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Abstract

This thesis presents a detailed investigation of Digital Speckle Correlation (DSC) as a tool for
the measurement of three-dimensional deformation fields and surface processes, i.e. changes
in the microstructure of the surface. The method is based on a detailed analysis of the changes
in the speckle field that is scattered from a laser-illuminated rough surface, using digital image
processing. The extremely simple and robust optical setup is suited for uses in harsh environ-
ments outside the laboratory, e.g. in Non-Destructive Testing (NDT) applications. In the first
part of the thesis, a new technique is presented to determine the complete deformation field,
in particular the hitherto inaccessible out-of-plane component. The measurement relies on the
analysis of the spectral properties of the decorrelation which is caused by local tilt. The ac-
curacy of the measurement is about one tenth of the used wavelength, and thus comparable to
interferometric techniques (e.g. ESPI). In the second part, different theoretical approaches to
describe the scattering at random rough surfaces, including perturbation theory, Kirchhoff the-
ory and the two-scale model, are advanced to determine the correlation of the scattered speckle
fields in terms of parameters of the surface microstructure changes. The theoretical relations
are verified by comparative measurements with high resolution scanning force microscopy
(SFM) and by correlation measurements under a variation of experimental parameters. The
results allow for the first time a quantitative whole-field monitoring of surface processes by
remote optical means.

Kurzzusammenfassung

In dieser Dissertation wird die Digitale Speckle-Korrelation (DSC) als Methode zur Messung
von dreidimensionalen Verformungsfeldern und Oberflächenprozessen, d.h. Änderungen in
der Mikrostruktur der Oberfläche, präsentiert. Das Verfahren beruht auf einer detaillierten
Analyse von Änderungen im gestreuten Specklefeld einer mit Laserlicht beleuchteten rauen
Oberfläche mittels digitaler Bildverarbeitung. Der extrem einfache und robuste optische Auf-
bau ist gut für Anwendungen in rauer Umgebung außerhalb des Labors geeignet, z.B. in der
zerstörungsfreien Werkstoffprüfung (NDT). Im ersten Teil der Arbeit wird ein neues Ver-
fahren zur Bestimmung des vollständigen Verformungsfeldes - insbesondere der bisher nicht
zugänglichen out-of-plane Komponente - entwickelt. Die Messung basiert auf einer Analyse
der spektralen Abhängigkeit der durch lokale Verkippung hervorgerufenen Dekorrelation. Die
Messgenauigkeit liegt im Bereich 1/10 Wellenlänge und ist mit interferometrischen Verfahren
(z.B. ESPI) vergleichbar. Im zweiten Teil werden verschiedene Theorien zur Lichtstreuung
an rauen Oberflächen (u.a. Störungstheorie, Kirchhoff Näherung, 2-Skalen Modell) weiter-
entwickelt, um die Korrelation der gestreuten Specklefelder durch Parameter der Mikrostruk-
turänderung zu beschreiben. Die theoretischen Zusammenhänge werden durch Vergleichsmes-
sungen mit hochauflösender Rasterkraftmikroskopie (SFM) und durch Korrelationsmessun-
gen mit variierenden Parametern experimentell verifiziert. Die Ergebnisse erlauben erstmals
eine quantitative Beobachtung von Oberflächenprozessen mit einem berührungslosen optis-
chen Verfahren.
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Nomenclature

All symbols are defined and explained in the text at their first appearance. For convenience,
frequently used variables and abbreviations are listed here in alphabetical order. The number
of the equation or section that is stated respectively, is the place where the symbol is defined
or where it first appears. Symbols with a tilde always refer to an altered surface state. For
example, ı̃ denotes the intensity pattern recorded from a deformed object. Symbols that are
used in both upper and lower case letters in the same context are generally Fourier transform
pairs, e.g., A ����� a � , where the lower case variable refers to the spatial domain and the upper
case variable refers to the frequency domain. An exception are Ci ı̃ and ci ı̃.

a amplitude of the recorded speckle pattern, Eq. (2.1)
B width of the correlation window, Sec. 2.3
ch normalized autocorrelation function of surface profile function h, Sec. 4.2.2
chh̃ normalized cross-covariance function of h and h̃, Sec. 6.2
Ci ı̃ simple cross-correlation between speckle intensities i and ı̃, Eqs. (2.8),(2.14)
ci ı̃ normalized cross-covariance of speckle intensities i and ı̃, Eqs. (2.9),(2.15)
ccγ Yamaguchi correlation factor due to tilt, Eq. (3.11)
cci ı̃ correlation coefficient of speckle intensities i and ı̃, Eq. (2.12)
ccI Ĩ correlation coefficient of spectra I and Ĩ, Eq. (3.31)
ccµ correlation factor for the primary decorrelation, Eq. (2.13)
ccn correlation factor due to noise, Eq. (2.13)
ccN frequency dependent correlation factor due to noise, Eq. (3.33)
ccT frequency dependent correlation factor due to tilt, Eq. (3.31)
CCD charge-coupled device; the sensor of the camera
CPSnorm normalized cross power spectrum, Eq. (3.34)
Dν aperture diameter in frequency space for a circular aperture, Eq. (2.25)
Dνx aperture width in frequency space for a rectangular aperture, Eq. (3.36)
Dνy aperture height in frequency space for a rectangular aperture, Eq. (3.36)
dP pixel pitch of the camera sensor, Sec. 2.3
DSC Digital Speckle Correlation
DSP Digital Speckle Photography
DSPI Digital Speckle Pattern Interferometry
∆h difference in profile function between two surface states, Sec. 4.2.2
∆κκκ projection of change in wavevector kinc � ksc onto the z � 0 plane, Sec. 6.2
∆ννν shift of amplitude in aperture plane, Sec. 3.2
∆r displacement of speckle field in image plane, Sec. 3.2
E electric field of the scattered wave, Sec. 6.2
êα unit vector indicating the state of polarization of the incident light, Sec. 6.2
êβ unit vector indicating the state of polarization of the scattered light, Sec. 6.2

vii



viii NOMENCLATURE

Fαβ angular factor of the scattered amplitude in Kirchhoff theory, Eq. (6.28)
FWHM full width half maximum
Γαβ angular factor of the scattered amplitude in perturbation theory, Eq. (6.43)
H transfer function of the camera, Eq. (2.4)
H magnetic field of the scattered wave, Sec. 6.3
h surface profile function, Sec. 4.2.2
hl profile function of the large-scale roughness in a two-scale model, Sec. 4.2.2
hs profile function of the small-scale roughness in a two-scale model, Sec. 4.2.2
i intensity of the recorded speckle pattern, Eq. (2.2)
i � intensity of the speckle pattern on the camera sensor, Eq. (2.2)
k modulus of the wavevector of the light, Sec. 6.1
kinc wavevector in the direction of illumination, Sec. 6.2
ksc wavevector in the direction of observation, Sec. 6.2
L likelihood function, Sec. 3.3.2
l correlation length of the surface profile function, Sec. 4.2.2
ll corr. length of the large-scale roughness in a two-scale model, Sec. 4.2.2
ls corr. length of the small-scale roughness in a two-scale model, Sec. 4.2.2
λ wavelength of light, Sec. 2.1
M (de-)magnification of the imaging system, Sec. 2.2
ML maximum likelihood
MTF modulation transfer function, Sec. 2.4.2
MVB minimum variance bound, Sec. 3.3.2
n̂ local surface normal, Sec. 6.2
ννν � νx 	 νy 
 , spatial frequency, Eq. (2.3)
νd splitting frequency in a two-scale roughness surface model, Sec. 6.5.1
νNy Nyquist frequency of the camera sensor, Sec. 2.4.2
P pupil function of the aperture, Eq. (2.5)
P∆h PSD of the difference in surface profile, Eq. (4.6)
Ph PSD of the surface profile function h, Eq. (4.5)
Phh̃ cross PSD of the surface profile functions h and h̃, Sec. (6.2)
PSD power spectral density, Sec. 2.4.2
rFWHM FWHM of the correlation function in case of a circular aperture, Eq. (3.48)
r j k temporal correlation coefficient between steps of a surface process, Sec. 6.7
Rq rms surface roughness
rSp average speckle size, Sec. 3.2.3
rms root-mean-square
ρρρ position vector in the mean plane of the surface, Sec. 6.2
SFM scanning force microscopy, Sec. 4.2
σ∆h rms difference in surface profile between two surface states, Sec. 4.1.2
σ∆x random measuring error of the horizontal in-plane component, Sec. 3.3
σ∆y random measuring error of the vertical in-plane component, Sec. 3.3
σh standard deviation of surface profile function ( � Rq), Sec. 4.2.2
u amplitude of the speckle field in the geometric optics limit, Eq. (2.1)
xFWHM horiz. FWHM of the corr. fct. in case of a rectangular aperture, Eq. (3.41)
χhh̃ joint characteristic function of probability density fcts. of h and h̃, Eq. (6.31)
yFWHM vertical FWHM of the corr. fct. in case of a rectangular aperture, Eq. (3.41)
WLI white-light interferometry, Sec. 4.1.2
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Introduction

1.1 Context

Optical metrology has gained very much interest in the last decades and has become an impor-
tant key to high technology, where it assists in the development of new materials, technical so-
lutions and products. A great deal of applications can be found in the field of Non-Destructive
Testing or Evaluation (NDT, NDE), with the task to quickly assess the quality of critical parts
and manufactured products without subjecting them to excessive stress and thus the risk of
possible destruction. Other fields of application are, for example, experimental mechanics or
flow measurement in fluid mechanics.

The most important properties of optical methods are, that they are usually non-contact,
i.e., they do not affect the state of the object significantly, and that they can be very sensitive
due to the short wavelength of light. Furthermore, many of the optical measurement techniques
are whole-field techniques. The name refers to the fact, that a measurement simultaneously
produces a two-dimensional set of data, i.e. a complete image, rather than a few single quan-
tities. Many of the techniques in optical metrology, especially the interferometric methods,
rely on strong sources of coherent light and have been rendered possible by the invention of
the laser in the 1960s. Equally important is the advancing development and availability of
electronic equipment, such as high resolution CCD-cameras and high speed data acquisition
and image processing systems in recent years, which has made most of the techniques simul-
taneously more reliable, less elaborate and easier to use.

While the methods of optical metrology are useful for the production and development of
new technology, they may also be applied for the conservation of our cultural heritage. This
has been a major issue in the research activities of the Applied Optics group at the Carl von
Ossietzky University of Oldenburg for more than two decades. In this context, the optical
techniques are used, for example, to monitor damages to medieval mural paintings or to assess
measures to preserve the colour layers on more than two thousand year old Chinese terracotta
warriors.

The optical measuring techniques can be classified according to the quantity they aim to
determine, for example surface roughness measurement or shape measurement. In the fol-
lowing we will concentrate on the measurement of surface changes and deformations, which
might, for instance, be due to an applied load, to wear, to fatigue or to a specific fabrication
process.

Most surfaces of interest are optically rough so that a light field being reflected from
such a surface has a random, grainy structure, the so called speckle pattern. As illustrated

1



2 1. INTRODUCTION

Figure 1.1. Illustration of speckle formation and a surface process. (a) The superposition of
elementary waves with random phases yields a characteristic speckle pattern. (b) Slight
changes in the microstructure of the surface lead to a decorrelation in the scattered speckle
field. The original surface is indicated by the dashed line.

in Fig. 1.1(a), it arises due to the superposition of many scattered elementary waves with ran-
dom intensities and phases, as soon as the surface height variations are on the scale of the
wavelength of the illuminating light. The specific pattern is strongly connected to the specific
microstructure of the generating surface topography and can be taken as a coded fingerprint
of the surface. Changes in the shape or structure of the surface under examination can be
measured by comparing reflected speckle fields, which are obtained at different states of the
object.

An established technique to determine changes in shape is holographic interferometry,
where an initially taken hologram of the object represents the reference state. By viewing
the object through the hologram, a real-time interference of the reference and current wave-
fronts is observed. The object appears covered by a pattern of bright and dark fringes rep-
resenting lines of equal deformation, where the equidistance amounts to a fraction of a mi-
cron. Speckle interferometry essentially provides the same results. Here the object is imaged
onto the target of a camera where the wavefield is superimposed with a reference beam. If
two images taken by the camera before and after deformation are subtracted, the resulting
image will again consist of bright and dark fringes, belonging to iso-lines of equal defor-
mation. When the method is extended by phase-shifting techniques and digital image pro-
cessing to enhance accuracy and to get rid of a sign ambiguity, it is termed Digital Speckle
Pattern Interferometry (DSPI). In another variety, called Digital Holography, holograms are
recorded directly on the camera target, while the reconstruction and superposition of the
object wavefronts are done numerically. In the last decade, a number of reviews and text-
books have been published about these and similar techniques, including Speckle Photography
[Sir93, Mei96, Ras97, Sir99, Ras00a, Ras00b, Ras01].

Speckle Correlation or Speckle Photography is a technique that simply compares intensi-
ties of the reflected light fields and determines alterations on the surface through movements
or changes of the speckle pattern. No reference wave is used in recording the reference or
current object states. On one hand, this has the consequence that the phase information of the
object wave is lost. On the other hand, it makes the method extremely simple, robust and easy
to use. In the afore mentioned interferometric techniques the speckle effect is the main source
of noise. Nevertheless, a diffusely scattering surface is usually required. Speckle Correlation,
however, profoundly relies on the speckle pattern in the scattered light field. Since it is the
main subject of this work, we will now concentrate on Speckle Correlation.

In the following we will distinguish between macroscopic deformations, which mainly
lead to a bulk movement of the speckle pattern, and changes in the microscopic structure of
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the surface, which lead to a change of the pattern itself, i.e. a decorrelation. The latter will
also be termed a surface process and is illustrated in Fig. 1.1(b). If the object is imaged by
a lens or other optical system, as it is usually done, deformations can be viewed as surface
alterations on scales that are large compared to the resolution of the optical system, whereas
surface processes consist of alterations on scales that are small compared to the resolution of
the optical system. Using an imaging system, deformations usually lead to a decorrelation
of the speckle pattern, too. To distinguish between the two types, the decorrelation which is
caused by microstructure changes will henceforth also be called primary decorrelation.

Concerning deformation measurement, all interferometric techniques as well as Speckle
Photography rely on an almost constant speckle pattern and the measuring accuracy is signif-
icantly deteriorated in the presence of decorrelation. However, speckle decorrelation can also
be employed for measuring purposes, that is changes on both scales, the macroscopic form
and the microscopic structure. This is the central theme of this thesis.

In the classical form of Speckle Photography, developed around 1970, the speckle patterns
that appear in the image of the object, before and after deformation, respectively, are recorded
on the same photographic plate. After developing this specklegram, information about the
deformation can be obtained, for example, by probing the specklegram with a narrow laser
beam. In the far-field results a set of Young’s fringes whose pitch and orientation gives the local
displacement between the two speckle patterns. In the modern form of this technique, termed
Digital Speckle Photography, the two images of the object, before and after deformation, are
recorded by an electronic camera and stored in an image processing system in separate frames.
The displacement of the speckle patterns is then determined numerically using correlation
algorithms. The advantages over the classical form are, for instance, that the digital version is
much faster and easier to use and that there is no directional ambiguity, due to the acquisition
of two images.

In the usual imaging geometry, Speckle Photography has pure in-plane sensitivity, i.e., only
displacements in the plane of the object surface and normal to the observation direction can
be measured. Out-of-plane deformations, i.e. displacements normal to the object surface and
in the direction of observation, lead to a decorrelation between the recorded speckle patterns
and therefore to a lower correlation coefficient in the digital version, or to a degradation of the
Young’s fringes in the classical version. The same holds for microstructure changes. The first
main subject of this work is to extend the Speckle Correlation technique to the simultaneous
measurement of in-plane and out-of-plane displacements with the same simple experimen-
tal setup. Besides the three-dimensional deformation measurement capabilities, concerning
decorrelation, this enables us to distinguish between deformation and surface processes and
to determine the ’true’ or primary decorrelation, which is caused by microstructural changes
only.

The second main subject of this work is the interpretation of the primary decorrelation in
the recorded speckle patterns in terms of parameters of the surface process, for example the
magnitude of the microstructure changes. This opens possible applications of Speckle Corre-
lation in the measurement and monitoring of diverse natural and technical processes like, for
instance, the growth of plants, the weathering of stones, corrosion of metals, fatigue damag-
ing, coating, annealing or laser ablation. With the extended capabilities, we will usually call
the technique Digital Speckle Correlation (DSC). However, we will also synonymously use the
term Digital Speckle Photography (DSP), especially in conjunction with in-plane displacement
measurements. Both names can be found in the literature.

Concerning deformation measurement, the accuracy of Speckle Photography can be ex-
pected to be somewhat inferior compared to interferometric techniques with their capability
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to compare the phases of the scattered wavefronts. Therefore, the measuring accuracy will be
a major point of concern in this work. On the other hand, the reduced accuracy corresponds
to considerably reduced requirements on stability, thus extending the application possibilities
to less stable environments. The strict stability requirements are probably a major obstacle
in the spread of interferometric techniques into industrial use. Although in some applications
Speckle Correlation and interferometric methods may be competing, often they are comple-
mentary techniques.

1.2 Main contributions of this work

The first important contribution is the extension of Digital Speckle Correlation (or Digital
Speckle Photography) to the simultaneous measurement of the out-of-plane component of
deformation using the conventional simple imaging geometry. Therefore, the complete three-
dimensional deformation field can be obtained from a single pair of images. To this purpose,
the local tilt, i.e. the gradient of the out-of-plane deformation, is determined from correspond-
ing subimages, with a subsequent integration over the whole image. Information about the tilt
can be extracted from the frequency dependence of the correlation of the two speckle patterns,
or – less accurate but most easily – from the width of the peak of their mutual correlation
function. This is the main subject of Chapter 3.

Up to now, using Speckle Photography, tilt could only be measured with a defocused imag-
ing system or in a Fourier setup. In both cases the tilt is translated to a displacement of the
speckle pattern in the sensor plane. Thus, a simultaneous measurement of the in-plane com-
ponent of deformation is not feasible and the lateral resolution is reduced or completely lost.

The achieved accuracy for the out-of-plane component of deformation will be shown to
be about one tenth of the wavelength of the light used. This is quite remarkable for a non-
interferometric technique. However, the lateral resolution is about an order of magnitude
less compared to interferometric techniques. The main advantage of the new technique is the
extremely simple and robust setup, which makes it suited for harsh industrial environments.

The second important result of this work refers to the measurement of surface processes,
i.e. changes on scales that are not resolved by the imaging system. The dependence of the
primary decorrelation in the scattered speckle fields on the parameters of the surface process
is developed, using the most important theoretical approaches for the scattering from random
rough surfaces, including perturbation theory, the Kirchhoff approximation and the two-scale
model. For the first time this gives us a theory describing decorrelation due to microstructure
changes that goes beyond simple phase statistics. This is the subject of Chapter 6.

To verify the theoretical results, speckle correlation experiments and high resolution scan-
ning force microscopy measurements have been carried out on the same samples with exactly
the same microstructure changes. The experimental control of surface alterations on such
small scales is a difficult task and has been a great experimental challenge. It has finally been
solved with the production of rough surfaces in photoresist, at which two or more surfaces are
very similar on a microscopic scale and can be regarded as frozen states of a surface process.
These experiments will be described in Chapter 4.

Using these results, together with the capability to separate out decorrelation due to out-of-
plane deformation, it becomes possible to measure and analyse surface processes quantitatively
with speckle correlation techniques.
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1.3 Outline of the contents

Following the separation of Digital Speckle Correlation into the measurement of deformation
fields as one subject and the measurement of surface processes as a second, this work consists
of two major parts. While in Chapters 2 and 3 the focus is on deformation measurement, the
issues on the analysis of surface processes are concentrated in Chapters 4 to 6.

In Chapter 2, the experimental setup and the basic operation of a Digital Speckle Correla-
tion system are presented, along with an illustration of the measuring process and some typical
results. The simple mathematical description of the imaging system, the surface alteration and
the correlation algorithm provides a basis for a more detailed treatment in the following chap-
ters. The effect of some parameters of the experimental components on the correlation results
are investigated. The analysis in this chapter is, however, restricted to in-plane displacements
and decorrelation due to microstructure changes.

Chapter 3 starts with a brief survey over the present application of speckle photography to
the measurement of deformations. In this chapter, the full theory of Digital Speckle Correlation
is developed to achieve a three-dimensional deformation field measurement. The analysis is
essentially carried out in the Fourier domain and it will be shown how information on the local
tilt can be extracted from the spectral properties of the recorded speckle images. This infor-
mation is then used to determine the out-of-plane displacement. Besides a detailed description
of the correlation algorithm, a focus will be on the measuring accuracy. Concerning in-plane
displacements, a new theoretical derivation of the random measuring error will be given and
compared to the experimental achievements. The accuracy of the out-of-plane deformation
measurement will be determined experimentally by an investigation of different algorithms
and a study of all relevant experimental parameters.

Chapter 4 is dedicated to the experimental study of surface processes. Several concepts
are explored to achieve an experimental control over surface alterations on the scale of the
microstructure. The most applicable approach is the production of two or more samples with
a similar surface in photoresist, which can then be regarded as frozen states of a surface pro-
cess. Then, instead of observing a temporal process, the samples are substituted in the optical
setup and the scattered speckle fields can be compared to analyse the difference in the mi-
crostructure of the corresponding surfaces. These samples also allow a parallel measurement
of their microtopography with high resolution scanning force microscopy and thus a detailed
characterization of the surfaces as well as the difference between similar surfaces.

Chapter 5 gives a brief review over different experimental techniques that have been de-
veloped for the study of decorrelation of speckle fields along with a survey over present appli-
cations in the literature. It will be shown that all methods, despite their diverse experimental
concepts, basically yield the same information. The treatment will be illustrated by some
experimental results.

In Chapter 6, we will develop a theoretical description of the primary decorrelation with
the aim to infer the microstructure changes from the correlation results. The relations between
surface parameters, experimental parameters and the correlation coefficient are calculated for
different theoretical approaches. In doing so, we will keep an eye on the experimental results
from chapter 4 and compare them to the theoretical findings. The consistency in the results
allows a quantitative determination of the microstructure alterations.

Two applications of Digital Speckle Correlation are described in Chapter 7 to illustrate the
capabilities of the technique. In the first example, the measurement of a three-dimensional
deformation field is performed and the achieved quality of the deformation maps, which is
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found to be comparable to those obtained with interferometric techniques, is demonstrated.
Besides, a measurement of the zones of plastic deformation will be demonstrated. In the
second example, a corrosion process on an iron surface will be analysed. Finally, a summary
and some concluding remarks will be given in Chapter 8.



2

Digital Speckle Correlation

Digital Speckle Correlation (DSC) or Digital Speckle Photography (DSP) is the main experi-
mental tool to measure deformation fields and surface processes in this work. In the first three
sections of this chapter the basic operation is presented. A simplified mathematical model
is employed to describe how information about in-plane displacements and surface processes
can be extracted. The basic correlation algorithm is described and the measuring process is
illustrated by exemplary results. A more thorough analysis is deferred to Chapter 3, where
the use of DSC to measure three-dimensional deformation fields will be treated in detail. Sec-
tion 2.4 tackles some experimental questions. Especially the knowledge of the modulation
transfer function of the camera is important in the following chapter and will be determined
here. Other issues are the effect of electronic noise and the influence of the aperture size on the
correlation coefficient of the recorded speckle patterns in case of primary decorrelation, i.e., if
the decorrelation is due to microstructure changes on the examined surface.

The extreme simple experimental setup is a distinctive feature of Digital Speckle Correla-
tion that makes it robust and easy to use. The technological know-how is essentially shifted
to the image processing software. The light serves as a basic sensor for alterations of the
specimen and is effectively collected by a simple imaging system, whereas the extraction of
meaningful information is left to the image processing system.

2.1 Experimental setup

The experimental setup of a Digital Speckle Correlation system is schematically depicted in
Fig. 2.1. The quasi-monochromatic light of wavelength λ and angular frequency ω � 2πc � λ
from a laser source is filtered and expanded so that the object under investigation is illumi-
nated by a collimated beam under an angle θ. The scattered light is collected by a lens and im-
aged onto the target of an electronic camera, usually a high resolution charge-coupled-device
(CCD). Instead of a single lens, a more complex imaging system, for example a standard pho-
tographic lens, can be used. Yet, the specimen’s surface and the camera target are assumed to
be in conjugate planes, i.e., the image of the specimen is focused onto the target. The images
taken by the camera are transferred to a PC based image processing system where they can be
displayed and analysed.

A simple measuring process consists of taking a reference image of the specimen in its
initial state, subjecting the specimen to a specific load or surface process, and taking another
image in the deformed state. Usually a set of images with an appropriate interval is taken
during a deformation or surface process. As all data are stored in the image processing system,
any two images can be compared to analyse the changes between the associated object states.

7
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Figure 2.1. The experimental setup for Digital Speckle Correlation.

2.2 Simple mathematical model

To describe the optical part of the Digital Speckle Correlation setup in Fig. 2.1 mathematically,
we adopt a linear system’s point of view. The imaging system can then be adequately charac-
terized by its transfer function or - synonymously - by its point spread function [Goo68]. In the
following analysis, the system is assumed to be diffraction limited and with a negligible focus
error. Let the amplitude of the light field at position � x 	 y 
 on the camera target be represented
by the scalar function a � x 	 y 
 . For the case of a linearly polarized wave, this function may be
regarded as the electric or magnetic field strength, where the time dependence exp � � iωt 
 is
omitted. Now, a � x 	 y 
 can be expressed as

a � x 	 y 
 � u � x 	 y 
� p � x 	 y 
 (2.1)

where p � x 	 y 
 is the coherent point spread function of the imaging system, u � x 	 y 
 is the image
amplitude that would be obtained in the limiting case of an infinitely large lens aperture (geo-
metrical optics limit) and � denotes convolution. The intensity i � � x 	 y 
 of the light field on the
sensor is simply given by i � ��� a � 2. Yet, if we omit a constant factor of proportionality and a
possible offset, the intensity signal i � x 	 y 
 , as recorded by the camera, is calculated as

i � x 	 y 
 � i � � x 	 y 
�� h � x 	 y 
�� n � x 	 y 
 (2.2)

where the characteristics of the camera are taken into consideration through the impulse re-
sponse function h of the CCD-senso and readout electronics and the electronic noise n. If a
digital camera is used there is no further image degradation. Otherwise, in case of an analog
camera output, the signal must first be transferred to the framegrabber of the imaging process-
ing system, where it is sampled and converted into a digital signal. Then, the characteristics
of the framegrabber need to be incorporated into h and n. The primary image information
i � x j 	 yk 
 , sampled at positions � x j 	 yk 
 of the sensor pixels, is then transferred to and stored in
the image processing system. In the analysis to follow, we will often make use of the image
spectrum, i.e. the Fourier transform of i:

I � νx 	 νy 
 : ����� i � x 	 y 
 � : � ∞���� ∞

i � x 	 y 
 e
� 2πi � νxx � νyy � dxdy (2.3)
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Because the image is always of finite size, the integral in Eq. (2.3) exists and the spectrum can
be written in this form. Using the convolution theorem, I is given by:

I � νx 	 νy 
 ����� i � � ��� h � � ��� n � � I � H � N (2.4)

where I � is the spectrum of the speckle intensity on the sensor, H is the camera transfer function
and N is the noise spectrum. The dependency on the spatial frequencies νx 	 νy has been omitted
for brevity. The spectrum A ����� a � of the field amplitude on the camera sensor is given from
Eq. (2.1) by

A � νx 	 νy 
 � U � νx 	 νy 
 P � νx 	 νy 
 (2.5)

with the transforms P ����� p � and U ����� u � . For a diffraction limited imaging system, the co-
herent transfer function P is simply the transmission or pupil function of the aperture [Goo68].
In the case of a single lens, as shown in Fig. 2.1, P is directly given by the transmission of
the physical aperture stop. For a more complex imaging system, the exit pupil, which can be
found by geometrically projecting the smallest physical aperture through the imaging elements
onto the exit plane, has to be used instead.

Next we are going to model the alterations of the object surface. To keep things simple,
we will initially restrict ourselves to in-plane displacements and microstructure changes only,
thus neglecting all out-of-plane deformations. For a complete description see Chapter 3.2.
With these restrictions, the amplitude u of the scattered speckle field in the geometric optics
limit can be written as

u � x 	 y 
 � u0 � x 	 y 
�� ∆u � x 	 y 
 (2.6a)

in the initial object state and

ũ � x 	 y 
 � u0 � x � ∆x 	 y � ∆y 
�� ∆ũ � x 	 y 
 (2.6b)

in the final object state after deformation. The formal partition of u into a constant part u0

and a fluctuating part ∆u reflects the primary decorrelation due to microstructure changes. The
question of the relationship between the magnitude of ∆u and ∆ũ and the underlying surface
alterations will be left open until Chapter 6. The amplitudes u, ∆u and ∆ũ are assumed to be
mutually uncorrelated. If there is no change in the mean scattered intensity, ∆ũ and ∆u will
have the same variance. The horizontal shift ∆x in the image plane is connected to a respective
displacement ∆x � � 1

M ∆x in the object plane, where M is the magnification or demagnification
of the imaging system. The vertical shift in the object plane is respectively given by ∆y � � 1

M ∆y.
In case of a non-uniform in-plane displacement, ∆x and ∆y will depend on the position � x 	 y 
 .

Using Eqs. (2.1) and (2.2), and similar expressions for ã and ı̃, the recorded speckle inten-
sities in the initial and final object states, respectively, yield

i � x 	 y 
 � i0 � x 	 y 
�� ∆i � x 	 y 
�� n � x 	 y 
 (2.7a)

ı̃ � x 	 y 
 � i0 � x � ∆x 	 y � ∆y 
�� ∆ı̃ � x 	 y 
�� ñ � x 	 y 
 (2.7b)

where the constant and fluctuating part of the image intensity are given by i0
��� a0

� 2 � h and
∆i �����∆a � 2 � 2Re � a �0∆a 
 � � h. Here, a0 and ∆a are the constant and fluctuating part of the
speckle amplitude, Re denotes the real part and � denotes the complex conjugate.

The random nature of a speckle pattern requires to describe the underlying amplitudes
and intensities as statistic processes. Generally, meaningful information can only be extracted
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through an averaging process, usually the ensemble average, denoted by  "!$# . If the rough-
ness of the surface under examination is in the order of or larger than the wavelength of the
illuminating light, the speckle amplitude follows a circular Gaussian statistic. The speckle
pattern is then said to be fully developed and the moments of the intensity field are given by in #%�& i # n � n! [Goo75]. The standard deviation σi

�('  i2 # �  i # 2 equals the mean
intensity  i # and hence the contrast is unity. For a rough surface we can also assume that
slight deformations and alterations in the microtopography of the surface do not cause a change
in the mean scattered intensity, thus  ı̃ # �  i # . For a fully developed speckle pattern this
implies that all moments remain unchanged, especially σı̃

� σi.
The most important quantity for our purpose is the cross-correlation Ci ı̃ of the recorded

intensities i and ı̃, which is defined as

Ci ı̃ � x 	 y;x � 	 y � 
 : �  i � x 	 y 
 ı̃ � x � 	 y � 
 # (2.8)

Often, a slightly different form will be used, viz the cross-covariance normalized to the geo-
metric mean of the variances [Pap91]:

ci ı̃ � x 	 y;x � 	 y � 
 : �  i � x 	 y 
 ı̃ � x � 	 y � 
 # �  i � x 	 y 
 #) ı̃ � x � 	 y � 
 #* �+ i2 � x 	 y 
 # �  i � x 	 y 
 # 2 
 �+ ı̃2 � x � 	 y � 
 # �  ı̃ � x � 	 y � 
 # 2 
-, 1 . 2 (2.9)

Usually, a confusion is not critical and ci ı̃ will simply also be called the ’correlation function’
of the recorded intensities. If a precise differentiation is necessary, we will refer to Ci ı̃ as the
simple cross-correlation and to ci ı̃ as the normalized cross-covariance.

The speckle fields can often be assumed to be wide-sense stationary processes, i.e., the
mean and variance do not depend on the position and the covariance only depends on the
distance � x � � x 	 y � � y 
 . The normalized cross-covariance ci ı̃ then simplifies to

ci ı̃ � x � 	 y � 
 �  i � x 	 y 
 ı̃ � x � x � 	 y � y � 
 # �  i #/ ı̃ #
σiσı̃ 0 (2.10)

Inserting Eqs. (2.7) and using the fact that that i0, ∆i, ∆ı̃, n and ñ are mutually uncorrelated,
we obtain

ci ı̃ � x � 	 y � 
 �  i0 � x 	 y 
 i0 � x � ∆x � x � 	 y � ∆y � y � 
 # �  i0 # 2

σ2
i

(2.11)

Ci ı̃ as well as ci ı̃ always have their maxima at position � x � 	 y � 
 � � ∆x 	 ∆y 
 . The in-plane dis-
placement can thus be determined from the peak position of the correlation function. In the
case of no electronic noise and no primary decorrelation, Eq. (2.11) states that the cross-
correlation function is just a shifted version of the autocorrelation function cii. The maximum
value of ci ı̃, which is called the correlation coefficient cci ı̃ of i and ı̃, is given by

cci ı̃ : � ci ı̃ � ∆x 	 ∆y 
 � σ2
i0

σ2
i0 � σ2

∆i � σ2
n

(2.12)

where σ2
i0

, σ2
∆i and σ2

n are the variances of the constant and fluctuating part of the intensity
field and the electronic noise, respectively. Thus, the correlation coefficient cci ı̃ is the ratio of
the power in the constant part of the signal to the total power. The noise power σ2

n
�  n2 # is

usually quite small, i.e. σ2
n 1 σ2

i , so that Eq. (2.12) can be rewritten as

cci ı̃
� ccµ ccn : � σ2

i0

σ2
i0 � σ2

∆i

1

1 � σ2
n

σ2
i

(2.13)

ccµ is the primary (de-)correlation factor where the index µ refers to its origin from changes in
the microstructure of the surface and ccn is the correlation factor due to electronic noise.
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2.3 The basic correlation algorithm

The objective of the correlation algorithm is to determine the deformation and the degree of
primary decorrelation between two states of the object from a pair of associated digital image
data. Again, the analysis will initially be restricted to the determination of in-plane displace-
ments and the degree of decorrelation, while the complete analysis is referred to Chapter 3.
In the last section it was shown that in-plane displacements cause a respective shift of the
recorded speckle patterns. The estimation of bulk motions within an image or of parts thereof
is a general task in digital image processing, which is often solved with correlation techniques
[Pra78, Jäh91].

Due to the random nature of the speckle patterns, the displacement cannot be inferred
from a single image point or single speckle. In the theoretical description, this problem has
been solved by using ensemble averages. In a real experiment, however, we have to deal with
a single realization of the surface and its deformation. Therefore, spatial averages within a
correlation window are used to calculate the quantities of interest. The correlation functions,
obtained from ensemble and infinite spatial averaging, respectively, are mathematically iden-
tical, if the speckle patterns are wide-sense stationary processes and ergodic with regard to
mean, variance and covariance [Pap91]. In a real experiment, the displacement usually de-
pends on position, i.e., it is not stationary, and images of finite size have to be used. This leads
to additional decorrelation and only the average displacement within the correlation window
can be determined.

The principle of a displacement field measurement is illustrated schematically in Fig. 2.2.
The two images, acquired before and after deformation, are usually subdivided into a set of

i ı̃
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ci ı̃ displacement field

Figure 2.2. Principle of displacement field measurement. Corresponding subimages i and ı̃ are
extracted from the reference and deformed speckle images as indicated by the bold white
squares. The mutual correlation function ci ı̃ is calculated and shown here in a pseudo-3D
plot. The position of the maximum of ci ı̃ yields the average displacement between the two
subimages, which is pictured by an corresponding arrow. Repeating the procedure gives the
whole displacement field, which is usually visualized in an arrow plot.
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subimages. The correlation function is calculated for each pair of corresponding subimages
and the respective displacement is derived from the position of the maximum. The deformation
field is therefore sampled at the center positions of the subimages. The size of the subimages,
which is often chosen to be 32x32 or 64x64 pixels, determines both the spatial resolution and
the accuracy of the measurement. The finite width B of the correlation window limits the
spatial resolution and thus the spectral contents in the deformation field to frequencies of less
than 1 � B. Therefore, according to the Nyquist theorem, the deformation field is sufficiently
sampled if the pitch between adjacent subimages is B � 2 [Sjö01].

Let the subimages, extracted from the reference and deformed speckle images by a rectan-
gular correlation window, be represented by the intensity values i � j 	 k 
 and ı̃ � j 	 k 
 , respectively,
which have been sampled by the camera sensor at the pixel positions � x j 	 yk 
 , j 	 k � 0 02020 N � 1.
The width and height of the correlation window are given by B � NdP, where dP is the pixel
pitch of the sensor. For simplicity, a uniform pixel pitch in horizontal and vertical direction
and square subimages are assumed. The extension to a non-uniform pixel pitch and rectangu-
lar subimages is straightforward. The discrete cross-correlation between subimages i and ı̃ is
defined as

Ci ı̃ � l 	 m 
 � 1
N2

N � 1

∑
j 3 k 4 0

i � j 	 k 
 ı̃ � j � l 	 k � m 
 (2.14)

In analogy to Eq. (2.9), the discrete normalized cross-covariance is defined as

ci ı̃ � l 	 m 
 � Ci ı̃ � l 	 m 
 � ī ¯̃ı
σiσı̃

(2.15)

where the mean and variance of the reference image i are now given by ī � 1
N2 ∑N � 1

j 3 k 4 0 i � j 	 k 

and σ2

i
� 1

N2 ∑N � 1
j 3 k 4 0 i2 � j 	 k 
 � ī

2
, and similarly for the deformed image ı̃. Again, to simplify

terminology, both ci ı̃ and Ci ı̃ will be called correlation functions of i and ı̃ and the displacement
can be determined from the maximum of either function.

If only single values of the correlation function are needed – for example ci ı̃ � 0 	 0 
 , when
the displacement is a-priori known to vanish in case of a pure surface process – the calcula-
tion from the definition is straightforward. Usually, the complete cross-correlation function is
required and the direct calculation by Eq. (2.14) is rather time consuming. It is much more
efficient to perform the cross-correlation in the Fourier domain by using a fast Fourier trans-
form (FFT) algorithm. In virtue of the Wiener-Khintchine theorem, the cross-correlation is the
Fourier transform of the cross-power-spectrum I � Ĩ and can be calculated as

Ci ı̃ � l 	 m 
 ��� � 1 � I � Ĩ � (2.16)� � 1 is the inverse Fourier transform operation, � denotes the complex conjugate and I is the
discrete Fourier transform of subimage i, defined as:

I � l 	 m 
 �5��� i � � 1
N2

N � 1

∑
j 3 k 4 0

i � j 	 k 
 e
� 2πi

N � j l � k m � (2.17)

and similarly for Ĩ ����� ı̃ � . The procedure is illustrated in Fig. 2.3.
As stated in the last section, the correlation coefficient cci ı̃ of subimages i and ı̃ is defined

as the maximum value of the normalized cross-covariance ci ı̃ and the displacement is given
by the position of the maximum. The calculation of Eq. (2.16) yields a discrete representation
of ci ı̃. Thus, the selection of the highest value in ci ı̃ � l 	 m 
 gives the peak position with a
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Figure 2.3. Flow chart of the correlation algorithm:
(a) subimages from recorded data, (b) spectra,
(c) cross-power spectrum, (d) cross-correlation
function. FT indicates a Fourier transform, c.c.
denotes the complex conjugate and 9 denotes a
multiplication.

Figure 2.4. Horizontal profile through the
central region of the cross-correlation
function; discrete data ( : ) with interpo-
lation by a Fourier series expansion (—).

precision of half a pixel. A considerably higher precision can be obtained with a central point
estimation or by data interpolation, as depicted in Fig. 2.4. Possible methods are, for instance,
parabolic fitting or Fourier series expansion. The interpolation of the correlation function and
the accuracy in estimating the in-plane displacement will be detailed in Chapter 3.3.

At this point, a discussion of the influence of the correlation window, which is used to
extract the subimages from the full-size camera frames, is necessary. Mathematically, the cor-
relation function in Eq. (2.14) becomes twice as wide as the original subimages. Thus, if the
calculation is carried out in the Fourier domain, the input images into the correlation algorithm
should be twice as large as the correlation window. To this purpose they must be appropriately
padded with zeros, or preferably, with their mean values, to avoid a bias to zero displacement
[Sjö97]. However, if Eq. (2.14) is used without doubling the width of the subimages, the cor-
relation algorithm implies that i and ı̃ are cyclically repeated: i � j 	 k 
 � i � j modN 	 k modN 
 .
Usually, the size of the correlation window is large compared to the speckle size and this wrap-
around error is negligible, especially if the window for the deformed subimage is iteratively
selected as described below [Fuh00]. Another option to avoid edge effects is, to use a smooth
correlation window which gently falls off from the center to the edges, for example a Gaussian
or Hamming window, instead of a rectangular window as hitherto assumed. But then the inten-
sity information close to the edges of the subimages is suppressed, which lead to less accurate
estimates of correlation coefficient and displacement values.

If the subimages are selected at identical positions within the original camera frames, and
in case of an appreciable in-plane displacement, two different regions of the speckle patterns
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will be compared. This leads to an additional decorrelation. The situation can be improved in a
new calculation, where the correlation window for the deformed image is shifted according to
the first displacement estimate. Since the image data are discrete samples and the displacement
generally corresponds to a non-integral pixel value, it is better to use a shifted replica ı̃shift of
the deformed image. With a Fourier transform method it is possible to achieve a non-integral
shift by:

ı̃shift
��� � 1 � Ĩ � l 	 m 
 e

� 2πi
M � δx l � δy m � � (2.18)

where δx and δy are the last estimated displacement values in horizontal and vertical direction,
respectively. Note that the width MdP of the window for the shift operation has to be larger
than the final correlation window due to the cyclic nature of the Fourier transform [Sjö94a].
Now, the cross-correlation function of i and ı̃shift is calculated and a better estimate of the
correlation coefficient and displacement can be obtained. The process may be repeated until
the correlation peak has reached the origin, to give the best possible match of the subimages.
In practical applications one or two iterations are often sufficient. In case of a non-uniform
displacement field, there is some remaining mismatch due to rotation and strain. However, the
corresponding degradation of the correlation function is usually negligible compared to the
initial decorrelation of the recorded speckle images [Sjö98].

The experimental determination of the mean intensities and variances is usually straight-
forward. A complication arises, if there is a non-uniform irradiance of the object within the
subimage, which can be caused, for example, by the beam profile of the illuminating laser. The
situation may also be viewed as a smoothly varying correlation window. In case of a uniform
illumination, the value of the correlation function outside the central correlation peak is equal
to the square of the mean intensity and constant except from statistical fluctuations, compare
Fig. 2.3(d). For a non-uniform illumination, the correlation function also decreases on a large
scale. The effect is illustrated for a Gaussian beam profile in Fig. 2.5, where a central cross-
section through the correlation function is depicted. In this case, the correlation coefficient
will be overestimated if the mean intensity is directly calculated by ī � 1

N2 ∑N � 1
j 3 k 4 0 i � j 	 k 
 . Even

if there is zero correlation, ci ı̃ � 0 	 0 
 will have a finite positive value. A similar problem arises
in the determination of the width of the correlation peak. A much better estimate for the cor-
relation coefficient can be obtained if the product of the mean intensities ī and ¯̃ı is calculated
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Figure 2.5. Profile through cross-correlation function in case of a non-uniform illumination.
The dashed line indicates the square of the true mean intensity, and the shaded area marks
the region, from where it is estimated to avoid a bias in the calculation of the correlation
coefficient.
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Figure 2.7. Correlation coefficient versus time
for two different types of steel in an acid at-
mosphere.

from an annulus around the peak of the simple cross-correlation function (see Fig. 2.5):

ī ¯̃ı > 1
M ∑

r2
i ? l2 � m2 @ r2

o

Ci ı̃ � l 	 m 
 (2.19)

The size of the inner diameter 2ri must be large enough to exclude all pixels inside the correla-
tion peak and the outer diameter 2ro must be chosen large enough to enable a reliable statistical
average. M is the number of pixels inside the annulus. Similarly, the squared mean intensities

ī
2

and ¯̃ı
2

can be calculated from an annulus in the simple autocorrelation functions Cii and Cı̃ı̃,
respectively.

The computation time for the calculation of the complete correlation and in-plane displace-
ment fields from an image pair of size 1024x1024 pixels and a segmentation into subimages of
size 64x64 (32x32) pixels amounts to A 1 0 8s ( A 2 0 5s) if no iterative back-shift of the deformed
subimages is performed. For one iterative back-shift, the calculation time increases to A 5 0 5 s
( A 6 0 5s), and for two back-shifts it increases to A 9s ( A 10 0 5s). If no segmentation into subim-
ages is carried out and the correlation is performed on the whole images of 1024x1024 pixels,
the computation times are A 3s and A 19s for none and two iterative back-shifts, respectively.
The quoted times have been obtained with a Pentium4 2GHz processor.

We will conclude this section with an illustration of the typical results of the correlation
algorithm. Fig. 2.6 shows the in-plane deformation field, where the object has been rotated
about an axis that is close to the lower left corner of the images. The displacement vectors
have been calculated from the peak position of the interpolated correlation function ci ı̃ for
subimages of size 64x64 pixels. The maximum displacement in the upper right corner is
found to be A 1 0 5 pixels or 40 µm.

An example of a surface process is shown in Fig. 2.7. Here, two different steel specimen
were exposed to an acid atmosphere in a climatic chamber. The scattered speckle field has
been recorded in short time intervals and each image has been correlated to the initially taken
reference image. The almost constant correlation coefficient for stainless steel indicates that
there are hardly any changes in the microtopography of the surface. Pronounced corrosion,
however, can be observed on the surface of the less-refined (ordinary) steel. A spatial resolu-
tion of the corrosion process is possible through the segmentation into subimages. Similarly, a
temporal resolution of a deformation process is possible if multiple frames are recorded during
the deformation.
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2.4 Experimental issues

The subject of this section is the effect of some experimental parameters and properties of the
experimental devices on the correlation results. As shown in Fig. 2.1, the two basic compo-
nents of the Digital Speckle Correlation system are the imaging lens and the electronic camera.
An ideal camera would convert the intensity of the light field at the point of each sensor pixel
into a signal which is directly proportional to the intensity of the electromagnetic field. CCD
cameras, which have been used in all experiments in this work, are known for their excellent
linear response. Deviations from linearity are usually less than one or two percent for scien-
tific CCDs [Jan01] and not critical in speckle metrology applications. The non-ideal operation
of the camera can essentially be characterized by noise and the modulation transfer function
(MTF), both of which have been incorporated into the theory in Section 2.2, see Eq. (2.2).
The degradation of the correlation function due to electronic noise will be investigated and the
MTF for three different CCD cameras will be experimentally determined.

The most important parameter of the imaging system is the aperture size. For example,
it directly determines the size of the speckle. In Section 2.4.3 it will be shown, that in the
case of a surface process the degree of primary decorrelation does not depend on the aperture
size. The influence of the aperture size on the deformation measurement will be investigated
in Chapter 3.

2.4.1 Electronic noise

The task of the electronic camera is to measure the intensity of the electro-magnetic field in the
plane of the imaging sensor. Even for a constant and uniform illumination of the sensor, there
will be random fluctuations in the output signal, which are termed electronic noise. For a CCD
camera there are various noise sources, for example photon shot noise, dark current noise,
fixed pattern noise, reset noise, 1� f amplifier noise and quantization noise [The95, Hol98]. In
case of an analog camera output, the quantization noise and possibly additional amplifier noise
must be attributed to the framegrabber. We will then consider the camera and the framegrabber
as a single unit. Using a digital camera, the signal data are transferred to the image processing
without further degradation.

Some of the noise sources depend on various parameters, for instance exposure time or
temperature of the sensor. In case of a reasonably strong intensity signal, however, the noise
will be dominated by photon shot noise [Schel01]. Its occurrence is due to the discrete gener-
ation of electrons by the photons of the light field and can be described by poisson statistics
[Sal91]. To estimate the influence of the photon shot noise, knowledge of the maximum num-
ber of electrons that a CCD sensor pixel can hold, i.e. the full-well capacity, is required. In
the following experiment, a camera of type Hamamatsu C4742-95 with a full-well capacity of
30000 electrons has been used. The typical mean intensity leads to a camera output of A 1� 8
of the maximum signal, corresponding to 3500 photoelectrons. Thus, for a fully developed
speckle pattern, the effect of photon shot noise on the correlation coefficient can be estimated
from Eq. (2.13) as

ccn
�CB 1 � σ2

n

σ2
i D � 1 �EB 1 � 3500

3500 2 D � 1 > 0 0 9997 (2.20)

This is a typical value for the correlation coefficient of two subsequent images from an un-
changing stable object.
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Figure 2.8. Correlation coefficient versus mean
intensity. The speckle images of two states of
a surface process are correlated for different
exposure times. Note the logarithmic scale for
the mean intensity.
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Figure 2.9. Horizontal cross-section through
averaged power spectrum of the electronic
noise for a Kodak ES4.0 camera. νNy is the
Nyquist frequency of the sensor.

