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Abstract

This Ph.D. thesis treats consistency, robustness and discontinuity-preserving is-
sues of M-kernel estimators in one-and two-dimensional regression.

The statistical model in the one-dimensional case looks as follows: consider the
task of estimating the regression function m : [0,1] — IR from a dataset of
random variables Y1, ..., Y, measured at the design points0 < z; < ... <z, <1.
This is done by the M-kernel smoother m,,(x) defined by
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where K is a kernel function (i.e. [ K(u)du = 1) and L is some score function.
Notice that this estimator is a generalization of the ordinary kernel estimator
which is obtained with L(-) = (-)?. The M-kernel estimator was first introduced
by Hérdle and Gasser(1984) with a monotone score function L (and fixed scale
parameter g,,). Hardle and Gassergive a restricted valid proof for consistency and
show the minimax property. Chu et al. (1998) take a density as (redescending)
score function L and let g, — 0. They observe a good jump-preserving prop-
erty. However, as shown in this thesis, consistency cannot be achieved under the
assumptions given in their paper.

In this thesis, complete proofs of robustness for both monotone and redescending
M-kernel smoothers are provided. It is further shown that the monotone M-kernel
smoother is asymptotically robust while the redescending M-kernel smoother as
introduced by Chu et al. does not have this property. On the other hand, as
shown in this thesis, the latter estimator is consistent close to a discontinuity
(“jump-preserving”), if the noise level is not very high. The monotone M-kernel
smoother, however, does not have this property.

But if we leave the scale parameter g, constant, even robustness can be obtained
for the redescending M-kernel estimator without loosing the jump-preserving
property.

Since discontinuities in the two-dimensional regression model can have many
different shapes, the model of a two-dimensional regression function with a one-
dimensional subset of discontinuities is formalized based on a differential-geometric
approach. It is shown that the redescending M-kernel smoother even preserves
sharp corners which is, in combination with qualitative asymptotic robustness, a
unique property among nonparametric smoothers.

In simulations it is observed that the redescending M-kernel smoother is not ro-
bust against outliers. Therefore, the Trimmed M-Kernel Estimator is introduced
combining the corner-preserving property of the redescending M-kernel smoother
and the robustness against outliers of the LTS estimator.

Finally, the estimators are compared in two-dimensional simulation examples.



Zusammenfassung

Die vorliegende Dissertation behandelt Konsistenz, Robustheit und Erhalten von
Unstetigkeitsstellen durch M-Kernschatzer in ein- und zweidimensionaler Regres-
sion.

Das statistische Modell im eindimensionalen Fall stellt sich folgendermaflen dar:
Es sei eine Regressionsfunktion m : [0, 1] — IR durch eine Stichprobe Y7,....Y,,
zu schétzen, die an den Stiitzstellen 0 < z; < ... <z, <1 gemessen wird. Dies
geschieht durch den M-Kernschétzer m,,(z), der durch
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definiert wird, wobei K ein Kern ist (d.h. [ K(u)du =1) und L eine Scorefunk-
tion. Man beachte, dass dieser Schétzer eine Verallgemeinerung des gewohnlichen
Kernschitzers ist, der durch L(-) = (-)? erhalten wird. Der M-Kernschitzer
wurde von Hérdle und Gasser (1984) mit einer monotonen Scorefunktion und
konstantem Skalenparameter g, eingefiihrt. Sie liefern einen — allerdings nur
eingeschrankt giiltigen — Konsistenzbeweis und zeigen die Minimax-FEigenschaft.
Chu et al. (1998) wihlen eine Dichte als (zuriickfallende) Scorefunktion und
lassen g, — 0. Dabei stellen sie eine gute sprungerhaltende Eigenschaft des
Schatzers fest. Allerdings ist, wie in dieser Arbeit gezeigt wird, der Schétzer
unter den Annahmen von Chu et al. (1998) nicht konsistent.

In dieser Arbeit werden vollstandige Beweise sowohl fiir monotone als auch zuriick-
fallende Schétzer gefithrt. Auflerdem wird gezeigt, dass der monotone M-Kern-
schatzer asymptotisch robust ist, wahrend der zuriickfallende M-Kernschéatzer,
so wie er von Chu et al. eingefiihrt wurde, nicht diese Eigenschaft besitzt. Auf
der anderen Seite ist, wie in dieser Arbeit bewiesen wird, ist der zuriickfallende
M-Kernschétzer konsistent dicht an Diskontinuitdten (“sprungerhaltend”), wenn
das Rauschen nicht zu stark ist. Diese Eigenschaft hat wiederum der monotone
M-Kernschatzer nicht.

Wenn wir allerdings den Skalenparameter g,, konstant lassen, ist sogar der zuriick-
fallende M-Kernschatzer robust, ohne seine sprungerhaltende Eigenschaft zu ver-
lieren.

Da Unstetigkeiten im zweidimensionalen Regressionsmodell viele verschiedene
Formen annehmen konnen, wird das Modell einer zweidimensionalen Regressions-
funktion mit einer eindimensionalen Menge von Unstetigkeitsstellen mit Hilfe
eines differentialgeometrischen Ansatzes formalisiert. Es wird gezeigt, dass der
zuriickfallende M-Kernschatzer sogar spitze Ecken erhalt, was in Kombination
mit der qualitativen asymptotischen Robustheit eine einzigartige Eigenschaft ist.
In Simulationen stellte sich heraus, dass der zurtickfallende M-Kernschatzer nicht
robust gegen Ausreifler ist. Daher wird der Getrimmte M-Kernschétzer eingefiihrt,
der die eckenerhaltende Eigenschaft des zuriickfallenden M-Kernschéatzers mit der
Robustheit des LTS-Schatzers gegen Ausreifler vereinigt.

In zweidimensionalen Simulationen werden die Schétzer abschlieBend verglichen.
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2 1 INTRODUCTION

1 Introduction

In the past 40 years, nonparametric regression has become more and more im-
portant to statistics applied in economics as well as in the natural and social
sciences. This has led to the development of a great number of nonparametric
procedures and many criteria in order to be able to assess them.

Let us first consider the task of estimating a one-dimensional regression function
m : [0,1] — IR from a dataset of random variables Y7,... Y, measured at the
design points 0 < zy < ... < x, < 1. The random variables are assumed to have
the form Y; := m(z;) + &;, where the residuals ¢; (the “noise”) are independently
(identically) distributed.

Estimating the regression function means “denoising” the data set. A standard
method for such a problem is local kernel estimation. A kernel smoother estimates
the regression curve m at the point x by
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where K is called a kernel function (ie. [ K(u)du = 1). It is easy to show
that this nonparametric estimator is consistent if the bandwidth becomes small
(ie. h, ™3 0) and some other standard assumptions hold (see, e.g., Eubank
(1988), Fan & Gijbels (1996), Simonoff (1996) or Korosteleff/ Tsybakov (1993)).
The disadvantage of () is that jumps in the regression function m(z) tend to
be blurred. Moreover, ordinary kernel smoothers are not robust.

For any score function p which has a global (or local) minimum, the M-estimator
of location M, is defined as the global (or as some local) minimum ¢ of

>_oly =Y. (1)

Note that, if f is the density function of the distribution of the residuals, the
choice p(y) = —log f(y) gives the ordinary maximum likelihood estimate. With
p(y) = —y?, M, is the mean average and p(y) = —|y| gives the median. More
generally, M, is defined as a zero of

>ty =), 2)

where (i) is an arbitrary continuous function. Notice that (1) and (2) are
equivalent definitions if p is convex and p’ = 1 (see Huber (1964 and 1981),
Hampel et al. (1986), Jureckova, Sen (1996) or Serfling (1980)).

Hérdle and Gasser (1984) developed a function fitting method with good ro-
bustness properties by combining the ideas of kernel estimation and robust M-



estimation. They considered m,,(x) to be a zero of

Hyo(y) = Z ki(x)y(y — i), (3)

where the kernel weights k;(x) are defined as [*" L K(Z%)du (with s;_1 < x; <
Si—1 hn hn

s;) and the derivative of the score function, 1, is assumed to be monotone increas-

ing. Obviously, this is equivalent to the definition of m,(z) being a minimum

of
> ki(z)ply —Yi),  pa primitive of ¢, (4)
i=1

since p(y) is convex.

Chu et al. (1998) introduced an M-kernel estimator based on that of Hardle and
Gasser but with the important difference that ¢ (y) is redescending.

In awareness of the fact that the number of zeros of (3) may be greater than
one, they defined m,,(z;) as the root closest to the starting point Y; in the—with
respect to (4)—descending direction. By exploiting the existence of several local
minima of (4) and the fact that the estimator may jump from one minimum to
another when changing z slightly, they improved the jump-preserving property
remarkably. Especially in two-dimensional regression, e.g. image smoothing, the
estimator shows its strong properties: if the deviation of the residuals is not too
large, even sharp corners are preserved.

This is a unique feature which distinguishes this estimator from every other
smoother: none of the common smoothers, especially not the robust ones, are able
to preserve corners. Figures 1 to 4 show how useful corner-preserving smoothing
can be. In Figures 3 and 4, a monotone and a (corner-preserving) redescending
M-kernel smoother try to reconstruct the original image (Fig. 1) from the noisy
one (Fig. 2). There is no question which one does the better job.

Of course, there are methods of detecting edges and then smoothing the areas
between them. But this is not in general applicable, e.g. if an edge vanishes
continuously as seen at the bottom of the sample image.

So far, there has been no literature about corner-preserving smoothing and even
the authors of this corner-preserving smoother only mentioned (but did not prove)
the edge-preserving property.

This thesis will fill the gap: in Chapter 2, robustness and consistency issues are
handled in the one-dimensional case. Chapter 3 formalizes and proves corner-
preserving properties in the two-dimensional regression model. In Chapter 4,
an improved corner-preserving estimator is introduced: the TM-estimator uni-
fies the corner-preserving property of the redescending M-kernel smoother with
robustness characteristics of the LTS estimator.
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Figure 1: Original Image Figure 2: Noisy Image

Figure 3: Monotone M-Kernel Figure 4: Redescending M-kernel
Smoother Smoother

What makes Chapter 2 necessary is the fact that the estimator introduced by
Chu et al. is not consistent under the assumptions given in their paper. Since
M-kernel estimators are implicitly defined, consistency can be a very sensitive
issue as a glance at the relevant literature shows us.

Since the M-kernel estimator with the kernel weights k;(z) = 1 is equivalent
to the corresponding M-estimator M, (), it is reasonable to take into account
research which deals with the consistency of M-estimators.

For monotone % (i.e. convex p), consistency of M-estimators (see Huber (1964 and
1981), Serfling (1980) or Jureckova, Sen (1996)) can be transfered to consistency
of M-kernel estimators, see Hardle and Gasser (1984) and Tsybakov (1986). The
proof of consistency which Héardle and Gasser provide holds only for nonnegative
kernel functions K. But since kernels of the order three or more cannot be



nonnegative, Proposition 3.1 and the following claims in their article are not
proven for p > 3. In section 2.3 of this thesis, consistency for not nonnegative
kernels is shown which completes Hardle and Gasser’s proofs.

However, the case of a redescending score function is much more complicated.
Convergence of the global minimum of a redescending M-estimator can be de-
rived by some additional global assumptions (see, for example, Huber (1981),
Freedman and Diaconis (1982), Jureckova and Sen (1996) and Mizera (1994 and
1996)). Freedman and Diaconis show how sensitive M-estimates in this case can
be to irregular distributions. In three examples, they present estimators with
nonmonotone score functions which are not consistent if the random variables
have a multimodal density. Referring to the examples, they note that uniqueness
of the global maximum is not enough. For symmetric density functions which
are nondecreasing on (—oo, 0), they show consistency.

Moreover, the global minimum has the drawback of being difficult to compute.
Alternatively, one can take some local minimum. The most practicable ap-
proaches achieve consistency by coupling the estimator to some consistent one
(Andrews et al. (1972), Collins (1976), Portnoy (1977), Hampel et al. (1981),
Clarke (1983)).

The special feature of Chu et al.’s estimator is that it is coupled to the (incon-
sistent!) starting point. Consistency, though, can be achieved through small
changes in the assumptions, as will be shown in Chapter 2.1.

A disadvantage of the estimator is that it is not robust.

There are many concepts of robustness in estimation of location (see, for example,
Huber (1964 and 1981) and Hampel (1971), Hampel et al. (1981), Rieder (1994),
Jureckovd, Sen (1996)). Huber (1964) introduces the minimax property of an
estimator of location. Hardle and Gasser extend this theory to the nonparametric
regression case. But the minimax property only tells us something about the
variance in the contamination model. Assuming that even the contaminated
distribution is symmetric, bias effects are not to be expected. But this excludes
the—practically very relevant—asymmetric contamination.

Hampel (1971) introduces another robustness criterion for the estimation of lo-
cation which determines the change of the distribution of the estimator when the
distribution of the residuals becomes contaminated. This includes both variance
and bias effects.

