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rJEN(NS (1979) does not neddon the GLM approach. only
KEESER (1979. p.268) gives a short idlornalhint concern i ns possible
paralleliso in both app.oaches. Eved the nes book of GomAN
(1981, p. 365ff) treats bolh approaches separalely without any rere-
rence to thcir partial identity.

I JINKNS (1979) e ähnt nicht den AnsaEvon GLAss, wrlsoN &
GomAN. Nü. KER (1979, s. 268) Cibl einen kupen inlormellen
Hinweis auf nögliche tarallelen zNischen den beiden Modellen. Sogar
das neue Buch von GonMAN 0981, S.365 ff.) behandelt beide
Amütze separat, ohne einen Hineeis auf ihre partieue Idenüär zü

EDviiM.diziiuidBiolosi.gL$r

Teo additional assumptions are often not stated explicitly,
tbough they will be inportant in this coDtext:

(1.3a) X must not contain neasurement erroß (GoLD.
BERGER, 1973). Especially X nust not contain
estimators of parameteß.

(1.3b) I has to be known apriori and must not contain
unknown parameteß.

As an exanple we want to wite dowr the familiar t test
with the two hypothesesH0: pa = pB ard Hr: pa + p! in terms
of (1.1). The tuil nodel rcpresenting the alternative Hr hypo-
rhesis c,n be writen

Statistical analysis of single-case experimental designs:
Conditionalequivalence otthe general-linear-modelapproach of GLAss, WLLSoN &
Gor-fMAN with the intervention model ol Box & Tlao

C Möbus. G. Göfickeand P.A. Kröh

Summary

Insinglecase diaqnosrics the resealchel hat ofrentoeüluate the
influence ol his iktegektiok. tf the data arc at the le,el of th.
inre/tal-scales the impa.t Bsesment .dn be pußued by the
GLAss, WILLS)N & GorrMAN (1975) apprca.h, vhi.h .an be
reSarded 6 a mixtule of the general lineal hodel antl tihe seties
hode ing of the eftor component, ot bf the intetwntion nndel
of Box & TIA) (1975), which is o descendont of Box &
lENKtNs rlansfer model (1970).

In clini.al rcsearü only the fomet hethod is ßed fot inpact
assessment. The lattet model t up ta no$ not $idelt kn.'vn.
Even in statßticdl litetuturc thete ß no unified ,eotmenl of both
appnaches. We want to show that thef ate equiwle t undet
ceftain tonditions. But inspite of thß, rcsearcheß are advisedto
ubando the GLAss, WILLS)N & GorrMAN method ih favot ol
the intetvenlo nodel becaße of iß gteater elegance and
practicabilitt. Thß neaß that the danget of nisspaifrins the
intelwnrion effects 

^ 
fat norc negligible in the intettention

model rhan in the GLAss, WrLLsoN & GotrMAN hethod.

Zusemmenfassung

In det Einzelfu diagnostik so en oft Inretventionseffekte evolu-
ieft ve len- Sind die Daten intetralkkaliet. kann das nach den
Ansatz ,on GLAss, wtLLsoN & GoTTMANN (1975) erfolsen.
ü beihhahet die Modellietung des Eflektes nach dehalgehei.
aen Iinearen Mode ut.I die des Fehlers nach den ARIMA-
Modell vo Box & JENKINS. Eine anderc Möglichkeit det
lntetventioksevol@tion bietet d6 Intetvennonshodell von Box
& TlAo (1975), dß si.h aß deh Tnhsfemode von Box &
JENKINS (1970) herleitet.

In.ler klinßchen Foßchuns wn.l meist nut.lie etste Methode
wwendet- Dß z||eite Modell ßt bß ietzt nichr seht bekannt-
Sogal in det statistilchen Lite/atul gibt e: keine einhei iche
Darstellund beider An:ötze. Wit $ollen zeigen, dall sie unrer

bestimmten Bedingungen öqui,alent sind. Denno.h solhe in
Untersu.hunSen das Intetrentioßnodell vese seine/ srijße-
rcn Eleganz und Ptukiikabilitöt voryezogen we en. Außenlen
ist im htelwntionsno.lell die Gefatu t'on Fehlspezifikationen
des Intenenrionseffektes kleiner als in Ansarz von GLAss,
WlLLsoN & GorrMANN,

1. The general llnear model and many-case expe menlal
deslgns

The analysis of cross'sectional data arising frorn N>1-experi-
ments with the general linear rnodel is well known (wor
TAWA, 1974i MooSBRUGGER, 1978; TrMM, 1975; BocK,
1975). The structure of th€ model is in the univariate ase

(1.1) Nfr = NIMpI + Ner

wherer N = number of subjects
M = number of variabies

Ny, = N x I vector of the dependent variable

NIM = NxMmätrü of M Predictors
(= desisn matrix)

MPl = M x l vector of Parameters
N91 = Nx I vector of error variables

To obtain the best iinear unbiased (blue) estimatoß of p n is
usual to foimulate a ,weak< set of assumptions (1.2a 1.2c.)l

(1.2a) Yr = {0 + q

ehere the e. (i=1,...,N) are independenl rändom variables
with

E(!) = !