The influence of the electronic noise on the correlation coefficient can be experimentally
determined through the variation of the exposure time of the camera, as shown in Fig. 2.8.
Here, the repeated correlation measurement for an identical alteration of the object surface
has been accomplished through the production of surfaces with a very similar microstructure.
A pair of such surfaces can be considered as a pair of frozen states of a surface process and
instead of observing a true alteration process on the object, the two surfaces are swapped in the
DSC setup and the corresponding speckle images are recorded and correlated. This procedure
and the production of the surfaces will be detailed in Chapter 4.2.

It can be seen from Fig. 2.8 that there is hardly any variation in the correlation coefficient
over almost two decades of the mean intensity value. The camera has a dynamic resolution of
10 Bit, corresponding to a maximum gray-value of 1024. For extremely low mean intensities,
the relative strength of the noise increases significantly, and it is not necessarily determined by
photon shot noise. The decrease in the correlation coefficient for extremely high intensities is
caused by the clipping of the intensity values to the maximum gray-value due to pixel overflow.
In the experiment, the first pixels with clipping are encountered for a mean gray-value of 100.
Yet, a noticeable effect on the correlation coefficient is not found until the mean intensity gets
significantly higher.

Electronic noise is usually assumed to be white gaussian noise. To verify this assumption
experimentally, a series of images from a stable object has been recorded and subsequent
images were subtracted, yielding the difference n � ñ of the uncorrelated noise terms, confer
Eq. (2.2). The power spectra �N � Ñ � 2 of the differences were then averaged over many image
pairs to obtain an estimate of the power spectral density  �N � 2 # . The result is shown in
Fig. 2.9 for a Kodak ES4.0 camera and an average over 20 differences. The almost flat power
spectrum justifies the assumption of white noise.

The intensity of the signal is usually much stronger than the electronic noise and it was
shown that the overall effect of the noise on the correlation coefficient can then be neglected.
This is not necessarily true, however, for all parts of the spectrum, because the power spectral
density of the speckle image vanishes for large frequencies. For an analysis in the frequency
domain, which is carried out in Chapter 3, we thus have to keep the noise term in the mathe-
matical description.
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2.4.2 Modulation transfer function of the camera

The modulation transfer function (MTF) of the camera is the modulus of the transfer function
H introduced in Section 2.2. It describes the ratio of the modulation of the camera output
signal to the modulation of a sinusoidally intensity pattern on the sensor and is normalized to
unity at zero frequency. The MTF of a CCD is determined by the finite pixel size, diffusion
and incomplete transport of the photoelectrons and possibly electronic filters. The influence
of the finite pixel size is termed the geometrical MTF �Hgeom

� and is often the most important
factor [The95]. For a rectangular photosensitive area of width bx and height by, it is given by

Hgeom � νx 	 νy 
 � sinc � bx νx 
 sinc � by νy 
 (2.21)

where sinc � x 
 � sin � πx 
 ��� πx 
 . Yet, due to the complex structure of interline transfer sensors,
which are integrated in all cameras in this work, and the usage of micro lens arrays in front of
the sensor to enhance the fill-factor, it is not easy to determine the size and shape of the photo-
sensitive area. While there have been attempts to measure the sensitivity map by scanning the
area of a CCD pixel with the focus spot of a laser [Kav98], it is desirable to actually measure
the MTF and take into account electronic effects, too.

In the literature some techniques are described to determine the MTF by using laser speckle
patterns. In these methods, the power spectra of recorded speckle patterns are averaged over a
number of independent images and compared to the theoretical power spectral density (PSD).
Since a speckle pattern consists of many frequency components, this has the advantage that the
whole MTF can be determined in a single measurement. Moreover, there is no other transfer
function of any optical subsystem involved. Boreman and Dereniak used a free-space geom-
etry to generate a speckle pattern of known spectral statistics on the sensor [Bor86]. They
employed a sophisticated diffuser arrangement to ensure a uniform illumination of the scat-
tering aperture. A double slit aperture in an imaging system, which allows the determination
of the MTF for frequencies above the Nyquist frequency, has been used by Sensiper et. al.
[Sen93]. In both cases, only the the dependence of the MTF on one frequency component, i.e.
a one-dimensional cross-section, has been determined.

In the following, we will measure the MTF in the two-dimensional frequency plane in
a simple imaging geometry. In fact, the experimental setup is exactly the same as for Digital
Speckle Correlation, see Fig. 2.1. Since a circular aperture leads to a PSD that vanishes outside
of a circle in the frequency plane, a rectangular aperture is used to enable a measurement for
as many frequencies as possible. A series of independent speckle images are recorded from
different parts of a surface or under different illumination directions. The power spectra are
calculated and averaged over all images to yield an estimate  � I � 2 # exp of the PSD of the
recorded speckle pattern.

The power spectral density  � I � � 2 # of the speckle pattern that illuminates the camera
sensor (see Eq. (2.4)) is known from theory. For a rectangular aperture with width Dx and
height Dy it is proportional to [Goo75] (see also Section 3.2.3): � I � � νx 	 νy 
 � 2 # theo ∝ B 1 � λz

Dx

� νx
� D B 1 � λz

Dy

� νy
� D (2.22)

where z is the distance from the aperture stop to the camera target and an additional term at
zero frequency has been omitted . To avoid aliasing effects, the geometric parameters Dx, Dy

and z must be chosen such that the PSD vanishes for frequencies above the Nyquist frequency
νNy

� 1
2dP

, which is the largest frequency that is sufficiently sampled by the camera sensor.
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Figure 2.10. Comparison of averaged power
spectra of recorded speckle patterns with the
theoretical PSD. For the experimental data,
a horizontal and a vertical cross-section are
shown.
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Figure 2.11. Cross-section through the MTF,
calculated from the ratio of the averaged
power spectra of recorded speckle patterns
and the theoretical PSD, see Fig. 2.10. The
data are from a camera of type Kodak ES4.0

If they meet the condition Dx
λz
� Dy

λz
� νNy , a measurement over the whole frequency range� νNy O νx 	 νy  νNy is possible. It should be pointed out that the determination of the MTF

relies on a fully developed speckle pattern and that no other structure should be visible in
the image. Otherwise, the PSD of the intensity pattern on the CCD sensor will not follow
Eq. (2.22).

The central cross-section through the theoretical and experimentally determined PSDs are
depicted in Fig. 2.10. The camera here is a Kodak ES4.0 with 2048x2048 square pixels and
a pixel pitch dP

� 7 0 4µm. The experimental data have been averaged over 40 independent
speckle images from a white painted surface and an additional two-fold spatial average with a
9x9 unit convolution kernel has been applied. The data were then normalized to unity at zero
frequency. A slight difference in the horizontal and vertical directions can be observed.

The MTF can now be determined from Eq. (2.4) by�H �P� B  � I � 2 # exp �  �N � 2 # exp � I � � 2 # theo D 1
2

(2.23)

where  �N � 2 # exp is the experimental estimation of the PSD of the electronic noise as de-
scribed in the previous section and it has been assumed that I � and N are uncorrelated. Cross-
sections through the resulting MTF in horizontal and vertical directions, respectively, are
shown in Fig. 2.11. It can be seen that a reliable measurement of the MTF – with remain-
ing random fluctuation within a few percent – has been achieved for frequencies from 5% to
95% of the Nyquist frequency. For frequencies below 0.05 νNy a determination is not possi-
ble due to the finite size of the camera sensor. In this region, the MTF will be set to unity
according to the definition. The rise of the MTF for frequencies above 0.95 νNy is not rea-
sonable and can be attributed to an underestimation of the noise spectrum or to a small error
in the determination of the geometric parameters Dx, Dy and z. Therefore, the MTF has to
be extrapolated for frequencies ν # 0 0 95 νNy. For the Kodak ES4.0 camera, the MTF follows
to a very good approximation the geometrical MTF of a rectangular photosensitive area with
width bx

� 0 0 72 dP and height by
� 0 0 98 dP. Thus, Eq. (2.21) is used for the extrapolation. The

fill-factor is then estimated to 0 0 72 Q 0 0 98 > 0 0 7, which is in agreement with the specification
of the manufacturer.



20 2. DIGITAL SPECKLE CORRELATION

In Fig. 2.11, only two cross-sections through the MTF are shown. Yet, it has been deter-
mined for all frequencies � νx

� 	 � νy
� O νNy. An estimation of the MTF for frequencies larger

than the Nyquist frequency is principally possible, if the effect of under-sampling and aliasing
is incorporated into the theory, but then the measurement is not very accurate. For our purpose,
however, these frequencies are not of interest, because a sufficiently sampled speckle pattern
is needed in the deformation measurements to avoid systematic errors.

With the procedure described here, it is not possible to determine the phase of the transfer
function H, and the knowledge of the modulus is often sufficient. For the Kodak ES4.0 camera,
the MTF is almost completely determined by the geometrical MTF and it is reasonable to
assume a real transfer function: H �R�H � .

In the following chapters, the MTF will be used to correct the recorded speckle images for
the spectral characteristics of the camera. This will usually be done by neglecting the noise
and estimating the intensity on the camera sensor as (see Eq. (2.4)):

I � � I�H � (2.24)

Another possibility to estimate I � would be the usage of a Wiener-Helstrom Filter, which takes
the relative strength of the noise PSD and the signal PSD into account [Fri91]. A significant
difference, however, exists only for frequencies where the PSD of the speckle pattern almost
vanishes. In the analysis of Chapter 3, the noise will be taken into consideration in a slightly
different form.

The MTF has been determined for two more CCD cameras. Fig. 2.12 shows a horizontal
and vertical cross-section through the MTF of a Hamamatsu C4742-95 camera. The sensor
has 1280x1024 pixels and a pixel pitch dP

� 6 0 7 µm. In the vertical direction, the MTF can
again be described by the geometrical MTF. In the horizontal direction, the MTF decreases
distinctively faster, due to the influence of the electronic components. This property, which
probably has been built into the camera intentionally as an anti-aliasing filter [Hol98], is a
drawback in speckle metrology, because high frequency components of the speckle pattern
are suppressed and cannot be recovered without amplifying the noise significantly. Similar
statements hold for the Sony XC75 CCD camera with a resolution of 752x576 pixels and
a pixel pitch of 8 0 6 µm and 8 0 3 µm in horizontal and vertical directions, respectively. The
corresponding cross-sections through the MTF are shown in Fig. 2.13.
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Figure 2.12. Cross-section through the mea-
sured MTF for a camera of type Hamamatsu
C4742-95
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Figure 2.13. Cross-section through the mea-
sured MTF for a camera of type Sony XC75.
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2.4.3 Influence of the aperture size on primary decorrelation

The subject of this section is the influence of the aperture size on the correlation factor ccµ of
the primary decorrelation. The answer is not obvious, because the effect of the point spread
function p of the imaging system might be different for the constant and fluctuating parts of
the speckle amplitude, see Eq. (2.7). For example, a decorrelation due to object tilt is highly
dependent on the size of the aperture. In the next chapter, we will see that the question is
strongly connected to the spectral characteristics of the decorrelation.

Here, the effect of the aperture size on the correlation coefficient is determined experimen-
tally by comparing the scattered speckle fields from a pair of photoresist surfaces with a similar
microstructure, which can be viewed as frozen states of a surface process. The surfaces are
swapped in the DSC setup and the second surface is adjusted to the same lateral and angular
position as the first surface. The corresponding speckle images are correlated for a series of
different circular apertures and a constant demagnification M � 0 0 7. The results are depicted in
Fig. 2.14, where the correlation coefficient is shown for different aperture sizes. The aperture
diameter Dν in frequency space is defined as

Dν
� D

λz
(2.25)

where D is the diameter of the physical aperture stop and z is its distance to the camera target.
The speckle size dSp is inversely proportional to Dν and is given by dSp

� 1 0 22 � Dν [Goo75].
It varies for the shown data range between 12.5 and 1.2 pixels. It can be seen that there is
hardly any dependence of the correlation coefficient on the size of the aperture. The remaining
slight variations are due to the characteristics of the photoresist surfaces, which are described
in Chapter 4.2. Here, the sample #A has been used, where the size of the surface structures is
about 5 µm. For a large aperture size, the microstructure of the surface is partly resolved by
the imaging system so that the difference between the two surfaces appears to be smaller than
it actually is. This leads to a slightly larger correlation coefficient . Furthermore, there might
be some residual angular misalignment, which has a larger effect on the correlation coefficient
for small aperture sizes. Note that for Dν # νNy, the speckle pattern is not completely resolved
by the camera sensor. The decrease in cci ı̃ for Dν

� 2 0 1 νNy is caused by an imperfect lateral
adjustment of the two surfaces. In this case, a numerical correction is not possible due to
under-sampling and aliasing.
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Figure 2.14. Correlation coefficient for different aperture diameters in case of pure pri-
mary decorrelation.



22 2. DIGITAL SPECKLE CORRELATION

For comparison, consider a pure object tilt with a decorrelation to cci ı̃
� 0 0 55 for an aper-

ture size Dν
� 0 0 85 νNy. In this case, the correlation coefficient would vary from cci ı̃

� 0 0 01
to cci ı̃

� 0 0 81 over the shown range of aperture diameters from Dν
� 0 0 2 νNy to Dν

� 2 0 1 νNy

(confer Chapter 3.2.1). Thus, from Fig. 2.14 we draw the conclusion that the correlation factor
ccµ of the primary decorrelation does not depend on the aperture of the imaging system.



3

Deformation Measurement

The speckle pattern that appears in the image of a laser illuminated diffuse reflecting object,
results from the interference of wavelets with a random phase relationship. If the root-mean-
square roughness of the surface exceeds the wavelength of the light, and if the beam diameter
on the object or the resolution of the imaging system is much larger than the correlation length
of the surface profile, the speckle pattern is said to be fully developed and some statistical
properties, for instance the probability distribution of the intensity, are independent of the spe-
cific surface and the optical system. Other statistical properties, for example the size of the
speckle and the power spectral density, only depend on the parameters of the optical system
and the wavelength [Goo75]. The specific pattern, however, is strongly connected to the mi-
crotopography of the generating surface and can be taken as a coded fingerprint. If the surface
undergoes a bulk movement or a deformation, the speckle pattern exhibits displacement and
decorrelation, i.e changes in the pattern itself, which are again independent of the specific
surface structure.

The subject of this chapter is to exploit this effect and determine the object deformation
from the displacement and decorrelation of the scattered speckle fields with Digital Speckle
Correlation. The chapter starts with a brief survey over the history and the present develop-
ments and applications of Speckle Photography in its classical and digital form. Our aim then
is, to enhance the capabilities of the technique to the simultaneous measurement of all three
components of the deformation field. To this purpose, the mathematical model of the previous
chapter will be extended in Section 3.2, with an emphasis on the spectral properties of the
correlation function. In Section 3.3, the details of the in-plane displacement measurement are
presented. We will show, that the known algorithm can be improved by the knowledge of the
object tilt, and we will keep a focus on the measuring accuracy. Section 3.4 is dedicated to
the extraction of information about the local object tilt. Several algorithms are investigated
and the random measurement error is determined. The integration of the local tilt to obtain a
complete deformation map is another issue. An example of an application will be deferred to
Chapter 7.

3.1 The present development of Speckle Photography
A comprehensive study of the relationships between the deforming object and the displace-
ment and decorrelation of the speckle pattern for free-space and imaging geometries has first
been conducted by Yamaguchi in 1981 [Yam81]. In a simple focused imaging system, the
displacement of the speckle pattern is proportional to a corresponding in-plane translation of
the object surface. The development of Speckle Photography around 1970 has made use of
this effect to measure in-plane displacement fields [Bur68, Arc70]. In this technique, some-

23
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times termed Double Exposure Speckle Photography, two images of the object, before and
after deformation, are recorded on the same photographic film. If the developed negative, i.e.
the specklegram, is illuminated with a narrow laser beam, the diffraction pattern consists of
a set of Young’s fringes whose pitch and orientation gives the local displacement. The com-
plete displacement field is then obtained from a two-dimensional scan of the specklegram, or
alternatively, by using an array of convergent beams, which are provided, for example, by an
holographic optical element [Arn89]. In a different method of evaluation, the specklegram is
placed in a Fourier filtering setup. Using a small filtering aperture outside of the optical axis
in the Fourier plane results in a full-field image of the object which is covered by fringes of
equal displacement [Arc72]. The analysis of in-plane vibrations is possible by recording a
time averaged specklegram, where the exposure time is long compared to the vibration period
[Tiz71].

In the usual imaging geometry, Speckle Photography has pure in-plane sensitivity, whereas
out-of-plane deformations lead to a decorrelation of the speckle pattern. The determination of
out-of-plane tilt has been achieved with a defocused imaging system [Arc72, Gre76] or by
recording the specklegram in the Fourier plane [Tiz72, Tiz78]. In both cases, the tilt is trans-
lated to a displacement of the speckle pattern in the recording plane and the displacement
information is then extracted as before. The use of a defocus decreases the spatial resolution
and makes the method sensitive to in-plane and out-of-plane deformations. If both types are
present, the analysis of the resulting fringe patterns is difficult. If the specklegram is recorded
in the Fourier plane, the method is sensitive to tilt only, but then the lateral resolution is com-
pletely lost. Therefore, Speckle Photography does not facilitate a simultaneous measurement
of the out-of-plane and in-plane components of a deformation. To overcome this problem, it
has been proposed to record two or more double exposure specklegrams in different planes to
separate the different deformation components [Ste76, Gre78]. This is, however, difficult to
accomplish experimentally and noticeably complicates the method.

With the emerging of computers and electronic cameras, digital image processing tools
have been incorporated into Speckle Photography. Initially, only the Young’s fringes have
been analysed with digital techniques, due to the limited resolution of the imaging sensors
[Rob83, Hun86, Che90a]. If the speckle patterns are recorded by an electronic camera in the
first place, we will refer to the technique as Digital Speckle Photography (DSP), which has
been presented in Chapter 2. DSP systems have been developed by several researchers under
different names [Che90b, Mat90, Noh92, Che93a, Sjö93]. The advantages over the classical
form of Speckle Photography are obvious; for example, the digital version is much faster
and easier to use and there is no directional ambiguity, due to the acquisition of two images.
Nevertheless, there is still some research carried out on classical Speckle Photography [Ras98].

Speckle Photography is mainly concerned with the spatial properties of speckle images. On
the other hand, it is also possible to exploit the temporal evolution of dynamic speckle patterns
of changing objects. An analysis usually starts with a study of the properties of speckles
that are generated by a moving diffuser. The fluctuations in the intensity of the speckle obey
similar statistics as the spatial variations of a stationary speckle pattern [Bri93]. An overview
over this subject is given in [Oka95]. Applications include, for example, the determination of
intra-cellular activity [Bri75, Xu95, Zha97] or the measurement of blood flow [Aiz92].

Because only the shifts in the speckle patterns are detected in Speckle Photography, these
need not necessarily be originated from laser illumination. When a random pattern exists
naturally on the surface or is physically attached to it, for example by a paint, and incoherent
illumination is used, the technique has been termed White Light Speckle Photography [For75,
Asu82] or Digital Image Correlation [Bru89]. The method has the advantage, that it is hardly
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affected by object tilt and decorrelation and that the source for the input images is largely
arbitrary. For example, scanning electron microscopy images can be used to determine the
strain on micro-mechanical components [Dou00], or high resolution photographic images of
a glacier can be used to measure the glacier surface flow [Con90, Asu98]. Nevertheless, the
sensitivity with white light speckle is generally lower, because the size of the speckle is usually
larger and cannot be adjusted. Furthermore, the contrast of laser speckle is usually higher.

In experimental mechanics, the quantity of interest is often the in-plane strain field. It
can be obtained from the in-plane displacement field, but the required differentiation amplifies
the noise in the measurement. This problem can be overcome by using a defocused imaging
system. Then, the strain is directly linked to the speckle translation in the image plane and
can be calculated from four pairs of speckle images, obtained under four different illumination
directions [Yam93, Sjö95a].

Concerning the measurement of object tilt and out-of-plane deformation, the same restric-
tions apply to DSP as to classical Speckle Photography. Tilt leads to speckle displacement in
the far field and can be determined in a free-space geometry or in a Fourier setup, but then
the lateral resolution is lost. Tullis et. al. use two illumination beams and two detectors in
a free-space geometry to determine the torque of a shaft [Tul98]. To provide a solution to a
similar problem, Rose et. al. use a cylindrical lens to set up a combined Fourier transform and
imaging system [Ros98]. In one spatial direction they achieve in-plane sensitivity and spa-
tial resolution, in the other direction their system is sensitive to tilt. Again, also a defocused
imaging system can principally be employed to measure tilt – with the same restrictions and
problems as in classical Speckle Photography [Won97, Gom02].

An approach to the measurement of three-dimensional deformation fields has been made
by Synnergren and Sjödahl with a stereoscopic DSP system [Syn99]. The technique also
determines the shape of the object under investigation, but it relies on white light speckle
and the accuracy of the out-of-plane component of the deformation is significantly reduced
compared to the in-plane component. A similar three-dimensional measuring system with a
slightly different correlation algorithm has been devised by Sutton et. al. [Sut00].

In a variety of the fringe projection technique, DSP has also been used to determine object
shape [Sjö99]. Instead of the usual sinusoidal fringes, a series of random patterns is projected
onto the surface and, using the triangulation principle, the height is derived from the position
of the pattern. It should be mentioned that classical Speckle Photography has already been
employed to measure object shape by using laser speckle and a classical contouring technique
[Jai81].

DSP is used in a variety of applications in experimental mechanics and Non-Destructive
Testing. Another field of application is fluid mechanics, where equivalent techniques are used
to measure velocity, density and temperature fields in gas, liquid, and plasma flows. In Particle
Image Velocimetry (PIV), the velocity of tracer particles in a flow is determined from their
displacement in a pair of images that are taken within a short time interval [Hin93, Raf98]. A
slightly different technique, termed line-of-sight Speckle Photography, is based on measuring
the deflection angles of light transmitted through inhomogeneous transparent media. It pro-
vides information about the temperature and density distributions integrated along the optical
path. If a speckle pattern, generated by a ground glass, for example, is viewed through the
object under study, a change in the distribution of the refractive index leads to a displacement
of the speckle pattern in the image plane, from which the deflection angle can be inferred
[Fom98]. Today, DSP is a versatile and easy to use research tool. DSP systems for in-plane
displacement field measurements are also commercially available, and PIV systems for flow
measurement are widely used in industry, already [Kom01].
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Up to now, all information about the object deformation has been obtained from a displace-
ment of the speckle pattern in the recording plane. Attempts have also been made to determine
the local object tilt from the amount of decorrelation. A subtraction method has been used
by Schirripa Spagnolo et. al. to determine defects in wooden panel paintings [Schir97] and
by Bruno et. al. to locate debonded areas in a composite laminate [Bru00]. Their results,
however, remain qualitative and a discrimination from primary decorrelation is not possible.
Moreover, the conclusion is drawn that a fairly small aperture should be used to increase the
sensitivity of the method. This not only sacrifices light efficiency, we will show that it is also
counterproductive concerning the tilt measurement.

In this chapter, we will derive the local object tilt from the spectral characteristics of the
corresponding decorrelation in a focused imaging system. This enables the simultaneous mea-
surement of the out-of-plane and the in-plane components of the deformation field from a
single pair of speckle images.

3.2 Mathematical description

In this section, we will build on the mathematical model of Chapter 2.2 and extend the analysis
to three-dimensional object deformations. The quantity of interest will mainly be the cross-
correlation function of the speckle intensities. To keep the focus on the essential relationships,
we will still make some simplifying assumptions. Their relevance will be discussed in the end
of Section 3.2.1. In Section 3.2.2, the analysis will be transferred to the frequency domain,
where the central quantity is the cross power spectrum of the recorded speckle images. The
specific form of the cross power spectrum will be calculated in Sections 3.2.3 and 3.2.4 for a
rectangular and circular aperture, respectively.

3.2.1 Three-dimensional object deformation

A point r � � x 	 y 
 in the image on the camera target will get contributions from a small region
around the corresponding point r � � � x � 	 y � 
 on the object surface, viz the resolution cell of
the imaging system. If we assume that, during a deformation, this region undergoes a uniform
in-plane displacement ∆r � and a uniform out-of-plane rotation about an axis in the surface
of the object, as illustrated in Fig. 3.1, and neglect a possible out-of-plane displacement, the
amplitudes u and ũ of the scattered speckle field in the geometric optics limit, before and after
deformation, respectively, can be written as (confer Eqs. (2.6))

u � r 
 � u0 � r 
�� ∆u � r 
 (3.1a)

ũ � r 
 � S u0 � r � ∆r 
&� ∆ũ � r 
UT e
� 2πi∆ννν r (3.1b)

The displacement in the image plane is given by ∆r � M ∆r � , where M is the demagnification
of the optical system. The tilt leads to the phase factor exp � � 2πi∆νννr 
 , where ∆ννν � � ∆νx 	 ∆νy 

is proportional to the angle of tilt. To take into account the primary decorrelation due to
microstructure changes, u has been separated into a constant part u0 and a fluctuating part
∆u. The amplitudes u, ∆u and ∆ũ are assumed to be mutually uncorrelated and with the same
power in ∆u and ∆ũ (i.e., there is no change in the mean intensity, see Section 2.2). The
whole deformation field is determined by the dependence of ∆r and ∆ννν on the position r. The
intensity i � of the speckle field on the image sensor is given from Eq. 2.1 by

i � � r 
 �V� a � r 
 � 2 �W� u � r 
�� p � r 
 � 2 (3.2)



3.2. MATHEMATICAL DESCRIPTION 27

Θ
camera

y'

x'

z'

y

x

specimenimaging lensaperture

Figure 3.1. Illustration of object tilt. A rotation
about the y X -axis leads to a linear phase factor
in the direction of the x X -axis. In the plane of
the aperture, the speckle field is translated.

Figure 3.2. Displacement between the ampli-
tudes A and Ã in the plane of the aperture in
case of an object tilt. The highly magnified
experimental data have been obtained with a
digital speckle interferometer.

and similarly for the deformed speckle field ı̃ � , where p is the point spread function of the imag-
ing system and a negligible focus error has been assumed. To calculate the cross-correlation
function of i � and ı̃ � , we make the usual assumption, that the speckle patterns are fully devel-
oped and the corresponding complex amplitudes a and ã can be treated as circular complex
random Gaussian processes [Goo85]. The intensity cross-correlation Ci L ı̃ L then becomes

Ci L ı̃ L � r 	 r � 
 �  i � � r 
 ı̃ � � r � 
 # �  i � � r 
 #) ı̃ � � r � 
 # � �  a � � r 
 ã � r � 
 # � 2 (3.3)

It is therefore possible, to ascribe the correlation function of the intensities to the correlation
function of the amplitudes. The means of a and ã vanish and the normalized cross-covariance
caã of the amplitudes becomes

caã � r 	 r � 
 � Caã � r 	 r � 

σa σã

: �  a �Y� r 
 ã � r � 
 #
σa σã

(3.4)

For a fully developed speckle field, the variance of the intensity is given by σ 2
i L �  i �Z# 2 � � a � 2 # 2 � σ4

a , so that the normalized cross-covariance ci L ı̃ L can be calculated from Eqs. (3.3)
and (3.4) as

ci L ı̃ L � r 	 r � 
 �V� caã � r 	 r � 
 � 2 (3.5)

Accordingly, the correlation coefficient cci L ı̃ L of the intensities, defined as the maximum value
of the normalized cross-covariance, is given by the squared modulus of the correlation coeffi-
cient ccaã of the amplitudes:

cci L ı̃ L �V� ccaã
� 2 (3.6)

Assuming that a and ã are wide-sense stationary processes, the cross-correlation function
Caã can be calculated with the help of the Wiener-Khintchine theorem as

Caã � r � � r 
 ��� � 1 �  A � Ã #[� (3.7)

where A and Ã are the spectra of the amplitudes a and ã, before and after deformation, respec-
tively. Using Eqs. (3.1) and (2.5), the spectra of the amplitudes a and ã become

A � ννν 
 � S U0 � ννν 
�� ∆U � ννν 
 T P � ννν 
 (3.8a)

Ã � ννν 
 � S U0 � ννν 
 e � 2πiννν∆r � ∆Ũ � ννν 
 T P � ννν � ∆ννν 
 (3.8b)

where ννν � � νx 	 νy 
 . The latter equation states, that the object tilt leads to a shift of the amplitude
spectrum in the aperture plane by an amount ∆ννν. This is depicted in Fig. 3.2, where parts of the
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spectra are highly magnified to illustrate their translation during an object tilt. The part of the
spectrum that passes the aperture after the tilt is not the same as in the initial object state. This
is the cause of a speckle field decorrelation in the image plane. While the spectra in Fig 3.2
have been obtained experimentally, they require the knowledge of the speckle phase and can
not be calculated from the intensity images recorded by a DSC setup. Here, they have been
gained from the data of a spatially phase-biased speckle interferometer [Fri01].

In the derivation of second order speckle statistics, it is usually assumed that the auto-
correlation function of the amplitude field directly in front of the surface vanishes except
for zero displacement [Goo75]. This also holds for the field u in the geometric optics limit: u �Y� r 
 u � r � 
 # � σ2

u δ � r � � r 
 , where δ �+! 
 is the Dirac delta function. Accordingly, u and also
u0 and ∆u have a white spectrum, for example  �U0 � ννν 
 � 2 # � σ2

u0
� const. , and Eqs. (3.7) and

(3.8) yield

Caã � r 
 � σ2
u0

� ∞

∞
P � � ννν 
 P � ννν � ∆ννν 
 e2πiννν � r � ∆r � d2ν (3.9)

where it has been used that U0, ∆U and ∆Ũ are mutually uncorrelated. The maximum of the
correlation function Caã is found for r � ∆r, and, of course, this is also the position of the
maximum of the correlation function ci L ı̃ L of the intensities. A calculation of the variance of
the amplitude a yields

σ2
a
� σ2

ã
� � σ2

u0 � σ2
∆u 
 � ∞

∞
P � � ννν 
 P � ννν 
 d2ν (3.10)

so that the correlation coefficient of the intensities, which is given from Eqs. (3.4) and (3.6) as
cci L ı̃ L � C2

aã � ∆r 
 � σ2
aσ2

ã, becomes

cci L ı̃ L � ccµ ccγ : � σ4
u0S σ2

u0 � σ2
∆u T 2 \\\\\\\

� ∞

∞
P � � ννν 
 P � ννν � ∆ννν 
 d2ν� ∞

∞
�P � ννν 
 � 2 d2ν

\\\\\\\
2

(3.11)

The first term on the right hand side is the primary correlation factor ccµ, confer Eq. (2.13),
and is equal to the squared modulus of the correlation coefficient of the amplitudes u and ũ:
ccµ

��� ccuũ
� 2. The second term on the right hand side is often referred to as the Yamaguchi

correlation factor ccγ [Yam81, Sjö95b], and describes the decorrelation due to the tilt of the
object surface. If we assume a real aperture function P (disregarding possible abberations),
it is given by the ratio of the size of the overlap of two aperture functions, which are shifted
against each other by ∆ννν, to the size of the aperture. In Speckle Photography, as well as in
Speckle Interferometry, ccγ is usually the limiting factor that determines both the accuracy
and the possible range of a measurement. For a circular aperture of diameter D it is given by
[Own91]

ccγ
� 4

π2 ]^ arccos _ �∆ννν �
Dν ` � �∆ννν �

Dν
1 � _ �∆ννν �

Dν ` 2 ab 2

(3.12a)

where Dν
� D � λz is the aperture diameter in frequency space, see Eq. (2.25). For a rectangular

aperture, the Yamaguchi correlation factor becomes

ccγ
� B 1 � �∆νx

�
Dνx D 2 B 1 � �∆νy

�
Dνy D 2

(3.12b)
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Figure 3.3. Geometric relations for a small object tilt γx about the y X -axis, confer Fig. 3.1.

where Dνx and Dνy are the width and height of the aperture in frequency space, see Sec-
tion 3.2.3. Apparently, the aperture should be made as large as possible to minimize decorre-
lation due to tilt.

Up to now, we have only been concerned with the speckle pattern in the image plane.
In an experiment, however, we always have to deal with the intensity as it is recorded by
the camera (Eq. (2.2)). If we correct the recorded speckle images with the measured camera
MTF, as explained in Chapter 2.4.2, and take into account the electronic noise, the correlation
coefficient will – in analogy to Eq. (2.13) – be given by

cci ı̃
� ccµ ccγ ccn (3.13)

cci ı̃ is simply a product of different correlation factors, where each factor expresses the decor-
relation due to a different effect. This facilitates the calculation of the primary correlation
factor ccµ when the object tilt – and thus ccγ – is known. In Chapter 2.4.1 it was shown that
the noise correlation factor ccn is usually negligible.

It remains to relate the shift ∆ννν in frequency space to the angle γ of the object tilt. We
decompose the tilt into a horizontal rotation about the y � -axis with an angle γx and a vertical
rotation about the x � -axis with an angle γy. According to Eq. (3.1), the phase increment over a
horizontal distance lx in the image plane is equal to 2π∆νx lx. From the geometry of the optical
setup, this phase increment is given by 2π

λ � 1 � cosθ 
 l �x γx , where l �x � 1
M lx is the corresponding

distance in the object plane, see Fig. 3.3. Equating the two terms yields

∆ννν � 1 � cosθ
λ

1
M

γ (3.14)

where γ � � γx 	 γy 
 . As stated above, ∆ννν is proportional to the translation of the speckle field in
the plane of the aperture. This translation can also be calculated by geometric considerations
(see Fig. 3.1), and, of course, leads to the same result.

We will now discuss the simplifying assumptions in the above analysis. In the derivation
of Eq. (3.14), a normal observation direction has been assumed, which is exact only close to
the optical axis and thus for a small field of view. For a larger field of view, the term � 1 � cosθ 

must be replaced by � cosθo � cosθ 
 , where θo is the local angle of observation. In case of a
divergent illumination, θ may vary with the position on the object, too. � cosθo � cosθ 
 is the
z-component of the local sensitivity vector, as it is frequently used in interferometry [Jon89].

Because a global phase factor for ũ in Eq. (3.1) would not make any difference in the
above analysis, Speckle Correlation is insensitive to a bulk displacement along the optical
axis. This, however, disregards the finite extent of the single speckles in the axial direction.
A displacement ∆z � of the object surface leads to a displacement ∆z � M2∆z � of the speckle
pattern in the image plane. This motion can not be followed by the image sensor and causes an
additional decorrelation cc∆z, which can be calculated from the three-dimensional correlation
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coefficient of the speckle intensity in image space. For a circular aperture of diameter D it is
given by [Leu90]

cc∆z
� sinc2 B ∆z D2

8λ z2 D (3.15)

where sinc � x 
 � sin � πx 
 � πx, and z is the distance from the aperture to the image sensor. The
axial displacement ∆z �0 c 5 that leads to a decorrelation of cc∆z

� 0 0 5 is given by

∆z �0 c 5 � 3 0 54λ F#2 S 1 � 1
M T 2

(3.16)

where F# is the f-number of the imaging system. To get an idea of how much out-of-plane
motion is tolerable, ∆z �0 c 5 is calculated for a typical imaging system with F# � 22, M � 0 0 5 and
λ � 633nm. In this case Eq. (3.16) yields ∆z �0 c 5 � 9 0 8mm. Since the deformations that we want
to measure are typically in the range of some µm or some 10µm, the axial displacement can
usually be neglected. This is not true, however, if a microscope with a large magnification and
a small f-number (large aperture) is used [Fei00]. For a single lens system, where the magnifi-
cation depends on the distance between the lens and the object, an out-of-plane translation ∆z �
also leads to an in-plane displacement in the image plane, whose magnitude is proportional to
the distance from the optical axis. Again, this movement is usually negligible but can become
important in a microscopical imaging system. It is not present in a telecentric system.

The two assumptions, firstly that the region on the object which contributes to an image
point deforms uniformly and secondly that the optical system has a negligible focus error,
have the consequence that the translation ∆r of the speckle field in the image plane is solely
determined by the in-plane displacement of the object surface, and that the shift ∆ννν in the
aperture plane is solely determined by the object tilt. These simplifications are inappropriate,
for example, for a non-flat object, which can not be focused over the whole field of view. A
thorough analysis of the speckle motion in imaging systems without these assumptions has
been carried out in the literature by several researchers [Yam81, Li86, Sjö95b, Yur99]. It
reveals, that the speckle motion in the two planes is influenced by several other parameters,
too. For example, the translation ∆r in the image plane has a term which is proportional to the
amount of defocus and tilt, and another term which is proportional to the amount of defocus
and strain (in case of oblique illumination). On the other hand, the shift ∆ννν in the aperture
plane is affected by in-plane displacements, too. Other complications arise, if abberations
are taken into account. Generally they lead to increased decorrelation, but the image plane
translation may also be affected [Ste77, O’Don82].

However, the relations given by Eq. (3.14) and ∆r � M∆r � remain the most important and
usually dominate the speckle motion. Other effects can often be minimized by a carefully ad-
justed focus or by a proper choice of the optical system. For example, in an afocal-telecentric
system, the speckle motion across the aperture becomes independent of in-plane object trans-
lation [Sjö01].

In Chapter 2 it was shown how ∆r can be determined from the recorded speckle images.
This will again be the issue in Section 3.3. In Section 3.4 we will describe how ∆ννν can be
extracted from the spectral properties of the recorded images. If all parameters of the optical
system are known (for example the defocus), it should then be possible to calculate the object
tilt and in-plane displacement from the measured values ∆r and ∆ννν and the general equations
that determine the speckle motion in the imaging system. Here, we will assume that the above
simplifications are admissible and that Eq. (3.14) and ∆r � M∆r � are valid.
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3.2.2 Spectral decorrelation

In the last section, the cross-correlation function of the intensities and especially the maximum
value and its position have been the subject of interest. Here, we will determine the spectra
of the speckle intensities and their correlation. These spectral characteristics also determine
the form of the peak of the correlation function. Because we are finally interested in the cross
power spectrum of two different speckle patterns, we will follow a different approach than the
one presented by Goodman in [Goo75] and calculate the power spectral density directly, rather
than the autocorrelation function first, with a subsequent application of the Wiener-Khintchine
theorem.

Using Eq. (3.2) and the convolution theorem, the spectrum I � of the speckle intensity i � on
the camera sensor can be expressed as

I � � ννν 
 ����� a � � r 
 a � r 
 � � A � � � ννν 
� A � ννν 
 � ACF � A � ννν 
 � (3.17)

where � denotes convolution and ACF stands for the spatial autocorrelation function, which is
defined by

ACF � A � ννν 
 � : � � ∞

∞
A � � ννν � 
 A � ννν � � ννν 
 d2ν � (3.18)

We will continue to use the notation ACF � !d� , to distinguish the spatial from the ensemble
autocorrelation function CAA. The power spectral density (PSD)  � I � � 2 # of the intensity i � is
given from Eq. (3.17) by  � I � � ννν 
 � 2 # �  �ACF � A � ννν 
 � � 2 # (3.19)

The spectrum I of the intensity pattern i, as recorded by the camera, is known from Eq. (2.4):

I � ννν 
 � I � � ννν 
 H � ννν 
�� N � ννν 
 � ACF � A � ννν 
 � H � ννν 
�� N � ννν 
 (3.20)

where H is the camera transfer function and N is the noise spectrum. Using that N and I � are
uncorrelated, the power spectral density  � I � 2 # of the recorded intensity becomes � I � ννν 
 � 2 # �  � I � � ννν 
 � 2 # �H � ννν 
 � 2 �  �N � ννν 
 � 2 # (3.21)

To calculate the ensemble average over the squared autocorrelation function of A in Eq. (3.19),
we insert A � U P (see Eq. (3.8a)) and obtain �ACF � A � ννν 
 � � 2 # � ∞���� ∞

 U � ννν � 
 U � � ννν � � ννν 
 U � � ννν �d� 
 U � ννν �e� � ννν 
 #
P � ννν � 
 P � � ννν � � ννν 
 P � � ννν �e� 
 P � ννν �e� � ννν 
 d2ν � d2ν �e� (3.22)

To proceed, we make the usual assumption that the correlation length of the amplitude U in
the plane of the aperture is much smaller than the size of the aperture and thus the region over
which the autocorrelation function of P changes noticeably [Goo75]. This assumptions holds
for a fully developed speckle pattern. The following approximation can then be made: U � ννν � 
 U � � ννν � � ννν 
 U � � ννν �d� 
 U � ννν �e� � ννν 
 # � fgeh  �U � ννν � 
 � 2 #) �U � ννν � � ννν 
 � 2 # δ � ννν � � ννν �d� 
 	 ννν i� 0 �U � ννν � 
 � 2 �U � ννν �e� 
 � 2 # 	 ννν � 0

(3.23)
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Inserting Eq. (3.23) back into Eq. (3.22), using the fact that U0 and ∆U are uncorrelated and the
properties of wide-sense stationary processes, we obtain the well known result for the power
spectral density of the speckle pattern in the image plane [Goo75]: � I � � ννν 
 � 2 # � fgeh  �U � 2 # 2 ACF �j�P � ννν 
 � 2 � 	 ννν i� 0 �U � 2 # 2 Slk ∞

∞
�P � ννν 
 � 2d2ν T 2 	 ννν � 0

(3.24)

Because k ∞
∞ ACF �j�P � ννν 
 � 2 � d2ν � Slk ∞

∞
�P � ννν 
 � 2d2ν T 2, half of the power of the speckle pattern is

contained in the zero frequency component. For ννν i� 0, the PSD of the speckle pattern has the
shape of the autocorrelation function of the intensity transmittance �P � ννν 
 � 2 of the lens pupil.
The width of P therefore determines the largest frequency that is contained in the speckle
pattern. For example, in case of a circular aperture with diameter Dν in frequency space, the
power spectrum has contributions for �ννν �  Dν and vanishes for �ννν �nm Dν. Thus, the speckle
pattern is sufficiently sampled by the camera if the aperture diameter in frequency space is
smaller than the Nyquist frequency of the camera sensor: Dν O νNy. The envelope of the
power spectrum, i.e. ACF �j�P � 2 � , is often called the speckle halo.

The PSD of the recorded speckle pattern is then obtained from Eq. (3.21) as � I � ννν 
 � 2 # � σ4
u ACF �j�P � ννν 
 � 2 � �H � ννν 
 � 2 �  �N � ννν 
 � 2 # 	 ννν i� 0 (3.25)

where we have used the fact that u has a white spectrum in case of a fully developed speckle
pattern (see Eq. (3.9)). Eq. (3.25) also describes the PSD of the speckle intensity ı̃, obtained
from the deformed object state.

The cross power spectral density of the intensities i and ı̃ is defined as the ensemble average
over the product of their spectra and is given from Eq. (3.20) by I � Ĩ # �  �� ACF � A � H � N 
 � � ACF � Ã � H � Ñ 
 # �  I � � Ĩ � # �H � 2 (3.26)

where it has been used that the noise spectra are uncorrelated.  I � � Ĩ � # �  ACF � � A � ACF � Ã �o#
is the cross PSD of the speckle patterns i � and ı̃ � in the image plane. Inserting Eqs. (3.8), it
becomes I � � � ννν 
 Ĩ � � ννν 
 # � ∞���� ∞

 U � ννν � 
 U � � ννν � � ννν 
 Ũ � � ννν �e� 
 Ũ � ννν �e� � ννν 
 #
P � ννν � 
 P � � ννν � � ννν 
 P � � ννν �e� � ∆ννν 
 P � ννν �e� � ννν � ∆ννν 
 d2ν � d2ν �e� (3.27)

where Ũ � U0 exp � � 2πiννν∆r 
�� ∆Ũ . The term within the angle brackets can be evaluated in
analogy to Eq. (3.23) as U � ννν � 
 U � � ννν � � ννν 
 Ũ � � ννν �e� 
 Ũ � ννν �e� � ννν 
 #� fgeh  �U0 � ννν � 
 � 2 #) �U0 � ννν � � ννν 
 � 2 # e

� 2πiννν∆r δ � ννν � � ννν �e� 
 	 ννν i� 0 �U � ννν � 
 � 2 �U � ννν �e� 
 � 2 # 	 ννν � 0

(3.28)

For the zero frequency component, we get the same result as for the simple PSD of one speckle
pattern. This reflects the fact, that there is no change in the mean intensity. Because it does
not contain any information about the object deformation, we will drop the zero frequency
component in the following analysis. Inserting Eq. (3.28) back into Eq. (3.27), we obtain I � � � ννν 
 Ĩ � � ννν 
 # �  �U0

� 2 # 2 e
� 2πiννν∆r ACF � P � � ννν 
 P � ννν � ∆ννν 
 � 	 ννν i� 0 (3.29)
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Stated in words, the cross PSD of the intensities in the image plane is proportional to the
autocorrelation function of the product of two pupil functions, which are shifted against each
other by an amount ∆ννν, and has a linear phase factor that is proportional to the translation ∆r
of the intensity patterns. In case of no object deformation, i.e. ∆r � ∆ννν � ∆u � 0, Eq. (3.29)
reduces to the known PSD of a single speckle pattern, given by Eq. (3.24).

The same comments hold for the cross PSD of the recorded intensities, which is just given
by Eq. (3.29) multiplied by the squared modulus of the camera transfer function: I � � ννν 
 Ĩ � ννν 
 # � σ4

u0
e
� 2πiννν∆r ACF � P � � ννν 
 P � ννν � ∆ννν 
 � �H � ννν 
 � 2 	 ννν i� 0 (3.30)

This equation contains the whole information about the object deformation. According to the
Wiener-Khintchine theorem (see Eq. (3.7)), it is the Fourier transform of the cross-correlation
function Ci ı̃. The phase factor in Eq. (3.30) corresponds to a displacement of the maximum
from the origin to the position ∆r. The width of the autocorrelation function of the shifted pupil
functions determines the width of the correlation peak. The integral over the autocorrelation
function, and thus the overlap of the pupil functions, and the ratio of the power in u0 to the total
power determines the maximum value, see Eq. (3.11). Because a Fourier transform algorithm
is used to determine the correlation, the cross power spectrum I � Ĩ is always calculated as an
intermediate result, see Eq. (2.16), and can also be used to extract the relevant information.

Due to the fact that the mean values  I # and  Ĩ # vanish, the correlation coefficient ccI Ĩ
of the spectra I and Ĩ for a fixed frequency ννν becomes

ccI Ĩ � ννν 
 : �  I �l� ννν 
 Ĩ � ννν 
 #S  � I � ννν 
 � 2 #) � Ĩ � ννν 
 � 2 # T 1 . 2� σ4
u0

e
� 2πiννν∆r ACF � P �l� ννν 
 P � ννν � ∆ννν 
 � �H � ννν� � 2� σ2

u0 � σ2
∆u 
 2ACF ���P � ννν 
 � 2 � �H � ννν 
 � 2 �  �N � ννν 
 � 2 # (3.31)� : ccµ e

� 2πiννν∆r ccT � ννν;∆ννν 
 ccN � ννν 

The correlation coefficient ccI Ĩ is again simply a product of different correlation factors. As
it is just the ratio of Eqs. (3.30) and (3.25), it can also be viewed as the normalized cross
power spectral density. In the last line of Eq. (3.31), ccµ is the frequency independent primary
correlation factor that we already encountered in Eq. (3.11). The correlation factor ccT depends
on both, the object tilt and the frequency. It is defined as

ccT � ννν;∆ννν 
 : � ACF � P � � ννν 
 P � ννν � ∆ννν 
 �
ACF �j�P � ννν 
 � 2 � (3.32)

For zero frequency, ccT is equal to the square root of the Yamaguchi correlation factor defined
in Eq. (3.11): cc2

T � 0;∆ννν 
 � ccγ; and it decreases for larger frequencies. In Section 3.4, the
amount of tilt and its direction will be inferred from the dependence of ccT on the frequency.

The correlation factor ccN due to the electronic noise is also frequency dependent. From
Eq. (3.31) it is defined as

ccN � ννν 
 : �CB 1 �  �N � ννν 
 � 2 #
σ4

u ACF �j�P � ννν 
 � 2 � �H � ννν 
 � 2 D � 1

(3.33)

As stated in Section 2.4.1, ccN becomes important only close to the edge of the speckle halo,
i.e. where ACF ���P � 2 ��> 0. It should be noted, that the correlation factors ccµ and ccT are not
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(a) (b)

Figure 3.4. Normalized cross power spectrum CPSnorm ; ννν = for (a) surface microstructure
changes and (b) object tilt. White corresponds to complete (CPSnorm p 1) and black to
zero correlation (CPSnorm p 0). The total correlation coefficient is equal in both experi-
ments: cci ı̃ p 0 q 64. The tilt angle in (b) is about 2 mrad and would generate 50 fringes over
an image size of 1024 pixels in an interferometric measurement.

affected by the transfer function of the camera. Only the decorrelation due to noise increases
with a decreasing MTF.