There are various ways of transforming this robustness concept to estimation
of a regression function. One possibility is to consider the distribution of the
estimate of the whole regression function (global approach). For the analysis
of the behavior of the estimator at edges and corners, this obviously makes no
sense because edges and corners of the regression function are usually null sets
and hence do not affect the global estimate asymptotically. But, since we deal
in practice with finite sets, edges and corners are important features which are
worthy of examination. Hence, I preferred to choose a local asymptotic approach,
namely pointwise robustness for large data sets as defined in Chapter 2.
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The jump-preserving property seems to contradict robustness: Hardle and Gas-
ser’s estimator is robust but not jump-preserving as shown in Section 2.3 and
Chu et al.’s estimator seems to be jump-preserving but not robust. But in fact
the latter depends on the way we carry out asymptotics. Chu et al. regard the
estimator as local maximum of a density estimate. Hence, asymptotically, the
scale parameter has to become zero and the function to be maximized equals
asymptotically the density of the distribution of the residuals. But since an
arbitrarily small contamination of the density may cause a severe change in the
modality of the density, robustness cannot be achieved as shown in Section 2.1.6.
However, if we keep the scale parameter constant, consistency and even robustness
for large data sets can be obtained. This is shown in Section 2.2.

Preserving jumps of a one-dimensional regression function does not imply that
all discontinuities of a two-dimensional regression function are preserved as well,
since the set of discontinuities of a two-dimensional regression function can have
many different shapes. In particular, at corners, the minority of observations in
the window which contains the observations with a positive kernel weight is on the
same side of the discontinuity as the corner point itself and hence “supports” the
“right” estimation (see Fig. 5), while we always have the majority of observations
on the “right” side of a linear edge (see Fig. 6).

Figure 5: Corner Point Figure 6: Edge Point

This is the reason why, for example, the LTS-estimator (see Chapter 4) is jump-
preserving and also preserves edges in a two-dimensional function, but not cor-
ners. This observation was already mentioned by Meer et al. (1990) respective
to the Least Median of Squares estimator (LMedS) but neither there nor in other
literature concerning robust image smoothing (a good overview provides Meer et
al. (1991)), the treatment of the problem exceeded a heuristic description.

In Chapter 3, the property of an estimator being “corner-preserving” is formalized
based on a differential-geometric approach. Then it is shown that the jump-
preserving redescending M-kernel estimator even preserves corners.



The robustness property introduced in Chapter 2 corresponds to the asymptotic
concept of pointwise consistency. But since, in reality, data sets are always of a
finite size, asymptotics have only limited meaning. In simulations it turned out
that the redescending M-estimator is not able to smooth outliers.

Hampel (1971) introduced, for the estimation of location, the breakdown point.
It denotes the maximum part of observations which may be arbitrarily biased
without causing the absolute value of the estimate to tend to infinity. This
concept can canonically be transferred to the case of nonparametric regression
(see, for example, Miiller (1997)).

Figure 7: noisy image with out- Figure 8: M-kernel smoother (g =
liers 50)

Figure 9: M-kernel smoother (g = Figure 10: TM-kernel smoother
70) (r=2)

It is obvious that the redescending M-kernel estimator does not have this prop-
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erty. The simulation example (the noisy image Fig. 7 is smoothed in order to
reconstruct Fig. 1) shows that, depending on the choice of the scale parameter
g, either the outliers remain (Fig. 8) or they are removed. In the second case
the corners are, however, also taken out (Fig. 9). Therefore, in Chapter 4, the
TM-estimator is introduced: Figure 10 shows that this estimator is able to han-
dle outliers and gives much better results. In Section 4.2 it is shown that the
TM-estimator has a positive breakdown point.

Finally, in Chapter 5, the estimators are compared in some simulation examples.

It is my pleasure to take the opportunity and thank all those, whose support and
encouragement during the writing of my thesis were of great help. First of all, I
would like to express my gratitude to my advisor Christine Miiller. Her thorough
way of pursuing academic research has influenced my working on the dissertation.
She gave me a great amount of academic freedom while always supporting my
ideas and projects. Particular thanks must go to Enno Mammen, a member of
my thesis committee, through whom I got the opportunity to present my Ph.D.
thesis in Heidelberg. In addition, I want to thank my friends and fellow students
Tim Garlipp, Oliver Keller and Mario Stanke, who were always ready to discuss
problems - inside and outside the field of mathematics.

I am deeply indepted to Bruce G. Lindsay, Steve J. Marron and Chih-Kang
Chu. They discussed my research outcomes and their detailed comments and
suggestions were immensely helpful. Visiting them and working with them at
Pennsylvania State University and Cornell University in the United States and
National Dong Haw University in Taiwan respectively was an especially valuable
experience.

Finally, this Ph.D. thesis was written while I was a fellow of the Friedrich-Ebert-
Foundation. I am grateful for the generous research grants, which also enabled
my research trips to the United States and to Taiwan.



2 The 1-dimensional Regression Model:
Consistency and Robustness

In this Chapter, asymptotics are carried out for the redescending and the mono-
tone M-kernel smoother. For the redescending M-kernel smoother, both shrinking
and constant scale parameter are considered.

The estimators are examined with respect to three asymptotic properties: con-
sistency in a smooth region, consistency at a jump point (which is the “jump-
preserving” property) and qualitative robustness for large samples (Hampel,
1971).

Consistency results for M-kernel estimators have already been provided by Hardle
and Gasser (1984) and Chu et al. (1998). But both proofs do not hold under the
given assumptions. The problems are as follows:

Consistency of Chu et al.’s estimator may be achieved, even at large jump points,
but under some specific assumptions (A) about the density function f of the
residuals: f has to be strongly unimodal with maximum in 0, i.e. strongly
monotone increasing on (—oco, 0) and strongly monotone decreasing on (0, co) and
for consistency at jump points, it is even necessary that f has limited support
(Assumptions Ap).

On the other hand, the estimator is always inconsistent if the density function
has saddle points which is the case under the Assumptions (B) and in the paper
of Chu et al. (1998).

The reason why Héardle and Gasser’s proof fails is the following: if ¥ (y) is mono-
tone and the kernel function K is positive then H, ,(y) and h/,(y) are monotone
and pointwise convergence of H,, ,(y) to h,(y) arbitrary close to m(x) is sufficient
to prove consistency of the unique zero my,(v) of H, ,(y).

But if K is not nonnegative as in Hérdle and Gasser, then H;, ,(y) is not monotone
anymore and we need a different approach for the proof of consistency of m,(x):
we have to show that H)  (y) converges uniformly to some monotone function
h,(y). Then it is easy to show that all zeros of H; ,(y) converge to the unique
zero of b (y).

Inconsistency at a jump point has been stated in Chu et al. (1998). Under the
modified assumptions (A4y), consistency can be achieved as shown in this Chapter.
For the sake of comparison, inconsistency at a jump point of the monotone M-
kernel smoother is shown as well.

The only robustness result which has been provided for M-kernel smoothers is
the minimax property for the monotone M-kernel smoother (Hérdle and Gas-
ser, 1984). However, qualitative robustness as considered in this chapter is more
general because it allows arbitrary contaminations of the residuals. The most in-
teresting result of this chapter is the fact that the redescending M-kernel smoother
with constant scale parameter is both jump-preserving and (asymptotically) ro-
bust.
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Let us now take the definitions of robustness and consistency. Pointwise consis-
tency is defined analogously to the location model:

Definition 1 Let m : D C R — I C IR, x — m(x) be a regression function
and let Y = (Y1,...,Y,), where Y; are observations at x; € D with distribution
function F(y,x;). An estimator m,,, : IR"® — IR is called consistent in x if

lim P (|, .(Y) —m(z)] >e) =0

n—oo

for all e > 0.

For the definition of the asymptotic robustness, we need a metrization on the
space of the distribution functions and a corresponding neighborhood (see Huber,
1981).

Definition 2 Let P be the space of probability measures. Let P and Q) be prob-
ability measures on IR and F resp. G its distribution functions. Then the Levy
metric is defined as

dp(P,Q) =min{e : F(y —¢) —e < Gy) < F(y+¢)+e forallyec R}

Definition 3 Let P be the space of probability measures. Then

Upe(P) ={Q € P :d(P,Q) < ¢}

15 called e-Levy neighborhood of P.

Robustness of estimation of location (Hampel (1971), Huber (1981)) can easily
be transferred to the regression model (see, for example, Miiller (1997)):

Definition 4 Let m : D C R — I C IR, x — m(x) be a regression function,
and let Y = (Y1...,Y,) where Y; are observations at x; € D. Consider the
estimator My, : IR — IR and let (P)™=(Y) be the distribution of 1, .(Y) if P
is the distribution of the iid residuals Y; —m(z;). Then my, .(Y) is called robust
for large samples at P in x if for all e* > 0 exist ¢ > 0 and N € IN such that

dr, (P)™ =) (Q)™=M)) <e*  for all Q € Up(P) and n > N.

From now on, the estimators will be, as in the introduction and following the
notations of Hérdle and Gasser, denoted as m,,(z) instead of 1, .(Y).
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2.1 The Redescending M-Kernel Smoother—Shrinking
Scale Parameter

At the beginning of this section, a precise definition of the estimator is given
as well as the different assumptions used in the following proofs. Existence and
uniqueness of the estimator is proven in Section 2.1.2. Consistency in a smooth
region is shown in Section 2.1.3 and consistency at a jump point is proven in
Section 2.1.4. In Section 2.1.5, inconsistency of the estimator under conditions
which are essentially the same as in Chu et al. (1998) is shown. Nonrobustness
is shown in Section 2.1.6.

2.1.1 Definition and Assumptions

The precise definition of the estimator is

my(z) := argmin {|y — Y;,| : y is element of the closure of N, (z)} (5)
where
N.(z) = {y € R:yis local minimum of — H, ,(y)

with y <Y, if — H), (Y;)) > 0andy > Y, if — H), (Y;) <0}

and

1 n
Hn,x(:y) = ﬁ Z Khn('r - IZ>LQn<y - }/Z)?

i=1
ig := argminge;, |z — 2;|' and the kernel weights k;(z) = K, (xr — z;) are given
by Kp,(r) = - K(55), likewise Ly, (y) := - L(2) with bandwidths A, gn. gn
can be interpreted as a scale parameter as well. Since it is easier to handle zeros
of a function instead of minima, we notice that m,(z) is element of the closure

of {y: H, ,(y) =0}

Consider now the assumptions:

A The regression errors ¢; are independent identically distributed with ex-
pectation 0 and with a density function f supported on a bounded or un-
bounded interval Z C IR and with a Lipschitz continuous derivative f’ which
has the property f'(y) #0 Vy € Z\ {0} (i.e. f is strongly unimodal in
0).

Ao As Assumption A, but with the additional assumption that f is supported
on a bounded interval (a1, as) and as —a; < d (where d is the jump height,
see C2).

If 2 = 25240 then define ig = i.
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The regression errors ¢; are independent identically distributed, f(y) is
symmetric with a unique local and global maximum (i.e. f is (weakly)
unimodal) and supported on IR, has a Lipschitz continuous derivative and
faly) == f(y) + f(y — d) has two maximizers at y = 0 and y = d. These
are assumptions Chu et al. (1998) have used.

Further assumptions are

Cl
C2

C3

C4

C5

-1
. . 1—5 .
The design points are x; = —=2, i=1,...,n.

The regression function is m(x) := pu(x) +dlly o) (x), where m(z) is defined
on [0,1], u(z) is Lipschitz continuous on (0,1), ¢t € (0,1) and |d| > 0,
w.lo.g. d > 0.

Withn—>oowehavegnﬁo,hnHOandWHO.

K (u) is positive on (—=1,1), 0 on IR\ [—1, 1], bounded, continuous except at
a finite number of points, Lipschitz continuous between the discontinuities
and [ K(u)du = 1.

L(v) is a nonnegative function, has a Lipschitz continuous derivative, L(0) #

0, [ L(v)dv =1, [ L(v)|v]dv < oo and [ L'(v)]v|dv < .

We assume Assumptions C1 to C5 throughout whole Section 2.1. Notice that,
with help of Lemma 22 in the appendix, the assumptions in particular imply that

£ 1

and

L and L' are bounded and hence f and L are Lipschitz continuous. Further

/L'(v)dv = / L'(v)dv+/ L'(v)dv
R\[-1,1] [~1,1]
< / L’(v)\v|dv—i—/ L'(v)dv
R\[-1,1] ~1,1]

< 00,

/(L’(v))Zdv < Iyngé(|L'(v)| / |L'(v)]dv < o0

/(L'(v))2|v\dv < I;ﬂez%\[/(v)\ / |L (v)v]dv < 0.
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2.1.2 Existence and Uniqueness
Define, for fixed z € [0, 1],
Jngi={i€{l,....n} |z — ;] < h,}.

Jn contains the indexes for which K, (x — ;) # 0. So, for our calculations of
H, .(y) it suffices to sum over .J,, ,.

Lemma 1 The estimator given by (5) always ezists and is unique.

Proof.

Obviously, the estimator is unique; only existence has to be shown.

Let M := 23 K, (¢—a;). From [ L(v)dv = 1 and the Lipschitz continuity
of L it follows that

L(0) # 0 implies H,, ,(Y;,) > 0. Therefore, by, by exist such that
Hpo(Ys)

L, (y) < i for all y € (—o0,by| U [by, 00).
Let (Y(5))1<i<n, be the order statistic of {Y; : i € J,.} (ie. Yu) < ... < Yipy)-
Then

_Hn,x<}/il) + bl) > _Hn,m<}/;0) < _Hn,m<Yv(n0) + b2)

Consider first —H), ,(Y;,) > 0. Since H, ,(y) is continuous, then there is a local
minimum of —H,, ,(y) in
Yoy + b1, Yio] -

If —H), .(Yi,) <0 then there is a local minimum in

[Yio ) Y(no) + bQ] :
Since there always exists at least one local minimum in descent direction then
N,.(x) is not empty and hence the estimator exists. O
2.1.3 Consistency in a Smooth Region under Assumptions A

In this chapter, stochastic convergence will be shown for all z where m(x) is
smooth which means for all x € (0,1) \ {t} since we only have one jump at t.
Theorem 1 only holds under Assumptions A. However, Theorem 1 bases on the
Lemmas 2 to 4 which also hold under Assumptions B and will be used in Section
2.1.5 as well.

