
Fakultät II – Informatik, Wirtschafts- und Rechtswissenschaften

Department für Informatik

Self-Organising
Locally Interpolating Maps

in Control Engineering

Dissertation zur Erlangung des Grades eines

Doktors der Ingenieurwissenschaften (Dr.-Ing.)

von

Dipl.-Ing.(FH) Helge Hülsen
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Übersicht

Motivation der Arbeit sind Probleme bei der automatischen Bewegungssteuerung
mobiler Mikroroboter. Mikroroboter sind einige cm3 groß, können aber Objekte
im Sub-Mikrometerbereich manipulieren. Für eine hohe Positioniergenauigkeit
muss jedoch die Ansteuerung des Mikroroboters entsprechend genau sein. Weil
jedoch das Bewegungsverhalten eines Mikroroboters nur schwer zu modellieren ist
und sich dessen Parameter mit der Zeit sogar verändern, wird ein daten-basiertes
lernendes Ansteuerungsmodell benötigt. Der Ansatz der Self-Organising Locally
Interpolating Map (SOLIM) beinhaltet zum einen ein neues Verfahren, das kon-
tinuierlich und interpretierbar von einem Netz von Eingangsstützvektoren, z.B.
Robotergeschwindigkeiten, auf ein assoziiertes Netz von Ausgangsstützvektoren,
z.B. entsprechende Robotersteuersignale, abbilden kann. Zum anderen wurde ein
Lernalgorithmus entwickelt, der die Ausgangs-Stützvektoren iterativ so anpasst,
dass die SOLIM-Karte ein inverses Modell des zu kontrollierenden unbekannten
Systems darstellt. Die wichtigsten Eigenschaften des neuen SOLIM-Ansatzes kon-
nten sowohl in Simulationen als auch bei der Positionsregelung von mobilen Mikro-
roboterplattformen bestätigt werden.
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Abstract

The work is motivated by problems during automated motion control of mobile
microrobots. Microrobots are only cm3-sized but can manipulate objects in the
sub-micrometre-range. For a high positioning accuracy the microrobot’s actua-
tor controller must be correspondingly accurate. But since a microrobot’s motion
behaviour is difficult to model and since the model parameters even change with
time, a data-based learning controller model is required. The approach of the
Self-Organising Locally Interpolating Map (SOLIM) includes a new method that
continuously and interpretably maps from a grid of input support vectors, e.g. a
robot’s velocity, to a grid of output support vectors, e.g. corresponding control
commands. Moreover, a learning algorithm has been developed, which iteratively
adapts the output support vectors such that the SOLIM map represents an inverse
model of the unknown system to be controlled. The most important properties of
the SOLIM approach have been proven in simulations and during position control
of mobile microrobot platforms.



vi



vii

Acknowledgements

The presented work has been carried out at the Division Microrobotics and Control
Engineering (AMiR) headed by Prof. Sergej Fatikow of the University of Oldenburg,
Germany.

I would like to thank my supervisor Prof. Fatikow for his confidence when he
asked me to work on the combination of microrobotics and learning control, which
are both exciting topics for me. I appreciate the freedom that I had during my work.
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1. Introduction

1.1. Control of mobile Microrobots

The motivation for the development of a Self-Organising Locally Interpolating
Map (SOLIM) originated from the problem domain of controlling mobile mi-
crorobots, which are cm3-sized robots that can position with µm- and sub-µm-
accuracy and that can move within a large working range [96, 23, 54, 66, 61, 20].
Their applications range from microassembly, over handling of biological cells [89],
handling of silicon-lamella for the semiconductor industry [26] to handling and ma-
nipulation of nanoobjects like CNTs and nanowires [94]. The considered mobile
microrobots’ poses are controlled automatically or via teleoperation with feedback
from a global pose sensor, which could be a scanning electron microscope (SEM),
a light microscope or a video camera. A controller in a micro- and nanohandling
station typically contains several modules at different abstraction levels, ranging
from assembly planning to the calculation of the actuators’ signals [24]. Most of
these control subtasks are either performed by a computer in automatic mode or
by a human being in teleoperation mode (Fig. 1.1), except for the actuator con-
troller, which is typically implemented by a computer or an electronic device in
both modes.

The actuator controller implements a mapping m from a desired velocity vec-
tor vd to a vector pa, which contains parameters of the signals that drive the
microrobot. Besides the actuator resolution and the global sensor accuracy the
actuator controller’s accuracy defines the accuracy limits of a positioning process.
Unfortunately, there are some properties of mobile microrobots’ motion behaviours,
i.e. of the mapping s from actuation parameters pa to a measured velocity vm, that
make an exact description of the actuator controller difficult.

No parameterised model Although a parameterised analytical model can be de-
rived for a microrobot’s motion behaviour s the parameters vary from instance
to instance [77]. Furthermore, it requires a relatively high effort to measure
the internal model parameters like the friction coefficients for each mechanical
contact and the motion behaviour of each piezo-actuator [96, 10].

Time-variance The motion behaviour s of microrobots depends on environmental
conditions like humidity and temperature [99, 97], and on the internal state of
the microrobot like wear [11], piezo-drift [75], etc. The microrobot’s behaviour
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teleoperation
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Figure 1.1.: Actuator controller during teleoperation or automatic control.

usually varies over time, if not a high effort is invested in controlling the
environmental conditions [100, 98, 76, 62] or the internal state.

Nonlinearity If the locomotion is based on the stick-slip principle the motion
behaviour s of the microrobots includes some nonlinearities [78, 63, 12, 10].
Inch-worm based platforms, on the other hand, have a more linear behaviour
[57].

Redundancy Even if an exact analytical model for the microrobot’s motion be-
haviour s is available, it can be very difficult to find a model m for the actuator
controller by inverting s. The microrobot’s inverse behaviour s−1 is often not
unambiguously defined because there are more control channels dim (pa) than
degrees of freedom (DoF) dim (vm) for motion [60, 54]. In the case of the mo-
bile platforms that have been developed at the Division Microrobotics and
Control Engineering (AMiR), University of Oldenburg, there are six control
channels for three DoF for motion. More generally, there is redundancy in
the definition of the inverse model if different actuation parameters lead to
the same motion.

The actuator controllers of the currently existing mobile microrobots are
following different approaches. The actuator controller of the Abalone platform
is implemented as analytical model, whose parameters are determined by mea-
surements [96]. The pose of the three-legged MINIMAN platform [23] is either
controlled by a neural network controller or a fuzzy logic controller [77]. The Mi-
CRoN -locomotion module [20] is controlled by using an approximate analytical
model as actuator controller [80]. The model parameter estimation is done either
analytically, with help of neural networks [22] or genetic programming [90]. The
mobile platform from the Aoyama Labs [66] is based on an inch-worm locomotion
and has an actuator configuration that allows deriving a relatively accurate model of
the actuator controller. An actuator controller for the stick-slip-based NanoWalker
does not exist yet although a parameterised model of the motion behaviour is briefly
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described in [63]. In all cases assumptions are made that rely on the specialities
of the mobile microrobots, such that an application of the developed methods to
other application domains, and in particular to other mobile microrobots, is rela-
tively difficult. Moreover, none of the approaches could incrementally adapt to a
changing system behaviour.

1.2. Self-Organizing Maps

Self-Organizing Maps (SOM)[53] are artificial neural networks which are mainly
used for classification and data visualisation, but which are also applied to other
fields [51, 70] with control engineering among them [18]. These SOM-based con-
trollers, which are described in more detail in Chap. 2, are interesting candidates
for the control of mobile microrobots since they combine the following properties:

Data-based model A SOM-based controller maps an ordered set of input support
vectors to an ordered set of output support vectors. The model is almost
independent of any assumption on the system and can be universally applied.
The only required information on the system is the allowed range of the system
input, the desired range of the system output and in many cases the number
of support vector pairs for the model [73].

Learning controller SOM-based controllers can learn their model from measure-
ment data. This means that a SOM-based controller can learn an inverse
model of an unknown system by only using measurement data [18].

Nonlinear model A SOM-based controller can model a nonlinear behaviour [19].

Resolution of ambiguities When a SOM-based controller learns its mapping,
the applied self-organisation rule represents an implicit criterion, which can
resolve ambiguities of the possible mappings [73].

Direct applicability A SOM-based controller can be directly applied as actuator
controller. The control structure is called ”direct inverse controller” [69, 18].
Unlike most other structures, no model of the system itself is needed to derive
a model of the controller.

Interpretability SOM-based controllers are interpretable to a certain degree be-
cause they can also be regarded as an ordered look-up-table, where each input
or output support vector is ”responsible” for a region in the input or output
space, respectively [91].

Although SOM-based controllers are already applied in robotics, no approach
possesses all the desired properties of an ”ideal” direct inverse controller. The
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discussion in Chap. 2 shows that existing SOM-based controllers have problems with
mapping and with learning. The mapping is not continuous, difficult to interpret
or it has problems with extrapolation. The main problem with learning is that the
combination of the update rule for the approximation of an inverse system behaviour
with the Kohonen update rule for self-organisation causes problems during many
incremental learning scenarios.

1.3. Author’s Contribution

In the following chapters the author contributes to the field of SOM-based con-
trollers and to the field of controlling mobile microrobots to overcome the problems
described in the previous two sections.

Chapter 2: SOMs in Control Engineering This chapter describes the appli-
cation of inverse models in control engineering and provides desired fea-
tures of an ”ideal” inverse model controller. The most promising existing
SOM-based approaches are presented and evaluated according to their
suitability to implement an inverse model controller, which forms the basis
for the new SOLIM approach.

Chapter 3: The SOLIM Approach The core of the thesis is a new SOM-based
algorithm framework that implements an inverse model controller. The as-
sociation of input and output support vectors is inherited from SOM, but
all other components of the SOLIM approach are new methods or methods
adopted from other fields. SOLIM interpolation is an extension of the
simplex interpolation [33, 34], which performs a continuous, local and thus
interpretable interpolation even when the dimension of the input support
vector grid is smaller than that of the input space [46, 41]. SOLIM ex-
trapolation performs a continuous and meaningful extrapolation [41, 43].
The simple SOLIM approximation update rule is separated from the self-
organisation rule and is derived from the inter- and extrapolation method
[44]. The SOLIM self-organisation update rule replaces the usual Ko-
honen update rule to eliminate problems during incremental learning [44].
The mapping and the learning part both rely on an explicit definition of a
neighbourhood-relation between support vector pairs. The SOLIM neigh-
bourhood definition for rectangular input support vector grids is based on
the Freudenthal tessellation [21, 1].

Chapter 4: Validation of the SOLIM Approach A number of simulations val-
idate the feasibility of the SOLIM approach. The performance of SOLIM
mapping is evaluated and an incremental learning procedure is performed
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for virtual nonlinear systems with ambiguous inverse behaviours [41, 43]. Fur-
thermore, the application of the SOLIM approach to a virtual two-joint kine-
matic module shows its incremental learning capabilities when the system
behaviour is time-variant and when successive desired system outputs are
correlated.

Chapter 5: SOLIM for Microrobot Control The SOLIM approach is applied
to the control of mobile microrobots in the framework of a micro- and
nanohandling station, which has been developed by the AMiR team. The
author’s contribution ranges from the control system architecture over the
closed-loop position controller for mobile microrobots to the application
of the SOLIM approach to the actuator controller module [32, 95]. The
SOLIM algorithm framework implements an actuator controller either as a
static map which is learned manually, or as a dynamic map which is learned
automatically and which can be incrementally adapted to a changed micro-
robot’s behaviour [44, 42]. Finally, the micro- and nanohandling station is
applied to the semi-automatic handling of µm-sized silicon lamellae,
which has been performed by the AMiR team [26, 27].

Chapter 6: Conclusion The features of the SOLIM approach, the simulation
results and the experimental results are summarised and an outlook on
unsolved problems and research directions is given with respect to this work.
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2. SOMs in Control Engineering

Self-Organizing Maps (SOM) are a type of artificial neural networks that learn un-
supervised, i.e. without an explicit teacher, and that are mainly used for data vi-
sualisation and classification problems. There are some approaches, though, where
SOM-based models are used in a control setup with supervised learning, result-
ing in so-called ”self-supervised” models [18]. These SOM-based controllers mainly
implement inverse models of the systems, which they control. The next sec-
tions describe the most important SOM-based controllers, starting with the basic
Self-Organizing Map and its features. The Local Linear Map was the first
approach, where SOM was used for the control of robotic systems, followed by
another successful approach, the Parameterised Self-Organizing Map. The
discrete nature of the SOM model lead to several developments that tried to in-
corporate interpolation into SOM mapping. Another limitation of basic SOM,
the predefined network size, opened another branch, the growing SOMs. When
comparing the existing approaches, it can be concluded that there are still some
features missing for an ”ideal” inverse model controller. The SOLIM approach in
this thesis tries to fill this gap.

2.1. Inverse Models

In a control engineering context an inverse model maps a desired system output
gd to a system input pa such that the measured system output gm is identical to
the desired one. The two most important cases, where an inverse model can be
found in a control system, are the following [69]:

1. An inverse model represents the whole controller in an open-loop control
system, also often referred to as direct inverse control (Fig. 2.1-a). A typical
example is the inverse kinematic problem, where the end-effector of a robot is
positioned to a desired global pose gd = sd by inverting the system behaviour
that maps local positions and orientations sa of the joints to measured global
poses gm = sm of the end-effector.

2. An inverse model represents the final control element in a closed-loop con-
troller, sometimes referred to as linearisation with an inverse characteristic of
the system (Fig. 2.1-b). An example is a mobile robot where an inverse model
maps desired velocities gm = vd to actuation parameters pa, such that the
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Figure 2.1.: Inverse model in (a) an open-loop control system and (b) a closed-
loop control system.

measured velocities gm = vm are as desired. A closed-loop controller then
determines desired velocities vd from the difference between desired poses sd

and measured poses sm.

There exist some other ways of integrating an inverse model into a control system,
e.g. by enhancing an existing PID controller with an additive feed-forward term
[81].

The ”ideal” inverse model G �→ P should have the following features:

Mapping The inverse model m maps unambiguously from input space G to output
space P , i.e. for any gd ∈ G there is exactly one pa ∈ P (Fig. 2.2-a). Analo-
gously, it is assumed that the system s to be controlled maps unambiguously
from output space P to input space G.

Interpretability The user has the possibility to interpret the map and to bias the
learning process with a-priori knowledge.

Inverse system behaviour All input vectors gd ∈ Gd that appear during opera-
tion are mapped to pa = m

(
gd
)
, such that the resulting output of the system

gm = s (pa) is ideally identical to gd (Fig. 2.2-b). This property requires that
Gd ⊆ s(P ), i.e. the system can output the desired value at all.

Automatic learning The mapping m : G �→ P is learned from knowledge about
system behaviour, which is available as input-output vector pairs (pa, gm).
The learning does not need any parameter tuning, except a desired mean of
the total system error ‖gm − gd‖.
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Figure 2.2.: Properties of an ideal inverse model: (a) The mapping m : G �→ P is
unambiguous. (b) A subsequent mapping of inverse model m : G �→
P and system s : P �→ G is the identity mapping. (c) A continuous
trajectory in G maps to a continuous trajectory in P .

Smoothness The mapping m : G �→ P is smooth, i.e. when moving along an
arbitrary, continuous trajectory in G, the trajectory in P is also continuous
(Fig. 2.2-c). It is assumed that the system behaviour s : P �→ G is also
continuous.

When looking at features that an inverse model should have, SOM-based approaches
show interesting properties that can be exploited during the design of an inverse
model controller. Firstly, SOM provides a mapping that can easily be interpreted
since it is based on a look-up-table [53]. Secondly, there are learning rules for SOM-
based maps that minimise the error between desired and measured system output
when using SOM as direct inverse controller [18]. Most important, though, is the
self-organisation aspect of the SOM learning rule, where SOM’s look-up-table-based
data is ordered according to a given scheme, called topology [53]. Assuming that
the map m is continuous, its inverse m−1, which approximates a continuous system
behaviour s, becomes continuous, too [47, 58]. Moreover, the ordering process can
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be seen as optimisation process, which resolves possible ambiguities when learning
the map m [73]. This property will be discussed in Subsect. 2.2.4.

In the following sections the SOM algorithm and the most important SOM-based
approaches for inverse modelling are presented and evaluated with respect to the
following desired properties of the input-output mapping and the learning. It
is assumed that the map is based on information stored in ”nodes”, which can be
artificial neurons, vectors, matrices, or any other data container.

Continuity of the mapping A mapping is continuous, if for all continuous tra-
jectories in the input space the resulting trajectories in the output space are
continuous, too. This property is important when an accurate inverse model
is needed and when sudden changes of the system input are not allowed.

Locality of the mapping A mapping is local, if for a certain input vector only
a local set of nodes is considered for the definition of the output. Locality of
the mapping is a necessary property for the interpretability of the mapping
and for local learning.

Interpretability of the mapping Although interpretability is a subjective prop-
erty, a mapping can be considered as interpretable, if the user can estimate
the map output for a given input with only knowing the data the map is based
on. Interpretability is an important feature for the monitoring of an inverse
model’s development and for its initialisation with a-priori knowledge.

Extrapolation of the mapping Extrapolation, i.e. the continuation of the map-
ping outside the area covered by the nodes, is important to have a ”mean-
ingful” inverse model in all areas of the input space and to be able to gain
system information for learning, too.

Locality of the learning The learning is local, if only a local set of nodes is
changed in each learning step. This feature is an important prerequisite for
incremental learning because it avoids the so-called ”catastrophic interfer-
ence”, where learning of one part of the network affects other parts that were
already a good inverse model.

Time-independence of the learning parameters The time-independence of all
learning parameters is a second prerequisite for incremental learning, espe-
cially when starting the learning from an unknown state of the network.

Resolution of inverse model ambiguities The most important property for the
learning of inverse models is the resolution of the mapping’s ambiguities when
the system behaviour is many-to-one. The problem, which is quite common
in robotics, can be solved by implicit or explicit optimisation criteria.
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2.2. Self-Organizing Map

2.2.1. Structure

The approaches that are presented in the next sections are all to some extent based
on the Self-Organizing Map (SOM) from T. Kohonen [52, 53]. SOMs are usually
used for the clustering and classification of data [51, 70] but only to a small extent as
an input-output map in modelling and control. A review of this special application
of SOMs can be found in [18].

SOM consists of numbered nodes1 ni, i = 1 . . . |N |. The nodes are arranged in
a topology that is defined by associated support vectors ci in a topology space
C. This topology can be one- or multidimensional and can have different shapes
like a rectangular grid or a hexagonal grid (Fig. 2.3). The neighbourhood relation
between two nodes ni and nk is expressed as a distance measure between their
associated topology support vectors ci and ck. Each node ni also has an input
support vector gi in an input space G and a corresponding output support vector
pi in an output space P associated to it, which is why this arrangement is called
associative memory or associative map.

SOM has the following two functions in the context of modelling and control:

1. Desired system outputs gd are mapped to corresponding inputs pa = m
(
gd
)

of the system to be controlled (Fig. 2.4-a).

2. System information, which is represented by pairs of training system inputs
pt and measured system outputs gm = s (pt), is used to learn the mapping,
such that the error m (gm) − pt is minimised (Fig. 2.4-b).

2.2.2. Mapping

When an input vector gd is presented to the network it outputs the output support
vector pa = pwd of the node nwd whose input support vector gwd has the smallest
distance to gd:

wd = argmin
i∈[1,|N |]

∥∥gd − gi

∥∥ (2.1)

SOM thus performs the mapping G �→ P , where |N | subspaces of G map to |N |
support vectors in P , called features (Fig. 2.4 and Fig. 2.5). Since the output vector
pa is the result of a selection from a set of output support vectors pi the mapping
is not continuous. There is thus neither an interpolation nor an extrapolation. On
the other hand the mapping is local and interpretable since the output support

1The nodes are often called ”neurons”. Although the development of SOM was motivated by
neurobiological observations these neurons will be referred to as ”nodes” throughout this thesis
because of their function in the neighbourhood graph.
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vector pwd corresponds to the node, whose input support vector gwd is closest to
the input vector gd.

2.2.3. Learning

Learning is performed in input space and in output space. Sometimes the two learn-
ing steps are performed simultaneously by updating support vectors in a combined
input-output space.

In the input space G the input support vectors gi are updated by applying the
Kohonen self-organisation learning rule:

g
(new)
i = g

(old)
i + εg,s · h (i, wd, rg

) · (gd − g
(old)
i ). (2.2)

Here, εg,s and h(·) are learning rates, where the latter has its maximum when
i = wd, and it decreases with the distance ||ci − cwd||

h
(
i, wd, rg

)
= exp

(
−||ci − cwd||2

2rg2

)
. (2.3)

rg defines the neighbourhood radius around the winning node in topology space
where h(·) has a significant value. By this method the input support vectors gi of
all nodes ni in the neighbourhood of the winning node nwd are dragged towards the
input vector gd, which thus represents an attractor (Fig. 2.4-a). This results in an
arrangement of the input support vectors which is similar to the given topology,
i.e. nodes which are neighbours in topology space C become neighbours in input
space G, too. The iterative application of a relatively local learning rule has thus a
global ”topology-conserving” effect, which is one of the many possible definitions of
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self-organisation [3]. Besides that, the input support vectors are arranged such that
they best represent a typical input vector distribution, i.e. the density of support
vectors gi is higher in areas where input vectors gd have occurred more often.

Learning in the output space P has two goals: Self-organising the output sup-
port vectors such that the given topology is represented, and approximating an
inverse model of the system behaviour. The self-organisation learning rule is there-
fore combined with knowledge on the system behaviour, given as pairs of system
input vector and measured system output vector (pt, gm) (Fig. 2.4-b and Fig. 2.6).
The training vectors pt are typically found by uniformly sampling the output space
P . The output support vectors pi are then updated in the same way as in the
G-space

p
(new)
i = p

(old)
i + εp,s · h (i, wm, rp) · (pt − p

(old)
i ), (2.4)

where εp,s and h(·) are learning rates as in the case of learning in input space. The
winning node nwm is found by the SOM map as the node with the input support
vector gwm that is closest to the measured system output gm. The training vector
pt serves as attractor for all output support vectors in the neighbourhood rp of that
winning node nwm . In the output space P self-organisation also shows the topology
conservation property, such that the output support vectors pi are arranged similar
to the arrangement of the corresponding topology support vectors ci. Also their
density matches the distribution of all pt in the output space P .

Important for the convergence of the mapping error and the topology represen-
tation is the decrease of the learning coefficients εg,s, εp,s and the radii rg, rp. This
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decrease is defined as a monotonically decreasing function of time ν

ε(ν) = εstart · (εstop/εstart)
ν/νmax (2.5)

r(ν) = rstart · (rstop/rstart)
ν/νmax , (2.6)

with νmax being the training time and rstart, εstart and rstop, εstop being the radii and
learning rates for ν = 0 and ν = νmax, respectively.

The Kohonen self-organisation rule forces the input and output support vectors
to arrange according to the same topology, given as arrangement of topology sup-
port vectors. This topology conversation is an important prerequisite for the
continuity of the mapping and its inverse and thus for the resolution of ambiguities
during learning as discussed in the next subsection. When applying the Kohonen
learning rule to learning an inverse model of a system behaviour during operation,
there are some problematic features. For a good and fast self-organisation the
neighbourhood radius εp,s starts at large values and decreases with time, as de-
scribed above. For a low approximation error, however, the neighbourhood radius
should be small, such that an update of an output support vector does not destroy
accurate values of its neighbours (interference). This is especially true when suc-
cessive system input vectors pt are correlated, e.g. when moving along a trajectory,
such that the same node is the winning node several times. Then its output sup-
port vector and all of its neighbours’ output support vectors are updated several
times and dragged towards similar pt. There are three aspects that complicate the
optimal setting of the neighbourhood radius.

1. Self-organisation and approximation have partially contradicting demands on
the neighbourhood radius. In [38] the neighbourhood radius is varied depend-
ing on a degree of regularity and in [39] and [72] it is varied according to an
approximation quality measure.