In an experiment, the normalized cross PSD must be estimated from the cross power spec-
trum of a finite size image. If I and Ĩ are now the spectra of the subimages, before and after
deformation (see Section 2.3), the normalized cross power spectrum is calculated by

CPSnorm � ννν 
 > Re ∑
n

I �r� νννn 
 Ĩ � νννn 

1
2∑

n

Ss� I � νννn 
 � 2 � � Ĩ � νννn 
 � 2 T (3.34)

where the sum indicates a spatial average over a small region in frequency space and Re �+! 

denotes the real part. Note that, in case of zero in-plane displacement ∆r � 0, the theoretical
cross PSD is a real function. For a small number of values, the arithmetic mean over the sim-
ple power spectra is more reliable than the geometric mean in the definition of the correlation
coefficient in Eq. (3.31). The average is usually obtained by applying a 3x3 or 5x5 unit con-
volution kernel separately to the cross power spectrum and the simple power spectra before
taking the quotient in Eq. (3.34).

In Fig. 3.4, the normalized cross power spectra from two different experiments are depicted
to illustrate the results of Eq. (3.31). Fig. 3.4(a) shows primary decorrelation due to a surface
process. Fig. 3.4(b) belongs to an object tilt. The total correlation coefficient cci ı̃ is equal
in both cases (cci ı̃

� 0 0 64) and a circular aperture of size Dν
� 0 0 85 νNy and Dν

� 0 0 91 νNy,
respectively, has been used. From Fig. 3.4(a), it can be seen that the correlation is independent
of the frequency in case of a primary decorrelation. This is the reason why the correlation
coefficient cci ı̃ of the intensities is not affected by the size of the aperture, as shown in Sec-
tion 2.4.3. Fig. 3.4(b) shows the dependence of the correlation on the frequency in case of an
object tilt. There is a stronger decorrelation for large frequencies, which is most significant in
the direction of the tilt (predominantly horizontal). Outside a circle with radius Dν the PSD
and the cross PSD vanish in theory. The experimental power spectra, however, have some con-
tributions due to noise and the finite correlation window. The latter effect causes a non-zero
CPSnorm � ννν 
 for frequencies �ννν � # Dν.
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In order to completely determine the cross PSD in Eqs. (3.30) and (3.31), it remains to
calculate the autocorrelation function of the shifted pupil functions. This will be done in the
following sections for a rectangular and a circular aperture. Since the case of a rectangular
aperture is easier, it will be treated first. We will assume an abberation free imaging system
and thus a real pupil function P, which is unity inside the aperture and zero otherwise. In
contrast to the normal PSD of a single speckle pattern (Eq. (3.25)), the cross PSD will be
reduced by abberations, which usually affect the phase of the pupil function.

3.2.3 Rectangular aperture

Consider a rectangular aperture with width Dx and height Dy. The associated pupil function P
has the form [Goo68]

P � νx 	 νy 
 � rect
νx

Dνx
rect

νy

Dνy
(3.35)

where rectx � 1 for � x � O 1
2 and zero otherwise. The width Dνx and height Dνy in frequency

space are given by

Dνx
� Dx

λz
; Dνy

� Dy

λz
(3.36)

where z is the distance between the aperture and the image plane. The product of two pupil
functions , where the second is translated by an amount ∆ννν � � ∆νx 	 ∆νy 
 , is again a rectangular
function. From Fig. 3.5 we have

P � ννν 
 P � ννν � ∆ννν 
 � rect
νx

Dνx � �∆νx
� rect

νy

Dνy � �∆νy
� (3.37)

The calculation of the autocorrelation of Eq. (3.37) is straightforward and yields

ACF � P � ννν 
 P � ννν � ∆ννν 
 � � DνxDνy
B 1 � �∆νx

�
Dνx

� � νx
�

Dνx D B 1 � �∆νy
�

Dνy
� � νy

�
Dνy D (3.38)

for � νx
� O Dνx � �∆νx

� ; � νy
� O Dνy � �∆νy

� , zero otherwise. The cross PSD of the two speckle
patterns, recorded before and after an object tilt, has the same triangular shape as the simple
PSD of a single speckle pattern, but the width and the maximum value are diminished. For
∆ννν � 0, Eq. (3.38) reduces to the known form of the simple PSD, see Eq. (2.22).
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Figure 3.5. Rectangular aperture: illustration

of the pupil function in frequency space. The
product of two translated functions, indicated
by the shaded area, is again a rect-function.

Figure 3.6. Frequency dependent correlation
factor ccT for a square aperture of width
Dνx p 0 q 9 νNy and various object tilts ∆νx as
indicated.
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The correlation factor ccT due to the tilt, which determines the dependence of the decorre-
lation on the frequency ννν, is given from Eqs. (3.32) and (3.38) by

ccT � ννν;∆ννν 
 � B 1 � �∆νx
�

Dνx � � νx
� D B 1 � �∆νy

�
Dνy � � νy

� D (3.39)

for � νx
� O Dνx � �∆νx

� ; � νy
� O Dνy � �∆νy

� , zero otherwise. In Fig. 3.6, horizontal cross-sections
through ccT are depicted for various amounts of tilt ∆ννν � � ∆νx 	 0 
 . It can be seen, that for
small tilts ∆νx, the low frequency components are hardly affected, whereas there is a steep
decrease in the correlation for frequencies close to the cut-off frequency Dνx � �∆νx

� , compare
Fig. 3.4(b). The correlation factor ccT only depends on the modulus �∆νx

� 	 �∆νy
� of the hori-

zontal and vertical tilt components. Therefore, the sign of the tilt angles γx and γy can not be
obtained from the cross power spectrum.

According to the Wiener-Khintchine theorem, the cross-correlation function Ci L ı̃ L of the
speckle intensities in the image plane is given by the Fourier transform of the cross PSD:
Ci L ı̃ L ��� � 1 �  I � Ĩ �P#u� . In case of no in-plane translation (∆r � 0), we get from Eqs. (3.29) and
(3.38)

Ci L ı̃ L � r 
 � σ4
u0
� Dνx � �∆νx

� 
 � Dνy � �∆νy
� 
 sinc2 S � Dνx � �∆νx

� 
 x T sinc2 S � Dνy � �∆νy
� 
 y T (3.40)

where sinc � x 
 � sin � πx 
 � πx. Ci L ı̃ L has the same principle form as the autocorrelation function
and, of course, reduces to the autocorrelation for ∆ννν � 0. The peak-width, however, is larger
for the cross-correlation function. In the literature, the width of the correlation peak is usu-
ally defined by the location of the first minimum of the correlation function. In this work,
we will use the full width half maximum (FWHM) instead, because it is easier to determine
experimentally. The FWHM of Ci L ı̃ L in horizontal direction is given by

xFWHM
� 0 0 8859

Dνx � �∆νx
� (3.41)

and similarly for yFWHM in the vertical direction. Stated in words, the width of the correlation
function is inversely proportional to the difference of the aperture width and the translation in
the aperture plane due to tilt. Thus, Eq. (3.41) can also be used to extract information about the
tilt. In an experiment, xFWHM will be related to the width x0

FWHM of the autocorrelation function
to suppress the influence of statistical fluctuations of the peak-width. The amount of tilt is then
obtained as �∆νx

�P� Dνx
B 1 � x0

FWHM

xFWHM D (3.42)

and similarly for �∆νy
� .

The speckle size rSp is usually defined as the position of the first minimum of the auto-
correlation function. For a square aperture we obtain from Eq. (3.40) rSp

� 1 � Dνx, which is
related to the FWHM of the autocorrelation function by rSp

� 1 0 1288 x0
FWHM.

3.2.4 Circular aperture

The pupil function of a circular aperture with diameter D has the form

P � νx 	 νy 
 ��v 1 	 �ννν � O Dν

0 	 else
(3.43)
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(a) (b) (c) (d)

PSfrag replacements

∆ννν∆ννν
ννν

νννννν

νR

Figure 3.7. Circular aperture: (a) The product P ; ννν = P ; ννν w ∆ννν = of two translated pupil functions
in frequency space (shaded area). (b,c) The autocorrelation of the product with argument ννν
for (b) case I and (c) case II (dark shaded areas). (d) Same as (c) in case a of pure vertical
translation (∆ννν p ; 0 < ∆νy = , see text).

where Dν
� D � λz is the aperture diameter in frequency space. The product of two pupil

functions, which are translated by ∆ννν is not readily stated analytically. It is illustrated by the
shaded region in Fig. 3.7(a). The autocorrelation function of the product ACF � P � ννν 
 P � ννν � ∆ννν 
 �
is given by the overlap of two such products as shown in Fig. 3.7(b) and (c). The calculation
is not difficult in principle and can be done from geometrical considerations. We have to
distinguish two cases. The simple case I is illustrated in Fig. 3.7(b), where the frequency ννν and
the translation ∆ννν are such, that the autocorrelation is again given by the overlap of two circles
with diameter Dν, separated by an amount νR, which is given by

ν2
R
�W�ννν � 2 � �∆ννν � 2 � 2 � νx ∆νx � νy ∆νy

� (3.44)

In case II, we have to calculate the area of the dark shaded region in Fig. 3.7(c). To accom-
plish this, a coordinate transformation � νx 	 νy 
yx � νx � 	 νy � 
 is applied, such that the transla-
tion ∆ννν � in the new coordinate system has only a component in the vertical direction, thus
∆ννν � � � 0 	 ∆νy � 
 . The area can then be evaluated by a decomposition into circle segments, as
illustrated in Fig. 3.7(d). The final result of the rather cumbersome calculation is:

ACF � P � ννν 
 P � ννν � ∆ννν 
 �
� D2

ν
2

fzzzzzzzzzzg zzzzzzzzzzh
arccos νR

Dν � νR
Dν { 1 � ν2

R
D2

ν
	 if Q # 0 and νR

Dν O 1 (case I)

arccos
K∆ννν K
Dν � K∆ννν K

Dν { 1 � K∆ννν K 2
D2

ν
� arcsin

Kννν K
Dν� Kννν K

Dν { 1 � Kννν K 2D2
ν
� 2

D2
ν

� νx ∆νy � νy ∆νx
� 	 if Q O 0 (case II)

0 	 else

(3.45)where

Q �|�ννν � 2 � � νx ∆νx � νy ∆νy
� � � νx ∆νy � νy ∆νx

� { D2
νK∆ννν K 2 � 1

In case of no tilt (∆ννν � 0), the condition for case II is never matched, and the cross PSD reduces
to the known form of the simple PSD for a circular aperture [Goo75]. The frequency depen-
dent correlation factor ccT due to tilt is then calculated by inserting Eq. (3.45) into Eq. (3.32).
Despite the different form of the aperture, the cross-sections through ccT have a similar ap-
pearance as those for the rectangular aperture shown in Fig. 3.6. The two-dimensional charac-
teristic of ccT in an experimental situation has been depicted in Fig. 3.4(b).
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It can be seen from Eq. (3.45), that the cross PSD depends on the modulus and the direction
of the tilt. There is, however, a sign ambiguity and ccT � ννν;∆ννν 
 � ccT � ννν; � ∆ννν 
 . This is already
obvious from the form of the product of the pupil functions in Fig. 3.7(a), and can also be seen
from the orientation of the strongly decorrelated frequency components in Fig. 3.4. Due to the
symmetry of a circular aperture, there is only one sign that can not be determined, in contrast
to the case of a rectangular aperture, where two signs are missing.

The cross-correlation function Ci L ı̃ L is given by the inverse Fourier transform of Eq. (3.45),
but an analytic solution could not be found. Nevertheless, it is clear that the strong decrease in
the high frequency components of the cross PSD leads to a broadening of the cross-correlation
function. To facilitate an extraction of the tilt parameter ∆ννν from the width of the correlation
peak in case of a circular aperture, a numeric procedure has to be followed. The width of
the correlation peak depends on the direction of the cross-section in which it is measured and
the orientation of ∆ννν in the frequency plane. Thus, the general relationship might be quite
complicated. However, because the high frequency components decrease most significantly
in the direction of ∆ννν, the width of the correlation peak will have a maximum in the same
direction. For example, if ∆ννν � � ∆νx 	 0 
 , the width has a maximum in the horizontal cross-
section Ci L ı̃ L � x 	 0 
 . Moreover, in the direction of ∆ννν, the cross PSD has the same form as the
simple PSD of a single speckle pattern (only case I in Eq. (3.45) applies), and the form of the
correlation peak in this direction can be expected to be similar to that of the autocorrelation
function. The analytic solution for the autocorrelation function is obtained from the inverse
Fourier transform of Eq. (3.45) with ∆ννν � 0 and Eq. (3.24):

Ci L i L � r 
 � π
4 σ4

u D2
ν \\\\ 2

J1 � πDν
� r � 


πDν
� r � \\\\

2

(3.46)

where J1 is the first-order Bessel function of the first kind. The FWHM of the autocorrelation
peak is given by

r0
FWHM

� 1 0 029
Dν

(3.47)

It is related to the speckle size rSp in its usual definition by rSp
� 1 c 22

Dν
� 1 0 186 r0

FWHM. In
analogy to Eq. (3.41), the width rFWHM of the cross-correlation peak in the direction of ∆ννν will
be written in the form

rFWHM
� 1 0 029

Dν � ∆νcc (3.48)
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in the frequency plane for a circular aperture.
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where ∆νcc is defined by this equation. In accordance to the above considerations, it is ex-
pected that ∆νcc > �∆ννν � . In an experiment, r0

FWHM and rFWHM, along with the direction of the
largest peak-width, are determined and Eqs. (3.47) and (3.48) are used to calculate ∆νcc as

∆νcc � Dν
B 1 � r0

FWHM

rFWHM D (3.49)

The relationship between ∆νcc and �∆ννν � has to be determined numerically and is depicted in
Fig. 3.8. To a very good approximation it is given by

∆νcc �V�∆ννν ��� 1 � 0 0 044 _ 1 � �∆ννν �
Dν ` � 0 0 022 _ 1 � �∆ννν �

Dν ` 2 �
(3.50)

This equation can then be employed to correct the experimentally determined ∆νcc and obtain
the true magnitude �∆ννν � of the translation in the plane of the aperture.

3.3 In-plane displacement

This section is dedicated to the details of the in-plane displacement measurement. The task is,
to estimate the translation ∆r of the speckle pattern in the image plane from the recorded digi-
tal image data as accurate as possible. This translation is directly proportional to the in-plane
displacement ∆r � � 1

M ∆r of the surface under investigation, unless there are systematical er-
rors, which might be due, for example, to a defocus of the imaging system (see Section 3.2.1).
The usual solution is to determine the position of the maximum of the cross-correlation func-
tion. This is the subject of Section 3.3.1. A second possibility, which will be described in
Section 3.3.2, consists in determining the linear phase factor in the cross power spectrum.

In all measuring systems, it is of importance to evaluate the significance of the results. Due
to decorrelation and the finite size of the subimages, the estimate of ∆r will be subjected to a
random measuring error. To assess the accuracy of the estimate, we will use the root-mean-
square (rms) deviation from the expected value as a figure of merit. Section 3.3.3 is devoted to
the least possible random measuring error that can be expected theoretically from the statistical
nature of the speckle patterns.

Experimentally, the error will be determined for various algorithms from a large number
of computer generated speckle pattern pairs with equal statistical properties. The computer
simulation of speckle images is described in Appendix B. The random measuring error is
given by the rms deviations σ∆x and σ∆y of the repeated measurement of the displacement
components ∆x and ∆y in the horizontal and vertical directions, respectively. We will see, that
the accuracy is not necessarily equal in both directions.

In this section, the displacement and the random measuring error will usually be specified
in units of the pixel pitch dP. To demonstrate the accuracy that can be achieved in an in-plane
displacement measurement, an example will be given in the end of Section 3.3.3.

3.3.1 Detection of the correlation peak position

The displacement of the speckle pattern in the image plane is given by the position of the
maximum of the cross-correlation function, measured from the origin. In an experimental
situation, the maximum position has to be determined from a discrete representation ci ı̃ � j 	 k 

of the correlation function, where � j 	 k 
 denotes the pixel position r � � j dP 	 kdP 
 , and dP is the
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pixel pitch, which is assumed to be uniform in the horizontal and vertical directions. Selecting
the highest value in ci ı̃ � j 	 k 
 gives the maximum position with a precision of half a pixel. There
are several possibilities to obtain a higher precision. The most efficient, concerning calculation
time, is probably the estimate of the centroid within a small region around the correlation peak.
This procedure is frequently used in Particle Image Velocimetry.

Another possibility is to interpolate the discrete data and determine the maximum of the
interpolating function. Suitable interpolation functions are Gaussian or parabolic functions,
which are adjusted to the correlation values close to the correlation peak in a least square fit
[Che93b]. This method of interpolation relies on the somewhat arbitrary assumption, that the
correlation peak can be approximated by a Gaussian or parabolic function. On the other hand,
the form of the correlation peak is known from Eqs.(3.40) and (3.46).

The most natural way to interpolate the discrete correlation data seems to be a Fourier
series expansion. The method relies on the Shannon sampling theorem, which states that a
continuous bandlimited function can be exactly reconstructed from a set of sufficiently dense
samples [Sha76]. If the speckle images are sufficiently sampled, so is the correlation func-
tion. In practice, the reconstruction has to be carried out by using a finite number of samples.
The continuous correlation function ci ı̃ � x 	 y 
 can then be approximated by the Fourier series
expansion [Sjö93]:

ci ı̃ � x 	 y 
 � 1
M2

M. 2 � 1

∑
j 3 k 4 � M. 2 ci ı̃ � j 	 k 
 sin S π � x � j 
 T sin S π � y � k 
 T

tan S π
M � x � j 
+T tan S π

M � y � k 
UT (3.51)

where M2 is the number of pixels used in the interpolation and M is assumed to be even. The
position � x 	 y 
 is expressed in units of the pixel pitch. If an odd number of pixels are chosen
for the interpolation, the tangents in the denominator have to be replaced by sines.

Theoretically, the most accurate results can be expected if the entire size of the correla-
tion function is used for the interpolation. In practice, it is found that using smaller arrays
does not affect the accuracy of the algorithm, provided M m 10. In the following, we will
use M � 14 and an array of discrete ci ı̃ samples that is centered about � x 	 y 
 (rather than the
origin as described by Eq. (3.51)). Instead of searching for the maximum of Eq. (3.51) in
the two dimensional plane, a one-dimensional search routine is applied separately in the x-
and y- directions, starting with the integral maximum of the discrete correlation function. The
employed routine is a golden section search [Pre88]. The one-dimensional maximum search
does not affect the accuracy, since an iterative shift of the deformed image is usually applied to
obtain a better match of the subimages, see Chapter 2.3. Therefore, the correlation maximum
will usually be close to the origin, and thus to an integral position.

In this work, we will only use the Fourier series expansion method to interpolate the corre-
lation function. Yet, in practice it can be found that a parabolic interpolation has a comparable
performance [Fuh00].

The correct estimate of the displacement relies on sufficiently sampled speckle images.
Undersampling leads to a systematic error with a bias towards the closest integral pixel value
[Sjö94b]. This systematic error is already introduced into the data during recording and affects
other interpolation algorithms, too. The centroid estimate method is slightly less sensitive to
moderate undersampling [Ale91].

To evaluate the accuracy of the correlation peak determination, the following procedure is
carried out. Pairs of speckle images with size 2kx2k pixels are generated in a computer simu-
lation as described in Appendix B, with an image plane displacement of ∆x � ∆y � 0 0 1 pixels,
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no tilt (∆ννν � 0), and a primary correlation factor ccµ that varies between 0.5 and 1. A circu-
lar pupil function of diameter Dν

� 1 0 0 νNy is used in the simulation, thus the speckle size is
rSp

� 2 0 44 pixels. The central 1792x1792 pixels are segmented into 3136 independent subim-
age pairs of size 32x32 pixels, which are then cross-correlated, using one iterative back-shift
of the deformed subimage as explained in Chapter 2.3. The random measuring error is deter-
mined as the rms deviations σ∆x and σ∆y of the calculated displacements over all subimages.
In case of no tilt, σ∆x and σ∆y are equal and only the horizontal component will be given. The
black triangles in Fig. 3.9 show the random measuring error that is obtained with maximum
interpolation by the Fourier series expansion in Eq. (3.51). It varies from about 1� 100 of a
pixel pitch for a correlation value as high as cci ı̃

� ccµ
� 0 0 99 to about 1� 10 dP for a correla-

tion value of cci ı̃
� 0 0 5. The accuracy does not depend on the amount of initially simulated

displacement.
A formula for the displacement error that can be expected theoretically in a Speckle Pho-

tography measurement has been given by Sjödahl [Sjö97]:

σ∆x
� k

r2
Sp

B
B 1 � cci ı̃

cci ı̃ D 1 . 2
(3.52)

where B is the edge length of the subimages (here B � 32 dP), and cci ı̃ is the total correlation
coefficient. Here, it is equal to the primary correlation factor ccµ, due to the absence of tilt and
electronic noise. The constant k was initially determined empirically, but has recently been
specified to k ��� 2 � π � 1 0 2 > 0 0 7 [Sjö01]. In our simulation, however, this value does not
seem to be appropriate. Instead, we get a reasonable agreement with k � 0 0 45, as shown by
the dashed curve in Fig. 3.9.

It can be seen from Eq. (3.52), that the speckle size rSp has the greatest effect on the random
measuring error and should be made as small as possible. The size is limited, however, by the
requirement of correct sampling. To decrease the random error, it is also possible to increase
the subimage size B. On the other hand, this size determines the spatial resolution of the
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measured deformation, and is thus restricted by the spectral contents of the deformation field
(see Chapter 2.3).

There have been suggestions to improve the accuracy of the peak position estimate through
the use of correlation filters. Vijaya Kumar and Hassebrok introduced the concept of fractional
power filters [Vij90]. Instead of Eq. (2.16), they define the cross-correlation function as

Ci ı̃
��� � 1 � I � Ĩ� I � Ĩ � p . 2 � (3.53)

where p can take on any real value. In the original work, an asymmetric form has been used,
where the denominator in Eq. (3.53) is replaced by � I � p. Here, we will employ the symmetric
form of Eq. (3.53). In case of no decorrelation, both forms are equivalent. When p � 0, the
filter is called a classical matched filter and Eq. (3.53) is identical to the standard correlation
function as it is used throughout this work. For p # 0, the frequency components with less
power, which are in particular the high-frequency components, will be amplified. The conse-
quence is, that the correlation peak becomes narrower and its position is better defined. On the
other hand, high-frequency noise will be amplified too, which leads to a less reliable estimate
of the position. Setting p � 1, we get a so-called phase-only filter (POF), which is suggested
by Vijaya Kumar and Hassebrok as a good compromise in many cases. The method employed
by Chen et. al. is essentially a POF [Che93b]. Setting p � 2, we get a so-called inverse filter.
Here, the latter leads to a distinctly decreased accuracy and will not be considered any further.

If we use a POF to calculate the cross-correlation function of the same computer generated
speckle images as before, we obtain random measuring errors that are depicted by the black
squares in Fig. 3.9. The position of the correlation peak is again determined by interpolation
with the Fourier series expansion method and a slightly improved accuracy can be observed.
The amount of improvement depends on the size of the speckle and is larger for a larger speckle
size [Sjö97]. Whereas, using laser illumination, the speckle size can usually be adjusted to the
resolution of the camera, the usage of a POF might especially be recommended in white light
Speckle Photography, where the speckle size is often larger.

The random measuring error has also been determined for the case of decorrelation due to
object tilt and in the absence of primary decorrelation (ccµ

� 1). The results are depicted in
Fig. 3.10 for the classical matched and phase-only filters. Here, the subimage size has been
chosen to be 64x64 pixels. Again, a circular pupil function of diameter Dν

� 1 0 0 νNy and an
image plane displacement of ∆x � ∆y � 0 0 1 dP has been used in the simulation. The tilt has a
horizontal component ∆νx only (∆νy

� 0) and in the figure it is expressed by the change ∆zx

in the z-direction over the width of an image of size 1024 pixels and for normal illumination
(θ � 0), see Fig. 3.3. (The prime on ∆zx has been omitted for brevity.)

It can be seen, that the random measuring errors are not equal in the horizontal and vertical
directions. The error is distinctly higher in the direction parallel to the object tilt. This is due to
the fact, that the high-frequency components show stronger decorrelation and accordingly the
correlation peak is broadened in this direction. The phase-only filter, which amplifies the high-
frequency components, now leads to a decreased accuracy, and thus, can not be recommended
in the case of object tilt.

The theoretical values in Fig. 3.10 have been calculated from Eq. (3.52), where the cor-
relation coefficient cci ı̃ is now given by the Yamaguchi correlation factor ccγ in Eq. (3.12a).
The constant k has again been set to k � 0 0 45. For the range of tilt shown in the figure, the
correlation varies from cci ı̃

� 0 0 995 to cci ı̃
� 0 0 57. The theoretical curve approximately fits to

the average � σ∆x � σ∆y 
 � 2 of the errors in both directions.
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Similar results as those shown in Fig. 3.9 and Fig. 3.10 can be obtained with experimen-
tally recorded speckle images. The theoretical relation in Eq. (3.52) often gives a fairly good
estimate of the random measuring error. There remain some open questions, however. An im-
portant point is the value of the constant k. The question is, how small can k possibly get? Is
it worthwhile looking for further improvements of the algorithm, or is the lower bound, which
is put on the random error by fundamental statistical reasons, already attained? As we have
seen, Eq. (3.52) can not explain the difference in the accuracy of the components parallel and
perpendicular to the tilt. Also, it does not provide insight into the question, which correlation
filter is preferable in which situation. Concerning white light Speckle Photography, it might
be asked if Eq. (3.52) remains valid, or, if the accuracy depends on the spectral components of
the specific speckle pattern. Some of these questions will be taken up in Section 3.3.3.

3.3.2 Determination of the phase factor in the power spectrum

A different approach to estimate the translation of the speckle patterns in the image plane is
to determine the phase variation in the cross power spectrum. The determination of the phase
factor in the spectrum has already been used to obtain an estimate of the position of a point
source image with sub-pixel accuracy [Fil93]. Its application to DSP has also been proposed
before [Poi00].

In case of an in-plane displacement ∆r, the cross power spectral density has a linear phase
factor exp � � 2πiννν∆r 
 , see Eq. (3.30). In an experimental situation, the cross power spectrum
shows additional random phase fluctuations due to decorrelation. The experimentally deter-
mined phase of the cross power spectrum is shown in Fig. 3.11 for two different apertures
and amounts of in-plane translation. In Fig. 3.11(a), a circular aperture has been used and the
translation is �∆r �r� 0 0 7 dP. In Fig. 3.11(b), the aperture has a square shape and the transla-
tion is �∆r �s� 2 0 5 dP. The correlation coefficient between the original speckle images is about
cci ı̃ > 0 0 99 in both cases. Outside the speckle halo, i.e. outside a circle of radius Dν in case
of a circular aperture, and outside a square of width 2Dνx in case of a rectangular aperture, the
phases are determined by noise and are purely random. It is immediately clear from the fig-
ure, that the speckle images must be sufficiently sampled to obtain an accurate estimate of the
phase factor. Otherwise, the phases of the frequencies where aliasing occurs will be falsified.

(a) (b)

Figure 3.11. Phase of the cross power spectrum I � Ĩ in case of a pure in-plane displacement; (a)
for a circular aperture of diameter Dν p 0 q 98 νNy and a displacement ∆r p ; 0 q 4 dP < 0 q 6 dP = ,
(b) for a rectangular aperture of width and height Dνx p Dνy p 0 q 8 νNy and a displacement
∆r p ;�� 0 q 2dP < 2 q 4dP = . The contrast of the gray-levels ranges from � π (black) to π (white).



44 3. DEFORMATION MEASUREMENT

A convenient way to obtain an estimate for the translation ∆r is to fit a linear function
to the experimentally determined phases in a least squares approximation. The translation is
then given by the gradient of the fitted function. If the displacement is more than one pixel, a
phase jump in the frequency plane occurs (see Fig. 3.11(b)). In order to simplify the following
analysis, we will, however, assume that the translation is small. This is not a restriction,
since the deformed image is usually shifted by the initially estimated displacement to obtain
a higher correlation. In the initial step, ∆r can be estimated by the correlation maximum
search algorithm. In subsequent steps of the iteration, the translation is always quite small
( �∆r � 1 1 dp).

Let ϕ � ννν 
 be the phase of the experimentally determined cross power spectrum: I � Ĩ �� I � Ĩ � eiϕ. In virtue of the discrete Fourier transform, the spectra are known for the discrete

frequencies � ν j 	 νk 
 � 2νNy
N !�� j 	 k 
 , j 	 k � � N � 2 0U020 N � 2 � 1, where N is the width and height

of the image in pixels and νNy is the sampling frequency. The error function that has to be
minimized over ∆r � � ∆x 	 ∆y 
 is defined as

E : � ∑
j �Y� N � 2 � 1 � � � 0
k �Y� N � 2 � 1 � � �N � 2 � 1 � j � 0
k �Y� N � 2 � 1 � � � 0 � j � 0

g jk
*
ϕ � j 	 k 
�� 2π � ν j ∆x � νk ∆y 
-, 2 (3.54)

where the g jk are weighting factors, which can be chosen appropriately. To economize calcu-
lation time, the error function is evaluated in one half of the frequency plane only, since the
spectra and also the phase of the cross power spectrum are symmetric: ϕ � � ννν 
 � � ϕ � ννν 
 . The
frequency components � ν j 	 νk 
 with j � � N � 2 or k � � N � 2, i.e. the horizontal or vertical
sampling frequencies, are not reliably determined and have thus been omitted.

The minimization of the error function in Eq. (3.54) is a linear problem and ∆r can be
determined through a linear regression analysis (rather than a numerical minimum search). If
the normal equations ∂E

∂∆x
� 0 and ∂E

∂∆y
� 0 are solved for ∆x and ∆y, we get the result

∆x � � 1
2π

ϕνx ν2
y � ϕνy νxνy

ν2
x ν2

y � νxνy
2

(3.55)

and similarly for ∆y. The overbar denotes a weighted sum, for example ϕνx
� ∑j � k g jkϕ � j 	 k 
 ν j,

where the summation is over the same range as in Eq. (3.54).
Not all phase values in the cross power spectrum are equally reliable. For example, the

phase of a spectral component with a low modulus is more affected by a small amount of
noise than a component with a large modulus. To take this into account, Poilane et. al. [Poi00]
propose to choose the weighting factors as the modulus of the cross power spectrum values:
g jk

��� I �l� j 	 k 
 Ĩ � j 	 k 
 � . They then claim to obtain a higher accuracy for the in-plane displace-
ment measurement as with the determination of the correlation peak position. Yet, if we use
Eq. (3.55) and the proposed weighting factors to determine the in-plane displacement of the
same computer generated speckle patterns as in the last section, we obtain the same random
measuring error as depicted in Figs. 3.9 and 3.10 for the standard correlation function and the
Fourier series interpolation algorithm. This holds in case of high correlation (cci ı̃ � 0 0 8). For
stronger decorrelation, the random measuring errors are slightly increased. The similarity is
not surprising, since the spectral components of the cross power spectrum contribute to the
standard correlation function with their modulus, too (see Eq. (3.53) for p � 0).

In least squares approximations, the weighting factors are often chosen as the inverse vari-
ances of the measured quantities – here the phase values of the cross power spectrum. To
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calculate the phase variances, the statistics of the spectra need to be known. In Appendix A,
it is shown that the spectral components I � ννν 
 and Ĩ � ννν 
 follow a jointly Gaussian distribution
with correlation ccI Ĩ � ννν 
 . Therefore, we can revert to results that were obtained for the statisti-
cal parameters of the amplitudes of two speckle patterns. The phase variance, conditioned on
the modulus of the spectra, is given by [Don79]

σ2
∆ϕ \\ K I K 3 K Ĩ K � π2

3 � 4�
0 � γ 
 ∞

∑
n 4 0

� � 1 
 n
n2

�
n � γ 
 (3.56)

where

γ : � 2 � ccI Ĩ � ννν 
 ��� I � � ννν 
 Ĩ � ννν 
 �� 1 � � ccI Ĩ � ννν 
 � 2 
  � I � ννν 
 � 2 # (3.57)

and
�

n is the nth-order modified Bessel function of the first kind. For large values of γ,
Eq. (3.56) can be approximated by

σ2
∆ϕ \\ K I K 3 K Ĩ K > 1

γ
(3.58)

This is the asymptotic behaviour of the phase variance for ccI Ĩ x 1. For correlation values
close to unity, we see from Eqs. (3.57) and (3.58) that the ratio of the modulus of the cross
power spectrum to the PSD should be used for the weighting factor, rather than the modulus
itself.

To calculate the phase variance for each frequency component, we need to know the aper-
ture form and size, and also the tilt parameter ∆ννν. How the latter can be determined will be
shown in the next section. The PSD  � I � ννν 
 � 2 # and the correlation ccI Ĩ � ννν 
 can then be obtained
from Eqs. (3.25) and (3.31). Frequency components outside the speckle halo can be omitted,
since they carry no information about the speckle images. In the experiments, discrete values
of σ2

∆ϕ are stored in a look-up table instead of carrying out the time-consuming calculation in
Eq. (3.56) for each frequency component. If we employ the phase regression algorithm with
the weighting factors gjk

� σ � 2
∆ϕ � ν j 	 νk 
 to determine the in-plane displacement of the same

computer generated speckle images as before, we obtain random measuring errors that are de-
picted by the open circles in Fig. 3.12. It can be seen, that the accuracy is improved by A 10%
compared to the determination of the position of the correlation maximum.

If all spectral components of the cross power spectrum were statistically independent, the
random measuring error that must be expected in the phase regression algorithm could be
calculated by the usual method of error propagation. Although the assumption of statistical
independence is not fulfilled, we will carry out the calculation to gain some insight into the
theoretically expected error. From Eq. (3.55) we obtain in a straightforward manner

σ2
∆x
� ∑

j 3 k _ ∂∆x
∂ϕ � j 	 k 
 ` 2

σ2
∆ϕ � j 	 k 
 � 1

4π2

ν2
y

ν2
x ν2

y � νxνy
2

(3.59)

where the summation is over the same range as in Eq. (3.54). Usually the sum νxνy is negligible
and we can approximate σ2

∆x > 1 � S 4π2ν2
x T . To calculate ν2

x , we neglect the finite image size
and translate the sum into an integration over half the speckle halo. For a circular aperture, we
use polar coordinates � νr 	 β 
 in the frequency plane and obtain

ν2
x
� N2

4ν2
Ny

π�
0

Dν�
0

cos2β ν3
r σ � 2

∆ϕ � νr 	 β 
 dβ dνr (3.60)
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Figure 3.12. In-plane displacement error versus primary decorrelation, determined from the
same set of images as in Fig. 3.9. The random measuring errors, obtained through a deter-
mination of the linear phase factor in the cross power spectrum, are compared to different
theoretical approaches. The two upper curves are repeated from Fig. 3.9 for comparison.

In case of pure primary decorrelation, without object tilt and electronic noise, the a-priori
expected phase variance is independent of the frequency and – as an ensemble average – can
be taken out of the integral. The ensemble average  σ � 2

∆ϕ # might be calculated numerically
using Eqs. (3.56) and (A.10). For ccI Ĩ # 0 0 7 it can be approximated with an error of less than

1% by  σ � 2
∆ϕ #�>�� 1 � ccI Ĩ 
 � cc 3 . 2

I Ĩ
. From Eqs. (3.60) and (3.59) we then obtain the final result

of the error propagation:

σ∆x
� 2 ' 2

π3 . 2 νNy

N D2
ν

� 1 � ccI Ĩ 
 1 . 2
cc 3 . 4

I Ĩ

(3.61a)> 0 0 17
r2

Sp

B
� 1 � ccI Ĩ 
 1 . 2

cc 3 . 4
I Ĩ

(3.61b)

In the last equation, we have used the image width B � N dP and the fact that the speckle size
rSp is related to the aperture size by rSp

� 1 0 22 � Dν (see Section 3.2.4). This result is similar
to Eq. (3.52), where the constant k is now given by k > 0 0 17. (Note that in the derivation of
Eq. (3.52) a high correlation value has been assumed, too.)

The displacement error that would be expected from Eq. (3.61) is shown in Fig. 3.12 by the
dotted curve. It does not match the experimental values from the phase regression algorithm,
but is smaller by a factor A 1 � 2. This is due to the fact, that the frequency components are not
statistically independent. Indeed, the spectrum I � of the speckle intensity on the camera sensor
is given by the autocorrelation function of the spectrum of the speckle amplitude: I � � ACF � A �
(Eq. (3.17)), and the spectral components of I � are connected by this relation.

The method of approximation by least squares combined with weighting by inverse vari-
ances is usually considered to be optimal if the measured quantities follow a Gaussian dis-
tribution. This is, however, not fulfilled by the phases of the cross power spectrum. In the
following, we will therefore employ a maximum likelihood estimation to determine the in-
plane displacement. The method of maximum likelihood (ML) yields the best estimate of
unknown parameters of an experiment (here: the displacement ∆r) in the sense that the ob-
served data (here: the phases) are obtained with the greatest probability. For a large number
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of independent data, ML estimators are asymptotically unbiased and have the least possible
variance [Bar89, Cow98].

For a fixed frequency ννν � � ν j 	 νk 
 , the conditional probability to measure the phase ϕ in
the cross power spectrum I � Ĩ is given by [Don79]

p � ϕ � I 	 Ĩ 
 � 1
4π2

1�
0 � γ 
 eγ cos � ϕ � ϕ0 � (3.62)

where γ is defined in Eq. (3.57),
�

0 is the zero-order modified Bessel function of the first kind
and ϕ0

� 2π � νj∆x � νk∆y 
 is the expectation value of the phase. The likelihood function L is
usually defined as the joint probability density function of the phases ϕ � j 	 k 
 for all frequency
components � ν j 	 νk 
 . If the frequency components were statistically independent, L would
just be the product of the single probabilities in Eq. (3.62) over all frequencies. Because the
frequency components are not independent, the exact joint probability density is not known
here. To keep things analytically tractable, we will still define the likelihood function as the
product over the single probability densities:

L : � ∏
j 3 k p S ϕ � j 	 k 
 � I � j 	 k 
s	 Ĩ � j 	 k 
 T (3.63)

where the product extends over half the frequency plane. Instead of maximizing Eq. (3.63), it
is equally possible to maximize the log-likelihood function

lnL � � ∑
j 3 k ln4π2 � ∑

j 3 k ln
�

0 � γ 
�� ∑
j 3 k γcos � ϕ � j 	 k 
 � ϕ0 � j 	 k 
U
 (3.64)

Again, the summation is over the same range as in Eq. (3.54). Since the first two sums do not
depend on the displacement, we now have to maximize the cosines of the phase differences, in-
stead of minimizing the squares as in the previous phase regression. From the Taylor expansion
of the cosine, it can be seen that both methods are similar in case of small phase differences.
The weighting factors are now given by γ. In case of low correlation this is more reasonable
than weighting by the phase variances because γ x 0 for ccI Ĩ x 0, whereas σ � 2

∆ϕ x 3 � π2 for
ccI Ĩ x 0. For large correlation values there is no difference to the phase regression method,
see Eq. (3.58).

To obtain an analytic solution for the maximum condition ∂ lnL
∂∆x

� 0 and ∂ lnL
∂∆y

� 0, we
approximate cosϕ0 > 1 and sinϕ0 > ϕ0. This is admissible if the in-plane displacement is
small: �∆r � 1 1dP, which is fulfilled, for example, after an iterative back-shift of the deformed
image. Note that the approximation is applied to the expectation value only, but not to the
measured phase value. A straightforward calculation then yields

∆x � � 1
2π

νx sinϕ ν2
y cosϕ � νy sinϕ νxνy cosϕ

ν2
x cosϕ ν2

y cosϕ � νxνy cosϕ2
(3.65)

and similarly for ∆y. Again, the overbar denotes a weighted sum over half the frequency
plane, for example, νxνy cosϕ � ∑j � k γ � j 	 k 
 ν jνk cosϕ � j 	 k 
 . As before, the calculation of γ for
each frequency component requires the knowledge of the aperture size and the tilt parameter
∆ννν. If we use Eq. (3.65) to determine the in-plane displacements of the same set of computer
generated speckle patterns as before, we obtain random measuring errors that are shown by
the white bars in Fig. 3.12. For correlation values close to unity, the accuracy is equal to
that of the least squares phase regression method. For noticeable decorrelation, there is a
slight improvement. This might have been expected due to the improved weighting for small
correlation values.
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3.3.3 Lower bound for the random measuring error

The question of the least possible random measuring error can be answered by the Rao-Cramér
bound, or minimum variance bound (MVB). The Rao-Cramér inequality, also called the infor-
mation inequality, states that there is a limit to the accuracy of an unbiased parameter estima-
tion. Applied to ∆x, the Rao-Cramér inequality reads [Bar89]

σ2
∆x
m � 1 ∂2 lnL

∂∆x 2 # (3.66)

Because the spectra contain all the information that is present in the recorded speckle images,
this is the lowest possible random error for the in-plane displacement measurement. According
to theory, it should be attained by the ML estimation in case of a large number of independent
frequency components, and thus for large images. Here, things are complicated by the fact,
that the frequency components are not statistically independent. If, for the moment, we assume
independence and calculate the MVB with the likelihood function as it is defined in Eq. (3.63),
we obtain the same variance for the in-plane displacement measurement as with the law of
error propagation in the phase regression method (for a correlation coefficient of more than
0.7). The calculation will be outlined below and results in Eq. (3.68). The variance thus
obtained is still a lower bound for the experimental error, but it can not be attained, because
the assumption of independence overestimates the amount of information that is contained in
the spectra. However, even if the likelihood function in Eq. (3.63) can not be used to calculate
the MVB, it is still reasonable to use this defintion in the ML estimation.

For the case of pure primary decorrelation and no object tilt, it is possible to calculate the
correct MVB in an indirect way. The most we could possibly know about the recorded speckle
images is contained in the spectrum A of the speckle field amplitude (see Section 3.2.1). The
intensity spectrum I and thus the intensity of the speckle image itself can be calculated from
the spectrum A by Eq. (3.20). If it would be possible to calculate A and Ã, we could also deter-
mine the phase factor exp � � 2πiννν∆r 
 from these spectra in a ML estimation (confer Eq. (3.8)).
In case of pure primary decorrelation, the correlation coefficient of A and Ã is given by the
square root of the correlation coefficient of the intensity spectra: ccAA

� ' ccI Ĩ
� ' ccµ, see

Eq. (3.6). Even if we do not know A and Ã in an experiment, it is possible to apply the Rao-
Cramér inequality to the estimation of the in-plane displacement from the amplitude spectra
in a theoretical investigation. This enables a correct determination of the MVB because the
frequency components of the amplitude spectra can be assumed to be statistically indepen-
dent. The outline of the rather cumbersome calculation is given in Appendix C. The resulting
minimum error can be taken from Eq. (C.11) as

σ∆x
m 4 ' 2

π3 . 2 νNy

N D2
ν

B 1 � ccµ

ccµ D 1 . 2
(3.67a)> 0 0 34

r2
Sp

B
B 1 � ccµ

ccµ D 1 . 2
(3.67b)

The MVB shows exactly the same dependence on the experimental parameters as the theoret-
ical error which is given in Ref. [Sjö97] and stated in Eq. (3.52). However, the constant k can
now be specified to k � 0 0 34.

The MVB from Eq. (3.67) is depicted in Fig. 3.12 by the solid white line. It can be seen
that the least possible error is almost achieved by the ML estimation. A part of the remaining
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Figure 3.13. In-plane displacement error versus tilt angle, determined from the same set of
images as in Fig. 3.10; (a) in the direction parallel to the tilt, (b) perpendicular to the tilt.
The ML estimation of the phase factor in the cross power spectrum is compared to the
detection of the position of the correlation maximum and two theoretical approaches. The
two upper curves in each diagram are repeated from Fig. 3.10 for comparison.

mismatch can be attributed to the fact, that the tilt parameter ∆ννν has to be determined from the
speckle images and is subjected to a random error, too. The speckle images, from which the
data in Fig. 3.12 have been calculated, have been simulated with zero tilt. If this is taken into
account in the ML estimation of the in-plane displacement, the resulting accuracy is slightly
improved and the random measuring error is less than 5% above the MVB.

The random measuring error of the ML estimation has also been determined for the case
of decorrelation due to object tilt and no primary decorrelation. The results, obtained from the
same set of computer generated speckle images as in the last section, are shown in Fig. 3.13
by the white bars. For small tilt angles, the accuracy is equal to that of the determination of the
correlation peak position. For stronger object tilt, there is a slight improvement in the order of
a few percent.

The indirect calculation of the MVB can not be transferred to the case of object tilt, because
then the amplitude spectra A and Ã show no decorrelation. To obtain at least a lower bound
for the random measuring error, we apply the MVB theory to the likelihood function of the
intensity spectra I and Ĩ in Eq. (3.63). The calculation is identical to that of Appendix C,
except that the summation is now over half the frequency plane and the correlation coefficient
ccI Ĩ has to be used. From Eq. (C.9) we obtain

σ∆x
m 1

2π
B ∑

j 3 k 2cc2
I Ĩ
� j 	 k 


1 � cc2
I Ĩ
� j 	 k 
 ν2

j D � 1 . 2
(3.68a)

σ∆y
m 1

2π
B ∑

j 3 k 2cc2
I Ĩ
� j 	 k 


1 � cc2
I Ĩ
� j 	 k 
 ν2

k D � 1 . 2
(3.68b)

Due to the frequency dependence of the correlation coefficient, the lower bound is larger in
the direction parallel to the tilt than in the perpendicular direction. It is depicted in Fig. 3.13
by the dashed white line, where the sums in Eq. (3.68) have been evaluated numerically. Since
the lower bound in Eq. (3.68) overestimates the amount of information that is contained in the
intensity spectra, the random measuring error with a DSP system can not be lower than this
limit. However, it is not clear how close the experimental accuracy can possibly get. For small



50 3. DEFORMATION MEASUREMENT

tilt angles, the experimental error is larger by a factor A 2. For increasing tilt, the lower bound
in Eq. (3.68) becomes a better description of the experimental error. Especially, it can account
for the different accuracy in the two directions.

A distinctively higher accuracy of the in-plane displacement measurement can be obtained
if the speckle fields are recorded by an (out-of-plane sensitive) interferometric setup, which
allows a reconstruction of the speckle amplitudes and thus A and Ã [Fri01]. In this case, the
decorrelation due to tilt can be corrected in part.

In this section, we have shown how the phase in the cross power spectrum can be used
to determine the in-plane displacement. The method has a slightly lower random error than
the detection of the position of the correlation maximum. Yet, it relies on the knowledge of
the object tilt. Similar results as those shown in Figs. 3.12 and 3.13 have been obtained with
experimentally recorded speckle images. In this case, the experimental spectra should be cor-
rected for the non-ideal camera MTF (see Chapter 2.4.2). The additional calculation time for
the determination of the phase factor is A 0 0 2 s for an image size of 1024x1024 pixels and
thus negligible. A theoretical lower bound has been calculated for the case of pure primary
decorrelation. It is equal to the formula given in Ref. [Sjö97], except for a constant of propor-
tionality. Eq. (3.52) with k � 0 0 4 (or Eq. (3.67)) seems to be a good compromise to estimate
the accuracy that can be achieved in a practical application. If one does not want to distinguish
between different directions, this holds in the presence of object tilt, too. For correlation values
close to unity, the accuracy can be better than 1 � 100 pixel, even for small subimage sizes.

To illustrate the quality of the in-plane displacement measurement, the motion of a high
precision translation stage has been investigated in a DSP system. Fig. 3.14 shows the dis-
placement of a metal plate that is attached to the translation stage during constant motion
operation. In this device operating on the inchworm principle there are two piezoelectric grip-
ping elements interacting with a piezoelectric expander. Upon maximum extension ( A 1 0 5 µm)
the gripping piezos change role and the expander is reset to begin a new cycle. These cycles
lead to a deviation from linear motion and can be clearly observed in Fig. 3.14. In the exper-
iment, which has been carried out in [Fuh00], a magnification of unity, a camera with a pixel
pitch of dP

� 6 0 7 µm (Hamamatsu C4742-95) and an aperture size of Dν
� 1 has been used.

Due to the uniform displacement within the field of view, an image width of N � 512 pixels
could be chosen. For the largest displacement, the correlation coefficient between the images
is cci ı̃ > 0 0 99. The random measuring error can thus be estimated as σ∆x > 3 nm. Even with
interferometric methods, such an accuracy is not readily obtained.
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Figure 3.14. Motion of a high precision translation stage operating on the inchworm principle.
The random measuring error is σ∆x � 3 nm and smaller than the size of the symbols.
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3.4 Out-of-plane deformation

In this section, it will be shown how the information about the local tilt angle can be extracted
from the recorded speckle images. There are three reasonable techniques to determine the
tilt parameter ∆ννν. The corresponding algorithms will be detailed in Section 3.4.1. Since the
out-of-plane deformation measurement by Digital Speckle Correlation is a completely new
technique, it is of utterly importance to evaluate the significance of the results. Therefore, the
systematic and random measuring errors will be investigated thoroughly in Section 3.4.2. To
this purpose, a comparison with interferometric measurements will be carried out. Further-
more, the object tilt will be determined from computer generated and experimentally recorded
speckle images under a variation of diverse experimental parameters. Section 3.4.3 is ded-
icated to the integration of the local tilt angles to obtain the out-of-plane deformation field.
The integration requires some regard, because the gradient field – i.e. the local tilt angles –
contains redundant information about the deformation field. Again, a comparison with an
interferometric measurement will be made.