EGq') = ": I
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tHl 0.7b) x =Xrpr+eR
The Ols-estimator is

(1.8) p. = Gi xd 'xi r
a.d the estimate of tbe residual vector

0.e) !. =c.=y-Xrßr
Now we can test Ho with the F-ratio

- - Gi.cR-srsr)i(pF-pR)'dir, - GfEIN pFr

(1.aa)

goup B
(1.10)

(1.4b) I =XrEn+rr
witb: L = levelparameler

BF = stepparaneter
XF = desisnnatrix

0. = Gi x,t'xi y

= number of subjects
= number of linear ind€pendent

olumns in XF (herc: 2)
= number of linear i.dependenl

colümns in XR fterer 1)

=N pFpF = vector of pararneters in tull model

The ordinary le6t squares (OLS) estimator is

N

dfr

(1.6) e. =+=y-xr0'
Under H0 we expect the equality of popuiation neans:
pa=pB The equivalent hypothesis for our nodel (1.a) isl
pF = 0. To check the hpothesis, we insert 9F = 0 in (1 .a) and
fonulate the reduced model

o.5)

(1.7a) :iY

I

-"-'lr

and the €stimate of the residüal vector

If we take the square roor of (1.10) we get the t-mtio wnh
df=N-pF

2. The general linear model and single.case expeimental
designs

In the single-case experimental desisn, which is not a cross
sectional but a longitudinal design, one subject is obsered
under various expernnentäl conditions (CHAssaN, 1972). The
impact of the expedmental condirions should be assessed by
statistical methods (BaRLow & HERSEN, 1t3; HERsoN &
BaRLow, 1976; KazDrN, 196; FtcfirER, 1979: Tyt_tER &
BRowN, 1968).

One of the most familiar designs is the ArBlArBr-desi8n.
The observation time is pa itioned into four intesals- Two
interals (Aj,Ar) are without experimental interentio'. Ar is
sometimes called 

'base line<. Br represents the first interven-
tion phase. An example for an even more complicated
ArBlcrB:Cfxperinent is demonstrated in Figure 1.

Withoul loss of generality w€ want to restrict our attenrion
to the simple AB-design. The impact of the inrervenrion can
be anallzed according the general linen model along
(1.lHl.9) if the statist'cal assunptions (1.2a) (1.3b) arc m€r

Fig. 1 Datä non an experinent
examining ihe effecr of feedback on the
ealing behaviour ofa patieol with dor
exia nervosa (Parienr 4). (Fis. 3, p. 283,
tron: AaMs, W. S., BARLow, D. H.,
CHAPTN, H. N., ABEL. G, G., and LEr
TENBERC. H. Behavioür nodificaion or
anorena reNosa. Atcut* of cehdal
Pst.hiatr!, 1914, 30, 27F286. Repro

EDvhMedjzidudBblqi.]4193]
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bythe data.In tbat case the tull model is (1.4) and the reduced

model is (1.7). Na and NB are now the number of tirne points,
where measurements ale taken in phase A and B so thar
NA + NB = T. whereas in ä cross-sectional design it is assomed
that the ei and Yi are independent, in a time'series experiment
itispossiblefo test this assumption. We have to prove tbat the
time'series of estimated residuals ar = e, is sanpled from a

time-discrete white-noise process a,. For 
"diagnostic 

checls
applied to residuals< we refer to Box & JENETNS (1976,
p.281-2991.

If the residuals €i are dependent and not a white noise

and the estimaton are no longerblu€. Bul nore important for
impact assessment is tbe fact, that the F-value (1.10) is 'too
large. or 'too smau,,, depending on lhe correlation structure
of the E-process (HrBBs, 1974). Nonsignificant effects could
appear to be significant and vice versa!

In the case of (2.1) it is at least iD principle possible to
estimate the paramereryector P with the g€nenlized least
squäres (Gls)-method (ArrK!N, 1935). The linear model
(1.1), (1.a) änd (1.7) must be transforned, so that the new
residuals €: Fill be independent and will follow a white-noise
process. we have ro look fof a T x T transformation matrix
A, with

(2.2^) A I A'=!
t22bt A!:AXB+A€

Y-=x-P+q-
with: vi =A!. X+=AX. t'=AE

(2.1) EG!) = d 9+or'I

(2.3\ E(E-q-') = ECAse'A') = 4EGe') A'

(3.1a) Y, = L - 01a, r + a, = f(L,q,4-1,4)
with 4-N@,o'I)

and for the interention-phase B along the model

(3.rb) Y, = @ + p) - 01ä,_1 + ar = f@,p,0r,ar r, aJ

with -1 <q<+1
which can be conbined with the linear model (full nodel)l

0 ,a'
u'2u,

Te Te

.1

.2

.3

TTn

t0

11

'-----vl-
!