Theorem 1 Under Assumption A, we have for all z € (0,1)\{t} and allc > 0,

lim P (|m,(x) —m(x)| >¢) = 0.

n—oo
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We prepare the proof with some lemmas. First of all, note that the sum of the
kernel weights resp. of their p* power have the following behavior (compare, e.g.,

Eubank (1988)):
Lemma 2 Letp > 1,z € (0,1). Then

1 — 1 1

Proof.

AN
==
1
1

1 xr—x; €T — 52‘
KP — KP
nh? ' ( Iy, ) ( hy, ) '
1€Jn,

1 § —
< E C -2 K
~ nhy 5 ‘ nh P ()
v 1

1
= 0 (nhﬁ)

where C' > 0 is a Lipschitz constant for K?, &; € [ T; 21n, T; + %] and k is the
number of discontinuities of K. O

To be able to examine the asymptotic behavior of m,(x), we have to show that
H, ,(y) converges for a fixed z € (0,1) \ {t}.

As a special feature of the estimator, Chu et al. (1998) introduced the parameter
gn, which tends to zero as n — oo. This means that, for large n, L, (y —Y;) >0
only if Y; is very close to y. In other words, asymptotically, H), ,(y) “counts”
the observations of same value which means that H,, ,(y) behaves asymptotically
like a density estimator: we will show that H;, ,(y) converges to f'(y — m(x)).
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Hence, the proofs have some parallels to those of density estimation, compare e.g.
Parzen (1962). First it will be shown that the sequence of expectations EH,, (y)
converges uniformly and then the uniform stochastic convergence of H, ,(y) is
proven.

Lemma 3 Let x € (0,1)\ {t}. Then under Assumptions A or B,

1
sup |EFH — = n) + O(hy,) + O )
Proof.
With partial integration and substitution we obtain:
d :
sup —ZK/M ) Eg Ly, (y = Y)) = [y = m(z))
yeIR
Yy— m(xz) —u /
= sup |~ Knx—azz/——L<—)fudu—f y—m(x
yeR Z " dy gn gn (@) ( (@)
—r im =) [ (L) gt - - i)
yeR | T i1 " ’ gr% 9n
1 < 1
= sup | Z Ky, (v — x;) / — L' (v) f(y — m(z;) — vgy)dv — f'(y — m(x))
ye i=1 n
1 n
= sup|— Z Ky, (x — ;) / L) f'(y—m(x;) —vg,)dv
yelR [TV £

IA
w
=
o

IN
w
o=
o

%iK Nz — ) /L(U) Di|m(z) — m(z;) — Ug”|dv} 0 (n;ln)

, /L(v) (D1Ds|z — x| +D1|vgn|)dv}

IA

[0}

o

o]
N —

S|

-

=

3

)

8

1
Ky, (x — ;) /L (v) (D1 Ds|z — x| + Dilvgy,|)dv + O (nh )
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_ %Z Khn(x_g;i)(/L(v)de(hn) +/L(v)|v\dv0(gn)) +0 (nzn)

1€Jn,x

= O(hy) +O(g) + O <n}zn> ’

where D; is a Lipschitz constant of f’ and Dy is a Lipschitz constant of m(z). O

Lemma 4 Under Assumptions A or B,
lim P (sup \H,, .(y) — EH, ,(y)] < 8) =1 foralle >0.
n—00 yeR

Proof.
Let, for the whole proof of this lemma, i := /—1.
By Chebychev’s inequality, it suffices to show that

lim B2 sup|H, ,(y) - EH,,(y) = 0.

n—oo yelR ) )
Let !'(u) := [e ™ L'(w)dw be the Fourier transform of L’. It follows that
L'(w) = 5= [ ™' (u)du. Let further ¢, (u) := n—llm S K (%) e~ Yk,
Then

H, ()
= K L
ek () v (50)
1 < r—xp\ 1 () )
= K — on /] d
o (5 5=
1 - r — T 1 ig u( *Yk) ,
= — "\ N (ghu)d
2 (5 ) 5 [
k=1
1 “ T — Ty 1 ;
_ K - zu(y—Yk)l/ d
g 2 (7 ) 5 [ v
k=1
1 u T—x\ 1 ,
= K _ Zuyl/ qukd
e 2o (5.7) 57 [ et an
k=1
1 R —
- eSS ()
TGn nhy, pt I,
1




2.1 The Redescending M-Kernel Smoother—Shrinking Scale Parameter 17

and

sup }
yelR

= sup
yelR

= sup
yeR

= sup
yeR

= sup
yelR

27mhn In =

= sup
yeR

B 2mnh, g,

= sup
yeR

= sup
yeR

= sup
yeR

= sup
yeR

1
-
yeR 27Tgn

— EH,, ,(y)|

E (%lgn / emyz'@nu)%(u)du)

1 . 1 < — 4
H;,;;:(:U) _E (27Tg /ewyl/<gnu)ﬁ ZK <l‘ - fL'k) equkdu> |
n " k=1 "

), .(y)

1

H,, . (y)

1

21y,

gff (I ;fk) / "l (gnu) / e~ f(z — m(xy))dz du

/ 1 (g (P (1) — B (1))

1 i x—,’]jk . .
K E zuyll —qukd
T S G L R

<x—xk)// eI (gau)e " du f(z — m(xy))dz

1 - r — Tk . .
K zuyl/ N E kad
i 2 ( . ) / 1 (gy) B du

1 / zuyl —quk du
21y,

/ ei“yl'(gnu)Egon(u)du

21 gn

[l guliontn) - Eson<u>|du}

u)l[(pn () = Epn(u))|du.

Now, by Lemma 23 from the Appendix,

E? sup|

MI»—A

e

na(Y) —

2
[ gt Eson<u>|du)

)| E2|pn () = Eipn (u)Pdu

EH, ,(y)’
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2

du

1 1 1 " r — Tk . i
l/ . E K wY, E Yy

27Tgn/| (g u)| 2 nhn 1;1: < hn ) (6 € )

2
1 1 1 < T — T » »
l/ E2 K wY, E uYy
27 g /| (gn) <R6 <nhn Zkl ( h,, ) (e e )))
1 <« ’
L — Tk —iuY; —iuY]
+ (Im (nhn ,;1 K ( W ) (e k _ Fe k))) du

2
1 1 1 <& T — Ty ) )
4 E> K Yk _ el
o [ W) (nhn > (55 ) e : >)

2
1 - r—=Z —iu —iu
+ (nhn ;K < ™ k) Im (e Yo — Fe Y’“)) du

1 T — T —iu —iu 2
m / |l/<gnU)| Z K2 (T) FE (Re (6 Vi Fe Yk))

kEJn. "
%
+ Z K? (%) E (Im (e — Ee_’A“Y’“))2 du (6)

1
2

K2 (%) E ‘efiqu . Eefiqu 2 du

n

]' /
m/“(gnuﬂ Z

k?eJn,x

1 3
EE—— h, - K? 4 d
e e (n o o K2 (0) ) u

1
U d K
- / (g v |1 (0)

1 !
— [ rwau s 1)

1 n—oo
—

nh,gd

the claim follows.

Observe that (6) follows from the fact that the independency of Y) and Y,
k,j=1,...,n, k # j implies the independency of Re (e~™¥ — Ee~"+) and
Re (™5 — Ee~™Y7). This line follows then from ERe (e~™¥k — Ee™"Y+) = 0.

O
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Proof of Theorem 1.

Since — f(y — m(z)) has no saddle points and exactly one local extreme point in
m(z) on Z, which is a minimum (Assumption A), then it is sufficient to show
that m,,(z) converges to this zero of f'(y — m(x)).

From the special shape of f (see Fig. 11) it follows that for all sufficiently small
g1 > 0 and ¢ > 0 there exist Cy, Cy € IR and § > 0, ng € IN such that

(i) P(Cy <Y, —m(z) < Cy) > 1—¢ for n > ny and

i R (7)
(i) [f'(y)| =08 forall yelCy, —€|U[e, Cy.

Considering the results of Lemma 3 and Lemma 4 we obtain that for arbitrarily
small €4, there exists ny > ng such that with probability of at least 1 — g5 for all
n Z ny,

sup |H,, . (y) — f'(y —m(z))] <.

f(y)

f(y)

Figure 11: f(y) and f’(y)

This implies
1.

H .(y)>0 on [m(z)+Ci,m(zx)—¢]

n,x

and
H (y)<0 on [m(x)+e,m(x)+ Cs

n,T
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2. at least one zero of H, ,(y), which is a local minimum of —H, ,(y), lies in
the ¢’-neighborhood of m(z).

We conclude that, if Y, — m(z) lies in [C) , Co and sup,cp |H), . (v) — f'(y —
m(z))| < d, the closest local minimum of —H,, ,(y) in descending direction lies
in (m(x) —¢", m(z) +¢€’). Therefore is

P(lma(z) —m(z)] > &)
< p (n —m(z) & [Cr, Ca] V sup | H! () — f/(y — m())] > 5)

yeIR

IN

P (Y — m(x) ¢ [Cr,Cs]) + P (sup HL () = F'(y — m(@))] > 6)

yeIR

IN

€1+ €9.

2.1.4 Consistency at a Jump Point under Assumptions A

i1
Since the jump point ¢ of m may never be included in the grid points z; = ZTQ,

we study the asymptotic behavior of m, at points close to ¢t by looking at the
sequence (k;)nemv, where
1
k, == {nt — ——‘ 2
2

3 Notice that zy, is exactly the largest design point below ¢ and hence m(zy,) =
p(x,). The point xy, .1 is the smallest design point larger than ¢ and coincides
with ¢ if ¢ is a grid point. It follows that, for every zy, and w1, respectively,
about 50 percent of the observations which are relevant for the estimator because
they lie inside the bandwidth of x;, and xy,_ .1, respectively, are measured on the
“wrong” side of the jump. But nevertheless, m,, is consistent in x, and zj, 41 in
the following sense.

Theorem 2 Let Assumptions Ag hold. Then for all e > 0
lim P (|my(zg,) —p(t)| >e) = 0 and

n—oo

lim P (|mn(xk,+1) —m(t)] >¢) = 0.

n—oo

Note if ¢ is a grid point for some ng, then we even have a subsequence (n;);en
such that

lim P (|my,(t) —m(t)| >¢) = 0 for all € > 0.

l—o0

In order to prepare the proof, two lemmas are shown first. Consistency is only
shown in zy, . Consistency in xy, 1 can be proven analogously.

3Tz] :=min{n € IN : n > z}.
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Lemma 5
1 & 1 1
- 221 o (Th, — ;) /0 (u)du + <nhn)
and
li:K( q—fKUd+o !
n. ha\Bka = %3/ = _1 uau nhy,
i=kn+1
Proof.

1 & !
= ZKhn(:ckn —x;) — / K(u)du
= 0

1 b Tr — Tj 1 [Tk Tp — U
2w e ()

i=kn—[nhn] kn ~fin

k
1 - T, — X
~ |nh Z K( hy, )

1=kn—[nhn]

k 4L
n Titg,

1 Tk, — U

i=kn—[nhn] ¥ ¥ 20

1 :rknJrﬁ K Th, — U J

S

'

o(z)

1 Zg, —hn .
b= KG&JOM

NS Tp—nhn] " 2n
NS

IA
—_
3
7
B
=
RS
8
T
>
3
&
N——
|
=
VRS
8
T
>
S
o
N———
QU
_&
_|_
S
RS
SRS
N———

i=kn—[nhy]
k
1 " & — 2 1
< C k - K Ol -
ST D T v A ()
O(nhyn) <”i”>

1
=0 (nhn) ’

where &; € [3:2 — ﬁ , Ti + ﬁ], C > 0 is a Lipschitz constant of K and k is the
number of discontinuities of K. The second equation follows from the first one
by Lemma 2. O
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Lemma 6 Let Assumption Ay hold. Define \ := fol K(u)du and let fyr(y) =
M (y)+ (1 =N f(y—d), where d is the jump height as defined in Assumption C2.
Then

sup|BH,., (1) (s = 0] = Olgn) +0() +0 ().
yelR nny

Proof.
Analogously to Lemma 3 and with help of Lemma 5, we obtain

1 ¢ d
=1

yelR

k
1 n
= sup |~ Z Ky, (zx, — x;)
i=1

yeIR

A1y =) —uy
dy gnL < 9n ) f( )d
- / K (w)duf'(y — 1))

+% Z Khn(xkn—xi)
i=kn+1
0

- K(u)duf’(y—m(t»]

-1

iiL (y—m(mi)—u
dy gn

kn

1

ol 2 Hlo )

~ / L)y — o) — vga) — F(y — p(0))ldv
k:nJrlJr]—nhn]

- K — 2
+- > ho (T — T5)

i=kn+1

VAN

[ 01 =l = vg) — - m(t))\dv}

1
+o (o)

— O(hy) +Olga) + O (ni) |
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Proof of the theorem.
Observe that, as sketched in Fig. 12,

(=0 : y<a

>0 @ a;<y<O0
=0 : y=0

<0 : O<y<a
fia)3 =0+ a<y<a +d
>0 @ am+d<y<d
=0 : y=d

<0 : d<y<d+as
L =0 : y>d+as.