2. A large radius and thus a low locality can cause problems during incremental
training [49, 50]

3. The time dependency of the radius and also the learning rate is problematic
during incremental learning where no start and end time are defined [18].

Finally, when learning a SOM map during operation, each system input vector will
be one of the output support vectors because there is no interpolation and extrap-
olation in the basic SOM approach. Moving a certain neighbourhood of output
support vectors towards other output support vectors during self-organisation will
never allow the network of output support vectors to expand. It can only shrink.

2.2.4. Topology

The main feature of SOM is its ability to learn such that the topology is preserved
during the mapping from input space to output space. This means that the learning
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rule forces the arrangement of the input support vectors gi and the output support
vectors pi to be topologically equivalent to the arrangement of the topology support
vectors ci. This topological equivalence, which is also called homeomorphism,
can be visualised as the ability to deform one grid to the other without cutting it
apart or gluing pieces together. There are also metrics that define to which degree
the input support vector grid and the output support vector grid are topologically
equivalent [6, 7, 9, 8, 71, 86, 87].

More specifically, considering the application of SOM to learning an inverse
model m of a system behaviour s, homeomorphism means that there must exist
a definition of the mapping m between the support vector grids which has the
following properties [47, 58]:

• m is a bijection.

• m is continuous.

• m−1 is continuous.

The core of this thesis, the SOLIM approach, includes a mapping algorithm that
is continuous and that only relies on the topology-supported association of input
and output support vectors. The SOLIM mapping from the input space G to the
output space P can be inverted by simply exchanging the input support vectors
gi with the output support vectors pi. Assuming topological equivalence between
input space and output space, this inverse m−1 of the system behaviour’s inverse
model m is continuous, too. Topological equivalence, and with this symmetric
continuity, is thus a desirable learning goal, because most technical systems have a
continuous behaviour s. Moreover, even if topological equivalence has been reached,
the SOM self-organisation rule tries to optimise the similarity of the input and
output support vectors, such that m maps similar input vectors to ”even more
similar”output vectors. This similarity preservation can also be regarded as implicit
energy minimisation criterion, which resolves ambiguities during the optimisation of
the map m [73]. As an example consider Fig. 2.7-a, where the input support vectors
gi are ordered and the corresponding output support vectors pi lie exactly on the
characteristic of the system behaviour s. The inverse model m of the continuous
system behaviour s is not a bijection because its inverse m−1, which approximates
s, is not unambiguously defined. This ambiguity of m−1 is a result of the disorder
in the output support vector arrangement and yields a high approximation error.
By ordering the output support vectors pi the topologies in input and output space
become equivalent such that the mapping m is a bijection and continuous, and its
inverse m−1 is continuous, too (Fig. 2.7-b).
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2.3. Local Linear Map

Several extensions of the SOMs have been successfully applied to the control of
nonlinear, dynamic processes, whose inverse system behaviour can also be ambigu-
ous [18]. One of the most important enhancements of SOM has been the Local
Linear Map (LLM) [73], which has been further developed and applied to various
problems in robotics [67, 45, 32, 74, 18, 17] and system dynamics modelling [72, 16].

LLM has the same structure as SOM with input support vectors gi and output
support vectors pi that are connected to a predefined arrangement of topology
support vectors ci. But unlike SOM, which is based on local constant models, LLM
is based on local linear models, which are described by the output support vectors
pi and additional associated Jacobian matrices Ai. The mapping from an input
vector gd to an output vector pa is only based on the input and output support
vector and the Jacobian matrix of the node nwd which is winner with respect to the
input vector

wd = argmin
i∈[1,|N |]

∥∥gd − gi

∥∥ (2.7)

pa = pwd + Awd

(
gd − gwd

)
. (2.8)

Learning is performed by the Kohonen self-organisation rule in input space G,
output space P and matrix space A. In all three cases the nodes in the neigh-



2.3. Local Linear Map 19

input space G

ou
tp

ut
 s

pa
ce

 P

dg ( )d d d

a d

w w w
= + −p p A g g

output

input

1g 2g 3g 4g

1p

2p

3p

4p 4A

3A

2A

1A

inverse
model
LLM

m
apdg

ap

Figure 2.8.: Mapping with LLM: ”winner- takes-all” with local linear models.

bourhood of the winning node nwd are updated according to the Kohonen learning
rule

g
(new)
i = g

(old)
i + εg,s · h (i, wd, rg

) · (gd − g
(old)
i ) (2.9)

p
(new)
i = p

(old)
i + εp,s · h (i, wd, rp

) · (pe − p
(old)
i ) (2.10)

A
(new)
i = A

(old)
i + εA,s · h (i, wd, rA

) · (Ae −A
(old)
i ). (2.11)

The learning coefficients εg,s, εp,s and εA,s and the radii rg, rp and rA are decreased
over time according to Eq. 2.5 and Eq. 2.6, respectively. The attractors pe and Ae

for the self-organisation in output space and Jacobian matrix space, respectively,
are estimated by following the negative gradient of an error function

pe = pwd + δp ·Awd

(
gd − gm

)
(2.12)

Ae = Awd + δA · (Δp −AwdΔg) · (Δg)T , (2.13)

with the coefficients δp = 1 and δA = ||Δg||2 and the differences Δg = gm−gm,(old)

and Δp = pa−pa,(old). gm,(old) is the previous system output, pa,(old) is the previous
system input. The learning structure which transforms the system output error Δg
to a mapping error Δp with an estimated Jacobian Awd is referred to as specialised
training [69].

Since LLM has inherited some concepts of SOM it has also inherited some of its
features. The mapping is local and limited to only one node by the ”winner-takes-
all”-policy. Although the application of local linear models by a linear extrapolation
around each node is an enhancement compared to SOM, the mapping is still dis-
continuous at the borders between the models. Several extensions of LLM have
therefore been proposed to solve this problem [4, 5]. The association between input
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support vectors gi and output support vectors pi is intuitively easy to understand,
but the Jacobians Ai at each node are difficult to interpret by human beings and
are often not available for an initialisation of the map with a-priori-knowledge. The
decrease of the learning coefficient εg/p/A,s and the neighbourhood radius rg/p/A over
time and thus the increase of the locality of the learning over time is a drawback
when incremental learning is envisaged. Like SOM, LLM can also resolve the inverse
model’s ambiguities by the implicit neighbourhood-based criterion.

2.4. Parameterized Self-Organizing Map

An important approach that is related to SOMs and that has been designed to be
used for the control of robots is the Parameterized Self-Organizing Map (PSOM)
[91, 92]. The basic idea is to replace the discrete relation between topology sup-
port vectors, input space subspaces and output support vectors by a continu-
ous relation between the topology space C and the combined input-output space
W = G ⊗ P

w(c) =
∑

i

hi(c)wi. (2.14)

The basis function hi(c) has the properties hi(cj) = δ, ∀i, j = 1 . . . N and
∑

i hi(c) =
1, ∀c such that it implements a ”distribution of unity”. For a regular arrangement
of topology support vectors ci hi is composed by the product of 1-D Lagrange
polynomials for each dimension. The degrees of the polynomials depend on the
number of nodes in each dimension.

The actual mapping m is performed by finding the topology vector cd that maps
closest to the extended input vector wd and by mapping it to the corresponding
input-output vector wa = w

(
cd
)

wd =

[
gd

0

]
(2.15)

cd = argmin
c∈C

(
dist

G

(
wd,w(c)

))
(2.16)

wa =

[
...

pa

]
= w

(
cd
)
. (2.17)

distG(·) yields the Euclidian distance between its arguments only considering certain
dimensions, e.g. only the dimensions of input space G. The optimisation problem
in Eq. 2.16 is solved by descending on the error curve E(c) with the Levenberg-
Marquardt algorithm. The output vector pa is then recalled from the extended
output vector wa by selecting the dimensions that correspond to the output space
P .
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.

PSOM learning updates vectors in the combined input-output space W with a
target vector wt that consists of the system input pa and the resulting measured
system output gm

wt =

[
gm

pa

]
,wi =

[
gi

pi

]
. (2.18)

The learning rule is similar to the Kohonen learning rule, where each support vector
wi is updated according to the neighbourhood relationship to the winning node. In
the PSOM approach the input-output support vectors wi are changed by the error
between the target vector wt, i.e. the information on the system behaviour, and
the corresponding map output w (ct). The error is weighted by the contribution of
each support vector with respect to the target vector.

ct = argmin
c∈C

(
dist
W

(
wt,w(c)

))
(2.19)

w
(new)
i = w

(old)
i + ε · hi

(
ct
) · (wt − w

(
ct
))

(2.20)

PSOM has many interesting features, but also some drawbacks [91, 92]. First
of all, the mapping is either continuous or continuity problems that have been re-
ported are solvable. In addition, the map can be interpreted because it is only
based on input, output and topology support vectors. This includes that the map
can be initialised with data on the system to be controlled, which is often available
in robotic applications. The optimisation that is performed during every mapping
step can be exploited for setups with redundant degrees of freedom, since different
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maps with different optimisation criteria can be generated ”on-the-fly”. The reduc-
tion of ambiguities of the inverse system behaviour model m can only be performed
because the data is available in the map. E.g. when the system maps 6-D actuation
parameters pa to 3-D measured states gm, the controller, i.e. PSOM, must learn
a 6-D network to be able to calculate the most appropriate actuation parameters
pa for each desired system output gd according to the current optimisation crite-
rion. This way is more flexible than a 3-D controller map, but can also lead to some
computational overload. In addition, the influence functions hi have a global range,
which also rises the computational load for larger networks. In [93] local PSOM is
proposed, where the range of the influence functions hi is restricted to the support
vector ci and its next neighbours, resulting in 3× 3 . . . 3 sub-grids and thus a local
mapping. A main disadvantage of PSOM approach is the application of polynomial
basis functions which can lead to oscillations during interpolation and to an ”in-
creasingly curved” map [92] during extrapolation. In [93] the C-PSOM approach is
proposed where Chebyshev-spaced topology support vectors ci reduce the tendency
of oscillations during interpolation and increase the achievable approximation ac-
curacy. In [91] a heuristic is proposed to reduce the extrapolation problem. The
map can either be initialised directly with a-priori knowledge or it can be learned
with the SOM learning rule. PSOM inherits the problems of SOM with incremental
learning, i.e. partly global influence of update rule and time-dependence of learning
parameters.

2.5. Interpolating SOMs

Besides classic SOM, LLM and PSOM there are some other SOM-based approaches,
whose main task is to perform a continuous mapping from input space to output
space.

The Continuous Interpolating Self-Organizing Map (CI-SOM) [40] is a continu-
ous version of SOM-mapping. The basic algorithm, the Interpolating SOM (I-SOM)
[35, 37, 36] is based on local linear coordinate systems (CS) in the input space G
and the output space P . The origin of the CSs are defined by the winning node and
the next dC nodes whose input support vectors gi are closest to the input vector gd.
The mapping m : G �→ P is then performed by applying the input vector’s affine
coordinates in the input CS to the corresponding output CS. Since the CSs are
depending on the nodes with the dC + 1 closest input support vectors, a change of
the winning node leads to different CSs and thus to discontinuities between neigh-
bouring CSs. CI-SOM implements a more continuous transition between these CSs
by applying an inverse distance interpolation method that combines several CSs
instead of using only one CS. Another extension, CRI − SOM, implements a more
local combination of CSs. An advantage of CI-SOM is that the mapping is solely
defined by support vectors and that no inverse Jacobians are needed. Unfortu-
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nately, the local interpolation and the combination of CSs are still depending on
application- and topology-specific parameters, which may require a tuning before
each application of CI-SOM. Furthermore, CI-SOM has been designed for identifi-
cation, function approximation and data-analysis but it has not been applied as a
learning inverse model controller. It could replace the mapping part of the SOM
and with this inherit its learning properties.

The Continuous Self-Organizing Map (CSOM) [4, 5] is a continuous version
of LLM. For the mapping the output pa is not determined exclusively by one node,
but several of the |N | nodes ni whose input support vectors gi are close to the input
vector gd contribute with their output support vectors pi (Fig. 2.10)

pa =

|N |∑
i=1

fi

(
gd
) · pi. (2.21)

The influence function fi

(
gd
)

of each node ni is centred around its input support
vector gi and limited by the neighbouring input support vectors, where it decreases
from 1 to 0 according to a natural cubic spline function. The resulting mapping
is therefore also continuous. The interpolation method is computationally efficient
but it depends on interpolation parameters, which have to be tuned. All other
features, positive and negative, are inherited from LLM.
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2.6. Growing SOMs

A whole class of SOM-based algorithms is related to the Neural Gas Network (NG-
Network) [64] and the Growing Neural Gas Network (GNG-Network) [30, 29]. The
main advantage of these methods is the flexible definition of the neighbourhood by
sorting the input support vectors according to their distance to the input vector,
such that an a-priori definition of a topology is not required anymore. Furthermore
the number of nodes is dynamically increased or decreased. The NG-network and
the GNG-network arrange the input support vectors according to their frequency
of occurrence. More recent approaches like the Instantaneous Topological Map
(ITM) [50, 49] and the Incremental Clustering and Evolving/Evaluating-method
(ICE-method) [88] arrange the input support vectors according to the approxima-
tion error. All these methods mainly learn topologies but they don’t approximate
(except the ICE-method) and they are not used as learning controller. Only in [31]
the GNG-network is combined with LLM.

2.7. Conclusion

The analysis of existing approaches shows that there is no SOM-based approach
that can directly implement a learning inverse model controller, which continues
learning during operation. The SOLIM approach tries to close this gap.

2.7.1. Existing Approaches

Inverse models are an important method in control engineering, where the in-
verse model directly implements a feed-forward controller or where it linearises the
actuator-sensor behaviour. The basic SOM approach shows some interesting prop-
erties for the implementation of a learning inverse model controller, also in contrast
to classic artificial neural networks like multi-layer perceptron (MLP) networks [69].
Firstly, since each node is exclusively responsible for a local area of the input space,
the behaviour of the input-output map is interpretable by human beings. More im-
portant for the application to inverse model controllers, the neighbourhood-based
learning rule provides a means for the resolution of the inverse model’s ambiguities.
SOM provided a good starting point for the development of enhanced mapping
and learning approaches for robotics and control. The most important, which are
presented in this chapter, are summarised in Tab. 2.1. LLM was the first com-
plete SOM-based algorithm framework for robot control. The local linear models
allow for extrapolation outside the convex hull of the support vectors and provide a
means for the estimation of output support vectors, such that the mapping error is
minimised. Nevertheless, the dependency on the inverse model’s Jacobians makes
an interpretation or an initialisation with a-priori knowledge difficult. Moreover,
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Feature SOM LLM PSOM CI-SOM CSOM SOLIM

Mapping
Continuity - - x x x x
Locality x x x/- x x x
Interpretability x - x x - x
Extrapolation - x x/- x x x

Learning
Locality x/- x/- x/- [x/-] x/- x
Time-indep. params. - - - [-] - x
Ambiguity resolution x x x/- [x] x x

Table 2.1.: Comparison of features of different SOM-based methods

the sometimes global influence of the learning rule and the time-dependency of the
learning parameters are not suitable for applications where the map is learned dur-
ing operation and where successive input vectors are correlated. Furthermore, LLM
shows some discontinuities at the borders of the nodes’ influence range, which can
be avoided by using the CSOM interpolation algorithm as an extension of LLM.
The PSOM approach does not model the inverse system behaviour but models the
system behaviour and finds an optimal inverse during runtime. It provides a con-
tinuous and interpretable mapping, which is based on polynomials. Depending on
the configuration of the map these polynomials can lead to oscillations during inter-
polation and strong distortions during extrapolation. PSOM inherits the learning
properties of SOM, i.e. time-dependence of locality, etc. The ambiguity resolution
of PSOM is flexible and can even change its optimisation criterion ”on-the-fly”, but
for the price that the whole system behaviour must be modelled. The last interest-
ing approach is CI-SOM, which mainly implements a continuous interpolation for
SOM. The resulting mapping is continuous and local, only depends on the support
vectors and performs a meaningful extrapolation. The only drawback is the de-
pendency on application- and configuration-specific interpolation coefficients. The
focus of this development lies on the continuous mapping. The learning is probably
performed by the SOM-learning rule but detailed information on that topic was not
available.

2.7.2. The SOLIM Approach

The envisaged features of the SOLIM algorithm framework are therefore to provide
a method for a continuous, local and interpretable mapping, that also performs a
meaningful extrapolation, and to provide a new learning method that is local, does
not use time-dependent learning coefficients and that exploits the neighbourhood
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relation for the resolution of the inverse models’ ambiguities. Furthermore the
SOLIM algorithm framework must be easy to use, i.e. there should be as little
parameters as possible to be adjusted by the user. As shown in the following
sections, this goal can be reached to a certain extent by the SOLIM approach, only
the topology must still be provided by the user. Some directions for future research
on SOLIM are given in Sect. 6.2.
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3. The SOLIM Approach

The main structure of the Self-Organising Locally Interpolating Map is based
on the standard SOM-approach, where input support vectors are associated with
output support vectors. The application of the SOLIM approach as ideal inverse
model controller then defines the main working principles. SOLIM mapping is
an extension of simplex interpolation as it is used in music synthesis control, and it
also features extrapolation. SOLIM learning is divided into an approximation and
a self-organisation part. The approximation part locally learns the output support
vector that has been most responsible for the measurement, and the new self-
organisation rule locally rearranges the neighbouring vectors around this output
support vector. SOLIM topology construction tessellates the input space for
the mapping and ensures that the topology has features which are exploited during
self-organisation.

3.1. Structure and Principle

The task of the SOLIM network is to learn a continuous, smooth inverse model
m : G �→ P of a system behaviour s : P �→ G, such that the difference between
the desired system output gd and the measured system output gm is minimised
(Fig. 3.1-a).

The structure of the SOLIM network is similar to the structure of an ex-
tended SOM network [53] (Fig. 3.2). The network N consists of |N | nodes ni =
(gi,pi, ci, Bi). Each node ni associates an input support vector gi ∈ G with an
output support vector pi ∈ P and thus forms a kind of look-up table. In addition,
each node ni has an associated support vector ci in topology space C and a set Bi

of nodes nb
i,k that define its neighbourhood.

The following steps are performed during operation in the context of a learn-
ing controller, i.e. during the learning of a model of an inverse system behaviour
(Fig. 3.1-b, -c and Fig. 3.2). These steps are explained in more detail in the follow-
ing sections.

1. Mapping A desired system output is mapped to actuation parameters m :
gd �→ pa.

2. System Response The actuation parameters pa are applied to the system
and the system output is measured s : pa �→ gm.
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3. Approximation The pair (gm,pa) describes the system behaviour. Using
gm as map input yields a winning node nwm that has the highest influence
with respect to gm. Therefore, the corresponding output support vector pwm

is updated such that the mapped output of gm is approximately pa.

4. Self-Organisation in Output Space The output support vectors around
the winning node nwm are updated with help of a self-organisation rule to
arrange the output support vectors according to the given topology.

5. Self-Organisation in Input Space The input support vectors can be pre-
arranged according to the given topology or they can be learned with help
of a self-organisation rule, where all input support vectors belonging to a
neighbourhood of the winning node nwd are moved towards gd. The winning
node nwd is the node that has the highest influence with respect to the input
vector gd.

The main principles that are applied throughout the design of SOLIM have
been set according to the ideal inverse model controller defined in section 2.1:

Topology conservation The main principle of SOLIM mapping and learning is
the consequent exploitation of the topology conservation across the input
space G, the topology space C and the output space P , i.e. neighbouring
support vectors in G, C and P have similar geometrical relationships to each
other. With an appropriate interpolation method topology conservation leads
to a smooth mapping, such that self-organisation, which forces support vectors
to be arranged according to a given topology, can resolve ambiguities when
modelling an inverse system behaviour. In addition, a defined topology in G,
C and P contains valuable information for interpolation and extrapolation
[91].

Local mapping The output for a given input vector is defined by a local set of
neighbouring output support vectors that correspond to the input support
vectors around the input vector. A local mapping can be easily interpreted
and can also be initialised with a-priori knowledge, i.e. with known pairs of
input and output support vectors.

Continuous mapping To ensure the continuity of the mapping, all operators that
are used in the mapping steps must be continuous.

Local learning Approximation as well as self-organisation is performed locally,
i.e. its influence is limited to a set of neighbouring nodes, such that parts of
the map that are well-learned won’t be distorted. Especially during approx-
imation only the nodes that are responsible for the output must be updated
in coherence with the local mapping.
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No external parameters All learning rates and parameters are either constant
or adapt to the current state of the network. This allows for a quick setting-up
of SOLIM and, more importantly, incremental learning can only be performed
if the mapping and learning parameters are valid over a large range of network
states.

Relative differences All distance measures within the input space or output
space are given as fraction of differences between support vectors. These
distance measures are thus independent of scaling differences between the in-
put and output space dimensions, such that a normalisation is not necessary
any more.

3.2. Mapping

The mapping part of the SOLIM algorithm framework finds a unique output vector
pa ∈ P for each input vector gd ∈ G and is solely depending on the network of
nodes, i.e. on the topology-supported association between input support vectors
gi ∈ G and output support vectors pi ∈ P . The input vector gd may lie within
the convex hull of neighbouring input support vectors, such that the output vector
is determined as interpolation between the output support vectors (Fig. 3.2). If
the input vector lies outside the convex hull, the output vector is determined by
extrapolation of the border nodes’ behaviour. In cases where the dimension dG

of the input space is smaller than the dimension dC of the topology space, the
separation is not that clear, and an input vector can be eligible for interpolation
and extrapolation.

The mapping is performed by first analysing the input vector in input space and
then synthesising the output vector in output space.

Analysis The geometrical relation of the input vector gd with respect to the ar-
rangement of input support vectors gi, which is defined by their neighbour-
hood Bi, is analysed, yielding an interpolation value fi and an extrapolation
value xi for each node ni.

gd → gi, Bi → fi, xi

Synthesis The output vector pa is synthesised, such that its geometrical relation
with respect to the arrangement of output support vectors pi corresponds to
the interpolation values fi and to the extrapolation values xi.

fi, xi → pi, Bi → pa
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By using the same characteristic influence values fi and xi during the analysis and
during the synthesis, pa has the same geometric relation to the arrangement of
output support vectors as gd has to the arrangement of input support vectors.

Before applying the output of the mapping to a real system, it is bounded by
minimum and maximum values to prevent the system from being damaged by
too high voltages or currents. These values must be known beforehand and are
parameters during the initialisation phase.

3.2.1. Interpolation

SOLIM interpolation is based on simplex interpolation as it is used in music
synthesis control [68]. It is applied to the SOLIM structure and extended such that
it can be used with an input space dimension dG which may be larger than the
dimension dC ≤ dG of the topology space C. SOLIM interpolation determines
influences for each node that depends on the input vector. These influences are
then used as weights during the synthesis of the output vector. The influence
limits of each node are solely defined by its neighbouring nodes, which is similar to
the definition of membership functions in fuzzy logic. Moreover, all mapping steps
of SOLIM interpolation can be seen in relation to fuzzy logic.