=X!+c
= 0,a, , + 4 = (1 - €1B)a,

lHl F'l
11
22

phase A 3 3

(3.2a,

phase B
(e.c.:

(3.2b) I

10
10
10

11
11
11

=4d,aa'=daqa'=.:!
Because of the positive-definiteness of q, 4 is a triangular
matrix (HrBBs, 1974: REVENSToRFF & KEESER, t97g). The
Gl-s-estinator of E is

The dependence of the residuals (3.3) can be seen very quickly
in (3.2a). q r and el share a @mmon term, $hich is a, 1.

Now pe sant to determine the matrices o:9, A and
X*. The variance of the correlated residuals is

(3.4) va(q) = vd(-oja,-,) + var(al = (1 + ei.)d

and tbe rovariance of lag k=1

where B is the backshift operator

Ba, = a. r and in general Bka, = aa

E(qE) = o:9 + o: I

1

-0, ,.

.1+ei

(3.3)

(:2.4) ß = 1X";1'1 'a* t*_ 
= rx,A A Xt rX'AA v = {XO rxl rXQ rv

The cl-s-model is equivalent lo transformätion (2.2) and
successive OLS- But usuälly the autocovarian@ matrix g of
rhe residuals is unknown and hasto be estimated. The estima-
tion is inpossible, if all parameteß in g äIe free and if the
time4eries is finit€. So we have to assume some simplifying
structure in q, so that the number of unknown parameters
decreases sharply. It is the merit of GLAss, wrLLsoN &
GorrMAN (1975) who provided us with a wide variety ofnew
design matrices X* for various €rprocesses.

3. The approach of GLAss, wLLsoN & GorrMAN

On the basis ofan early article ofBox & Tlao (1965), GLAss,
WrLLsoN & GorrMAN (1975) expanded the Gls-äpproach
covering a wide variety of intervention designs and autocore-
lation structures of Y, and €,.

3.1 If e.g. the raw data follow a rnoving'average-prccess of
order I t- ARI\.4A t0.0.ll in lhe Bo\ & JrNrrN\ rermno-
logy), we expect the data for the p€int€rvention phase A to be
construed in accordance with tbe model

ED!uM.d:iüdßiologjerrn933

(3.5) co(€,,8,-1) = cov( €,a, r+a,, 3ra',+a. ,)
= ,s,d

so the autocorrelation of both time sedes Yr and €k with thei
lagged counterparts Yr k and q r is

k=1
(3.6) ar= 0 k>1

The autocovariance natrix of lhe residuals can be written as

the smmetric matrix

1

2

3

T

I
-0r
r*ol

0_

I

0 'o q-
1+8i

(3.7) EG€') =

o, (1+0i)
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(3.7) shows that oniy in the case of€r = 0, the residuals are
independent and the faniliar t-test is jusrified to test the
intervention hypothesis Ho: pF = 0.

The tansformation matrix A is (REvENsroRrF & KEESER,
1979):

For the lransformed designnatü X* = 4 X we getl

x*=

TA

1+er+01+.
1+0r+01+.

_1+q+01+...+qrr)

and as the transformed vector of the depe.denr variable

3.2 Now the general ransformation m€thod will be demon-
strated for the ge.eral nonstationary ARlMA(p,d,q)-modet.
In literature thrce altemative formulations of the same
ARIMA'process (veßion I. II, I) are used.

3.2.1 Three fonulations ior the general ARIMA(p,d,q)-
nodel We postulate that the preint€nention data are con-
strued in accordance with lhe ARlMA(pd,q)-model (HrBBs,
19?7, p. 140r MOBUS & NaGL 1983)

(l.l.la) IOprBr(1-BldY, = 0"+sq(B)aL

L'llfitl,,=oo_:_geqa o{(8, "_ eo- -"' l' OrrBjlr B)d öprBxt-Bf" 'O.rB, -B;t
where: dl ÖD (8, i. the auloregre,,ive operaror:

ÖorB) -tl-0r.8 .. -OpPr
b) 0q (B) n the mot'ng average üperdror:

8.(Bl - ll 0.8 -... -€qBqr
c) (1-B)'k rhe difference operaror:

e.s.: tr BrzY, - !l - 28 Bly,
= Yr 2Y, r + Y,-u

which is exäclly takirg differences of differ-

e.g.: (1 B)'zY, = v:Y, = (vY, vy,1)
= (Y, Y, r) - üi_r - Y, ,)

0. is an unkrow. constant
änd the inverse of the differenceoperaror is
e.s. for (1 B) defined as:

I

Ii:BT = (t-B)' =(l+B+B',n ):-!J"
as can be shown by multiplication:
(1 + B + Br + ...) (1-B) = I

0 and the i.vene ofe.g. 0r (B) is (1 O1B) 
1

-(r -oB-o:B? ' )- iOlB'
as can be shown too:
(r + 0rB + OiBz +...) (1 oiB) = 1

Coefficients of a senenl 0;18) an (t B)j can be obrained
by equating coeffi cients.