In the following, the amount of tilt will always be given by the differential out-of-plane
deformation ∆z � � ∆zx 	 ∆zy 
 of the object surface over the width and height of the respective
image. The situation for a horizontal tilt has been illustrated in Fig. 3.3 (again, the prime on ∆z
will be omitted for brevity). The quantity ∆z has the advantage, that it can be readily specified
from the experimental data. Using the image width B � NdP we obtain from Eq. (3.14)

∆zx
� B

M
γx
� λ

1 � cosθ
B∆νx

� λ
1 � cosθ

N
2

∆νx

νNy
(3.69)

where we have used the fact, that the Nyquist frequency is given by νNy
� 1 � 2dP. A simi-

lar relation holds for the tilt ∆zy in the vertical direction. Since ∆ννν � νNy is determined by the
algorithms, we see from Eq. (3.69) that ∆z is independent of the magnification M of the imag-
ing system and the pixel pitch dP of the camera sensor. Furthermore, � 1 � cosθ 
 ∆zx � λ is the
number of fringes over the width of the image that would be obtained from an interferometric
measurement.

3.4.1 Different algorithms to extract the local object tilt

In this section, the different possible algorithms to determine the local tilt angle will be de-
scribed. To assess the quality of the tilt determination, we will follow the same procedure
as in Section 3.3. Pairs of speckle images of size 2kx2k pixels are generated in a computer
simulation as described in Appendix B. In a first simulation, a circular aperture of diameter
Dν
� 1 0 0νNy as well as a square aperture of width Dνx

� 1 0 0νNy are used. An increasing object
tilt with ∆νx

� 2∆νy, but no primary decorrelation and no in-plane displacement are simulated.
The images are segmented into independent subimage pairs of size 64x64 pixels and the tilt
parameter ∆ννν is determined for all subimages. The random measuring error is given by the rms
deviations σ∆zx and σ∆zy of the calculated tilt in the horizontal and vertical directions (for the
computer simulated images we set θ � 0). Generally, the error is not equal in both directions
(see Section 3.4.2). However, usually only the average σ∆z

� � σ∆zx � σ∆zy 
 � 2 will be quoted.
A possible systematic error can be detected from the averages  ∆zx # and  ∆zy # of the
calculated tilt. It will be specified by the bias �+ ∆z # � ∆z0 
 � ∆z0, i.e. the relative deviation
from the true amount of tilt ∆z0, which is known exactly from the simulation. If not stated
otherwise, the average bias from the horizontal and vertical directions will be quoted.
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Direct fit of the cross power spectrum

As a first possibility, the tilt parameter ∆ννν might be directly determined in the cross power
spectrum of the two speckle images. According to Eq. (3.30), the cross PSD is proportional
to the autocorrelation function of the product of two pupil functions, which are shifted against
each other by ∆ννν. This leads to a narrowing of the cross power spectrum compared to the
single power spectra. The effect is illustrated in Fig. 3.15. The modulus of the tilt parameter
can be obtained from a least squares fit of the theoretical cross PSD to the experimental cross
power spectrum. If a rectangular aperture is used, the cross PSD shows a linear dependence
on the tilt parameter (see Eq. (3.38)). �∆νx

� and �∆νy
� can then be determined by a regression

analysis, rather than a numerical search for the minimum of the squared differences.
The random measuring error and the bias that are obtained with this procedure from pairs

of computer generated speckle images are depicted in Fig. 3.16. For large tilt angles, we
get reasonable results; the random error σ∆z varies between 0 0 3 λ and 0 0 5 λ and the bias isA � 10%. For small tilt angles, however, the random error does not drop below σ∆z

� 0 0 25 λ
and the amount of tilt is strongly overestimated. The introduction of weighting factors into the
least squares approximation leads to minor improvements only.

Because such a strong bias is not acceptable, we will not consider the direct fit of the cross
power spectrum any further. It has been treated here for the sake of completeness only.

Determination of the width of the correlation peak

The narrowing of the cross power spectrum leads to a respective broadening of the maximum
of the cross-correlation function. This is illustrated in Fig. 3.17 for a circular aperture of diam-
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Figure 3.15. Power spectrum (a) and cross power spectrum (b) of two speckle images in case
of an object tilt. The images at the top display the real part in a linear scale. The diagrams
show the central horizontal cross-sections, respectively. The dashed lines represent the PSD
(white, repeated in (b) for comparison) and the cross PSD (black). A circular aperture of
diameter Dν p 0 q 98νNy has been used in the experiment and the tilt angle corresponds to 100
interferometric fringes over an image width of 1024 pixels. The correlation of the speckle
images is cci ı̃ p 0 q 5. The spectra have been smoothed with a 5x5 unit convolution kernel.
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Figure 3.16. Out-of-plane displacement error (left) and bias (right) versus tilt angle for the
direct determination of the tilt parameter ∆ννν in the cross power spectrum. The data are
obtained from subimages of size 64x64 pixels. A rectangular aperture has been used.

eter Dν
� 0 0 92 νNy and the same amount of tilt as in Fig. 3.15. Due to the tilt, the maximum

value is given by the Yamaguchi correlation factor. Yet, if the cross-correlation function is nor-
malized to unity at the origin, a broadening can be observed, which is most pronounced in the
direction parallel to the tilt. The width of the correlation peak will be specified by the full width
half maximum rFWHM, or, more specific, by the distance between the points where the normal-
ized cross-covariance ci ı̃ in Eq. (2.15) has fallen to half its maximum value. The position and
value of the correlation maximum are known from the in-plane displacement measurement.
The FWHM is then determined through the method of interval bisection, where the correla-
tion function is interpolated by the Fourier series expansion of Eq. (3.51). This can be done in
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Figure 3.17. Broadening of the correlation peak in case of a pure horizontal object tilt and for
a circular aperture. At the top, profiles through the cross-correlation function (black) are
compared to profiles through the autocorrelation function (white) in the direction parallel
(left) and perpendicular (right) to the tilt. In the diagrams at the bottom, the cross-correlation
function has been normalized to unity at the origin to emphasize the width of the maximum.
The tilt angle corresponds to 100 interferometric fringes over an image width of 1024 pixels.
The discrete data have been interpolated by Eq. (3.51).
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several directions. To suppress statistical fluctuations, the width of the cross-correlation peak
will always be related to the width r0

FWHM of the autocorrelation peak.
In case of a rectangular aperture, the width in the horizontal and vertical directions are

independent. For example, the modulus of the vertical tilt is directly obtained from the ratio
of the width y0

FWHM of the autocorrelation function to the width yFWHM of the cross-correlation
function in the vertical direction and is given from Section 3.2.3 by�∆νy

�s� Dνy _ 1 � y0
FWHM

yFWHM ` (3.70)

The similar relation in the horizontal direction has already been stated in Eq. (3.42). The
aperture width and height might be known from the experimental setup. On the other hand,
they can be calculated from the width of the autocorrelation function by (see Eq. (3.41))

Dνx
� 0 0 8859

x0
FWHM

and Dνy
� 0 0 8859

y0
FWHM

(3.71)

In case of a circular aperture, an object tilt leads to a broadening of the correlation peak in
all directions, see Fig. 3.17. Since an analytic solution for the width of the cross-correlation
function could not be found, a numerical approximation procedure is used to calculate the
tilt angle. The broadening, i.e. the ratio b � rFWHM � r0

FWHM of the cross-correlation width to
the autocorrelation width, is determined for the four directions: horizontal (β � 0), vertical
(β � 90 � ) and both diagonals (β ��� 45 � ). It is assumed to have a directional dependence that
can be approximated by

b � β 
 � a0 � a1 cos2 � β � βmax 
�� a2 cos4 � β � βmax 
 (3.72)

Note that b does not depend on odd powers of cosβ, due to the symmetry of the cross PSD.
The four parameters in Eq. (3.72) can be determined from the four experimental values of b.
According to the reasoning in Section 3.2.4, the direction of the tilt is given by the direction
β � βmax, where b has its maximum value bmax

� a0 � a1 � a2. From Eqs. (3.49) and (3.50),
the tilt parameter is obtained as�∆ννν �s� Dν

1 � b
� 1
max

1 � 0 0 044 b
� 1
max � 0 0 022 b

� 2
max

(3.73)

where the aperture size Dν might be determined experimentally from the width of the auto-
correlation function (averaged over all four directions) by Eq. (3.47). The tilt in the horizontal
and vertical directions is then given by

∆νx
� cosβmax

�∆ννν � and ∆νy
� sinβmax

�∆ννν � (3.74)

Since, from Eq. (3.72), βmax can be determined only except for multiples of π, there is a sign
ambiguity in the calculation of ∆ννν.

If the peak-width algorithm is used to determine the tilt parameter from pairs of computer
generated speckle images that simulate pure object tilt, we obtain an accuracy that is shown
in Fig. 3.18. The random measuring error increases almost linearly with increasing tilt. For
both aperture forms, the random error goes to zero for ∆ννν x 0 (cci ı̃ x 1). For the maximum
amount of tilt in the figure, corresponding to a decorrelation to cci ı̃ A 0 0 5, the error remains
below σ∆z

� 0 0 5 λ for a circular aperture and below σ∆z
� 0 0 3 λ for a rectangular aperture. It

is distinctively higher for the circular aperture due to the numerical approximation procedure
that has to be employed. The bias is within a few percent and not significantly larger than the
statistical uncertainty.
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Figure 3.18. Out-of-plane displacement error (left) and bias (right) versus tilt angle for the
determination of the tilt parameter ∆ννν from the width of the correlation peak. Computer
generated speckle patterns with a circular aperture of width Dν p 1 q 0 νNy and a square
aperture of width Dνx p 1 q 0 νNy have been used. The subimage size is 64x64 pixels.

Fit of the normalized cross power spectrum

Instead of applying a data fit directly to the cross power spectrum, it turns out to be more sen-
sible to apply a fit to the normalized cross power spectrum CPSnorm � ννν 
 , defined in Eq. (3.34).
According to Section 3.2.2, CPSnorm approximates the frequency dependent correlation coef-
ficient ccI Ĩ , which depends on the tilt parameter ∆ννν. An example of a normalized cross power
spectrum is illustrated in Fig. 3.19. The cross-sections shown in this figure have been obtained
from a similar image as shown in Fig. 3.4(b), except that the tilt in Fig. 3.4(b) is twice as large
as in Fig. 3.19.

Let CPSnorm � j 	 k 
 and ccI Ĩ � j 	 k 
 be the normalized cross power spectrum and the correla-
tion coefficient for the discrete frequency component � ν j 	 νk 
 . The error function for a least
squares approximation is then defined by

E : � ∑
j 3 k g jk

*
CPSnorm � j 	 k 
 � ccI Ĩ � j 	 k 
 , 2 (3.75)

where the sum extends over half the speckle halo (confer Section 3.3.2) and g jk are suitable
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Figure 3.19. Horizontal (left) and vertical (right) cross-section through the normalized cross
power spectrum in case of an object tilt. In the experiment, a circular aperture of diameter
Dν p 0 q 92 νNy has been used and a 3x3 unit convolution kernel has been applied to average
the spectra. The tilt angle corresponds to 24 interferometric fringes in the horizontal direc-
tion and 7 fringes in the vertical direction over an image size of 1024 pixels. The white
curve shows the theoretically expected frequency dependent correlation coefficient cc I Ĩ ; ννν = .
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weighting factors. The correlation coefficient ccI Ĩ is calculated from Eq. (3.31), where we
assume that the in-plane displacement is negligible (∆r > 0), which can be achieved by an
iterative back-shift of the deformed image. The primary correlation factor ccµ can be obtained
by Eq. (3.13) from the total correlation coefficient cci ı̃, the Yamaguchi correlation factor ccγ
(Eq. (3.12)) and the noise correlation factor ccn (Eq. (2.13)). Since these correlation factors
are constant, minimizing E basically leads to an approximation of the course of the normalized
cross power spectrum by the frequency dependent correlation factor ccT � ννν;∆ννν 
 (Eq. (3.32)).

On one hand, the spatial average in the frequency plane, which has to be applied to the
experimental spectra in the calculation of CPSnorm (Eq. (3.34)), has to be large enough to en-
able a reliable approximation of ccI Ĩ. On the other hand, it must be restricted to an area where
ccI Ĩ � ννν 
 does not change significantly. Generally, the most suited averaging filter depends on
the image size, the aperture size and the amount of tilt. Because we often choose an image
size of 64x64 pixels, and to keep the number of parameters manageable, we will always use
a two-fold applied 3x3 unit convolution kernel to smooth the experimental spectra in the fit
algorithm.

An optimal choice for the weighting factors g jk would be the inverse variance of the nor-
malized cross power spectrum CPSnorm. For a fairly large average in the frequency plane, the
variance is proportional to � 1 � cc2

I Ĩ � ννν 
2
 2. This result can be obtained from the statistics of the
spectra, see Appendix A. It will not be derived here. Because only a small average is applied,
frequency components with a large modulus of the power spectra will be more reliable than
those with a low modulus. Therefore, we propose to choose the weighting factors as

g jk
� S � I � j 	 k 
 � 2 � � Ĩ � j 	 k 
 � 2 T 1

1 0 01 � cc2
I Ĩ
� j 	 k 
 (3.76)

where the overbar denotes the spatial average in the frequency plane (here the two-fold 3x3
average filter). The choice of Eq. (3.76) might not lead to the most accurate results under all
circumstances. However, in the following we will use these weighting factors only, to keep the
number of possible algorithms small.

In case of a rectangular aperture, the frequency dependent correlation factor ccT depends
linearly on the tilt parameter ∆ννν (Eq. (3.39)). Yet, since the weighting factors in Eq. (3.76) de-
pend on ∆ννν, too, an analytic solution of the minimum conditions ∂E

∂∆νx
and ∂E

∂∆νy
is not possible.

This also holds in case of a circular aperture. Thus, the minimum of the error function over
∆νx 	 ∆νy has to be found by a numerical search routine. The technique applied here is a ”down-
hill simplex method”, which is relatively easy to code and known for its robustness [Pre88].
As a starting point, which is required by the simplex routine, we can use the estimation of the
tilt parameter ∆ννν by the peak-width algorithm.

In a practical application, frequency components close to the edge of the speckle halo are
dominated by noise and should be excluded from the summation in Eq. (3.75). For an image
size of 64x64 pixels, we will usually exclude frequency components for which the PSD is
below 3% of its maximum value. This corresponds to a band of width one pixel in frequency
space, which is disregarded.

The accuracy that is obtained with the determination of ∆ννν by the least squares fit of the
frequency dependent correlation factor ccI Ĩ to the normalized cross power spectrum is de-
picted in Fig. 3.20. The same set of computer generated speckle images has been used as in
combination with the peak-width algorithm in Fig. 3.18. The random measuring error is dis-
tinctively decreased compared to the peak-width algorithm. Especially, the difference between
the circular and rectangular aperture forms is less pronounced and becomes noteworthy only
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Figure 3.20. Out-of-plane displacement error (left) and bias (right) versus tilt angle for the
determination of the tilt parameter ∆ννν from a least squares fit of the normalized cross power
spectrum. The same set of computer generated speckle images as in Fig. 3.18 has been
used.

for large tilt angles. On the other hand, there is a slight systematic error and the amount of tilt
is underestimated by A 5%.

Maximum likelihood estimation

Another option is the determination of the tilt parameter ∆ννν in a maximum likelihood (ML)
estimation. In Appendix A it is shown that, for a fixed frequency ννν � � ν j 	 νk 
 , the spectra
I � j 	 k 
 and Ĩ � j 	 k 
 follow a jointly Gaussian distribution with correlation ccI Ĩ � j 	 k 
 . According
to Eq. (A.10), the probability density to measure the frequency components I � j 	 k 
 and Ĩ � j 	 k 

is given by

p � I 	 Ĩ 
 � 1
π2  � I � 2 # 2 � 1 � � ccI Ĩ

� 2 
 e
� K I K 2 � K Ĩ K 2 � 2Re � cc ¡

I Ĩ
I ¡ Ĩ �@NK I K 2 M � 1 � K ccI Ĩ
K 2 K � (3.77)

Like in the case of the in-plane displacement estimation, the formulation of the likelihood
function in a strict mathematical sense, i.e. the joint probability density function over all fre-
quencies, is complicated by the fact that the frequency components are not statistically inde-
pendent. Again, to facilitate a computation, we will simply define the likelihood function as
the product over the single probability densities. This would be correct in a strict sense in the
case of statistical independence. The likelihood function will thus be defined as

L : � ∏
j 3 k p S I � j 	 k 
s	 Ĩ � j 	 k 
 T (3.78)

where the product extends over half the speckle halo. Maximizing L over ∆νx and ∆νy yields
that specific tilt parameter ∆ννν, which explains the experimentally observed spectra with the
greatest probability. Except for a constant, the log-likelihood function becomes

lnL � � ∑
j 3 k ln � 1 � � ccI Ĩ � j 	 k 
 � 2 
 � ∑

j 3 k � I � j 	 k 
 � 2 � � Ĩ � j 	 k 
 � 2 � Re S cc �
I Ĩ
� j 	 k 
 I �Z� j 	 k 
 Ĩ � j 	 k 
UT� 1 � � ccI Ĩ � j 	 k 
 � 2 
  � I � j 	 k 
 � 2 #

(3.79)
An analytic solution for the maximum conditions ∂ lnL

∂∆νx
and ∂ lnL

∂∆νy
could not be found and the

maximum has to be determined by a numerical search routine. To this purpose, we use exactly
the same simplex routine as in the least squares fit of the normalized cross power spectrum
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to minimize � lnL. Again, the required start parameters are taken from the estimation by the
peak-width algorithm.

In the ML estimation, the average power spectrum � � I � 2 � � Ĩ � 2 
 � 2 and the real part of the
cross power spectrum Re � I � Ĩ 
 are normalized to the PSD  � I � 2 # . To economize calculation
time, this can be done once, ahead of the maximum search. The form and size of the aperture,
the average power of the speckle images and the noise power need to be known for the normal-
ization. Since the PSD gets very small close to the edge of the speckle halo, the corresponding
frequency components are dominated by noise and the normalization can yield extremely large
values. Therefore, we will again exclude a band of width one pixel in frequency space at the
edge of the speckle halo from the summation in Eq. (3.79). For an image size of 64x64 pixels,
this concerns frequency components with a PSD value below 3% of the maximum value. The
frequency dependent correlation coefficient ccI Ĩ is calculated from Eq. (3.31), where we again
assume that the in-plane displacement is negligible (∆r � 0), so that ccI Ĩ is real. As before,
this is achieved by an iterative back-shift of the deformed image.

In principal, it would be possible to maximize the likelihood function simultaneously over
all five parameters of the surface alterations (i.e. ccµ 	 ∆x 	 ∆y 	 ∆νy 	 ∆νy). However, the re-
quired five dimensional numerical maximum search would be very time consuming and has
not been attempted in this work. A simultaneous maximization of lnL over the three param-
eters ccµ 	 ∆νx 	 ∆νy has been carried out and did not lead to an improvement of the accuracy
of the tilt determination. In the following, we will use the two-dimensional maximum search
over ∆νx and ∆νy only.

If the ML estimation is used to determine the tilt of the same set of computer generated
speckle images as before, we obtain an accuracy that is shown in Fig. 3.21. Concerning the
random measuring error, there is another slight improvement compared to the least squares fit
of the normalized cross power spectrum. Even for the largest tilt angle that has been investi-
gated, corresponding to a decorrelation to cci ı̃ > 0 0 5, the error remains below σ∆z

� 0 0 25 λ for
a circular aperture and below σ∆z

� 0 0 2λ for a rectangular aperture. For small tilt angles, there
is hardly any difference between the two aperture forms. Again, the amount of tilt is slightly
underestimated with a bias of A 5%.

In this section, three different algorithms have been described, which all yield the tilt pa-
rameter ∆ννν with a reasonable accuracy: the determination of the correlation peak-width, the
least squares fit of the normalized cross power spectrum and the ML estimation. Since they
have different characteristics and advantages in different situations, we will further investigate
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Figure 3.21. Out-of-plane displacement error (left) and bias (right) versus tilt angle for the
determination of the tilt parameter ∆ννν from a maximum likelihood estimation. The same
set of computer generated speckle images as in Figs. 3.18 and 3.20 has been used.
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all three of them. The peak-width algorithm is the most convenient, because the correlation
function is calculated anyway for the determination of the in-plane displacement and the cor-
relation coefficient. For an image size of 1024x1024 pixels and a division into subimages of
size 64x64 (32x32) pixels, the additional calculation time is A 0 0 2 s ( A 1 s) for a rectangular
aperture and A 1 s ( A 4 s) for a circular aperture . The quoted times have been obtained with a
Pentium4 2GHz processor. The two other algorithms are more accurate, but also more elabo-
rate and difficult to code. The least squares fit requires an additional calculation time of A 2 s
( A 3 s) for a rectangular aperture and A 6 s ( A 10 s) for a circular aperture. The additional
calculation time for the ML estimation is A 2 0 5 s ( A 4 s) for a rectangular aperture and A 7 s
( A 11 s) for a circular aperture.

3.4.2 Accuracy of the tilt determination

To verify the correct determination of the local tilt angle, a simultaneous measurement of a
pure out-of-plane object tilt with DSC and speckle interferometry has been carried out. The
experimental setup is similar to that shown in Fig. 2.1. The main difference consists in an
additional reference beam, which is superimposed with the object wave on the camera target. It
is taken from the laser source through a beam splitter and guided by an optical fiber to emanate
from a small hole in the aperture. The fiber end is displaced from the center of the aperture to
provide a quasi-linear phase bias between the object and reference waves, also termed a spatial
phase shift. This enables the determination of the phase difference, which is proportional to
the out-of-plane deformation except for multiples of 2π, from a pair of single interferograms
in the initial and deformed object states [Bur01, Fri01]. In the experiment, a He-Ne laser
with light of wavelength λ � 632 0 8 nm, an illumination angle θ � 11 � , a magnification M �
0 0 27 and a camera of type Kodak ES4.0 are used. The aperture has a circular shape with
diameter Dν

� 1 0 01νNy. The object, a white-painted plane metal plate, is rotated about an axis
positioned in its surface, leading to a uniform out-of-plane tilt over the field of view. In each
object state, one interferogram with the superimposed reference beam, and one image of the
pure object intensity, where the reference beam is blocked, are recorded. Due to the uniform
tilt, the interferometric phase maps show straight and equidistant fringes. A sawtooth function
is then fitted to each phase map, yielding the fringe density and thus the tilt angle with a very
high accuracy. On the other hand, the correlation algorithms described in the last section are
used to determine the tilt angles from the images of the pure object intensity. The results can
then be compared to the interferometric fringe densities.

Since the tilt is uniform within the field of view, the random measuring error of the cor-
relation algorithms can be determined by the rms deviation of the calculated tilt over a large
number of subimage pairs. The results for an increasing tilt angle are shown in the left dia-
gram of Fig. 3.22. The subimage size is again 64x64 pixels, whereupon the total image size
is 1024x1024 pixels. The results are comparable to those of Figs. 3.18, 3.20 and 3.21, but
the difference in the performance between the three algorithms is less pronounced. This can
be partly attributed to a higher level of electronic noise. Since the speckle images are simply
taken with a blocked reference beam, the mean intensity is only about 1/4 of the normal value.
The signal-to-noise ratio is decreased, respectively. Apparently, the different algorithms do
not show the same sensitivity to the increased noise level, the peak-width algorithm being the
least affected.

Systematic errors can be detected by a comparison of the tilt parameter, as determined by
DSC, and the fringe density, as determined by the interferometric method. The respective bias,
i.e. the relative deviation of the mean  ∆zx # to the horizontal fringe density, is shown in the
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Figure 3.22. Out-of-plane displacement error (left) and bias (right) versus tilt angle for the tilt
determination with three different correlation algorithms. The underlying speckle images
have been recorded in a simultaneous measurement of DSC and speckle interferometry,
where a circular aperture of diameter Dν p 1 q 01 νNy has been used.

right diagram of Fig. 3.22. Again, the results are similar as those in Figs. 3.18, 3.20 and 3.21.
With DSC, the tilt angle is underestimated by A 5%, where the bias is least pronounced for the
peak-width algorithm.

In the determination of the tilt parameter from experimental speckle images, it is of im-
portance to take the transfer function of the camera into consideration. If the images are not
corrected for the non-ideal camera MTF, we obtain a systematic error that is shown in Fig. 3.23.
There is a distinctively stronger underestimation of the tilt angle, which is most pronounced for
the ML estimation with a bias of A � 30%. For the peak-width algorithm, the bias is A � 15%.
The fit of the normalized cross power spectrum shows the least sensitivity to a disregard of the
MTF correction, with a bias of A � 10%. This might have been expected, because the cross
power spectrum and the average of the single power spectra are equally affected by the MTF.
Accordingly, there is no effect on the normalized cross power spectrum (Eq. (3.34)). There is,
however, an effect on the weighting factors of the fit in Eq. (3.76).

In Fig. 3.22, the camera MTF �H � has been taken into account by a division of the cross
power spectrum I � Ĩ of each subimage pair by �H � 2, confer Eq. (3.26). This is the most conve-
nient way to carry out the correction, because the amount of additional calculation is negligi-
ble. Alternatively, the full-field images could be corrected according to Eq. (2.24), ahead of
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Figure 3.23. Bias in the determination of the tilt angle if the MTF of the camera is not taken
into account. The data have been obtained from the same set of images and with the same
algorithms as in Fig. 3.22, except that the camera MTF has not been corrected.
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the segmentation into subimages. While there is hardly any difference in the results, the latter
method requires additional calculation time.

For the peak-width algorithm, the non-ideal transfer function can also be corrected approx-
imately without explicit knowledge of the MTF. The multiplication of the cross power spec-
trum by a factor �H � 2 leads to a convolution of the correlation function with t �"� � 1 ���H � 2 � .
Let tx 3 FWHM be the full width half maximum of t in the horizontal direction. The width x ¢ corr £

FWHM

of the peak of the correlation function, which would be obtained if the cross power spectrum
were corrected by �H � 2, can be approximated by

x ¢ corr £
FWHM >W¤ x ¢ meas £

FWHM � tx 3 FWHM (3.80)

and similarly in the vertical direction, where x ¢ meas £
FWHM is the measured peak-width of the not cor-

rected correlation function ci ı̃. This relation would be exact, if ci ı̃ and t were both Gaussian
functions. Although ci ı̃ is a sinc2 function for a rectangular aperture (Eq. (3.40)) and an Airy
function for a circular aperture (Eq. (3.46)), whereas the form of t is unknown, the approx-
imation in Eq. (3.80) works quite well and the systematic error is properly corrected. The
advantage is, that the camera MTF need not be known, and only the width of t has to be de-
termined. A slightly larger random measuring error, especially for large tilt angles, has to be
accepted, however. In the following, we will always apply the MTF correction in the cross
power spectrum.

Generally, the random measuring error is not equal in the direction parallel and perpen-
dicular to the tilt. The increased decorrelation of high frequency components in the direction
parallel to the tilt leads to a larger random error in this direction. The situation is equivalent
to the asymmetry in the accuracy of the in-plane displacement measurement. Fig. 3.24 shows
the random error of the tilt determination by the peak-width algorithm and the ML estimation
separately in the horizontal and vertical directions. In the experiment, light of wavelength
λ � 632 0 8 nm, an illumination angle θ � 20 � , a magnification M � 0 0 96 and a Kodak ES4.0
camera has been used. These parameters remain valid in the following experiments. The ob-
ject, again a white painted metal plate, is rotated about a vertical axis to generate a uniform
horizontal tilt. It can be seen in the figure, that the error is generally lower in the vertical
direction. The difference is larger in case of a rectangular aperture (left diagram), where the
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Figure 3.24. Out-of-plane displacement error versus tilt angle in case of pure horizontal tilt.
The random error of the peak-width algorithm and the ML estimation is given separately in
the horizontal and vertical directions. In the diagram on the left, the speckle images have
been recorded with a square aperture of width Dνx p 0 q 99 νNy . In the diagram on the right,
a circular aperture of diameter Dν p 0 q 98 νNy has been used.
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two directions are determined independently. For a circular aperture, there is hardly any dif-
ference in case of the peak-width algorithm. This is due to the numerical procedure involved
in the determination of the tilt angle and its direction. In the following, only the average of
the random measuring errors in both directions will be quoted. The stronger symmetry of the
circular aperture can also be observed in the systematic error, which is always very similar for
both directions. For a rectangular aperture, the bias can be different in the directions parallel
and perpendicular to the tilt, especially if the tilt axis is exactly parallel to the horizontal or
vertical coordinate axis.

An analytic determination of the least possible random measuring error is quite complex
and has not been carried out in this work. A numerical calculation of the Rao-Cramér bound
(Eq. (3.66)) with the likelihood function in Eq. (3.79) and similar concepts as in Section 3.3.3
is conceivable. The solution, however, would again suffer from the lack of statistical inde-
pendence of the single frequency components. Therefore, the random measuring error has
been determined empirically from a number of experiments with varying parameters, where
computer generated as well as experimentally recorded speckle images have been used. Some
examples are shown in this section. The empirical relation, which has been found to appoxi-
mate the accuracy of the tilt measurement in a practical application, is given by

σ∆z
� _ k � 1 � ccµ

10cc2
µ ` gpol

1 � cosθ
� � 1 � ccγ 
 3 . 4

ccγ
� 0 0 4 � 1 � ccµ 
 3 . 4

ccµ

�
(3.81)

where k is a constant that depends on the used algorithm and the form of the aperture. The
numerical values of k are given in Tab. 3.1. The expected random error in Eq. (3.81) does not
have the same dependence on the primary correlation factor ccµ and the Yamaguchi (or tilt-)
correlation factor ccγ. In case of an object tilt, the high frequency components, which are the
most important in the tilt measurement, show stronger decorrelation and lead to a less reliable
estimate of the tilt angle. The noise correlation factor ccn is usually negligible. Otherwise
ccγ in Eq. (3.81) should be replaced by ccγ ccn, because high frequency components are more
affected by the electronic noise. 1 � cosθ is a sensitivity factor, which simply depends on the
angle of illumination. The polarization dependent factor gpol is unity in case of completely
polarized speckle patterns, as they are assumed in the computer simulation, for example.

Fig. 3.25 summarizes the random errors from Figs. 3.18, 3.20 and 3.21, and compares them
to the theoretical values as they are expected from Eq. (3.81), using the constants in Tab. 3.1
and θ � 0. Over a wide range, Eq. (3.81) is an appropriate description of the random measuring
error. For large tilt angles (small correlation values) and using a rectangular aperture, the error
is overestimated by Eq. (3.81). In some cases, an even better match with the empirical values
can be obtained by using a slightly different value of the constant k. We will only use the
values in Tab. 3.1, however, which are extracted from a large number of experiments.

In case of a completely depolarizing object surface, a recorded speckle image can be con-
sidered as an addition of two independent speckle patterns. Apparently, this reduces the
statistical fluctuations. The polarization dependent factor in Eq. (3.81) is then found to be

rectangular aperture circular aperture

peak-width algorithm k p 0 q 64 k p 0 q 92
fit to CPSnorm k p 0 q 60 k p 0 q 72

ML estimation k p 0 q 50 k p 0 q 54

Table 3.1. Numerical values of the constant k in the empirical relation for the expected out-of-
plane displacement error in Eq. (3.81), for different algorithms and aperture forms.
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Figure 3.25. Out-of-plane displacement error versus correlation coefficient for a rectangular
aperture (left) and a circular aperture (right). The random measuring errors from Figs. 3.18,
3.20 and 3.21 (symbols) are now drawn versus cci ı̃ and compared to the theoretical values
as they are expected from Eq. (3.81) (lines).

gpol > 0 0 85. In the computer generation of speckle images, complete depolarization can be
simulated by an addition of two patterns, which are generated independently with the same
statistical parameters. To assure the same amount of quantization noise, the sum is also stored
in an 8 Bit format. The random measuring error, which is obtained from such images for
various tilt angles, is shown in Fig. 3.26, and compared to the results from the simulation of
polarized speckle images. Again, the error is drawn versus the correlation coefficient, which is
given by the Yamaguchi correlation factor due to the simulation of pure tilt. From the figure, it
can be confirmed that the error is less by a factor A 0 0 85 in case of depolarized speckle images.
For partially polarized speckle patterns, the polarization dependent factor in Eq. (3.81) will be
in the range 0 0 85 O gpol O 1.

The random measuring error σ∆z of the out-of-plane displacement ∆z is independent of
the size B of the subimages. Since ∆z itself is proportional to B, so is the signal-to-noise ra-
tio. It follows from Eq. (3.69), that the random measuring error of the tilt angle is inversely
proportional to the subimage size – as it should be expected. Fig. 3.27 shows the random
and systematic error versus the subimage size for the three correlation algorithms. In the
experiment, a circular aperture of diameter Dν

� 0 0 99 νNy has been used. The shown data
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Figure 3.26. Out-of-plane displacement error versus correlation coefficient for completely po-
larized as well as completely depolarized speckle images. The decorrelation is due to tilt
only and a circular aperture of diameter Dν p 1 q 0 νNy has been used. The theoretical error,
as it is expected from Eq. (3.81), is depicted by the solid (gpol p 1) and dashed (gpol p 0 q 85)
lines.
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Figure 3.27. Out-of-plane displacement error (left) and bias (right) versus subimage size. The
data are obtained from experimentally recorded speckle images with different tilt determi-
nation algorithms as indicated. The tilt angle corresponds to

�
∆z
� � 10 λ t 1024 pixels and a

circular aperture has been used.

correspond to a tilt angle of � ∆zx 	 ∆zy 
 � � 9 0 4 	 2 0 6 
 λ � 1024 pixels, with a total correlation co-
efficient of cci ı̃

� 0 0 87. The random measuring error in ∆z remains almost constant, with a
slight increase for subimages of width 16 and 32 pixels in case of the ML estimation. The
theoretical values of the expected error are given from Eq. (3.81) by σ∆z

� 0 0 090, σ∆z
� 0 0 071

and σ∆z
� 0 0 053 for the peak-width algorithm, the fit to the normalized cross power spectrum

and the ML estimation, respectively. A possible systematic error of the peak-width algorithm
is within the experimental uncertainty, whereas the ML estimation shows an almost constant
bias of A � 5%. On the other hand, the fit to the normalized cross power spectrum yields an
increasing underestimation of the tilt angle for a decreasing subimage size. This behaviour
can mainly be attributed to the averaging filter in the definition of CPSnorm (Eq. (3.34)). In
Fig. 3.27, the filter size has not been adapted to the image size, so that – in case of small
images – the averaging is over large frequency variations, and thus large variations of the cor-
relation coefficient ccI Ĩ � ννν 
 . For subimage widths of 16 and 32 pixels, the estimation of the
normalized cross PSD is not reliable and the fit to the normalized cross power spectrum can
not be recommended. Considering the small number of frequency components in case of a
subimage size of 16x16 pixels, it seems surprising that the two other algorithms yield correct
results. The signal-to-noise ratio, however, is quite small in this case.

Up to now, only pure object tilt has been investigated. Yet, the tilt angle can also be
determined in case of additional primary decorrelation. To analyse the performance of the
different algorithms, we will initially use computer generated speckle images, where a circular
aperture of diameter Dν

� 1 0 0νNy, a fixed primary correlation factor ccµ
� 0 0 95 and increasing

tilt has been simulated. The corresponding random measuring error is depicted versus the total
correlation coefficient cci ı̃ in the left diagram of Fig. 3.28. Here, the subimage size is again
64x64 pixels. Even for zero tilt (cci ı̃

� 0 0 95), a small error of σ∆z > 0 0 015 λ can be observed.
As before, the accuracy decreases for increasing tilt (decreasing correlation), where the relative
performance of the different algorithms is similar as in the absence of primary decorrelation.
From the figure, it is obvious that the decorrelation due to tilt and the primary decorrelation
do not have the same effect on the random measuring error. The lines depict the theoretically
expected error from Eq. (3.81).

The right diagram in Fig. 3.28 displays the respective systematic error. For large tilt angles,
we obtain the usual bias of A 0 0U020 � 5%. For extremely small tilt angles, all algorithms show a
distinct overestimation. It becomes noticeable when the primary decorrelation clearly exceeds



3.4. OUT-OF-PLANE DEFORMATION 65

0.5 0.6 0.7 0.8 0.9 1.0
0.0

0.1

0.2

0.3

0.4

0.5
 peak-width algorithm
 peak-w. alg., theory
 fit to CPSnorm
 fit to CPSnorm , theory
 ML estimation
 ML est., theory

PSfrag replacements

cci ı̃

σ ∆
z

/
λ

0 10 20 30 40 50 60
-20

-10

0

10

20
 peak-width algorithm
 fit to CPSnorm
 ML estimation

PSfrag replacements �
∆z
�

/ λ t 1024 pixels

bi
as

/
%

Figure 3.28. Out-of-plane displacement error and bias for increasing tilt in case of a fixed
primary decorrelation to ccµ p 0 q 95 and a circular aperture. Left: random measuring error of
different algorithms versus total correlation coefficient. The data from computer generated
speckle images (symbols) are compared to the expected error from Eq. (3.81) (lines). Right:
bias versus tilt angle, obtained from the same set of images.
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Figure 3.29. Out-of-plane displacement bias versus subimage size for a tilt angle of
�
∆z
� p

0 q 5 λ t 1024 pixels and an additional primary decorrelation of ccµ p 0 q 95.

the decorrelation due to tilt. Since the effect depends on the size of the subimages, it can be
attributed to the finite correlation window. In Fig. 3.29 the systematic error is drawn versus
the subimage size for a tilt angle of �∆z �r� 0 0 5 λ � 1024 pixels. It can be seen that the amount
of overestimation increases with decreasing subimage size. For large correlation windows,
the tilt is determined correctly. In the figure, the primary decorrelation (ccµ

� 0 0 95) is about
a factor 10 larger than the decorrelation due to tilt (ccγ

� 0 0 995). In a precise out-of-plane
measurement, the overestimation in case of small tilt angles and additional primary decorrela-
tion should be corrected. Note, however, that the absolute systematic error is quite small. In
the example of Fig. 3.28, and for a subimage size of 32x32 pixels, the bias is A 40%. This
corresponds to an absolute systematic error of ∆z � ∆z0 > 0 0 006 λ.

A second example of the tilt determination in the presence of primary decorrelation is
shown in Fig. 3.30. Here, the speckle images have been recorded experimentally and a rect-
angular aperture of width and height Dνx

� Dνy
� 0 0 98 νNy has been used. The object is

again a white painted metal plate, which has been rotated to generate a uniform tilt. A pri-
mary decorrelation to ccµ > 0 0 89 has been induced by increasing the moisture content of the
paint by breathing upon. Additionally, the object has been subjected to a uniform in-plane
displacement, corresponding to a translation in the image plane of ∆x � ∆y � 0 0 5 dP. It is
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Figure 3.30. Out-of-plane displacement error and bias for increasing tilt in case of a fixed pri-
mary decorrelation to ccµ � 0 q 89 and a rectangular aperture. Left: random measuring error
of different algorithms versus total correlation coefficient. The data from experimentally
recorded speckle images (symbols) are compared to the expected error from Eq. (3.81)
(lines). Right: bias versus tilt angle, obtained from the same set of images.

found, however, that the accuracy of the tilt measurement is not affected by in-plane displace-
ments, provided the deformed image is shifted respectively. Here, two iterative back-shifts
have been applied to obtain the best match between the two subimages. In the left diagram of
Fig. 3.30, the random measuring error is depicted for the different correlation algorithms and
for a subimage size of 64x64 pixels. The relative performance of the three algorithms remains
unchanged and the experimental data approximately follow the expected error from Eq. (3.81).
The bias, shown in the right diagram of Fig. 3.30, is similar as before. An overestimation of
the tilt angle occurs if the primary decorrelation is much stronger than the decorrelation due to
the tilt.

It remains to investigate the dependence of the accuracy of the tilt measurement on the
aperture size. This has been done for a rectangular aperture using computer generated speckle
images and for a circular aperture using experimentally recorded images. Both results are
depicted in Fig. 3.31. For the computer generated images, no primary decorrelation has been
simulated and just a slight primary decorrelation (ccµ > 0 0 95) is present in the experimental
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Figure 3.31. Out-of-plane displacement error versus aperture size. Left: data from computer
generated speckle images using a rectangular aperture. The tilt angle corresponds to

�
∆z
� p

7 q 6λ t 1024pixels. Right: data from experimentally recorded speckle images using a circular
aperture. The tilt angle corresponds to

�
∆z
� p 12 q 3 λ t 1024 pixels. The lines depict the

expected error from Eq. (3.81).
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images. Again, it can be seen that the random measuring error is appropriately described
by Eq. (3.81). The error depends on the aperture size only implicitly through the correlation

factor ccγ. For small tilt angles, we obtain from Eqs. (3.12) and (3.81) the relation σ∆z ∝ D
� 3 . 4
ν .

Accordingly, the dependence on the speckle size is σ∆z ∝ r3 . 4
Sp . There might be an additional

dependence in case of distinct primary decorrelation, which affects the second addend in the
right term of Eq. (3.81). This has not yet been investigated.

The effect of the aperture size on the accuracy of the out-of-plane measurement is less
pronounced than for the in-plane measurement, where we have found σ∆x ∝ D

� 2
ν (Eq. (3.67)).

This is due to two effects acting in the opposite direction. On one hand, decreasing the aperture
size decreases the speckle halo and thus the number of frequency components that can be used
in the tilt estimation. On the other hand, a smaller aperture leads to a stronger change in the
measured quantity, i.e. the frequency dependent correlation coefficient ccI Ĩ . Nevertheless, the
combined impact is an increasing error with decreasing aperture size. Therefore, the aperture
should be as large as possible to obtain the highest accuracy and sensitivity.

Yet, the aperture size is limited by the requirement of sufficient sampling. Undersampling
leads to a distinct systematic error, viz an overestimation of the tilt angle in case of the fit to
the normalized cross power spectrum and the ML estimation, and usually an underestimation
in case of the peak-width algorithm. Experimentally, it is found that undersampling by a
few percent is tolerable. We thus have the condition Dν O 1 0 05 νNy for a circular aperture,
respectively Dνx 	 Dνy O 1 0 05νNy for a rectangular aperture. If the aperture size is chosen fairly
small (Dν ¥ 0 0 5 νNy), the general tendency of the ML estimation and the fit to the normalized
cross power spectrum to underestimate the tilt angle gets stronger. Again, this effect depends
on the size of the correlation window and vanishes in the limit of large subimages.

In this section, we have investigated the accuracy of three different methods to determine
the tilt parameter ∆ννν. All of them yield correct results and can be employed within a wide range
of experimental parameters. The peak-width algorithm is the most convenient and shows the
least systematic errors. On the other hand, the random measuring error is usually larger than
for the other two algorithms, especially if a circular aperture is used. The fit to the normalized
cross power spectrum is most prone to systematical errors. For example, it is not suited for
subimages of less than 64x64 pixels in size. It is only recommended if the MTF of the camera
is not known. The ML estimation tends to a slight underestimation of the tilt angle, but yields
the least random measuring error. The random error can be determined from the empirical
formula in Eq. (3.81). The typical signal-to-noise ratio is σ∆z � �∆z � > 10 for a subimage size
of 64x64 pixels.

3.4.3 Integration of the local tilt angles

The field of differential out-of-plane displacements can be integrated to obtain the out-of-
plane component of the deformation field, provided the deformation is continuous. With the
presented correlation technique, it is possible to determine the tilt angle and the differential
out-of-plane displacement ∆z except for a sign. In case of a circular aperture, the total sign
of ∆z is unknown, whereas a separate sign ambiguity for ∆zx and ∆zy is encountered in case
of a rectangular aperture. Before an integration of the local tilt angles can be carried out, a
determination of the sign for each subimage is necessary.

In some cases, the signs are known a-priori. For example, the signs might be determined
by the nature of the load applied to the specimen under investigation. Generally, however,
experimental means to determine the signs have to be taken. A possible strategy consists in
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subjecting the specimen to an additional uniform tilt before the second image is taken. If
the additional tilt of known sign is larger than the largest tilt of the measured deformation, it
also determines the sign of the combined tilt. Finally, the amount of additional tilt has to be
subtracted from the result. A similar technique is used in connection with Double Exposure
Speckle Photography to get rid of a sign ambiguity in the determination of the in-plane dis-
placement. The drawback is, that the increased tilt leads to an increased decorrelation and thus
to a decreased measuring accuracy.

A better method is, to take a second reference image in the initial undeformed surface state,
where the object is slightly tilted compared to the first reference frame. When an image in the
deformed state is taken, the local tilt parameters are determined relative to both reference
images. The sign of the deformation can then be inferred from the relative strength of the
two tilt parameters. Instead of tilting the object for the second reference image, it is equally
possible to translate the aperture of the imaging system by a small amount. According to the
theory in Section 3.2, this is equivalent to a pure object tilt. The method has the advantage,
that no further means to manipulate the object have to be provided.

The determination of the signs of the local tilt angles is illustrated in Fig. 3.32. In the
experiment, a central dent has been induced on the object surface and a circular aperture has
been used. Looking at the top left subimage, we see that the tilt angle relative to the second
reference image has become larger compared to the tilt angle relative to the first reference
image. Therefore, the tilt of the measured deformation must be in the direction of the reference
tilt between the two reference images. For the subimage in the lower right corner, the tilt angle
relative to the second reference image has become smaller and the measured tilt must be in
the opposite direction. More precisely, let ∆z � 1 � and ∆z � 2 � be the tilt relative to the first and
second reference image, respectively. The signs of ∆z � 1 � and ∆z � 2 � are determined such that��� ∆z � 2 � � � � ∆z � 1 � � ∆z � a � 
 � has the least possible value, where ∆z � a � is the known reference
tilt. This comparison is made for each subimage. The determination of the signs of ∆zx and
∆zy in case of a rectangular aperture is similar, except that the comparison of the determined
tilt angles relative to the first and second reference images has to be carried out separately in
the horizontal and vertical direction. This requires a reference tilt which has components in
both directions.

In the resulting field of differential out-of-plane displacements the values of both ∆z � 1 � or

0.5 λ 0.5 λ 0.5 λ 

(a) (b) (c)

Figure 3.32. Determination of the signs of the local tilt angles from two reference images. In
(a) and (b), the differential out-of-plane displacements ∆z ¦ 1 § and ∆z ¦ 2 § relative to the first
and second reference images are visualized with no sign specified. The reference tilt (or
the respective aperture shift) between the two reference images corresponds to a differential
displacement ∆z ¦ a § p ; 0 q 24 < 0 q 27 = λ per subimage with direction: ¨ . The signs of the local
tilt angles, as shown in (c), can be determined from the differences between ∆z ¦ 1 § and ∆z ¦ 2 § .
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Figure 3.33. Integration of the local tilt angles. (a) Differential out-of-plane displacement field
∆z. (b) Simple integration along the subimage columns. (c) Integration by a Gauss filter.

∆z � 2 � could be used. Here, we will always use the value that is accompanied by the highest
correlation coefficient. Thus, if the correlation of the deformed image to the second reference
image is larger than to the first reference image, we will use ∆z � 2 � � ∆z � a � instead of ∆z � 1 � .
This procedure ensures that the value with the least random measuring error is employed.
Nevertheless, due to random fluctuations of the calculated tilt angles, there is a slight chance
that the sign is not determined correctly, especially for small subimages and small tilt angles.
This is more likely to happen in case of a rectangular aperture, where two signs have to be
determined independently.

The method of employing two reference images to obtain the signs of the local tilt angles
leads to a doubling of the computation time, because all numerical calculations have to be
carried out with both reference images. Note, however, that still only a single image has to be
recorded in the deformed object state.

The easiest way to obtain the out-of-plane deformation field is a simple integration of
the local tilt along the rows or columns of subimages. Let ∆z jk be the differential out-of-plane
displacement of the subimage at position r jk

� � j qB 	 k qB 
 , where B is the size of the subimage
and qB is the pitch between adjacent subimages. For example, if q � 1, the pitch is equal to
the width and there is no overlap of the subimages. After an initial integration along the first
row, the integration along the columns can be expressed by

Z jk
� q ∆zy 3 jk Z j k� 1 j � 1 02020 M 	 k � 2 020U0 N (3.82)

where Z jk denotes the integral out-of-plane deformation at position S � j � 1
2 
 qB 	 � k � 1

2 
 qB T and
M (N) is the number of subimages in a row (column). Note, that the samples Z jk of the
resulting deformation field are not positioned at the centers of the subimages. Fig. 3.33(b)
shows the result from an integration according to Eq. (3.82) in case of a simple dent on the
object surface. The local tilt has been calculated with the peak-width algorithm and a circular
aperture has been used to record the speckle images. The subimages are 64x64 pixels in size
and have no overlap (q � 1). It can be seen that the random error increases with the number of
integration steps. A different result would be obtained if the integration were carried out along
the subimage rows.

