symmetry vector field V 6= 0, or when
span{π∗Vp : V ∈ V} = Tπ(p)M for all p ∈ E. Similar conditions are thinkable
as well.

• Assume ∆ satisfies symmetries and corresponding conservation laws, but is
not variational. Classify such source forms under the given symmetry and
conservation law assumption. We gave an example for such classifications in
Subsection 3.8.2 and further discussion can also be found in (Poh95).

• Formulate the proofs with the help of differential invariants, which are used
in, for example, (KO03).

• Investigate generalized symmetries in Takens’ problem, where the character-
istics Qα = Qα(xi,uβ,...,uβI ) can depend on higher order jet coordinates. Due
to the proof in Section 3.6, which relies on order discussion of polynomial ex-
pressions, we can expect that then Theorem 1.0.2 is no longer true in general.

According to the counter examples in Section 4.1, and according to the assumptions
in Theorem 1.0.2, it seems that we have found the most general theorem for second
order source forms and arbitrary systems of PDEs in some sense. The similarities
in the proofs in (AP96, MPV08) and Section 3.6 also show that we cannot expect
many generalizations in theorems for second order source forms and arbitrary sys-
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tems of PDEs. The only substantial generalization would probably be to investigate
generalized symmetries.

Open problems, specifically concerning this dissertation:

• Further develop the induction method used in the proofs of Step 3 and Step
6 in Section 3.6. For example, as a starting point, let Hk

αβ be a polynomial of

degree ≤ n−1 in second order coordinates uγij. Show that uβikH
k
αβ = 0 has only

the trivial solution with the induction method and with the d-fold operator
used in (AP96, p.12) and compare the differences. More generally, investigate
if Lemma 2.3 in (AP95, p.629) can be proven with the induction method.

• Prove Theorem 1.0.3 for m = 1 and arbitrary n or find a counter example.

• Find the general solution of the ECS for m = 1, arbitrary n and 4th order
source forms, similar to the calculation in Subsection 3.8.1. In case that finding
the general solution is too complicated, find and characterize the singularities
with a perturbation theory or with other methods. The methods which we
present in Section 3.8 can help to solve this problem. Also see (AP94) for a
singular problem.

• Investigate the Helmholtz dependencies for arbitrary order and arbitrary n,m.
How many unknowns in Takens’ problem can thereby be eliminated and how
do the reduced Helmholtz expressions simplify all these proofs? Find a new
Helmholtz form with non-dependent Helmholtz coefficients. For m = 1, these
dependencies can be found in (And89, p.76).

• Check if, and in which sense, the theorems in (AP96, MPV08, AP12) (for
second order source forms) could be corollaries of Theorem 1.0.2. Formulate
two or three theorems, such that all other theorems, which have been proven
so far, are corollaries of them. More generally, it would be nice to have only
one or two theorems for Takens’ problem, which includes all other theorems.

Open problems concerning applications:

• Find physically meaningful symmetries and especially conservation laws, such
that Theorem 1.0.2 and 1.0.3 can be applied. This is of great interest and the
short discussion we give in Section 4.3 does not fairly discuss this aspect.

• Find an explanation why, in physical theories, symmetries should be connected
to conservation laws. Moreover, why should they be connected in the very
special form Qα

V = V α − uαi V i and Qα
V fα = DiC

i
V ?

• Find an explanation why a physical theory should be described by a source
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form and not by some other formulation, like an equation fα = 0 with certain
properties, which cannot be described by a source form. For example, if the
number of equations is greater than the number of dependent coordinates (see
Maxwell’s equations, formulated with the electromagnetic fields E,B).

The question of applications is important, since most of the motivation in the in-
troduction comes from applications in physics. It is fair to say that it is hard to
find many meaningful applications. Of course, the question, formulated by Takens,
makes a lot of sense in principle and should definitely be investigated. Even if there
are open problems, these theorems could just be the starting point for theorems
with many more applications. However, let us now discuss some of these problems
in hope that they will be solved in the future. We also give some remarks below
how these problems can possibly be solved.