Various authors use a second model fomulation. If we Dut
rhedirierencingoperarorrlBr on lh€ leh rde ot rhe equalilJ
sign of (3.13b), we can express the nonstationary model in
dibe'ene' $, - r l-B,JY, ,Jr \kr!:. 147". p oS).

(3.14a)

(3.14b)

, - 0" mean of üe d-Lhwnerer PI - t'"'' - ooia, -oitt.'.n..,

A third reFesentaiion is preferred by cl-Ass, W[LsoN &
GoTnaaN (1975)- They choose

,r.0.' (LB)" - OJBII-BF
and put L on the left side of (3.13b), so that we may \rrite

(3.1sar 1".-t.= e"(") ,-
verion rr I QP(B) (1-B)"

(3.15b) 
[Oo1n1r-ny1v, - r; = on6yu,

(3.15) is an infinite polynominäl in B for d>0 andor p>0.
Thismeans. that the deviation (Yi - L) canbe expressed asan
infinite novjng average process. This is called th€ )random
shock< form (Box & JENKTNS, 1976. p. 95 tr).

l[ä, ']

3loi e, I I

r3.8) A=: l. , I

t fuy, .1, ul, tl
| 2 3 ... T

(3.e)

11
22
33

TA

10
l+q 0
1+q+4 o

t+e,+e1+. . .a61'^,1 6

.1

.2

TTB

(3.10a)

[],;.1 [:,," I
lYt,l-- lY,r ' 0, \,,+dY,, I

L"l [,,u", * " .,, "l

..+ol^

. .+€fan)
1

1+€1

1+q+8l,+...+of*t)

d)

fi, Ily +0,yt, I

- lY',-6'Y' Itll-,1L', -0,Y1-l

(3.10b) y. = 4I
The lrmsformed residual factor !* = A s takes the simple

(3.11) €*=A€=a
As a rcsult we get the transformed linear rnodel (2.2) with

(3.12) v' = )Cß + €' = )Cß + a

with s - N(0,d.I)

If we estimate the tull and reduced models. w€ can test the
intervention h'?othesis with the familiar F-ratio 0.10).
Higher order movins average ploc€ses (ARIMA(0.0,q)-
nodels) can be transforned in a similar fashion.

/ o-ur',=ffi.*ffi[ '=ffi.**

EDvidMedizi'ü'dBioloci.klq]
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(3.16a) v,-r-=4ffiga=,r@)",
where: U(B) = +o + 1,1B + {,Br +..-
with Vo = 1

(3.16b) Y,=L+ I ü,a,r+a,=L+ X U!a, k

To ger rhe untnown V-$eighrs ue multipl) (l.l6a) on borh

sides $irh O BfoptB)
(3.1'7) Oe(BX1-Bf(Y, - L) = 0pGX1-B)d!,(B)a,

Following (3.lsb), the left side of (3.17) is oq(B)q. So we set

(3.18) oq(B)ar = Oe(B)(1 B)fu(B)ä, = e(B)v@)a.

The equalion of operators is

oq(B) = q(B)g(B)

(3.2\c\ Y = Xp+u(B)a

(3.21d) Y, = fi(L',ft,...,F"*j) + A(B)a,

The residuals €, are not indep€nd€nt

(3.22) E(s q') + 4.I
which is due to the overlap of common terms i. !.

l v'u
I Var + V.d:

rl.2lr !-l v,ar rv,a:+v.o,
lvar+Vra lVrar lV^d 

L

L ------- --l
The variance-covarilnce natrix of the coÜelat€d residuals e,

is:

(3.2.4) covGE) = o:.9 =

12316
(3.19ä)

where: q(B) is the general autoregressive operator
(Box & JENKTNS, 1976, p. 95):

q(B) = Qp(B)(1-B)d = q" - e,B - e,B'z -
''' 9P*dBFd

with qo = 1

and can be written explicitly as:

(3.19b) (r € B-...-€.Bc)
= (l {18 .. -qn*dBp+d t(l +$ rB+1':8'l+... )

Thercfore, the l'-weights can be obtained by equating coeffi'
cienls in B on the left side of (3.19) to the coefüci€nts in B of
the ght side.

Theoretically there are countably infinite coeffici€nts lrk.
Gl-c.ss et al. (1975, p. 152) argue,that the values of unob-
served time series Yk, ak (k = 0) should be set to their
expe.ted value, so that only 1,r,...,1t'r I have to be derived ({"
is set to 1).