During the design of SOLIM interpolation the principle of topology conser-
vation has been followed. Neighbouring nodes form simplices in input space and
output space. The basic idea is that an input vector gd has the same position within
a simplex defined by input support vectors gi as the output vector pa has within
the simplex defined by the corresponding output support vectors pi. This means
that, if the input vector can be expressed as linear combination gd = f1g1 + f2g2 of
two input support vectors, the same relation can be applied for the corresponding
output vector pa = f1p1 + f2p2. Also the principle of local mapping is followed
by defining the set of influence limits Li of a node ni as the convex hull of all neigh-
bouring input support vectors gb

i,j|nb
i,j ∈ Bi. This ensures that only neighbouring

nodes have an influence fi > 0 and that therefore the set of nodes responsible for an
output is local. The mapping is continuous because only continuous operators
are used, such as the dot product, a continuous blending function b(·), the min(·)-
operator, a continuous normalising function, and the sum of vectors weighted by
the resulting continuous influences. Also, each influence limit is defined equally for
the nodes on both limit sides. For the interpolation no external parameters
are required. Only the set of nodes ni = (gi,pi, ci, Bi) with the corresponding
support vectors in the input space G, output space P and topology space C and
a neighbourhood Bi are required. Finally, all distance measures are given as rel-
ative differences between support vectors, which is the basic idea of barycentric
coordinates used in simplex interpolation.
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Simplex Interpolation

A simplex is the dC-D analogue of a line in 1-D, a triangle in 2-D and a tetrahedron
in 3-D. Generally, a dC-D simplex is defined as the convex hull of dC +1 nodes, often
called vertices. Simplex interpolation has been chosen as a base for the development
because it is a local technique, it is continuous and relatively simple [2].

First, the simplest case shall be considered, which is the interpolation between
nodes of a network with a 1-D topology. This means that each two neighbouring
nodes define an interpolation cell, i.e. a line (Fig. 3.3-a). Assume that the 1-D input
support vectors gi ∈ G, i = 1, 2, . . . |N |, are ordered according to their positions ci

in topology space C. The output support vectors pi ∈ P are arbitrarily arranged.
The mapping G �→ P from an input vector gd, which is located between two
neighbouring input support vectors gα and gβ, to an output vector pa is calculated
as the weighted sum of the corresponding output support vectors

pa =
dα

hα

· pα +
dβ

hβ

· pβ (3.1)

= fα · pα + fβ · pβ. (3.2)

hα is the distance between gα and the opposite limit of the line, given by gβ. dα

is the distance between the input vector gd and the same limit given by gβ. The
quantities hβ and dβ are calculated accordingly.

The interpolation method can be extended to a network with a 2-D topol-
ogy. This means that each three neighbouring nodes define an interpolation cell,
i.e. a triangle (Fig. 3.3-b). Like in the 1-D case the 2-D input support vectors gi

are ordered according their positions ci in topology space C, the output support
vectors pi are arranged arbitrarily. More information on ordering is given in sub-
section 3.3.2. For an input vector gd that is located within the triangle defined by
three neighbouring input support vectors gα, gβ and gγ the output vector pa is
calculated in analogy to the 1-D case as

pa =
dα

hα
· pα +

dβ

hβ
· pβ +

dγ

hγ
· pγ (3.3)

= fα · pα + fβ · pβ + fγ · pγ . (3.4)

The quantities hα, hβ , hγ, dα, dβ and dγ are calculated according to the same rules
as in the 1-D case. hα is the distance between gα and the opposite limit of the
triangle, the line given by gβ and gγ. dα is the distance between the input vector
gd and the same limit given by gβ and gγ .

The extension of the interpolation method to networks with a topology with
arbitrary dimension dC follows the same rules as the extension from a 1-D to a
2-D topology.

• Each set of ν = dC + 1 neighbouring nodes nα, α = 1 . . . ν, defines an inter-
polation cell, a dC-D simplex.
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Figure 3.3.: Simplex Interpolation for (a) a 1-D network and (b) a 2-D network.

• Each node nα in a simplex has a corresponding limit lα that is defined by all
other nodes nκ of that simplex.

• The barycentric coordinates fα of an input vector gd that lies within a sim-
plex given by gα are defined as the distances between the input vector gd

and the limits lα in input space, each relative to the distance between the
corresponding input support vector gα and the same limit lα in input space

fα =
dα

hα
=

dist
(
gd, lα

)
dist (gα, lα)

. (3.5)

If gd lies within the simplex, i.e. the complex hull of all gα, the barycentric
coordinates are fα ≥ 0, ∀α. Reversely, the barycentric coordinates fα can be
used to construct the input vector gd as the weighted sum of input support
vectors gα

gd =

ν∑
α=1

fα · gα. (3.6)

• The output vector pa that corresponds to the input vector gd has the same
barycentric coordinates fα within the corresponding output simplex given by
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Figure 3.4.: Mapping from a 2-D input space to a 1-D output space with a 1-D
network.

pα. pa is therefore the weighted sum of the corresponding output support
vectors pα with the barycentric coordinates fα as weights

pa =

ν∑
α=1

fα · pα. (3.7)

SOLIM Interpolation

Simplex interpolation as described above requires that any input vector appears
in the convex hull of a simplex. This implies that topology and input space have
the same dimension. In many robotic applications, though, it is more desirable to
have a network with a topology space dimension dC that is smaller than the input
space dimension dG. E.g. when a tool centre point is monitored in 3-D by two
cameras, 4-D input support vectors that are arranged in a 3-D topology would be
the most efficient model.

SOLIM interpolation is based on simplex interpolation but changes the focus
from simplices to nodes because with dC < dG an input vector gd will probably
not be within a certain simplex defined by input support vectors, but close to
the network of input support vectors. E.g. a 2-D input vector will probably not
be exactly on one of the lines defined by neighbouring input support vectors that
are arranged in a 1-D topology, but it will be close to one or more lines (Fig. 3.4).
Therefore, instead of interpolating between the nodes of one simplex, each node has
a continuous influence with respect to the current input vector. The influences are
then normalised and used as weights for the corresponding output support vectors
to generate the output vector. This viewpoint is more related to fuzzy logic or
radial basis functions.

During the analysis part of the mapping (see above) an influence fi is calculated
for each node ni. This influence is maximal for input vectors gd that are located
at the corresponding input support vector gi and decreases to 0 at limits, which
are solely defined by the associated set Bi of neighbouring nodes (Fig. 3.5). In the
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Figure 3.5.: Influence fi of a node ni (a) defined by two neighbours in a 1-D
network and (b) defined by six neighbours in a 2-D network. fi is
100% for gd = gi and decreases to 0% at the influence limits.

input space G each limit li,j ∈ Li can be defined by a position vector gl
i,j on the

limit and a normal vector gn
i,j perpendicular to the limit. The derivation of gl

i,j and
gn

i,j from the set of neighbouring nodes will be given later in this section.
The influence of a node ni with respect to an input vector gd depends on the

relative distances di,j, j = 1, 2, . . . |Li| of the input support vector gi to the input
vector gd towards the limits li,j (Eq. 3.8). This relative distance measure is in-
line with the design principles of the SOLIM approach. It is related to differences
between support vectors and takes into account the direction gn

i,j towards each limit,
such that it implements a low-level normalisation with respect to the network of
support vectors. An explicit normalisation is therefore not necessary.

di,j =

∣∣gn
i,j ·

(
gd − gi

)∣∣∣∣gn
i,j ·

(
gl

i,j − gi

)∣∣ . (3.8)

A blending function then maps the relative distance di,j between input vector
and input support vector to the influence fi,j of the node ni with respect to the
limit li,j (Eq. 3.9). The blending function yields an influence of fi,j = 1 for di,j < 0,
an influence of fi,j = 0 for di,j > 1 and an arbitrary continuous and monotonous
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Figure 3.6.: Transition of the influence fi,j of a node i with respect to limit li,j
according to blending functions in Tab. 3.1.

No. Name Definition b (di,j) for 0 ≤ di,j ≤ 1

(a) shifted sigmoid (1 + exp (−10 · (0.5 − di,j)))
−1

(b) squared cosinus cos2 (di,j · π/2)
(c) linear decrease 1 − di,j

(d) Gaussian bell exp
(−5 · d2

i,j

)
(e) natural cubic spline 1 − 3 · d2

i,j + 2 · d3
i,j

Table 3.1.: Selection of blending functions.

transition in-between. This transition can have many different shapes with different
linearity and differentiability as shown in Fig. 3.6 and Tab. 3.1. In the simplest case,
the linear decrease, each influence fi,j is identical to the barycentric coordinates of
the simplex interpolation when the input vector gd lies within the simplex defined
by the input support vector gi and the neighbouring input support vectors gl

i,j,m,
m = 1, 2, . . . dC , defining the limit li,j ∈ Li.

fi,j = b (di,j) . (3.9)

The influences fi,j of a node ni with respect to each limit li,j are then combined
with the min(·)-operator to yield the influence fi of the node (Eq. 3.10). The min(·)-
operator selects the highest of the limit-specific influences fi,j and thus selects the
most relevant of the set of simplices that are defined by ni and all of its neighbours
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(Fig. 3.5). For the continuity of the whole mapping it is important that the min(·)-
operator is a continuous operator.

fi = min (fi,j) (3.10)

In the synthesis part of the mapping the influences values fi, which describe the
relative closeness of the input vector gd to the input support vectors gi, are used as
weights to combine the output support vectors pi (Eq. 3.11). Therefore, the output
vector has the same relation to the arrangement of output support vectors as the
input vector has to the arrangement of input support vectors. Both relations are
expressed by the influence values fi

pa =

|N |∑
i=1

f̃i · pi. (3.11)

f̃i are the |N | influence values fi, but normalised such that their sum
∑

f̃i becomes
1. In standard simplex interpolation the sum of influences fi is always 1. In SOLIM
interpolation, though, the sum of influences fi can have any positive value because
the input vector does not necessarily fall within exactly one simplex and because
nonlinear blending functions might be used. Therefore, down-scaling is performed
if the sum

∑
fk of all |N | neurons’ influence values exceeds 1. If the sum

∑
fk is

smaller than or equal to 1, down-scaling is not performed to avoid division-by-zero
problems for the case when all fi = 0. Instead, all influence values are increased
uniformly such that the sum becomes 1

f̃i =

{ fiP
fk

if
∑

fk > 1

fi + (1 −∑
fk)/|N | otherwise

. (3.12)

Influence Limits

SOLIM interpolation relies on the definition of an influence fi for each node that
depends on the current input vector gd and that defines the weight for the synthesis
of the output vector pa. The influence for the node ni is fi = 1 for an input vector
gd = gi and decreases to fi = 0 at its limits.

There are two groups of nodes that influence the definition of a limit li,j for
a node ni (Fig. 3.7). Firstly, the limit is defined by the neighbouring nodes nl

i,j,m,
m = 1, 2, . . . dC , that, together with ni, define the simplex si,j. This definition allows
SOLIM interpolation to be similar to simplex interpolation because the influence of
the node ni is fi = 0 for input vectors that are located at the facet that is opposite
to gi of the simplex in input space. This means that for an input vector gd which
is located at any input support vector gi only the influence of the corresponding
node ni is fi �= 0 and the output vector is exactly the corresponding output support
vector pa = pi. The definition of the limit li,j with nl

i,j,m is sufficient for the case
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facet. (a) 1-D topology, line-simplices. Limit normal defined by gi

and go
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when the input space dimension dG is equal to the topology space dimension dC .
In that case dC nodes nl

i,j,m define all of the limit’s dG degrees of freedom. When
the input space dimension dG is larger than the topology space dimensions dC the
neighbouring nodes nl

i,j,m only define dC of the limit’s dG degrees of freedom. The
remaining degrees of freedom are defined by the node ni itself and the node no

i,j

that shares the facet given by nl
i,j,m, m = 1, 2, . . . dC of the simplex. This definition

allows having the same limit definition for ni and for no
i,j .

During SOLIM interpolation the limit li,j is defined by the position vector gl
i,j on

the limit and the normal vector gn
i,j, which is perpendicular to the limit (Fig. 3.7).

The position vector can be easily found as the input support vector corresponding
to one of the neighbouring nodes belonging nl

i,j,m to the simplex si,j.

gl
i,j = gl

i,j,1 (3.13)

The calculation of the normal vector is started with the sum of the normalised
differences gnl = gl

i,j,1 − gi and glo = go
i,j − gl

i,j,1, which involve the node ni itself
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and the node no
i,j on the other side of the limit

gn
i,j =

gnl

‖gnl‖ +
glo

‖glo‖ . (3.14)

This definition leads to equal angles between the limit normal gn
i,j and gnl and

between the limit normal gn
i,j and glo. As an example assume that gi is a 3-D

support vector belonging to a network with 1-D topology space (Fig. 3.7-a). The
position vector of one of its two limits li,1 would be defined by its neighbour gi+1

and the normal vector would be defined by the support vector gi itself and the
support vector gi+2 on the other side of the limit. There are cases when there is no
node go

i,j on the other side of the facet which is opposite to ni. Then the glo-part
of Eq. 3.14 vanishes.

In the case of a 1-D topology (dC = 1) the definition in Eq. 3.14 is sufficient. In all
other cases (dC > 1) the limit normal gn

i,j must be perpendicular to the differences
gr

i,j,k, k = 2, 3, . . . dC , between the support vectors defining the limit facet opposite
to gi

gr
i,j,2 = gl

i,j,2 − gl
i,j,1 (3.15)

gr
i,j,3 = gl

i,j,3 − gl
i,j,1 (3.16)

. . . = . . . (3.17)

gr
i,j,dC = gl

i,j,dC − gl
i,j,1. (3.18)

An iterative algorithm then makes the limit normal gn
i,j as defined in Eq. 3.14

perpendicular to all gr
i,j,k. In each step the difference vectors gr

i,j,k that have not
been applied on gn

i,j yet are also made perpendicular to the current difference vector
gr

i,j,k to make the changes on gn
i,j being linearly independent of each other.

• Make gn
i,j and gr

i,j,3, . . . , g
r
i,j,dC−1 perpendicular to gr

i,j,2

• Make gn
i,j and gr

i,j,4, . . . , g
r
i,j,dC−1 perpendicular to gr

i,j,3

• ...

• Make gn
i,j and gr

i,j,dC perpendicular to gr
i,j,dC−1

• Make gn
i,j perpendicular to gr

i,j,dC

A vector gin can be made perpendicular to gref by changing gin in the direction
of gref such that the dot product of the resulting vector gout and gref becomes
0 (Fig. 3.8, Eq. 3.19). The scaling μ for that change in direction of gref can
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Figure 3.8.: Making gin perpendicular to gref results in gout.

be obtained by multiplying (Eq. 3.19) with gref and by solving the result for μ
(Eq. 3.20).

gout = gin − μ · gref (3.19)

μ =
gref · gin

gref · gref
(3.20)

Relation to Fuzzy Logic

SOLIM interpolation can also be seen as a fuzzy logic (FL) interpolator (Tab. 3.2
and Fig. 3.9). The input support vectors gi can be regarded as cores of input
membership functions (MF) μg

i (g) describing input fuzzy sets F g
i . These input

MFs are defined as the dependency of the SOLIM influence fi on the input vector
gd. (3.8), (3.9) and (3.10) therefore perform a fuzzification step and find the degree
of membership αi for each input fuzzy set with respect to a crisp input vector gd.
The rule base is the association of each input fuzzy set F g

i (premise part) with an
output fuzzy set F p

i (conclusion part). The corresponding MFs μp
i (p) are singletons,

i.e. they are equal 1 for p = pi and 0 otherwise. Limiting the output MF μp
i (p)

with a min(·)-operator to the corresponding degree of fulfillment αi of the premise of
each rule i yields the conclusion MF μ̃p

i (p) for each rule. These conclusion MFs are
then aggregated with the

∑
-operator to an overall conclusion MF μa (p). The last

two steps, limiting the output MF and aggregation, are referred to as SUM-MIN
compositional rule of inference. During SOLIM interpolation these inference steps
are not explicitly performed since the use of singletons allows a combination with
the following defuzzification step, implemented in (3.12) and (3.11) as a centre-of-
gravity method.

3.2.2. Extrapolation

For extrapolation two methods are proposed. The method that is easy to implement
but has a relatively high computational price is the extrapolation by network
extension, where a layer of nodes is successively added at each border of the
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FL declaration FL notation SOLIM notation

Fuzzification di,j (g) =
|gn

i,j ·(g−gi)|
|gn

i,j ·(gl
i,j−gi)| di,j =

|gn
i,j ·(gd−gi)|

|gn
i,j ·(gl

i,j−gi)|
μg

i,j (g) = b (di,j (g)) fi,j = b (di,j)

αi = μg
i

(
gd
)

= min
(
μg

i,j

(
gd
))

fi = min(fi,j)

Inference μ̃p
i (p) = min (αi, μ

p
i (p)) p̃i = fi · pi

μa (p) =
∑

i μ̃
p
i (p)

Defuzzification pa =
P

i αi·piP
i αi

pa =
P

i p̃iP
i fi

Table 3.2.: Relation between SOLIM interpolation and FL interpolation.
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Figure 3.9.: SOLIM interpolation with FL notation.
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topology. The neighbourhood-based extrapolation, which will be referred to
as SOLIM extrapolation throughout this work, adds an extrapolation component
to each border output support vector during the synthesis of the output vector.
This extrapolation component depends on the input vector and the neighbourhood
of the corresponding output support vector.

During the design of the SOLIM extrapolation method the principle of topology
conservation is followed since the input vector outside the simplices has the same
relation to each border input support vector and its neighbourhood as the output
vector has with respect to corresponding border output support vector and its
neighbourhood. This means that the input vector can be expressed with the same
interpolation and extrapolation values using the input support vectors as the output
vector can be with the output support vectors. Also the principle of local mapping
is followed by using the local influence values from interpolation as weights when
combining the extrapolation components in the synthesis step. The mapping is
continuous because the dependency of the extrapolation component on the input
vector is determined with continuous operators. For the extrapolation no external
parameters are required. Only the set of nodes ni = (gi;pi; ci; Bi) with the
corresponding support vectors in the input space G, output space P and topology
space C, and a neighbourhood relationship Bi are required. Finally, all distance
measures are given as relative differences between border support vectors and
neighbouring support vectors.

Extrapolation by Network Extension

An extrapolation of a map can be achieved by a successive extension of the network
in each dimension as shown in Fig. 3.10. A network with a dC-D topology is thus
first extended in the first dimension, then the resulting network is extended in the
second dimension, etc. until the resulting network is extended in the dCth dimen-
sion. Since the nodes ni are placed on a regular grid with unit-spacing in topology
space (see section 3.4 for details), an extension at a border node nb along a dimen-
sion k is done by adding a node nx relatively to the node nr. The reference node
nr is the only neighbour of nb along the kth dimension, the sign for its calculation
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Figure 3.10.: Extrapolation by a successive topology extension. First extension:
dashed lines, second extension dotted lines.

is positive for the lower boundary and negative for the upper boundary.

cr = cb ±

⎡
⎢⎢⎢⎢⎢⎣

c1 = 0
...

ck = 1
...

cdC = 0

⎤
⎥⎥⎥⎥⎥⎦ (3.21)

cx = (1 + rx) · cb + cr (3.22)

gx = (1 + rx) · gb + gr (3.23)

px = (1 + rx) · pb + pr (3.24)

Extrapolation by network extension has the advantages that it is relatively simple to
implement and to interpret. The user can also define to what extent rx the network
will extrapolate, given as fraction of the difference gb − gr. The main disadvantage
is the added number of nodes and thus the added necessary computational effort.
E.g. when having a network with 3 · 3 · 3 = 27 nodes the extended network would
contain 5 · 5 · 5 = 125 = 4.6 · 27 nodes, which all have to be considered during each
mapping process.

Neighbourhood-based Extrapolation

An extrapolation of a map can also be achieved by adding an extrapolation com-
ponent px

i to each output support vector pi before combining them to an output
vector.

px
i = xi · pη

i (3.25)

pa =

|N |∑
i=1

f̃i · (pi + px
i ) (3.26)
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Figure 3.11.: Extrapolation component px
i = xi · pη

i corresponds to relative dis-
tance gx

i = xi · gη
i of input vector gd from border input support

vector gi.

The weight xi for the extrapolation component px
i defines the distance of the input

vector gd from the input support vector gi in the direction of gη
i (Fig. 3.11 and

Fig. 3.12)

xi =

(
gd − gi

)
gη

i

gη
i
2 . (3.27)

gη
i is the mean difference vector between the input support vector gi and all input

support vectors gβ
i,k in an extrapolation neighbourhood Bβ

i . Analogously, pη
i is the

mean difference vector between the output support vector pi and all output support
vectors in the same extrapolation neighbourhood Bβ

i

gη
i =

∑
nβ

i,k∈Bβ
i

(
gi − gβ

i,k

)
(3.28)

pη
i =

∑
nβ

i,k∈Bβ
i

(
pi − pβ

i,k

)
. (3.29)

This neighbourhood can be the neighbourhood Bi, which is used for the influence
limit definition, or it can be defined as all neighbours within a certain radius in
the topology space C. In the remainder of this work Bβ

i shall be the set of the
3dC − 1 direct neighbours in the dC-dimensional topology space C, i.e. the 2 direct
neighbours for dC = 1, the 8 direct neighbours for dC = 2, etc.

Neighbourhood-based extrapolation exploits the topology conserving feature of
Self-Organising Maps. All relations can be applied in all spaces. This includes the
definition of the mean distance of a support vector to its neighbourhood as given
in Eq. 3.28 for the input space and in Eq. 3.29 for the output space, as well as the
extrapolation component that has been defined in Eq. 3.25 for the output space
but could also be defined in input space (Eq. 3.30). Finally, the synthesis of the
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output vector in Eq. 3.26 corresponds to the approximation of the input vector in
Eq. 3.31

gx
i = xi · gη

i (3.30)

gd ≈
|N |∑
i=1

f̃i · (gi + gx
i ). (3.31)

3.3. Learning

There are two goals for the learning task: The SOLIM map approximates an in-
verse system behaviour, and the input and output support vectors are both arranged
according to a predefined topology, such that similar input vectors are mapped to
similar output vectors, and the mapping thus becomes smooth.

In standard SOM learning, approximation and self-organisation in output space
are performed in one step by using the estimate for approximation as attractor
for the self-organisation of the output support vectors. In PSOM learning, the
combined approximation and self-organisation is performed in a combined input-
output space. In SOLIM learning, the single steps are separated to better control
their influence on the map. The approximation step updates the output support
vectors of the node nwm that has the highest influence on the pair of system input pa

and measured system output gm. The self-organisation in output space then
locally arranges the output support vectors of the nodes around nwm according
to a topology to ensure that the inverse of the mapping is continuous, too. The
self-organisation in input space, if activated at all, arranges the input support
vectors of the nodes according to the topology. Finally, deadlock situations
may appear if the gradient of the map is so low that the node nwm with the highest
influence on (pa, gm) is always the same. These situations are detected and resolved.
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Figure 3.13.: Approximation: (a) Preliminary estimate p̂wm by inversion of map-
ping. (b) Better estimate pe,a by scaling down support vector change
p̂wm − pwm.

3.3.1. Approximation

During the design of SOLIM approximation the same principles as with the mapping
are followed since the inversion of the mapping algorithm yields an estimate for the
output support vector which is to be updated. This means that the topology
conservation is exploited to find an estimate for the node that would be most
responsible for the measured system output. Furthermore, a local learning is
performed because only the output support vector that corresponds to this node
is updated. For the approximation step no external parameters are required
except a learning rate, which can be kept constant.

The idea behind the approximation (Fig. 3.13-a) is to change an output support
vector pwm in the mapping pm = m (gm), such that pa = pm, i.e. the SOLIM
map passes through the point (pa, gm) of the system behaviour. There are several
output support vectors that had an influence on pm but since only one point of the
system behaviour is given the output support vector pwm with the highest influence
is used for updating.
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First, the synthesis equation for pm is rearranged to identify the influences
of different output support vectors on the output.

pa = pm (3.32)

pa =

|N |∑
i=1

f̃m
i (pi + px

i ) (3.33)

pa =

|N |∑
i=1

f̃m
i pi +

|N |∑
i=1

f̃m
i xm

i pη
i (3.34)

pa =

|N |∑
i=1

f̃m
i pi +

|N |∑
i=1

f̃m
i xm

i |Bβ
i |pi +

|N |∑
i=1

f̃m
i xm

i ph
i (3.35)

pa =

|N |∑
i=1

f̃m
i

(
1 + xm

i |Bβ
i |
)

pi +

|N |∑
i=1

f̃m
i xm

i ph
i (3.36)

pa =

|N |∑
i=1

f̃m
i ξm

i pi +

|N |∑
i=1

f̃m
i xm

i ph
i (3.37)

with f̃m
i and xm

i being the interpolation and extrapolation weight, respectively, of
each node ni with respect to the input vector gm. ξm

i is just a substitution for
1 + xm

i |Bβ
i |, where |Bβ

i | is the number of neighbours of node ni contributing to the
extrapolation component px

i . ph
i is the sum of the output support vectors of all

these extrapolation-relevant neighbours

ph
i =

∑
k|nk∈Bβ

i

pk (3.38)

Eq. 3.37 shows that the support vector pwm of the most relevant node nwm appears
in the first sum of pa and as part of ph

i . The second appearance can be neglected be-
cause pwm is only a neighbour of a few border nodes with a low influence f̃m

i < f̃m
wm.