As in (7), for all sufficient small €', ¢; > 0 there exists § > 0 and ny € IV such
that

[far(W)l >6  Vye[Cr,—€U[e,Cl,

where C and Cy are chosen such that P(Cy <Y, — pu(t) < Cy) > 1 — ¢ for all
n > ng. Of course, a1 < C; < Cy < ao.

f(y)

£(y)

Figure 12: f(y) and f'(y)

Considering the results of Lemma 6 and Lemma 4, with the convergent sequence
(Tk, ) ey instead of a fixed x, we obtain that for arbitrarily small €5 > 0, there
exists ny > ng, such that for all n > ny

P (sup L () — Fonly — ul0))] > 6) <.
yeIR
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We conclude that, if Yy, — p(?) lies in [C1, Cy] and supye g [Hy, ., (y) — for(y —
u(t))| < 4, the closest local minimum of —H,, ., (y) in descent direction lies in
(u(t) — &', p(t) +€'). Therefore

P(lmn(x,) — p(t)] > €)

< P<Ykn — u(t) & [Cr, Gy
v sup |H,, e, () = fan(y — ()] > 6)
< P (Y, —u(t) ¢ [Cr,C))
4 (sl ()~ Fonly = n(0)] 2 0)
< &1+ éa.

2.1.5 Inconsistency under Assumptions B

In Proposition 1 we will show that the asymptotic distribution of H), ,(y) is
normal. Using the property, we can particularly examine the behavior of H;  (y)
at the zeros of f'(y — m(z)). This enables us to prove in Theorem 3 that the
estimator is inconsistent under the Assumptions B. For the asymptotic normal
distribution of H; ,(y) two more assumptions on the bandwidths are required in
this section:

3

393 =0 as n — 00. (8)

nhng> — 0 and nh

Notice that these assumptions are weaker than those which Hardle and Gasser
(1984) required for the asymptotic normal distribution of m,,(x).
First of all, the asymptotic variance of H, ,(z) has to be specified.

Lemma 7 Let Assumptions A or B hold and let v € (0,1)\{t}. Then is for all

y e IR

varl), ,(y) = nhig% (ﬁ +0 (nzn) + O(hy) + 0(%)) :
" B = /KQ(U)dU/(L’(v))de [y —m(z)).
Proof.

Note that, by Lemma 2,

R 1 ) 1
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VH()

d
= _ZKh (x — x;)var d_yL (y—Y;)

_ 1 ZKh v [/(ij i)~ )

- ( / dilngn@ () U)f(u>dU)2]

- 3 K e [ [ 5 W@ o= ma) = va e

- ([ Lrwst =) - o, >d)2]

1

1€Jn,x

- [ [ 55 Wy = ma) + 0 — i) + [o]- Olgn)do

g3

- [( Jwwyd (- mi) + 00 + [ <L’<v>>2|v\dvo<gn>)

i ([ £t = i) - vg)dﬂ
B 1

"(x—x,)

. { / (L'(v))* dv fly — m(x)) + O(hy) + O(gn) + O(gi’;)}

_ nh,tgf; (/ K2(u)du + O (nihn))

. [/ (L'(v)*dv f(y = m(x)) + O(hy) + 0(9’”} |

25
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O

Proposition 1 Let Assumptions (8) and A or B hold. Let v € (0,1)\ {t} and
y € IR. Then

NI

( J 3) (H., ,(y) — f'(y —m(z))) == U ~ N(0,1)

nh,g3
with
5= [ Kudu [ (L) do f(y - i),

Proof.
For fixed z, vy, define

1

d
Zi= K JLL, (y— ).

Since Z; are independent and )" | Z; = H], ,(y), we have

> EZi=EH, ()
i=1

and
ZvarZ = V&I‘Z Z; = varH, ,(y).

For a sufficiently large ng, Z; are unlformly bounded by

|Z;| < max K (u) max L'(v) < max K (u) max L'(v)

nhngn uelR velR uelR velR

for all n > ng. It follows that the Ljapunov condition is fulfilled. Hence

5 <y) s <y) — Zz:l Zz:ll i) N(O , 1)
varH;, . (y) (2o, varZ;)®

Together with Lemma 3 we obtain

nhngs
B

- \@ (Ho(y) ~ £~ m(2))

and by (8) and Lemma 7, the assertion follows. O

(H,.(y) — EH,, ,(y))
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Theorem 3 Let Assumptions B and (8) hold and the support of L(y) be compact
(compare Chu et al. 1998). Then m,(x) is inconsistent for all x € (0,1).

Proof.

It suffices to show the assumption for a fixed x € (0,1) \ {t}, because then the
case x = t will be obvious. The essential difference in the assumptions is, that
under Assumptions B f(z) + f(z — d) has two local maximizers at x = 0 and
x = d which is possible only because f is assumed to be weakly unimodal: from
the symmetry and weak unimodality of f, we have f/(0) = 0. Hence, it follows
that f'(d) = f'(—d) = 0 (see Fig. 13). Since f is unimodal, f’(x) < 0 for all
x > 0 and in all open intervals (a,b) C (0,00) exists r € (a,b) with f'(r) < 0.
Particularly that means that there exists 7/6 d < ro < 4/3d such that f’(ry) < 0.

f(y)

()

Figure 13: f(y) and f'(y)

From Proposition 1, it follows that

=

BN ? .,
<nhngg> H., (m(z) + d) < U ~ N(0,1).

Hence,

Jim P(H) , (m(x) +d) > 0) = %
Also, by Proposition 1,

lim P(H, ,(m(zx)+7r) <0)=1.

n—oo
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If H ,(m(z)+d) > 0 and H) ,(m(x) + ry) < 0, then we have a zero wy €
(m(x) +d ,m(x) + r¢) which befongs to a local minimum of —H,, ,.
Hence, with

A, ={(V1,...,Y,): H,;m(m(x) +d) >0}

and
By = {(Y1,....Ys) : Hy ,(m(z) + 7o) < 0},

we get

lim P(—H, , has a local minimum in (m(x) +d,m(x) +4/3d))

n—oo

> lim P(A,NB,)

n—oo

1

3
That means, if the starting value is larger than m(z) + d (we will call this event
C) and provided that n is large enough, we reach a “wrong minimum” with an
approximate probability of at least %

Hence we only have to show that P(A4, N B, NC) is asymptotically positive. But
since C' and A, N B, are not independent, we have to carry out a little more
detailed estimation of P(A4, N B, N C).

Consider the following abbreviations:

(

_ 1o 1, (m(x)+d-Y;

A, = (K,...,Yn).ﬁ;Khn(x—xi)g—%L< 0 0
\ (e
>

- 1< 1 m(z) +ro—Y;

B, = Yi,....Y.): — K —x;) =L 0
e A S
\ i#ig

C = {(Vir...,Ya): Yiy > mle) +d},
Cy = {(Yl,...,yn):%L’(m<x)+d_yi°)#0]},

n 9n
1 —y,

Cp = {(Yl,...,Yn):—QL’ <m(‘”)”° “’);Ao} and
92 In

CR = C\ (CA U CB)

Notice that, because of the bounded (and with g, — 0 shrinking) support of L, ,
P(Cy) = O(g,) and similiary P(Cg) = O(g,). In addition, it is easy to see that

(A, NB,) U (A, NB,)\ (A, N B,) N (A, N B,)
C CAUCB,
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which implies P(A,NB,) = P(A,NB,)+0(g,). Note also that C, is independent
of A, N B,.
With these preparations, we see that

P (|mn(z) —m(z)| > d)
P (H, (m(z)+d) > 0A H, (m(z) +ro) <0AY; > m(z) + d)

= PA,NB,NC)
>  P(A,NB,NCR)
P(A,N B, NCR)
= P(Cr)P(A,NB,)
= (P(C)+O(ga))(P(An N By) + O(gn))
= P(C)P(A, mB )+ O(gn)
e /d f(u)du - =
> 0.

2.1.6 Nonrobustness

In the foregoing chapter it became clear how sensitive the estimator is to a small
change in the distribution function: only a saddle point in the distribution func-
tion is enough to make the estimator inconsistent. The following theorem gives
the reason for such behavior:

Theorem 4 Let P be a distribution with a density f fulfilling A or B. Let further
€ (0,1). Then my(z) is not robust at P in x for large samples.

Proof.

It suffices to show the claim for z € (0,1) \ {t}. We will create, for arbitrarily
small € > 0, a distribution which lies in the e-Levy-neighborhood of P and has a
multimodal density.

Let ¢ > 0 such that [7° f(y)dy > 0. Let further § := —f’(c) > 0.

Consider

qe(y);:{a(l—(y—c——) b2) ify € [c— g c+ 5]

0 else,

320
45¢ "

It is easily verified that ¢. is continuously differentiable, Lipschitz continuous,
¢.(c) =% and [ ¢.(u)du =1 (see Lemma 26 in the append1x) Hence

f(y) = (1 —e)f(y) +eq(y)

where a := \/g—g and b :=
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c c+% c+ﬁ

Figure 14: ¢.(y)

is a density function with f/(¢) = e-0 > 0 and the corresponding distribution P.
lies in the e-Levy-neighborhood of P, since

[F(y) — Fe(y)| = ¢ [F(y) — G(y)| <,

where G¢(y) is the distribution function of the distribution Q). with density ¢.(y)
and F.(y) is the distribution function of the distribution P..

f.(y)

f2(y)

Figure 15: f.(y) and fl(y)

Notice that f.(c+ 2) < 0 since ¢/ (c+2) = 0 (see Lemma 26). Since f. is
differentiable, it has a local maximum between ¢ and ¢ + % For sufficient small
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e>0isc+ % close to ¢ and hence

f(u)du > 0.
c+%
Since Lemmas 3 and 4 also hold for f.(y), H,.(y) has a local maximum in
[m(z) + ¢, m(z) + 2] with a probability tending to one if n — co. If additionally
the starting point is larger than m(z) + ¢ + 3, then m,(z) will be larger than
m(z) + c.
Let (Q.)™(®) denote the distribution of the estimator m,, () if Q. is the distri-

bution of the residuals. Then we have, if £; > 0 is the (with n — oo vanishing)
probability that H,,,(y) has no local maximum in [m(z) + ¢, m(z) + ¢+ 2],

(Qe)mn(x)([m(az) + ¢, 00]) > /:oi fe(u)du — &.

Since also, by Theorem 1,
(P)"™ @ ([m(z) + ¢/2, 00]) < e,

for some €5 > 0 vanishing as n becomes large, we have, as in Fig. 16 sketched,

dr, (P)™@ (Q:)™ ™) > min { h fe(u)du — ey — 9, g}

3
ctap

> min{ f(u)du —e — g1 — &9, g}

_______________

1= 5 fe(u)duter --<-----r-—=
ctag

|
!
2

Figure 16: Distribution Functions of (P)™®) and (Q.)™®).
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2.2 The Redescending M-Kernel Smoother—Constant
Scale Parameter

The reason why we do not achieve robustness in the previous chapter is that g,
vanishes as n becomes large. Therefore, we will leave g constant all over this
section. Under slightly different assumptions, we show that the function to be
maximized, now

1 n
Hn,x(y) = n Z Ky, (x — x;) L(y — Y3),
=1

again converges to a strongly unimodal function and then the proofs of consis-
tency are analogous to the proofs of Theorems 1 and 2. But, this time, we even
achieve large sample robustness as shown in Section 2.2.4.

2.2.1 Definition and Assumptions

Consider the following assumptions which will replace Ay, C3 and Cb5:

A{ The regression errors ¢; are independently identically distributed with ex-
pectation 0 and with a density function f which is symmetric on [—g, g],
supported on the interval (—a,a) (with 2a + 29 < d) and with only one
local and global maximum on the support in 0 (i.e. f is (weakly) unimodal
on (—a,a)). Further, f’ is Lipschitz continuous.

C3’ With n — oo we have h, — 0 and =— — 0.

nhn

C5” L has two Lipschitz continuous derivatives, is nonnegative, symmetric, sup-
ported by (—g,¢g) and strongly unimodal on its support: L’ is positive on
(—g,0). Finally, L” has a finite number of zeros on (—g, g).

Let C1, C2, C3’, C4 and C5 hold throughout Section 2.2.
Then the estimator is defined as

my(x) := argmin {|y — Y;,| : y is element of the closure of N, (z)}

where
No(xz) == {y € R:vyis local minimum of — H, .(y)
with y <Y, if — Hy, ,(Y;,) > 0 and y > Y, if — H; (V) <0}
and 4y := arg mine; _, | — ;|. Since it is easier to handle zeros of a function

instead of minima, we notice that m,(z) is in the closure of {y : H, ,(y) = 0}.
It is easily verified that the estimator always exists by observing that Lemma 1
is also true for constant scale parameter.



2.2 The Redescending M-Kernel Smoother—Constant Scale Parameter

Define

hy) = / L(y — w)dF(u),

where F' is the distribution function corresponding to the density f.

Lemma 8 h(y) is strongly unimodal on (—a — g,a + g), 0 elsewhere, i.e.

=0
>0
W(y){ =0
<0
=0

Proof.
Observe that

ys<—a—g
—a—g<y<0
y=20
O<y<a+g
a+g<y.

L(y — u)dF(u)

L(y — u) f(u)du

_ /L'(y ) f(u)du
_ /L’(u)f(y ~ u)du.

Let y > a+ g. Then f(y —u) =0 for all u € [—g, g] and hence

-9

Let now g <y < a+g. Then

0

[ 2wt -wie -

/g L'(u)f(y —u)du = 0.