(3.20) Y,=L + D Uka,-t + ar

The derivation of the 4,-weights is shown explicidy in appendix
A, because the treatment of GLAss et al. (1975, p. 151154)is

3.2.2. Transformation of the V-weight lorm of the interven-
tion'model to th€ general linear model

The linear interven.ion-modei (tull model) in 1,-weight forn is

!,:

u.vi .r3 + vi !l!1,v!
1',{, !1|,,v! .lvi-1

+"r 1i.v' ' rit' fl*.,
where: I=liin4!j'-

The intervenlion-model with corelated residuals (3.21) cm
be transformed to one with uncorrelated residuals. This can be
don€ either by multiplying (3.21) by Ift
(1.25, g'= tG-9'
(3.26a) ytI=ürXp+g
(3.26b) I' = I'P+4
or by using the recunive relationships

(3.27a) Yi= Y. - tUYli
ß.27b) x,_, = r., _ Xrr,,x,,-,

(3.27c) a, = e. XV,", r

For T=5 time points we g€t the following rnalfix Ifr. where

4

I

I::r

:

10
10
10
::
10
11
11
11
::
11

bx
10
{rl

(3.21a)

phase B

(3.21b) Y=Xp. + q4
where c =.Yc

Some authors prefer instead of using matrix lq, the fomula'
tion with the operator {(B)
EDviDMedizinundBiobEgkl933

rlu tfrrtlE... lJr 1

Ta=2 and TB=3
(3.28) t{!' =

t f r

zl+,
I I ,fi ,r',

5 L Vi-3r1,i1,,+ 2Vr q,r+ q,,-{1

0
1

{i+2{r{,2-v:

10
{rl

it
00
00

,r",r, ,i.,r, 'v'' 
j*'v- ... ,i.,r",t, ' 1r,,r-
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The burden of conput"tions is taken by computer prograns,
distibuted by BowER, PaDra & GLAss (1974) and GoTTMAN
(1981) and will thus not be demonstrated here.

4. The lntenention-model-approach ol Box & Trao

Box & TIAo (1975) developed their intervention model on
the basis of Box & JENKINS' transfer tunclion mod€l (Box &
JENKINS, 1970). Their inter.r'ention model is given by:'

(4.1) 6(B)Y, = a(B)I, + ö(B)€,

where €, is assumed to be an ordinäry ARlMA(p,d,q)-model
according (3.13b)

(4.4e) 9/, - ölt4 r ... - 6,q",
= odl, b - orlr !1 - . oJ, -,

the ,general interention effects modek. The indices reflecl
the 'memory< of the intervention component. If we have a
noninterv€ntion phase A and an interention phase B, the
intervention variable I, lakes the values

t12-..Ta12...Tb

00.._0 11._. 1

g 2a) r = 6ufu;a +*uiffi,u;,,

with r. = ---$-ir BtQe(B)

Acording (3.16a) we obtain

(4.2b) €,=L+1'(B)a,
Substituting equation (4.2b) into (4-1). we get the form:

(a.3a) ö(B)Y, = a(B)I, + ö(B).{L + {,(B)aJ

(4.3b) v,=!@)u,",.1+r-+v@)a,

qN,

i etieds I I no nconr' ou"hle l
l4.lo Y. L - ] or lnrer"ention | + { erre,rs }lqrlr,J
?4 is that paft of time-dependent data, which is cortrolled by
lhe erpenmenler. Ihe inlervention variable I is at aprio'r
determined time points set to '1' (="ono or '0' (="ofiO.
The aim of inte ention analysis is the spliiting of the time-
series ?4 and N, and the estimation of the parameteß of the

'-%-vo@ss. These parameters are effect'parameters which

"Tbe tunction '4 rcprcsetis the additional efieds of the
intervention over the noise- In partiolar, when N, is nonsta-
tionary, large changes could occur in the output even wjth no
intervention. Fitting the model ca. make it possible to distin-
guish between what can and what cannot be expläined by the
noise.< (Box & TIAo, 1975, p. 72), HIBBS (1975) calls the
transfer function nodel

(4.1a) %=ffir,

(4.4b) 6(8)94 = a@)r1

(4.40 ö(B)% = o(B)B\,
or equivalently

(4.4d1 (r 68 .-ö,8')2,
= (o. - urB : ... - o.B.)Bhr,

If there is an abrupt change in level of Y, without time-delay,
we use the intervention model of order zero

(4.5) '!4 = a.I, step charye without time-delay
(Fis. 2a)

If there is a step change with tine delay, we use

(4.6) :U = o,I, b step change with time delay b
(Fis. 2b)

In the cäse of a norstationary \, the l€vel of Y. shows a

Is the effecLSZ charging slowly, we use the rarsferfunction

ß.7a) A= ü'//,1+ a.tt-6

(4.7b)

g.7c)

(t 6ß)94 = idJ,,6

u=alts u
Is ö1 = 0 and b = 0, we get asain the step change (Fig. 2d)
and in the case of ö1 = 1, we get the model

(4 8) 4-,,", 1, nondamped increase fFig.2e)

The nod€lling of various other intenention effecrs is sho\rn in
MöBUS & NacL (1983).
The stability ofthe intervention model (4.4) is guannteed, if
the roots Br,.--,8j,...,B, of the characleristic equatiotr

ö(B)=(1 6,8-6'B'z- , ö,B')=0
satisfy the conditions FJ > 1 for j = 1,....r.
For the iniervention mod€l of order two

(1 örB ö,B'z)% = o.I!
the roots Bj of the polynomial

O-ö,B-ö,B,)=o
trave ro ue or auotute vatue p] > I

.. - I r i,6i +.rt'.