Beside the problems we already mentioned, there are at least three main issues.
All three problems come from the requirement that we have to assign a source form
to a differential equation fα = 0. Even if it seems that we only make assumptions on
symmetries and corresponding conservation laws in Theorem 1.0.2 and 1.0.3, which
makes sense from a physical perspective somehow, there are actually more hidden
assumptions. Let us discuss them in more detail:

• Are physical differential equations really given by source forms and, more
importantly, do we require the symmetry of source forms, or can we just
postulate symmetry of fα in a certain way? The symmetries LprV fα = 0 for
α = 1,2,...,m and LprV ∆ = 0 are not equivalent in general. More precisely, as
we showed in Section 2.3 in formula (2.21), fα transforms like fα

∂uα

∂vβ
∂x
∂y

. Why
should a physical theory have such a transformation property in general?

• As we already mentioned, why should we restrict to differential equations,
where the number of equations and number of dependent coordinates are the
same, i.e. fα and uα have the same indices α = 1,2,...,m? This does not seem
to be a necessary requirement in physics.

• Let f = (f1,f2) be given functions which describe a differential equation f = 0.
The source form ∆ = (f1du

1 +f2du
2)∧dx might be variational, but the source

form ∆ = (f2du
1 + f1du

2) ∧ dx might not be variational. For m > 1, there is
no natural way how to assign a source form to a given differential equation. In
this sense, we could even say that it is an unnatural question to ask if a given
differential equation is variational or not. Moreover, for Maxwell’s equations,
it is not even clear if we should formulate the equations with the electromag-
netic fields E,B, or rather formulate them with the vector potential Aµ. We
would have to include all equivalent transformations of differential equations
to get a more natural question.

Therefore, a better question would probably be: If a source form satisfies
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certain symmetries and corresponding conservation laws, then does there ex-
ist a variational multiplier (AT92, p.6) such that the differential equation is
variational? However, this does not include all equivalence transformations
either and the variational multiplier also changes the symmetries of the cor-
responding source forms in general. Therefore, the definition of symmetry is
more complicated then. For reformulations of differential equations also see
(Ton84).

A lot of physical differential equations are linear or quasi linear and they are poly-
nomial in their fields and derivatives. We can expect that generalizations of the
nowadays known physical theories, for example, the standard model, will probably
also be polynomial in their fields and derivatives. Or at least, they are not ar-
bitrarily complicated, since otherwise we would not be able to discover them and
verify in experiments. For polynomial equations and source forms, Theorem 2.1 in
(AP95) basically solves the question of Takens in full generality. Furthermore, the
order of physical differential equations does usually not exceed order two or three.
Theorems 1.0.2, 1.0.3 and the theorems in (AP12, AP96, MPV08, AP94) give fairly
strong answers to Takens’ question with regard to this aspect.

In our opinion, the priority should now be to find more applications of these theo-
rems, which can also mean to give the question of Takens a new formulation. Beside
the open problems we discussed above, we would suggest the following continuation:
A good starting point could be to prove Theorem 1.0.3 for 4th order, m = 1 and
arbitrary n, or to find a counter example. Also investigating the Helmholtz depen-
dencies in more generality and for m > 1 could be of independent interest. But then,
to avoid the above problems concerning the interpretation of source forms in appli-
cations, we would suggest the following: Investigate Takens’ problem together with
the variational multiplier problem (AT92, p.6), or any equivalence transformations
of differential equations. This could contribute a new value to Takens’ question and
connect it to other problems. More precisely, we would like to extend the question
of Takens and ask if a differential equation, which satisfies certain symmetries and
conservation laws, always allows a variational multiplier.
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A. Appendix, Proof of Theorem 5,2.