/ L(—u)f(y + u)du
- / L(w)f(y + w)du

-9

-/ L)y — w)d

-9

33

because 0 < y +u < y — u and hence f(y +u) > f(y —u) for y € [g,a+ g) and
u € (—g,0) and f(y+u) > f(y—u) fory € [g,a+¢g) and u € (—g, min{0,a—y}).

Therefore, h'(y) <0 for g <y <a+g.
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If 0 < y < g then, because of the symmetry of f on [—g, g],

[ rwry-wa = [

Y g

_ —/;yL’(u)f(—y—u)du
<~/ :/L’(U)f(y—U)du

since 0 < —y —u < y —u and hence f(—y —u) > f(y —u) for u € (—g,—y) and
y €(0,9), and

[ vwrw-wi = [ v

0 -y

~ [ s+ uda

-y

< - / L () f(y — w)du

-y

because 0 < y +u < y — u and hence f(y +u) > f(y — u) for u € (—y,0) and

y €(0,9).
This implies h'(y) < 0 for 0 <y < g.

And, since L'(y) is odd and f even on [—g, g,

h'(0) = /9 L'(u) f(u)du = 0.

-9

The remaining parts of the claim follow analogously. O

2.2.2 Consistency in a Smooth Region

In order to prepare the proof of robustness as well, we show that H;, ,(y) converges
for arbitrary distribution function G. For G = F, we have convergence of H, (y)

to K/ (y — m(x)).

Lemma 9 Let G be the distribution function of the iid residuals and hi(y) =
J L'(y — w)dG(u). Then

lim P (sup }H;m(y) — he(y — m(x))’ > 5) =0
n—oo yeR

for all 6 > 0.
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Proof.
Notice that hy,(y) is Lipschitz continuous because of the Lipschitz continuity of
L'. Notice further that EL (y —Y;) = he(y — m(x;)). Hence

sup | EH,, . (y) — h(y — m(2))]
yeIR
= s —ZKh zi)EL'(y = Yi) — h/c;(y—m(fﬁ))|
R %ZK/% ey = m(e) = h(y - m(x))‘
_ 23]% %; K, (z — 2;) (i (y — m(z:)) — hin(y — m(z))) + O (nzn)

IN

— Z — - max K (u) - Cl-CQ~O(hn)+O< ! )

u€lR nh
ZEJn x n "

= O(h,)+ O (n}l) :

where C; and Cy are Lipschitz constants for hy, resp. m.
The claim follows now with Lemma 4 which also holds under Assumptions .Aj,
with g = 1. O

Theorem 5 Let Assumption Aj, hold. Then, for allz € (0,1)\{t} and alle > 0,

lim P (Jm,(z) —m(x)] >¢) =0.

n—oo

Proof.

Let ; > 0 be arbitrarily small. Let ¢ := min{|h/(y)| : v € [—a, —e1] U [e1, a]}.
Obviously is 6 > 0.

Considering the results of Lemma 9, we obtain that, for arbitrarily small 5 > 0,
there exists ng € IV such that with probability 1 — e, for all n > ny,

sup [Hy, . (y) — 1'(y — m(x))| <.
yelR

This implies
1.
H), (y) >0 on [m(x)—a,m(z)— e

and
H;w(y) <0 on [m(x)+e,m(x)+ d
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2. at least one zero of H, ,(y), which is a local minimum of —H, ,(y), lies in
the e;-neighborhood of m(x).

We conclude that, since the starting point lies in (m(x;,) — a,m(x;,) + a), the
closest zero of H], ,(y) in search direction lies with probability of at least 1 — ey
in (m(x) —e;, m(x) +€1). In other words

Plima(z) - m(@)| = <)
P (sup HL () — Wy — m(@))] > 6)

yelR

IN

IN

9.

2.2.3 Consistency at a Jump Point

Consider again the sequence (k,)nen defined in Section 2.1.4 and the design
points xy, and xy, 1 on both sides of the discontinuity of m(z) at t.

Theorem 6 Let Assumption Aj hold. Then, for all ¢ > 0,

lim P (|my(zg,) —p(t)| >e) = 0 and

n—oo

lim P (|mn(xk,+1) —m(t)] >¢) = 0.

n—oo

Again, note if ¢ is a grid point for some ny € IV, then we even have a subsequence
(n)1ev such that

lim P (|my,(t) —m(t)| >¢) = 0 for all € > 0.

l—o00

Analogously to Lemma 6, we need to proof the following claim:

Lemma 10 Let Assumption A}, hold. Define \ : fo w)du and hgy(y) =
A(y) + (1 = Nh(y — d). Then

1
sup |EH,,, () = oa(y = p(0)| = O(ha) + 0 .
yelR nhn
Proof.

Analogously to Lemma 9 and with help of Lemma 5, we obtain

sup | BH,, ., (4) = his(y = n(t))|
yelR

ZK/M Th, — ) EL (y = Yi) = AW/ (y — pu(t))

= sup
yelR
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—l—% > Kn (e, —2)EL (y = Y;) — (1= N (y —m(1))

i=knp+1

kn
= sup |2 3 Ko, (o, — ) (B (y — ) — Wy — p(0))
velR |1 5oy
P S K, = ) (0l = i) — = (o) +0 (- )
ni:knJrl o My
< 1 Z i-rnauxK(u)-C’l-C’g-hn+0( ! )
—n g h, wue€R nh,
O(h O !
= 0t +0 ().
where C7 and C5 are Lipschitz constants for h resp. m. O
Proof of the theorem.
Notice that, according to Lemma 8,
(=0 : y<—-a-—yg
>0 : —a—g<y<0
= : y=0
<0 : O<y<a+yg
hax(y)y =0 @ a+g<y<d-a—g
>0 : d—a—g<y<d
= coy=d
<0 : d<y<d+a+yg
=0 : y>d+a+yg.

As in (7), for all sufficient small &’ > 0, there exists 6 > 0 such that
(W) >6  Vyel—a,—€]U, al.

Considering the results of Lemma 10 and Lemma 4, with ¢ = 1 and with the
convergent sequence (T, )nen instead of a fixed x, we obtain that for arbitrarily
small £, > 0, there exists ng € IV, such that for all n > nyg

P (sup L, (9)— Wyl — l0))] > 5) <er.
yeIR

Therefore, since the starting point lies between m(z;,) — a and m(x;,) + a,
P(mn(zy,) — p(t)] > €)

P (sup L, (9) — Woaly — u(0))] > 6)
yeR

IN

IN

£1.
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The proof of
lim P (|my,(xg,+1) — m(t)| >¢€) =0,

n—oo

for arbitrarily small € > 0, is similar. a

2.2.4 Robustness

Theorem 7 Let P be a distribution having a density f which fulfills Aj. Let
x € (0,1)\{t}. Then m,(x) is pointwise robust for large samples at P in x.

Proof.
Let Q. € UL.(P) and G, its distribution function. Let further fu.. =
maxyecr f(y) and hg_(y) be defined as in Lemma 9. Because of

Fy) = fmax € —e<F(y—¢) —e <G(y) S F(y+e) +e < F(y) + fmax € +¢

we have
Ge(y) = F(y)| < fomax -+ (9)
for all y € IR. Then, by Lemma 24 of the Appendix,
g
) =0 = | [ 20 Gy =) - Fly = )
—g

</ L) |Gy — ) — Fly — )| du

g

= / L ()] frnas - £ + ) d
-9

= D¢,

where D := ffg |L"(w)|du( fmax + 1)

Let €; > 0 be arbitrarily small. Let § := min{|h/(y)| : y € [—a, —&1] U [1, a]}.

Obviously is 6 > 0.

1.6

Let€<5~§. Then 5
sup | (y) = hig (y)] < 5-
yelR

Considering the results of Lemma 9 we obtain that, for arbitrarily small 5 > 0,

there exists ng € IV such that with probability 1 — e, for all n > ny,

/ / 0
sup | H;, . (y) = he. (y —m(2)) < 5.
yelR

Hence, with probability 1 — &4 for all n > ny,
sup [H,, . (y) = I'(y — m(x))| < 6.
yeR

This implies
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H,, () >0 on  [m(z) - a,m(z) — ]

and
H,,(y) <0 on [m(z)+er,m(z)+d

2. at least one zero of H), ,(y), which is a local minimum of —H,, ,(y), lies in
the e;-neighborhood of m(x).

We conclude that, if the starting point lies in (m(x;,) —a, m(z;,) + a), the closest
zero of H), ,(y) in search direction lies, for n > ng, with probability larger than
1 — &9 in [m(x) — &1, m(x) 4+ &1]. From (9) we have that the probability of the
starting point lying in (m(x;,) — a, m(z;,) + a) is larger than 1 — 2(fumax + 1)e.
Hence

Q)™ ([m(x) — £1,m(x) + 1)) > 1= £ — 2 fums + 1),

Since, by Theorem 5,
(P)"™@([m(x) — er,m(x) +e1]) > 1 — e,
we have, for n > ng

dy, ((P)m”(x), (Qa)m”(x)) < max{2e1,e3 + 2(fmax + 1)e}.

,’/ e 175272(fmax+1)5

52+2(fmax+1)€ ——————————————————— < o

0,,,,,,,,.,,,,_.,,.,, % % %
m(z)—e1 m(z) m(z)+er

Figure 17: Distribution Functions of (P)™®) and (Q.)™®).

-
-

Remark.
The estimator is even robust close to ¢, i.e. at sequences xy, or x, 11 as defined
in Section 2.1.4. The proof is similar to the one above, with hj ,(y) instead of

W (y).
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2.3 The Monotone M-Kernel Smoother

In this section, the M-kernel estimator with a score function which has a monotone
derivative is analyzed. Consistency is shown in Theorem 8. Theorem 9 proves
that the estimator is not jump-preserving and robustness is shown in Theorem
10. For the proof of existence and consistency we will use the assumptions given
in Héardle and Gasser (1984), which are slightly more general as in Chu et al.
(1998). In Particular, f is dependent on z and we do not have equidistant
spacing. The fact that the kernel weights are integrals over the kernel function
makes asymptotically no difference.

A very important difference which makes this proof necessary (and the one pro-
vided by Hérdle and Gasser incomplete) is that the kernel function K does not
have to be nonnegative. This leads to the fact that the function to be maxi-
mized, again denoted by H,, .(y), is not monotone anymore and we have to show
uniform consistency of H,  (y). Hérdle and Gasser had introduced kernels of
higher order and showed that the bias vanishes the faster, the higher the order of
the kernel is. But they did not consider the fact that kernels of an order higher
than 2 cannot be nonnegative. Theorem 8 of this thesis completes Hardle and
Gasser’s proofs and then their proof of asymptotic normality also holds for not
nonnegative kernels, e.g. kernels of order 3.

For the proofs of inconsistency at a jump point and for robustness we again
assume the iid-assumption of the residuals and equidistant spacing.

2.3.1 Definition and Assumptions

Consider the task of estimating a regression function m : [0, 1] — IR on base of a
data set of random variables Y7 ...,Y, measured at the design points 0 < z; <
... <z, < 1. The random variables are independent with p.d.f. f(z;,y) and
EY; = [yf(xi,y)dy = m(x;).

The estimator m,,(z) is considered to be a zero of
H,,(y) =Y ki(x) o(Yi—y),
i=1

where k;(x) := f;il iK (%) du, K is a kernel function and z; < s; < ;1 for
1<i<n-1and sy =0, z, =s, = 1. Notice that, for every x € (0,1), there
exists ng € IN, such that > | k;(z) =1 for all n > ny.

Further assumptions are:

A1l 9 (u) is a nondecreasing, odd, bounded and Lipschitz continuous function
having a bounded derivative ¢'(u) and ¢'(0) > 0.

A2 For all x € [0,1], f(x,-) is symmetric in m(x), ie. f(x,m(z) +vy) =
f(z,m(z) —y) for all y € IR. Further, %(w, y) exists and f(z, m(z)) > 0.
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A3 The bandwidths (h,,)nen satisfy with n — oo

1. h, —0 and

2. nh, — oo.
A4 The interpolating points {s;}I, satisfy

sup |s; —sii1—n | =0(m"), §>1.

A5 The kernel function K (u) is Lipschitz continuous and has compact support
[-A,A]. It further satisfies

1. [K(u)du=1 and
2. [uK(u)du=0.

Notice that the existence of %(:p, y) implies that m(zx) is twice differentiable.

Remark.

Hérdle and Gasser defined z;_; < s; < x; (instead of z; < s; < x;41) which
implies that x; € [s;_1,s;] only if z; = s;. In other words, k;(z) is the integral
over an interval which might not include x;. This is asymptotically not wrong
but in the finite case surely not a good choice of kernel weights.

2.3.2 Existence

Lemma 11 The monotone M-kernel estimator m.,(x) always exists.

Proof. Consider the order statistic Y{y),...,Y(,) and let A_ be the sum of all
positive kernel weights k;(z). Since 1 is odd, nondecreasing and bounded by
B := |lim, . ¥ (y)| then there exists for every 0 < gy < % a constant A., > 0

such that ¢(y) > B — ¢g for all y > A.;. Therefore, for all y < Y5y — A,

H,,(y) = Z ki(2)y(Y; — )

> M(B-g)— (AL —1)B
= B- )\+€0
> 0.

Analogously is H,, ,(y) < 0 for all y > Y{,;)+ A.,. From the continuity of ¢ follows
the existence of a zero of H;, ,(y). O
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2.3.3 Consistency in a Smooth Region

Lemma 12 Let x € (0,1) and R(y) :== [¢(u — y)f(x,u)du. Then, for all
e >0,

lim P (|H, — R, (y)| > ¢€) =0.
Proof.