The conditionsbj > 1cän onlybemer, if rhe parameters lie in
these regions:

1<ör<+1
ör+ö,<+1_ ör-ör<+1

If lhe Intervention variable I, is held constant I, = 1 lor r >
Ta, :Z will reach the sleady stäte:

(Fig. 2c)

EDv i Mdüro md Biobde Hß8:l
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(1.e) E(',%='%=ffi
Box & TIAo (1975) and other authors distinguish between
two forms of the indicator variable Irr

üe sre. inDüt
(4 10r 

' r; =s,=1 Yii:l=i:
ärd the pulse input

r4.lr r.=P. I o{orr+Ta+l
' lltort=la+1

where the pulse input P, can be derived by differencing the
step irput 51

(4.12) P, = (i-B)s,

If there are k intervention variables acting simultaneously,
the Seneral inte ention-effects-model can be ext€nded simi
lar to the statistic?l model of a multifactoriat änova-model

r r I^,-'l
6 t3t q, =,D9/, =4 t6l#l.r
For example it is reasonable to h'?othesize two effects on rhe
determin,\ric componenr ol perceplual rpeed oI a peßon in a
drus expednent (Fisure 3)

Y, - L = 14 +,!(Bra,= ffi .t +,t(B)n,(.5.2)

(4.14) % = ',%t + 'y,.,= rfii) + r,(r,J see(s.lc)

Ir is a step input: ,no drug" vs. "dng.I,r is a pulse input: (1-B)h, which can be
interyreted as the chanse of exierimentäl

If thera are more than one int€nentions, with more than s+i
effects, we are allowed to extend the model as was done in
(4.13). We wan! to sbos the equality of the tunctions fi a.d
L + 'q,hr tlxed panmeters 4 (i = 1,....r) ofö(B):

(5.3a) L+ ?.= \&,$,....F"*,)

(5.3b) r L:LZ. = aL,,,p1

Without los of generality we suppose thar we have to test s+l
effects of o.e intervention-variable I,. The Beneral inlerven-
tion-effect model Z qn be written in the form (4.,1d) or

$.4) ',a 61',4/ - ... ö,2-r = tr, b r, ts, ... r, b{l l]l
where u = Id^ -0. -,"-l

(5.5a) 3Z = II, b I, Fl ...I,-8,) q + 6t%ä + ... + 3|/,-
In analogy to (5.4) we can write

(s.5b) tt4t = [r, Fr l. ], ,...r, Brl!q+ör?/, ,+...+s/J/t, I

(5.s., '1r'.2 = II\ 6,\ ü ... t.El q + ö,9/ü
+...+ ö.1J,1

(5.5d\ t/,, = [r$ , rcv, | ... r,n*,) !! + öt94_ |
+ ... + 6,.%. z,

ln principle $e need tor the computarion ot /Ä nn infinjle
nunbe' of previou, lzs. Bur in practice t - O tot t .
Ta+b, because[ = 0fort 

=Ta.As an exanple we'll conpute 't/t = h(11,1a....) tot t =
Ta+b+3andr=2.

(s.6a) VtA+6+1= Ira^irr^*1rr^n0 ...01 e! + 61,yr^+6r

+ 6z9r^,ou

0 ... 0l q + ört%.^.b+r

o ..ol a
(5.7a, '4t^+6i = Itr^*1\^{ Ir,+r 0 ... 0l !r

The obserable time series >perceptual speed< is conrani-
nated by noncontmllable effects Nr, so rhat we get rh€ time
series model accordins to (1.3c)

\_L=..t/t+N1
In practical data anälysis it is advised to test a fixed sequence
of intervention models. Hints can be found into CLEARY &
HAY (1980) and MöBUS & NacL (1983)-

5. The comparison ot the cl$approach ot clAss, WLr.
soN & GorrMAN With the lntervention-model ol Box &
Trao

As shown in (3.21) the approach of clAss er al. (1975) is
given as ä natrix equation by

(5.14) Y=Xp+gq
withr tp = lower triangular matrix with V,weights

or in operator form either as

(5.1b) Y=Xp+!,(B)q
or fo. a single obseration

(5.1c) Yi = f.(L'.01,...,0"+r) + u(B)a,

with: L' = L only in the case of nontruncated white
noise process a,. lf a, is set to E(aJ for t < 0. we hävea
truncated !'-weight form and L' + L. In the further
derivation it is not important werberwe assume L = L.
orL+L'.