Takens (Tak77, p.599) formulates the proof differently, but we will use our notation
here and do a straight forward discussion of orders in the ECS. The proof can be
done to any order and also for PDEs, but we only show it for second order and
ODEs. The idea is the same and the PDE case just needs more notation.

Proof: We consider the ECS

0 = QβHαβ + (DxQ
β)Hx

αβ + (D2
xQ

β)Hxx
αβ =

= (V β − uβxV x)Hαβ(x) + (Oβ(1)− uβxxV x)Hx
αβ(x) + (Oβ(2)− uβxxxV x)Hxx

αβ(x).

(A.1)

If fα = aαβ(x)uβ + bαβ(x)uβx + cαβ(x)uβxx is linear in (uβ,uβx,u
β
xx), then Hαβ,H

x
αβ,H

xx
αβ

do not depend on the coordinates (uβ,uβx,u
β
xx), they only depend on x. This can

easily be seen by the definition of Hα,β,H
x
αβ,H

xx
αβ. Therefore, if V x 6= 0 for all x,

then there is a uβxxx,u
β
xx,u

β
x-cascade of independent terms in (A.1) which shows that

all Helmholtz-conditions must be satisfied. That is, we start with the highest order
coordinate uβxxx which shows that Hxx

αβ = 0. Then the next coordinate is uβxx which
shows Hx

αβ = 0, and after that we get Hαβ = 0. �

223



A. Appendix, Proof of Theorem 5,2.

224



B. Appendix, Prolongation of Vector
Fields, Part II

We want to find the local coordinate expression for prolonged vector fields for arbi-
trary n,m. A general projectable vector field V on E can be written as

V = V i(x)∂xi + V α(x,u)∂uα ∈ X(E). (B.1)

The general prolongation formula is (Kru97b, p.32)

prkV (prkσ(q)) =
d

dt
{prk[φt ◦ σ ◦ φ0

−t](φ
0
t (q))}|t=0, (B.2)

where φt is the flow of V and φ0
t is the flow of π∗V . In the following, we simply

compute the expression (B.2) in local coordinates. We will use the same φt and
φ0
t for the corresponding transformations of local coordinates (xi) and (xi,uα). Let

us write x = (xi) = (x1,x2,...,xn), u = (uα) = (u1,u2,...,um) and σ(x) = (xi,uα(x))
for the local coordinate expression of the section σ. Again, we will use the same σ
for local coordinates as for sections on E. The local coordinate x on M transforms
according to φ0

t as φ0
t (x) = yt(x) and we write

x = (x1,x2,...,xn) −→ yt = (y1
t (x),y2

t (x),...,ynt (x)).

We know that

yt(x) =


y1
t (x)
y2
t (x)
...

ynt (x)

 =


x1 + tV 1(x) +O(t2)
x2 + tV 2(x) +O(t2)

...
xn + tV n(x) +O(t2)

 , (B.3)

since yt=0 = x and d
dt
yt|t=0 = V , simply by the fact that φ0

t (y) = yt must satisfy the
property of flow. We also know the inverse map

y−t(x) =


y1
−t(x)
y2
−t(x)

...
yn−t(x)

 =


x1 − tV 1(x) +O(t2)
x2 − tV 2(x) +O(t2)

...
xn − tV n(x) +O(t2)

 , (B.4)
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since, again, then property of flow φ0
−t ◦φ0

t (x) = x must be satisfied. One can easily
check that y−t must be of the form (B.4), since

x = y−t(yt(x)) =


y1
t (x)− tV 1(yt(x)) +O(t2)
y2
t (x)− tV 2(yt(x)) +O(t2)

...
ynt (x)− tV n(yt(x)) +O(t2)

 (B.5)

must be equal to x up to first order in t, when plugging in (B.3). The transfor-
mation φt acts on the coordinates (x,u) as φt(x,u) = (yt(x),vt(x,u)), because of
fiber preserving transformations. Also see Proposition 2.4.3 and the notation there,
where (xi,uα) are the untransformed coordinates and φt(x

i,uα) = (yit,v
α
t ) are the

transformed coordinates. Similar to (B.3), the general transformation for sections
φt(x,u(x)) = (yt(x),vt(x,u(x))) can be written as