The integration in Eq. (3.82) completely disregards the horizontal component ∆zx of the
differential out-of-plane displacement field (except in the first subimage row). Since ∆z has
two components, there is redundant information to calculate the integral out-of-plane displace-
ment field Z. Thus, a numerical procedure should be employed to obtain ”optimal” values for
Z, utilizing all available information. In case of a noise-free measurement, the integral defor-
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mation field Z is related to the differential field ∆z by a system of linear equations, which can
be written in Matrix form as

D Z � ∆z (3.83)

where D is the matrix of the discrete differentiation and Z and ∆z are rearranged as column
vectors. For example, if M � 3 and N � 2, i.e., the whole field of view is segmented into 2x3
subimages, D is a matrix of dimension 2MN Q MN � 12 Q 6 and Eq. (3.83) takes the specific
form

q

]©©©©©©©©©©©©©©©©©©^

2 0 0� 1 1 0 0
0 � 1 1 � 1 1 0

0 � 1 1 0
0 � 1 1

2 0 0 0 0 0
0 � 1 0 0 1 0
0 0 � 1 0 0 1� 1 0 0 1 0 0
0 � 1 0 0 1 0
0 0 � 1 0 0 1

aoªªªªªªªªªªªªªªªªªªb
]©©©©©©©^

Z11

Z12

Z13

Z21

Z22

Z23

aoªªªªªªªb �
]©©©©©©©©©©©©©©©©©^

∆zx 3 11

∆zx 3 12

∆zx 3 13

∆zx 3 21

∆zx 3 22

∆zx 3 23

∆zy 3 11

∆zy 3 12

...

∆zy 3 23

aoªªªªªªªªªªªªªªªªªb
(3.84)

Note, that the chosen differentiation scheme is not symmetric. For example, the 5th row of
Eq. (3.84) reads ∆zx 3 22

� q � � Z21 � Z22 
 . The respective symmetric scheme, which would
read ∆zx 3 22

� q 1
2 � � Z21 � Z23 
 in the example, makes the solution of Eq. (3.83) numerically

unstable and can not be used. Due to random errors, the system of linear equations is over-
determined and can not be solved exactly. The best estimation of Z, in the sense that the sum
of the variances of its components has the least possible value, is given by the Gauss-Markov
estimation [Bra89, Kai00]

Z ��S D � S � 1D T � 1
D � S � 1 ∆z (3.85)

where the prime denotes the transpose and S �  ∆z 	 ∆z � # is the covariance matrix of the
measured differential deformation field, for example, S11

� σ2
∆zx � 11

. The diagonal elements of
S might be calculated from Eq. (3.81), but the non-diagonal elements are generally unknown.
If S is assumed to be proportional to the identity matrix, Eq. (3.85) simplifies to

Z � S D � D T � 1 D � ∆z (3.86)� D � D 
 � 1 D � is called a Gauss filter and Z as calculated by Eq. (3.86) is called the Gauss es-
timation. Independent of the derivation from Eq. (3.85), the Gauss estimation is optimal in
the sense that the mean square deviation of DZ from the measured values ∆z takes a minimum
[Bra89]. Since D only depends on the number of subimages, the Gauss filter has the advantage
that it has to be calculated only once for a given image size. On the other hand, the Gauss-
Markov filter also depends on the specific deformation. In the following, we will only use
the Gauss filter to integrate the out-of-plane deformation field. Fig. 3.33(c) shows the result
in the previous example of a simple dent on the object surface. The Gauss estimation can be
considered as an average over all possible integration paths. The improvement compared to
the simple integration scheme is obvious.

We now ask for the accuracy of the integral out-of-plane deformation Z. If S could be
assumed to be proportional to the identity matrix, i.e. S � σ2

∆z1, the covariance matrix of Z
would be given by  Z 	 Z � # � σ2

∆z � D � D 
 � 1 [Bra89]. Since the diagonal elements of � D � D 
 � 1
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Figure 3.34. Out-of-plane displacement error versus tilt angle. The random measuring error σZ

of the integrated deformation is compared to the error σ∆z of the differential displacement.
The subimages have a size of 64x64 pixels and a pitch of one subimage (q p 1), respec-
tively half a subimage (q p 1 t 2). A circular aperture of diameter Dν p 1 q 0 νNy and the ML
estimation to determine the local tilt angles are used.

are in the order of unity (depending on the number of subimages), the random measuring
error in Z can be expected to be of the same order of magnitude as the error in ∆z. However,
the assumption S ∝ 1 is generally not valid. For example, in case of a circular aperture, the
determination of the tilt components in the horizontal and vertical directions is coupled, and
we must expect that  ∆zx 	 ∆zy #i� 0 for a given subimage. Thus, a more accurate theoretical
derivation of the error in Z does not seem possible.

The random error σZ can be determined empirically from the same set of images as in
Section 3.4.2, where the deformation has always been a uniform tilt. In this case, the true
out-of-plane deformation is simply a tilted plane. The random measuring error σZ can thus
be determined as the rms deviation of the integral deformation from the ideal plane. An ex-
ample is shown in Fig. 3.34, where the values of σZ , as calculated for the Gauss estimation
in Eq. (3.86), are compared to the random error σ∆z of the differential out-of-plane displace-
ment for an increasing tilt angle. The ML estimation is employed to calculate the local tilt.
The same computer generated speckle images as in Fig. 3.21 (simulating a circular aperture)
and a subimage size of 64x64 pixels have been used. The error σZ is slightly larger than σ∆z

for extremely small tilt angles, and A 20% lower for large tilt angles. A further reduction of
the error can be achieved by an overlap of the subimages by half their width. The resulting
error is shown by the open symbols and the dashed white line in Fig. 3.34. A stronger over-
lap may be used for a further slight improvement – at the expense of an increased calculation
time. As explained in Chapter 2.3, the deformation field is sufficiently sampled with q � 1 � 2.
From Fig. 3.34, we conclude that the random measuring error of the integrated out-of-plane
deformation field can be safely estimated by Eq. (3.81).

To verify the correct determination of the integrated out-of-plane deformation field, we
carry out a comparison with an interferometric measurement. The experimental procedure has
been described in Section 3.4.2. Here, the induced deformation consists of a central dent of
some micrometers in magnitude. The deformation field, as calculated from the pure object
intensity using the correlation technique, is depicted in Fig. 3.35(a). The size of the whole
image is 1024x1024 pixels, corresponding to a field of view of 28x28 mm2. The subimages
have a size of 64x64 pixels with an overlap of half a subimage, and the peak-width algorithm
is used to determine the local tilt angle. The phase map, as determined from the interferograms
of the simultaneous interferometric measurement, is shown in Fig. 3.35(b). It is superimposed
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Figure 3.35. Comparison of the out-of-plane deformation measurement with DSC and speckle
interferometry. (a) Deformation field calculated with DSC. The peak-width algorithm, a
subimage size of 64x64 pixels and an overlap of q p 1 t 2 has been used. (b) The iso-lines
(red) of the deformation in (a) are superimposed with the phase map of a simultaneous
interferometric measurement. The position ; x X®< y X¯= refers to the object surface.

with the iso-lines of the deformation determined by the correlation technique. The iso-lines,
having a distance of λ � 2, almost follow exactly the interferometric fringes. The comparison
reveals the accuracy of the correlation technique and illustrates the quality of the out-of-plane
measurement.

In this section, the determination of the out-of-plane deformation from simple speckle
images has been described. The local tilt angles are determined from pairs of corresponding
subimages, with a subsequent integration to obtain the whole deformation field. The accuracy
of the measurement is better than 1/10 of the used wavelength, provided the total correlation
remains above cci ı̃ > 0 0 8. The ML estimation of the local tilt angles is the most accurate of
different algorithms. Using a circular aperture yields slightly larger random measuring errors
than using a rectangular aperture. This disadvantage is outweighed by the fact that only a single
sign ambiguity is encountered in case of a circular aperture, compared to two missing signs in
case of a rectangular aperture. Care has to be taken to avoid possible systematic errors. Since
the tilt determination relies on the detection of small changes in the spectral characteristics,
the theoretical PSD must be matched by the experimentally recorded speckle patterns. For
example, the speckle patterns have to be fully developed and the MTF of the camera has to
be taken into consideration. Possible systematic errors can be detected from differences in
the determination of the tilt parameter by the different algorithms. Usually, the peak-width
algorithm is least affected by systematic errors. If the above condition on the PSD can not
be met in a specific experimental situation, for example, if the surface microstructure is partly
resolved, or if a surface texture is visible in the speckle patterns, an experimental verification
of systematic errors is recommended. A possible bias might then be corrected numerically.

Besides the measurement of the out-of-plane component of the deformation, the knowledge
of the local tilt angles can be used to measure the primary decorrelation due to microstructure
changes. To this purpose, the total correlation coefficient is corrected by the Yamaguchi cor-
relation factor, which describes the decorrelation due to tilt. An example of an application of
both measurements will be given in Chapter 7.1.



4

Experimental Realization and Study of
Surface Processes

The following three chapters are devoted to the study of surface processes. The basic aim is
a reliable interpretation of the primary decorrelation in terms of parameters of the underlying
microstructure changes. For a comprehensive experimental study, an experimental control of
surface processes is necessary. The observation of exactly the same surface process with vary-
ing experimental parameters, for example the wavelength and angle of the illuminating light
or the state of polarization, requires the possibility to induce defined changes in the surface
microstructure. The generation of samples which allow controlled microscopic surface alter-
ations is the main subject of this chapter. Such samples also enable comparative measurements
of exactly the same surface process with alternative measuring methods, where scanning force
microscopy (SFM) or white-light interferometry (WLI) are suitable techniques. These com-
parative measurements are another point of interest and are described in this chapter, too. The
theoretical explanation of the correlation results on the basis of these measurements will be
deferred to Chapter 6.

The experimental control of surface alterations on the scale of the microstructure turned out
to be a a difficult task, however. Three different approaches have been considered to achieve
a measurement of the same microstructure changes with alternative methods or under varying
experimental parameters. The first possibility is the design of a device with controlled micro-
scopic surface alterations that can be reversed and repeated. This is the subject of Section 4.1.
Since we are only interested in the statistical parameters of a surface process, it would be suffi-
cient to repeat a process in a statistical sense. Accordingly, the second possibility is to expose
a well-defined material to a well-controlled action. An example that has been explored is the
corrosion of steel or iron in a climatic chamber. Yet, problems with the exact repetition have
been encountered due to inhomogeneities in the material. The respective experiments will not
be detailed here. Some aspects will be taken up in Chapter 7.2.

The third possibility is the generation of a set of surfaces which are very similar on a mi-
croscopic scale but are characterized by small, well-defined differences. Such surfaces can be
regarded as frozen states of a surface process, and, instead of inducing continuous changes
in the surface profile, the respective samples are substituted in the experimental setup. This
procedure can be followed in DSC measurements as well as alternative measuring methods.
The production of such surfaces in photoresist will be treated in Section 4.2. Furthermore,
results from speckle correlation measurements with varying experimental parameters are de-
scribed and a detailed characterization of the surfaces with their respective differences from
SFM measurements is carried out.

73
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4.1 Samples with reversible surface alterations

To induce microscopic surface alterations that can be reversed and repeated, four different
physical effects have been explored. In Section 4.1.1 the thermal behaviour of a powder metal,
consisting of two components with different thermal expansion coefficients, is investigated.
Experiments with piezoelectric ceramics, where the piezoelectric effect is employed to evoke
surface profile changes by application of an electric voltage, are described in Section 4.1.2.

Besides, it has been examined if the magnetostrictive effect can be used to alter the sur-
face microstructure of magnetic materials. Experiments have been carried out on samples of
iron and nickel. Yet, during a change in magnetization, neither of the materials showed alter-
ations of the surface profile that were large enough to be observed with the speckle correlation
technique.

In another experiment, it has been attempted to employ the shape-recovery characteristics
of a shape memory alloy on heating to change the surface profile. These alloys are deformed
below a martensitic finish temperature and can recover their initial shape when heated above
the austenitic temperature. Here, the behaviour of a titanium-nickel sample during such a
phase transition has been investigated. However, decorrelation due to large scale deformation
far exceeded the effect of possible microstructure changes, so that the material proved not
suited for the study of surface processes. Interesting applications of shape memory alloys in
optics can be found in Ref. [Sut98].

4.1.1 Two-component powder metal

The idea of this section is to use the difference in thermal expansion of different materials to
induce reversible changes in the surface profile. If the material composition changes on the
scale of the surface microstructure, heating causes alterations in the profile that are expected
to be reversed during cooling. A material that shows random changes in its composition is a
powder metal made of different components.

In the following experiment, a sample made of aluminum (Al) and molybdenum (Mo) will
be employed. Al-powder with a grain size of 22 020U0 45 µm and Mo-powder with a grain size of
45 020U0 90 µm are mixed and pressed into a disc of 1-mm thickness and a diameter of 18 mm.
The pressure of 7 0 7 ! 108 N/m2 is applied for about 5 minutes. The mixture consists of 0.35 g
aluminum and 1.3 g molybdenum, which corresponds to a ratio of 1:1 in volume. Due to the
large difference in density – 2.7 g/cm3 for Al and 10.2 g/cm3 for Mo –, the two components
tend to separate and care has to be taken to obtain a homogeneous mixture. The thermal
expansion coefficients are 23 0 8 ! 10

� 6 K
� 1 and 5 0 1 ! 10

� 6 K
� 1 for aluminum and molybdenum,

respectively. The expected profile changes might be estimated from two grains of different
material and size 50µm each. The difference in expansion between two such grains is 1nm � K.
Thus, over a temperature range of 40 K, the surface profile can be expected to change by some
ten nanometers.

The correlation that can be obtained in the scattered speckle field from the two-component
powder metal during cyclic heating and cooling is plotted in Fig. 4.1. The specimen is placed
in thermal contact with a temperature controlled peltier module and observed with the Digital
Speckle Correlation setup described in Chapter 2. The light source is a He-Ne laser. Fig. 4.1
shows the correlation coefficient cci ı̃ relative to a reference image taken at a low temperature
(black symbols) and relative to a reference image taken at a high temperature (white symbols).
It can be seen that the induced surface alterations during a temperature change of 40 K are
large enough to cause a strong decorrelation to cci ı̃ > 0 0 4. Yet, the surface alterations are not
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Figure 4.1. Speckle correlation during cyclic heating and cooling of a two-component powder
metal. The black and white symbols show the correlation coefficient relative to reference
images taken at a temperature of 10 ± C and 50 ± C, respectively.

reversible. Heating always causes strong decorrelation – even if the reference image has been
taken at a high temperature – whereas cooling leads to slight increases in correlation only.
Thus, it can be assumed that the single grains change their position and the whole structure of
the material deforms.

The reversibility of the thermal surface alterations can be improved if the powder metal is
sintered. To this purpose, a similar specimen as described above has been heated to 500 � C
under an argon atmosphere for two hours. The process leads to a stronger cohesion of the
grains of the powder metal. Besides the improved reversibility, the surface alterations become
generally smaller. During cyclic heating and cooling in a DSC measurement, the correlation
coefficient changes by only 5% for a temperature difference of 40 K. Furthermore, the process
is still not completely reversible. After one thermal cycle, the correlation coefficient always
remains below cci ı̃

� 0 0 98.
It would be possible to increase the amount of surface alterations by increasing the tem-

perature difference. However, under normal laboratory conditions the temperature range is
restricted by condensation and the requirement to avoid large scale deformations. On the other
hand, it is conceivable to use metals which show a larger difference in thermal expansion. But
elements with a thermal expansion coefficient of more than 30 ! 10

� 6 K
� 1, for example lithium

or indium, are chemically unstable and can not be used under normal laboratory conditions.
Experiments with zinc and wolfram yielded similar results as those shown above for aluminum
and molybdenum. Due to the stated difficulties, two-component powder metal specimen are
not employed for the study of surface processes any further.

4.1.2 Piezoelectric ceramics

In this section, the piezoelectric effect is employed to induce changes in the surface profile
by application of an electric voltage. A bulk sample of electrically polarized lead-zirconate
titanate ceramics PZ27 of the manufacturer Ferroperm (DK) is chopped into grains of size
10 02020 200 µm. In order to preserve the electric polarization of the ceramics, the temperature
during the breakup has to be kept well below the Curie temperature (here 350 � C). The grains
are embedded in epoxy resin, spread on an aluminum substrate, and turned to a slab of thick-
ness 0.25 mm. The surface is coated with a thin gold film ( A 20 nm) to ensure pure surface
scattering and to provide an electrode for the application of an external electric field. Since
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Figure 4.2. Speckle correlation during cyclic application of an electric field to a slab of piezo-
electric grains embedded in epoxy resin. The black and white symbols show the correlation
coefficient relative to two different reference images which have been taken during applica-
tion of a negative and positive field, respectively.

the polarization direction of the grains can be expected to vary randomly, an external voltage
affects the surface relief through piezoelectric strain, which can be reversed by reversing the
external voltage.

The most important piezoelectric constant for our purpose is given by the ratio of the strain
to the applied electric field, where the strain is measured in the direction of the field. For the
used ceramics, it has the value d33

� 375 ! 10
� 12 m/V. The expected changes in the surface

profile might be estimated from two grains of size 100 µm, where one is polarized in the
direction of the electric field and the other is polarized in the opposite direction. If we apply an
external electric field of 1 kV/mm, the grains contract and expand, respectively, by A 38 nm.
The rms change in surface profile depends on the distribution of the sizes and polarization of
the grains. Since this distribution is unknown, the rms change is difficult to calculate. From
the above argument, it might be estimated to the order of some ten nanometers. The strength
of the external field is restricted to 1 kV/mm, because a stronger field will induce permanent
changes in the polarization of the ceramics.

Fig. 4.2 shows the correlation that is obtained in the scattered speckle field from a specimen
of piezoelectric grains during cyclic application of an electric field. In the DSC measurement,
the specimen is illuminated by a He-Ne laser under an angle θ � 20 � and imaged with a de-
magnification M � 0 0 6 onto the target of a CCD camera of type Hamamatsu C4742-95. In
the figure, the correlation coefficient cci ı̃ is plotted relative to a reference image taken dur-
ing application of a negative field (black symbols) and relative to a reference image taken
during application of a positive field (white symbols). The external field causes a periodic
modulation of the correlation coefficient, with a decorrelation to cci ı̃ > 0 0 75 after the field
has been reversed for ten minutes. Note the delay mechanism in the correlation curves which
suggests creeping motions in the compound material. The fact that the correlation is restored
to cci ı̃ > 0 0 99 indicates that the changes in the surface profile can almost be completely re-
versed. An interferometric deformation measurement confirmed that the effects are not due to
any large scale deformation. The specimen is thus found to be suited for further experimental
studies and comparative measurements. However, the exact course of the correlation during
the cyclic reversion of polarity depends on the history of the sample. For example, the cor-
relation will be different whether the specimen has been subjected to a positive or negative
voltage prior to the shown cyclic variation. Therefore, care has to be taken to carry out the
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same procedure in all experiments.
The lateral scales of the surface profile changes are determined by the distribution of the

grain sizes. Since the size of the larger grains is in the order of the resolution cell of the
imaging system, it must be expected that the amount of decorrelation depends on the aperture
size. For an experimental verification, the DSC measurement of the specimen of piezoelectric
grains during cyclic application of an electric voltage, as shown in Fig. 4.2, is repeated for
different circular apertures of varying size. In Fig. 4.3, the correlation coefficient between a
reference image at the end of the negative field period (t � 10 min) and a deformed image
at the end of the positive field period (t � 20 min) is plotted versus the aperture size. This
corresponds to the strongest decorrelation that is achieved during the applied voltage cycle.
For the shown variation of the aperture size, the resolution cell, or, more specific, the diameter
of the Airy disc on the surface of the specimen which contributes to a point in the image plane,
varies from 110 µm (Dν

� 0 0 5 νNy) to 27 µm (Dν
� 2 0 0 νNy). Thus, with increasing aperture

size, the changes in the surface profile are more and more resolved by the imaging system,
leading to a higher correlation value. Since the largest piezoelectric grains are 200 µm in size,
the changes are partly resolved even for the smallest aperture that has been used. If, instead
of the usual imaging geometry, a Fourier setup is used to observe the scattered speckle fields,
almost complete decorrelation will be encountered. An example will be shown in Chapter 5.

The dependence of the speckle correlation on the aperture size has also been measured for
wavelengths λ � 457 nm, λ � 488 nm and λ � 514 nm using an argon-ion laser. It is found
that the principal course of the correlation coefficient is very similar as shown in Fig. 4.3 for
wavelength λ � 633 nm. In Fig. 4.4, the correlation coefficient is depicted versus wavelength
for an aperture size Dν

� 0 0 7 νNy. Note that the diameter D of the physical aperture stop is
related to Dν by Dν

� D � λz (see Eq. (2.25)) and varies with the wavelength, correspondingly.
Partly, the data in Fig. 4.4 have been interpolated from experimental data for neighbouring
aperture sizes. A constant value of Dν ensures a constant size of the resolution cell. Decreasing
the wavelength leads to larger phase changes for a given amount of surface profile changes and
thus to stronger decorrelation. A quantitative explanation will be given in Chapter 6.

The variation of the speckle correlation with the angle of illumination is depicted in Fig. 4.5.
Again, two images during the cyclic application of an electric field as shown in Fig. 4.2 are
compared, where the reference image is taken at the end of the negative field period and the
deformed image is taken at the end of the positive field period. The respective correlation
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Figure 4.3. Speckle correlation versus aperture size for a specimen of piezoelectric grains dur-
ing reversal of the applied voltage. Plotted is the correlation coefficient of two images which
are separated by ten minutes and where the field has been reversed directly after taking the
reference image, confer Fig. 4.2.
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Figure 4.4. Speckle correlation versus wave-
length of the illuminating light for a specimen
of piezoelectric grains during reversal of the
applied external field. The size of the aper-
ture is Dν p 0 q 7νNy.

Figure 4.5. Speckle correlation versus angle of
illumination for a specimen of piezoelectric
grains during reversal of the applied external
field. The size of the aperture is Dν p 0 q 5νNy.

coefficient increases with increasing angle of illumination. This might have been expected,
because the phase changes between the waves which are scattered from different piezoelectric
grains become smaller. For a quantitative explanation see Chapter 6. The experimental data in
Fig. 4.5 have been obtained with a circular aperture of diameter Dν

� 0 0 5 νNy.
It has not been possible to operate the specimen of piezoelectric grains under observation

of a scanning force microscope because a strong electric field disturbs the SFM measurement.
Instead, white-light interferometry has been chosen as an alternative method for a comparative
measurement. A very similar specimen as the one which has been employed in the experiments
above has been used. It differs by a smaller surface roughness Rq > 2 µm. For the former
specimen with a roughness Rq > 5 µm, a WLI measurement has been possible on A 3% of the
surface area only. From most points on the surface, the scattered light has not been sufficient
for a proper modulation of the interference signal and thus a reliable determination of the
surface profile. For a field of view of 1.1x1.1 mm2 and an image size of 512x512 pixels, the
new sample allowed a measurement for A 15% of the image pixels and thus A 15% of the
surface area. If it is subjected to a cyclic application of an electric field as shown in Fig. 4.2, a
decorrelation in the scattered speckle field to cci ı̃ > 0 0 85 can be observed.

In the comparative WLI measurement, which has been carried out at the Fraunhofer Insti-
tut für Angewandte Optik und Feinmechanik in Jena, the surface profile has been measured at
different times during the usual cycle of the external electric field. The profile data are then
subtracted to yield the difference in surface height ∆h. Since the valid pixels are not identical
for two measurements, a difference can be calculated for A 12 0 5% of the surface area. The
histograms of two such differences are plotted in Fig. 4.6. The black curve corresponds to the
difference between a first state at the end of the negative field period (t � 10 min in Fig. 4.2)
and a second state at the end of the positive field period. (t � 20 min). For the white curve, the
second state is chosen at the end of the next negative field period (t � 30 min). The histogram
which belongs to the reversed polarization (black curve) is distinctively wider than that be-
longing to a complete cycle of the applied field (white curve). The maxima at ∆h > � 0 0 3 µm
can not be attributed to the specimen but are artificial effects of the WLI measurement. Indeed,
it is known that the evaluation of noisy white-light interference signals can lead to faulty deter-
minations of the surface height with a mismatch of � λ � 2 [Ett98]. Thus, to obtain meaningful
statistical parameters, the histogram has to be restricted to the range � 0 0 2 02020 0 0 2 µm. Finally,
only 10% of the image pixels contribute to a valid measurement.
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Figure 4.6. Histograms of the difference in surface profile from a WLI measurement on a spec-
imen of piezoelectric grains. The black curve shows the difference of two states belonging
to reversed polarizations of the applied electric field. The white curve shows the difference
of two states belonging to identical fields, but after a complete voltage cycle.

The rms deviation σ∆h of the measured profile difference after a full cycle of the applied
electric field is calculated from the white curve in Fig. 4.6 to σ∆h

� 19 nm. A similar value
is found for the difference of two WLI measurements carried out consecutively on the static
surface without application of an external voltage. Indeed, after a full cycle of the external
field, the speckle correlation achieves a value of cci ı̃ > 0 0 99, indicating that the surface profile
almost attains its initial form. Therefore, the stated value of σ∆h > 20 nm can not be attributed
to changes in the surface profile, but is a measure for the accuracy of the WLI measurement.

The rms deviation of the profile difference of two states with different polarization of
the electric field is determined from the black curve in Fig. 4.6 to σ∆h

� 65 nm. Due to the
fact that only a small portion of the surface area could be evaluated, this result can only be
considered as an approximate value for the true rms profile alteration. For the same reason,
a proposition about the lateral scales of the profile changes is not possible. Nevertheless, the
result gives a valuable hint at the magnitude of the changes and is in reasonable agreement
with the estimation on the basis of the piezoelectric constant of the used ceramics. It also
gives an impression of the difficulties to study a process on a rough surface with techniques
that measure the form of the surface profile, and where two absolute measurements have to be
subtracted to obtain the changes.

4.2 Samples with similar surface microstructure

This section deals with the production and study of surfaces which are similar on the scale
of their microstructure. The surfaces differ by fixed profile differences and can be regarded
as frozen states of a surface process. They are used in extensive experimental studies and
comparative measurements. The method that has been chosen to generate such surfaces is the
exposure of photoresist films to well-controlled laser speckle patterns. The procedure will be
detailed in Section 4.2.1. The characterization of the photoresist surfaces from SFM measure-
ments is the subject of Section 4.2.2. In Section 4.2.3, the results from DSC measurements
under a variation of different experimental parameters will be presented.

Instead of photoresist, it is also conceivable to use photographic materials in connection
with specific bleaching of the developed emulsion [Bje93]. Yet, preliminary experiments
showed that the silver-halide emulsions contribute too much noise to the surface profiles and
identically exposed samples exhibit insufficient similarity [Kur97].



80 4. EXPERIMENTAL REALIZATION AND STUDY OF SURFACE PROCESSES

4.2.1 Production in photoresist

To generate a set of optically rough surfaces which are similar on the scale of their microstruc-
ture, photoresist films are exposed to irregular but well-controlled light patterns. The exposure
of photoresist films to a series of speckle patterns in order to produce single surfaces with
known statistical properties has been reported before [Gra78, O’Don87, San89]. These sur-
faces have been used to study electromagnetic scattering from characterized random rough
surfaces. The challenge in our case is the multiple production of exactly identical or very sim-
ilar surfaces, where the differences in profile should not be larger than some ten nanometers.

The initial samples consist of a glass substrate of size 50x50x1.5 mm3, spin-coated with
1 0 5 µm or 2 µm of Shipley S1800 photoresist, as provided by the manufacturer Towne Tech-
nologies (NJ, USA). An iron oxide layer is inserted between the photoresist film and the glass
substrate to minimize reflections. After exposure, the samples are developed for 25 s in ma-
D 333 developer of the manufacturer Micro Resist Technology (Berlin) at a dilution of 1:2.

In a first experiment, the sensitivity of the photoresist has been determined. To this purpose,
small spots on the sample are exposed to uniform light of a high-pressure mercury lamp with
increasing exposure time. The depth in surface profile that is obtained after development is
measured with an optical profilometer and plotted in Fig. 4.7(a) versus the exposure. It can
be seen that the photoresist film is not affected for an exposure below 250 mJ/cm2. For a
stronger exposure, there is an almost linear increase in depth, until the photoresist material is
completely removed for exposures above 1000 mJ/cm2. Since a linear response is desirable,
all following samples will be uniformly pre-exposed to 300 mJ/cm2 using a high-pressure
mercury lamp. The sensitivity of such a sample to the exposure with the 457 nm line of an
argon-ion laser is depicted in Fig. 4.7(b). It can be seen that there is an almost linear response
for exposures below 2500 mJ/cm2. Note that the wavelength λ � 457 nm ranges at the edge of
the spectral sensitivity of the S1800 photoresist and the response is only A 8% of its maximum
value at λ � 340 nm.

The experimental setup for the exposure of the rough photoresist surfaces is schematically
illustrated in Fig. 4.8. The beam of a 457 nm argon-ion laser is directed by an acousto-optic
modulator (IntraAction Corp., model AOM-403) onto a ground glass. The scattered speckle
pattern illuminates about one quarter of the photoresist sample. The size of the speckle, and
thus the size of the surface microstructure, can be adjusted by the distance between the diffuser
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Figure 4.7. Sensitivity of the photoresist film to exposure with light of (a) a high-pressure
mercury lamp and (b) a 457 nm argon-ion laser. Plotted is the depth of the surface profile
in a 2-µm thickness photoresist film after development. In (b), the sample has been pre-
exposed to 300 mJ/cm2 with a high-pressure mercury lamp ahead of the experiment.
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Figure 4.8. Experimental setup for the production of rough surfaces with similar microstructure
in photoresist.

and the sample. In order to approximately obtain Gaussian surface statistics, as frequently
assumed in theoretical descriptions, it is necessary to use a series of independent speckle pat-
terns. To this purpose, the laser beam is deflected by the acousto-optic modulator to a series
of different positions on the diffuser, where the positions change with a frequency of 1 kHz.
The larger the number of independent speckle patterns, the closer the distribution of the total
exposure resembles a Gaussian distribution [Gra78]. On the other hand, keeping the mean ex-
posure within the dynamic range of the photoresist, the distribution becomes narrower and the
surface roughness becomes smaller. In our experiments, a maximum of 6 independent speckle
patterns are used. After one quarter of the photoresist film is exposed to typically 800 mJ/cm2,
the sample is rotated by 90 � . To accomplish this, the substrate is clamped to a rectangular brass
frame and adjusted in such a way, that a rotation does not change the orientation of the sur-
face. This procedure is repeated two more times to generate four identically exposed patterns
on one sample, each with a diameter of A 20 mm. The sample is then developed to translate
the exposed pattern into a surface relief. Since this is done simultaneously, all four surfaces
are developed under exactly equal conditions. The four surface realizations will be referred to
by their position on the substrate, as indicated in Fig. 4.8. Finally, the sample is coated with a
thin layer of gold ( A 20nm) to ensure pure surface scattering. A picture of a finished specimen
is shown in Fig. 4.9.

Although the four areas on one sample are identically processed, they do not yield identical
surfaces. In a DSC measurement, the mutual correlation of the scattered speckle fields varies
between cci ı̃ > 0 0 2 and cci ı̃ > 0 0 8 (see Section 4.2.3), indicating small differences in the surface
profile. These are due to irregularities in the photoresist film and random fluctuations during
exposure and development. It is instructive to calculate the difference of two surface profiles
for a given fluctuation during exposure. Let i1 and i2 be the intensity patterns for the exposure
of the first and second surface, respectively. The variance σ2

∆i of the intensity fluctuations

Figure 4.9. Photoresist sample with four identically exposed and processed surface areas.
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∆i � i1 � i2 can be calculated as

σ2
∆i

�  �� i1 � i2 
 2 # �  �� i1 � i2 
 # 2 � 2σ2
i � 1 � cci1i2 
 (4.1)

where both patterns are assumed to have equal variance σi and cci1i2 is their mutual correlation
coefficient. If, for example, the mean intensity  i # leads to a profile depth of 0.8 µm, the rms
difference in surface profile – assuming linear response of the photoresist – will be given by

σ∆h
� ¤ 2 � 1 � cci1i2 
 σi i # 0 0 8 µm (4.2)

For instance, using four independent speckle patterns with contrast σi � i # � 0 0 5, a decorre-
lation to cci1i2

� 0 0 995 during exposure leads to changes in the surface profile of σ∆h
� 40nm.

Due to the limited power of the used argon laser at 457 nm ( A 6mW), the typical total exposure
time is three hours. Over such a long time, a better stability of the exposure pattern is hardly
achievable. Thus, in a DSC measurement on the surfaces, distinctive decorrelation must be
expected. It has been attempted to use a pulsed, frequency-tripled Nd:YAG laser to carry out
the exposure. Its wavelength λ � 355 nm is better matched to the spectral sensitivity of the
photoresist and the power of 65 mJ per pulse at a repetition rate of 20 Hz would allow an ex-
posure time of just a few seconds. However, the stability of the laser proved to be insufficient.
The correlation in the exposure pattern between two pulses was usually below cci1i2

� 0 0 97
[Bey98].

In the following sections, it will be shown that the photoresist surfaces are well suited
for further experimental studies and comparative measurements. Generally, it does not matter
whether the differences in the microstructure are due to random fluctuation, or if they are
induced on purpose. The latter has been done on some of the photoresist samples by applying
additional changes to the exposure pattern. A difference in the behaviour – except for the
magnitude of the profile changes – could not be observed.

4.2.2 Characterization from SFM measurements

For three different samples, with two or four similar surface realizations each, the surface
profile has been investigated with a scanning force microscope. All measurements have been
carried out at the Fraunhofer Institut für Angewandte Optik und Feinmechanik in Jena with a
commercial SFM from Digital Instruments (CA, USA). The three samples differ by the number
of speckle patterns which have been used during exposure, by roughness, and by the lateral
scales of their microstructure. While samples #B and #C conform exactly to the description in
the last section, sample #A is slightly different. It consists of two surface realizations on two
separate substrates and has been fabricated at the Fraunhofer Institut für Solare Energiesysteme
in Freiburg in a very similar procedure. Yet, no pre-exposure has been carried out and only a
single speckle pattern has been used during exposure.

Sample #A

Fig. 4.10(a) shows the surface profile of sample #A within an area of 100x100 µm2, as de-
termined by the SFM measurement. The instrument operated in tapping mode and the image
consists of 512 lines, which have been scanned with a frequency of 0.5 Hz. From the figure, it
can be seen that – due to the missing pre-exposure – a major part of the photoresist film is unaf-
fected by the exposure (bright areas). Other areas – corresponding to the bright speckle during
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(a) (b)

Figure 4.10. (a) SFM measurement of photoresist sample #A. Depicted is the surface profile in
grayscale coding. The size of the scan is 100x100 µm2 . (b) Histogram of the profile in (a).
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Figure 4.11. (a) Difference of the SFM measurements on two surface realizations of photoresist
sample #A. Depicted is the difference in surface profile in grayscale coding. The size of the
shown area is 94x94 µm2. (b) Histogram of the profile difference in (a).

exposure – are developed all through to the glass substrate (dark regions in Fig. 4.10(a)). The
transition areas are characterized by large gradients. The associated distribution of the profile
heights is depicted in Fig. 4.10(b). It does not resemble a Gaussian distribution at all. The
maxima correspond to the unaffected photoresist film (right) and the substrate (left), where the
distance gives the thickness of the resist coating. The roughness of the surface is measured to
Rq
� 0 0 65 µm.
The second surface realization has been scanned with the SFM, too. Using the integrated

optical microscope for positioning, a reasonable overlap of the two surfaces could be achieved.
The difference in surface profile from both measurements is displayed in Fig. 4.11(a). The data
of the second measurement are shifted to give the best match, i.e. the smallest rms difference.
In the overlapping area, here 94x94 µm2, a fit to a plane is subtracted from the profile data to
compensate for a possible tilt. Additionally, the average value within a line is subtracted from
each line to eliminate certain artifacts of the SFM measurement. The associated distribution
of the profile differences is depicted in Fig. 4.11(b). The two distinct maxima in the histogram
can be attributed to a deviation in the thickness of the two photoresist coatings, such that
the profile difference of the unaffected areas deviates from that of the substrate areas. The
deviation in resist thickness can directly be deduced from the distance of the two maxima,
which is approximately 100 nm. From the histogram, a rms difference in surface profile of
σ∆h > 120 nm can be deduced. However, if identical surfaces are scanned a second time
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Figure 4.12. Horizontal cross-section through the autocorrelation function of the surface profile
of sample #A (black solid line). The dashed white line shows a Gaussian function with 1 t e-
width 2.9 µm for comparison.

without removing them from the apparatus, the repeated measurements already yield a rms
difference of more than 100 nm. The fluctuations are attributed to insufficient accuracy in the
scanning stage. They are quite pronounced for this sample due to the large gradients of the
surface profile. For more details see Ref. [Fri98]. We conclude that a precise estimation of the
rms difference in surface profile is not possible from the SFM measurements.

The lateral scales of the surface microstructure can be described by the autocorrelation
function of the surface profile. It is plotted in Fig. 4.12 in a horizontal cross-section. Generally,
the form of the autocorrelation function is determined by the intensity profile of the laser beam
that is used for the exposure. Despite the strong non-linearities between exposure and final
surface profile, which have been encountered for this sample, an almost Gaussian correlation
function has been achieved. From the figure, a 1 � e-correlation length of the surface profile
function of 2.9 µm can be derived.

Sample #B

For samples #B and #C, the profiles of all four surface realizations have been determined by
SFM measurements. Since all realizations can be compared to one another, 6 different surface
pairs are available for comparison on each sample. Therefore, the amount of available data
is considerably extended, and only a small portion can be presented here. Additionally, two
surface realizations on each sample have been scanned twice without removing them from
the apparatus, to verify the accuracy of the method. The repeated measurements yielded a
rms profile difference of 10 02020 20 nm, indicating an almost tenfold higher accuracy than for
the measurement on sample #A. There are two reasons for this large improvement. Firstly,
the gradients in the surface profile are significantly smaller, due to the exposure to a series of
independent speckle patterns. Thus, a small deviation in the lateral position of the SFM tip
does not lead to a large deviation in profile depth. Secondly, the SFM has been equipped with
an improved software for the control of the scanning stage. The enhanced accuracy allows a
detailed characterization of the differences between two surface realizations.

The surface profile of sample #B, which has been exposed to a series of 4 independent
speckle patterns, is depicted in Fig. 4.13(a). The field of view of the SFM measurement is
73.6x73.6 µm2 in size. The distribution of the profile depth in Fig. 4.13(b) shows a rough
approximation to a Gaussian distribution. It can be seen that there are no areas on the surface
that are unaffected by the exposure, and only a small portion is developed all through to the
glass substrate. The latter areas are indicated by the local maximum at the lower edge of the
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Figure 4.13. (a) SFM measurement of photoresist sample #B. Depicted is the surface profile in
grayscale coding. The size of the scan is 73.6x73.6 µm2 . (b) Histogram of the profile in (a).
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Figure 4.14. (a) Difference of the SFM measurements on two surface realizations of photoresist
sample #B. Depicted is the difference in surface profile in grayscale coding. The size of the
shown area is 72x72 µm2. (b) Histogram of the profile difference in (a).

distribution. The surface roughness is determined to Rq
� 0 0 35 µm.

The difference of the measurements of two surface realizations (positions 3 and 4) is de-
picted in Fig. 4.14(a). Again, the data have been shifted to give the best match, and a fit to a
plane and the average value of each line have been subtracted to compensate for artifacts of
the measurement. The image of the difference shows surface structures which are finer than
what should be expected from the manufacturing process. The speckle patterns used for the
exposure had a mean speckle size of rSp > 8 µm. Yet, a pattern with details of A 1 µm in size
is clearly visible in Fig. 4.14(a). It must be attributed to irregularities in the photoresist ma-
terial and random fluctuations during the development process. These fluctuations can not be
expected to be equal for different surface realizations. The histogram of the profile difference
is shown in Fig. 4.14(b). It has a standard deviation σ∆h

� 45 nm.
When the autocorrelation function of the surface profile in Fig. 4.13(a) is calculated, a 1 � e-

correlation length of A 4 µm is obtained. In the following, we will carry out a more detailed
characterization of the lateral scales of the surface profile and the profile difference. Such a
characterization is required, for example, in theoretical models of the scattering process, which
will be treated in Chapter 6. Fig. 4.15 displays the power spectrum of the surface profile
in Fig. 4.13(a) in a logarithmic scale. A Hamming window has been used to reduce edge
effects and the power spectrum has been smoothed by a 5x5 unit convolution kernel. From
the figure, it is obvious that the power spectrum can not be approximated by a single Gaussian
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Figure 4.15. Power spectrum of the surface
profile of sample #B. Depicted are the hori-
zontal (black solid line) and vertical (dashed
line) cross-sections in a logarithmic scale.
The white line shows the PSD of a surface
model with two Gaussian scales.

Figure 4.16. Power spectrum of the profile dif-
ference of two surface realizations of sam-
ple #B. Depicted are the horizontal and verti-
cal cross-sections in a logarithmic scale. The
white line shows the PSD of a surface model
with two Gaussian scales.

function. Of course, this holds for the autocorrelation function, too. Apparently, for spatial
frequencies �ννν � ¥ 250 mm

� 1, the power spectrum is dominated by the spatial frequencies of
the speckle patterns which have been used for the exposure of the surface. On the other hand,
the contributions to the power spectrum for frequencies �ννν � � 250 mm

� 1 are solely due to the
random fluctuations during the development process.

A similar two-scale characteristic can be observed in the power spectrum of the profile
difference. The smoothed power spectrum of the difference between positions 3 and 4 is
displayed in Fig. 4.16. It shows an increased relative power in the high frequency components,
which could already be observed in the image in Fig. 4.14(a).

In order to retain a simple mathematical description, we will model the surface as a com-
bination of two Gaussian scales. Let h � ρρρ 
 be the profile function of the first surface, consisting
of a large scale component hl � ρρρ 
 and a small scale component hs � ρρρ 
 , where ρρρ denotes the
position on the surface. Thus, h can be decomposed into

h � hl � hs
� h0

l � nl � h0
s � ns (4.3a)

where h0
l and h0

s are components that are equal for both surfaces and nl and ns describe the
fluctuating parts. All components can be described as statistical processes with zero mean.
Besides, they are assumed to be statistically independent. Similarly, the profile function h̃ of
the second surface can be written as

h̃ � h̃l � h̃s
� h0

l � ñl � h0
s � ñs (4.3b)

If the roughness is equal for both surfaces, nl and ñl, as well as ns and ñs will have the same
variance. For both scales, we assume a Gaussian autocorrelation function. The autocorrelation
function of the surface profile is then given by h � ρρρ 
 h � ρρρ � ∆ρρρ 
 # � σ2

h ch � ∆ρρρ 
 � σ2
hl

e
� ∆ρρρ2

l2
l � σ2

hs
e
� ∆ρρρ2

l2
s (4.4)

where ll and ls are the correlation lengths of the large and small scale components, respectively.
ch denotes the normalized autocorrelation function of the surface profile. The rms deviation
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σh is equal to the total surface roughness Rq, and σhl and σhs are the roughness of the large
and small scale components, respectively.

The power spectral density Ph in the two-scale surface model is given by the Fourier trans-
form of Eq. (4.4). It is again a sum of two Gaussian functions:

Ph
�¶���  h h #[� � π σ2

hl
l2
l e
� π2l2

l
Kννν K 2 � π σ2

hs
l2
s e
� π2l2

s
Kννν K 2 (4.5)

This PSD is shown in Fig. 4.15 by the white line, where the parameters ll, ls, σhl and σhs have
been chosen in order to obtain the best fit to the measured power spectrum. The numeric values
for the parameters are ll � 4 0 05 � 0 0 1µm, ls � 0 0 6 � 0 0 1µm, σhl

� 346nm and σhs
� 40 � 5nm,

where the stated uncertainties are based on a visual judgement.
Accordingly, in the two-scale surface model, the PSD P∆h of the difference ∆h � h � h̃ is

given by
P∆h

�·���  ∆h ∆h #[� � 2π σ2
nl

l2
l e
� π2l2

l
Kννν K 2 � 2π σ2

ns
l2
s e
� π2l2

s
Kννν K 2 (4.6)

It is depicted by the white line in Fig. 4.16. While the scale parameters ll and ls are the same as
before, the variances of the fluctuating components have been fitted to the power spectrum of
the measured profile difference, yielding σ∆hl

� 2σ2
nl
� 12 � 2 nm, σ∆hs

� 2σ2
ns
� 41 � 2 nm.

The limited accuracy of the SFM measurement has been corrected by a subtraction of the
average power spectrum of the difference of the repeated measurements on identical surfaces.

From Figs. 4.15 and 4.16, we conclude that the spectral characteristics of sample #B are
reasonably approximated by the two-scale Gaussian model. Similar results are obtained when
other pairs of surface realizations at other positions on the sample are compared. Note, how-
ever, that only a very small portion of the total surface area has been recorded by the SFM
measurement.

Sample #C

For the exposure of sample #C, a series of 6 independent speckle patterns have been used,
and the speckle size has been increased to rSp > 13 µm. The surface profile, as determined
by the SFM measurement within a field of view of 110x110 µm2, is displayed in Fig. 4.17,
together with the corresponding distribution of the profile depth. The latter shows a rough
approximation to a Gaussian distribution, except for a local maximum at the lower edge of the
distribution, which indicates areas that are developed all through to the glass substrate. Due
to the usage of 6 speckle patterns during exposure, the roughness is reduced to Rq

� σh
�

0 0 29 µm. The surface has a 1 � e-correlation length of A 6 0 5 µm.
The difference of the measurement of two surface realizations is depicted in Fig. 4.18. For

the shown profile difference between positions 2 and 4, the standard deviation is σ∆h
� 34 nm.

Again, a pattern with a structure that is finer than expected from the exposure can be observed.
As before, it is attributed to irregularities in the photoresist material and random fluctuations
during the development process.

The power spectra of the surface profile and the profile difference are displayed in Fig. 4.19
and Fig. 4.20. They can be described by a two-scale Gaussian model, too. Performing the same
procedure as for sample #B, we obtain the parameters ll

� 6 0 5 � 0 0 5 µm, ls � 0 0 7 � 0 0 1 µm,
σhl

� 292 nm, σhs
� 17 � 2 nm, σ∆hl

� 18 � 2 nm and σ∆hs
� 19 � 2 nm. Again, the limited

accuracy of the SFM measurement has been corrected by a subtraction of the average power
spectrum of the difference of the repeated measurements on identical surfaces.

The quality of the approximation of the power spectra by the two-scale Gaussian model is
shown by the white curves in Figs. 4.19 and Fig. 4.20.
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Figure 4.17. (a) SFM measurement of photoresist sample #C. Depicted is the surface profile in
grayscale coding. The size of the scan is 110x110 µm2 . (b) Histogram of the profile in (a).
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Figure 4.18. (a) Difference of the SFM measurements on two surface realizations of photoresist
sample #C. Depicted is the difference in surface profile in grayscale coding. The size of the
shown area is 107x107 µm2 . (b) Histogram of the profile difference in (a).
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Figure 4.19. Power spectrum of the surface
profile of sample #C. Depicted are the hori-
zontal (black solid line) and vertical (dashed
line) cross-sections in a logarithmic scale.
The white line shows the PSD of a surface
model with two Gaussian scales.

Figure 4.20. Power spectrum of the profile dif-
ference of two surface realizations of sam-
ple #B. Depicted are the horizontal and verti-
cal cross-sections in a logarithmic scale. The
white line shows the PSD of a surface model
with two Gaussian scales.
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4.2.3 Speckle correlation measurements

This section deals with the correlation of the speckle fields that are scattered from the photore-
sist samples. For the correlation measurements, the different surface realizations are observed
with the usual DSC setup as described in Chapter 2, where a speckle image is recorded for each
surface realization. To ensure that the measured decorrelation is solely due to microstructure
changes and shows no errors produced by rigid body translation or tilt, a special mount with 2
translational and 3 rotational degrees of freedom has been constructed. The same mount has
already been used during the exposure of the samples and allows a repositioning of the single
surface realizations to better than 0.5 µm and to a tilt of less than 0.2 arc sec. Possible devia-
tions from flatness on the substrate, and possible differences in the orientation of the surfaces
during exposure can be compensated with the same accuracy. For the compensation, the de-
formation measurement capabilities of DSC can be used. Alternatively, it is possible to simply
search for the maximum in correlation. The precise positioning guarantees that the relative
error in the measured correlation coefficient is less than 0.01 and does not bias the following
results.