Solving Eq. 3.37 for pwm thus yields an expression for a preliminary estimate
p̂wm of pwm

pa = f̃wmξwmpwm +

|N |∑
i=1,i�=wm

f̃m
i ξm

i pi +

|N |∑
i=1

f̃m
i xm

i ph
i (3.39)

p̂wm =
1

f̃wmξwm

⎛
⎝pa −

|N |∑
i=1,i�=wm

f̃m
i ξm

i pi +

|N |∑
i=1

f̃m
i xm

i ph
i

⎞
⎠ . (3.40)

The interpolation and extrapolation influences of the winning node nwm are given by
the simpler notation f̃wm = f̃m

i=wm and xwm = xm
i=wm , respectively. The substitution
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ξwm = ξm
i=wm follows the same rule. Calculating the difference between the estimate

p̂wm and the old value of pwm yields a much simpler expression

p̂wm − pwm =
1

f̃wmξwm

(3.41)⎛
⎝pa −

|N |∑
i=1,i�=w

f̃m
i ξm

i pi − f̃wmξwmpwm +

|N |∑
i=1

f̃m
i xm

i ph
i

⎞
⎠ (3.42)

p̂wm − pwm =
1

f̃wmξwm

(pa − pm) . (3.43)

If pwm would be updated to p̂wm , gm would be mapped to pa. But, assuming that
the gradient of the SOLIM map is similar to the gradient of the system behaviour
(Fig. 3.13-b and Fig. 3.14), scaling down the change p̂wm −pwm of pwm by f̃wm

yields a better estimate pe,a for pwm . The interpolation weight f̃wm is chosen to
scale down because it describes the ratio of pe,a − pwm to p̂wm − pwm .

pe,a = pwm + f̃wm (p̂wm − pwm) (3.44)

pe,a = pwm +
f̃wm

f̃wmξwm

(pa − pm) (3.45)

pe,a = pwm +
1

ξwm

(pa − pm) (3.46)

When an extrapolation is performed, ξwm > 1 because xwm > 0. When an in-
terpolation is performed, ξwm = 1 because xwm = 0, such that pe,a simplifies to
(pwm + pa − pm). pwm is then moved towards pe,a with a constant approximation
learning rate εp,a

p
(new)
wm = p

(old)
wm +

(
pe,a − p

(old)
wm

)
· εp,a (3.47)

p
(new)
wm = p

(old)
wm +

1

ξwm

(pa − pm) · εp,a. (3.48)

3.3.2. Self-Organisation in Output Space

Self-organisation is performed by ordering the direct neighbourhood of the node
nwm , which is the most relevant node with respect to the measured system output
gm, i.e. the node that has been updated during the approximation step. The prin-
ciple of local learning is thus followed during the design of the self-organisation
rule. The self-organisation rule states that output support vectors, whose topol-
ogy support vectors are located opposite to each other with respect to cwm, must
also be opposite to each other in output space with respect to pwm . The result is
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Figure 3.15.: SOLIM-self-organisation in output space by aligning a candidate
support vector pc with respect to the winning support vector pwm

and the opposite reference support vector pr.

thus a topology conservation in the relation between topology space and output
space. The new positions of the neighbouring output support vectors are estimated
by adopting corresponding relative differences from the input space. The self-
organisation learning rate is calculated in relation to the approximation learning
rate, and the parameters for the calculation of this relative change are kept constant,
such that no external parameter is necessary.

During SOLIM self-organisation all neighbour pairs (nr, nc) ∈ R of the winner
node nwm , whose topology vectors are in-line with respect to cwm in topology space,
are changed in the output space to be in-line with pwm . Each of these neighbour
pairs consists of a reference node nr = (gr,pr, cr, Br), which has the smaller approx-
imation error Δr and remains unchanged, and a candidate node nc = (gc,pc, cc, Bc),
which has the larger approximation error Δc and is updated with a self-organisation
learning rate εp,s (Fig. 3.15)

p(new)
c = p(old)

c + εp,s · (pe,s − p(old)
c

)
. (3.49)

The set R of neighbour pairs (nr, nc), is found as all node pairs within the extrap-
olation neighbourhood Bβ

wm which have an exactly opposite position in topology
space with respect to cwm

R =
{

(nr, nc) |nr, nc ∈ Bβ
wm, Δr < Δc, cwm − cr = cc − cwm

}
. (3.50)

For each candidate node nc an estimate for its output support vector pc is found
by aligning pc to the difference (pwm − pr) and by adopting the relation between
||gc − gwm|| and ||gwm − gr|| in the output space (Fig. 3.16)

pe,s = pwm +
||gc − gwm ||
||gwm − gr|| · (pwm − pr) . (3.51)
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The self-organisation learning rate is calculated for each candidate node and
depends on the approximation learning rate εp,a, on a ratio rp and on the candidate
node’s number of neighbour pairs uc = |Bβ

c |/2

εp,s = 1 − (1 − rp · εp,a)1/uc . (3.52)

Averaged over time, an output support vector is moved uc times in a self-organisation
step when it is moved once in an approximation step (Fig. 3.17). Thus an out-
put support vector is moved relatively with dp,s = 1 − (1 − εp,s)uc towards a self-
organisation estimate pe,s when it is moved relatively with dp,a = εp,a towards an
approximation estimate pe,a

rp =
dp,s

dp,a
(3.53)

rp =
1 − (1 − εp,s)uc

εp,a
. (3.54)

Solving Eq. 3.54 for εp,s then yields Eq. 3.52. The ratio rp is used as a parameter
of the self-organisation learning rate in Eq. 3.52 and depends on the degree of
disorder δ of the three nodes nr, nwm and nc, and on the approximation error Δc

of the candidate node nc

rp = max
(
t
(
Δl

c, Δ
h
c , r

p,Δ,l, rp,Δ,h, Δc

)
, t
(
δl, δh, rp,δ,l, rp,δ,h, δ

))
, (3.55)
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Figure 3.17.: Left: Relative change dp,a of pwm towards its estimate pe,a after one
approximation step with update rate εp,a. Right: Relative change
dp,s of candidate output support vector pc towards its estimate pe,a

after u self-organisation steps with update rate εp,s.

where y = t(xl, xh, yl, yh, x) describes a linear transition from yl to yh between xl

and xh. Fig. 3.18 shows the characteristic curve of rp with typical values of Δl
c = 0.1,

Δh
c = 1.0, rp,Δ,l = 0, rp,Δ,h = 0.7, δl = 30◦, δh = 120◦, rp,δ,l = 0 and rp,δ,h = 1.0.

The idea behind Eq. 3.55 is to decrease the self-organisation learning rate smoothly
from a high value for disordered SOLIM maps that approximate badly to a low
value for ordered SOLIM maps that approximate well (Fig. 3.19).

SOLIM self-organisation minimises the angle between pc − pwm and pwm − pr,
which is consequently chosen as a measure for the degree of disorder δ (Fig. 3.20)

δ = arccos (dcw · dwr)
180◦

π
(3.56)

dcw =
pc − pwm

||pc − pwm|| (3.57)

dwr =
pwm − pr

||pwm − pr|| . (3.58)

A similar ”degree of regularity” is defined in [38].
The approximation error is measured and stored for each node. The difference

between cm and cd, which are the corresponding mapping images of gm and gd in
topology space, is stored as the approximation error Δwd of the node nwd

Δwd = ‖cd − cm‖. (3.59)

cd and cm are computed analogously to pa and pm, respectively (Fig. 3.20). cx
i is

computed analogously to px
i (compare Subsect. 3.2.2)

cd =
∑

i=1...|N |
f̃d

i · (ci + cx
i ) (3.60)

cm =
∑

i=1...|N |
f̃m

i · (ci + cx
i ) . (3.61)
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Measuring the approximation error in topology space makes the measure relatively
independent of scale differences between the dimensions and relates it to the small-
est distance between topology support vectors.

3.3.3. Self-Organisation in Input Space

Self-organisation in the input space G is often not necessary because in typical
robotic applications the input support vectors can be predefined according to a
topology. E.g. to cover the desired velocity range of the mobile microrobot platform,
the input support vectors can be placed on a 3-D grid. If this is not the case, they
can be learned with the Kohonen self-organisation rule [53] and the input vectors gd

as attractors. Special attention must be taken when succeeding input vectors gd are
strongly correlated as it is the case in many robotic applications if the tool centre
point moves along a trajectory [50, 49]. The classic Kohonen self-organisation rule
will then let the input support vector network contract along the gd-trajectory
if the learning rate is not small enough. In addition, when changing the input
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support vectors gi the corresponding output support vectors pi must be changed
accordingly. Throughout this work, the input support vectors are predefined and
kept constant.

3.3.4. Deadlock-Situations

It may happen that the SOLIM map is in a deadlock situation, where the learning
algorithms described above can only decrease the approximation error or the degree
of disorder for a small number of nodes. The detection and resolution of such a
deadlock situation is done locally, leaving the rest of the network unchanged, to
respect the principle of local learning. For the detection of a deadlock situation
a constant threshold is used but no external parameter is required.

The problem of a deadlock occurs when the gradient of the SOLIM map is so low
that, at least locally, always the same node nwm is most relevant for gm (Fig. 3.21).
As a consequence, only the output support vector pwm of this node is updated dur-
ing approximation and only output support vectors belonging to its neighbourhood
Bβ

wm are updated during self-organisation. Deadlock situations are detected by
associating a counter λi to each node ni, counting how often this node has been
assigned an approximation error 0.5 ≤ Δi ≤ 1.5, i.e. how often a desired SOLIM
map input gd has yield a measured system output gm with approximately 1 node
distance. After each mapping step the deadlock counters λwd and λwm are updated.
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• If 0.5 ≤ Δwd ≤ 1.5 then increase λwd by one. This rule detects the nodes that,
when being most relevant to the desired input gd, invoke an approximation
update of the same neighbouring output support vector pwm.

• Set λwm to zero. This rule defines the deadlock of a node as resolved when
it is the winning node nwm, i.e. when its output support vector is updated
during an approximation step and when its neighbourhood is self-organised.

Each time a deadlock counter λwd reaches a multiple of a given threshold λh an
attempt to resolve the deadlock situation is performed by assigning a value to pwd

that is chosen randomly from a subspace S ⊆ P . This subspace S is an ”allowed
subspace” A ⊆ S, which is scaled up around its centre by a factor ρ ≥ 1. ρ is
typically chosen to be around 2. The ”allowed subspace” A describes the subspace
of system inputs pa for which the measured system output gm = s (pa) is inside the
subspace of desired system outputs gd. Initially, the allowed subspace A is empty. It
is updated and possibly extended after each measurement of the system behaviour.
A is extended by a system input pa if the corresponding system output gm is
inside the subspace of desired system outputs gd. Finally, the allowed subspace is
bounded by the subspace that is defined by the current output support vectors of
the network.

3.4. Topology Construction

A topology in a Self-Organizing Map is typically defined by the support vectors
ci, i = 1, 2, . . . |N |, in topology space C [53, 73, 91, 49]. The distance between
two topology support vectors is then used as a measure for their neighbourhood
relationship, which is an important learning parameter during the application of
the Kohonen self-organisation rule.

A SOLIM topology consists of topology support vectors ci, i = 1, 2, . . . |N | and,
in addition, corresponding sets of neighbouring nodes Bi, which explicitly describe
the neighbourhood relationship between nodes. The sets of neighbouring nodes Bi

are used for SOLIM interpolation (section 3.2) and, as an extended version Bβ
i , for

SOLIM extrapolation (section 3.2) and SOLIM self-organisation (section 3.3). The
definition of Bi is closely connected to the definition of simplices si,j that define
the influence range of each node ni during SOLIM interpolation (Fig. 3.22). On
one hand, the simplices si,j of a node ni are defined by the node ni itself and the
sets of nodes nl

i,j,m that are both, neighbours to ni and neighbours to each other.
On the other hand, the set of neighbours Bi can be defined as the union set of all
nodes ns

i,j of all simplices si,j belonging to ni, excluding ni itself. In addition, for
the definition of an influence limit li,j of a node ni, the node no

i,j is required that
belongs to the adjacent simplex, which shares all nodes of the simplex si,j, except
ni. Here again, ”sharing nodes of a simplex” can also be interpreted as ”having the
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7,j on the other side of the limits.

same nodes in their neighbourhood”. The neighbourhood Bi and the simplices si,j

are thus equivalent descriptions and it is important that they are consistent. In
this section the definition of the simplices si,j will be given first, followed by the

definition of the neighbourhood sets Bi and Bβ
i .

For a convenient implementation of SOLIM interpolation the following con-
straints have been set:

• There should be a local rule for the construction of a neighbourhood.

• Every node should have the same neighbourhood and influence definition,
except nodes that are on the border of the network and therefore have less
neighbours and limits.

• The user must be able to easily interpret the network in the input or output
space, which shows the support vectors and their neighbourhood relationship.

One suitable way to construct a dC-D topology with these constraints is to regularly
cascade unit-lines in 1-D, unit-squares in 2-D, unit-cubes in 3-D and dC-D unit-
hypercubes in dC-D. (Fig. 3.23-a, -b and -c, and Fig. 3.23-d, -e and -f). Each of
these dC-D hypercubes is segmented, such that it only contains dC-D simplices.



60 3. The SOLIM Approach

a)

b)

c)

g)

h)

i)

neighbour

(0) (1) (0) (1)(-1)

(1,1)

(1,0)

(0,1)

(0,0)

(1,0)

(1,1)

(0,-1)

(0, 1)

(-1,0)

(-1,-1)

(0,0,0) (1,0,0)

(0,1,0)

(0,0,1)

1
cs

1
cs

2
cs

1
ps2

ps

1
ps2

ps

3
ps

4
ps

5
ps6

ps

d)

e)

f)

1c 2c 3c 4c

1c 2c 3c 4c

5c 6c 7c 8c

9c 10c 11c 12c

13c 14c 15c 16c

1c 2c 3c
6c

7c 12c
13c

16c 17c 18c

Figure 3.23.: Systematic neighbourhood construction: a) Unit-line, b) unit square
segmented into triangles and c) unit-cube segmented into tetrahe-
dra. d) 1-D network by cascading unit-lines, e) 2-D network by
cascading unit squares and f) 3-D network by cascading unit-cubes.
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The topology support vectors ci, i = 1, 2, . . . |N |, are thus arranged at a grid with
unity distance.

For the segmentation of a dC-D cube such that it only contains dC-D simplices
the Freudenthal tessellation[21, 1] is the most elegant method (Fig. 3.23-a, -b and
-c). Each dC-D simplex sc

j, j = 1, 2, . . . , νc, within the dC-D cube is defined by the
ordered set of ν = dC + 1 vertices vc

j,k

sc
j =

[
vc

j,1,v
c
j,2, . . . ,v

c
j,ν

]
. (3.62)

The vertices are defined locally, i.e. with respect to a vertex vc
j,1 = (0, 0, . . . 0)T ,

which is common to all simplices within the cube. The vertices can be found
iteratively as

vc
j,k = vc

j,k−1 + eπj(k−1) , for k = 2, . . . , ν, (3.63)

where e1, e2, . . . edC is the unit basis of R
dC

and πj are the permutations of the set{
1, 2, . . . dC

}
. Since a set of dC numbers has dC ! permutations there are νc = dC !
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dC-D simplices in a dC-D hypercube. As an example consider the case dC = 2,
where the basis is e1 = (1, 0) and e2 = (0, 1). The permutations can be π1 = (1, 2)
and π2 = (2, 1). The two simplices corresponding to the permutations are then
defined as

sc
1 =

[
vc

1,1,v
c
1,2,v

c
1,3

]
(3.64)

sc
2 =

[
vc

2,1,v
c
2,2,v

c
2,3

]
,

with the vertices

vc
1,1 = (0, 0) (3.65)

vc
1,2 = vc

1,1 + eπ1(1) = (1, 0)

vc
1,3 = vc

1,2 + eπ1(2) = (1, 1)

vc
2,1 = (0, 0)

vc
2,2 = vc

2,1 + eπ2(1) = (0, 1)

vc
2,3 = vc

2,2 + eπ2(2) = (1, 1).

From the hypercube simplices sc
j simplex prototypes sp

j can be derived, serving
as a template for the calculation of the simplices si,j which belong to each node
ni (Fig. 3.23-g, -h and -i). Since a topology support vector can be at each corner
of a dC-D hypercube and thus at each vertex of the dC-D simplices, the simplex
prototypes sp

j can be found by translating each of the dC ! simplices by each of their
dC + 1 vertices (compare Fig. 3.23-a and -d, Fig. 3.23-b and -e and Fig. 3.23-c
and -f). This means that there are νp =

(
dC + 1

)
! simplices sp

j , j = 1, 2, . . . , νp,
belonging to a node ni

sp
j =

[
vp

j,1,v
p
j,2, . . . ,v

p
j,ν

]
. (3.66)

The vertices are defined as
vp

j,k = vc
p,k − vc

p,q, (3.67)

with the indices p − 1 = (j − 1) ÷ ν and q − 1 = (j − 1) mod ν. In the index
formulae ”÷” divides without remainder and ”mod” is the modulo operator. As an
example, the 2-D hypercube simplices as defined in Eq. 3.64 and Eq. 3.65 are used
to define 2-D simplex prototypes sp

j

sp
1 =

[
vc

1,1 − vc
1,1,v

c
1,2 − vc

1,1,v
c
1,3 − vc

1,1

]
= [(0, 0), (1, 0), (1, 1)] (3.68)

sp
2 =

[
vc

1,1 − vc
1,2,v

c
1,2 − vc

1,2,v
c
1,3 − vc

1,2

]
= [(−1, 0), (0, 0), (0, 1)]

sp
3 =

[
vc

1,1 − vc
1,3,v

c
1,2 − vc

1,3,v
c
1,3 − vc

1,3

]
= [(−1,−1), (0,−1), (0, 0)]

sp
4 =

[
vc

2,1 − vc
2,1,v

c
2,2 − vc

2,1,v
c
2,3 − vc

2,1

]
= [(0, 0), (0, 1), (1, 1)]

sp
5 =

[
vc

2,1 − vc
2,2,v

c
2,2 − vc

2,2,v
c
2,3 − vc

2,2

]
= [(0,−1), (0, 0), (1, 0)]

sp
6 =

[
vc

2,1 − vc
2,2,v

c
2,2 − vc

2,3,v
c
2,3 − vc

2,3

]
= [(−1,−1), (−1, 0), (0, 0)]
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To derive the simplices si,j , j = 1, 2, . . . , νp, for each node ni, the simplex pro-
totypes sp

j are moved to the corresponding topology support vectors ci. Fig. 3.23-e
shows the 2-D simplex prototypes given in Fig. 3.23-h applied to c7. The sim-
plices are then described by the nodes ns

i,j,k, k = 1, 2, . . . , ν that correspond to the
resulting topology support vectors cs

i,j,k

si,j =
[
ns

i,j,k|cs
i,j,k = sp

j + ci

]
(3.69)

The set of nodes ns
i,j,k without ni itself is then identical to the set of nodes nl

i,j,m

on the corresponding limit li,j.
To determine the node no

i,j , whose topology support vector is located on the
other side of a limit li,j with respect to that of a node ni, ci must be pivoted
into co

i,j. Pivoting by reflection from one vertex vp
j,k of a simplex sp

j into the vertex
ṽp

j,k, which lies on the other side of the facet opposite to vp
j,k is defined as [1]

ṽp
j,k = vp

j,k−1 − vp
j,k + vp

j,k+1, , for k = 2, . . . , ν − 1, (3.70)

ṽp
j,1 = vp

j,ν − vp
j,1 + vp

j,2, (3.71)

ṽp
j,ν = vp

j,ν−1 − vp
j,ν + vp

j,1. (3.72)

Since the first element vp
j,1 = 0 of each simplex prototype corresponds to ci, the

topology support vectors co
i,j belonging to the node no

i,j are found by applying
Eq. 3.71 with vp

j,1 = 0 and adding the result to ci

no
i,j|co

i,j = ci + vp
j,ν + vp

j,2. (3.73)

The definition of the neighbourhood Bi must be given in accordance to the
simplex prototype definition. The union of all vertices that are used during the
calculation of the hypercube simplices sc

i in Eq.3.63, except 0, contains all 2dC − 1
combinations of unit basis vectors and yields the first half Bp1 of the neighbourhood
prototype set Bp = Bp1 ∪ Bp2

Bp1 =
{
vp1 = a1e1 + a2e2 + . . . + adCedC |ai ∈ {0, 1}} \0. (3.74)

In addition, a neighbourhood relation is reflexive, i.e. if vp
k is a neighbour prototype

direction, then −vp
k must also be a neighbour prototype direction. Therefore, all

2dC −1 combinations of negative unit basis vectors {−e1,−e2, . . . ,−edC}, except 0,
must also be included in the neighbourhood prototype set Bp, resulting in 2(2dC −1)
neighbour prototypes

Bp2 =
{
vp2 = a1e1 + a2e2 + . . . + adCedC |ai ∈ {−1, 0}} \0. (3.75)

The neighbourhood Bi of each node ni is then found by moving the neighbourhood
prototype vectors vp

k ∈ Bp
i to the corresponding topology support vectors ci and

by finding the corresponding node.

Bi =
{
nb

i,k|cb
i,k = vp

k + ci

}
(3.76)
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Dimension # Simplex # Limits # Neighbours
of Topology in Hypercube per Node per Node

1-D 1 2 2
2-D 2 6 6
3-D 6 24 14

dC-D dC !
(
dC + 1

)
! 2

(
2dC − 1

)
Table 3.3.: Course of dimensionality: Number of dC-D simplices in a dC-D unit

hypercube. The maximum number of limits and the maximum number
of neighbours for each node depend on the topology dimension dC .

The definition of the extended neighbourhood Bβ
i , which is used for extrapo-

lation and self-organisation, includes all 3dC − 1 closest nodes with respect to their
distance in topology space, i.e. the extended set Bβ,p of prototype neighbours vβ,p

includes all 3dC
combinations of positive and negative unit basis vectors, except 0.

The extended neighbourhood is then found in analogy to Eq. 3.76.

Bβ,p =
{
vβ,p = a1e1 + a2e2 + . . . + adCedC |ai ∈ {−1, 0, 1}} \0, (3.77)

Bβ
i =

{
nβ

i,k|cβ
i,k = vβ,p

j + ci

}
(3.78)

The number of computing operations mainly increases with the number of
nodes in the network and with the number of limits per node because for every
node ni, the influence fi,j towards almost each limit must be evaluated. Because of
the min-operator in Eq. 3.10 the evaluation for a node can be stopped earlier when
an influence is fi,j = 0, but this does not change the qualitative dependency on dC .
In essence, the number of operations for a mapping and a learning step increases
with about

O
(
dC
) ∼ (

dC + 1
)
! · γdC

, (3.79)

where γ is the number of nodes in each dimension (Fig. 3.24 and Tab. 3.3).

3.5. Conclusion

The SOLIM approach has been designed to implement an inverse model controller
with the design goals given in Sect. 2.1.