φt ◦ σ(x) = φt(x,u(x)) =

(
yt(x)

vt(x,u(x))

)
=



y1
t (x)
y2
t (x)
...

ynt (x)
v1
t (x,u(x))
v2
t (x,u(x))

...
vmt (x,u(x))


. (B.6)

Note that the transformation φt only acts on the coordinates (xi,uα), but not on the
x-coordinates of uα(x). Roughly speaking, the x-coordinate in uα(x) is invisible for
the transformation φt, since φt considers (xi,uα(x)) as a point (xi,uα) and transforms
this point according to the rules of flow and corresponding vector field. In the
following, we only write y−t for simplicity, instead of y−t(x). We get

φt ◦ σ ◦ φ0
−t(x) = φt(y−t(x),u(y−t(x))) =

(
yt(y−t(x))

vt(y−t,u(y−t))

)
=



x1

x2

...
xn

v1
t (y−t,u(y−t))
v2
t (y−t,u(y−t))

...
vmt (y−t,u(y−t))


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and we can prolong this section at the point x. This means that we can take partial
derivatives with respect to x, i.e.

prk(φt ◦ σ ◦ φ0
−t)(x) =


x

vt(y−t,u(y−t))
[∂xiv

α
t (y−t,u(y−t))]α,i

[∂xj∂xiv
α
t (y−t,u(y−t))]α,i,j

...

 =

=


x

vt(y−t,u(y−t))
[vαt,k(y−t,u(y−t))∂xiy

k
−t]α,i

{∂xj [vαt,k(y−t,u(y−t))∂xiy
k
−t]}α,i,j

...

 .

Above, vαt,k means partial derivative with respect to all yk−t-coordinates, i.e.

vαt,k(y−t,u(y−t)) = ∂ykt v
α
t (y−t,u(y−t)).

Therefore, we can write vαt,k = Dkv
α
t (similar for vαt,kl = Dklv

α
t and higher order).

The next step is to compute ∂xiy
k
−t(x), ∂xj∂xiy

k
−t(x) and so on. Therefore,

∂xiy
k
−t(x) = ∂xi(x

k − tV k(x) +O(t2)) = δki − tV k
xi(x) +O(t2),

where we used (B.4). For ∂xj∂xiy
k
−t(x) we get

∂xj∂xiy
k
−t(x) = ∂xj(δ

k
i − tV k

xi(x) +O(t2)) = −tV k
xjxi(x) +O(t2)

and higher order derivatives can be computed in a similar way. Then we consider

prk[φt ◦ σ ◦ φ0
−t](φ

0
t (x)) =

=


yt(x)

vt(x,u(x))
{vαt,k(x,u(x))[δki − tV k

xi(yt(x)) +O(t2)]}α,i
{vαt,kl(x,u(x))[∂xjy

l
−t(...)]∂xiy

k
−t(...) + vαt,k(x,u(x))[−tV k

xjxi(yt(x)) +O(t2)]}α,i,j
...

 .

(B.7)

A short auxiliary calculation shows that

V k
xi(yt(x)) = V k

xi(x+ tV (x) +O(t2)) = V k
xi(x) +O(t),

where we used (B.3). A similar calculation holds for V k
xjxi(yt(x)). Furthermore,

[∂xjy
l
−t(...)]∂xiy

k
−t(...) = [δlj − tV l

xj(yt(x)) +O(t2)][δki − tV k
xi(yt(x)) +O(t2)] =

=δljδ
k
i − t[δki V l

xj(x) + δljV
k
xi(x)] +O(t2).
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Then, (B.7) can be written as

prk[φt ◦ σ ◦ φ0
−t](φ

0
t (x)) =

=


yt(x)

vt(x,u(x))
{vαt,k(x,u(x))[δki − tV k

xi(x) +O(t2)]}α,i
{vαt,kl(...)[δljδki − t(δki V l

xj(x) + δljV
k
xi(x))] + vαt,k(...)[−tV k

xjxi(x)] +O(t2)}α,i,j
...