Since 2 [(u—y)f(z,u)du = [(u—y)L f(z,u)du is continuous, it is bounded
in [0,1]. Hence, b/, (y) is Lipschitz continuous in z. Further,

k() < |8i—si_1|isupK(u):O( ! )

hn uelR nhn

Now observe, for sufficient large n,

|EH,, ,(y) — I (y)]
_ Z k() EY(Y; — y) — R (y)

= Zk — Iy >)|

< Zlk )hG, (y) — R (y)]
< ki(x) - C-|x—z;
< Z | |

ZEJnx O(hn)

~—~—
O(nhn)

= O(hy)
with J,,, :={i € IN : x € [s;_y — Ahy,, s; + Ahy]} and a Lipschitz constant C' >

0. Notice that k;(z) =0 for all i & J, ,.
From

<y

i€
—— ) +O< 175 )
O(nhyn)

oy ue[—A,A]

1 2
h—|si—si1|2( max \K(u)\)

> k()

we get var H), (y) = Y1 k(x)vary(Y; —y) = O (n—in), since 1 is bounded.
The claim follows with Chebychev’s inequality. O
Lemma 13 Let F(z,y) = [ flzu)du  and  F,(z,y) =
D i mﬂmm)(y), where #J,. is the number of elements contained
in Jy .. Then is for arbitrarily small e > 0

P(|Fu(z,y) = Fla,y)| > €) == 0.
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Proof.
Notice that F(z,y) is Lipschitz continuous in =z since ZF(z,y) =
I yoo 5=f (x,u)du is continuous in 2 and hence bounded on [0, 1]. With

EF,(z,y) = g};x #JmEllYoo)( y)
- ZJ: #Jm Flaoy)
= e; #Jm (F(z,y) + Oz — ;)
= e; #Jm (F(z,y) + O(hn))

and
- 1
varky(z,y) = var Z 1y, 00)(¥)
= varllyy, o)
o 3
1
= 0
<nhn) ’
the claim follows by Chebychev’s inequality. O

Lemma 14 Let e5,0 > 0 be arbitrarily small. Let x € (0,1) be fized. Then, for
all C; < 0 < Oy, there exists ng € IN such that

y:y—m(x)€[Cr,Co]

P ( sup |Hr’m(y) —h(y)| > 5) <egy Vn>ng.

Proof.
Let M := [|K(u)|du. Then Y i, |ki(z)] < M. Choose arbitrarily small g5 > 0
and 0 > 0 and a partition

m(x)+Cy=ro<r; <...<rr=m(z)+Cy of [m(z)+ Cy, m(z)+ Cs

which has the property

B
rn—r_ < = l=1...1,
= riaf < 2(MD; + Ds)
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where D; is a Lipschitz constant of ¢ and Dy is a Lipschitz constant of h!. By
Lemma 12 we know that there exists ng € IN such that

! ! 5
P (s 1) = 1l > 5 )
l I 2

< 3P (10 - w0l )

< &

for all n > ng. Choose y € [m(z)+ Cy, m(z)+Cs). Then there exists [p € 1,...,1
such that

)
_ < -
‘y TlO‘ — 4(MD1+D2>7
and if 5
sup | H,,(r) — W, (r)| < 2
1=0,...,.1 ' 2
then
\H,, .(y) — h(y)]
< |H), (y) — Hy (11,)] + [H), . (7115) — R (ri,)]
| (11,) — P (y)]
- )
< (@)l (Y; = y) = p(Y; = )| + 5 T Daly =,
i=1
)
< MDily — | toty
550
- 4 2 4
= 4.

We conclude that, for n > ny,

P ( sup \H,, . (y) — i (y)| > 5)

y:y—m(z)€[C1 , C2)

IA

)
P sup |Hy () = hy(r)] > 5
1=0,...,I ' 2

< és. O

Lemma 14 only shows uniform consistency of H, ,(y) on an arbitrarily large
bounded interval. The following Lemma will show that H; ,(y) will asymptoti-
cally have no zeros outside a sufficient large bounded interval.
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Lemma 15 Let M := sup,cpr|K(u)| and A\, be the sum of all positive ker-
nel weights k;(x). Let further B = |lim, . ¥ (y)| and choose some 0 < gy <
W%‘l. Then there exists a constant A., > 0 such that ¢(y) > B — ¢ for all
y > Ae,. Choose C > 0 such that F(z,—C) < 57 and F(z,C) > 1 — o4 and
define I := [—A., —vC, A, +7C|, where v > 1 such that F(x,—yC) < F(z,—C)

and F(x,~C) > F(z,C). Then

lim P ( inf [H, ,(y)| = 0) =0.

n—oo yeIR\I

Proof.
Observe that, for all n € IV,

Apm = > kiw)

ki(z) >0
S; 1
r—U
- Z / h_K ( 3 ) du
ie{l,..., n} Si—1 ‘M n
ki(z) >0
= X (u)du
T8
ie{1,..., n}: “hn
ki(z) >0

IA
>
3
+
£
U
<

< / K, (u)du.

Then ¢y < % for all n € IN. Notice that #J,, = [2Anh,] + O(1) and

2AM > 1 since ff‘A K(u)du = 1. First we show that the probability of H ,(y)
having a zero in (—oo,—A., —yC) tends to zero as n — oo.

If less than [ﬁj’;\j-‘ observations with index in J,, , are smaller than —yC' (the
set {i € J,,:Y; < —yC will be called for S, ,), then we have

> el < B (Go ()

1€Sn,z
1 1 1
= ;40 (—né_l) +0 <nhn) :

K(u) if K(u)>0
0 else

Kot = {
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and for y < —yC — A, we get

H) .(y) = Z ki(x)(Y; —y) + Z ki(z)y(Y; —y)

i€{1,...n}\Sn,z 1€Sn,x

> (AM — % + O (nin) + O(n5+1)) (B—¢))— Ay —1)B
+ (% +0 <n2n) + O(n‘”l)) (—B)

= %B — (Am — %) g0+ O (nzn) +O0(n%t)

> 0

for n sufficient large. But with Lemma 13 is

Jn xX . . . .
P (at least Fgé AM-‘ of the observations with index in J, ,

are smaller than — 70)

~ 1
— >
P (Fn<x’ C) 2 6AM)

IN

By the same arguments we can prove that the probability of the existence of a
zero of H)  (y) larger than A, +~vC' tends to zero as n — oo. O

Theorem 8 Let x € (0,1). Then

nhjgo P(lmp(xz) —m(z)| >¢) =0  foralle > 0.
Proof.
Observe that 1 (y) is nonincreasing because h2(y) = — [ ¢'(u —y) f(z,u)du <0
since ¢’ > 0 and f > 0. From ¢/(0) > 0 and f(z,m(z)) > 0 and the continuity
of ' and f follows that b/ (m(z)) < 0. Also is hl,(m(x)) = 0 since 9 is odd and
f(z,-) is symmetric in m(x). Hence, h/,(y) has a unique zero in m(z) and there
exists for all £; > 0 some ¢ > 0 such that inf,c g\ (m@)—c, m(@)+e1) [Pe(y)] > 6.
Lemma 14 shows, on a compact interval I = [—A. — vC, A. + vC] C IR, uniform
convergence of H) ,(y) to its expectation A (y). Choose g5 > 0 arbitrarily small.
Then there exists ng € IN such that

P inf o _ 0)
(yel\(m(x)sl,m(m)+€1)| n,m(y)|

< P (suplt. () - )] > 8) < 3
yel ’ 2
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and, together with Lemma 15,

P( inf |H, (y)] :0) <52—2

yeR\I

for all n > ng. Hence

P (Im,(z) —m(z)| > ¢e1) < ea.

2.3.4 Inconsistency at a Jump Point

Consider now, for Sections 2.3.4 and 2.3.5, Assumptions A2’ and A4’ which will
replace A2 and A4:

A2’ The random variables have the form Y; = m(x;) + &;, where the resid-
uals ¢; are iid with a continuous symmetric distribution function f(y)
(ie. f(z,y) = fly — m(z))) with f(0) > 0 and a regression function
m(x) = p(x) + dly «)(z), where p(z) is twice Lipschitz continuous on
(0,1),t€ (0,1) and d > 0.

A4’ The design points are z; = Z_Ti and the interpolating points are s; =
%, 1=0,...,n.

Define 1/(y) := [¢(u —y) f(u)du.

Notice that, apart from the discontinuity at ¢, A2’ implies A2 and A4’ implies

A4 and hence all claims of Section 2.3.3 are valid on (0,1) \ {¢} with hl(y) =

[ 0(u — ) fu — m(z))du = K(y — m(z))

As in Section 2.1.4, consider the sequence (k,), . Where k, := {nt — H and

hiyx(y) == AW (y) + (1 = MR (y — d) with X := fol K(u)du.

Lemma 16 For alle > 0,

tim P (|H,.,, (5) = Kol — 0(0))] > €) =0,

n—oo

Proof.
Notice that, for sufficient large n,

kn

k .

B 1 5 T, — U
> ki(an,) = - Z/ K (kT) du
i=1 "oi=17Si-1 "

1 Skn Tr — U
= — K|l=—=—]d
hn/o ( i )“
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T 2nhnp

_ /01 K(u)du + O (nin) |

Now observe, for sufficient large n,

|EH,, 4, (y) = hax(y — u(t))]

Zn ki(er, ) EO(Y: —y) = AW (y — p(t))

£ 37 i) B (Y- y) — (1= 3 Ky — m(t)

i=kn+1

S ke, (g — () — Wy — )

+ Y hilaw,) (W (y = m(x) = (y = m(1)))

1
o (o)

i=kn+1
kn
< Y [kaw,)|Cr G fm —
i1=kn—[nhy| 1
S———— O<nhn> Ohn)
O(nhn)
kn+1+|—n}bn-| 1
+ k()| -Cy - Cy - | — £] 40
3 el O Car (nh)
_" O(ﬁ) O(hn)
O(nhyn)
= O(h,)+ O !
N " nh,,

with Lipschitz constants C, Cy > 0.
From

n k‘n+1+’—nhn-| 1 2 1
2 2 _
S| 3 |l (sup xl) | =0 ()
= i=kn—[nhn 5
O(nhn)

we get var H), . (y) = > k?(x, )var (Y; —y) = O (ﬁ), since 1) is bounded.

n,T, i=1""

The claim follows with Chebychev’s inequality. O
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Theorem 9 The monotone M-kernel estimator is not consistent at the jump
point t, i.e. for sufficient small ¢ > 0 is

lim P (|mp(x,) —p@t)] >¢e) = 1 and
lim P (|mp(xg,+1) —m(t)] >¢e) = 1

Proof.

Only the first equation is proven. The second one follows analogously.

Notice that //(y) is nonincreasing because h”(y) = — [ ¢'(u—y) f(u)du < 0 since
' > 0and f > 0. From ¢/(0) > 0 and f(0) > 0 and the continuity of ¢’ and
f follows that A”(0) < 0. Hence, hy ,(y) is nonincreasing and strongly monotone
decreasing in 0 and d. From h/(0) = 0 since ¥ is odd and f is even follows
hiy,(0) > 0. Hence there exists ¢ > 0 small enough such that

§:= min |k}, (y)| > 0.
yel-ee] 7

In analogy to Lemma 14, with Lemma 16 instead of Lemma 12, it can be shown
that there is for all £; > 0 an ng € IN such that

P min H - 0)
(ye[ﬂ(t)—e,u(t)+8] | n,Tky, (y)|

> P ( sup 4, () — g (y — u(t))) < 5) >1-e
velu( " ’

t)—e,u(t)+e]
for all n > ny. This implies

lim P (jmy,(xk,) — p(t)] > ¢) = 1.

n—00 -

2.3.5 Robustness

As a preparation for Theorem 10, we have the following lemma:

Lemma 17 Letx € (0,1)\{t} and let G be an_arbitrary distribution function of
the iid residuals Y; —m(x),i = 1,...;n. Define Gno(y) = 2ics 77— Lvio0) ()
Let y1 < yo < y2 € IR such that G(y; — m(z)) < G(yo — m(z)) < G(y2 — m(z)).
Then

lim P (Gosl) < Gy = m(@))) = 1.

n—oo
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Proof.
Notice
~ 1
EGuo(y) = Y Ellyy; 00)(11)
1€Jn,z #Jn’x
= 3 Gl —mla)
i€ ™
1
< Z #JMG(ZIO—W(?’?))
1€Jn,z ’
= G(yo —m(z))

< G(y2 — m(x))
for sufficient large n € IN and

1
#Jn,x

]1[Y¢,oo) (y)

1€Jn,x

varGh .(y) = var

1
= m Z varllyy; o) (y)

1€Jn,x
1
= 0 )
(nhn)

0<c <t (Gl —mla) ~ BGam) .

Then the claim follows by Chebychev’s inequality

Let

g A varGh.

>E> = g2

O

Theorem 10 Let P be a distribution with a density which fulfills Assumption
A2’ and let x € [0,1] \ {t}. Then the monotone M-kernel-estimator is robust for
large samples in x at P.

Proof.

Observe that, with A (y) := [¢Y(u—1y)dGu—m(z)) = [Y(u+m(z) —y)dG(u),
Lemma 12 also holds for arbitrary distribution function G because hy,(y) is Lip-
schitz continuous since 1 (y) is Lipschitz continuous.