For the two surface realizations of sample #A, the lateral variation of the correlation coef-
ficient is displayed in Fig. 4.21. A HeNe laser with λ � 633 nm and an angle of illumination
θ � 21 � has been used to record the corresponding speckle images. The correlation has been
calculated for subimages of size 128x128 pixels and is encoded in gray levels from cci ı̃

� 0
(white) to cci ı̃

� 1 (black). The numerical values of the correlation coefficient are given in
percent. The positioning has been controlled within the central 256x256 pixels, indicated by
the black frame. The SFM measurement has been carried out in this region, too. It can be seen
that the similarity between the two surfaces is quite homogeneous, with a slight decrease in
correlation to the edges.

The speckle correlation measurement has been performed with a variation of wavelength,
state of polarization and angle of the illuminating light. Four different light sources from

0 10 20 30 40 50 60 70 80 90
0.0

0.2

0.4

0.6

0.8

1.0

 532nm, s-pol.
 532nm, p-pol.
 488nm, s-pol.
 488nm, p-pol.

 852nm, s-pol.    633nm, s-pol.
 852nm, p-pol.    633nm, p-pol.

PSfrag replacements

θ / ³

cc
iı̃

Figure 4.21. DSC measurement on sample #A. De-
picted is the lateral variation of the correlation coeffi-
cient in an area of 21x21 mm2, encoded in grayscale
from cci ı̃ p 0 (white) to cci ı̃ p 1 (black). The num-
bers state the local correlation value in percent.

Figure 4.22. Sample #A: Speckle corre-
lation versus angle of illumination for
various wavelengths and two states of
polarization as indicated.
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near infrared to blue have been employed: a DBR diode laser (λ � 852 nm), a HeNe laser
(λ � 633 nm), a diode pumped, frequency doubled Nd:YAG laser (λ � 532 nm) and an argon-
ion laser at λ � 488 nm. The state of polarization has been controlled with a combination of
polarizer and λ � 2 retardation plate. Since the photoresist surfaces show hardly any depolar-
ization, no analyser had to be used between the specimen and the CCD camera.

The results for all wavelengths and two linear states of polarization, each, are displayed in
Fig. 4.22 versus the angle of illumination. All correlation values have been calculated within
the central 256x256 pixels (i.e. the black frame in Fig. 4.21), corresponding to a surface area
of 2.6x2.6 mm2. The decorrelation is stronger for shorter wavelengths, due to increased phase
changes that are induced by the existing changes in surface profile. Generally, the correlation
coefficient is larger for s-polarization, i.e., when the electric field vector is perpendicular to the
plane of incidence, than for the orthogonal p-polarization. For all wavelengths, the correlation
has a minimum at θ � 20 � or θ � 30 � . The increase in the correlation coefficient for larger
angles of illumination is similar for all wavelengths, but slightly reduced for λ � 852 nm.
In summary, for sample #A, the dependence of the speckle correlation on the experimental
parameters is comparable to that which has been encountered for the specimen of piezoelectric
grains (see Section 4.1.2).

Fig. 4.23 shows the lateral variation of the correlation coefficient for two different pairs
of surface realizations on sample #B. The field of view is 18.5x18.5 mm2 in size. A HeNe
laser with λ � 633 nm, an angle of illumination θ � 21 � and s-polarization have been used to
record the corresponding speckle images. As before, the correlation values from subimages of
size 128x128 pixels are encoded in gray levels from cci ı̃

� 0 (white) to cci ı̃
� 1 (black). The

black frame in the center of the images indicates the area which has been used for the precise
positioning, and where the SFM measurements have been carried out. The lateral distribution
of the correlation values is not as uniform as it has been encountered for sample #A. Besides,
it is different for all pairs of surface realizations. The maximum correlation can be observed
between positions 3 and 4, with a correlation coefficient above cci ı̃

� 0 0 8 in a small band
(see Fig. 4.23(a)). However, almost complete decorrelation can also be found for this surface

(a) (b)

Figure 4.23. DSC measurement on sample #B. Depicted is the lateral variation of the correla-
tion coefficient in an area of 18.5x18.5 mm2 , encoded in grayscale from cci ı̃ p 0 (white) to
cci ı̃ p 1 (black). The numbers state the local correlation value in percent. In (a), the speckle
images of the surface realizations at positions 3 and 4 are correlated. In (b), positions 1 and
4 are compared.
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Figure 4.24. Sample #B: Speckle correlation versus angle of illumination for various wave-
lengths and two states of polarization as indicated in (c). In (a), the correlation coefficient
corresponding to the area of maximum correlation between positions 3 and 4 is depicted. In
(b) and (c), the central areas of the surface realizations at positions 3 and 4, respectively 1
and 3, are compared.

pair. The speckle correlation between the surface realization at position 1 and 4, as shown in
Fig. 4.23(b), is slightly more homogeneous.

The correlation results from sample #B under a variation of the experimental parameters
are summarized in Fig. 4.24. The figure shows the correlation coefficient for four different
wavelength and two states of polarization versus the angle of illumination. In Fig. 4.24(a),
the correlation values have been calculated from the region of maximum correlation between
positions 3 and 4 (Fig. 4.23(a), left of center). Fig. 4.24(b) shows the correlation coefficient
for the same two surfaces, but within the central region. The SFM measurements of the profile
difference, which have been presented for this sample in Figs. 4.14 and 4.16, belong to this pair
of surface realizations. In Fig. 4.24(c), the correlation results for a pair of less similar surfaces
are shown. In all cases, subimages of size 256x256 pixels have been used, corresponding to a
surface area of 2.6x2.6 mm2.

The dependence of the correlation coefficient on the angle of illumination is completely
different than it has been encountered for sample #A. Here, a distinct decrease with increasing
angle can be observed for all wavelengths. It is most pronounced in the infrared. However,
larger wavelengths still lead to larger correlation values, with a few exceptions for λ � 852nm
at large angles and strong decorrelation. The correlation coefficient is generally smaller for
p-polarization of the incident light than for s-polarization. The difference between the two
states of polarization vanishes for small angles of illumination and increases with increasing
angle. It is slightly more pronounced for larger wavelengths.

The speckle correlation measurements on sample #C yield very similar results. Fig. 4.25
shows the lateral variation of the correlation coefficient for two different pairs of surface re-
alizations. Again, a HeNe laser with λ � 633 nm, an angle of illumination θ � 21 � and s-
polarization have been used to record the corresponding speckle images. A comparison of
positions 2 and 4, as shown in Fig. 4.25(a), yields a fairly high and reasonably homogeneous
correlation within the central region. The largest correlation can be observed in a small area
on positions 1 and 2. From Fig. 4.25(b), it can be seen that the correlation coefficient almost
attains a value of cci ı̃

� 0 0 9.
The results from a variation of the experimental parameters are shown in Fig. 4.26 for three

different pairs of surface realizations. The decrease in correlation with increasing angle of il-
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(a) (b)

Figure 4.25. DSC measurement on sample #C. Depicted is the lateral variation of the correla-
tion coefficient in an area of 18.5x18.5 mm2 , encoded in grayscale from cci ı̃ p 0 (white) to
cci ı̃ p 1 (black). The numbers state the local correlation value in percent. In (a), the speckle
images of the surface realizations at positions 2 and 4 are correlated. In (b), positions 1 and
2 are compared.
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Figure 4.26. Sample #C: Speckle correlation versus angle of illumination for various wave-
lengths and two states of polarization as indicated in (b). In (a), the correlation coefficient
corresponding to the area of maximum correlation between positions 1 and 2 is depicted. In
(b) and (c), the central areas of the surface realizations at positions 2 and 4, respectively 2
and 3, are compared.

lumination is stronger than it has been encountered for sample #B. At an angle θ � 40 � , almost
complete decorrelation is found for all surface pairs. Furthermore, the correlation coefficient
for λ � 852nm is usually equal or slightly smaller than for λ � 633nm. Again, the correlation
is generally larger for s-polarization than for p-polarization, but the difference is quite small.
Fig. 4.26(b) shows the correlation coefficient within the central region of positions 2 and 4.
The SFM measurements of the profile difference, which have been presented for sample #C in
Figs. 4.18 and 4.20, belong to this pair of surface realizations.

In this chapter, we have restricted ourselves to a description of the speckle correlation and
SFM measurements on the photoresist surfaces. A theoretical explanation of the correlation
results on the basis of the SFM measurements will be given in Chapter 6. Vice versa, using
the theoretical models of the scattering process, it is also possible to determine the parameters
of the difference in surface profile from the DSC measurements.



5

Other Experimental Techniques for the
Correlation of Speckle Fields

Several experimental techniques have been proposed to study the decorrelation of speckle
patterns. The most important techniques are briefly reviewed in this chapter, together with
a selection of applications that have been reported in the literature. Each correlation method
will be regarded in a separate section. Besides a very short description, the techniques will
be compared to the method of Digital Speckle Correlation, which is used throughout the other
chapters of this work.

It will be shown that all correlation techniques, despite their diverse experimental con-
cepts, basically yield the same information, viz the correlation coefficient of the scattered
speckle fields at the position of the recording medium. For the methods of Digital Correlation
and Holographic Correlation this will be illustrated by an experimental example. While the in-
terferometric techniques determine the correlation coefficient ccaã of the speckle amplitudes,
the other methods, like DSC, yield the correlation coefficient cci ı̃ of the speckle intensities.
However, from Eq. (3.6) we know that the two coefficients are related by cci ı̃

��� ccaã
� 2, pro-

vided the speckle fields are fully developed. Thus, the results from all correlation techniques
are connected by this relation. Furthermore, they are all comparable in sensitivity and range
of measurement.

Since the aim is to study surface microstructure changes, all techniques intend to determine
the primary correlation factor ccµ . Yet, in all cases the correlation coefficient is also affected
by large scale deformations like rigid body translation or tilt. The sensitivity to large scale
deformations is different for the different techniques, though.

5.1 Double Exposure Speckle Photography

The technique of Double Exposure Speckle Photography can be considered as the earlier ana-
log version of DSC (see Chapter 3.1). The principal experimental setup is very similar; instead
of using a digital camera, two images of the object under investigation, before and after surface
alteration, are recorded on the same photographic film. Often, the object (or film) is subjected
to an additional in-plane displacement between the two exposures, especially if a pure sur-
face process is investigated. Upon evaluation, the developed negative, called the specklegram,
is scanned by an unexpanded laser beam. The resulting diffraction pattern consists of a set
of Young’s fringes, whose pitch and orientation gives the local displacement vector ∆r, and
whose visibility yields the correlation of the two speckle patterns [Men76].

93



94 5. OTHER EXPERIMENTAL TECHNIQUES FOR THE CORRELATION OF SPECKLE FIELDS

As usual, let i and ı̃ denote the speckle intensities in the plane of the photographic film.
Assuming linear response of the film, the transmittance of the specklegram may be written as

τ � r 
 � a � b � i � r 
�� ı̃ � r 
2
 (5.1)

where a and b are constants. When illuminated with coherent light, the intensity U of the far
field diffraction pattern is proportional to the power spectrum of the transmittance [Goo68]:

U � ννν 
 ∝
1
b
� ��� τ � � 2 � � I � ννν 
 � 2 � � Ĩ � ννν 
 � 2 � 2Re I � � ννν 
 Ĩ � ννν 
 	 ννν i� 0 (5.2)

The zero frequency component does not contain any useful information and has been omitted.
U � ννν 
 represents the Young’s fringes, enveloped by a diffraction halo and modulated by speckle
noise resulting from the finite size of the interrogation spot. In order to obtain an expression
for the profile of the fringes, we eliminate the effect of speckle noise by taking the ensemble
average and assume equal mean intensities for both speckle patterns, thus  � I � 2 # �  � Ĩ � 2 # .
Eq. (5.2) then becomes  U � ννν 
 # ∝  � I � ννν 
 � 2 #¸� 1 � Re ccI Ĩ � ννν 
¹
 (5.3)

where we have used the definition of the correlation coefficient ccI Ĩ of the spectra I and Ĩ in
Eq. (3.31). In case of pure primary decorrelation, the tilt correlation factor ccT in Eq. (3.31) is
unity, so that we obtain U � ννν 
 # ∝  � I � ννν 
 � 2 # S 1 � ccµ cos � 2πννν∆r 
�T (5.4)

If the fringes are sufficiently dense, their visibility VDESP
� � Umax � Umin 
 ��� Umax � Umin 
 is

simply given by the primary correlation factor ccµ. If the decorrelation is caused by deforma-
tion, the fringe visibility will depend on the position ννν within the diffraction halo [Li86]. From
Eqs. (5.3) and (3.31), it can be seen that the dependence is determined by the tilt correlation
factor ccT .

Eq. (5.3) states that the visibility VDESP of the Young’s fringes is given by the correlation
coefficient cci ı̃ of the two speckle intensities at the position of the photographic film during
exposure. This might have been expected due to the strong similarity between Double Expo-
sure Speckle Photography and DSC. If the two speckle patterns are recorded on separate films,
it is possible to carry out the correlation by other analog optical means. For example, a Joint
Transform Correlator might be used to determine the correlation of two speckle photographs
[Led89, Hal92].

Concerning correlation measurement, Speckle Photography has the same drawbacks as
concerning deformation measurement, most of which arise from the need for a photo-chemical
development process. For example, with DSC a result is available immediately and it is pos-
sible to record a series of images and choose the surface states for comparison later. On the
other hand, using Speckle Photography, only one pair of surface states can be studied per
photographic recording. The surface states must be chosen during exposure, but a result is
obtained only after an elaborate evaluation process. The sensitivity to large scale deformation
is similar, due to the usage of the same imaging system. In Speckle Photography, a larger aper-
ture and a smaller speckle size can be used due to the superior resolution of the photographic
film. However, with the deformation measuring capability of DSC, it is possible to separate
decorrelation due to large scale deformation.

Typical results that have been obtained while studying surface processes with Double Ex-
posure Speckle Photography concern mechanical wear or the plastic deformation of metal
surfaces by contact pressure [Ost92, Ost93]. The technique has also been used to study the
growth of plants [Arn84], or to study the decay of stones at historical monuments [Gol89].
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5.2 Holographic Interferometry

Holographic Interferometry enables a comparison between the amplitudes of two speckle fields
that are scattered from an initial and altered surface state. Employing the double exposure tech-
nique, a hologram of the object in its initial state is first recorded. The surface is then subjected
to an altering process and a second holographic recording is superimposed upon the first. As
a result, the processed hologram simultaneously reconstructs the light fields corresponding to
the surface in its two states. In real-time Holographic Interferometry, only the initial surface
state is recorded. After development, the hologram is replaced in its original position and the
current object wave during a surface process, as observed through the hologram, is superim-
posed with a reconstruction of the initial light field. In both cases, the interference of the initial
and altered wavefronts is observed by an imaging system.

Let a and ã denote the amplitudes of the speckle fields corresponding to the initial and
altered surface states, respectively. The intensity u of the superposition in the image plane is
given by

u � r 
 � � a � r 
�� ã � r 
 � 2 � � a � r 
 � 2 � � ã � r 
 � 2 � 2Re a � ã (5.5)

Usually, a and ã differ by a large scale phase variation ϕ, which might be due to a present
deformation or introduced purposely by slightly tilting the object. In the latter case, ϕ shows a
linear dependence on r. u represents the interferometric fringes, modulated by speckle noise.
In order to obtain an expression for the profile of the fringes, we eliminate the effect of speckle
noise by taking the ensemble average and assume equal mean intensities for both speckle
fields. Eq. (5.5) then becomes u � r 
 # � 2  � a � r 
 � 2 # S 1 � � ccaã

� cos ϕ � r 
2T (5.6)

Thus, the visibility VHI of the interferometric fringes is given by the correlation coefficient
ccaã

�  a � ã #º�» � a � 2 # of the speckle amplitudes in the plane of the final image. If the
same imaging system is used, in Speckle Photography to record the speckle images and in
Holographic Interferometry to observe the interference pattern, the visibility of the respective
fringes will be related by VHI

� ' VDESP. Since a certain number of fringes are required,
where the fringe density determines the possible lateral resolution, the contrast in Holographic
Interferometry is always affected by out-of-plane deformation. Furthermore, a possible in-
plane translation leads to additional degradation of the fringes, because the amplitudes are
compared on a point-by-point basis.

Holographic Interferometry requires a time consuming photo-chemical development pro-
cess, too, unless alternative recording materials like photorefractive crystals or photothermo-
plastic materials are used. However, the reference state has to be chosen before performing
the experiment. Using the double exposure technique, only one pair of surface states, cor-
responding to a fixed time interval during a surface process, can be studied per holographic
recording.

The first application of Holographic Interferometry to the detection of surface processes
has been reported by Ashton et. al. [Ash71]. Holographic Interferometry has then been used for
the study of corrosion processes [Pet78, Vik80], for the determination of plastic deformation
by contact pressure, or for the investigation of cavitation induced erosion of metal surfaces
[Ost92]. Another example is the determination of the damage threshold in the study of laser
induced erosion [Dre95].
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5.3 Digital Speckle Pattern Interferometry

The evaluation of fringe contrast for the determination of the correlation coefficient can also be
performed with the electronic version of Holographic Interferometry, i.e. Video Holography
or Digital Speckle Pattern Interferometry (DSPI). In DSPI, image plane holograms (interfero-
grams) are recorded by an electronic camera and compared numerically by an image process-
ing system. A simple subtraction of two interferograms yields an image consisting of bright
and dark fringes, which indicate one component of the deformation and show a visibility de-
pending on the correlation of the underlying speckle images. Using phase-shifting techniques,
a series of interferograms are usually recorded for each object state. A subsequent evaluation
yields the phase difference between two states, which can be turned into a displacement value.
Phase-shifting can also be used to determine the modulation of the fringes, i.e. their visibility.

If ar denotes the amplitude of the reference wave, the intensities u and ũ of the interfero-
grams in the initial and altered surface state at a fixed image point r are given by u �W� a � ar

� 2
and ũ ��� ã � ar

� 2, respectively. Using the fact that a and ã obey jointly Gaussian statistics of
fully developed speckle patterns, the ensemble average over the squared difference of the two
interferograms is calculated as �� u � ũ 
 2 # � 2  � a � 2 # 2 S 1 � � ccaã

� 2 T � 4  � a � 2 #) � ar
� 2 # S 1 � � ccaã

� cos � ϕ � βn 
 T (5.7)

where ϕ is the phase difference between a and ã due to a possible deformation, and βn is an
additional phase introduced to the reference wave purposely by a phase-shifting device. Again,
it has been assumed that the mean intensity does not change during the surface process, i.e. � a � 2 # �  � ã � 2 # . Applying a phase-shifting algorithm, three or four squared differences
with different values of βn are combined to separate � ccaã

� in the last term of Eq. (5.7). Note,
that a spatial average has to be performed to obtain estimates for the ensemble average values,
where the size of the averaging region determines the accuracy and the spatial resolution.
Furthermore, a normalization procedure has to be carried out at the very beginning of the
experiment to eliminate the averages  � a � 2 # and  � ar

� 2 # . Details of the technique can be
found in Ref. [Gül97]. We finally obtain the modulus � ccaã

� of the correlation coefficient of the
speckle amplitudes in the image plane. If the same imaging system is used, the result should
be directly comparable to that of a DSC measurement.

Concerning the correlation measurement, DSPI has similar characteristics as DSC. Since
all data are stored digitally, they are available for a free choice of surface states to be com-
pared in the correlation algorithm. The sensitivity to decorrelation by large scale deformation
is equal, too, and a correction of the measured correlation values using the simultaneously col-
lected deformation data is also possible. Note that, unlike as in Holographic Interferometry, no
additional out-of-plane deformation has to be introduced, because the fringes pass over each
point of observation while the reference phase is shifted through 2π. However, like all inter-
ferometric techniques, DSPI is subject to strict stability conditions and an application outside
the laboratory is difficult. Concerning surface processes, DSPI has been used to monitor water
induced changes and microbiological activity on natural stones [Gül93], or to study erosion on
a metal surface [Jak99].
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5.4 Digital Correlation – far-field geometry

Up to now, all correlation techniques have used an imaging system to observe the surface un-
der investigation. Thus, it might be expected that the resulting correlation values are equal,
especially if the employed imaging systems are identical. When a different optical arrange-
ments is used, it is not obvious that an analogous correlation result will be obtained. The most
simple method is probably to combine the digital correlation technique with a simple free-
space geometry. According to the theory in Chapter 3.2, the primary correlation factor ccµ

does not depend on the aperture of the imaging system and is also not affected by aberrations
or defocus. It is even possible to completely omit the lens and record the speckle patterns
in the far-field, or, alternatively, use a 2-f Fourier geometry, where the distance between lens
and the surface and the distance between lens and camera target are both equal to the focal
length of the lens [Goo68]. As before, the speckle intensities corresponding to different states
during a surface process are recorded by the electronic camera and subjected to the usual DSC
algorithm described in Chapter 2.3.

An example of such a measurement is shown in Fig. 5.1, where the correlation coefficient
cci ı̃ of the far-field intensities is depicted versus the diameter of the illumination spot on the
surface. In the experiment, the two surface realizations of photoresist sample #A are compared
(see Chapter 4.2). A free-space geometry with specimen to camera distance 325 mm (black
triangles), as well as a 2-f Fourier setup with a lens of focal length f � 160mm (white squares)
have been used. The measured correlation values range about cci ı̃

� 0 0 5 and show a slight
decrease for an increasing illumination spot. They are almost identical for the two far-field
geometries. In case of the Fourier geometry, the results do not depend on the size of the
lens aperture (here A 15 mm). According to its definition, primary decorrelation is caused by
surface changes on scales that are small compared to the resolution cell of the optical system.
Here, the size of the resolution cell is simply equal to the size of the illumination spot. With an
increasing spot size, surface changes on an increasing range of scales are taken into account
and an decrease in the correlation coefficient is expected.

For comparison, the correlation results when using DSC in its usual imaging geometry are
displayed in Fig. 5.1, too. Different aperture sizes have been used and the resulting correlation

0.01 0.1 1 10
0.0

0.2

0.4

0.6

0.8

1.0
 free-space
 Fourier
 imaging

PSfrag replacements

illumination spot, resolution cell / mm

cc
iı̃

Figure 5.1. Comparison of different optical geometries in DSC. The correlation coefficient that
is obtained from two surface realizations of photoresist sample #A is depicted versus the
size of the illumination spot for the case of a free-space geometry (black triangles) and a 2-f
Fourier (white squares) geometry, and versus the size of the resolution cell for an imaging
geometry (white filled circles).
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coefficient is depicted versus the respective size of the resolution cell of the imaging system by
the white filled circles. Here, the resolution cell is defined as the diameter of the Airy disc on
the object surface that contributes to a point in the image plane. The data, which have already
been presented in Fig. 2.14, show a correlation of cci ı̃ A 0 0 5, too. We conclude that, in case
of a pure surface process, equal correlation values are obtained in the imaging and far-field
geometries, provided the same scales of surface changes are taken into account by the optical
arrangement. Recall that the average size of the surface structures on the used photoresist
sample is in the order of 5 µm.

Concerning the effect of rigid body translations and large scale deformations, in-plane dis-
placement and object tilt have changed role. In the far-field geometry, tilt leads to a translation
of the speckle pattern on the camera sensor that can be easily measured and does not affect the
correlation value. In-plane displacement now causes frequency dependent decorrelation which
increases with decreasing size of the illumination spot. The same holds for the Fourier setup,
too. Due to the digital data storage, the flexibility with regard to the choice of surface states
is maintained. It must be repeated, however, that a lateral resolution on the object surface is
not possible. DSC in combination with a free-space geometry has been used, for example, for
Non-Destructive Testing of thermally stressed ceramics [Cob95].

5.5 Holographic Correlation

An alternative method to determine the correlation coefficient of two scattered speckle fields is
the direct correlation by analog optical means. The technique of direct optical correlation relies
on the action of a holographic matched filter and has been termed Holographic Correlation
[Mar74]. It was originally introduced for optical information processing and has been used for
pattern recognition at a time when digital image processing systems were still short in power
for such a task [VdL64].

The optical arrangement of a Holographic Correlation setup, also known as a VanderLugt
4-f correlator [Goo68], is schematically depicted in Fig. 5.2. It basically consists of two iden-
tical optical systems, which are separated by twice their focal length. The surface of the
specimen under investigation is imaged from the input focal plane of the first optical system
to the output focal plane of the second optical system with unit magnification. In the plane of
symmetry, a Fourier transform hologram of the initial speckle pattern is recorded. It serves as
a spatial filter matched to the initial state of the specimen. While the specimen undergoes a
surface process, the current object wave is used to illuminate the hologram and the diffracted
light is collected by the second lens and focused to a photodiode in the output plane. The
signal of the photodiode is a measure for the correlation between the current and initial ob-
ject waves. The process can be viewed as holography with interchanged roles of reference
and object wave. Here, the reference wave is reconstructed by illumination with a replica of
the object wave, where a successful reconstruction can be interpreted as a recognition of the
original object wave.

As usual, let a and ã denote the speckle amplitude in the hologram plane, corresponding
to the initial and altered surface states, respectively, and let ar denote the amplitude of the
reference wave. After the hologram has been processed and restored to its original position,
its transmission τ is proportional to the intensity during recording: τ ∝ � a � ar

� 2. When illumi-
nated with the altered object wave, the amplitude of the light field directly behind the hologram
is given by ãτ. The latter expression consist of four terms, but only the first order term propor-
tional to a � ãar is important for our purpose. Contributions corresponding to the other terms do
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Figure 5.2. Schematic of the experimental setup for Holographic Correlation.

not propagate to the detector, which is positioned in the direction of the reference wave. The
reconstructed wave is subjected to a Fourier transform by the second lens. In the output plane,
the first order term yields an intensity U � ννν 
 proportional to

U � ννν 
 ∝ \\ ��� a � � r 
 ã � r 
 ar � r 
 s � r 
 � \\ 2 (5.8)

where s is a window function determined by the limited aperture in the plane of symmetry,
which might be due to the finite size of the hologram, for example. Assuming a plane refer-
ence wave and choosing the origin in the output plane at the direction of the reference wave,
Eq. (5.8) becomes

U � ννν 
 ∝ \\ S A � � � ννν 
�� Ã � ννν 
UT»� S � ννν 
 \\ 2 � \\ S A � ννν 
�¼ Ã � ννν 
UT»� S � ννν 
 \\ 2 (5.9)

where A and Ã are the amplitude spectra, S �½��� s � is the transfer function of the optical cor-
relator, � denotes convolution and ¼ denotes spatial cross-correlation. Due to the convolution
with the transfer function S, all contributions outside the origin vanish and only a sharp peak at
the origin is obtained. The peak intensity is selected by a pinhole aperture in the output plane
and recorded by the photodiode. Its output signal is proportional to

U � 0 
 ∝ \\\
∞�� ∞

A � � ννν 
 Ã � ννν 
 d2ν \\\
2 � \\\

∞�� ∞

a � � r 
 ã � r 
 d2r \\\
2 � � caã � 0 
 � 2 � ci ı̃ � 0 
 (5.10)

The first equality follows from the Parseval theorem and the second equality holds if the
speckle amplitudes a and ã are covariance ergodic. Provided there is no translation of the
speckle fields, the correlation function has its maximum at the origin and the output signal of
the detector is proportional to the correlation coefficient of the speckle intensities in the plane
of the hologram.

Compared to DSC, Holographic Correlation requires an elaborate experimental setup. If
the hologram is recorded on photographic film, a chemical development process and a very
precise positioning are necessary. Therefore, alternative recording materials like photorefrac-
tive crystals or photothermoplastic materials are preferable. However, an update of the refer-
ence state remains difficult. Furthermore, a lateral resolution of the decorrelation on the object
surface is impossible. One advantage of Holographic Correlation is, that the temporal reso-
lution of a decorrelation process is only limited by the bandwidth of the detector electronics,
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whereas it is limited by the frame rate of the camera in DSC. While the sensitivity of the corre-
lator output to rigid body translations in the plane of the object surface is comparable to that of
Digital Correlation in the far-field geometry, the sensitivity to object tilt is considerably larger.
Since the detector output is proportional to the value of the correlation function at the origin,
rather than the maximum value (see Eq. (5.10)), a small translation of the speckle pattern in
the hologram plane leads to a strong decorrelation. Zero correlation will be obtained if the
tilt leads to a translation by the average speckle size. Therefore, it is advisable to use a tilt
compensation scheme, for example an adjustable glass plate which can be tilted in front of the
hologram to compensate the translation [Hin92].

Since the first optical system of the 4-f correlator is identical to a 2-f Fourier setup, the
same correlation values as those obtained with Digital Correlation in the far-field geometry
are expected. This has been verified experimentally for a specimen of piezoelectric grains
during cyclic variation of an external electric field (see Chapter 4.1.2). In the experiment, the
specimen has been observed through a beam splitter cube – simultaneously by a digital camera
in a 2-f Fourier geometry and by the analog optical correlator. All lenses had a focal length
f � 300mm and the diameter of the illumination spot was A 8mm. A thermoplastic camera has
been used to record the hologram and a possible tilt of the specimen has been compensated by
an adjustable glass plate in the optical path of the analog correlator. The correlation results are
displayed in Fig. 5.3. The reference state has been chosen at time t � 10min, i.e., the hologram
has been taken a t � 9 min. The detector output, normalized to the initial signal directly
after processing the hologram ( A 1 min later), is depicted by the black triangles. In Digital
Correlation, the correlation coefficient cci ı̃ is calculated relative to a reference image taken at
t � 10 min. In the figure, these data are displayed by the white squares. It can be seen that the
two techniques yield almost identical correlation values during most part of the experiment.
At the end of the second positive field period (t > 30min), the digitally determined correlation
coefficient attains values of cci ı̃ > 0 0 98, indicating that the surface has almost adopted its
initial state, whereas the detector signal in Holographic Correlation remains below 93% of its
initial value. This slight deviation must be attributed to the fact that the moment of taking the
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Figure 5.3. Comparison of Holographic Correlation and Digital Correlation in a far-field ge-
ometry. The correlation values have been obtained simultaneously from a specimen of
piezoelectric grains during cyclic application of an electric field. The black triangles show
the normalized detector signal in Holographic Correlation, where the hologram has been
taken at t p 9 min. The white squares depict the correlation coefficient from the Digital
Correlation setup, relative to a reference image taken at t p 10 min.
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hologram and the moment of taking the normalization value from the photodiode signal do
not coincide due to the development process. Furthermore, there might be minimal creeping
deformation of the thermoplastic hologram. Another reason could be imperfect compensation
of a small amount of tilt.

For the specimen of piezoelectric grains, the decorrelation in the present experiment has
been much stronger than the decorrelation that has been observed with DSC in its usual imag-
ing geometry, because the illumination spot in this experiment has been much larger than the
size of the resolution cell of the DSC imaging system (confer Chapter 4.1.2). However, if
we combine the results from Fig. 5.3 with the results from the last section, we can conclude
that equal correlation values are obtained with DSC and Holographic Correlation, provided
the decorrelation is due to a pure surface process and equal scales of surface changes are taken
into account.

The first applications of Holographic Correlation have been reported by Marom [Mar69,
Mar70]. The technique has then been used to evaluate the quality of solder joints during cyclic
variation of the temperature [Jen71], to monitor material fatigue of aluminum [Mar74], for
the measurement of strain [Sig81], or for the inspection of seams of solder-sealed microcircuit
packages [Wag81]. Other examples include the evaluation of ceramic materials [McLys91] or
the study of condensation and evaporation in the micropores of natural stones [Hin92].

Compared to the diverse correlation techniques which have been presented in this chapter,
DSC exhibits the easiest handling and the greatest flexibility. For example, it allows an ar-
bitrary comparison of the recorded images, and thus an arbitrary comparison of the different
states during a surface process after the experiment has been finished. In Chapter 6.7, a novel
type of evaluation will be presented that uses this property and that is possible with the digitally
stored image data, only. Generally, the imaging techniques have the advantage that they allow
a lateral resolution of the decorrelation during a surface process. Furthermore, they are usu-
ally less sensitive to large scale deformations. DSC, as well as DSPI, allow a correction of the
measured correlation values due to their deformation measurement capabilities. Additionally,
DSC is least affected by an unstable environment.

Since all correlation techniques basically yield the same results, all applications that have
been mentioned in this chapter can also be performed with DSC. Some application of DSC
concerning the detection of surface processes have already been reported in the literature.
They include the investigation of salt efflorescence on stone surfaces [Zan93], or the study of
fatigue damage of aluminum and graphite-epoxy composite materials during cyclic bending
[Ste95].
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6

Scattering Theories and the Analysis of
Surface Processes

The aim of this chapter is the interpretation of primary decorrelation in terms of parameters of
the underlying microstructure changes – its magnitude and lateral scales, for example. Differ-
ent theories describing the scattering from random rough surfaces are employed to establish
relationships between the parameters of the surface process, experimental parameters, and the
correlation of the scattered speckle fields. The theoretical relationships are then applied to the
photoresist samples that were investigated in Chapter 4. The calculations are based on the
results of the SFM measurements of the surface changes and prove to be consistent with the
experimentally determined correlation values.

Section 6.1 starts with a simple model of independent scattering centers. Basically, this
model amounts to simple phase statistics over the elementary waves scattered by different
points along the surface, where changes in the profile are directly translated to respective
changes in the phases of the scattered waves. Yet, the effect of reflectivity changes can be taken
into account, too. The two classical scattering theories, the method of small perturbations and
the Kirchhoff theory, are treated in Sections 6.2 and 6.3. In Section 6.4, the surface is modelled
as a phase screen. Such an approximation is often considered when studying the scattering at
fractal surfaces. The two-scale model, which combines the two classical approaches, will be
treated in Section 6.5. In this approach, the surface roughness is divided into two classes of
different lateral scales. It has originally been developed to explain the scattering of acoustic
and radar waves at the sea surface. In Section 6.6, some issues concerning a further refinement
of the presented approaches and concluding remarks are gathered. Finally, the capability of
DSC to compare arbitrary states during a surface process will be exploited in Section 6.7 to
gain information about the temporal correlation of the microstructure changes.

An overview over the theory of scattering of electromagnetic waves at random rough
surfaces can be found, for example, in the text books by Ogilvy [Ogi91], Nieto-Vesperinas
[Nie91], and Voronovich [Vor99]. In most applications, the quantity of interest is the scat-
tering cross-section, which is proportional to the ensemble average of the scattered intensity.
However, during a surface process, the changes in the surface profile are usually quite small
compared to its roughness, so that the scattering cross-section does not change significantly.
Therefore, the general results of the scattering theories can not be adopted for our purpose.
Instead, the amplitudes of the scattered light fields serve as a starting point, or, the calculations
rather start from the basic principles of the respective scattering model. For the different the-
oretical approaches, we will always calculate the correlation coefficient ccaã of the scattered
speckle amplitudes. The diffuse component of the scattered field, which we are interested in,
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can usually be approximated as a circular complex Gaussian random process (fully developed
speckle pattern). The correlation coefficient cci ı̃ of the intensities can then be obtained from
Eq. (3.6) as cci ı̃

��� ccaã
� 2. Deviations from circular complex Gaussian statistics can occur in

the case of small roughness and if the number of correlation areas on the surface that con-
tribute to one point in the image, i.e. the number of independent scattering centers, is small. A
discussion on this issue can be found in Refs. [Goo75, Ogi91].

6.1 Discrete scattering centers

As a first simplified approach, we will model the scattered speckle field as a superposition of
many elementary waves that originate from discrete scattering centers along the surface. Such
a model is frequently used in the literature and is commonly adopted to explain the forma-
tion and statistical properties of speckle patterns [Goo75]. Other examples are the techniques
of angular speckle correlation and spectral speckle correlation, where the model of discrete
scatterers is utilized to relate the correlation of two speckle patterns, recorded from a single
surface under different angles of illumination or with different wavelengths, to the roughness
of the surface [Leg75, Ruf86, Schir96, Mur97].

6.1.1 Theory

Following the model of a superposition of elementary waves from discrete scatterers, the com-
plex amplitude a of the speckle field at an observation point may be written as

a � ∑
n

αn e iϕn (6.1a)

where the αn represent the amplitudes of the elementary waves and the ϕn represent their
phases. As usual, we assume that αn and ϕn are statistically independent of each other and
of the amplitudes and phases of all other elementary waves, and that the phases are uniformly
distributed in the interval � � π 	 π � , i.e., the surface is rough compared to the wavelength λ of
the light. If the surface undergoes some alteration process that changes its microtopography
and reflectivity, the contributions from the discrete scatterers will generally change both in
magnitude and optical phase. Thus, the resulting elementary waves can be represented by
amplitudes βnαn and phase ϕn � ∆ϕn. The total amplitude ã at the observation point will
consequently be given by

ã � ∑
n

βnαn e i � ϕn � ∆ϕn � (6.1b)

Making the reasonable assumption that the changes in reflectivity and phase, βn and ∆ϕn, are
independent of the original amplitudes αn, a calculation of the mean intensity yields � ã � 2 # � ∑

n
 β2

n #¾ α2
n # �  b2 #¾ � a � 2 # (6.2)

where b denotes the random variable for the change in reflectivity. Note that in an overall
surface process all amplitude changes of the elementary scatterers can be considered to be
identically distributed. This holds for the phase changes, too. The correlation between the
total amplitudes a and ã then becomes a � ã # � ∑

n
 α2

n #% βn e i∆ϕn # �  be i∆ϕ #¾ � a � 2 # (6.3)
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where ∆ϕ denotes the random variable for the change in phase. Combining Eqs. (6.2) and
(6.3), we arrive at the following expression for the correlation coefficient of the intensities

cci ı̃
� �  a � ã # � 2 � a � 2 #) � ã � 2 # � �  be i∆ϕ # � 2 b2 # (6.4)

For now, we will disregard any changes in reflectivity and set b ¿ 1. The discussion on re-
flectivity changes will be taken up again in Section 6.1.3. Furthermore, we assume that changes
in the surface profile by an amount ∆h are directly transferred onto proportional changes ∆ϕ
in the phase of the scattered light field:

∆ϕ � k � 1 � cosθ 
 ∆h (6.5)

where k � 2π � λ is the wavevector of the light. As usual, we have assumed normal viewing
direction and an angle of illumination θ. Note that the direct geometric correspondence is
required for the small changes in profile and phase, only, but not between the initial surface
profile and the phase of the scattered light field for the basic scattering process. With the above
assumptions, Eq. (6.4) becomes

cci ı̃
� \\  e ik � 1� cos θ � ∆h # \\ 2 (6.6)

Stated in words, the correlation coefficient of the scattered intensities is given by the squared
modulus of the characteristic function χ � ω 
 of the probability density of the profile changes ∆h
with argument ω � k � 1 � cosθ 
 . Recall that the characteristic function is the Fourier transform
of the probability density function. This result was already discovered in the interpretation
of the decrease in fringe visibility in Double Exposure Speckle Photography and Holographic
Interferometry [Pet78, Ost92] (see Chapter 5). However, it has hardly ever been used for a
quantitative analysis in a specific application, and has never been verified experimentally.

For the example of a Gaussian distribution, the correlation coefficient decreases exponen-
tially with the variance of the profile changes:

cci ı̃
� e

� σ2
∆ϕ � e

� k2 � 1� cosθ � 2 σ2
∆h (6.7)

This relation is plotted in Fig. 6.1, together with similar relations obtained from Eq. (6.6) for
different distributions of the profile difference. For all curves, normal illumination (θ � 0) has
been assumed. The figure illustrates the sensitivity of the correlation coefficient to changes
in the microprofile. For a standard deviation σ∆h

� 0 0 1 λ, the correlation already drops to
cci ı̃ > 0 0 2, and even alterations with σ∆h

� 0 0 01 λ produce still a few percent decrease in
correlation. For small changes, i.e., if ci ı̃ � 0 0 5, the decorrelation is even independent of the
type of statistics.

To verify the preceding results, a Monte Carlo simulation of the decorrelation process has
been carried out. It, too, was based on the assumption of discrete scattering centers at the
surface, which change their phases with a change in height according to Eq. (6.5). Thus,
the surface was modeled as consisting of a set of point scatterers, with a height distribution
determined by a specified amount of roughness. The superposition of the scattered amplitudes
was calculated for an array of observation points that form the image, once before and once
after the heights of the scatterers were changed independently of one another and with a given
distribution. The two images were then subjected to the usual correlation algorithm. The
results for a Gaussian distribution are depicted by the black symbols in Fig. 6.1. They fall well
onto the theoretical prediction.
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Figure 6.1. Correlation coefficient of the scattered intensities versus standard deviation of the
profile difference. Various probability densities for the alterations in surface profile have
been used in the theoretical model of discrete scattering centers. The diamonds show results
from a numerical simulation using Gaussian statistics.

The theory does not distinguish between different optical setups. Thus, equivalent results
are expected for free-space geometries or imaging systems. This equivalence can be confirmed
by the simulation and has already been found experimentally in Chapter 5.4. From Eq. (6.6),
it is expected that the decorrelation is independent of the roughness of the initial surface. This
can be confirmed by the simulation, too. Furthermore, the simulation shows that the require-
ment for fully developed speckle patterns is not critical. Even if the roughness is reduced to
Rq
� 0 0 1 λ, the correlation results are not affected.
The relation between the profile changes and the correlation of the scattered intensities in

Eq. (6.6) is the basic result from the simple model of independent scattering centers. It has
the convenient property, that the variance σ∆h of the profile difference can directly be obtained
from a measurement of the correlation coefficient cci ı̃. The profile changes simply scale with
the wavelength λ and 1�Z� 1 � cosθ 
 , and no knowledge of the characteristics of the initial surface
profile is required. For correlation values cci ı̃ # 0 0 5, the type of statistics of the difference can
even be disregarded. On the other hand, since σ∆h is the only relevant parameter, a variation of
experimental parameters does not yield additional information about the surface process, for
example the lateral scales. Because the scattered waves have been treated as scalar fields, no
dependence on the state of polarization is predicted.

6.1.2 Application to photoresist surfaces

The theory of discrete scattering centers predicts an increase of the correlation coefficient for
an increasing angle of illumination. Apparently, this is in contradiction with the correlation
measurements on photoresist samples #B and #C, see Figs.4.24 and 4.26. The surfaces on
these samples are characterized by a moderate roughness (Rq > 0 0 3 µm) and a rather large
correlation length of the profile function, i.e. moderate surface gradients. It can be concluded
that the simple theory of discrete scatterers is not valid for this kind of surfaces. Photoresist
sample #A differs from samples #B and #C by a larger roughness and by larger gradients of the
surface profile, and falls more likely within the regime of validity of the simple theory (confer
Section 6.3). In the following, a comparison between the theoretical predictions and the DSC
measurements will be carried out for this sample.

Based on the SFM measurements on the two surface realizations of photoresist sample #A
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Figure 6.2. Comparison of the experimental correlation values (symbols) and the prediction by
the theory of discrete scattering centers (lines) for photoresist sample #A. Depicted is the
correlation coefficient versus the angle of illumination for four different wavelengths and
two states of polarization as indicated.

(see Chapter 4.2.2), we assume a probability density of the changes in surface profile of

p � ∆h 
 � 0 0 4δ � ∆h 
�� 0 0 15δ � ∆h � ∆h0 
�� 0 0 45 1À
2π σ∆h

e
� ∆h2

2σ2
∆h (6.8)

The first delta function corresponds to the areas on the photoresist surface that are unaffected
by the exposure and thus unchanged for both realizations. The second delta function corre-
sponds to the areas that are developed all through to the glass substrate. From Fig. 4.11(b),
we know that they differ by ∆h0

� 100 nm for the two surface realizations. The proportions
of the two Delta functions, here 0.4 and 0.15, can be taken directly from the histogram in
Fig. 4.10(b) by an integration over the right and left maxima, respectively. The profile dif-
ference of the remaining transition areas is assumed to follow a Gaussian distribution, where
the standard deviation σ∆h

� 43 nm has been fitted to the experimental correlation data. As
mentioned above, the dependence on the exact form of the distribution of the profile difference
is rather small.

The correlation values, which are predicted by the theory of discrete scattering centers, are
obtained by substituting Eq. (6.8) into Eq. (6.6). The results are plotted by the solid lines in
Fig. 6.2 versus the angle of illumination and for four different wavelengths from infrared to
blue. They are compared to the experimentally determined correlation values, depicted by the
symbols of corresponding colour, that were already presented in Fig. 4.22. For short wave-
lengths, there is a reasonable agreement, with increasing deviation for increasing wavelength.
Of course, the scalar theory can not account for the difference in correlation between the two
states of polarization. Furthermore, it fails to predict an increase in correlation when the angle
of illumination decreases below θ � 20 � . However, when the experimental correlation values
for the different experimental parameters and Eq. (6.6) are used to determine the standard de-
viation σ∆h of the profile changes, the results show little variation and are in agreement with
the SFM measurements.

A similar agreement can be found when the theory of discrete scatterers is applied to the
surface profile changes of the specimen of piezoelectric grains during cyclic application of
an electric field (see Chapter 4.1.2). The corresponding experimental correlation results for a
variation in λ and θ have been presented in Figs. 4.4 and 4.5. The WLI measurement yielded a
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standard deviation of the surface profile changes σ∆h
� 65 nm. Assuming Gaussian statistics,

we expect a correlation coefficient cci ı̃
� 0 0 23 (Eq. (6.7) with λ � 633 nm, θ � 30 � ). A corre-

lation value cci ı̃ > 0 0 2 could indeed be observed in a far-field geometry, where all scales of the
surface changes are taken into account, see Fig. 5.3.

6.1.3 Changes in reflectivity

In Section 6.1.1, we have assumed vanishing alterations in reflectivity. This assumption is
certainly not quite correct, for example, if the surface alterations are due to a chemical process
like corrosion, which changes the material composition at the surface. To analyse the effect
of reflectivity changes on the correlation results, we return to Eq. (6.4). If we assume that the
changes in optical phase and the changes in reflectivity follow a jointly Gaussian distribution
p � ∆ϕ 	 b 
 with variances σ2

∆ϕ, σ2
b and mutual correlation r:

p � ∆ϕ 	 b 
 � 1
2πσ∆ϕσb

À
1 � r2 e

� 1
2 � 1 � r2 ��Á � ∆ϕ � @ ∆ϕ M � 2

σ2
∆ϕ

� � b � @ b M � 2
σ2

b

� 2r
� ∆ϕ � @ ∆ϕ M �Â� b � @ b M �

σ∆ϕσb Ã
(6.9)

a rather lengthy but straightforward evaluation of Eq. (6.4) gives

cci ı̃
� e

� σ2
∆ϕ � 1 � � 1 � r2σ2

∆ϕ 
 σ2
b b2 # � (6.10)

The exponential term is equal to the correlation coefficient that has been found for the simple
case of vanishing reflectivity changes, see Eq. (6.7). Note that  b2 # is the factor by which the
mean scattered intensity differs from that of the reference surface. It can be easily measured
in an experimental situation. It should be pointed out that uniform changes in reflectivity or
intensity, caused, for example, by fluctuations of the laser output power, do not affect the
correlation coefficient of the scattered light fields.

In Fig. 6.3, the correlation coefficient as calculated from Eq. (6.10) is plotted versus the
normalized standard deviation of reflectivity changes σb �$ b2 # 1 . 2 for different values of σ∆ϕ
and r. It can be seen that the effect of the reflectivity changes on the correlation coefficient
is rather small, provided the total reflectivity  b2 # is large compared to the variance σ2

b of
its changes. Thus, for most surface processes, it can be expected that the effect of changes in
reflectivity is negligible.
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Figure 6.3. Correlation coefficient versus normalized standard deviation of the reflectivity
changes. Parameters are the standard deviation of the difference in optical phase, σ∆ϕ,
and the correlation r between the changes in phase and reflectivity.



6.2. METHOD OF SMALL PERTURBATIONS 109

6.2 Method of small perturbations

The scattering of waves from slightly rough surfaces may be studied by the use of perturbation
theory. The perturbation approach is applicable if the surface roughness is small compared
to the wavelength of the illuminating light and if the gradient of the surface profile is small
compared to unity, i.e., if the profile function h � r 
 satisfies the restrictions k � h � r 
 � 1 1 and�∇h � r 
 � 1 1. These conditions are usually not met by the surfaces that are studied by methods
of speckle metrology. Indeed, when the observation is close to the specular direction, they
contradict the requirement for fully developed speckle patterns. Nevertheless, the perturbation
method will be treated here, because it is instructive for a comprehension of the scattering
process and the process of speckle decorrelation. Besides, it may be employed to interpret
Speckle Correlation measurements on slightly rough surfaces, using observation directions in
which the scattered field is totally diffuse.