 .

Now we want to apply d
dt

and evaluate at t = 0. When doing so, all terms O(t2) will
vanish and the remaining terms are

d

dt
{prk[φt ◦ σ ◦ φ0

−t](φ
0
t (x))}|t=0 =

=


[V i(x)]i

[V α(x,u(x))]α
{∂xiV α(x,u(x))− uαk (x)V k

xi(x)}α,i
{∂xi∂xjV α(x,u(x))− [uαil(x)V l

xj(x) + uαkj(x)V k
xi(x)]− uαk (x)V k

xjxi(x)}α,i,j
...

 =

=


(V i)i
(V α)α

{DiV
α − uαkV k

xi}α,i
{DijV

α − (uαilV
l
xj + uαkjV

k
xi)− uαkV k

xjxi}α,i,j
...

 .

When computing d
dt
vαt,k(x) = ∂xk

d
dt
vαt (x), we interchange the derivatives. When

we want to prove it for higher order, then it is reasonable do to find an inductive
procedure for computing these expressions. For our purposes, doing the calculation
up to second order is sufficient. Note that the first order coefficient can be written
as

DiV
α − uαkV k

xi = Di(V
α − uαkV k) + uαikV

k

and the second order coefficient as

DijV
α − (uαilV

l
xj + uαjkV

k
xi)− uαkV k

xjxi =

=DijV
α − (uαilV

l
xj + uαjkV

k
xi)−Dij(u

α
kV

k) + uαijkV
k + uαikV

k
xj + uαjkV

k
xi =

=Dij(V
α − uαkV k) + uαijkV

k,

where we find the characteristics Qα = V α − uαkV k.
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C. Appendix, the Helmholtz Form

The Helmholtz form H can be found in (VU13, p.13) or (VK15, p.3). Also see
Section 2.6.2. Let us consider the expression ιprW ιprVH, which can be written as

ιprW ιprVH =

=ιprW ιprV
1

2
(Hαβdu

β ∧ duα +Hx
αβdu

β
x ∧ duα +Hxx

αβdu
β
xx ∧ duα) ∧ dx =

=
1

2
[Hαβ(V βWα −W βV α) +Hx

αβ(V β
;xW

α −W β
;xV

α) +Hxx
αβ(V β

;xxW
α −W β

;xxV
α)]dx,

(C.1)

where V,W ∈ X(E) are vertical vector fields. We want to bring all Dx-derivatives
to V β. Therefore, we apply the following partial integration method

Hx
αβV

αDxW
β =Dx(H

x
αβV

αW β)−W βDx(H
x
αβV

α) =

=Dx(H
x
αβV

αW β)−W βV αDxH
x
αβ −W βHx

αβV
α

;x

and

Hxx
αβV

αD2
xW

β =Dx(H
xx
αβV

αW β
;x)−W β

;xDx(H
xx
αβV

α) =

=Dx[H
xx
αβV

αW β
;x −W βDx(H

xx
αβV

α)] +W βD2
x(V

αHxx
αβ) =

=Dx[H
xx
αβV

αW β
;x −W βDx(H

xx
αβV

α)] +W βDx(V
α

;xH
xx
αβ + V αDxH

xx
αβ) =

=Dx[H
xx
αβV

αW β
;x −W βDx(H

xx
αβV

α)] +W β(V α
;xxH

xx
αβ + 2V α

;xDxH
xx
αβ+

+ V αD2
xH

xx
αβ),

where we use the short notation DxV
α = V α

;x , D2
xV

α = V α
;xx and similar for Wα.