The SOLIM structure is inherited from SOM, where input support vectors
are associated with output support vectors and topology support vectors, together
called nodes. In contrast to SOM, though, the neighbourhood relation between two
nodes is given explicitly during the constrained topology construction, and it also
defines simplicial complexes in input space, in output space and topology space.
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Figure 3.24.: Course of dimensionality: the product (solid line) of the number of
nodes in the network (dashed line) times the number of limits per
node (dash-dotted line) rises faster with the topology dimension dC

than exponentially (dotted line). Condition: 5 nodes per topology
dimension.
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SOLIM mapping consists of an interpolation and an extrapolation component.
Both components are based on transferring the position of a given input vector with
respect to the input simplicial complex to an output vector with a similar position
with respect to the output simplicial complex. The mapping is continuous because
the dependency of the influence of each node on the input vector is continuous.
Moreover, the influence of each node is limited by the input support vectors of its
neighbours, such that the mapping is local and thus interpretable.

SOLIM learning also follows a different approach compared to existing SOM-
based controllers. Firstly, the approximation and the self-organisation phase are
separated to better adjust their properties. For the derivation of the relatively
simple approximation update rule, the mapping from a measured system output to
the applied system input is solved for the output support vector with the highest
influence on the measured system output (winning node). During self-organisation,
all neighbours of the winning node that are opposite in topology space are aligned
to become opposite in output space, too. The new learning approach is local be-
cause only the output support vector with the highest influence and its neighbours
are updated during each iteration step. As a second prerequisite for incremental
learning, all learning parameters are kept constant or are adapted automatically.
Finally, the self-organisation rule not only depends on the degree of disorder but
also on the approximation error, such that inverse model ambiguities are resolved
towards an ordered output support vector arrangement with a low approximation
error.
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4. Validation of the SOLIM
Approach

This chapter assesses the mapping performance and the learning performance
with respect to systems with known behaviour. The systems are modelled as func-
tions pa �→ gm with different characteristics. In addition to the simulations pre-
sented in this chapter, extended simulation examples for the mapping and learning
performance evaluation are given in Appendix. B.

4.1. Mapping

The first important feature of the SOLIM framework, the mapping performance,
is evaluated by initialising the SOLIM map with known support vectors and by
comparing the output with the output of the function the map approximates. The
mapping error is then compared to the error of other approaches. The mapping is
also simulated for the case when the input support vectors are placed on a non-
regular grid and for the case when the topology space dimension is smaller than
the input space dimension.

4.1.1. Mapping Performance Comparison

A typical system for approximation tasks where numbers on approximation errors
are available is the 2-D Gaussian bell, which is defined as

pa = gauss
(
gd
)

= exp

(
−1

2
·
((

gd,1 − μ

σ

)2

+

(
gd,2 − μ

σ

)2
))

. (4.1)

In the following simulations the mean and the standard deviation will be set
to μ = 0.5 and σ = 0.1, respectively (Fig. 4.1-a). The mapping is initialised
with 5 x 5 nodes, whose input support vectors gi are placed at the positions
gi,1, gi,2 ∈ {0.1, 0.3, 0.5, 0.7, 0.9} and whose output support vectors pi are placed
at the corresponding positions pi = gauss (gi).

To evaluate the interpolation performance the RMS-error for SOLIM map-
ping is computed in the range gd,1, gd,2 ∈ [0, 1] (Fig. 4.1-b). The RMS-error of 0.043
is comparable to the RMS-errors of other algorithms, which are listed in Tab. 4.1.
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Algorithm RMS-error

PSOM 0.79
local PSOM 0.049
SOLIM 0.043
RBF 0.041
I-SOM 0.040
CRI-SOM 0.016

Table 4.1.: RMS-error for approximation of 2-D Gaussian bell (μ = 0.5, σ = 0.1)
with 25 support vectors in the range gd,1, gd,2 ∈ [0, 1]. All values from
[40], except for SOLIM, which is based on simulation of 51 x 51 points
within same range (see also [43]).

In Appendix. B.1 the mapping performance is evaluated for different blending func-
tions.

To evaluate the extrapolation performance, the RMS-error is computed in a
larger range gd,1, gd,2 ∈ [−0.5, 1.5] (Fig. 4.1-c). The extrapolation is reasonable, but
the RMS-error of 0.057 is relatively large because the falling slope at the borders
is continued although the Gaussian bell approaches the zero-plane. This error can
be decreased significantly by using more neurons that better represent the slopes,
e.g. by placing 7 x 7 neurons in the same area, yielding an RMS-error of 0.024
(Fig. 4.1-d).

4.1.2. Non-regular Grid

One of the advantages of the SOLIM mapping approach, and of the simplex in-
terpolation, is that it is not relying on a regular but only on an ordered grid of
input support vectors. In Fig. 4.1-e 5 x 5 input support vectors gi are arranged on
a circular grid with an inner circle radius of 0.28 and outer radius of 0.4 around[

0.5 0.5
]T

. The output support vectors pi are placed at the corresponding po-
sitions pi = gauss (gi) such that the input-output mapping in Fig. 4.1-f yields an
RMS-error of 0.039, which is slightly lower than the RMS-error of 0.043 of the
regular grid mapping.

4.1.3. Small Topology Space Dimension

Another feature of SOLIM mapping is its ability to perform a continuous, meaning-
ful mapping even if the topology space dimension dC is smaller than the input space
dimension dG. In Fig. 4.2-a the four input support vectors gi of a 1-D network are
shown in the 2-D input space G. The corresponding 1-D output support vectors
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Figure 4.1.: (a) 2-D Gaussian bell, gd,1, gd,2 ∈ [0.0, 1.0]. SOLIM-approximation
with (b) 5 x 5 nodes, gd,1, gd,2 ∈ [0.0, 1.0], (c) 5 x 5 nodes, gd,1, gd,2 ∈
[−0.5, 1.5] and (d) 7 x 7 nodes, gd,1, gd,2 ∈ [−0.5, 1.5]. (e) Circu-
lar arrangement of 5 x 5 nodes and (f) resulting approximation,
gd,1, gd,2 ∈ [0.0, 1.0].
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Figure 4.2.: (a) Arrangement of four input support vectors of a 1-D network in
2-D input space. (b) SOLIM input-output mapping.

g1...4 are initialised to 2, 3, 7, 5 and 4. Fig. 4.2-b shows that the input-output map
is continuous and meaningful and that it is exact at the input support vectors.

4.2. Learning

The second important feature of the SOLIM framework, the learning performance,
is evaluated by applying the SOLIM map output to a virtual system and by us-
ing the measured system output to learn the SOLIM map. Systems with strong
nonlinearities as well as systems with ambiguous inverse behaviours are investi-
gated. Finally, an inverse map for a two-joint kinematic module with a changing
behaviour is learned incrementally at different similarity coefficients for successive
desired system outputs.

4.2.1. Procedure

For the evaluation of the learning performance of the SOLIM approach, the same
procedure is used for all simulations. It consists of an initialisation phase, where
the network is set up, and the actual operation phase, where the network controls
the system and is continuously updated.

For the initialisation phase only three specifications are necessary.

1. The size of the network defines the number of nodes in each topology di-
mension and with it also the placement of the topology support vectors ci in
topology space C.

2. The input range defines the range for allowed desired input vectors gd and,
if the input space dimension dG is equal to the topology space dimension dC,
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Parameter Value

learning rate for approximation εp,a = 0.8

lower bound for approximation error Δl
c = 0.1

upper bound for approximation error Δh
c = 1.0

lower bound for relative SO-change rp,Δ,l = 0.0
upper bound for relative SO-change rp,Δ,h = 0.7
lower bound for degree of disorder δl = 30◦

upper bound for degree of disorder δh = 120◦

lower bound for relative SO-change rp,δ,l = 0.0
upper bound for relative SO-change rp,δ,h = 1.0

threshold for deadlock counter λh = 10
scaling of ”allowed subspace” A for new random pwd ρ = 2.0

Table 4.2.: Learning parameters that are used during all simulations and experi-
ments.

it can also be used for initialising the input support vectors gi in an ordered
arrangement. If dG �= dC , e.g. a 1-D topology in a 2-D input space, the input
support vectors are prearranged manually or they are arranged during the
operation phase by self-organisation.

3. The output range defines the range for the initial random arrangement of the
output support vectors pi and the boundary for the output vectors pa. If
knowledge on an inverse model already exists, it can be used to initialise the
output support vectors and thus to provide a learning bias.

It is not necessary to initialise the learning parameters differently for each system
behaviour. During all simulations that are described in this section (and during all
experiments that are described in the next chapter) the parameters have been set to
the values given in Tab. 4.2. These values have been found by alternately analysing
the influence of a quantity and selecting the best of resulting new combinations.
This procedure is similar to genetic algorithms, and its automation could reveal
parameters that show a slightly better learning performance.

The operation phase consists of repeating the combination of mapping and
learning, which is called incremental learning or online learning [91]. In more detail,
the steps during operation are as follows (Fig. 4.3):

1. A desired system output gd is generated randomly.

2. SOLIM maps the desired system output gd to a system input pa.

3. The system input pa is applied.
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controller

desired
system output system input

simulated
system output

SOLIM

system
apdg mg

Figure 4.3.: Simulation setup: The controller learns a direct inverse model gd �→
pa of the system behaviour pa �→ gm by using the simulated system
output gm.

4. The system output gm is measured.

5. SOLIM training is performed with the 3-tuple
(
gd,pa, gm

)
.

4.2.2. Nonlinearities

The SOLIM algorithm framework can learn inverse mappings gd �→ pa for nonlinear
systems, which are basically systems that cannot be expressed by a matrix. The
most common nonlinearity is the exponential function gm = exp (pa), whose
derivative is also exponential. During initialisation, the input support vectors gi of
the 10 nodes of the 1-D-network are arranged equally spaced within the input range
[0.5, 2] and the output support vectors pi are initialised randomly within the output
range [−10, 10] (Fig. 4.4-a). The map is then trained with input vectors gd that
are uniformly chosen from the input range. After about 300 steps of training the
relative error of

∥∥gm − gd
∥∥

rel
has fallen to about 10−3 (Fig. 4.4-b). Fig. 4.4-c shows

that the mapping has approximated one smooth inverse of the system behaviour. In
the following subsections inverse mappings for other nonlinear systems are learned,
and in Appendix B.2 simulation results for the exponential of exponential system
behaviour are shown.

4.2.3. Ambiguities

The SOLIM algorithm framework can learn one inverse of a system behaviour, even
if the inversion of the system is ambiguous. There are different types of ambiguities,
depending on the nature of the system. These types can be defined by the degree of
disorder and by the approximation error, which may occur during learning. More
information on resolving different types of ambiguities is given in Subsect. 3.3.2.

In Fig. 4.5-a the SOLIM map for a square system gm = (pa)2 is shown after
initialisation. The input support vectors gi of the 10 nodes of the 1-D-network
are arranged equally spaced within the input range [0, 1] and the output support
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Figure 4.4.: SOLIM map gd �→ pa (solid line) and system behaviour gm = exp (pa)
(dashed line) (a) before learning and (b) after 500 iterations. (c)
Development of error

∥∥gm − gd
∥∥ relative to input range.
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Figure 4.5.: SOLIM map gd �→ pa (solid line) and system behaviour gm = (pa)2

(dashed line) (a) after initialisation and (b) after 500 iterations. (c)
Development of error

∥∥gm − gd
∥∥ relative to input range.

vectors pi are initialised randomly within the output range [−2, 2]. The first 150
steps the map has to ”decide”between the two inverse models of the square function,
i.e. the two branches of the square root function pa = ±

√
gd. The ”decision”

between the branches is performed by the self-organisation algorithm, which tries to
achieve both, a low degree of disorder and a low approximation error (also compare
with Fig. 3.19-c). During this phase the relative error

∥∥gm − gd
∥∥

rel
remains on a

high level before it drops to about 10−3 (Fig. 4.5-b). Fig. 4.5-c shows the SOLIM
map approximating one inverse of the system behaviour after 500 iterations. In
Appendix B.4 simulation results for a logarithmic system behaviour are shown,
which is similar to the square system with respect to the ambiguity, except the
singularity at pa = 0.

In Fig. 4.6-a and Fig. 4.6-b the 1-D input space and the 2-D output space for a
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linear system gm = pa1+2·pa2 is shown after initialisation. The dots represent the
support vectors, and a line between two of them indicates that there is a neighbour-
hood relationship between the corresponding nodes. The 1-D input support vectors
of the 10 nodes of the 1-D-network are arranged equally spaced within the input
range [−1, 1] and the 2-D output support vectors pi are initialised randomly within
the output range [−10, 10] × [−10, 10]. In this scenario ambiguity is caused by the
fact that the dimension of the map output and thus the system input is higher than
the dimension of the map input, i.e. the desired system output. The system is said
to be overactuated. The self-organisation resolves this ambiguity by forcing the
output support vectors to be arranged such that each three-tuple of neighbouring
vectors is approximately in-line. As a result similar input vectors map to similar
output vectors. It this case about 300 steps were necessary to reach a relative error∥∥gm − gd

∥∥
rel

of below 10−3 (Fig. 4.6-d). The error further decreases towards 0 since
the linear mapping can perfectly approximate a linear system. Fig. 4.6-b shows the
SOLIM map approximating one of infinitely many inverses of the system behaviour
after 550 iterations.

In Fig. 4.7-a the SOLIM map for a sinusoidal system gm = sin (pa) is shown
after initialisation. The input support vectors gi of the 10 nodes of the 1-D-network
are arranged equally spaced within the input range [−1, 1] and the output support
vectors pi are initialised randomly within the output range [−10, 10]. In this sce-
nario ambiguity is caused by the periodicity of the system behaviour. With periodic
systems there can occur arrangements of the output support vectors, where the de-
gree of disorder is low but the approximation error is still high because the map
continues at one sin-slope and then ”jumps” by 2π to continue at the next slope
(Fig. 3.19-c). This ambiguity is resolved by SOLIM-self-organisation because it not
only depends on the degree of disorder but also on the approximation error. In this
case about 150 steps are needed for the resolution, and before the relative error∥∥gm − gd

∥∥
rel

has settled at about 2 · 10−3 (Fig. 4.7-b). Fig. 4.7-c shows the SOLIM
map approximating one inverse of the system behaviour after 500 iterations. In
Appendix B.5 simulation results for a tangent system behaviour are shown, which
is similar to the sinusoidal system with respect to the ambiguity, except the periodic
singularities at pa = π/2 ± k · π.

4.2.4. Incremental Learning

The SOLIM algorithm framework has been designed to be able to learn during
operation and to adapt the inverse model to a system behaviour that slowly changes
over time. Furthermore, since all learning steps are performed locally, operation
with correlated input vectors does not harm parts of the map that already have a
low approximation error.
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Figure 4.6.: (a) 1-D input space G with node number on the vertical axis and
(b) 2-D output space P before learning. (c) Development of error∥∥gm − gd

∥∥ relative to input range and (d) output space after 550
iterations with the system behaviour gm = pa1 + 2 · pa2.
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Figure 4.7.: SOLIM map gd �→ pa (solid line) and system behaviour gm = sin (pa)
(dashed line) (a) before learning and (b) after 500 iterations. (c)
Development of error

∥∥gm − gd
∥∥ relative to input range.
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A model of a two-joint serial kinematic (Fig. 4.8-a) is used as system be-
haviour. The model defines the mapping from the joint angle vector pa to the
global position vector gm

gm1 = l1 · cos
(
pa1

)
+ l2 · cos

(
pa1 + pa2

)
(4.2)

gm2 = l1 · sin
(
pa1

)
+ l2 · sin

(
pa1 + pa2

)
. (4.3)

The axes’ lengths are l1 = 10 and l2 = 5 until iteration step 3000 and l1 = 12
and l2 = 6 after iteration step 5000. Between these two phases there is a linear
transition of l1 and l2, i.e. between iteration step 3000 and 5000 there is a slow
change of the system behaviour. The tool-centre-point (TCP) at the end of
the second axis shall reach positions in the range gm1, gm2 ∈ [4.5, 10.6], which is
always reachable before, during and after the system behaviour’s change (Fig. 4.8-
b). Fig. 4.8-c and Fig. 4.8-d show possible output support vector arrangements for
the case l1 = 10 and l2 = 5 and for the case l1 = 12 and l2 = 6, respectively.

The SOLIM algorithm framework is able to adapt to a changing system behaviour
during operation, and even while the TCP is following given trajectories. ”Following
a trajectory” means that successive input vectors gd are similar to a certain
extent cs. The input vectors are generated as follows:

• The first input vector is a random vector within the specified input space,
which shall be mapped, and which is given by a minimum vector gd,min and
a maximum vector gd,max.

• All other input vectors gd that follow are random vectors within a range
around their predecessors gd,old. The size ±Δgd of the range depends on the
similarity coefficient cs

Δgd =
(
gd,max − gd,min

) · (1 − cs) . (4.4)

The range is finally cropped by the full range between gd,min and gd,max.
This means that if the similarity coefficient is one, the range for the ran-
dom numbers is zero, and if the similarity coefficient is zero, the range is
± (

gd,max − gd,min
)
.

The first 2000 iterations the similarity coefficient is cs = 0 to allow the network
to reach a stable state. This training phase is necessary since a map with random
output support vectors cannot perform any useful operation. After this phase the
simulation is run with similarity coefficients cs ∈ {0.0, 0.20.4, 0.6, 0.8, 0.9}. The
corresponding error developments for cs = 0.0 and cs = 0.9 are shown in Fig. 4.8-e
and Fig. 4.8-f, respectively. In Appendix section B.6 all six cases of cs are shown
without time-variance (Fig. B.6) and with time-variance (Fig. B.7). In all cases a
relative error of about 5 · 10−3 is reached until iteration step ν = 3000. In Fig. 4.8-f
the training phase was not completed until ν = 2000 but an error of about 5 · 10−3
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with similarity coefficient (e) 0.0 and (f) 0.9.
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could still be reached until ν = 3000, even with a similarity coefficient of cs = 0.9.
In all cases the relative error is constantly at a higher mean level at about 10−2

between ν = 3000 and ν = 5000, but the error variation is higher for higher
similarity coefficients. In all cases the relative error drops to about 5 · 10−3 within
a certain period of time but this period increases with the similarity coefficient.
The effect of the similarity coefficient on the error variation and the settling time
can be explained by the time the input vectors gd need before they have covered
the whole input space. Because input vectors with a high similarity coefficient
tend to ”stay” in a limited region of the input space, the local learning rules only
update the corresponding region of the map, such that relatively big parts of the
map are untouched and keep their increased approximation error. The learning
performance of the SOLIM approach thus depends on the relation between the
speed of the system change and the speed of covering great parts of the input space
by input vectors.

4.3. Conclusion

The simulations given in this chapter have shown that the SOLIM framework has
some features that are advantageous for control applications.

SOLIM mapping consists of a preferably linear, continuous interpolation and
a linear, continuous extrapolation. The derivative of the mapping is not con-
tinuous, though. The SOLIM map passes exactly through the output support
vectors at the corresponding input support vectors. The continuity and exactness
is maintained even if the input support vectors are arranged in a non-regular
grid. If the topology dimension is smaller than the input space dimension,
the SOLIM map is still continuous, meaningful and mostly exact. The behaviour
of the simulated maps can be interpreted in an intuitive manner, which is also
due to the information on the neighbourhood relation between nodes. The SOLIM
mapping performance is comparable to other approaches, which are based on
an association of support vectors.

SOLIM learning can directly learn an inverse model of a nonlinear func-
tion. Due to the self-organisation part of SOLIM learning, a smooth inverse model
can be found even if the inverse of the function is ambiguous. SOLIM learning
can be performed incrementally, i.e. by alternating mapping and learning steps,
such that inverse models of time-variant functions can be learned during oper-
ation. Incremental learning can be performed even if successive input vectors
are similar and thus correlated.

These features show that the SOLIM approach is an advance towards an ”ideal”
inverse model controller as given in Sect. 2.1, because it automatically learns an
interpretable, continuous and smooth inverse model of the system behaviour.
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5. SOLIM for Microrobot Control

The micro- and nanohandling station which has been developed at the Division
Microrobotics and Control Engineering (AMiR), University of Oldenburg, is the
base for the study of the applicability of the SOLIM approach to the control of
mobile microrobots. SOLIM is embedded as an actuator controller in a closed-
loop position controller, which is implemented as a server in the framework of
a client-server-based control system architecture. The control system supports the
user during micro- and nanohandling processes, where the objects’ sizes range
from some hundred µm to some hundred nm. A good example, which has evoked
interest from industrial partners, is the handling of silicon-lamellae, that shall be
evaluated with help of a transmission electron microscope (TEM).

5.1. Micro- and Nanohandling Station

The micro- and nanohandling station has been developed in the framework of the
EU-project ROBOSEM (grant number GRD1-2001-41861), where microrobots and
position and force sensors have been integrated into the vacuum chamber of a
scanning electron microscope (SEM), which is one of the most important sensors
in the microworld.

5.1.1. Setup

The setup of the micro- and nanohandling station (schematic in Fig. 5.1 and pic-
ture in Fig. 5.2) consists of one microrobot that positions the sample to be handled
(”sample robot”) and one microrobot that positions the end-effector, which per-
forms the actual handling task (”handling robot”) [84, 48, 26, 25, 28, 27]. Besides
the main sensor, the (SEM) with image processing, CCD cameras with image pro-
cessing, a position sensor and a sensor for contact detection (”touchDown sensor”)
are employed to support the user and to allow for automatic positioning. The setup
is attached to an exchangeable door of the SEM, such that it can be assembled,
maintained and tested outside the vacuum chamber with an optical microscope
as SEM-replacement. This reduces valuable SEM-time, avoids pump time for the
vacuum and generally allows for an easy access of all components.
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Figure 5.1.: Schematic of the nanohandling station. The sample robot can posi-
tion the sample in all six DoF, the handling robot can position the
end-effector in the three DoF of a horizontal plane, the two transla-
tional DoF have a high actuation resolution.
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Figure 5.2.: Setup of the nanohandling station: The handling robot consists of
effector platform with manipulator carrying the touchDown-sensor
and a gripper. The sample robot consists of stage platform with
sphere carrying the specimen. For training purposes on air, an optical
microscope is used and removed when the station is used in the SEM.
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5.1.2. Actuators

The sample robot consists of two AMiR single-disc mobile platforms (diameter:
30mm) and a linear axis. One mobile platform (stage platform in Fig. 5.1) moves
on a horizontal glass plate and carries another platform (globe platform), which
is mounted upside down to rotate the sphere-shaped sample holder in all three
rotational degrees of freedom (DoF). The working principle of the mobile platforms
is explained in Sect. 5.3. The mobile platforms holding the sample can be moved
vertically with a piezo-based linear axis from PiezoMotor Uppsala AB, Sweden,
which is fixed to the SEM door. Using all components of the sample robot, the
sample can be positioned in all six DoF.

The handling robot consists of an AMiR triple-disc mobile platform (diameter:
60mm), which carries a manipulator with an end-effector, e.g. a gripper. The
mobile platform (effector platform in Fig. 5.1) moves on a separate horizontal
glass plate around the sample robot to coarse-position the end-effector, and the
manipulator then positions the end-effector with higher resolution to its desired
(x, y)-position. The manipulator consists of two piezo stack actuators, which drive
leverage arms fixed by flexible hinges. The maximum stroke of the table is about
40µm. The end-effector can thus be positioned in x, y with high resolution, and
around the z-axis. The end-effector itself can be passive, like an STM-tip or an
AFM-cantilever, or active like a microgripper from NaScaTec GmbH, Stuttgart,
Germany, or from the Technical University of Denmark, Lyngby, Denmark.

5.1.3. Sensors

The main high-resolution sensor of the nanohandling station is a LEO 1450 SEM
from Carl Zeiss SMT AG, Oberkochen, Germany, in combination with image pro-
cessing, which provides poses of micro- and nano-objects and end-effectors with
resolutions down to 2nm (magnification 50000x, fast scanning). The generated pic-
tures are acquired using the digital image acquisition unit offered by point electronic
GmbH, Halle, Germany, and are processed using algorithms that have been devel-
oped at the AMiR [83, 85, 82]. For the coarse positioning of the mobile platforms,
three corresponding CCD cameras are mounted to the SEM door. Together with
the image processing software of the AMiR, they yield the mobile platform’s poses
with resolutions of about 60µm (stage camera) and 170µm (effector camera).