There are various formulations of the small-roughness approach to wave scattering. One
example is the classical Rayleigh theory, which has been originally developed by Rayleigh
to study the scattering of scalar waves from sinusoidal gratings [Ray07]. It has subsequently
been extended by Rice to the scattering of electromagnetic waves from perfectly conductive
random surfaces [Ric51]. Rayleigh theory is based on a spectral formulation, i.e., the un-
known scattered field is decomposed into a sum of outgoing plane waves whose coefficients
are determined by satisfying the boundary conditions on the surface. In the usual formulation
of perturbation theory, functions of the surface profile, especially the boundary conditions,
are expanded as power series in h about their value on the mean scattering surface. Neglect-
ing terms of higher order, this gives an expression for the unknown scattered field on the mean
plane. The field at some distance from the scatterer can then be obtained in terms of an integral
over the mean surface, for example by using the Helmholtz integral formula. The first compre-
hensive treatise of perturbation techniques was given in the book by Bass and Fuks [Bas79].
A spectral formulation of perturbation theory, which is based on the (Ewald-Oseen) extinction
theorem [Wol73], has been developed by Garcia and Nieto-Vesperinas [Gar79, Nie81, Nie82].
In this method, the boundary conditions are expressed in a spectral representation and are then
expanded in powers of a roughness parameter. The technique is not in principle restricted to
slight roughness, but this limitation usually applies in practice. Despite their different theoret-
ical approaches, to first order all perturbation techniques yield the same result, which will be
given below. Furthermore, this result is reproduced by a number of advanced theories in the
limit of small roughness.

The geometry of the scattering process is illustrated in Fig. 6.4. The rough surface S,
represented by the profile function h � x 	 y 
 , is illuminated by a plane wave with wavevector kinc
under an angle θ. Note that kinc has no component in the y-direction. SM denotes the mean
plane of the surface which is taken to be the z � 0 plane, and dS and dSM denote infinitesimal
surface areas. The local surface normal is represented by the unit vector n̂. Usually, we are
only interested in the far field, scattered in a direction given by the wavevector ksc. ksc makes
an angle θ2 with the z-axis and an angle θ3 with the x-axis. The geometry and notation in
Fig. 6.4 will be used throughout this chapter.

In the following, we will consider the scattering of electromagnetic waves from a perfectly
conducting surface. Thus, the total electric field E of the incident and scattered waves satisfies
the boundary condition n̂ Q E �

z 4 h
� 0. Applying the boundary perturbation technique, the

boundary condition is expanded in a power series in h and substituted into an integral formula
for the electromagnetic scattering problem, for example a Stratton-Chu integral (see [Nie91]).
Assuming illumination with a plane wave of electric field amplitude êα e ikincr, where the unit
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Figure 6.4. Illustration of the scattering geometry. (a) shows a two-dimensional cross-section,
(b) a pseudo 3-D view.

vector êα represents the linear state of polarization, and specializing to the far field, the first-
order term E � 1 � of the scattered electric field is given by [Ish78, Ogi91]

E � 1 � � r 
 ! êβ
� k2e ikr

πr
Γαβ

�
SM

h � ρρρ 
 ei∆κκκρρρ d2ρ (6.11)

where
Γαβ : � êα 3 z êβ 3 z � S ẑ QÇ� k̂inc Q êα 
 T ! S ẑ QÇ� k̂sc Q êβ 
 T (6.12)

is a polarization dependent angular factor. The unit vector êβ selects the state of polarization
of the scattered wave and ẑ is a unit vector in the direction of the z-axis. The integration in
Eq. (6.11) is over the mean surface SM , where ρρρ � � x 	 y 
 is the position in the z � 0 plane. ∆κκκ
is the projection of the change in wavevector kinc � ksc, onto the z � 0 plane. For example,
assuming normal observation direction (θ2

� 0), we have ∆κκκ � k � sinθ 	 0 
 . The zeroth-order
term is simply the specularly reflected wave that would be scattered from the mean surface.
The component of E � 1 � that is parallel to the chosen state of polarization may be identified with
the scalar amplitude a that has been used throughout this work: a � E � 1 � ! êβ. The correlation
between a and the amplitude ã, scattered from a second surface with profile function h̃ � ρρρ 
 ,
yields  a � ã # αβ

� k4Γ2
αβ

π2r2

�
SM

�
SM

 h � ρρρ 
 h̃ � ρρρ � 
 # ei∆κκκ � ρρρ L � ρρρ � d2ρ d2ρ � (6.13)

where the subscripts α and β denote the states of polarization of the incident and scattered
waves, respectively. As usual, we assume that the two surfaces can be described as stationary
random processes, so that their correlation depends on the distance ∆ρρρ � ρρρ � � ρρρ, only. Thus, h � ρρρ 
 h̃ � ρρρ � 
 # � σhσh̃ chh̃ � ∆ρρρ 
 , where σh and σh̃ are the standard deviations of the profile
functions, i.e. the rms roughness, and chh̃ denotes the normalized cross-covariance function
of h and h̃. The integration in Eq. (6.13) can then be carried out over ρρρ and ∆ρρρ, where the
integration over ∆ρρρ is basically a Fourier transform. We obtain a � ã # αβ

� Aill

4πr2 8k4 Γ2
αβ Phh̃ � ∆κκκ 
 (6.14)

where Aill is the area of the mean plane of the scattering surfaces (or the area of illumination),
and Phh̃ is the cross power spectral density of the two surface profile functions, which is related
to the correlation function by the Wiener-Khintchine relation Phh̃

����� σhσh̃ chh̃ � .
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Setting h ¿ h̃, Eq. (6.14) gives the average scattered intensity in the far field: � a � 2 # αβ
� Aill

4πr2 8k4Γ2
αβPh � ∆κκκ 
 (6.15)

This equation states the well known result that for slightly rough surfaces the mean scattered
intensity is proportional to the power spectral density Ph of the surface profile function, where
the arguments are the x- and y-components of the change in wavevector. This kind of selec-
tive scattering is sometimes termed Bragg scattering. It is of great importance in the char-
acterization of technical and optical surfaces. A measurement of the bidirectional scattering
distribution function (BSDF), for example, yields the power spectrum of the surface profile
function, and a measurement of the total integrated scatter (TIS) yields the surface roughness.
An overview over technical applications of these and similar techniques can be found in the
book by Stover [Sto95].

If we abandon the assumption of perfectly conducting surfaces, the general form of Eqs.
(6.14) and (6.15) remains unchanged. Yet, the angular factor Γαβ is modified and becomes
dependent on the material properties [Val67, Ish78]. Note that there is still no coupling be-
tween material properties and surface roughness, and that no depolarization is predicted for
scattering within the azimuthal plane, i.e. Γαβ

� 0 for α i� β and θ3
� 0.

From Eqs. (6.14) and (6.15) we obtain the correlation coefficient of the scattered ampli-
tudes:

ccaã
�  a � ã # αβS  � a � 2 # αβ  � ã � 2 # αβ T 1 . 2 � Phh̃ � ∆κκκ 
S Ph � ∆κκκ 
 Ph̃ � ∆κκκ 
UT 1 . 2 (6.16)

Thus, as a final result, the correlation coefficient is given by the ratio of the cross PSD to the
geometric mean of the single PSDs of the surface profile functions, where the argument ∆κκκ
is determined by the angles of the scattering geometry and the wavelength of the light. If the
theory was valid for a specific surface, the surface changes on the corresponding scale could be
directly induced from the correlation measurement. Thus, a direct inversion of the scattering
problem would be possible. It should be repeated that the first order perturbation theory is
accurate only when the conditions kσh 1 1 and kl O 1 are met, where l is the correlation
length of the surface profile function [Che88, Ogi91]. Nevertheless, the general relation that
surface alterations on large scales are rather reflected by decorrelation in the speckle fields
scattered at small angles, and surface alterations on small scales are rather reflected in the
speckle fields scattered at large angles, remains valid for surfaces with intermediate roughness
(see Section 6.5). Since the polarization dependent angular factor Γαβ does not appear in
the final result of Eq. (6.16), first order perturbation theory does not predict a polarization
dependence of the speckle correlation. Indeed, exactly the same result is obtained from a
scalar formulation of the theory.

6.3 Kirchhoff theory

Kirchhoff theory is the most widely used theory in the study of wave scattering from rough
surfaces. It assumes a local character of the interaction of the radiation with the surface and
provides an approximation to the wave field on the surface of the scatterer. At each surface
point, the incident wave is assumed to be reflected in such a way as if the surface were an
infinite plane, parallel to the local surface tangent. Thus, the scattered field (and its normal
derivative) at the surface can be easily expressed through the incident field. The scattered
field at some distance is then obtained by an integral formula. The Kirchhoff approximation
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is exact in case of an infinite, smooth, plane scatterer, but becomes poorer with increasing
roughness. Since the surface is approximated at each point by the tangent plane, Kirchhoff
theory is also known as the tangent plane approximation or physical optics approximation.
The approach, which has been first proposed by Brekhovskikh [Bre52], has the advantage
that it leads to relatively simple analytical expressions for the scattered field amplitude. The
first comprehensive study of scattering of scalar waves from periodic and random surfaces
using Kirchhoff theory can be found in the book by Beckmann and Spizzichino [Bec63]. In
the literature, the Kirchhoff solution is often considered for scalar waves, only. Therefore,
the vector formulation of the theory, considering electromagnetic scattering from perfectly
conducting surfaces, will be derived here. The derivation follows the one given by Voronovich
[Vor99].

Consider the vector potential A of the electromagnetic field, generated by surface currents
with density j . A satisfies the Helmholtz equation� ∆ � k2 
 A � � j (6.17)

which follows immediately from Maxwell’s equations, where ∆ � ∂2
x � ∂2

y � ∂2
z is the Laplace

operator and ∂x, ∂y and ∂z denote the partial derivatives in the x-, y- and z-directions, respec-
tively. A formal solution of the Helmholtz equation can be written as

A � r 
 � � �
S L j � r � 
 G � r � r � 
 dS � (6.18)

where the integral is over the scattering surface and G is the scalar Green’s function

G � r 	 r � 
 � 1
4π � r � r � � eik � r � r L � (6.19)

For a perfectly conduction surface, the density of the surface current and the magnetic field
at the surface are related by j � � n̂ Q H . In the Kirchhoff approximation, assuming a locally
plane surface, the total magnetic field at the surface is twice the tangential component of the
incident magnetic field Hinc. The surface current is thus obtained as

j � � 2 n̂ Q Hinc (6.20)

Inserting j into Eq. (6.18) and taking the curl, the scattered magnetic field can be expressed as

H � r 
 � ∇ Q A � r 
 � 2
�

S L � n̂ � r � 
 Q Hinc � r � 
 ��Q ∇r L G � r � r � 
 dS � (6.21)

If we assume that the observation point r is in the far field, the wavevector of the scattered
wave can be written as ksc

� k r̂, where r̂ is the unit vector in the direction of observation, and
the gradient of the Green’s function may be approximated by [Ogi91]

∇r L G � r � r � 
 > � i ksc
e ikr

4πr
e
� ikscr L (6.22)

Substituting this expression into Eq. (6.21), we obtain

H � r 
 � i e ikr

2πr
ksc Q �

S L * n̂ � r � 
 Q Hinc � r � 
È, e
� ikscr L dS � (6.23)
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For an incident plane wave with electric field amplitude êα e ikincr L , were êα represents the

state of polarization, the incident magnetic field is given by Hinc � r � 
 � ¤ ε0
µ0
� k̂inc Q êα 
 e ikincr L .

Taking the curl of Eq. (6.23), the scattered electric field becomes

E � r 
 � ik e ikr

2πr
k̂sc Q _ k̂sc Q �

S L * n̂ � r � 
 QÇ� k̂inc Q êα 
 , e i � kinc
� ksc � r L dS � ` (6.24)

Applying the vector identity a Q%� b Q c 
 � b � a ! c 
 � c � a ! b 
 to the term on the right and drop-
ping terms parallel to the propagation direction ksc, we obtain

E � r 
 � � ik e ikr

2πr

�
S L * n̂ � r � 
 Q%� k̂inc Q êα 
-, e i � kinc

� ksc � r L dS � (6.25)

The local surface normal may be written as

n̂ p 1; ∂xh 2 w ∂yh 2 w 1 = 1 Ä 2 ÉÊ � ∂xh� ∂yh
1 ËÌ (6.26)

If we substitute n̂z dS � � dSM
� d2ρ in Eq. (6.25), the terms involving ∂xh and ∂yh can be

removed by performing a partial integration. Neglecting ’edge effects’ [Bec63], and selecting
a certain state of polarization, represented by êβ, we finally find the following expression for
the amplitude a of the scattered electric field

a � r 
 � E � r 
 ! êβ
� � ik e ikr

2πr
Fαβ

�
SM

e i∆κκκρρρ e i∆kz h � ρρρ � d2ρ (6.27)

where
Fαβ : � 1

∆kz
êβ
� � k̂inc Q êα 
 QÇ� kinc � ksc 
 � (6.28)

is a polarization dependent angular factor and ∆kz
� � kinc � ksc 
 z is the z-component of the

change in wavevector. Note that the integration is now over the mean plane of the surface.
The correlation between a and the amplitude ã, scattered from a second surface with profile

function h̃ � ρρρ 
 , yields a � ã # αβ
� k2F2

αβ

4π2r2

�
SM

�
SM

 e i∆kz Í h̃ � ρρρ L � � h � ρρρ �¯Î # e i∆κκκ � ρρρ L � ρρρ � d2ρ d2ρ � (6.29)

The subscripts α and β again denote the state of polarization of the incident and scattered
waves. Assuming that the surfaces can be described as stationary random processes, and that
the surface area, respectively the area of illumination Aill, is much larger than the correlation
length of the surface profile functions, Eq. (6.29) becomes a � ã # αβ

� Aill

4πr2

k2F2
αβ

π

∞�� ∞

χhh̃ � � ∆kz 	 ∆kz;∆ρρρ 
 e i∆κκκ∆ρρρ d2∆ρ (6.30)

where ∆ρρρ � ρρρ � � ρρρ and

χhh̃ � � ∆kz 	 ∆kz;∆ρρρ 
 : �  e i Í � ∆kz h � ρρρ �Ï� ∆kz h̃ � ρρρ L �¯Î # (6.31)
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is the joint characteristic function of the probability density functions of h and h̃. Note that
Eq. (6.30) is basically the Fourier transform of χhh̃. To proceed, some knowledge about the
surface statistics is required. For simplicity, we will consider surfaces with Gaussian height
distribution, only. In analogy to the results from Section 6.1.1, it might be expected that the
dependence of the correlation on the type of distribution is rather small. The joint characteristic
function then takes the form [Pap91]

χhh̃ � � ∆kz 	 ∆kz;∆ρρρ 
 � e
� ∆k2

z σhσh̃ � 1 � chh̃ � ∆ρρρ �Ï� (6.32)

If we further assume that the surfaces are ’very’ rough, i.e. ∆k2
z σ2

h Ð 1 (or σh Ð 0 0 08λ for
normal illumination and observation), contributions to the integral in Eq. (6.30) arise only
for small ∆ρρρ, when the exponential in the characteristic function is small. The correlation
function chh̃ of isotropic surfaces may then be expanded as chh̃ � ∆ρρρ 
 > chh̃ � 0 
�� 1

2
�∆ρρρ � 2c �e�

hh̃
� 0 


and Eq. (6.30) yields a � ã # αβ
� Aill

4πr2

2k2F2
αβ

∆k2
z σ2

h

�
c X X

hh̃
; 0 = � e

� � 1 � chh̃ � 0 �d� ∆k2
z σ2

h e
� K∆κκκ K 2

2∆k2
z σ2

h
K c L L

hh̃
� 0 � K (6.33)

where we have assumed equal roughness for both surfaces (σh
� σh̃). Setting h ¿ h̃, we obtain

the known result for the average scattered intensity in the far field: � a � 2 # αβ
� Aill

4πr2

2k2F2
αβ

∆k2
z σ2

h

�
c X Xh ; 0 = � e

� K∆κκκ K 2
2∆k2

z σ2
h
K c L Lh � 0 � K (6.34)

Noting that σ2
hc �e�h � 0 
 �  Ñ� ∂xh 
 2 # for isotropic surfaces [Pap91], it can be seen that the scat-

tered intensity in the large roughness approximation is proportional to the probability density
of the ’specular points’, characterized by a slope � ∂xh 	 ∂yh 
 � ∆κκκ � ∆kz. Put differently, only
surface points for which the tangent plane gives a specular reflection contribute to the scat-
tered intensity. While the above argument is based on Gaussian statistics, the result holds for
non-Gaussian surfaces, too [Yor89]. Eq. (6.34) is therefore also known as the ’geometrical
optics’ approximation. The scattered intensity does not depend on the state of polarization
because the angular factor has the property Fss

� Fpp, where the subscript ss, for example,
indicates that the electric field vector is perpendicular to the plane of incidence for both the in-
cident light and the component of the scattered light that is recorded. Furthermore, Kirchhoff
theory does not predict depolarization in the azimuthal plane (Fsp

� Fps
� 0 for θ3

� 0). This
behaviour might have been expected from the geometrical optics interpretation of the theory.

The correlation coefficient of the scattered amplitudes is given by the ratio of Eqs. (6.33)
and (6.34). To obtain a simple analytical expression, we will further specialize to surfaces
with Gaussian autocorrelation function: ch � ∆ρρρ 
 � e

� K∆ρρρ K 2. l2
. The correlation length l also de-

termines the second derivative at the origin: c �e�h � 0 
 � � 2 � l2. If we assume that the surface alter-
ations occur on the same scales as the original microstructure, i.e, if they follow the same cor-
relation function, the cross-covariance of h and h̃ is given by chh̃ � ∆ρρρ 
 � � 1 � σ2

∆h � 2σ2
h 
 ch � ∆ρρρ 
 ,

see the surface model in Section 4.2.2. The correlation of the scattered intensities then be-
comes

cci ı̃
� � ccaã

� 2 � σ4
h; σ2

h � 1
2 σ2

∆h = 2 e
� ∆k2

z σ2
∆h e

� K∆κκκ K 2
4∆k2

z

l2σ2
∆h

σ2
h � σ2

h
� 1

2 σ2
∆h � (6.35)

Due to the fact that the surface roughness is usually much larger than the surface alterations,
the first term in this equation is close to unity and might be neglected in many cases. The first
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exponential term is equal to the correlation coefficient that has been found for the model of
discrete scattering centers in Eq. (6.7). The second exponential term depends on the lateral
scales of the surface topography, and on the ratio of roughness to standard deviation of the
changes. Since the last term is equal to unity for ∆κκκ � 0, the result of the model of discrete
scatterers is reproduced by Kirchhoff theory in case of normal illumination and observation.

The initial tangent plane approximation poses restrictions on the roughness of the surface.
The regime of validity of the theory has been investigated by many researchers. By comparison
with higher order perturbation theory, Nieto-Vesperinas and Garcia [Nie81] suggest that the
Kirchhoff approximation is valid if l # λ and if σh O 0 0 05 l. Using a scalar integral equation
approach, Thorsos [Tho88] provides and exact (numerical) solution to the scattering problem
for surfaces with Gaussian height distribution, rough in one direction only. A numerical sim-
ulation technique then shows that Kirchhoff theory is valid if l # λ and if the incident grazing
angle (90 � � θ) is larger than twice the rms slope angle of the surface. An extensive study for
electromagnetic scattering has been carried by Soto-Crespo and Nieto-Vesperinas [Sot89] us-
ing a similar simulation technique. They conclude that Kirchhoff theory is accurate provided
l � 2λ and σh � l cosθ  0 0 2. In a similar study, Bruce [Bru95] arrives at somewhat less re-
strictive conditions. An experimental study, which confirms the validity of the tangent plane
approximation for l # λ and moderate angles of incidence, has been carried out by O’Donnell
and Méndez [O’Don87]. As a comprising rule of thumb, for Gaussian surfaces, Kirchhoff
theory can be considered to be valid if the wavelength of light is smaller than the correlation
length of the surface, and if the angles of incidence and scattering are far from grazing.

The Kirchhoff approximation for finitely conducting surfaces has been investigated by
Stogryn [Sto67]. In the limit of large roughness (k2σ2

h Ð 1), he found that the scattered in-
tensity remains unchanged, except for a modification of the angular factor Fαβ. An analogous
result for scalar Kirchhoff theory and imperfectly reflecting surfaces, where the local reflection
coefficient depends on the surface slope, has been derived by Parkins [Par67]. Thus, it can be
expected that the resulting speckle correlation is unaffected if we abandon the assumption of
perfectly conducting surfaces.

To illustrate the results from Kirchhoff theory concerning speckle decorrelation, some ex-
amples will be given in Figs. 6.5 and 6.6. The first figure displays the correlation coefficient
versus the standard deviation σ∆h of the changes in surface profile, calculated from Eq. (6.35)
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Figure 6.5. Correlation coefficient of the scat-
tered intensities versus standard deviation of
the profile difference for various correlation
lengths l of the surface roughness. (Kirchhoff
theory with σh p 0 q 5 λ and θ p 30 ± ).

Figure 6.6. Correlation coefficient of the scat-
tered intensities versus angle of illumination
for various correlation lengths l of the surface
roughness. (Kirchhoff theory with σh p 0 q 5 λ
and σ∆h p 0 q 05 λ).
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for various correlation lengths l of the surface profile functions. In the figure, a surface rough-
ness σh

� 0 0 5 λ, an angle of illumination θ � 30 � and normal observation θ2
� θ3

� 0 has
been assumed. It follows that ∆kz

� k � 1 � cosθ 
 and �∆κκκ �Ò� k sinθ. For small l, the correlation
coefficient is almost identical to that obtained from the model of discrete scattering centers,
which has been displayed in Fig. 6.1. For increasing l, the correlation coefficient shows an
increasing sensitivity to small changes in surface profile. The dependence of the correlation
coefficient on the angle of illumination for various correlation lengths l is depicted in Fig. 6.6.
A surface roughness σh

� 0 0 5 λ, a standard deviation of the profile alteration σ∆h
� 0 0 05 λ and

normal observation has been assumed in the figure. For angles of illumination close to normal,
the correlation values are independent of the correlation length and equivalent to the simple
result of Eq. (6.7). If the angle is increased, the correlation coefficient increases in case of
small l and decreases in case of large l. For comparison, the correlation that is predicted by
the simple model of discrete scatterers is displayed by the dashed curve.

In the limit of small correlation lengths, the correlation coefficient that is obtained from the
Kirchhoff theory coincides with that found for the simple model of discrete scattering centers.
This might be intuitively expected, because l x 0 means that the profile heights of adjacent
points on the surface are uncorrelated and may be considered as independent scatterers. The
same result is obtained in the limit of large roughness. Note, however, that Kirchhoff theory
becomes invalid for both, the limit of small l and the limit of large σh. Nevertheless, as illus-
trated in Figs. 6.5 and 6.6, even within the regime of validity of the Kirchhoff approximation,
the correlation results can become equal to those of the simple scattering model.

Recalling the correlation measurements on photoresist samples #B and #C, we realize that
these results can not be explained by Kirchhoff theory. Assuming a wavelength λ � 633 nm,
the photoresist surfaces have a correlation length l � 6 0 5 λ and l � 10 λ, respectively, and a
rms roughness σh > 0 0 5 λ each. A comparison of Figs. 4.24 and 4.26 with Fig. 6.6 reveals that
the dependence on the angle of illumination is not correctly predicted. Furthermore, Kirchhoff
theory does not predict a polarization dependence. A mismatch can also be observed for
the scattering cross-section. For example, for photoresist sample #B, the scattered intensity
decreases by a factor A 10

� 2 if the angle of illumination is increased from θ � 15 � to θ � 60 � .
On the other hand, using Eq. (6.34), a decrease by a factor A 10

� 4 is calculated from Kirchhoff
theory. However, the principle observation that a larger correlation length leads to stronger
decorrelation for an increasing illumination angle is correctly predicted by the theory.

In the above considerations we have assumed that the photoresist surfaces can be described
by a single Gaussian correlation function. With this assumption, they fall well within the
regime of validity of Kirchhoff theory. Yet, from the SFM measurements treated in Chap-
ter 4.2.2, we already know that at least two scales have to be employed to describe these
surfaces. In the above reasoning, the small scale roughness has been neglected. Correspond-
ing calculations show that the prediction of Kirchhoff theory can be improved if the two-scale
correlation function of Eq. (4.4) is used in Eqs. (6.33) and (6.34). However, the agreement is
still not satisfactory. Furthermore, the validity of the Kirchhoff approximation in case of the
two-scale correlation function is questionable.

6.4 The surface as a phase screen

If the scattering surface simply modifies the phase of an incident wave, but not its amplitude,
the surface is said to act as a ’phase screen’. In combination with this approximation, the phase
modulation is usually assumed to be proportional to the height of the surface profile. The phase
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screen model for the interaction of radiation with rough surfaces is frequently adopted when
studying the scattering from fractal surfaces [Ber79, Jak82, Jor83, Jak88].

Using a direct geometric correspondence between surface height and phase modulation,
and assuming an incident plane wave under an angle θ, the amplitude of the scattered wave in
front of the surface is taken to be of the form

a � ρρρ � 
 � e ikinc
K x � y ρρρ L � ik � 1 � cos θ � h � ρρρ L � (6.36)

where ρρρ � denotes the position in a plane directly in front of the surface and kinc
�
x 3 y is the

projection of the incident wavevector onto the z � 0 plane. When the surface undergoes an
alteration process, the phase of the reflected wave changes proportional to the change in surface
profile. This situation is in analogy to the phase changes in the model of discrete scattering
centers, see Eq. (6.5), but now for a continuous surface.

The reflected wave propagates to an observation point in the far field. Assuming an ob-
servation direction close to normal, the Fraunhofer approximation might be used to calculate
the scattered field in a plane parallel to the mean plane of the surface, and at a distance z that
is much larger than the width of the illumination area. Thus, the amplitude at a point ρρρ in the
observation plane can be calculated as [Goo68, Nie91]

a � ρρρ 
 � � ik e ikz

2πz
e i k

z
Kρρρ K 2 �

SM

a � ρρρ � 
 e
� i k

z ρρρρρρ L d2ρ � (6.37)

For small ρρρ, the projection of the scattered wavevector onto the z � 0 plane can be approxi-

mated by ksc
�
x 3 y > k

z ρρρ. Thus, substituting Eq. (6.36) into Eq. (6.37), we obtain

a � ρρρ 
 � � ik e ikz

2πz
e i k

z
Kρρρ K 2 �

SM

e i∆κκκρρρ L e � ik � 1 � cos θ � h � ρρρ L � d2ρ � (6.38)

where ∆κκκ � � kinc � ksc 
 � x 3 y again denotes the projection of the change in wavevector onto the
z � 0 plane. With the additional approximation ∆kz

� � k � cosθ � cosθ2 
 > � k � cosθ � 1 

for the z-component of the change in wavevector, which is correct to first order in �ρρρ � � z, the
scattered amplitude in Eq. (6.38) becomes equal to the one obtained from Kirchhoff theory in
Eq. (6.27), except for the angular factor F and an unimportant phase factor.

Since the angular factor does not affect the correlation coefficient of the amplitudes scat-
tered from a pair of surfaces, we conclude that the phase screen model predicts equal corre-
lation results as Kirchhoff theory. Of course, as a scalar approach, the phase screen model
can not account for any polarization dependence. Note that the analysis has been restricted
to observation directions close to normal. Although a respective publication is not known to
the author, it seems likely that the analogy between the phase screen model and the Kirchhoff
approximation for normal observation has been pointed out before.

6.5 Two-scale model

The two classical approaches to the problem of wave scattering from random rough surfaces –
the small perturbation method and Kirchhoff theory – pose different restrictions on the surface
roughness. While the former is applicable to rather small roughness at almost arbitrary scales,
the latter is suited for almost any amount of roughness, provided the lateral scales greatly
exceed the wavelength of the light. However, in practice many surfaces do not satisfy either of
these requirements.
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SlS
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SMhl

Figure 6.7. Model of a surface with two scales of roughness.

In this section, we will consider surfaces that contain roughness components on two inde-
pendent scales. As illustrated in Fig. 6.7, the surface is modelled as a high-frequency rough-
ness of small amplitude superimposed on a low-frequency roughness of larger amplitude. The
surface profile function can be expressed as

h � ρρρ 
 � hl � ρρρ 
�� hs � ρρρ 
 (6.39)

where hl represents the large-scale roughness, hs represents the small-scale roughness and ρρρ
denotes the position on the mean plane SM of the surface. Both components are assumed to be
independent Gaussian processes with zero mean. In the two-scale approach, a modified pertur-
bation technique is used to describe scattering from the high-frequency roughness hs, with the
zeroth-order solution being given by the Kirchhoff solution for the low-frequency component
hl . The usual restrictions therefore apply to the amount of roughness σhs of the small-scale
roughness, and to the correlation length ll of the slowly varying component. Nevertheless, the
range of surface roughness to which the two-scale approach is applicable is extended compared
to the two classical theories.

Two-scale models have been employed primarily to study the scattering of acoustic and
radar waves at the sea surface. In a simple variation, a composite roughness model has been
applied to the scattering problem for the first time by Kur’yanov [Kur63]. The perturbation
method is modified to allow the small-scale surface to be tilted due to the large-scale com-
ponent, thus affecting the angle of incidence. The perturbation result is then averaged over
the slope angles of the the large-scale roughness. A similar approach has been followed, for
example, by Bachmann [Bac73]. More rigorous approaches to the two-scale problem, com-
bining perturbation theory with the Kirchhoff approximation, have been provided by Brown
[Bro78] for electromagnetic waves, and by McDaniel and Gorman [McDan82, McDan83] for
scalar wave scattering. The regime of validity of the two-scale approach has been investigated
in a numerical simulation by Fung and Chen [Fun85]. By comparison with exact (numerical)
solutions from an integral equation technique, they show that the results from the two-scale
model are accurate, provided the two individual roughness components satisfy the restrictions
of Kirchhoff theory and the small perturbation method, respectively.

In Section 6.5.1, we will apply an electromagnetic boundary perturbation theory of Bur-
rows [Bur67] to obtain an expression for the first order perturbation term of the scattered field.
It will then be combined with the zeroth-order Kirchhoff solution that has been found in Sec-
tion 6.3. This procedure has already been used by Brown [Bro78] to calculate the backscat-
tering cross-section of radar waves from the sea surface. We will first extend the theory to
arbitrary angles of illumination and observation, and then calculate the correlation coefficient
of two light fields scattered from two different surfaces. In Section 6.5.2, the results will be
compared to the correlation measurements on the photoresist samples with similar surface
microstructure, which have been presented in Chapter 4.2.3.
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6.5.1 Theory

According to Burrows, the first-order perturbation term E � 1 � of the scattered electric field from
a perfectly conducting scatterer is given by [Bur67, Eq.(21)] (see also [Bur73])

E � 1 � � r 
 ! êβ
� k2 e ikr

4πε0r

�
S Ll * ε0 E � r � 
 E � � r � 
�� µ0 H � r � 
 H � � r � 
-, hs � r � 
 dS �l (6.40)

where the electric and magnetic fields E and H are solutions for the unperturbed surface Sl

when it is illuminated with an incident plane wave of electric field Einc
� êα e ikincr, êα denot-

ing the state of polarization. The primed fields E � and H � are the solutions for the unperturbed
surface when the incident field has the form E �inc

� êβ e
� ikscr, i.e., when the surface is illumi-

nated from the direction of observation with a plane wave of polarization êβ. The integration
in Eq. (6.40) is over the ’unperturbed’ large scale surface Sl

To obtain the unperturbed field solutions at the large-scale surface, the Kirchhoff or tangent
plane approximation is used. Thus, for a perfectly conducting scatterer, the total magnetic field
at the surface is twice the tangential component of the incident magnetic field Hinc, and the
total electric field at the surface is twice the normal component of the incident electric field
Einc. Eq. (6.40) then becomes

E � 1 � � r 
 ! êβ
� k2 e ikr

πε0r

�
S Ll * ε0 � n̂ ! Einc 
 � n̂ ! E �inc 
�� µ0 � n̂ Q Hinc 
 � n̂ Q H �inc 
 , hs � r � 
 dS �l (6.41)

The incident magnetic fields are related to the incident electric fields by Maxwells equations,

for example, H �inc � r � 
 � � ¤ ε0
µ0
� k̂sc Q êβ 
 e � ikscr L . Substituting the incident fields into Eq. (6.41)

and transferring the integration to the mean plane SM of the surface, the amplitude a � 1 � of the
selected polarization component of the first-order perturbation term becomes

a � 1 � � r 
 � E � 1 � � r 
 ! êβ
� k2 e ikr

πr

�
S LMΓαβ � ∂xhl 	 ∂yhl 
 hs � ρρρ � 
 e i Í∆kzhl � ρρρ L �Ï� ∆κκκρρρ L Î d2ρ � (6.42)

where

Γαβ � ∂xhl 	 ∂yhl 
 : � * � n̂ ! êα 
 � n̂ ! êβ 
 � S n̂ QÇ� k̂inc Q êα 
 T ! S n̂ Q%� k̂sc Q êβ 
 To,� ∂xh2
l � ∂yh2

l � 1 
 � 1
2

(6.43)

is a polarization dependent angular factor, which now also depends on the slope of the large
scale-surface. Note that, in case of vanishing large-scale roughness (hl x 0), Eq. (6.42) re-
duces to the first-order term of ordinary perturbation theory (Eq. (6.11)).

The total amplitude of the scattered field in the two-scale model is given by a � a � 0 � � a � 1 � ,
where the zeroth-order term a � 0 � is given by the Kirchhoff solution in Eq. (6.27) with h replaced
by hl. Since hl and hs are independent zero mean processes, the correlation between a and
the amplitude ã, scattered from a second surface with profile function h̃ � h̃l � h̃s, simply
becomes  a � ã # �  a � 0 � � ã � 0 � # �  a � 1 � � ã � 1 � # . The first term of zeroth-order has already
been calculated in Section 6.3. Assuming that the surfaces can be described as stationary
processes and the area of illumination is much larger than the correlation length of the large-
scale roughness, the first-order perturbation term of the correlation becomes a � 1 � � ã � 1 � # αβ

�
Aill k4

π2r2

∞�� ∞

 Γαβ � ∂xhl 	 ∂yhl 
 Γαβ � ∂xh̃l 	 ∂yh̃l 
 e i∆kz Í h̃l � ρρρ � ∆ρρρ � � hl � ρρρ �ÓÎ # σhsσh̃s
chsh̃s

� ∆ρρρ 
 e i∆κκκ∆ρρρ d2∆ρ

(6.44)
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Stated in words, the first order correlation term is given by the Fourier transform of the prod-
uct of the  R!Ô# term with the cross-correlation function σhsσh̃s

chsh̃s
of the small-scale sur-

faces, and hence, is equal to the convolution of the respective transforms. The transform
of the latter is simply the cross power spectrum Phsh̃s

. The transform of a function having
the same form as  Õ!# has been derived by Stogryn in Ref. [Sto67]. In a large roughness
approximation (here: ∆k2

z σ2
hl Ð 1), he showed that terms of the form f � ∂xhl 	 ∂yhl 
 might be

extracted from the ensemble average  "!$# and the transform, with the argument replaced by� ∂xhl 	 ∂yhl 
 � ∆κκκ � ∆kz. This result may be understood on the basis of the geometrical optics
interpretation of Kirchhoff theory in case of large roughness: only surface points with gradient
∆κκκ � ∆kz give a specular reflection and contribute significantly to the scattered amplitude. Ex-
tracting angular factors Γαβ, the  �!Y# term in Eq. (6.44) is just the joint characteristic function
χhl h̃l

� ∆ρρρ 
 of the two large-scale surfaces. The first-order correlation term then becomes a � 1 � � ã � 1 � # αβ
� Aill

4πr2 2k4
∞�� ∞

Γ2
αβ � ∆κκκ � κκκ

∆kz 
 ��� χhl h̃l
�Ö� ∆κκκ � κκκ 
 Phsh̃s

� κκκ 
 d2κ (6.45)

The mean intensity scattered from a single surface can be obtained by setting h̃ ¿ h. Eq. (6.45)
then states that the angular distribution of the first-order scattered intensity, which is due to
the small scale roughness and proportional to the power spectrum Phs , is broadened by the
convolution with a term determined by the slope angles of the large scale roughness. Similar
convolution expressions, specialized to the scattering cross-section in backscattering direction,
have been obtained by other researchers by employing different theoretical approaches to the
composite surface scattering problem [Bro78, Bah81b, McDan83, Bah85, Rod89].

The Fourier transform of the joint characteristic function χhl h̃l
of the large-scale rough-

ness has already been calculated in Section 6.3 using the large roughness approximation
∆k2

z σ2
hl Ð 1. To proceed, we assume that the small-scale roughness has a Gaussian correla-

tion function with correlation length ls. The cross-power spectrum of the small-scale surfaces
is then given by

Phsh̃s
� ∆κκκ 
 � � σ2

hs � 1
2

σ2
∆hs 
 l2

s

2
e
� l2

s
4
K∆κκκ K 2 (6.46)

where σhs is the roughness of the small-scale component (assumed to be equal for both sur-
faces), and σ∆hs is the standard deviation of the profile difference on the small scale. In order
to obtain an analytic solution, we make the additional approximation Γαβ > Γαβ � 0 
 . The first
order correlation term can then be obtained from Eq. (6.45) in a straightforward calculation.
When combined with the zeroth-order correlation term, which can be taken from Eq. (6.33),
the correlation of the scattered amplitudes finally becomes a � ã # αβ

� Aill

4πr2 e
� � 1 � chl h̃l

� 0 �d� ∆k2
z σ2

hl � 4F2
αβ

γ
e
� K∆κκκ K 2

γ k2 � 16Γ2
αβ � 0 
 k4 ; σ2

hs
� 1

2 σ2
∆hs
= 2 l2

s

4 w γ k2l2
s

e
� l2

s
K∆κκκ K 2

4 � γ k2l2
s
�

(6.47)
where γ � 2k

� 2∆k2
z σ2

hl

� c �e�
hl h̃l
� 0 
 � is a constant proportional to the rms slope angle of the large-

scale roughness.
As usual, the average scattered intensity is obtained by setting h̃ ¿ h. It is illustrated in

Fig. 6.8 for the choice of surface parameters ll
� 4 µm, σhl

� 0 0 35 µm, ls � 0 0 6 µm and σhs
�

0 0 04 µm, as they have been obtained for photoresist sample #B in Section 4.2.2. In the figure,
normal observation direction, wavelength λ � 633 nm and s-polarization have been assumed.
For small angles of illumination, the total scattered intensity is mainly determined by the
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Figure 6.8. Scattering cross-section versus angle of illumination for a surface with two scales
of roughness under normal observation. The scattered intensity (solid line) is the sum of the
unperturbed solution from Kirchhoff theory (zeroth-order term, dashed line) and a contri-
bution of the small-scale roughness from perturbation theory (first-order term, dotted line).

Kirchhoff solution (the first term within the rectangular brackets in Eq. (6.47)), for large angles
it is mainly determined by the Bragg scattering process due to the small-scale roughness (the
second term in Eq. (6.47)). The correlation coefficient of the scattered intensities is given by
the squared modulus of Eq. (6.47), normalized to the square of the mean intensity. Analogous
to the scattering cross-section, for small angles of illumination the correlation is dominated by
changes in the large-scale roughness, and for large angles of illumination it is dominated by
changes in the small-scale roughness.

For normal observation direction, the angular factors Fαβ and Γαβ in Eq. (6.47) are given
by Fss

� Fpp
� 1, Γss � 0 
 � cosθ and Γpp � 0 
 � 1. Due to the difference between Γss and Γpp,

the two-scale model predicts a polarization dependence of the scattered intensity and the
correlation coefficient. Assuming a stronger decorrelation in the Bragg scattering regime,
for θ # 0, the decorrelation of the total intensity will be stronger for p-polarization (of the
incident and scattered waves) than for s-polarization. Note that, in the approximation of
Eq. (6.47), the composite roughness model does not predict depolarization in the azimuthal
plane (Fsp

� Fps
� Γsp � 0 
 � Γps � 0 
 � 0 for θ3

� 0). Yet, a small amount of depolarization is
predicted from Eq. (6.45) for the first order term because in general Γsp i� 0.

In the above discussion, we have assumed that the surface roughness can be naturally
divided into two scales. In practice, it is usually not obvious which component of the sur-
face microstructure should belong to which scale. A possible method to divide the surface
roughness, is to choose a splitting frequency νd in the power spectrum, where the large-scale
roughness comprises contributions from frequencies �ννν � O νd and the small-scale roughness
comprises contributions from frequencies �ννν � # νd . A shortcoming of the two-scale model is
that the division is somewhat arbitrary and the results principally depend on the parameter of
the scale division.

6.5.2 Application to photoresist surfaces

To calculate the correlation of the scattered intensities in the two-scale approach for photoresist
samples #B and #C, we will initially use the two-scale Gaussian surface model that has been
introduced in Section 4.2.2. Both scales are assumed to follow Gaussian correlation functions
with 1� e-correlation length ll for the low-frequency component and correlation length ls for the
high-frequency component. Additionally, the surface alterations are assumed to occur on the
same scales as the original microstructure. Thus, for the large-scale roughness, for example,
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we have chl � ∆ρρρ 
 � e
� K∆ρρρ K 2 . l2

l and chl h̃l
� ∆ρρρ 
 � � 1 � σ2

∆hl
� 2σ2

hl 
 chl � ∆ρρρ 
 . The SFM measurement
on photoresist sample #B yielded the scale parameters ll

� 4 0 05 µm and ls � 0 0 6 µm, and
the roughness parameters σhl

� 346 nm and σhs
� 40 nm. Concentrating on the difference

between the two surface realizations at positions 3 and 4, the standard deviations of the profile
difference were estimated to σ∆hl

� 12 nm and σ∆hs
� 41 nm for the large-scale and small-

scale roughness, respectively. In the following, we will use a large-scale profile difference
σ∆hl

� 10 nm, which is well within the experimental uncertainty. Although the difference
is rather small, it leads to a slightly better match of the predicted and measured correlation
values. Recall that only a very small portion of the surface area has been recorded by the SFM
measurements, and that there are considerable lateral variations of the experimental correlation
values. All other parameters are adopted directly from the SFM measurements.

The assumption of two Gaussian scales allows a completely analytical calculation of the
correlation of the scattered intensities. The correlation coefficient cci ı̃

�V�  a � ã #×�Ø � a � 2 # � 2
is given by the squared modulus of the ratio of Eq. (6.47) to the mean intensity (Eq. (6.47)
with σ2

∆hs

� σ2
∆hl

� 0). In the usual geometry of Digital Speckle Correlation, using normal
observation direction, the geometrical parameters in Eq. (6.47) become ∆kz

� k � 1 � cosθ 
 and�∆κκκ �Ù� k sinθ. The correlation values that result from the above surface parameters are de-
picted in Fig. 6.9 versus the angle of illumination for four different wavelengths and for two
states of polarization. The solid lines represent s-polarization (for both the incident and scat-
tered light) and the dashed lines represent p-polarization. The theoretical results are compared
to the experimentally determined correlation values, depicted by the symbols of corresponding
colour, which have already been presented in Fig. 4.24(b). It can be seen that the general de-
pendence of the correlation coefficient on the angle of illumination is correctly calculated with
the two-scale model. Furthermore, the two-scale approach predicts a stronger decorrelation for
p-polarization than for s-polarization. The difference has the correct order of magnitude but
is slightly larger than the experimentally observed difference. While the agreement between
theoretical prediction and experimental data is good for λ � 852 nm and λ � 633 nm, the cor-
relation is slightly overestimated for λ � 532 nm and λ � 488 nm, with increasing deviation
for increasing angles of illumination.
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Figure 6.9. Comparison of experimental correlation values and the prediction by the two-scale
model for photoresist sample #B, using a partition of the roughness into two Gaussian
scales. For four different wavelengths, the solid and dashed lines depict the theoretical
prediction of the correlation coefficient for s-polarization and p-polarization, respectively.
The experimental results are shown by the symbols of corresponding colour.
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Figure 6.10. Scattered intensity versus angle of illumination for photoresist sample #B, using
a partition of the roughness into two Gaussian scales. Comparison of experimental data
(symbols) and the prediction by the two-scale model (lines) for two wavelengths and two
states of polarization.

Fig. 6.10 shows the scattering cross-section for two different wavelengths and two states
of polarization. The theoretical predictions (lines), calculated from Eq. (6.47) with h ¿ h̃ and
the above surface parameters for sample #B, are compared to experimental data (symbols).
All values have been normalized to unity at θ � 16 � , which has been the smallest angle of
illumination in the experiments. The general dependence of the scattering cross-section on the
angle of illumination is correctly predicted. However, the difference between the two states of
polarization is larger than experimentally observed.

We now abandon the assumption that the angular factor Γαβ is constant and can be approx-
imated by its value Γαβ � 0 
 for a smooth surface, which has made possible a completely analyt-
ical solution of the first order perturbation term. The following correlation and intensity values
are based on a numerical evaluation of Eq. (6.45), where the angular factor is calculated from
its definition in Eq. (6.43). Using an analytical expression for the Fourier transform of the joint
characteristic function χhh̃ of the large-scale roughness, which has already been determined in
Section 6.3, confer Eq. (6.33), the numerical integration in Eq. (6.45) is straightforward. As
before, the zeroth-order Kirchhoff term has to be added to the result to obtain the correlation a � ã # of the total amplitudes. Again, the average scattered intensity  � a � 2 # is obtained by
setting h ¿ h̃ and the correlation coefficient is given by the squared modulus of the amplitude
correlation, normalized by the square of the mean intensity.

The correlation coefficient that is predicted when the variation of the angular factor Γαβ
with the slope of the large-scale surface is taken into account is displayed in Fig. 6.11. For
the calculation, a two-scale Gaussian surface and the same roughness parameters as in Fig. 6.9
have been assumed. The agreement of the predicted correlation coefficient to the experimental
correlation data, which are repeated in the figure for comparison, is similar as for the assump-
tion of constant Γαβ (Fig. 6.9). The overestimation for short wavelength is hardly corrected.
However, the calculated correlation for s-polarization is slightly lower, yielding a better match
to the experimental data. The difference in correlation between the two states of polarization is
now correctly predicted for moderate angles of illumination. This is also reflected by a correct
prediction of depolarization. The depolarization coefficient ρ is defined as the ratio of cross- to
copolarized intensity of the scattered field: ρ : �  � a � 2 # sp �) � a � 2 # ss. In Fig. 6.12, ρ, as cal-
culated from the two-scale approach, is compared to experimental data for two wavelengths.
For θ O 40 � , the depolarization coefficient remains below 0.002, which is in agreement to the
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Figure 6.11. Comparison of experimental corre-
lation values and the prediction by the two-
scale model for photoresist sample #B. Same as
Fig. 6.9, except that a local variation of the angu-
lar factor Γαβ has been taken into account.

Figure 6.12. Depolarization of the scattered
intensity versus angle of illumination for
photoresist sample #B. Comparison of the
prediction by the two-scale model and ex-
perimental data for two wavelength.

prediction within the experimental uncertainty. The underestimation of the depolarization for
large θ can be attributed to multiple scattering, which is not taken into account in the two-scale
model.

Up to now, the surface roughness has always been divided into two Gaussian scales. Recall
that the theory of the two-scale approach poses certain restrictions on the roughness of the in-
dividual scales. These restrictions depend on the wavelength and – using a fixed scale division
– are not matched equally well for light of different wavelengths. For example, decreasing the
wavelength increases the relative roughness of the small-scale component and thus decreases
the accuracy of the perturbation result. For photoresist sample #B, the roughness parameter
k2σ2

hs
of the small-scale component varies from 0.087 (λ � 852 nm) to 0.265 (λ � 488 nm)

over the used range of wavelengths. Accordingly, for θ � 0, the ratio  � a � 1 � � 2 #��Û � a � 0 � � 2 #
of the scattered intensities in first and zeroth order increases from 0.13 for λ � 852 nm to 0.68
for λ � 488nm. In the latter case, the first-order intensity is almost as large as the zeroth-order
intensity and it can be concluded that the perturbation approach is not applicable for short
wavelengths. On the other hand, the Kirchhoff approximation for scattering from the large-
scale surface becomes more accurate when the wavelength is decreased. However, since the
correlation length of the large-scale roughness of photoresist sample #B is given by ll

� 4 µm,
the requirement λ  ll is well matched for all wavelengths used in the experiment.

In the following, we will use a different approach to realize the scale division. The total
surface roughness is still assumed to be composed of two Gaussian scales. Therefore, the
power spectral density Ph of the surface profile function is the sum of two Gaussian functions
and takes the form of Eq. (4.5). We now choose a splitting frequency νd and assume that the
large-scale roughness comprises all contributions from frequencies �ννν � O νd , and the small-
scale roughness comprises all contributions from frequencies �ννν � # νd . The splitting frequency
can be chosen according to the used wavelength. The same splitting scheme will be applied
to the PSD P∆h of the profile difference of two surfaces, and to the cross PSD Phh̃, confer
Eq. (4.6). This form of scale division does not allow a completely analytical solution of the
two-scale approach. Thus, the correlation of the scattered amplitudes and the mean intensity
have to be calculated from Eq. (6.45). The cross PSD of the small-scale roughness is simply
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the truncated cross PSD of the total roughness: Phsh̃s
� Phh̃

� Kννν K M νd
. For the Fourier transform of

the joint characteristic function χhl h̃l
of the large-scale roughness we can still use the analytic

result of Section 6.3. However, the second derivative c �e�
hl h̃l
� 0 
 of the correlation function at the

origin has to be determined numerically from the Fourier transform of the truncated cross PSD
Phl h̃l

� Phh̃
� Kννν K ? νd

. When evaluating Eq. (6.45), the correct form of the angular factor Γαβ can
be taken into account.