With the help of these two identities we can rewrite (C.1) as

ιprW ιprVH =

=
1

2
[Hαβ(V βWα −W βV α) +Hx

αβV
β

;xW
α +Hxx

αβV
β

;xxW
α]dx+

+
1

2
[−Dx(H

x
αβV

αW β) +W βV αDxH
x
αβ +W βHx

αβV
α

;x ]dx+

+
1

2
{−Dx[H

xx
αβV

αW β
;x −W βDx(H

xx
αβV

α)]−W β(V α
;xxH

xx
αβ + 2V α

;xDxH
xx
αβ+

+ V αD2
xH

xx
αβ)}dx =
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=
1

2
[Hαβ −Hβα +DxH

x
βα −D2

xH
xx
βα]V βWαdx+

+
1

2
[Hx

αβ +Hx
βα − 2DxH

xx
βα]V β

;xW
αdx+

+
1

2
[Hxx

αβ −Hxx
βα]V β

;xxW
αdx−

− 1

2
Dx[H

x
αβV

αW β +Hxx
αβV

αW β
;x −W βDx(H

xx
αβV

α)]dx. (C.2)

In (C.2) we can show that

Hαβ −Hβα +DxH
x
βα −D2

xH
xx
βα = 2Hαβ

Hx
αβ +Hx

βα − 2DxH
xx
βα = 2Hx

αβ

Hxx
αβ −Hxx

βα = 2Hxx
αβ

and these relations are the Helmholtz dependencies. Note that it seems that consid-
ering ιprW ιprVH and rewriting the coefficients in this form is one possibility to get
the Helmholtz dependencies. All together, (C.2) can be written as

ιprW ιprVH =(HαβV
βWα +Hx

αβV
β

;xW
α +Hxx

αβV
β

;xxW
α)dx+

+
1

2
Dx[W

βDx(H
xx
αβV

α)−Hx
αβV

αW β −Hxx
αβV

αW β
;x]dx. (C.3)

Note that the total-derivative expression in (C.3), i.e.

W βDx(H
xx
αβV

α)−Hx
αβV

αW β −Hxx
αβV

αW β
;x =

=W βV αDxH
xx
αβ +W βV α

;xH
xx
αβ −Hx

αβV
αW β −Hxx

αβV
αW β

;x =

=W βV α(DxH
xx
αβ −Hx

αβ) +W βV α
;xH

xx
αβ −Hxx

αβV
αW β

;x =

=W βV α[Dx(fα,uβxx − fβ,uαxx)− (fα,uβx + fβ,uαx − 2Dxfβ,uαxx)] +W βV α
;xH

xx
αβ−

−Hxx
αβV

αW β
;x =

=W βV α[Dx(fα,uβxx + fβ,uαxx)− (fα,uβx + fβ,uαx )] + (W βV α
;x − V αW β

;x)H
xx
αβ (C.4)

seems to be different compared to the expression in (2.69), i.e.

V βWαfβ,uαx + fβ,uαxxV
β(DxW

α)−WαDx(fβ,uαxxV
β) =

=V βWα(fβ,uαx −Dxfβ,uαxx) + fβ,uαxxV
βWα

;x −WαV β
;xfβ,uαxx =

=V βWα(fβ,uαx −Dxfβ,uαxx) + (V βWα
;x −WαV β

;x)fβ,uαxx . (C.5)

For example, when fα,uβxx = 0 for all α,β = 1,2,...,m then there is no symmetric

summation over fβ,uαx in (C.5), but there is symmetric summation over fα,uβx + fβ,uαx
in (C.4).
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D. Appendix, Proof of Proposition
2.10.

We would like to prove the special form

F (x,uβ,uβx,...,u
β
(k)) = Qα(x,uβ,uβx,...,u

β
(k))fα(x,uβ,uβx,...,u

β
(k)) (D.1)

if fα is totally-non-degenerate (see Definition 2.83. in (Olv86, p.171)) and if F is
a conservation law for fα according to the classical definition of conservation law
(see (Olv86, p.265)). However, instead of proving this more complicated case, we
only prove Proposition 2.10. in Peter Olver’s book (Olv86, p.84). This proposition
provides the main idea how to prove (D.1).