Measurements in vertical direction are performed with two sensors. An optical
position sensor from MicroE Systems, MA., U.S.A., measures the z-position of
the linear axis with respect to a fixed reference (resolution below 1µm). In addition,
a touchDown sensor of the AMiR detects when the end-effector touches another
object, e.g. a microobject to be handled [27]. The touchDown sensor is a bimorph
piezo-bending actuator, which is attached to the manipulator and which acts as a
cantilever holding the end-effector. One ceramic layer is driven by an AC-voltage
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Figure 5.3.: Control system architecture of the micro- and nanohandling station:
The touchDown server, the vision server and the position server send
their measurement data to the sensor server. The control server re-
quests the measurement data when needed to control the actuators.
The super-client masterControl controls all servers remotely and pro-
vides an interface to the user.

with a small amplitude (5mV), and the other layer measures the amplitude of the
resulting mechanical oscillation (approx. 50nm). A contact between end-effector
and microobject then results in a considerable and distinct drop in the measured
amplitude.

5.1.4. Control System Architecture

The control system is set-up as client-server architecture with communication over
TCP/IP to allow for a flexible use of the control and sensor modules in different
applications (Fig. 5.3).

On the sensor side, there is a vision server that is responsible for the acquisition
and processing of images from the SEM and from the CCD cameras. Its task is to
detect features of microobjects, end-effectors or microrobots and to determine their
pose in a global frame. Also the optical position sensor and the touchDown sensor
have their own server applications (touchDown server and position server).
All servers continuously send their data to a sensor server, which stores the most
recent data of each sensor and which provides that data to any client requesting it.
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Figure 5.4.: Low-level controller consisting of a trajectory controller, a motion
controller and an actuation controller.

On the actuation side, a low-level control server is responsible for the access
of the actuation hardware and for the execution of control primitives with sensor
feedback via the sensor server. The most common process primitive is positioning an
object like an end-effector with feedback from a microscope. The masterControl
module serves as a super-client and controls all servers remotely. For the vision
servers it remotely chooses between different tracking models and input sources,
starts and stops the tracking and defines regions of interest. The touchDown server
and the position server can be switched on and off remotely. From the sensor
server it continuously requests data about the microrobots’ poses for monitoring.
On the control server it remotely starts and stops the execution of low-level control
primitives and forwards data from a teleoperation device. The user can control
the microrobots via teleoperation or in a semi-automated way by triggering process
primitives. The user receives status and position feedback from the graphical user
interface of the high-level control module or visual feedback from the vision servers.

5.2. Closed-Loop Control

The low-level control server generates signals that drive the microrobots’ actuators.
The parameters of the signals are varied, depending on the feedback from a sensor
or depending on the input from a teleoperation interface, where the user interprets
the data from the sensors. The most basic process primitive of the micro- and
nanohandling station is to change the measured pose sm of the platform, microob-
ject or end-effector from a given starting pose ss to a desired pose sd along a linear
trajectory and with a high velocity. In Fig. 5.4 the used control structure is shown
with a trajectory controller, a motion controller and an actuator controller, which
together constitute the implemented low-level controller.
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5.2.1. Pose and Velocity

The pose vectors s used in this chapter are either defined in Cartesian coordinates or
in polar coordinates, indicated by the subscripts p and c, respectively. Furthermore,
they are either given with respect to a world coordinate system or with respect to
a local, moving coordinate system, indicated by additional subscripts w and l,
respectively. The same notation applies for velocity vectors v. A Cartesian pose
vector sc is described as (x, y, ϕ) with its component in x-direction, in y-direction
and the angle ϕ around the z-axis. Correspondingly, a Cartesian velocity vector vc

is the first derivative (ẋ, ẏ, ϕ̇) of a pose vector. A polar pose vector sp is described by

(r, ι, ϕ) with the distance r =
√

x2 + y2, the direction ι = atan2(y/x) and the same
angle ϕ. atan2(y/x) yields the unambiguous angle of the vector (x, y) by modulating
the sign of tan(y/x), depending on the sign of y and x. A polar velocity vector vp

is described accordingly by (v, ι, ω) with the velocity v =
√

ẋ2 + ẏ2, the direction
ι = atan2(ẏ/ẋ) and the angular velocity ω = ϕ̇. Reversely, the components of
Cartesian pose and velocity vectors can be easily found as x = r cos(ι) and y =
r sin(ι), and as ẋ = v cos(ι) and ẏ = v sin(ι), respectively.

5.2.2. Trajectory Controller

The trajectory controller (Fig. 5.4 and Fig. 5.5 - left side) determines a local de-
viation se

l,p from a linear trajectory and an orthogonal desired local pose st
l,p along

that trajectory. These two poses correspond to the two distinct objectives of the
subsequent motion controller. The first objective is to move the platform along the
trajectory towards the desired pose and the second objective is to keep the platform
on the trajectory.

First, an intermediate pose si
w,c on the line between the start pose ss

w,c and
the desired pose sd

w,c is calculated, such that the intermediate pose has the shortest
distance to the measured pose sm

w,c

si
w,c = ss

w,c + μi · ssd (5.1)

ssd = sd
w,c − ss

w,c. (5.2)

μi describes the relative pose of the intermediate pose between the start pose ss
w,c,

where μi = 0, and the desired pose sd
w,c, where μi = 1. The relative pose is

calculated individually as μi,t for the measured position and as μi,r for the measured
orientation by using only the first two components and the third component of the
vectors in Eq. 5.4, respectively. μi,t and μi,r are bounded to the range between
0 and 1, resulting in intermediate poses that are located between start pose and
desired pose. μi is then composed as a weighted sum of μi,t and μi,r, allowing
for a dominance of translation or rotation during pose control. In the current
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Figure 5.5.: Left: The trajectory controller yields the local deviation from a given
trajectory and a local pose along that trajectory. Right: The motion
controller calculates corresponding velocities and combines them to
a desired velocity.

implementation, when position and orientation are controlled simultaneously, the
weights are rμ,t = 0.7 and rμ,r = 0.3, such that position control dominates.

μi = rμ,t · μi,t + rμ,r · μi,r (5.3)

μi,t/r =

[
ssm · ssd

ssd · ssd

]1

0

(5.4)

ssm = sm
w,c − ss

w,c (5.5)

The global deviation se
w,c from the trajectory is the difference between the

measured pose to the intermediate pose, and the global pose st
w,c along the tra-

jectory is the difference between the intermediate pose and the desired pose

se
w,c = si

w,c − sm
w,c (5.6)

st
w,c = sd

w,c − si
w,c. (5.7)

The global poses se
w,c and st

w,c are shifted by the negative measured pose −sm
w,c and

their position vectors are rotated by the negative measured angle −ϕm
w,c to yield the

corresponding local poses se
l,c and st

l,c. These two steps, translation and rotation,
can be comfortably performed with homogenous matrices [59]. Finally, the local
Cartesian poses are transformed into local polar poses se

l,p and st
l,p by applying the

rules stated above.
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5.2.3. Motion Controller

The motion controller (Fig. 5.4 and Fig. 5.5 - right side) calculates a desired velocity
vd

l,c such that the microrobot constantly decreases its velocity to zero at the desired
pose.

The correcting velocity ve
l,p and trajectory velocity vt

l,p are calculated from
the local deviation se

l,p of the mobile platform from the trajectory and from the
local pose along the trajectory, respectively

ve
l,p =

√
2 · aa · se

l,p (5.8)

ωe
l,p =

√
2 · αa · ϕe

l,p (5.9)

vt
l,p =

√
2 · aa · st

l,p (5.10)

ωt
l,p =

√
2 · αa · ϕt

l,p. (5.11)

The velocities are decreased with an acceleration aa that is smaller than the lower
bounds of the maximum acceleration amax. Analogously, the angular velocities are
decreased with an angular acceleration αa that is smaller than the lower bounds
of the maximum angular acceleration αmax. The values for amax and αmax are
estimated beforehand. There are two uncertainties during closed-loop control that
motivate this artificial damping. Firstly, the measured velocity vm

l,c can be higher

than the desired velocity vd
l,c, mainly due to errors in the actuator controller model.

Secondly, the sensor sampling rate and thus the update rate of the desired velocity
has some variance. With an artificially smaller acceleration the maximum allowed
desired velocity is smaller and a certain jitter in the sensor sampling rate is allowed
before an emergency stop is required (see Subsect. 5.2.5).

The local velocity vectors ve
l,c and vt

l,c are then added to a desired local ve-

locity vector vd
l,c, which is scaled down by the highest factor by which any of its

components exceeds its maximum value. Depending on the implementation of the
successive actuator controller, the output of the motion controller is given in po-
lar coordinates vd

l,p (for manually trained maps in Subsect. 5.3.2) or in Cartesian

coordinates vd
l,c (for automatically trained maps in Subsect. 5.3.3).

5.2.4. Actuator Controller

The actuator controller (Fig. 5.4) finally tries to achieve the desired velocity vd
l,c

by manipulating the parameters pa of the actuator signals correspondingly. The
actuator controller is implemented as SOLIM as shown in Sect. 5.3.
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5.2.5. Flexible Timing during Microrobot Control

For the control of microrobots in an SEM there are two constraints that have to
be considered:

1. The sampling rates of the sensors differ and vary considerably. This property
is due to the dependency of the acquisition and processing time on image
properties like image size, model size, noise, etc. Especially when processing
SEM images, the acquisition and processing times can vary between some
milliseconds and some seconds.

2. The actuation time has a lower bounding T a
min and an upper bounding T a

max

such that the robot does not move ”blindly” when sensor sampling periods
are too long.

Therefore, a controller update is triggered by the arrival of new sensor data. Then
new actuation parameters are calculated by the low-level controller, the correspond-
ing signal is copied to the ring buffer of a multi-channel D/A board and the output
of the signal is started or continued.

In addition, two timers are set after the reception of a new sensor data to take
into account the timing constraints. Firstly, a stop timer is set to T a

max, which
stops the robot after the maximum actuation time. The latest stop time T a

max is
calculated such that the microrobot does not move further than to the desired local
pose along the trajectory. For a translation movement this means that after moving
a time T a

max with a velocity (1 + rv)vd
l,p, there must be enough time to break with

the maximum acceleration amax

T a
max =

st
l,p

(1 + rv)vd
l,p

− 0.5
(1 + rv)vd

l,p

amax
. (5.12)

The coefficient rv estimates the velocity error, i.e. if the desired velocity is vd
l,p the

microrobot moves with (1 + rv)vd
l,p in the worst case. T a

max is similarly calculated
for rotation and the stop timer is started with the lower value. Secondly, a request
timer is set to T a

min, which requests from the sensor server after the minimum
actuation time to send new sensor data as soon it has arrived. The minimum
time T a

min can be used to limit the communication traffic or the update rate of the
controller. The two timers are implemented with help of the Windows multimedia
timers, since they provide the necessary accuracy of about 1ms, assuming that
external disturbances from interrupts etc. are prevented.

5.3. SOLIM as Actuator Controller

The SOLIM framework implements an actuator controller for three different mobile
microrobot platforms.
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AMiR triple-disc platform A mobile microrobot platform based on three piezo-
disks (Fig. 5.6-a and -b) has been developed at the AMiR [55, 54, 56]. In
Sect. 5.1 it is referred to as effector platform.

AMiR single-disc platform The actuation principle of the AMiR triple disc
platform has been miniaturised to work on one piezo-disk (Fig. 5.6-c and
-d) [55, 54, 56]. In Sect. 5.1 it is referred to as stage platform but also the
globe platform uses the same configuration.

EPFL bimorph platform A mobile microrobot platform based on four piezo bi-
morphs and a flexible hinge frame (Fig. 5.8) has been developed at the Lab-
oratoire de Systèmes Robotiques (LSRO) of the Swiss Federal Institute of
Technology Lausanne (EPFL) [13, 14, 20].

5.3.1. Actuation Principle

Although the AMiR platforms and the EPFL platform are both based on the stick-
slip principle, the ways how this stick-slip effect is generated are different.

AMiR Platforms

The AMiR triple-disc platform is actuated by three piezo disks, which are each
segmented into three parts (Fig. 5.6-a and -b). A small ruby bead is glued to each
segment and each three-tuple of ruby beads drives one of three metal or sapphire
spheres, which support the mobile platform. Instead of three piezo-disks with three
segments each, the AMiR single-disc platform consists of one piezo-disk with
nine segments (Fig. 5.6-c and -d).

The AMiR platforms make use of the stick-slip principle by applying a voltage
signal, which consists of a part with a flat slope and a part with a steep slope,
such that the piezo segments are bent correspondingly slowly and fast (Fig. 5.7).
During the slow bending the small ruby bead moves the large sapphire sphere,
which performs a small rotation. This is called the stick phase. During the fast
bending the small ruby bead slides over the sapphire sphere, which therefore keeps
its orientation. This is called the slip phase.

The number of control channels is reduced from nine to six by electrically con-
necting each of three piezo segment pairs. The configurations given in (Fig. 5.6-b
and Fig. 5.6-d) yield three principal translation directions and one principle rota-
tion direction, such that the microrobot platforms can move in all three degrees of
freedom.
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EPFL Platform

The EPFL bimorph platform consists of a 10 ·10 ·1mm3-large steel structure with
an outer frame to which an inner, movable frame is connected by flexible hinges
(Fig. 5.8). The outer frame is glued to the microrobot body and the inner frame
has three sapphire half-spheres glued to it, which the robot is moving on. A piezo-
ceramic bar is glued on each side of the outer frame, yielding a bimorph actuator.
The electrodes on opposite sides of the frame are connected, such that a voltage
applied to any of the electrode pairs leads to a translational displacement of the
inner frame with respect to the outer frame. In addition, two opposite electrodes
are split in the middle, such that an opposite voltage applied to each of the half
electrodes leads to a rotational displacement of the inner frame with respect to the
outer frame. When a voltage signal as shown in Fig. 5.7-a is applied to the piezo
segments, the stick-slip effect is evoked between the microrobot’s sapphire half-
spheres and the surface it moves on. An arbitrary motion in three DoF can thus be
generated by modulating the voltage signal amplitudes of the three electrode pairs.

Actuation Control

To make the robot move with a desired 3-D velocity, typically the amplitude or
the frequency of the driving signal in Fig. 5.7-a is modulated. In principle, the
signal form can be modulated, too, but this approach would require some addi-
tional research. Amplitude modulation and frequency modulation have different
application areas as can be seen from their effect on the velocity of the AMiR
triple-disc platform in Fig. 5.9-a and -c, and Fig. 5.9-b and -d, respectively. At
low voltage amplitudes, the velocity remains almost zero. Only above a certain
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threshold the velocity increases fairly linearly with the amplitude. With increasing
frequency, the velocity also increases linearly but the relation shows some nonlin-
earities and a lower repeatability at higher frequencies. The measurements for the
AMiR single-disc platform and the EPFL bimorph platform in Appendix C.1 show
similar relations. The frequency can therefore be modulated to yield velocities in
the lower range while the amplitude can be modulated to yield velocities in the
middle and higher range with a good repeatability. The threshold between the
modulation methods can be found by relating a desired velocity vd

l,p and a desired

angular velocity ωd
l,p to the corresponding minimum values for amplitude modula-

tion

vd,rel
l,p =

vd
l,p

vd,min
l,p

(5.13)

ωd,rel
l,p =

ωd
l,p

ωd,min
l,p

(5.14)

and by taking the RMS-value of these desired relative velocities

rf =

√(
vd,rel

l,p

)2

+
(
ωd,rel

l,p

)2

. (5.15)

For values rf < 1 frequency modulation is favourable, for values rf > 1 amplitude
modulation is favourable.

The frequencies of all actuation signals are set to be identical because they are
generated simultaneously with the same multi-channel DA board1. With this con-
straint, the number of DoF that can be controlled by frequency modulation is
limited to one such that the amplitudes must be modulated at small velocities,
too, to adjust the remaining two of three DoF. The current implementation of the
motion controller uses the coefficient rf defined above to scale down the step fre-
quency and to keep the desired velocity and thus the resulting voltage amplitudes
at a minimum level when the effective desired velocity becomes small (rf < 1).
Otherwise amplitude modulation is used.

rf �→ min(rf , 1) (5.16)

fstep �→ fstep · rf (5.17)

vd
l,p �→ vd

l,p/r
f (5.18)

ωd
l,p �→ ωd

l,p/r
f . (5.19)

The changes in Eq. 5.16 to Eq. 5.19 are optional, but have shown to significantly
decrease the achievable closed-loop position error. During training, though, only the
amplitude is modulated because it is easier to implement and also yields satisfactory
results. Frequency and signal form are kept constant.

1With a bit more effort, though, it would also be possible to generate signals with different
frequencies and to control more DoF by frequency modulation.
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Figure 5.9.: AMiR triple-disc platform: (a) The influence of the signal amplitude
on the platform’s velocity (u3 = u4 = 75V, fstep = 700Hz). (b) The
influence of the signal frequency on the platform’s velocity (u3 =
u4 = 50V, fstep = 1400Hz). (c) The influence of the signal amplitude
on the platform’s angular velocity (u2 = u4 = u6 = 75V, fstep =
1400Hz). (d) The influence of the signal frequency on the platform’s
angular velocity (u2 = u4 = u6 = 50V, fstep = 1400Hz). Solid line:
mean, dotted line: standard deviation of 10 cycles. 25 amplitude or
frequency increments. 1000 motion steps per measurement.
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5.3.2. Manual Training

As a first approach, knowledge from experiments is used to manually implement
an actuator controller for each microrobot platform. The actuator controllers for
the AMiR platforms are a combination of a SOLIM map for translation and a
linear map for rotation, while the actuator controller for the EPFL platform can
be modelled completely linearly.

AMiR Platforms

The actuator controller for the AMiR platforms implements a mapping from a
local, polar 3-D velocity vector vd

l,p to a 6-D amplitude vector ua

vd
l,p =

[
vd

l,p ιdl,p ωd
l,p

]T �→ ua =
[

ua1 . . . ua6
]T

(5.20)

by mapping the translation velocity by a SOLIM map and the angular velocity by
a linear map [

vd
l,p ιdl,p

]T �→ ua,t (5.21)

ωd
l,p �→ ua,r (5.22)

ua =
(
ua,t + ua,r

) · τ. (5.23)

The factor τ scales down the combined amplitude vector ua such that none of its
components is larger than the largest component of ua,t or ua,r.

The manual training of the SOLIM map for translation is a tedious work
where a person tries to find suitable amplitude vectors ua,t for 36 desired velocity
vectors. In the case of the AMiR triple-disc platform the desired velocity vectors
are all combinations of the velocities vd

l,p ∈ {0.0, 1.5, 2.5, 3.5}, given in mm/s, and

the directions ιdl,p ∈ {−180,−135,−90,−45, 0, 45, 90, 135, 180}, given in degree. In
the case of the AMiR single-disc platform the desired velocity vectors are all com-
binations of the velocities vd

l,p ∈ {0.0, 0.1, 0.55, 1.0}, given in mm/s, and the same
directions as for the AMiR triple-disc platform. The desired velocity vectors are the
input support vectors of the SOLIM map, and the amplitude vectors are the corre-
sponding output support vectors. The SOLIM map is initialised as a 4 x 9 network
with the corresponding found input and output support vectors. In Fig. 5.10-a
and -b the input space and the resulting dependency of the first amplitude ua1 on
the input vector is shown for the AMiR single-disc platform. An advantage of the
SOLIM approach is its ability to map continuously and exactly even when the input
support vectors are arranged on a non-regular grid. In addition, the interpolation
part is invariant to scaling differences between input space dimensions, which in this
case is a scale ratio of about 1 mm/s in the first dimension to 360◦ in the second
dimension. Unfortunately, the extrapolation part is affected by this large scale ra-
tio. The reason for this problem is that the border, where extrapolation starts and
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Figure 5.10.: Manually trained controller of AMiR single-disc platform: (a) Input
space covering absolute value and direction of translation velocity.
(b) Dependency of first actuation signal amplitude on desired trans-
lation velocity. (c) Result like in (b) when extrapolation is turned
off. (d) Result like in (b) when rad is used instead of degree.

which is indirectly defined by the extrapolation direction of each node (compare
Subsect. 3.2.2), and the border, where interpolation ends and which is identical to
the interpolation limits, are not identical (see also Sect. 6.2 for more details). The
solution to this problem is either turning off extrapolation where it is not needed
(Fig.5.10-c), changing the dimensions’ scales to become similar (Fig.5.10-d) or find-
ing a better extrapolation approach (Sect. 6.2). In Fig. 5.11-a and -b the input
space and the resulting dependency of the first amplitude ua1 on the input vector is
shown for the AMiR triple-disc platform. Extrapolation is turned off in Fig. 5.11-b
to avoid the scaling problem.

The linear map for rotation was found by applying voltage signals to make
the mobile platform rotate and by approximating the ratio of applied amplitude to
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Figure 5.11.: Manually trained controller of AMiR triple-disc platform: (a) Input
space covering absolute value and direction of translation velocity.
(b) Dependency of first actuation signal amplitude on desired trans-
lation velocity. Extrapolation is turned off.

measured angular velocity. For the AMiR triple-disc platform the relation between
voltage vector and angular velocity is approximated as

ua,r = ωd
l,p ·

[
1.8 −5.5 1.8 −5.5 1.8 −5.5

]T
, (5.24)

and for the AMiR single-disc platform the approximation is

ua,r = ωd
l,p ·

[
6.25 0 6.25 0 6.25 0

]T
. (5.25)

EPFL Platform

One advantage of the EPFL platform, compared to the AMiR platforms, is that
only three control channels are required to control three DoF. Assuming that the
system behaviour is relatively linear and that it can be modelled by a matrix S,
the inverse model and thus a suitable controller can be found by a matrix inversion

vm
l,c = pa · S (5.26)

pa = vd
l,c · M. (5.27)

The system matrix S can be obtained by measuring the velocity for the actuation

parameters pa =
[

ua1 0 0
]T

,
[

0 ua2 0
]T

and
[

0 0 ua3
]T

and scaling the
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Figure 5.12.: Manually trained controller of EPFL bimorph platform: (a) Input
space and (b) output space after 3000 iteration steps with linear
model of EPFL bimorph platform (simulation).

resulting columns by 1/ua1, 1/ua2 and 1/ua3, respectively. The system matrix S
and its inverse M are found as

S =

⎡
⎣ 0.0007 −0.0064 −0.0111

0.0080 −0.0019 −0.0703
0.0096 0.0007 0.0728

⎤
⎦

T

(5.28)

M = S−1 (5.29)

M =

⎡
⎣ −11.523 59.336 55.520

−162.653 20.028 −5.395
3.009 −8.008 6.464

⎤
⎦

T

. (5.30)

Alternatively, the SOLIM network can be trained in a simulation with the system
behaviour modelled as S. Such a simulation yields the input and output support
vectors as shown in Fig. 5.12-a and -b, respectively. This procedure, modelling
the system and training the network on that model, could also be used for the
initialisation of a SOLIM network, when it is used as learning controller.

5.3.3. Automatic Training

The SOLIM framework is used to learn the mapping from desired local Cartesian
velocities vd

l,c in three DoF to the actuation signal amplitudes ua. For both AMiR
platforms six voltage amplitudes are required, for the EPFL bimorph platform only
three voltage amplitudes are required.

During the initialisation phase of the 3D-network the 5 x 5 x 5 topology is
associated with ordered input support vectors and random output support vectors
within their predefined ranges. There is no more information required for the
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Figure 5.13.: Experimental learning setup: The controller learns a direct inverse
model gd �→ pa of the system behaviour pa �→ gm by using the
measured system output gm.

initialisation and operation of SOLIM since all learning rates are fixed or adapted
according to the network state. During all experiments the learning parameters as
given in Tab. 4.2 are used.