Let Q. € UL.(P) and G, its distribution function. Let further fu.. =
maxyer f(y) = f(0). Then, as in Section 2.2.4 and with Lemma 25,

i () — W ()| = ] [ ¥ =) @ - F)
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< / [ — )] |Ge () — F(us)| du
< [ 19ta= D)l G+ 1) du
< D-¢

where D := [ |¢/(u)|du - (fumax + 1).
Choose some arbitrarily small €1 > 0. Let § := min{|h/(y)| : y € (—o0, —&1] U
[e1,00)}. Obviously is § > 0.

Let € = %-g. Then

|

iﬁﬁﬂy—m@»—hd@—nwwﬂ<

Notice that Lemma 14 and Lemma 15, with Lemma 17 instead of Lemma 13,
hold for arbitrary distribution function.® Hence we obtain that, for arbitrarily
small €5 > 0, there exists ng € IV such that with probability 1— = for all n > ny,

)
sup | H,, ,(y) — hg. (y —m(2))] < 3,
yel

where [ is defined as in Lemma 15. Hence, with probability 1 — % for all n > ny,

sup | H, ,(y) — W' (y — m(x))| <.

yel

Choose n; > ng such that for all n > n,

P inf |H 0)>1——.
(e 14220001 > 0) 2 1- 5

Then, with a probability of at least 1 — &5,
1.
H’;L,:li(y) >0 on (_007 m($) - 81]

and
H) . (y) <0 on [m(x)+e,00)

2. at least one zero of H] ,(y) lies in the e;-neighborhood of m(z).

°In Lemma 15 we then have to choose v > 1 such that G(—yC —m(z)) < G(—=BC —m(z)) <
G(—C —m(x)) and G(vC —m(z)) > G(BC —m(x)) > G(C —m(x)) for some 1 < 8 < . Such
~ and [ exist for sufficient small € > 0 and G € Ur .(P).
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We conclude that, for n > ny, all zeros of H;, ,(y) lie with a probability of at least
1 —¢e9in (m(z) —e1, m(z) +e1), e

(Qo)" @ ([m(x) — er,m(x) +e1]) 2 1 — en.
Since, by Theorem 8, for some ny > ny and for all n > no,

(P)y™ @ ([m(z) —er,m(z) +e1]) 21— e,
we have, for n > ns,

dL ((P)mn(x)’ (Qe)mn(l‘)) S max{251,52}.
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3 The 2-dimensional Regression Model:
Edge- and Corner-Preserving

While the set of discontinuities of a one-dimensional almost everywhere continu-
ous regression function is usually the union of “jumps” (see Fig. 18),

y

t

Figure 18: One-dimensional discontinuity
the two-dimensional case is much more complicated: here the set of discontinuities
of an a.e. continuous regression function is—apart from functions without a visual

structure—a one-dimensional subset of the image that can have different shapes
like the border lines in the examples in Fig. 19.

X2 X2

x1

XZ

x1

4

Figure 19: Two-dimensional discontinuities

To obtain a formal characterization of the discontinuities, let us have a brief



54 3 THE 2-DIMENSIONAL REGRESSION MODEL

excursus to Differential Geometry. A special structured one-dimensional subset
of IR? is called a plane curve (see, for example, Shikin (1995)):

Definition 5 Let [ := [a,b] C IR be a compact interval and let x = (i;) I —
IR? be continuous. Then the set

vi=A{z(t): tel}
is called a parametrically defined (parametrized) plane curve.

In general, plane curves can look quite fuzzy. The following definitions give curves
with special structures:

Definition 6 A plane curve v is said to be n-smooth with respect to given
parametrization
x = x(t), tel

if (t) is n-smooth, i.e. the nth derivatives of x*(t) and x*(t) ewist.

The parametrization does not only determine the direction we move on the curve
but also the velocity. This means that even a smooth curve can have a corner
(see the point z in the examples 2 to 4 in Fig. 19); the derivative (= velocity) of
the parametrization is then zero in that point.

This motivates a definition which characterizes curves which are smooth in a
visual sense (see Fig. 20):

Definition 7 A plane curve v is said to be n-regular with respect to given
parametrization = = x(t) if v is n-smooth and ||z'(t)|]| >0 Vtel.

Figure 20: Regular curve

A special regular curve has the property that the velocity of the curve is always
one:
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Definition 8 A regular curve 7y is said to have a natural parametrization
x = x(t), tel

if ||2'()||2 =1 for all t € 1.

It is apparent that every regular parametrization can be transformed into a nat-
ural parametrization.

Of course, the parametrization of a curve is not always unique. A special unique
parametrization which not always exists is the explicit form:

Definition 9 A parametrized plane curve v is defined in explicit form if
2l(t) =t fort € I. Then there exists a function g with

Definition 10 A curve is called a closed curve or contour with respect to
given parametrization

x = x(t), tel

if its initial and terminal points coincide, i. e. x(a) = x(b).
The following defines a curve which does not intersect itself:

Definition 11 A curve is named o simple, or Jordan curve with respect
to given parametrization x = x(t), t € I if z(t) is injective on [a,b] or, if the
curve is closed, on (a,b).

To approach the problem of corners we observe that they can be characterized
by two tangents (see Fig. 21). Actually, only regular points, i.e. points t, where
x'(to) exists and is nonzero, have a tangent:

Definition 12 Let v :={xz(t) : t € I} be a simple reqular curve and zq := x(to)
for some ty € I. Then the tangent of v in x¢ s defined as

T(y,z0) ={z € R*: 2 =29+ \2'(ty), € IR}

Up to this point, we could use standard definitions. But for our very special topic
of interest, we have to create some special structures. For geometric singularities
(points where the natural parametrization is not differentiable) we can define the
following:
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Figure 21: Asymptotic tangents

Definition 13 Let v = {x(t) : t € I} be a simple curve with a natural
parametrization on I \ {to} for some ty € I and the limits lim; ~, 2'(t) and
limp 4, 2/ (t) ezist. Then the pair of asymptotic tangents of v in x¢ = (%)
is defined as

Ti(v,0) == {z € IR* : z = xg +)\-t1i/1£1 Z'(t), Ne R}
0

and
T (y,20) i={z €ER*: z =20+ \- tli\r? Z'(t), X€ R}
0

Notice that, if /(¢) is Lipschitz continuous on I'\ {#} then the limits of Definition
13 exist by the Cauchy criterion and hence also the pair of tangents. In Figure
21, the asymptotic tangents are sketched by dotted lines.

If 2y is a regular point then both asymptotic tangents are similar and equal to
the tangent in that point, but also if we have a cuspidal point (see the fourth
image of Fig. 19) then the asymptotic tangents are equal. Hence, “real” corners
in a visual sense, as those in Image 2 and 3 of Fig. 19, are characterized by the
fact that they have two different asymptotic tangents.

Definition 14 Let v be a simple curve having a parametrization
x = x(t), tel

which is natural and with a bounded second derivative x”(t) in some open interval
I' C I except at a point xo = x(tg),t9 € I'. Then xq is called a corner point if
the two asymptotic tangents of xo are different.

It is apparent that the corner point is well-defined, i.e. that the pair of asymptotic
tangents exists.

Definition 15 An edge curve is a closed simple curve with a natural
parametrization and a bounded second derivative except at a finite number of
corner points.
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In this Chapter, we will only examine redescending M-kernel smoothers.
The monotone M-kernel smoother does not even preserve jumps in the one-
dimensional case. Hence, it is not able to preserve edges and corners in the
2-dimensional model.

3.1 The Redescending M-Kernel Smoother—Shrinking
Scale Parameter

3.1.1 Model and Assumptions

Let us consider the following statistical model:
Suppose now we have n? observations

Yij = m(xij) + €,

where the ¢;; are independent identically distributed and have a density function
f : IR — IR. To estimate m(z) on the basis of the observations, we use the
estimator

my(z) == arg mil% {ly = Yipjo| - y is element of the closure of NV, ()}
ye

where
NMa(z) = {y € R:yislocal minimum of — H, .(y)
with Yy < }/;Ojo if — Hr/z,mo/;ojo) >0
and Yy > Y;‘oj() if — H?’l,l‘(}/ioj()) < 0}
and

1 n
Hyo(y) = — D K (@ = ) Ly, (y — Yiy),
ij=1

(i, jo) = argming jeq,..mp2 ||z — 2yll2 © and K, (2) = 57 K(GE), Ly, (y) =
Q%L(g%) with kernel functions K : IR*> — IR and L : IR — IR and bandwidths
s G-

The Assumptions A and A, (with ¢;; instead of ¢;) and C5 are the same as in the
one-dimensional case. Further assumptions are:

11

C1 The design points are z;; := (ZTQ, ]TQ> , ,7=1,...,n.

C2 The regression function is m(z) := u(x) + dllp(z), where m(x) is defined
on [0, 1] and p(z) is locally Lipschitz continuous on (0,1)?, d > 0 and D
is a nonempty closed set with a boundary 0D which is the disjoint union
of a finite number of edge curves.

k k
61f ok = 25700 for k=1 or k = 2, then define ig := i.
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C3 With n — oo we have g, — 0, h,, — 0, W—>0and—gQ—>0

C4 K(u) > 0 on (0,1)% 0 else, K(u) is Lipschitz continuous, K(0) > 0 and
[ K(u)du = 1.

Let Assumptions C1 to C5 hold throughout Section 3.1.

3.1.2 Existence and Uniqueness

Analogously to Chapter 2, we define the set of indexes which contains all positive
kernel weights by

Jng = {(,7) € {1,....,n}" ||z — ]| < hi} 7.

Existence of the estimator is shown as in Section 2.1.2 and uniqueness is again
obvious.

3.1.3 Consistency in a Smooth Region

Theorem 11 Let Assumption A hold. Then, for all z € (0,1)?\ 0D and all
e >0,
lim P (|m,(x) —m(x)| >¢) = 0.

n—oo

Like in the 1-dimensional case, we need an estimation of the sum of the kernel
weights resp. of their p'* power. Let, in the whole chapter, U.(z) C [~1,1]? be
the closed e-neighborhood of x € [—1, 1] with respect to the maximum norm,
ie. Ux) ={ue[-1,1*: ||z — ull < &}

Lemma 18 Letp > 1, x € (0,1)% Then

% - K,fn(:p — Ti) = %/K”(u)du+ O (%)
n® o hit nhit
Proof.

1 < 1
— > Eh (z—ay) - W/Kp(u)du

ij=1

1 1 rT—u
- [ Sk [ () o

2,7=1

] -
= w2 () - wZ/U ()

1,j=1 1,j=1

"]loc == max{|z"], |z°[}
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1 |1 T — Ty T—u
< = —Kp< ZJ)—/ Kp< )du
hip Z’JZ:1 n2 h'n U% (zi5) hn
1 |1 T — Ty 1 x — &
= — —K? 2 ) — =K? E
a2 () - (50
. 1 T — Ty x_gij
= 2 () e (50
N e, n n
1 &i—
< o ¥ o
= 2
n2hnp i€ Tna hn 0o
——
O(n2h2) O<n}1m)
1
- o ()
where C' > 0 is a Lipschitz constant of K? and &;; € U1 (z45). O
2n

Proof of the theorem.

The proof of the two-dimensional case is very similar to the one-dimensional one.
First it has to be proven that EH, ,(y) converges uniformly. Analogously to
Lemma 3 we have

1 d
sup |— Ky, (v —x;;)E—L —Yi)— flly—m(x
sup nZ ol = ) B L, (y = Yig) = f'(y = m())
1
< = D Khn(x—xl-j)/L(v) (D1 Dsl|x — 450 + Di|vga])dv
(1:5)€Jn,z
1
0
+ (nhn>
1
<

5 X Kl o) ([ L0000) + [ L0)io))

(19)€ n.e
s o)

()
= O(hy) +O(g,) + O (Jzn) ’

where Dy is a Lipschitz constant of f’ and Dy is a Lipschitz constant of m(z).

Let, for the rest of this proof, i := /—1. With

1 “ T—=Thi \ —iuve.
(I)n<u) = n2h2 Z K <TJ> e~ WYk

" k=1 "
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and the Fouriertransform [’ of L’ as defined in Lemma 4, we have

H), .(y)

1 T — Ty
= g 2 K ( o

k,j=1

1L a1 [ (k)
= rh%QZK( W )QW/e o ) (u)du

27 gy, n2h? . o,
1 )
— 27Tgn/e“‘yl'(gnu)(I)n(u)du.

Then it is shown, as in Lemma 4, with ®,, instead of ¢,,, that

B sup [11,,(0) = B, =0 ()

2
yeIR nhngn

and by Chebychev, we obtain, for all € > 0,

i 2 (sup F1,.(5) ~ B, () <) =1

n—oo yeR

The rest of the proof is exactly the same as in Theorem 1.

3.1.4 Consistency at a Corner Point

Consistency at regular points of 9D is omitted because it is apparent that the
proofs for consistency at corner points also hold for regular points.

Let o € 0D be a corner point and a gridpoint for some n € IN. Then there
exists a subsequence (1n;);cv such that xg is a grid point for all n; € IN.

Theorem 12 Let Assumptions Ag hold. Then

lim P (|my, (zo) — m(x)| > ¢€) = 0.

l—o0

The following lemma claims that the sum of the kernel weights of the observations

in D converges.
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Lemma 19 Let 29 € dD be a corner point. Let G, (7o) := D N Uy, (70) 8 (see
Fig. 22). Then there is G(xq) C [—1,1])* such that

LS K@o—wg)= [ K(duto(l)

n =
mi]’GGn(mo) G’(xo)

and fG(mO) K(u)du > 0.