Proposition 2.10. (see (Olv86, p.84)): Let f : J → Rm be of maximal rank on the
submanifold S = {x ∈ J : f(x) = 0}. Then a real-valued function F : J → R
vanishes on S if and only if there exist smooth functions Q1(x),...,Qm(x) such that

F (x) = Q1(x)f1(x) + ...+Qm(x)fm(x)

for all x ∈ J .

We changed the notation slightly and we think of J=̂JkE, x=̂(xi,uα,uαi ,...,u
α
I ), Q

are characteristics and f represents a differential equation.

Proof (1st Case, dimJ = k > m): The implicit function theorem says that we ca
solve f(x) = 0 locally near S. For all

y = (y1,...,yk) ∈ J which satisfy f(y) = 0,

there exist coordinates t = (t1,...,tk−m) on S and smooth functions gl such that

y = (t1,...,tk−m,gk−m+1(t),...,gk(t)).

That is, S is a (k − m)-dimensional sub-manifold of J . Furthermore, there exist
coordinates z = (z1,...,zk) on J such that

f(x(z)) = f̃(z) = 0
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if and only if

z = (z1,...,zk−m,0,...,0).

See Lemma 1.12. in (Olv86, p.11). By an improved Taylor theorem, i.e. in one
dimension: if f(x0) = 0 then f(x) = f(x0) +

∫ x
x0
f ′(y)dy = f ′(ξ(x))(x − x0) =

a(x)(x− x0) by mean value theorem, we can write

f̃(z) =

 f̃1(z)
...

f̃m(z)

 =

 a11(z)zk−m+1 + a12(z)zk−m+2 + ...+ a1m(z)zk

...
am1(z)zk−m+1 + am2(z)zk−m+2 + ...+ amm(z)zk

 ,

where apq(z) are smooth functions. Due to the property of local coordinate trans-
formations, the Jacobi-matrix Jxf(x) and Jzf̃(z) must have the same rank on S.
Therefore,

Jzf̃(z1,...,zk−m,0,...,0) =

=


∂f̃1
∂z1

∂f̃1
∂z2

... ∂f̃1
∂zk−m

∂f̃1
∂zk−m+1 ... ∂f̃1

∂zk
...

...
∂f̃m
∂z1

∂f̃m
∂z2

... ∂f̃m
∂zk−m

∂f̃m
∂zk−m+1 ... ∂f̃m

∂zk

 |(z1,...,zk−m,0,...,0) =

=

0 0 ... 0 a11 a12 ... a1m
...

...
0 0 ... 0 am1 am2 ... amm

 |(z1,...,zk−m,0,...,0).

Since Jzf̃ must have rank m on S, the matrix

Λ :=

a11 a12 ... a1m
...

...
am1 am2 ... amm


must be invertible on S. But then, Λ is also invertible in a small neighbourhood of
S. In this small neighbourhood of S we can write

Λ−1(z)f̃(z) = Λ−1(z)

 f̃1(z)
...

f̃m(z)

 =

= Λ−1(z)

 a11(z)zk−m+1 + a12(z)zk−m+2 + ...+ a1m(z)zk

...
am1(z)zk−m+1 + am2(z)zk−m+2 + ...+ amm(z)zk.

 =

z
k−m+1

...
zk

 .
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Since F also vanishes on S, we get by the improved Taylor expansion

F (x(z)) = F̃ (z) = A1(z)zk−m+1 + A2(z)zk−m+2 + ...+ Am(z)zk =

=< A(z),Λ−1(z)f̃(z) >=

=< A(z(x)),Λ−1(z(x))f(x) > .