Similar to the simulation procedure, the following steps are performed repeatedly
(Fig. 5.13) during the operation phase:

1. A desired velocity vector vd
l,c is generated randomly.

2. SOLIM maps the desired velocity gd = vd
l,c to actuation parameters pa.

3. The actuation parameters pa = ua are applied to the microrobot for some
time.

4. The velocity vm
l,c is measured with help of a camera and image processing.

5. SOLIM is trained with the 3-tuple
(
gd,pa, gm

)
.

AMiR platforms

During the initialisation of the SOLIM network the input support vectors gi of the
125 nodes are arranged equally spaced within the range of the velocity space, while
the output support vectors pi are randomly initialised within the allowed range
for the amplitudes ua1...6. With amplitudes in the range of [−80V, 80V] the AMiR
triple-disc platform can cover a velocity range of ẋd

l,c, ẏ
d
l,c ∈ [−1mm/s, 1mm/s] and

an angular velocity range of ωd
l,c ∈ [−3◦/s, 3◦/s]. The AMiR single-disc platform can

cover a velocity range of ẋd
l,c, ẏ

d
l,c ∈ [−0.3mm/s, 0.3mm/s] and an angular velocity

range of ωd
l,c ∈ [−1◦/s, 1◦/s] with amplitudes in the range of [−35V, 35V].

The training of the AMiR triple-disc platform is performed with uncorre-
lated input vectors gd that are uniformly chosen from the input range. The input
space and the first three dimensions of the output space after 2000 iteration steps are
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Figure 5.14.: Automatic training of controller for AMiR triple-disc platform: (a)
Input space, (b) output space, (c) error development after 2000
iteration steps. Conditions: fstep = 700Hz, 1000 motion steps per
measurement.

shown in Fig. 5.14-a and -b, respectively. After about 1000 iteration steps the norm
of the relative velocity error

∥∥gm − gd
∥∥

rel
has fallen to about 7 · 10−2 (Fig. 5.14-c),

which is approximately 4% of the range of each input space dimension, or 0.08mm/s
for translation and 0.24◦/s for rotation.

The last 100 of the 2000 iteration steps are taken to evaluate the velocity error of
the trained SOLIM map in more detail. Tab 5.1 compares the velocity error of the
manually trained combined SOLIM and linear map described in Subsect. 5.3.2 with
the velocity error of the learning SOLIM map and with the velocity repeatability.
The norm of the relative velocity error of the manually trained map is around 29%,
while the norm of the relative velocity error of the learning SOLIM map is around
7%, which is a large improvement. The repeatability is computed as the mean
standard deviation of 10 velocity measurements with the same voltage amplitudes.
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x [mm/s] y [mm/s] [◦/s] || · ||2
velocity error
manually trained map
mean [std. dev.] of 100 it. 0.324 [0.201] 0.344 [0.229] 0.969 [0.726]
. . . relative to range 16.2% · 2 17.2% · 2 16.1% · 6 28.6%

velocity error
learning SOLIM map
mean [std. dev.] of 100 it. 0.059 [0.047] 0.060 [0.048] 0.299 [0.227]
. . . relative to range 2.97% · 2 2.99% · 2 4.98% · 6 6.53%

repeatability (10 meas.)
mean [std. dev.] of 100 it. 0.040 [0.021] 0.038 [0.018] 0.151 [0.062]
. . . relative to range 1.99% · 2 1.90% · 2 2.51% · 6 3.72%

Table 5.1.: Controller performance for AMiR triple-disc platform: Comparison
of velocity error of trained SOLIM map, velocity error of static map
and repeatability. Conditions: fstep = 700Hz, 1000 motion steps per
measurement.

The norm of the relative repeatability is around 4% and thus in the same order of
magnitude as the error of the learning SOLIM map.

As already indicated in Sect. 1.1, the difference in the velocity error of an actuator
controller influences the control performance when positioning the AMiR triple-disc
platform with feedback from a CCD camera. The mean positioning error of 100
positioning processes is about 0.0159mm and 0.0179◦ when using the manually
trained map.When using the automatically trained SOLIM map, the positioning
error is reduced to 0.0041mm and 0.0101◦. Please note that all velocity and pose
errors are given with respect to the vision system, which provides positions with a
certain error, but which still allows to compare the two differently trained maps.

The results on the training of the AMiR single-disc platform, which are
given in Appendix C.2, are similar to those of the AMiR triple-disc platform. The
manually trained map has a relative velocity error of around 32%, while the learning
SOLIM map has a relative velocity error of around 8%.

EPFL platform

During the initialisation the input support vectors gi are arranged equally spaced
within the desired range [−0.3mm/s, 0.3mm/s] for velocities ẋd

l,c and ẏd
l,c and within

the desired range [−3◦/s, 3◦/s] for angular velocities ωd
l,c. The output support vec-

tors pi are randomly initialised within the allowed range of [−75V, 75V] for the
amplitudes ua1...3.
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x [mm/s] y [mm/s] [◦/s] || · ||2
velocity error
manual train. map
mean [std. dev.] of 100 it. 0.059 [0.049] 0.031 [0.024] 0.341 [0.401]
. . . relative to range 9.75% · 0.6 5.12% · 0.6 5.68% · 6 12.4%

velocity error
learning SOLIM map
mean [std. dev.] of 100 it. 0.013 [0.011] 0.017 [0.013] 0.201 [0.165]
. . . relative to range 2.13% · 0.6 2.85% · 0.6 3.36% · 6 4.89%

repeatability (10 meas.)
mean [std. dev.] of 100 it. 0.008 [0.005] 0.010 [0.006] 0.312 [0.250]
. . . relative to range 1.37% · 0.6 1.73% · 0.6 5.20% · 6 5.65%

Table 5.2.: Controller performance for EPFL bimorph platform: Comparison of
velocity error of trained SOLIM map, velocity error of static map
and repeatability. Conditions: fstep = 1400Hz, 2000 motion steps per
measurement.

The training is performed with uncorrelated input vectors gd that are uniformly
chosen from the input range. The input space and the output space after 2500 iter-
ation steps are shown in Fig. 5.15-a and -b, respectively. After about 700 iteration
steps the norm of the relative velocity error

∥∥gm − gd
∥∥

rel
has fallen to about 5 ·10−2

(Fig. 5.15-c), which is approximately 2.9% of the range of each input space dimen-
sion, or 0.02mm/s for translation and 0.17◦/s for rotation.

The last 100 of the 2500 iteration steps are evaluated to yield the velocity error
of the trained SOLIM map. Tab 5.2 compares the velocity error of the static, linear
map described in Subsect. 5.3.2 with the velocity error of the learning SOLIM map
and with the velocity repeatability. The relative velocity error of the manually
trained map is around 12%, while the relative velocity error of the learning SOLIM
map is around 5%, which is a significant improvement. The relative repeatability
is around 6% and thus similar to the error of the learning SOLIM map.

5.3.4. Correlated Input Vectors

During automatic training (Subsect. 5.3.3) the SOLIM map is trained incrementally,
i.e. by alternating mapping and training. In those scenarios the desired system
outputs gd are chosen randomly with a uniform distribution in a desired range
of an input space G. In many robotic applications, though, successive desired
system outputs are correlated, e.g. when a robot moves along a trajectory. SOLIM
has been designed to learn incrementally even if successive map inputs, i.e. desired



5.3. SOLIM as Actuator Controller 105

a) b)

−0.5

0

0.5

−0.5

0

0.5
−4

−2

0

2

4

input gd1 [mm/s]input gd2 [mm/s]

in
pu

t g
d3

 [
°/

s]

−100

0

100

−100

0

100
−50

0

50

output pa1 [V]output pa2 [V]

ou
tp

ut
 p

a3
 [

V
]

c)

0 1000 2000 3000 4000
10

−2

10
−1

10
0

iterations ν

er
ro

r 
|| 

gm
 −

 g
d  ||

re
l

Figure 5.15.: Automatic training of controller for EPFL bimorph platform: (a)
Input space, (b) output space, (c) error development after 4000
iteration steps. After the first 3000 iterations and one week of pause,
the learning is continued and the map adapts to the changed system
behaviour, the error decreases again. Conditions: fstep = 1400Hz,
2000 motion steps per measurement.
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system outputs, are similar. This incremental learning feature is caused by the time-
independence of the learning parameters and by the locality of the approximation
and self-organisation update rules.

Three test scenarios have been performed with the AMiR triple-disc platform
and the EPFL bimorph platform to evaluate the learning feature. All test sce-
narios start at the state when the SOLIM map has been trained with a similarity
coefficient cs = 0 (AMiR triple-disc platform Fig. 5.16-a, EPFL bimorph platform
Fig. 5.17-a). In the first scenario the similarity coefficient is increased to
cs = 0.9 to see whether a high correlation between successive map input vectors is
harmful to the approximation performance of a map that is already well-trained.
A similarity coefficient of cs = 0.9 means that an input vector is chosen randomly
around the preceding input vector within a range of ±10% of the whole range (more
details in Subsect. 4.2.4). It can be seen from the error development in Fig. 5.16-
b and Fig. 5.17-b that the mean approximation error is similar to the one with
uncorrelated input vectors, but also that there are some wider peaks in the error
development. These wider peaks can be explained by the fact that with a high
similarity coefficient the approximation error does not change very fast and can
therefore stay at a lower or higher level for a certain time. In the second scenario
the system behaviour is changed by increasing the step frequencies by about
29%, while keeping the similarity coefficient at cs = 0. The error developments in
Fig. 5.16-c and Fig. 5.17-c show that the error converges according to the achiev-
able repeatability of the platform at certain step frequencies. The AMiR triple disc
platform has a lower repeatability at a step frequency of fstep = 900 (Fig. 5.9) while
the EPFL bimorph platform can keep its good repeatability at a step frequency of
fstep = 1800 (Fig. C.2). This scenario thus shows that the SOLIM approach is
able to incrementally learn an inverse model of a changing system behaviour. The
third scenario combines the first two scenarios by simultaneously changing the
system behaviour (increasing the step frequencies by about 29%) and increas-
ing the similarity coefficient to cs = 0.9. The error developments in Fig. 5.16-d
and Fig. 5.17-d show that the mean errors are decreasing to those in the second
scenario, but, as in the first scenario, there are also wider error peaks due to the
similarity of successive input vectors.

To summarise, the SOLIM approach is suitable for incremental learning such
that it can adapt to a changing system behaviour. This is also possible if successive
desired system output vectors are correlated. In that case, though, it takes longer
before the SOLIM map adapts, and there are wider peaks with larger and smaller
errors. For the scenarios given above, 1000 or 2000 motion steps were used to
measure the velocity. In a real incremental learning setup, the periods between
successive measurements are much smaller, such that it requires some effort to
keep the measurement error small enough to exploit the full capabilities of the
mobile microrobot platforms.



5.3. SOLIM as Actuator Controller 107

a) b)

0 500 1000 1500 2000
10

−2

10
−1

10
0

iterations ν

er
ro

r 
|| 

gm
 −

 g
d  ||

re
l

0 1000 2000 3000
10

−2

10
−1

10
0

iterations ν

er
ro

r 
|| 

gm
 −

 g
d  ||

re
l

c) d)

0 1000 2000 3000
10

−2

10
−1

10
0

iterations ν

er
ro

r 
|| 

gm
 −

 g
d  ||

re
l

0 1000 2000 3000 4000 5000
10

−2

10
−1

10
0

iterations ν

er
ro

r 
|| 

gm
 −

 g
d  ||

re
l

Figure 5.16.: Correlation and time-variance during automatic training for AMiR
triple-disc platform: (a) 2000 iteration steps with similarity coef-
ficient cs = 0 of random desired input and step frequency fstep =
700Hz. (b) Learning of (a) continued with increased similarity co-
efficient cs = 0.9. (c) Learning of (a) continued with changed sys-
tem behaviour / step frequency fstep = 900Hz. (d) Learning of (a)
continued with increased similarity coefficient cs = 0.9 and with
changed system behaviour / step frequency fstep = 900Hz. Condi-
tion: 1000 motion steps per measurement.
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Figure 5.17.: Correlation and time-variance during automatic training for EPFL
bimorph platform: (a) 1600 iteration steps with similarity coefficient
cs = 0 of random desired input and step frequency fstep = 1400Hz.
(b) Learning of (a) continued with increased similarity coefficient
cs = 0.9. (c) Learning of (a) continued with changed system be-
haviour / step frequency fstep = 1800Hz. (d) Learning of (a) contin-
ued with increased similarity coefficient cs = 0.9 and with changed
system behaviour / step frequency fstep = 1800Hz. Condition: 2000
motion steps per measurement.
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5.4. Microhandling Application

The control system can be seen as a tool to support a user performing micro-
and nanohandling tasks in a teleoperated or in an automatic mode. Within the
framework of the ROBOSEM-project (grant number GRD1-2001-41861), the micro-
and nanohandling station has been used to demonstrate the semi-automated
handling of lamellae that are cut out of a silicon chip by a focussed-ion-beam
(FIB). These lamellae are used in the semiconductor industry to inspect cross-
sections of integrated circuits under a transmission electron microscope (TEM).

The handling sequence comprises automated and teleoperated positioning of mo-
bile microrobots, where manually trained SOLIM maps are used as actuator con-
trollers. The names of actuators and sensors of the following sequence steps refer
to the description of the micro- and nanohandling station in Sect. 5.1.

Lamella selection The sample, a silicon chip with four lamellae, is placed on the
sphere, which can be rotated by the globe platform. First, the sample is
coarse-positioned into the SEM’s field of vision by moving the stage platform
to a predefined pose with respect to the stage camera. The user then selects
one of the lamellae that is detected in the SEM image (Fig. 5.18-a).

Automatic lamella positioning The lamella is successively fine-positioned at a
pose that allows a good gripping with SEM-feedback at magnifications of 50x,
300x and 1000x (Fig. 5.18-b, -c and -d).

Automatic gripper positioning To avoid a collision during the gripper position-
ing, the lamella is lowered by some 100µm using the linear axis with feedback
from the optical sensor. The gripper is then coarse-positioned into the SEM’s
field of vision by moving the effector platform to a predefined pose with re-
spect to the effector camera, followed by a successive fine-positioning with
SEM-feedback at magnifications of 50x and 300x (Fig. 5.19-a and -b). The
most accurate positioning of the gripper is then achieved by using the manip-
ulator with feedback from the SEM. To allow for a gripping, the lamella is
lifted up again until the touchDown sensor detects a contact between gripper
and lamella (Fig. 5.19-c).

Lamella gripping The lamella is gripped in a teleoperation mode since the mis-
match of the gripper’s stiffness and the lamella’s pull-off force leads to a low
gripping reliability (Fig. 5.19-d).

The lamella can then be transported to a TEM-grid, which is placed on the same
sample holder. The sequence is similar to the gripping sequence, i.e. the positioning
of TEM-grid and gripper can be done automatically with feedback from cameras,
SEM and touchDown sensor, while the actual release process must be done by
teleoperation.
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a) b)

c) d)

50x 50x

1000x300x

lamellae

Figure 5.18.: (a) Selection of one of four lamellae. Successive positioning of the
selected lamella with SEM feedback with magnifications of (b) 50x,
(c) 300x and (d) 1000x. Size of the lamella: 40µm x 15µm x 100nm.
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a) b)

c) d)

50x 300x

~500x300x

Figure 5.19.: Positioning of the gripper with SEM feedback with magnifications
of (a) 50x and (b) 300x. (c) Lift-up of the lamella with feedback
from touchDown sensor. (d) Teleoperated gripping of the lamella.
Gripper opening: 50µm.
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Task Actuator Meas. Frame Positioning Accuracy
x y z ϕ

lamella coarse pos. stage platf. stage camera 20µm 20µm 0.5◦

lamella fine pos. stage platf. SEM (world) 2µm 2µm
gripper coarse pos. effector platf. effector camera 20µm 20µm 0.5◦

gripper fine pos. effector platf. SEM (world) 1µm 1µm

Table 5.3.: Positioning accuracies during different tasks when handling lamellae.

Tab 5.3 lists the achieved positioning accuracies during different tasks when han-
dling TEM-lamellae. The accuracies are given with respect to the sensors which
provide the feedback. E.g. the gripper that is attached to the effector platform is
positioned with an accuracy of 1µm in with respect to the SEM (gripper fine posi-
tioning in Tab 5.3). The world frame is set to be the SEM image frame such that
poses for the gripper and for the lamella can be used without any transformations.
Moreover, the positioning accuracies that are given in Tab 5.3 are the thresholds for
the controller to stop the corresponding positioning process. They are chosen rather
conservatively to increase the overall robustness and speed of handling process.

To demonstrate microhandling with mobile microrobots to a broader audience,
the same set-up (Sect. 5.1) was used to semi-automatically pick and place
glass microspheres (diameter 20µm) during the Hannover Fair 2006. For practi-
cal reasons, the SEM could not be transported to Hannover, but a light microscope
(T.I.M.M. 400C from SPI Scientific Precision Instruments GmbH, Oppenheim, Ger-
many) was used instead. More important for the scope of this work is the successful
application of the automatically trained SOLIM map as actuator controller for the
effector platform, i.e. for the platform that moves the gripper.

The handling sequence is similar to the handling of lamellae, except that the
actual handling of the microspheres, i.e. the gripping and release, is automated, too.
In Fig.5.20-a the microspheres are in the microscope’s field of vision and the user
can select one of them. Fig.5.20-b shows an image from the effector camera during
the coarse positioning of the effector platform, followed by the fine-positioning of the
attached gripper with feedback from the microscope (Fig.5.20-c). In Fig.5.20-d the
microspheres are lifted up until the douchDown sensor detects a contact between
the gripper and the substrate, where the microsphere are placed on.

5.5. Conclusion

The development of the SOLIM approach was motivated by the problem of control-
ling mobile microrobots. These mobile microrobots are embedded into a micro- and
nanohandling station, which also serves as a test-platform for new mobile micro-
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a) b)

c) d)

Figure 5.20.: Automatic microsphere gripping: (a) Selection of a microsphere (di-
amter: 20µm). (b) Coarse positioning of effector platform (diame-
ter: 60mm) with feedback from effector camera. (c) Fine positioning
of gripper (gripper opening: 50µm) with feedback from microscope.
(d) Lift-up of microspheres with feedback from contact sensor.
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robots and control approaches like SOLIM framework. In this chapter the setup and
the control system architecture for a micro- and nanohandling station is pre-
sented that allows for a flexible integration of different micro sensors and actuators.
The closed-loop controller with a flexible timing system consists of a trajectory
controller, a motion controller and an actuator controller to automatically position
mobile microrobots with feedback from an SEM. The actuator controller can
be directly implemented as SOLIM map, which is either trained manually or au-
tomatically. For each of the three mobile microrobots an actuator controller has
been learned after a random initialisation of the SOLIM map. The resulting ve-
locity errors are significantly lower than those of manually trained SOLIM maps or
linear models. Even with correlated successive desired velocities, the SOLIM map
is learned, although it takes much more iteration steps before the error converges.
Finally, the control system with SOLIM maps as static actuator controllers is suc-
cessfully used in a real micro- and nanohandling application, like gripping a
silicon lamella.
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6. Conclusion

6.1. Summary

The development of this work has been motivated by the problems that appear
during the development of a controller for mobile microrobots. The main
problem was the definition of a nonlinear, learning and unambiguous actuation
control module that yields the necessary actuation parameters for each desired
velocity.

Controllers that are based on Self-Organizing Maps (SOM) show some in-
teresting properties, which qualify them for the application to microrobots, mainly
because they can learn a nonlinear, smooth controller model and because they are
interpretable to a certain degree. On the other hand, existing approaches still have
problems when mapping from a desired system output to the corresponding system
input. The map is either not continuous, difficult to interpret, or there are problems
with extrapolation. In addition, there are problems when learning an inverse model
controller for a given system. For self-organisation, the applied extended Kohonen
learning rule requires to have a partial global effect and learning parameters that
decrease over time, which makes incremental learning not possible. Moreover, ap-
plying the Kohonen learning rule to correlated attractors, which is the normal case
when moving along trajectories, leads to a collapse of the map.

The SOLIM approach inherits the basic structure of SOM by associating input
support vectors, output support vectors and topology support vectors, whose com-
bination is called node. Important for any SOM-based approach is the definition of
an order of the nodes, which in the case of SOLIM is done explicitly by assigning
a set of neighbouring nodes to each node. SOLIM maps exactly from any input
support vector to its corresponding output support vector and otherwise inter- or
extrapolates. SOLIM mapping is based on the similarity of the input vector with
respect to input support vector arrangement and the output vector with respect
to output support vector arrangement. The SOLIM framework has a separated
update rule for approximation and for self-organisation. The approximation part
changes the output support vectors such that the cascaded SOLIM map and system
behaviour results in an identity mapping. The approximation update rule is based
on solving the mapping formula for the value of the output support vector that
would be most responsible for the measured system output. The self-organisation
part arranges the output support vectors similarly to the arrangement of topology



116 6. Conclusion

support vectors. Assuming an ordered arrangement of input support vectors, sim-
ilar input vectors map to similar output vectors. The self-organisation rule aligns
neighbouring output support vectors that are in-line in topology space and deter-
mines the corresponding learning rate depending on their degree of disorder and
their approximation error.

The SOLIM approach is validated in various simulations. SOLIM mapping is
continuous and has a ”meaningful” inter- and extrapolation. Its mapping error is
comparable to other SOM-based interpolation approaches. When the SOLIM map
is used as a learning controller for a virtual system, it is able to learn a useful
controller, even when its definition is ambiguous or when successive desired system
output vectors are correlated. Some of the simulations also show that the SOLIM
approach can be applied to inverse kinematics.

Finally, the SOLIM framework is applied to the control of mobile micro-
robots in a micro- and nanohandling station. Embedded in a closed-loop position
control setup, the SOLIM map represents an actuator controller, which is trained
and directly applied to map desired velocities to amplitudes of the signals driving
the microrobots. The training can be manual or automatic and successive desired
velocities can even be correlated. SOLIM has been used in different microhan-
dling applications. During the semi-automatic handling of silicon lamella manually
trained SOLIM maps have been used, and during the semi-automatic handling of
glass microspheres an automatically trained SOLIM map has been applied.

6.2. Outlook

Although some of the problems of current SOM-based controllers, which are iden-
tified in Chap. 2, are solved by the SOLIM approach, there is still a gap between
the current state of SOLIM and the ”ideal” inverse model controller with the prop-
erties given in Sect. 2.1. There are mainly three problems of the SOLIM approach
that suggest directions for its enhancement. Firstly, the current extrapolation
method can under certain circumstances lead to distortions (Subsect. 5.3.2). Sec-
ondly, SOLIM mapping and learning needs many computing operations for a
high number of topology space dimensions (Sect. 3.4), and finally, the number of
nodes for each topology dimension must be known beforehand (Subsect. 4.2.1).
Besides these extensions, it is also important to use the SOLIM approach for other
applications and to gain information on possible future research directions in the
field of SOM-based controllers.

6.2.1. Extrapolation

The current extrapolation method can be problematic if the input support vectors
are not arranged on a regular grid, such that the interpolation border and the
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Figure 6.1.: (a) Interpolation and extrapolation border of the current SOLIM
implementation. Angle between extrapolation direction and border
facet normal determines size of distorted areas. (b) Extrapolation
border should be identical to interpolation border, possibly defined
by the border facets’ normals.

extrapolation border are misaligned. While the interpolation border is defined by
the outer (dC−1)-D faces of the dC-D simplicial complex, the extrapolation border
is defined by the mean differences gη

i between each border input support vector
and its neighbours (Fig. 6.1-a). There are thus areas outside the interpolation area
where the extrapolation weight is xi = 0, and there are areas inside the interpolation
area where the extrapolation weight is xi > 0. Since the sizes of these distorted
areas are related to the angles between the extrapolation direction gη

i of a border
node and the normal gn

k,j of a border facet, these distortions are larger when the
input space dimensions have very different scales (Fig. 6.1-b). These distortions
can be relatively large, as in the case of the manually trained actuation controller
in Subsect. 5.3.2.