Equation (5.1) rcpresents the general form for tesring s+l
effects of one or more interventions. The approach of Box &
TlAo (1975) for testing s+1 effects of one intervention is
(4.3)

(s.66),t4 
^+b+, 

= Ir\ 
^+ztr ̂ r 

0

(5.6.) tUt^.hr = [Ir^.r0 0

+ ör [rr^+,Ir^+r 0
+ ü [rr^r 0 0
+ 6i [rr^+10 0

Coll€cting terms of !q:

o olo
0 ... 0lq
o. olq

. I r,,- r'':l i Itt.7bt,...-l +öt,^_,,-o,tr",ir,._.io...olo
L_ röi- 6:x, _ri i i I

Equation (5.7b) can be wriuen shortly

(s 8) Ut"^n = IEr^.6n1sr*+b+:., c\*b*3,j ... sr^*b*r,,+rl a
ln seneral we can express % sinilar to the exanple (5.8)

'4 = 12,,, e,.' . e\*'l e! for ail t > TA + b

= c;q

(5.e)
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The k th component &.k (k = 1,...,s+1) of the vector g;can

(5.10) a,! = I,+,*, + jö,e,,l

where gtk = 0 fort 
= 

Ta + b + k - 1

Now we defi.e Po = L, ft = o, and 0r = oirC=2,...,s+1)
and are able to write down the natri{ equanon (5.11)

(s.11a) +Lg; = ra,4t

(5.1lb)

L+ "9,

L+ %ta*
L+ l4^*n.,
r + J/1^*t*z

:

L+ q,
The elements grk of the matrü q are fixed, because we
assumed that the ö's are known a priori. In tbis case the
design-matrü X crn be set to G and (5.3) holds. Therefore
th€ approacbes of Glass, MLLsoN & GorrMAN (1975) and
Box & TIAo (1975) are condi{ionally equivalent. This neans
that equivalence can be met only in the case of fixed ö

When testing inteNention hypothesis with the apProach of
Box & TIAo (1975) we dont need any a priori information
about th€ ö\. We estimate both the ö's änd the o)\. If we try to
evaluate the intervention'effecl along GLAss et al. , we have to
know the estimates 5, to specify the design-matnx X. This is

shown in the following example.
The tränsfer function model

(5.12, A,=-9+-.P,
with 0 < ö1 < 1a.dP,= 

{

describes an abrupt but temporary intervertion effect. lt fol-
Iows fiom equatioD (5.12)

(s.13) 'yt - 6t'Uü + a"P,

10

10

8r^+r.r0 ...0
8r^*r*:.rCr^*b*:.2..0

::I

Cr.r cr.2 . gr.'*

(s.14) 'q, :

(5.15) X =

The pättern of effect may be called a 
"d€caying 

spike". The
parameter ör is to be interpreted as the momentary rate of
decay. when 6r is large, say 6r = 0.9, tbe effect pereists for a

long period of time (1.0, 0.9,0.81, ...). If ü = 0.5 the decay is
fasrer (1 .0. 0.5, 0.25. . . .). Testins the sane hypothesis with the
approach of GLAss et al. (1975) we have to know a priori the
exact value of öj in the design matrix {:

I0 fort=Ta
lölr-'o.fort>Ta

10
|:
10

I
I
I

1

I
:

TA

T

11
1ör
1öi

i oi*'

0fort+Ta+1
lfort=Ta+1

This example bas sbown that the statistical hypothesis in the
approach of GLAss, WrLsoN & GorrMAN (1975) has to be
formulated nore precisely than in the approach of Box &
TrAo (1975).

6. lllustrative analysis lor an ARIMA(0,1,1)-model

The data set to illustrate the testing of intenention effects
stems fron a study by Meffert Gee HoLTZMANN. 1963). One
single schizophrenic pati€nt's performance on a perceptuai
speed task was obsered for 245 days (Fig. 4).

Fig. 4. Perceptua! speed of a schircphreni. before, dunrg and after drug administration.
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During the first 60 days (phase I), the patient daily received a
placebo drug, and during the second 60 days (phase II)
chlorpromzine. Froin day 120 to day 180 (phase III) chlor-
promzine was continued but with electroshock thenpy super
imposed. Th€ final65-day period(phaselv) wäs sinilar to the

Table (6.5) shows the results of the €stimation with a priori
known 5r = 0.92:

first The dnalvi\ of the autoconeldrions and panial correla- ,- .,
tions of e\en smgle phase \howi lhat *"."n rugg.r, un 'u''
ARIMA(0,r,1)-model:

L

(6.1) (r BXY, - L) = (1 - 01B)a.