_

Figure 22: G,,(z0)

Proof.

Let, for some fixed ng € IV, the set of discontinuities 9D N Uy, (o) be described
by the edge curve z(t) and let ¢ty € I such that x(tg) = zo. Let in the following
proof always assume n > ng and ng large enough such that x is the only corner
point in 9D N U, -

Let b := limy ~, 2/(t) and b, := limy 4, 2'(¢). Then

Ti(v,m0) ={z€R*: z=x0+ \-b, A\ € R}

and

T.(v,m0) ={2 € R*: z =20+ \-b,, A € R}.
Consider the rotation of parameters © : IR? — IR? defined by

~ c! c?
=X .= T
—C2 Cl )

where
bl + br
c=—.
| |bl + br | |2
Recall that ||b||2 = ||b:||2 = 1 because z(t) is a natural parametrization. © maps

¢ (which is the normalized sum of the direction vectors by, b, of the asymptotic

tangents of zy) onto the 7'-axis ((1)), see Fig. 23.

8Un, (x0) == {x €[0,1)2 : ||z — 20|00 < hn}
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o —_— A

Figure 23: Rotation ©

Observe that b > 0 and b! > 0. This is seen as follows: by the Cauchy-Schwarz
inequality is
<bo b+ b > = ||b|3+ < by by >
> |lboll3 = | < brbr > |
= 1—|<bb >|
> 0.

Hence

1
<b.,c> = <b,—(b.+b)>
T

- - (1

b = b

- ()
= <O(),0(c)>

= <b,c>
> 0.

and, since O is a rotation,

b} > 0 is shown analogously.

This implies, together with the Lipschitz continuity of 2’(¢), that there is a neigh-
borhood U.(ty) of ty such that zV(¢t) > 0 on U.(ty) and hence Z' invertible.
Then there is, with U, := (') (U.(to)), a function g : U; — IR such that
g(&'(t)) = #2(t) for all t € U.(ty) and which is twice differentiable on U \ {#}}.
The function g can be given explicitly:

g(z) =2 ((@")(2))

for z € Uy. Hence, for z € Uy \ {#}},
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and . -
i fim /() = = = 9
lim ¢'(2) = =~ =: 3, im ¢'(z) = = =: 3,.

Z/i%g() B B Jim, g B

Since the curve is simple, there exists, for sufficient small Ui, Uy C IR such that
(@) :tel}n (01 x 02) - {(fl,g(:il)) L7l e (71}

and #2 lies in the interior of U,. Let, without loss of generality, ©(D) N (U; x Us)
lie beneath g, i.e. O(D)N (U x Uy) = {& € Uy x Uy = #* < g(#")}. Then
there is ny > ng such that © (U, (20)) € Uy, x U, for all n > ny and hence
Gn(l‘o) =DnN Uhn(l‘o) = {U S Uhn(l‘o) : ﬂ2 < g(ﬂl)}

Moreover, there exist two Taylor expansions of g at Zg:

7 =g(@") =55+ (7'~ 3)B + (@' —Zo)m(z' — )  for ' < @
and

7 =g(1') = 55+ (' = 2)B, + (2" — T, (2" —7p)  for ' > &y,
where

limn;(a) =0 fori=1,r.

a—0

Define the transformation

Pr,ao Uhn(xo) - [_17 1]2

1
u — —(xg—u).

hin

¢ maps the window Uy, (xy) which contains the support of the kernel function
onto the (mirror) unit square, see Fig. 24.

-1 (-1-1)

()OTL,{L'O
% — 0

(1.1 (=11

Figure 24: ¢, 4,

Now define

By () == {u € Un, (w0) : @2 < 32 + (@' — 71) (5111(*00@5] (@) + 5r11(jé,oo)(a1))} .
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>

Figure 25: B, (7o)

B, (x¢) is the area which lies, with respect to the rotated axes, “beneath” the
asymptotic tangents of g, see Fig. 25.
Further is

Onzo(Bn(ro)) = {u € [-1,1* 2o — hyu € B, (x )}
::{uepLu%@( — hau)? < 724 (O(z0 — hou)' — )

| o (B0 = )" + Bl 53 (O (a0 — )] |

- {u € [—1,1)%: 72 — h,@® < &2+ (35 — hydi' — 7))

. :/Bl]]_(,ooﬁ';é] (i%) - hnﬂ ) + ﬁr m ,00) (I‘O - h )} }

= {ue 1112 —hyi? < (—hyi)

B oo (— Tt + B, L o,00) (—hntt) ] }
= {ue[-L1P: @ > a - [Billpeey (@) + Bl (oop)(@)] } -

Since ¢y, 4, (Bn(g)) is independent of n we can rename it as

G(0) = Pnao(Bn(T0)).

Now consider, with the Taylor expansions mentioned above,

Gn(xo) = @na&o(é( ))
-1
€[-1

A7 (xo — hou)® < g(O(z0 — hou)') }
P 55— ettt < F5 A+ (T — hatth — 3)
[(ﬁl o (Ey — @it — B)) Lo 2y (Fg — hnl')
+ (B 4 (&5 — bttt — E5)) Lzs o) (T — hnal)}}
= {we L1 —ha < (—haa)
B m(=hn @) Lo 0y(—hnd’)
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1,-1) (-1,-1)

(0,0)

(=] (11

Figure 26: G(zo)

Define
s = g, 0L, 0]}
Since
Gn (l’o) AG(I‘())

- {u € [_17 1]2 : }712 - 7:Ll(ﬁl]l[o,oo)(ﬂ/l) + 5rn(—oo,0)(ﬂ/1))’ < nmax,n} 97

the Lebesgue measure of the symmetric difference can be estimated by
A (Gr(20) AG(20)) < 6Mmaxn = 0(1) if n — oo. It follows immediately that

/ K(u)du = K(u)du+ o(1),
Gn(zo) G(xo)

since K is bounded. Hence, it suffices to show that

) 1

n—oo \ N ean G (0)
zi €Gn (z0)

Consider
16" (o) = {(i,5) € {1,....n}* 1 2;; € Gp(wo) },
1V(zy) = {(i,j) e{l,...,n Uy (ay) C @n(azo)} and
19() = {(0.5) € {1l 0} Uy (0) 0 Gulwo) # 0}

2n

9The symmetric difference is defined as AAB := (A\ B)U (B \ A).
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Let further

GU(zy) = U Uﬁ(:pzj) and

(i.5) €L (o)

GO(xy) = U Ui(zi).

2n
(1.3) €I (o)

as well as
GY = wn,xo(én( 0))
= {ue[-1,1:29—uh, € G{(xo)}  and

GY = 040(G(20))
= {uE[—l,l]Q xo — uhy, GG( )}

Obviously is

IY (o) € IS (20) C IS (wo),
GY(z0) C Gpl(wo) € G () and
Gy (x0) C G(wo) C Gy (o)
Notice that
1 .
D ein (K, (w— u)}
(i,5)€If (o) 2n

AN
|
M
=
3
s
o
8
<

(3,5)€Ln ™ (x0)
1

< = K _

< =D soinax  {Ki, (20— u)}
(4,5)€IR (xo)

as well as
1 )
— Z min {K}, (o —u)}

ueU Tii
(i) el (o) < 2 )

1 1
— ' K= (r. —
nh2 Z uegnir(lxij) { (hn (o u)) }

(i.3) €L (o)

(xo — u)) du
h% /Ul (zis) ( n

eI (zo)

(i,
: /
= — K (oo (u)) du
7 oy, K (ra)

IN
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= / K(u)du
G (o)

/ K(u)du
Gn(zo)

and, by the same arguments,

IA

% Z max {Kj, (v —u)}

uelU 1 (x4
(i.5)€I9 (x0) 2 (7id)

> / K(u)du.
Gn(z0)

From

Y max (K- w)

uelU Tii
(i) T8 (o) " 9

uelU Tii
(i) el (a0) <2 Y

1
< 2 | (K (e —w)
(4,5)€IY (x0) n
— min K (g —u
uGU%(x”){ hn( 0 )}
1
+ﬁ Z ueg}llaéij) {Kn, (zo —u)}
(4,9)€IQ (x0)\IY (z0) n
1 ,Z'O — gmax xo _ mln
< )/ L N g L
- n?h2 Z ( ( h,, ) ( I ))
(4,5)€I¥ (z0)
1
tom 2. max (K@) (10)
(DEIQ @MY (w0)
on)
1 max __ ¢min 1
< cl|2___ > Lo —
= 2h2 Z I + (nh%)

" (i,5)€Iy (o)
——

O(n2h2) O ()

1
- O(Thz)’
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where

£ =arg  max )K (:170 — u) ,

u€l 1 (i hn
2n

To— U

hin

EMin.— arg  min K(

i uEU% (xw)
and C'is a Lipschitz constant of K, we have

% > Khn(:po—xij):/

mijeén(mo) Gn(mo)

KoL)

and hence the first part of the lemma follows.

Notice that the estimation of (10) follows from the fact that x(t) is—apart from
a finite number of singularities—regular and hence rectifiable. That means that
x(t) has finite length and hence goes through O(n) squares of sidelength +.
Finally, it has to be shown that

K (u)du > 0.
G(xo0)

Let a € (0,27) be the angle between the asymptotic tangents of z.
Since K(0) > 0 and the fact that K is continuous in 0, there is an ¢ > 0 such
that K(u) > 0 for all uw € U, ), :== {u € [-1,1]* : ||ul|s < e}. Hence,

K(u)du > / K(u)du
G(z0)NUe, 1113

>  min K(z) / du
€U 1. 1|5 G(z0)NUe |||,

2

G(z0)

= min K(x) £ a
erE,H'HQ 2
> 0.
O
From Lemmas 18 and 19 it follows that
1 10
— > K, (tg — ;) = 1 — . K (u)du + o(1).

(1.5) €Iz \ I ™ (x0)

1 Observe that, for all (i,5) € Jyao \ 157 (20), we have m(z;;) = p(xy;).
Define

Vgy 1= K(u)du
G(xo)

UFor the definition of 18" (x¢) see the proof of Lemma 19.
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and
Faey ) = Vao f'(y) + (L = v2o) f'(y + ).

With these preparations, we are able to prove the following

Lemma 20 Let xy € 9D be a corner point. Then

sup EH, () = fa,, (= m(xo))| = o(1)

Proof.
Analogously to Lemma 6 and with Lemma 18 and Lemma 19, we obtain

d
77,2 Z Khn — Lij Ed Lgn(y }/;J) - fC,lvio (y - m('ro))‘

sup
yelR ij=1
1
= sup|— Y Ky, (z0— )
yelR | TV

(i.5) €L ™ (z0)

g () s

- K (u)duf'(y — m(zo))
—l—i Z Ky, (vo — x45)

(61) €2 \IS™ (z0)
d 1 1, (y —m(xij) —
dy gn In

_(L_G%#ammgf@—u@@ﬁ
sup {% Z K, (xo — zy5)

yelR -
(i,4)ELS™ (20)

“) f(u)du

IN

' /L(U)|f'(?/ —m(z5) — vga) — f'(y — m(xo))|dv

1
ts > Ky, (zo — w35)

(6,§)€ .2\ IS (z0)

-/L@ﬂf@—u@m—w@»—f@—uuwww}

69
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Proof of Theorem 12.
The proof of the theorem is quite similar to the one of Theorem 2.
Observe that

(= . ygal—d
>0 @ ag—d<y<—d
= oy =—d
<0 : —d<y<ay—d
fav,W)§ =0 1 a2—d<y<a
>0 @ a;<y<0
=0 : y=0
<0 : O<y<a
L =0 : y>as

Hence, for all sufficient small €', ey > 0 there exists § > 0 such that

| faa, (W) > 6

for all y € [Cy,—€'] U [e",Cy], where Cy and Cy are chosen such that P(C; <
Yo, — m(xg) < Cy) > 1 —e1. Of course, a; < O < Cy < ay. As in the proof of
Theorem 11 it can be shown that

lim P (Sup \H, ., — EH, .| > 5) =0
n—oo yeR ’ ’

for all ¢ > 0. Together with Lemma 20, we obtain that for arbitrarily small
€9 > 0, there exists ng € IN such that for all n > nyg

P (sup o (9) — Fion. (y — ()| > 5) <
yeIR

We conclude that, if Yz, —m(zo) lies in [C1, Cs] and supye g |Hy,, o () = fa,,, (Y —
m(zo))| < 0, the closest local minimum of —H,, ,,(y) in descent direction lies in
(m(xo) — &', m(xg) + €'). Therefore, for all n; € IN with [ > Iy and n;, > ny,

P(|ma, (o) —m(z0)| > £)

< P(YTO —m(zo) ¢ [C1, Oy
v sup [H) oo (5) — o (4 — m(z0))| > 5)
yelR
< P (Y —m(zo) ¢ [C1,Cy))
(50 [ 0) = (0= ) = )
< €1+ ¢€a.
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3.2 The Redescending M-Kernel Smoother—Constant
Scale Parameter

3.2.1 Assumptions and Definitions

Consider the model and the assumptions of Section 3.1.1, but instead of Assump-
tions Ag, C3 and C5 we have

A{ The regression errors ¢;; are independently identically distributed with ex-
pectation 0 and with a density function f which is symmetric on [—g, g],
supported on the interval (—a,a) (with 2a + 2g < d) and with only one
local and global maximum on the support in 0 (i.e. fis (weakly) unimodal
on (—a,a)). Further, f’ is Lipschitz continuous.

C3" 