The new extrapolation approach should therefore ensure that the extrapolation
border is identical to the interpolation border and that the mapping result is identi-
cal with inter- and extrapolation at the border facets. Moreover, the extrapolation
result must still be continuous, i.e. the transition of the influence from one border
node or border facet to another must be continuous. The new extrapolation ap-
proach ideally continues and interpolates between the slopes of the border facets’
normals (Fig. 6.1-c).
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6.2.2. Computational Load

As shown in Sect. 3.4 the number of required computing operations rises faster with
the number dC of topology dimensions than exponential. There are two main ways
of improvement: Optimise the calculation under certain constraints or introduce
hierarchy and thus change the structure of the SOLIM approach.

The most promising approach for the optimisation of the SOLIM computation is
the reduction of the number of limits that have to be evaluated when mapping
from an input vector to an output vector. E.g. assuming that the arrangement
of input support vectors is regular, the limits of all normals in input space are
identical. The node that is most responsible for a given input vector can then
be found systematically by evaluating neighbouring corresponding limits. A great
reduction of computing time can also be achieved, if the number dG of input space
dimensions is equal to the number dC of topology space dimensions, such that an
input vector is contained by only one dC-D simplex. In this case classic simplex
interpolation can be applied, where a search algorithm finds the responsible simplex
with the influences of its dC + 1 nodes. Alternatively, SOLIM mapping could be
modified to be eligible for parallel processing and thus for an implementation on a
network of computers or an a Field-Programmable Gate Array (FPGA).

Another approach for the reduction of the computational load is the introduc-
tion of hierarchy, which has also been proposed for LLM [73, 65] and SOM [53].
In hierarchical SOLIM the responsibility for different input dimensions could be
divided into separate networks, which are arranged hierarchically, such that each
node of a network has a subnetwork assigned (Fig. 6.2-a). Subnetworks at the
same level could be identical in input space and topology space, such that the in-
put support vectors and topology support vectors would be arranged on a regular
grid (Fig. 6.2-b). The output support vectors, which are associated to each leaf of
the hierarchy, must be different to implement a meaningful map. When mapping
from an input vector gd to an output vector pa, the influences f could be calculated
by propagating gd from the highest to the lowest level, and the output vector pa

could be calculated by propagating the influences f from the lowest to the high-
est level (Fig. 6.2-a). Approximation learning and self-organisation learning could
be performed according to the current SOLIM approach, only the nodes with the
highest influence on the measured system output gm must be found by a hierar-
chical mapping. First approaches to implement hierarchical SOLIM were done in a
student project [79] and in a diploma work [15]. The results show that the number
of required computing operations increases linearly with topology dimension dC

when using a hierarchical topology with only 1-D subnetworks, while it increased
exponentially when using a dC-D network. The approximation error that has been
achieved in that work is still high compared to current non-hierarchical SOLIM.
Moreover a systematic investigation of alternative hierarchical approaches is still
missing.
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6.2.3. Predefined Network Size

Another bigger limitation of the SOLIM approach is the requirement to define the
number of nodes in each topology dimension before operation. There is a number
of methods for growing and shrinking SOM networks as shown in Sect. 2.6 and it
would be a great enhancement of the SOLIM approach if a method for the dynamic
topology construction would be integrated. Ideally, an inverse model controller
should only need input and output range and optionally some kind of technical
limitation for the SOM network like maximum computing time per iteration, max-
imum available memory or minimum approximation error. One of these practical
criteria should then be used to direct the growth and shrinking of the network,
e.g. to ensure a uniform approximation error distribution. Special attention should
be paid to the problem that approximation and self-organisation learning could
interfere with the growing method.

6.2.4. Applications for SOLIM

For the further development of the SOLIM approach it is also import to know more
about the demands of other applications where a learning inverse model controller
can be used. In robotics, and especially in microrobotics, inverse kinematics and
camera calibration are applications where SOLIM could be applied due to its general
approach.

SOLIM could implement inverse kinematics sd �→ u for different manipulator
kinematics u �→ sm, like a voltage-controlled 3-DoF piezo-scanner, which positions
micro-tools. Applying SOLIM for this task is especially practical if the kinematics
are nonlinear or if the parameter variance of different instances is very large. Ap-
plying SOLIM is also practical to control different unknown kinematics, which are
under development. Alternatively, the kinematics could also consist of axes with
sensors and controllers for each axis, i.e. a device that moves a tool-centre-point
(TCP) to a position sm

w in world coordinates by moving its axes to local desired
positions sd

l . SOLIM would then implement the inverse mapping from the TCP’s
desired world positions sd

w to the axes’ desired local positions sd
l . This application

is practical if the kinematic behaviour is position-dependent or nonlinear. In both
cases, SOLIM could adapt to a time-variant kinematic behaviour, assuming that
data from a global sensor is available for incremental learning.

SOLIM could also be used for camera calibration by mapping from 3-D cam-
era coordinates sc to 3-D world coordinates sw. This would remove distortions of
camera mappings sw �→ sc, which are mainly induced by lenses. Moreover, SOLIM
could even perform this calibration if the camera can be moved, assuming that this
position can be measured. In this case a hierarchical network would be the best
solution, where one level covers the camera positions and a second level contains
subnetworks taking care of the position-dependent camera calibration.



121

A. Notation

In the following summary the main symbols used for the description of the SOLIM
approach as well as their meaning are presented. The principles for the notation
are as follows:

• All vectors in input space are named g, all vectors in topology space are
named c and all vectors in output space are named p.

• All subscripts denote one or more numerical indices of the variables.

• Superscripts are used to uniquely specify the variables within this work.

• Capital letters denote sets or vector spaces, all other variables are given in
small letters.

• Input support vectors g, topology support vectors c, output support vectors
p, nodes n, sets of neighbours B and sets of limits L that have the same
superscripts and subscripts are associated.
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A.1. Structure

Symbol Meaning Definition

gd map input = desired system output
pa map output = system input pa = m

(
gd
)

gm measured system output gm = s (pa)

N network of nodes
{
n1, n2, . . . n|N |

}
ni node i (gi, ci,pi, Bi)
gi input support vector i
ci topology support vector i
pi output support vector i

Bi set of neighbours of ni

{
nb

i,1, n
b
i,2, . . . n

b
i,|Bi|

}
nb

i,k neighbour k of ni topology

G input space with dG = dim(G)
C topology space with dC = dim(C)
P output space with dP = dim(P )

Table A.1.: Symbols describing the SOLIM structure.
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A.2. Mapping

Symbol Meaning Definition

gd map input vector

pa map output vector
∑

f̃i · (pi + px
i )

Li set of limits of ni

{
li,1, li,2, . . . li,|Li|

}
di,j rel. dist. of gd from gi w.r.t. gn

i,j Eq. 3.8
fi,j influence of ni on gd w.r.t. li,j b (di,j)
b(d) blending function Tab. 3.1, Fig. 3.6
fi influence of ni on gd min (fi,j)

f̃i fi scaled such that
∑

f̃i ≤ 1 Eq. 3.12

li,j limit j of ni

(
ni, n

o
i,j, n

l
i,j,1, n

l
i,j,2, . . . n

l
i,j,dC

)
no

i,j node on other side of li,j topology
nl

i,j,m node m on li,j topology
gl

i,j input support vector on limit li,j gl
i,j,1

gn
i,j input normal of limit li,j Eq. 3.14 ... Eq. 3.18

gη
i mean diff. betw. pi and its neighbs. Eq. 3.28

pη
i mean diff. betw. gi and its neighbs. Eq. 3.29

Bβ
i ext. set of neighbours of ni

{
nβ

i,1, n
β
i,2, . . . n

β
i,|Bi|

}
nβ

i,k ext. neighbour k of ni topology

xi rel. dist. of gd − gi w.r.t. gη
i Eq. 3.27

px
i extrapolation component of node ni xi · pη

i

Table A.2.: Symbols describing SOLIM mapping.
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A.3. Learning

Symbol Meaning Definition

pa map output for gd = system input m
(
gd
)

gm measured system output s (pa)
pm map output for gm m (gm)
nwm winning node w.r.t. gm

p̂wm prel. estimate for pwm Eq: 3.43
pe,a estimate for approx. of pwm pwm + 1/ξwm (pa − pm)

ξwm substitution 1 + xwm |Bβ
wm|

xwm extrapolation weight of nwm w.r.t. gm mapping

Bβ
wm ext. set of neighbours of nwm mapping

εp,a approximation learning rate Tab. 4.2

pe,s estimate for self-org. of pc Eq. 3.51
R set of neighbour pairs (nr, nc) of nwm Eq. 3.50
nr reference node for self-org. Eq. 3.50
nc candidate node for self-org. Eq. 3.50

εp,s self-organisation learning rate 1 − (1 − rp · εp,a)1/uc

uc number of neighbours of nc |Bβ
c |/2

rp rel. movement of node by self-org. Eq. 3.55
δ deg. of disorder of nr, nwm and nc Eq. 3.56 ... Eq. 3.58
Δc approx. error of nc Eq. 3.59 ... Eq. 3.61

Table A.3.: Symbols describing SOLIM learning.
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A.4. Topology

Symbol Meaning Definition

sc
j simplex j within dC-D cube

[
vc

j,1,v
c
j,2, . . . ,v

c
j,ν

]
vc

j,k vertex k of cube-simplex sc
j Eq. 3.63

sp
j prototype simplex j

[
vp

j,1,v
p
j,2, . . . ,v

p
j,ν

]
vp

j,k vertex k of prototype simplex sp
j Eq. 3.67

si,j simplex j including node ni

[
ns

i,j,1, n
s
i,j,2, . . . n

s
i,j,ν

]
ns

i,j,k node of si,j Eq. 3.69
nl

i,j,m node m on li,j
{
ns

i,j,k

} \ni

no
i,j node on other side of li,j Eq. 3.73

nb
i,k neighbour k of ni Eq. 3.76

nβ
i,k ext. neighbour k of ni Eq. 3.78

Table A.4.: Symbols describing the SOLIM topology.
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B. Supplementary Simulations

The following simulations are extensions to those given in Chap. 4 and are placed
here to increase its readability. The procedure for the learning performance evalu-
ation as described in Subsect. 4.2.1 has been applied to the following simulations,
except in Appendix. B.1, where only mapping is performed.

B.1. Influence of Blending Functions

Different blending functions during interpolation implement different transitions
from a support vector to its neighbours. Fig. B.1 shows the mapping of a 2-D
Gaussian bell in the range gd,1, gd,2 ∈ [0.0, 1.0] with the blending functions given
in Tab. 3.1. The mapping is initialised with 5 x 5 nodes, whose input support
vectors gi are placed at the positions gi,1, gi,2 ∈ {0.1, 0.3, 0.5, 0.7, 0.9} and whose
output support vectors pi are placed at the corresponding positions pi = gauss (gi)
(Sect. 4.1). The RMS-error and the mean error for the different blending functions
are given in Tab. B.1. The linear decrease yields the smallest error because it best
approximates a mean slope between a support vector and its neighbours. The error
that results from the other blending functions increases with the difference from
the linear blending function, mainly because these blending functions all have a
horizontal slope around the support vectors, such that the output is locally constant
and no estimate of the real slope is taken into account.

Blending Function RMS-error mean error

shifted sigmoid 0.059 -0.012
squared cosinus 0.049 -0.0085
linear decrease 0.043 -0.0021
Gaussian bell 0.081 -0.027
natural cubic spline 0.048 -0.0080

Table B.1.: RMS-error and mean error for different blending functions: The cal-
culation is based on 51 x 51 points within the range gd,1, gd,2 ∈ [0, 1].
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Figure B.1.: (a) 2-D Gaussian bell in the range gd,1, gd,2 ∈ [0, 1]. SOLIM approx-
imation using different blending functions: (b) shifted sigmoid, (c)
squared cosinus, (d) linear decrease, (e) Gaussian bell, (f) natural
cubic spline.
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B.2. Exponential of Exponential

The simulation is initialised with the values in Tab. B.2 (Fig. B.2-a). After about
200 iterations with random input values the error stays below 5 · 10−3 (Fig. B.2-
b). Fig. B.2-c shows the SOLIM map approximating the inverse of the system
behaviour.

Property Definition

system behaviour gm = exp (exp (pa))
input range [1.01, 2]
topology 10 nodes
output range [−10, 3]

Table B.2.: Initialisation for exponential of exponential system behaviour
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Figure B.2.: SOLIM map gd �→ pa (solid line) and system behaviour gm =
exp (exp (pa)) (dashed line) (a) before learning and (b) after 500 it-
erations. (c) Error development

∥∥gm − gd
∥∥.
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B.3. Logistic Function

The logistic function is a continuous, derivable transition of the system output gm

around the system input pa = 0 [39]. The slope of this transition can be adjusted
by a parameter a. Fig. B.2-a and -b show the initial SOLIM maps and system
behaviours after initialisation with a = 2 and a = 200, respectively, and with
the values in Tab. B.3. For a = 2 the error stays below 10−2 after about 100
iterations with random input values (Fig. B.3-c), while for a = 200 1400 iterations
are necessary (Fig. B.3-d). Fig. B.3-e and -f show the SOLIM map after 1000
iterations approximating the inverse of the system behaviour for a = 2 and for
a = 200, respectively. For a = 2 the transition happens mainly in the range
[−0.2, 0.2] and for a = 200 mainly in the range [−0.02, 0.02]. With respect to the
output support vectors that have been initialised randomly within the range [−5, 5],
the transition appears continuous with a = 2 and almost discontinuous for a = 200.
Therefore, for a = 200 the system output gd is either 0 or 1 for almost any input pa,
such that mainly the corresponding border nodes n1 and n10 are updated during
SOLIM learning, leading to a high number of iterations which are required for the
convergence. Fig. B.3-e and -f show that the nonlinearity of the system function
is identical in both cases when scaling the output support vectors. The relative
mapping error therefore converges to approximately the same level.

Property Definition

system behaviour gm = 1/ (1 + exp (−a · pa))
a ∈ {2, 200}

input range [0, 1]
topology 10 nodes
output range [−5, 5]

Table B.3.: Initialisation for logistic system behaviour
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Figure B.3.: SOLIM map gd �→ pa (solid line) and system behaviour gm =
1/ (1 + exp (−a · pa)) (dashed line) before learning (a) with a = 2
and (b) with a = 200. Error development

∥∥gm − gd
∥∥ for system (c)

with a = 2 and (d) with a = 200. SOLIM map and system behaviour
after 2000 iterations (e) with a = 2 and (f) with a = 200.
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B.4. Logarithmic

The simulation is initialised with the values in Tab. B.4 (Fig. B.4-a). After about
220 iterations with random input values the error stays below 5 · 10−3 (Fig. B.4-
b). Fig. B.4-c shows the SOLIM map approximating one inverse of the system
behaviour.

Property Definition

system behaviour gm = log |pa|
input range [−1.0, 1.0]
topology 10 nodes
output range [−10, 10]

Table B.4.: Initialisation for logarithmic system behaviour

B.5. Tangent

The simulation is initialised with the values in Tab. B.5 (Fig. B.5-a). After about
300 iterations with random input values the error stays below 5 · 10−3 (Fig. B.5-
b). Fig. B.5-c shows the SOLIM map approximating one inverse of the system
behaviour.

Property Definition

system behaviour gm = tan (pa)
input range [−1.0, 1.0]
topology 10 nodes
output range [−10, 10]

Table B.5.: Initialisation for tangent system behaviour
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Figure B.4.: SOLIM map gd �→ pa (solid line) and system behaviour gm = log |pa|
(dashed line) (a) before learning and (b) after 500 iterations. (c)
Error development

∥∥gm − gd
∥∥.
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Figure B.5.: SOLIM map gd �→ pa (solid line) and system behaviour gm =
tan (pa) (dashed line) (a) before learning and (b) after 500 iterations.
(c) Error development

∥∥gm − gd
∥∥.
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B.6. Two-Joint Kinematic with correlated Input

The following simulation results give more details on the dependency of the sim-
ilarity coefficient of successive input vectors on the learning performance without
and with time-variance in the system behaviour. The system is described in Sub-
sect. 4.2.4. The simulation is initialised with the values in Tab. B.6. The first
2000 iterations the similarity coefficient is cs = 0 to allow the network to reach
a stable state. After this phase the simulation is run with simulation coefficients
cs ∈ {0.0, 0.20.4, 0.6, 0.8, 0.9}. The corresponding error developments are shown
in Fig.B.6. It can be seen that the error variance increases with the similarity
coefficient.

In Fig. B.7 the same simulations are shown, but with a linear increase of the
system parameters l1 and l2 from 100% at iteration step ν = 3000 to 120% at iter-
ation step ν = 5000 (l1 = 12, l2 = 6). The simulations show that a high similarity
between successive input vectors slows down the learning process, especially when
adapting to a changing system behaviour.

In Fig B.8 the similarity coefficient is constantly cs = 0 and the system behaviour
change is varied. The axes’ lengths are increased by 0%, 10%, 20%, 30%, 40% and
50%. The input range, i.e. the range of positions that the tool-centre-point can
reach, is changed accordingly. The upper bound is kept constant at 10.6, but the
lower bound is 3.6, increased by the same coefficient as the axes. This simulation
shows that increasing a system behaviour’s changing speed increases the relative
approximation error during the change. After the change has stopped, the error
drops to a lower value again.

Property Definition

system behaviour gm1 = l1 · cos (pa1) + l2 · cos (pa1 + pa2)
gm2 = l1 · sin (pa1) + l2 · sin (pa1 + pa2)
l1 = 10, l2 = 5

input range [4.5, 10.6] × [4.5, 10.6]
topology 6 x 6 nodes
output range [−10.0, 10.0] × [−10.0, 10.0]

Table B.6.: Initialisation for two-joint kinematic system behaviour
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Figure B.6.: Two-joint serial kinematic with correlated TCP positions: Error
development

∥∥gm − gd
∥∥. 2000 iterations with similarity coefficient

cs = 0 of random desired input. Then similarity coefficient cs is set
to (a) 0.0, (b) 0.2, (c) 0.4, (d) 0.6, (e) 0.8 and (f) 0.9.
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Figure B.7.: Time-variant two-joint serial kinematic with correlated TCP posi-
tions: Error development

∥∥gm − gd
∥∥. 2000 iterations with similarity

coefficient cs = 0 of random desired input. Then similarity coeffi-
cient cs is set to (a) 0.0, (b) 0.2, (c) 0.4, (d) 0.6, (e) 0.8 and (f) 0.9.
Linear change of system behaviour between iteration 3000 and 5000
by 20%.
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Figure B.8.: Time-variant two-joint serial kinematic: Error development∥∥gm − gd
∥∥. Linear change of system behaviour between iteration

4000 and 5000 by (a) 0%, (b) 10%, (c) 20%, (d) 30%, (e) 40% and
(f) 50%. Similarity coefficient is cs = 0.
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C. Supplementary Measurements

The following measurements are extensions to those given in Sect. 5.3, but are
placed here to increase the readability of that section. The first section contains the
characteristic behaviour of the AMiR single-disc platform and the EPFL bimorph
platform, the second section provides results on the automatic training of a SOLIM-
based actuator controller for the AMiR single-disc platform.

C.1. Platform Characteristics

The influence of amplitude and step frequency on the velocity of the AMiR single-
disc platform (Fig. C.1) and the EPFL bimorph platform (Fig. C.2) is similar to
the characteristic of the AMiR triple-disc platform given in Subsect. 5.3.1, which
supports the policy to modulate the frequency at low desired velocities and to
modulate the amplitude at medium and high desired velocities. Compared to the
AMiR triple-disc platform, the AMiR single-disc platform has some problems with
the repeatability of the rotation, but this can be caused by a non-optimal selection
of the control channels. The EPFL bimorph platform, on the other hand, shows a
very repeatable and linear behaviour over a wide amplitude and frequency range.
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Figure C.1.: AMiR single-disc platform: (a) The influence of the signal amplitude
on the platform’s velocity (u1 = u2 = 30V, fstep = 700Hz). (b) The
influence of the signal frequency on the platform’s velocity (u1 =
u2 = 20V, fstep = 1400Hz). (c) The influence of the signal amplitude
on the platform’s angular velocity (u2 = u4 = u6 = 30V, fstep =
700Hz). (d) The influence of the signal frequency on the platform’s
angular velocity (u2 = u4 = u6 = 20V, fstep = 1400Hz). Solid line:
mean, dotted line: standard deviation of 10 cycles. 25 amplitude or
frequency increments. 1000 motion steps per measurement.
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Figure C.2.: EPFL bimorph platform: (a) The influence of the signal amplitude
on the platform’s velocity (u1 = 75V, fstep = 1400Hz). (b) The
influence of the signal frequency on the platform’s velocity (u1 =
60V, fstep = 2000Hz). (c) The influence of the signal amplitude on
the platform’s angular velocity (−u2 = u3 = 75V, fstep = 1400Hz).
(d) The influence of the signal frequency on the platform’s angular
velocity (−u2 = u3 = 40V, fstep = 2000Hz). Solid line: mean, dotted
line: standard deviation of 10 cycles. 25 amplitude or frequency
increments. 2000 motion steps per measurement.
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Figure C.3.: Automatic training of controller for AMiR single-disc platform: (a)
input space, (b) output space, (c) error development after 2000 it-
eration steps. Conditions: fstep = 500Hz, 1000 motion steps per
measurement.

C.2. Automatic Training of AMiR Single-Disc

Platform

The automatic training of the AMiR single-disc platform is performed with ran-
domly chosen uncorrelated input vectors gd. The input space and the first three
dimensions of the output space after 2000 iteration steps are shown in Fig. C.3-a
and -b, respectively. After about 700 iteration steps the norm of the relative veloc-
ity error

∥∥gm − gd
∥∥

rel
has fallen to about 10−1 (Fig. C.3-c), which is approximately

6% of the range of each input space dimension, or 0.03mm/s for translation and
0.12◦/s for rotation.

The last 100 of the 2000 iteration steps are taken to evaluate the velocity error of
the trained SOLIM map in more detail. Tab C.1 compares the velocity error of the
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x [mm/s] y [mm/s] [◦/s] || · ||2
velocity error
manually trained map
mean [std. dev.] of 100 it. 0.049 [0.035] 0.075 [0.053] 0.551 [0.395]
. . . relative to range 8.23% · 0.6 12.53% · 0.6 27.57% · 2 31.4%

velocity error
learning SOLIM map
mean [std. dev.] of 100 it. 0.016 [0.015] 0.020 [0.016] 0.141 [0.118]
. . . relative to range 2.62% · 0.6 3.41% · 0.6 7.04% · 2 8.25%

repeatability (10 meas.)
mean [std. dev.] of 100 it. 0.019 [0.012] 0.023 [0.017] 0.163 [0.108]
. . . relative to range 3.16% · 0.6 3.86% · 0.6 8.15% · 2 9.55%

Table C.1.: Controller performance for AMiR single-disc platform: Comparison
of velocity error of trained SOLIM map, velocity error of static map
and repeatability. Conditions: fstep = 500Hz, except fstep = 700Hz
for manually trained map, 1000 motion steps per measurement.

manually trained combined SOLIM and linear map described in Subsect. 5.3.2 with
the velocity error of the learning SOLIM map and with the velocity repeatability.
The relative velocity error of the manually trained map is around 32%, while the
relative velocity error of the learning SOLIM map is around 8%, which is a large
improvement. The relative repeatability is around 10% and thus similar to the error
of the learning SOLIM map.
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[41] Hülsen, H.: 2004, ‘Design of a Fuzzy-Logic-based Bidirectional Mapping
for Kohonen Networks’. In: Proc. Int. Symposium on Intelligent Control
(ISIC’04). Taipei, Taiwan, pp. 425–430.
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