The maximun likelihood (ML) estimation of 0r in phase I to
III is appmximately 0.76. Only for the last 65-day period €r
was estimated with 0.22.
Th€ last estimation of q is sisnificantly differen! from q =
0.76. This is an indication for a change in themodel. Thercforc
we restricl the anallsis to the eftects of the fißt and second

The graph of the data shows sorne instability of level. which is
lypical for a nonstationary process. It seems also obvious thät
the treatmeots had marhedly different effects upon the client-
The introduction of the tranquilizer led to a downward shift in
level of the seri€s. The second inte ention shows two effecrs.
first a tnnsient upward shift in level ov€r a time period of 11
days and second a dynamic decreasins effect- Now we are
testing the described intervention hypothesis with the model

(6.2) (1 BXYI - L) = oosl61') + o,(sl'?o) - s1'r1\

' r o,8." .r, - (t 0 B)a,

Because of (1 B)(Y, L) = (1-B)Yr we need not esrinate the
levelparmeter L or the constant 0o. The ML estimation of the
parameters are given in: MLE r,staristic

54.06
tzt.83

9.09

-3.09

8.98

-3.63
2.00

-3.03

All the pdaneteß are significantly ditrerent frcm zero on rbe
a = 0.05 level.

Appendix A

The d€rivation of the g'-weights:
The seneral autoregessive operator q(B) is a polynominal in
B of degre€ p+d:

(Al) p@) = q. - I'B - q?Bz ... qp+dBe+d
with 9" = 1

We have to derive the coefficients of this polynominal. Using
theBinominal Expansion Theorem, we ärc able to express the
difference operator as:

(A2) (1 B)d= (3) - ($B + (tB, (j)B3 + ...+ (-lf(E)Bd

= Ä()cD'B'
the auloregressne operaror can be erpanded a,:

(A3) Op(B)= (1 - OrB O,B'z - ... - O,a'i =ii 4,13i
wilh -Ö"= |

We nay combine (A2) with (A3), lo get the general autore-

rA4r e{B)= 1Erdrr-1)'B'l it_( OrBl
If we collecr the coefficients of Bk in (A4), we get

q,=-0"=1
0dfork = 1,...,p+d

q,= O, + (dr)

,p, -- 0. - (i)o, - (t
(A5) q3 = 03 (dJO, + (tor + (j)

e.= 0. - (i)or + (t0, - (!)0, - c)

qk= X C1)*\)( 0-,) k=0,r,....p+d
where: (9) = 0 for r>d and-OL 

" 
= 0 for k r > p

Now {€ know tfie oetticienti in 0o(8, dd q(8, U.ine (J. te,
we can collecr rhe coefticienr, ot Bron the lett and right \ide of
(3 19) rn a 5imila' fashion as we did in tAtr tA5) The
coefficrenr\ ot Br can be arranged ro a recursive equdrion-

qh rPH -Ah, -qh r {hr".
wherc: -€h = 0 for h>q, V. = I and -€" = 1

(6.3)

6r

ä,

0.764 15.570
-21.986 3.656

9.737 2.M0
s.07t -3.120
0.922 14.931

With the a priod information about ö we can estimate the
parameteß L, (l)., oj, o, of the model (6.2) with the seneral
linear model appmach of GLAss et al. (1975). The design-
matrix X is given by:

(6.4) X =

1

2

60

61

:

r20

121

13i
t32
133

134

:

180

-L1000
1000

i;0;

0

0
0
I
1+ 61

00
;:
00

11

ii
111
i:l
111
110
110
110

tt0
:

... 0

... 0

... 0

-.. 0
...0

10000
-ql000{hq I 0 0
q3 {, -9r 1 0
-9a -{] -(p, {r 1

€.
€1

-0,
03

€4

:

4h
xd,

(46)
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(A7)

Now rhe 1' weiShts can be obtained recursively
(Aqb, (p, - (-1, (*X-O, ( ll(d)( O., - Q - I

q?=( 1)1(:)(-g) + (-1)'(i)( o,)+( 1)'!I 0.)=-0,
=0 =0

Inserting the q", qr, q, into (A7) we get the 1'-weights

I 0r 0r 0r ^"

=}=1fir}*.r
t-q 0r O, ^,

=}=f,r$*.r
:

=ffr*-&.,

V,=-€,+{rqr+Uop:
V3=-q+{zqr+V1A++oq3

,l,o = -0u + X q*rqr h = 1,...,t 1

with qi =0fori>P+d
As an example we wänt to derive the V-weights for the
nonstationary ARIMA(1,1,1)-process

(A8)
(1 O,B)(1 BXY, - L) = (1 - €18)a1

(1 - (1+0,)B + o,B:)(Y, L) = (1 - €18)a,

ltl(e" qrB - 9,8'XY, L) = (1 eLB)ai

The coefficients of the general autoregresive operalor are

(Aea) p, = (1 + 0r)q'= O'

The salne resulrs could be oblained by (A5)
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