Therefore, F must depend linearly on f(x) and we get

F (x) = Q1(x)f1(x) +Q2(x)f2(x) + ...Qm(x)fm(x) (D.2)

near S. At points where f does not vanish, it is clear that we can also write F (x)
as we did in (D.2). �

Proof (2nd Case, dimJ = k ≤ m): In this case, the set S are discrete points. This

case does not occur in what we want to discuss, since fα = fα(xi,uβ,uβi ,...), and
therefore we have always more variables (xi,uβ,uβi ,...) than equations fα = 0.
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E. Appendix, Example for the Local
Simplification Lemma

Here we want to present an example, where we demonstrate the notation of O(1)
and apply the Local Simplification Lemma 3.4.1. Let us consider the fiber bundle
π : E = R × (R2 \ 0) → R with coordinates (x,u,v) and projection π(x,u,v) = x.
Furthermore, we consider translation, scale and rotation symmetry ∂x, u∂u + v∂v
and u∂v − v∂u. The matrix (V i

A ,V
α
A )A ;i,α is given by these symmetries as ∂x

u∂u + v∂v
u∂v − v∂u

 ↔ (V i
A ,V

α
A )A ;i,α =

1 0 0
0 u v
0 −v u

 .

Since the determinant ∣∣∣∣∣∣
1 0 0
0 u v
0 −v u

∣∣∣∣∣∣ = u2 + v2 6= 0 on E,

we can span TpE at every p ∈ E. The inverse matrix of (V i
A ,V

α
A )A ;i,α is the matrix

C

C =
1

u2 + v2

(u2 + v2) 0 0
0 u −v
0 v u

 =

cA1cA2
cA3

 .

The ECS is

Qβ
AHαβ + (DxQ

β
A )Hx

αβ + (D2
xQ

β
A )Hxx

αβ = 0

and for A = 1,2,3, we get the characteristics

Qβ
1 = V β

1 − uβxV x
1 = −uβx,

Qβ
2 = V β

2 − uβxV x
2 = uβ,

Qβ
3 = V β

3 − uβxV x
3 = uδβv − vδβu,
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where u = u1 corresponds to the index 1 and v = u2 corresponds to the index 2.
Therefore, it is convenient also to use u,v as indices. However, in the following, u2

and v2 are the square of u and v. Then we get

cA1 Q
β
A = 1 ·Qβ

1 + 0 ·Qβ
2 + 0 ·Qβ

3 = −uβx,

cA2 Q
β
A = 0 ·Qβ

1 +
u

u2 + v2
Qβ

2 +
−v

u2 + v2
Qβ

3 =
uuβ − v(uδβv − vδβu)

u2 + v2
= δβu,

cA3 Q
β
A = 0 ·Qβ

1 +
v

u2 + v2
Qβ

2 +
u

u2 + v2
Qβ

3 =
vuβ + u(uδβv − vδβu)

u2 + v2
= δβv,

which actually was clear by definition of cA . Furthermore, we get

cA1 DxQ
β
A = 1 ·DxQ

β
1 + 0 ·DxQ

β
2 + 0 ·DxQ

β
3 = −uβxx,

cA2 DxQ
β
A = 0 ·DxQ

β
1 +

u

u2 + v2
DxQ

β
2 +

−v
u2 + v2

DxQ
β
3 =

uuβx − v(uxδ
βv − vxδβu)

u2 + v2
=

=
uux + vvx
u2 + v2

δβu +
uvx − vux
u2 + v2

δβv = O(1),

cA3 DxQ
β
A = 0 ·DxQ

β
1 +

v

u2 + v2
DxQ

β
2 +

u

u2 + v2
DxQ

β
3 =

vuβx + u(uxδ
βv − vxδβu)

u2 + v2
=

=
vux − uvx
u2 + v2

δβu +
vvx + uux
u2 + v2

δβv = O(1).

We observe that O(1) does not vanish and that O(1) also cannot be written as δβu

or δβv. In general, lower order expressions can get quite complicated.
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