With regard to the photoresist surfaces, a good compromise seems to choose the splitting
frequency as νd

� � 6λ 
 � 1. For sample #B, the roughness parameter k2σ2
hs

then increases
from 0.088 to 0.175 for a decrease in wavelength from 852 nm to 488 nm. The ratio of the
scattered intensities in first and zeroth order varies from 0.13 to 0.36. The correlation values
that are predicted for sample #B with this form of scale division are depicted in Fig. 6.13. The
figure generally shows a very good agreement between the prediction and the experimental
correlation data. For angles of illumination θ  40 � , the deviation remains below a few percent
in correlation for all wavelengths and both states of polarization. The slight mismatch for
larger angles and correlation values below cci ı̃ > 0 0 25 can be attributed to multiple scattering
effects and to deviations from Gaussian surface statistics. In analogy to the model of discrete
scattering centers, the latter must be expected to take effect for small correlation values. A
good agreement between experimental data and the prediction by the two-scale model, using
the frequency splitting scheme with νd

� 1 � 6λ, can also be observed for the scattering cross-
section. Fig. 6.14 displays the scattered intensity, normalized to unity at θ � 16 � , versus the
angle of illumination for photoresist sample #B. Over the experimentally investigated range,
the scattering cross-section is correctly predicted for λ � 633nm and λ � 532nm, and for both
states of polarization.

The effect of the scale division parameter νd on the predicted correlation coefficient is
illustrated in Figs. 6.15 and 6.16. For these figures, the splitting frequency has been chosen as
νd
� � 8λ 
 � 1 and νd

� � 4λ 
 � 1, respectively. Though the predicted correlation values differ by
up to 0.05, the general agreement with the experimental data remains unaffected. Furthermore,
the scattering cross-section for the photoresist surfaces is hardly affected by a variation of the
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Figure 6.13. Comparison of experimental corre-
lation values and the prediction by the two-
scale model for photoresist sample #B. Same
as Fig. 6.11, except that the scale division has
been realized by a partition of the power spec-
trum using a splitting frequency νd p 1 t 6λ.

Figure 6.14. Scattered intensity versus angle
of illumination for photoresist sample #B.
Same as Fig. 6.10, except that the scale di-
vision has been realized by a partition of the
power spectrum using a splitting frequency
νd p 1 t 6λ.
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Figure 6.15. Comparison of experimental cor-
relation values and the prediction by the two-
scale model for photoresist sample #B. Same
as Fig. 6.11, except that the scale division has
been realized by a partition of the power spec-
trum using a splitting frequency νd p 1 t 8λ.

Figure 6.16. Comparison of experimental cor-
relation values and the prediction by the two-
scale model for photoresist sample #B. Same
as Fig. 6.11, except that the scale division has
been realized by a partition of the power spec-
trum using a splitting frequency νd p 1 t 4λ.

splitting frequency. Yet, for νd
� 1 � 8λ, the roughness parameter k2σ2

hs
of the small-scale

roughness varies from 0.16 to 0.28, with a corresponding variation of the ratio of the scattered
intensities in first and zeroth order from 0.32 to 0.78 (for θ � 0). In this case, the applicability
of the perturbation approach to the scattering from the small-scale roughness is questionable.
For a discussion of the parameter of scale division see also Ref. [Bro78].

Up to now, we have assumed a PSD of the surface roughness that is a superposition of two
Gaussian scales, where the parameters have been extracted from the SFM measurement on the
photoresist surfaces. Instead, it is also possible to directly use the experimentally determined
power spectra in the two-scale model. The power spectrum of the surface profile of photoresist
sample #B and the power spectrum of the profile difference between the surface realizations at
position 3 and 4 are displayed in Figs. 4.15 and 4.16. If these power spectra are employed for a
numerical evaluation of Eq. (6.45), using a scale division with splitting frequency νd

� � 6λ 
 � 1,
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Figure 6.17. Comparison of experimental correlation values and the prediction by the two-scale
model for photoresist sample #B. Same as Fig. 6.13, but here the experimentally determined
power spectra have been used – instead of a model with two Gaussian scales – to estimate
the PSD. The splitting frequency for the partition of the two scales is νd p 1 t 6λ.
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Figure 6.18. Comparison of experimental correlation values and the prediction by the two-
scale model for photoresist sample #C. The scale division is realized by a partition of the
power spectrum using a splitting frequency νd p 1 t 6λ. For four different wavelengths, the
solid and dashed lines show the theoretical prediction of the correlation coefficient for s-
polarization and p-polarization, respectively. The experimental results are depicted by the
symbols of corresponding colour.

we obtain correlation values that are depicted in Fig. 6.17. Again, for angles of illumination
θ O 40 � , the deviation from the experimental data is quite small. For larger angles, the the-
oretical prediction is falsified by artifacts due to the limited area of the SFM measurement.
However, regarding the small portion of the total surface area that has been recorded by the
SFM measurement, the agreement is much better than it could be expected.

The predictions of the two-scale scattering model have also been calculated for photoresist
sample #C. An example is shown in Fig. 6.18. Again, a surface model with a superposition of
two scales of roughness with Gaussian autocorrelation function has been assumed. The para-
meters of the two scales, regarding a comparison of the surface realizations at position 2 and 4,
are taken from the SFM measurement as ll

� 6 0 5µm, σhl
� 292nm, σ∆hl

� 18nm, ls � 0 0 7µm,
σhs

� 17 nm and σ∆hs
� 19 nm – see Chapter 4.2.2. The corresponding power spectra are then

parted by a splitting frequency νd
� 1 � 6λ. Fig. 6.18 reveals a reasonably good agreement

between the predicted correlation coefficient and the experimental data. Again, the residual
mismatch is more pronounced for large angles of illumination and small correlation values.
A similar agreement can also be found for the scattering cross-section. Due to the reduced
roughness, the choice of the parameter of scale division is even less critical than for sample
#B. For νd

� 1 � 6λ, the maximum of the roughness parameter for the small-scale component is
k2σ2

hs
� 0 0 028, and a variation of the splitting frequency does not lead to a significant change

of the predicted correlation values.

Summarizing, it can be stated that the two-scale approach is well suited to describe the
scattering from the photoresist samples. With surface parameters that are taken from the SFM
measurements, the scattering cross-section and the correlation values are correctly predicted.
Taking into account the limitations of the SFM measurement, and regarding the lateral varia-
tion of the measured correlation values, the remaining mismatch is well within the experimen-
tal uncertainty.
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6.6 Further considerations and concluding remarks

The classical scattering theories and the two-scale model describe the scattering from a group
of surfaces which are encountered in many interesting and technically relevant applications.
Yet, there are also a number of technical and natural surfaces to which none of the scattering
theories that have been treated in this chapter is applicable. For example, all theories pose
certain restrictions on the surface roughness. Furthermore, we have always assumed pure
surface scattering and a boundary that consists of a homogeneous material.

In all theoretical approaches, we have also assumed perfectly conducting surfaces. Re-
garding the photoresist surfaces, which are coated with a thin film of gold, this is a good
approximation for wavelength λ � 852 nm, but certainly less accurate for λ � 488 nm. For
example, the reflection R � θ � 0 
 of gold for normal incidence is R � 0 0 98 for λ � 850 nm, but
R � 0 0 45 for λ � 500 nm [Schul54, CRC98]. However, if the properties of finitely conducting
surfaces are taken into account, the correlation results predicted by Kirchhoff theory and the
small perturbation method remain essentially unchanged, because the material properties only
affect the angular factors Fαβ and Γαβ [Sto67, Val67]. For the two-scale model, where the
correlation coefficient depends on the ratio of both angular factors, minor modifications can
be expected.

Several different approaches have been developed to extend the range of applicability of
the classical theories. For example, a correction function that accounts for shadowing can
be incorporated into Kirchhoff theory and the two-scale model [San69, Bro78]. However, it
only becomes important for illumination or observation directions close to grazing [Bro80].
An improvement of Kirchhoff theory, which takes into account the local radius of curvature
when approximating the surface field, has been proposed by Faure-Geors and Maystre [Fau89,
Fau90]. The range of applicability of the perturbation method can be extended by retaining
terms of higher order [Nie81].

There are alternative approaches to the electromagnetic scattering problem that are partly
less restrictive concerning the surface roughness than the classical theories. They include
the ’full-wave’ method [Bah78, Bah81a, Bah87], the ’phase-perturbation’ technique [Win85],
the ’small momentum transfer’ approximation [Rod89], or the ’small slope approximation’
[Vor99]. There are also a number of techniques which include effects of multiple scattering
– for an overview see Refs. [DeSan86, Ogi91]. Principally, all these techniques can also be
employed to calculate the correlation coefficient of the amplitudes scattered from two surfaces.
However, they remain predominantly formal and are not readily applied to a specific problem.

The dependence of the scattering cross-section on the surface parameters for surfaces of
arbitrary roughness can be determined by numerical simulation techniques. With these tech-
niques, a set of surface profile functions according to the specified roughness are generated in a
computer simulation. The scattered intensities are then calculated by rigorous numerical solu-
tions of the integral equation describing the scattering problem [Sai90, Kle91, Nie91, Ogi91].
A variation of parameters provides the required relationships. Such techniques have been
applied, for example, to establish the regime of validity of the classical scattering theories
[Fun85, Tho88, Che88, Sot89]. A similar procedure may also be adopted to determine the
relationships between the parameters of a surface process and the corresponding speckle cor-
relation. However, the numerical simulation techniques are very demanding concerning cal-
culation time and have mainly been restricted to surfaces which are rough in one dimension
only. With such a restriction, the method can not account for depolarization effects. For an
extension of the numerical simulation techniques to surfaces with two dimensional roughness
see Refs. [Pak97, Sai99].
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For surfaces satisfying the restrictions of the classical scattering theories or the two-scale
model, the relationships between the speckle correlation and the parameters of the underlying
changes in the microprofile have been developed in Sections 6.2 to 6.5. These relationships
also allow an inversion, i.e., the extraction of parameters of the surface process from given
correlation data. However, some knowledge about the roughness of the surface is usually re-
quired. For example, if the Kirchhoff approximation is valid to describe the scattering process,
and if the rms surface roughness σh and the correlation length l are known, the standard devia-
tion σ∆h in profile difference can be calculated from an inversion of Eq. (6.35), confer Fig. 6.5.
On the other hand, if l is not known, the speckle correlation can be measured under different
angles of illumination to obtain information about σ∆h and l.

The applicability of a specific scattering theory can be verified from the scattering cross-
section. If the dependence of the scattered intensity on the experimental parameters is cor-
rectly predicted, it can be assumed that the theory also yields the correct relationships between
the speckle decorrelation and the surface changes. In case of ’reasonably’ rough surfaces
(4k2σ2

h Ð 1) and angles of illumination close to normal, the results from Kirchhoff theory
and the two-scale model are approximated by the results from the model of discrete scatter-
ing centers. For Kirchhoff theory and θ � 0, this approximation becomes exact. In this case,
the standard deviation σ∆h of the surface profile difference might simply be estimated from
Eq. (6.7).

6.7 Temporal correlation of surface processes

When a surface process is observed with DSC, a series of speckle images is usually recorded
and digitally stored. In this section, we will show how the possibility to correlate arbitrary
pairs of speckle images after the experiment has been finished can be used to gain information
about the temporal correlation of the surface process. In the following, it will be assumed that
one of the above scattering theories is applicable, and that the standard deviation σ∆h of the
profile difference between two surface states can be determined from the correlation of the
corresponding speckle images.

Consider a continuous surface process from which a series of N � 1 speckle images is
recorded. The images are numbered from 0 to N and subsequent images are separated by a
time interval ∆t. Now, the whole process can be regarded as consisting of N discrete steps.
For example, the third step comprises the microstructure changes between images 2 and 3, or
respectively, between time t � 2∆t and t � 3∆t. Let σk denote the standard deviation σ∆h of the
profile changes in step k (omitting the subscript ∆h for convenience). In case of a composite
rough surface, σk may also denote the profile changes σ∆hl of the large-scale component or the
profile changes σ∆hs of the small-scale component.

For simplicity, we will initially restrict the discussion to two steps (three images). The
standard deviation σ12 of the profile changes comprising the first two steps is given by

σ2
12
� σ2

1 � σ2
2 � r12 σ1σ2 (6.48)

where r12 represents the correlation coefficient between the profile changes in steps 1 and
2. A large value of r12 implies that the profile difference ∆h1 between the surface states
corresponding to images 0 and 1 and the profile difference ∆h2 between the surface states
corresponding to images 1 and 2 are similar, i.e., the profile changes occur largely at the same
microscopic locations. In the limiting case r12

� 1, we obtain ∆h1
� ∆h2. Since σ12 can be
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determined from a comparison of images 1 and 3, the correlation coefficient r12 is calculated
from Eq. (6.48) as

r12
� σ2

12 � σ2
1 � σ2

2

2σ1σ2
(6.49)

The ’temporal’ correlation r12 should not be confused with the correlation of the speckle im-
ages. It gives additional information about the surface process.

The extension to an arbitrary number of steps is straightforward. The variance σ2
mn of the

profile changes comprising steps m to n is given by

σ2
mn

� n

∑
j 3 k 4 m

r j k σ jσk (6.50)

where r j k denotes the correlation coefficient between the surface changes in steps j and k.
Since σmn can be determined from the respective speckle images for all m 	 n � 1 02020 N, a calcu-
lation of all temporal correlation coefficients r j k, j 	 k � 1 0U020 N is possible. The situation might
be illustrated by considering two limiting cases in a uniform surface process with equal σk in
each step. Firstly, let all steps of the surface process be completely independent, in which case
r j k

� 0 for j i� k and r j k
� 1 for j � k. The standard deviation of the profile changes for the

whole surface process is then given by σ1N
� ' N σk. On the other hand, assume complete

correlation between all steps, i.e., the changes in profile difference are exactly equal for each
step. In this case r jk ¿ 1 and the total profile changes amount to σ1N

� N σk. In an arbitrary
surface process, it can be expected that the correlation r j j � n is large for a small interval n∆t
between the steps, whereas it vanishes for large time intervals.

The type of evaluation of a series of speckle images that has been introduced in this section
relies on digitally stored image data and is not possible with the other correlation techniques
that have been presented in Chapter 5 (except Digital Speckle Pattern Interferometry). It yields
information about the temporal correlation of the profile changes during a surface process.
However, the method relies on a correct theoretical relationship between the speckle correla-
tion and the amount of profile changes. On the other hand, it might also be used to check for
any inconsistency in the theoretical model. For example, if � r j k

� # 1 for any � j 	 k 
 , it can be
concluded that the assumed relationship between the speckle correlation and the parameters
of the surface process is not correct. Furthermore, r j j � n should decrease for increasing n. A
differing behaviour also indicates an incorrect theoretical model. An example of an application
will be given in Chapter 7.2.
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Examples of Applications

In this chapter, two examples for the application of Digital Speckle Correlation will be given.
The main subject of Section 7.1 is the simultaneous measurement of all three components
of the deformation field. The effect of some experimental parameters on the quality of the
deformation map will be investigated. In addition, it will be shown how the capability to
separate decorrelation due to out-of-plane deformation facilitates a measurement of plastic
zones. Plastic deformation of materials is an example of a surface process.

In Section 7.2, a corrosion process on an iron surface will be analysed with DSC. Besides
the determination of the amount of surface changes from the correlation coefficient of the
corresponding speckle images, using the theoretical concepts of Chapter 6, the possibility to
compare any two states during a surface process will be employed to determine the correlation
of the profile changes in subsequent steps of the corrosion process.

7.1 Three-dimensional deformation field measurement

To demonstrate the capabilities of DSC, a deformation measurement is carried out on a white
painted Perspex plate of 6-mm thickness and size 80x45 mm2, prepared with a 2-mm-wide
slot, in which a circular rod is inserted 6 mm from its beginning; see Fig. 7.1. The plate is
clamped at the bottom and loaded on its upper side, as indicated, to compress the slot. The
load is applied by a bolt mechanism, designed to avoid the exertion of a torque on the plate.

The out-of-plane deformation, which is induced on the demonstration object, has also
been measured with speckle interferometry. The measurement by interferometric means is
described in Ref. [Fri01] and has been briefly sketched in Chapter 3.4.2. The resulting phase
map is displayed in Fig. 7.2. It reveals the principal out-of-plane deformation, viz a buckling
of the plate near the points of contact with the rod and at the left of the slot. However, the
shown deformation can not be compared to the following results of the DSC measurement in
every detail, because a different optical setup and slightly different means to apply the load
have been employed.

For the DSC measurement, light of wavelength 632.8 nm, an illumination angle θ � 20 � ,
a magnification M � 0 0 96 and a camera of type Kodak ES4.0 have been used. The circular
aperture had a diameter of Dν

� 0 0 96 νNy. The observed region is 13.8x10.4 mm2 in size,
corresponding to an image of 1792x1344 pixels, which is segmented into subimages of 64x64
pixels with an overlap of half a subimage. In the correlation algorithm, two iterative back-
shifts of the deformed subimages are applied. The local tilt angles are calculated by the al-
gorithm of ML estimation, where the signs are determined with the aid of a second reference

131



132 7. EXAMPLES OF APPLICATIONS

Figure 7.1. Demonstration object to induce
a 3-D deformation field. The observed re-
gion of size 14x10 mm2 is indicated by the
dashed rectangle. The plate is clamped in
the shaded area at the bottom.

Figure 7.2. Interferometric deformation measure-
ment of the object in Fig. 7.1. The phase map
shows the out-of-plane deformation within the
dashed rectangle in Fig. 7.1, where the load has
been applied in a slightly different form.
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Figure 7.3. Three-dimensional deformation measurement of the object in Fig. 7.1 with DSC.
Left: the out-of-plane component of the deformation is shown in a surface plot. Right:
the out-of-plane component is coded in colour, where the iso-lines have a distance of 0.1 λ
(63 nm). The in-plane displacement is indicated by the superimposed arrows.

image, recorded with a slightly shifted aperture. The integration is performed by a Gauss filter.
Since the object surface is discontinuous due to the slot, the integration has to be carried out
separately in three rectangular regions (top, left, bottom), with a subsequent matching of the
deformation field.

The resulting three-dimensional deformation field is depicted in Fig. 7.3. The left diagram
shows the out-of-plane deformation in a surface plot. In the right diagram, the colour-coded
iso-line of equal out-of-plane deformation are superimposed by an arrow plot of the in-plane
displacement field. The in-plane displacement field indicates a narrowing of the slot by 5-
10 µm and also strain and shear in the plate above the slot. The distance of the iso-lines
corresponds to a difference in the out-of-plane deformation of 0.1 λ or 63 nm. The iso-lines
indicate a very similar deformation as shown in the interferometric measurement in Fig. 7.2.
Especially, the buckling of the plate near the points of contact with the rod and at the left of
the slot, as well as a dent just below the beginning of the slot can be observed. Note, that the
deformation in Fig. 7.2 is about twice as large as in Fig. 7.3. This can also be seen from the
in-plane component of the deformation in Fig. 7.2, which is not shown here.

The effect of the used correlation algorithm on the quality of the out-of-plane deformation
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Figure 7.4. Effect of the correlation algorithm on the quality of the out-of-plane deformation
measurement. The peak-width algorithm (top) and the ML estimation (bottom) have been
used to determine the local tilt angles of the deformation of the object in Fig. 7.1.
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Figure 7.5. Effect of the subimage size on the quality of the out-of-plane deformation measure-
ment. The results for subimages of size 32x32 pixels (top) and 128x128 pixels (bottom)
should be compared to the bottom diagrams of Fig. 7.4, where a size of 64x64 pixels has
been used.
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field is illustrated in Fig. 7.4, where the determination of the local tilt angles by the peak-width
algorithm and the ML estimation from the same images as in Fig. 7.3 are compared. As for
all figures in this section, the scales on the x- and y- coordinate axis refer to the position on
the object surface and are given in mm. The subimages are again 64x64 pixels in size, but,
in contrast to Fig. 7.3, have no overlap. The increased accuracy of the ML estimation can be
clearly observed. It is accompanied by an increased computation time. In a fully automated
measurement, the calculation of the deformation fields in Fig. 7.4 would require A 50 s in
total for the peak-width algorithm and A 75 s for the ML estimation, including the in-plane
displacement measurement, two iterative back-shifts of the deformed image and the usage of
a second reference image. The quoted times apply to a Pentium4 2 GHz processor. Due to the
overlap, the calculation time for Fig. 7.3 is about four times larger.

The effect of the subimage size on the quality of the deformation measurement is illustrated
in Fig. 7.5. Again, the calculations for this figure have been carried out with no overlap of the
subimages. The principal form of the deformation field and its magnitude are independent of
the subimage size. For subimages of 32x32 pixels, an increased noise level can be observed
(compared to a size of 64x64 pixels, as shown in Fig. 7.4). For subimages of 128x128 pixels,
the deformation field is smoothed by the size of the correlation window and a correct sampling
of the deformation field is probably not achieved. In both cases, the situation can be slightly
improved by employing an overlap of the subimages.

Fig. 7.6 shows the increasing out-of-plane deformation of the demonstration object with
increasing load. The diagram in the center belongs to the same state of deformation that
is depicted in Fig. 7.3. An even smaller deformation can also be measured precisely. For
example, a dent of A 50 nm at the left of the slot is clearly visible in the diagrams at the
top. The signal-to-noise ratio becomes larger for larger deformations (confer Fig. 3.34). In
the diagram at the bottom, the deformation stretches over A 4 µm. Note the quality of the
corresponding deformation maps.

The load applied to the Perspex plate in Fig. 7.1 also causes changes in the microstructure
of the material in certain regions. These zones of plastic deformation can be determined by
the respective decorrelation, which is accompanied by the microstructure changes. Fig. 7.7
displays the lateral variation of the correlation coefficient cci ı̃ – encoded in gray values – as
it has been calculated from corresponding subimages from the two camera frames, before and
after applying the load. The correlation coefficient is always determined in the correlation al-
gorithm, so that no additional calculations are required. In the figure, the data from subimages
of size 64x64 pixels with an overlap of half a subimage are displayed. Since the shown decor-
relation is partly caused by out-of-plane deformation, is can not directly be associated with the
plastic deformation.

Fig. 7.8 displays the lateral variation of the primary correlation factor ccµ. It has been
determined from the same set of images as the correlation coefficient in Fig. 7.7, and the
same contrast is used to code the correlation values. For each subimage pair, the correlation
coefficient cci ı̃ has been divided by the Yamaguchi correlation factor ccγ to correct for the
decorrelation due to the out-of-plane deformation. The Yamaguchi correlation factor has been
calculated from the local tilt parameter ∆ννν by Eq. (3.12). The resulting primary correlation fac-
tor is a measure for the amount of plastic deformation. The dark areas in Fig. 7.8 indicate that
plastic deformation occurs in locations where the plate material is compressed. However, the
upper part of the observation area is not completely affected by plastic deformation, although
this is suggested by the total correlation coefficient in Fig. 7.7.

In this section, the capability of DSC to measure the out-of-plane component of defor-
mation fields and the high quality of the deformation maps have been demonstrated. The
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Figure 7.6. Increasing deformation of the object in Fig. 7.1. Shown is the out-of-plane compo-
nent of the deformation field for an increasing load in a series of surface plots (left). The
colour coding in the corresponding contour plots (right) remains constant. The iso-lines
have a distance of 0.1 λ, where some values of the deformation are indicated by numbers in
units of µm.
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Figure 7.7. Decorrelation of the speckle im-
ages during the deformation of the Perspex
plate. Depicted is the total correlation co-
efficient cci ı̃, encoded in gray values from
cci ı̃ p 0 q 80 (black) to cci ı̃ p 0 q 97 (white). The
shown decorrelation corresponds to the state
of deformation that is shown in Fig. 7.3.

Figure 7.8. Plastic deformation at the surface
of the Perspex plate during deformation. De-
picted is the primary correlation factor ccµ,
encoded in gray values from ccµ p 0 q 80
(black) to ccµ p 0 q 97 (white). The underly-
ing images are the same as in Fig. 7.7.

sensitivity and accuracy are comparable to interferometric measurements. Yet, since the size
of the subimages can not be made smaller than A 32x32 pixels, the lateral resolution of DSC
is reduced compared to interferometric methods. This restriction is more and more relieved
by the continuing development of high-resolution CCD-cameras. On the other hand, due to
its extreme simple experimental setup, the new technique does not have any stringent stability
requirements, as they are common to all interferometric techniques. Therefore, DSC is better
suited for applications in harsh environments outside the laboratory. The possibility to distin-
guish between decorrelation due to tilt and decorrelation due to microstructure changes opens
new applications of the correlation technique in the monitoring of surface processes. Here, it
has enabled the measurement of zones of plastic deformation.

7.2 Corrosion monitoring

Due to the damage it causes to almost all manufactured products and engineering structures,
corrosion has a great economic relevance. The study of the mechanisms of corrosion, the
development of new alloys, the evaluation of corrosion protection methods, or the selection of
suitable materials for a specific application all require corrosion testing techniques. Among
others, optical measurement methods play an important role. Besides simple visual inspection
techniques, for example, image correlation and fringe projection techniques are employed to
detect corrosion areas on large metal parts [Jin97, Hua99]. In these applications, the typical
size of the corrosion areas is A 10mm in diameter, with a typical corrosion depth of A 0 0 1mm.

Due to its high sensitivity to measure small surface alterations, Digital Speckle Correlation
can be used to study corrosion effects on a nanometer scale. The effect of speckle decorrela-
tion has already been exploited in combination with Holographic Interferometry to investigate
corrosion processes [Ash71, Pet78, Vik80, Ost92], see Chapter 5.2. However, the reported
studies are mainly restricted to the detection and qualitative determination of corrosion. In the
following, DSC will be used to carry out a detailed quantitative study of a corrosion process
on a rough iron surface.
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A sample of pure iron has been prepared with three different types of roughness by sand-
blasting with grit materials of various grain sizes. The sample, as seen by the camera of the
DSC setup under white-light illumination is shown in Fig. 7.9. In the upper right area, a grit
material with grain size 5 � 7 µm has been used to produce a roughness of σh > 0 0 3µm. In
the left and lower right areas, materials with grain sizes of 30 � 40 µm and 100 � 200 µm have
been used to generate roughnesses of σh > 2µm and σh > 5µm, respectively. The production of
different types of roughness on a single sample allows the simultaneous study of corrosion on
different surfaces but under identical ambient conditions, such as temperature and humidity.

For the DSC measurement, a HeNe laser with wavelength λ � 632 0 8 nm, a demagnifica-
tion M � 0 0 6 and a camera of type Hamamatsu C4742-95 have been used. To achieve the
simultaneous investigation of the corrosion process under different angles of illumination, the
expanded laser beam has been divided into five separate beams by a series of beam splitters.
The five beams, all of which were linearly polarized with s-polarization, illuminated the sam-
ple under angles θ � 20 � , 30 � , 40 � , 50 � and 60 � , respectively. For each surface state, five
speckle images have been recorded, each image with a different illumination beam while the
other beams were blocked.

In the beginning of the corrosion experiment, the sample has been cleaned in an ultrasonic
bath of acetone, rinsed with distilled water, and dried in a flow of nitrogen gas. After taking
five initial speckle patterns as reference images (one for each angle of illumination), the sample
was removed from the optical setup and covered with a 30% solution of acetic acid for exactly
one minute. After another rinsing with distilled water and drying with nitrogen, the sample was
replaced into the correlation setup to record the scattered light from the changed surface (again
for all five angles of illumination). This procedure was performed 13 times, thus recording 13
consecutive states of the corrosion process. To ensure that the measured decorrelation was
solely due to microstructure changes and shows no errors produced by rigid body translation
or tilt, a special mount has been constructed that permits the repositioning of the iron sample
with a precision better than 0 0 5 µm and to a tilt of less than 0.1 arcsec. This guarantees a
relative accuracy of the measured correlation coefficient to better than 0.01. The procedure
described is preferred to corrosion in a climatic chamber, as the conditions of the corrosion
can be controlled more exactly, leading to results that can be reproduced more easily.

In Fig. 7.10 the correlation coefficients for the whole process are shown for one surface
area. Each image serves as a reference state for all consecutive images, thus giving rise to one
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Figure 7.9. Iron sample with three different
types of roughness as seen by the camera of
the DSC setup. The size of the observed area
is 14.0 x 11.2 mm2.

Figure 7.10. Course of the correlation for a cor-
rosion process on a pure iron surface with
roughness σh � 0 q 3µm. Each state of the pro-
cess is compared with all subsequent states.
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of the plotted curves. For example, the labelled data point on the third curve represents the
correlation coefficient between images 3 and 8. Thus, each curve plots the decorrelation with
reference to one of the recorded states. For this representation, the complete matrix of correla-
tion coefficients between all possible pairs of images has been calculated. Except for the first
step, for which the freshly prepared surface seems to be more susceptible to corrosion (and
which is therefore excluded from the following averages), the process proceeds uniformly, as
one can see from the curves in Fig. 7.10, which run almost parallel to one another. In this
example, the images corresponding to an angle of illumination θ � 20 � have been used and
subimages of size 256x256 pixels within the area of roughness σh > 0 0 3 µm have been evalu-
ated in the correlation algorithm. Similar data are obtained for different angles of illumination
and surface areas with different roughness.

If one assumes that the decorrelation is mainly due to changes in the microtopography
of the corroding surface, the standard deviation σ∆h of the profile changes among all of the
recorded states can be calculated from the theoretical relationships that have been developed
in Chapter 6. To choose the correct theoretical model, the roughness parameters of the surface
area under investigation need to be known. It turned out that the surface profiles could not
be measured with the scanning force microscope due to its limited measuring range. Instead,
the roughness parameters have been estimated by visual comparison with similar surfaces of
known roughness. Based on investigations with an optical microscope, the correlation lengths
of the profile functions have been estimated to half the size of the smallest grains of the grit
material used for sandblasting. More specific, the area with roughness σh > 0 0 3µm is assumed
to have a correlation length l > 2 0 5 µm. For the other two surface areas with σh > 2 µm and
σh > 5 µm we obtain l > 15 µm and l > 50 µm, respectively. Yet, roughness structures on
smaller scales are also visible in the microscopic images.

For simplicity, we will initially apply the model of discrete scattering centers which has
been introduced in Chapter 6.1. Assuming this model to be valid, the speckle correlation
is independent of the initial surface roughness and Eq. (6.7) can be applied to calculate the
standard deviation σ∆h of the profile changes from the correlation data. The normal distribution
can be used here because it was shown that, first of all, for small speckle decorrelation the
choice of distribution does not affect the calculated surface changes. For larger decorrelation
we have an addition of many small corrosion steps that are only partly correlated (see below),
so that the distribution of the total changes will approach a Gaussian distribution as a result of
the central limit theorem of statistics.

The standard deviation σ∆h is almost equal for equal time separation ∆t between the states
compared, irrespective of the absolute time. Thus, its average values are displayed versus ∆t in
Fig. 7.11, labelled experimental data. Within 3 minutes, for example, the surface topography
has changed by σ∆h

� 23 nm, regardless of the starting time. Again, the surface area with
roughness σh > 0 0 3 µm has been used in this example, and similar data are obtained from the
other surface areas.

Not only the amount of profile changes, but also the slope of the curve in Fig. 7.11 is a
characteristic of the corrosion process. The whole process can be regarded as consisting of
N discrete steps, each representing one of the 1-min exposures to the acetic acid. We now
consider the correlation between the profile changes during different steps of the corrosion
process. Let r j k denote the correlation coefficient between the surface changes in steps j and
k. A large value of r j k implies that, wherever there is much corrosion during step j, there
is also considerable corrosion during the later step k, see Chapter 6.7. Assume, for example,
that the profile changes are identical in each corrosion step, i.e., they are completely correlated
(r j k ¿ 1). In this case, the profile changes comprising n steps simply have a standard deviation



7.2. CORROSION MONITORING 139

0 2 4 6 8 10 12 14
0

20

40

60

80

100

completely
uncorrelated

completely
correlated

exp. data

PSfrag replacements

∆t / min

σ ∆
h

/
nm

r j j Ü n Ý 1

r j j Ü n Ý 0

0 2 4 6 8 10 12 14
-0.2

-0.1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

PSfrag replacements

∆t or n / min

r j
j

Þ n

σh ß 0 Æ 3 µm

2 µm

5 µm

Figure 7.11. Averaged standard deviation of
the profile changes during the corrosion pro-
cess on an iron surface with roughness σh �
0 q 3µm versus corrosion time, calculated from
the model of discrete scattering centers. Also
shown are the theoretical values if the changes
at different times were completely correlated,
respectively completely uncorrelated.

Figure 7.12. Correlation between the profile
changes at different times during a corrosion
process on an iron surface versus time differ-
ence. The theoretical model of discrete scat-
tering centers has been used to calculate the
amount of profile changes. The temporal cor-
relation data are compared for three different
types of roughness as indicated.

σ � n �∆h
� nσ � 1 �∆h , where σ � 1 �∆h denotes the standard deviation of the changes in one step. On the

other hand, assuming that the profile changes in subsequent steps are completely uncorrelated

(r j k
� 0 for j i� k), the standard deviation of the changes in n steps would be given by σ � n �∆h

�' n σ � 1 �∆h . Both of these limiting cases, with σ � 1 �∆h taken from the experiment, are illustrated in
Fig. 7.11 to provide guidelines for the assessment of the experimental data.

Following Chapter 6.7, the values of r j k can be calculated for all j 	 k from the matrix of
standard deviations of the profile changes among all states of the corrosion process. As can be
expected, the values of these correlation coefficients depend on the time difference ∆t between
the two steps, i.e., on the number of steps n between the surface changes that are compared. For
Fig. 7.12, all correlation coefficients r j j � n available for a fixed value of ∆t equal to n minutes
have been averaged and are displayed versus ∆t. It can be seen that the profile changes in two
successive steps of the corrosion process are strongly correlated (r j j � 1

� 0 0 47, for the surface
with σh > 0 0 3 µm), whereas the changes in steps that are separated by more than 10 min are
completely uncorrelated.

The temporal correlation of the profile changes during the corrosion process has also been
determined for the surface areas with roughness 2 µm and 5 µm. Again, the model of discrete
scattering centers has been used to calculate the amount of profile changes from the correlation
of the respective speckle images. The corresponding values of r j j � n are depicted in Fig. 7.12,
too. They show a noticeably different behaviour than for the surface area with roughness
0 0 3 µm. For the larger surfaces roughness, the profile changes in two successive corrosion
steps have a correlation coefficient r j j � 1 > 0 0 3, and changes in steps that are separated by
more than A 6 min are uncorrelated.

We will now investigate how the results which are presented in Figs. 7.11 and 7.12 are af-
fected by the choice of the theoretical approach that is used to calculate the amount of profile
changes from the correlation of the corresponding speckle images. The inclusion of changes in
reflectivity into the theory of discrete scattering centers has been covered in Ref. [Fri99]. It has
been found that there is no significant effect on the calculated profile changes, confer Chap-
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ter 6.1.3. If Kirchhoff theory is used to determine the amount of profile changes, the results
remain unchanged, too. This might have been expected, since for the ratio of surface roughness
to correlation length that is encountered for the sandblasted iron surfaces, the speckle decor-
relation that is predicted by Kirchhoff theory can be approximated by that which is predicted
by the model of discrete scattering centers, see Chapter 6.3. However, Kirchhoff theory does
not correctly describe the scattering from the sandblasted iron surfaces. This can be seen from
the angular dependence of the scattering cross-section: In the experiment, the mean scattered
intensity for an angle of illumination θ � 20 � is larger by a factor A 10 compared to θ � 60 � ,
with slight variations for the different types of roughness. On the other hand, for a surface with
roughness σh

� 5µm and a profile correlation length l � 50µm, for example, Kirchhoff theory
predicts a factor A 1000 between the scattered intensities for the two angles. Furthermore, the
angular dependence of the speckle correlation is not correctly predicted by Kirchhoff theory.

In the following, we will employ a two-scale approach to describe the scattering from the
rough iron surfaces. Thus, the surfaces are modelled as consisting of two scales of roughness,
each following a Gaussian autocorrelation function. The scattering cross-section and the corre-
lation of two scattered speckle fields can then be calculated from Eq. (6.47). In addition to the
large-scale component with roughness as stated above, i.e., σhl

� 5 µm and ll � 50 µm for the
surface with the largest roughness, for example, each surface is assumed to have a small-scale
component with σhs

� 50 nm and ls � 0 0 25 µm. This is a rather rough approximation which is
made due to the lack of experimental data. Nevertheless, it leads to a reasonable description of
the scattering characteristics from the sandblasted iron surfaces. For example, the ratio of the
scattered intensities between angles of illumination θ � 20 � and θ � 60 � is correctly predicted
except for a factor A 2. Note that the roughness of the small-scale component can not be any
larger without leaving the regime of validity of the two-scale approach.

Fig. 7.13 shows the dependence of the speckle correlation on the angle of illumination
for two corrosion states that are separated by ∆t � 4 min (images 7 and 11), and for all three
types of surface roughness. The comparison between the experimental data (symbols) and
the predictions by the two-scale model (lines) reveals a good agreement. For the two-scale
model, the standard deviations σ∆hl and σ∆hs of the profile changes on both scales have been
determined by a numerical least squares fit of the theoretically calculated speckle correlation to
the experimental data for all five angles. To this purpose, a two-dimensional simplex minimum

0 10 20 30 40 50 60 70 80
0.0

0.2

0.4

0.6

0.8

1.0

PSfrag replacements

θ / ±

cc
iı̃

σh ß 0 Æ 3 µm

2 µm

5 µm

Figure 7.13. Speckle correlation versus angle of illumination for two states of a corrosion pro-
cess on an iron surface, separated by ∆t p 4min. The experimental data (symbols) for three
different types of roughness are compared to the predictions from a two-scale approach
(lines).
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Figure 7.14. Averaged standard deviation of
the profile changes during the corrosion
process on an iron surface with roughness
σh � 5 µm versus corrosion time. A two-
scale approach has been used for the cal-
culation and the changes on both scales are
given separately.

Figure 7.15. Correlation between the profile
changes at different times during a corrosion
process on an iron surface with roughness
σh � 5 µm versus time difference. A two-
scale approach has been used to calculate the
amount of profile changes. The values for the
two scales are given separately.

search routine has been applied [Pre88]. For the surface with roughness σhl > 5 µm and the
example in the figure, we obtain σ∆hl

� 26 nm and σ∆hs
� 41 nm.

Using the two-scale approach and the numerical fit to the speckle correlation values for all
five angles, the standard deviations of the profile changes among all states of the corrosion pro-
cess have been calculated for all three types of roughness. Again, the changes are almost equal
for equal time separation ∆t, irrespective of the absolute time. For the surface with roughness
σhl > 5 µm, the resulting average values are displayed in Fig. 7.14. Within 3 minutes, for
instance, the large-scale component has changed by σ∆hl

� 21 nm and the small-scale compo-
nent has changed by σ∆hs

� 30nm. In this case, the standard deviations σ∆h
� � σ2

∆hl � σ2
∆hs 
 1 . 2

of the total changes are A 25% larger than those calculated with the simple model of discrete
scattering centers. From Fig. 7.14, it can be seen that the profile changes of the small-scale
component are larger than those of the large-scale component. After a few minutes corrosion
time, the changes on the small scale attain the same order of magnitude as the assumed ini-
tial small-scale roughness. Thus, the roughness on this scale increases during the corrosion
process. This corresponds to the observation that, for θ � 60 � , the scattered intensity slightly
increases during the process. For this angle of illumination, the scattered intensity is dominated
by the small-scale roughness.

Again, the correlation coefficients r j k between the profile changes can be calculated from
the set of standard deviations σ∆hl and σ∆hs among all states of the corrosion process. Here,
the calculation can be carried out separately for the changes on the two scales. The average
values of r j j � n for the surface with the largest roughness are displayed in Fig. 7.15 versus
time difference. For both scales, the changes in successive corrosion steps have a correlation
coefficient r j j � 1

� 0 0 3, and changes in steps that are separated by more than A 6 min are
uncorrelated.

For small time difference ∆t (i.e. for small values of n), for which the correlation of the
corresponding speckle images is fairly high, the calculated correlation coefficients r j j � n are
largely independent of the assumed roughness parameters. For large ∆t, however, consider-
able variations with varying roughness parameters are possible. This is due to the fact that, for
small correlation values of the speckle images, the calculated standard deviations of the profile
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changes show a stronger dependence on the roughness parameters than for high speckle cor-
relation (see Chapter 6). In the example of Fig. 7.15, it can be concluded that the calculated
values of r j j � n for large ∆t are not reliable. For ∆t � 9 min, for instance, the calculation in-
volves speckle image pairs with correlation cci ı̃  0 0 2. Vice versa, the rather strange behaviour
of r j j � n for ∆t m 10 min indicates that the amount of profile changes is not quite correctly cal-
culated when the speckle images are separated by a large time difference, and thus, exhibit
small correlation.

For small ∆t, the two-scale approach yields the same values of r j j � n as the model of
discrete scattering centers, see Fig. 7.12. This holds for all three types of surface roughness.
The dependence of the correlation coefficient r j k on the type of surface roughness could be
confirmed in a series of experiments with iron samples of varying roughness [Fri99]. It can
be concluded that the surface structures on the 0.3-µm roughness samples are smaller than
some characteristic structural size of the corrosion process, so corrosion is more localized. In
this case, the topography changes are correlated over a longer period of time, meaning that
the formation of iron oxide and the detachment of surface material occurs in the same areas
for a longer period of time. For a rougher surface, the corrosion action moves to different
regions more rapidly. This can be confirmed when the corroded samples are inspected under
a microscope. The rougher surfaces do not show - after this short period of corrosion - any
structures which are generated during the corrosion process, whereas the smoother surfaces
show small corrosion cracks as much as 10 µm wide. It must be assumed that corrosion cracks
that were formed in previous steps act as starting points for the corrosion in following steps,
thus keeping topography changes at the same location for a longer period of time.

In this section, the capability of DSC to measure minute profile changes during a corrosion
process has been demonstrated. The high sensitivity of the method allows to state the amount
of surface change after only a very short corrosion time. It should be noted, however, that the
measurement yields the second moment of the profile changes, only. A direct value for the
corrosion rate, for example, can not be obtained. Of course, the technique can also be used
to study other processes which modify the surface microstructure. Another example which is
covered in Ref. [Hin00] is the laser cleaning of historical monuments.
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Summary

This thesis presents a detailed investigation of Digital Speckle Correlation (DSC) as a tool
for the measurement of three-dimensional deformation fields and surface processes. In this
context, deformations are defined as alterations of the form of the object surface under inves-
tigation, i.e., changes on scales that are large compared to the resolution of the optical system.
On the other hand, surface processes are defined as alterations of the surface microstructure,
i.e., changes on scales that are small compared to the optical resolution.

Concerning the study of deformation, the capabilities of DSC are extended to the simul-
taneous measurement of all three components of the deformation field. Up to now, DSC (or
Digital Speckle Photography) has been used for in-plane displacement measurements only.
While the extremely simple experimental setup remains unchanged, the innovation consists of
the extraction of additional information from the conventional speckle images. The technique
relies on the determination of the local tilt angles from pairs of corresponding subimages,
recorded from the reference and deformed surface states, respectively.

A thorough theoretical analysis reveals that object tilt leads to a characteristic dependence
of the correlation of the two speckle patterns on the spatial frequency. Three possible algo-
rithms to extract the tilt angle are presented. The most convenient algorithm, which is easy to
code and requires only a small amount of additional calculation time, uses an accurate deter-
mination of the width of the cross-correlation function. On the other hand, the most accurate
method is a maximum likelihood estimation of the tilt angle. The estimation is based on the
experimental cross power spectrum and involves considerable numerical calculations.

Since all algorithms rely on the knowledge of the power spectral density of the recorded
images, the speckle patterns have to be fully developed and the form and size of the aperture
need to be known. Furthermore, the modulation transfer function of the camera has to be
taken into consideration. The signs of the local tilt angles can not be obtained. If they are not
known a-priori, a second reference image from a slightly tilted object or with a slightly shifted
aperture has to be recorded. However, only a single image from the deformed object state is
needed. Finally, the field of local tilt angles is integrated to obtain the out-of-plane component
of the deformation field. Since the tilt angles are determined in both the horizontal and vertical
directions, there is redundant information to calculate the integral deformation field. Thus, the
random measuring errors can be reduced if a Gauss filter is used to carry out the integration.

The accuracy of the new technique has been verified by comparison with simultaneous
interferometric measurements. Furthermore, a detailed study using experimentally recorded
as well as computer generated speckle images with varying experimental parameters has been
carried out to determine systematic and random measurement errors. The correct function of
the tilt determination under a wide variation of experimental parameters could be confirmed.

143
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The resulting random errors can be summarized in an empirical relation (Eq. (3.81)). A typical
signal-to-noise ratio for a subimage size of 64x64 pixels is SNR > 10. Nevertheless, as a rule
of thumb, the accuracy of the measurement is better than 1/10 (1/20) of the used wavelength,
provided the correlation of the speckle images remains above 0.8 (0.9). Thus, the sensitivity
and accuracy are comparable to that of interferometric techniques.

Concerning in-plane displacements, a theoretical derivation of the least possible random
measuring error is presented. It is shown that the theoretical limit for the accuracy can almost
be attained when knowledge about the object tilt is exploited. To this purpose, an algorithm
which estimates the linear phase factor in the cross power spectrum is employed. It exhibits a
slightly lower random error than the conventional detection of the position of the maximum of
the correlation function.

The monitoring of surface processes essentially relies on the measurement of the amount
of correlation of the scattered speckle fields. Often, decorrelation due to the out-of-plane
deformation has the same order of magnitude as decorrelation due to surface microstructure
changes. Because the out-of-plane component of the deformation can now be determined, the
effect on the correlation coefficient is known from theory and can be separated.

In order to facilitate a quantitative interpretation with regard to the surface microstructure
changes, relationships between the correlation of the scattered speckle fields and parameters
describing the surface process have been developed. Different theoretical approaches to de-
scribe the scattering process have been employed, including a model of discrete scattering
centers, the method of small perturbations, Kirchhoff theory, a phase screen model and the
two-scale approach. For the first time, we obtain a theory describing speckle correlation dur-
ing a surface process that goes beyond simple phase statistics. The theoretical relations reveal
the high sensitivity of DSC. For example, surface profile changes of 0 0 05 λ rms lead to a cor-
relation coefficient of typically 0.7.

To verify the theoretical results, speckle correlation experiments and high resolution scan-
ning force microscopy measurements have been carried out on the same samples with exactly
the same microstructure changes. The experimental control of surface alterations on such
small scales is a difficult task and has been a great experimental challenge. It has finally been
solved with the production of rough surfaces in photoresist, at which two or more surfaces are
very similar on a microscopic scale and can be regarded as frozen states of a surface process.
As a second possibility, a specimen of piezoelectric grains has been used to induce reversible
and reproducible changes in the surface microstructure when applying an external voltage. To
describe the photoresist surfaces, a two-scale approach has been used due to the presence of
high-frequency components in the roughness. For a wide variation of the experimental para-
meters angle of illumination, wavelength and state of polarization, a good agreement between
the theoretical and experimental correlation data could be observed. This confirms the validity
of the theoretical description.

Generally, the theoretical relationships allow an inversion, i.e., the determination of pa-
rameters of the surface process – its magnitude and lateral scales, for example – from the
correlation data. However, some knowledge about the surface roughness is usually required to
choose the correct theoretical model. Besides an explicit measurement of the surface profile,
the applicability of a specific scattering theory can also be verified from a correct prediction of
the dependence of scattering cross-section and correlation on the experimental parameters. For
reasonable rough surfaces and angles of illumination close to normal, the speckle correlation
is usually dominated by a simple exponential term which is independent of the initial surface
roughness and which can be derived from simple phase statistics.

Besides DSC, a number of different experimental techniques have already been developed
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to study the correlation of speckle fields. Despite their diverse experimental concepts, all
methods either yield the correlation coefficient of the speckle amplitudes or the correlation
coefficient of the speckle intensities. The latter is simply given by the square of the correlation
coefficient of the amplitude. Compared to the other correlation techniques, DSC exhibits the
easiest handling and the greatest flexibility. Furthermore, the possibility to compare any two
of the recorded surface states allows a determination of the correlation of the profile changes
at different times of the surface process.

With the extended capabilities, DSC is a versatile tool to measure deformation fields and
surface processes. An example of an application has been given for both types of measure-
ment. It has been shown, that the sensitivity and accuracy are comparable to interferometric
techniques which are presently used to measure small out-of-plane deformations. Yet, in a sta-
ble laboratory environment, interferometric measurements can achieve a slightly higher preci-
sion and sensitivity. This is not critical in most applications; indeed, often means are taken to
reduce the sensitivity of interferometric methods (two-wavelength techniques, for example).
The lateral resolution of DSC is limited by the subimage size and thus reduced compared to
interferometric methods. However, the technique will continue to benefit from the continu-
ing development and availability of high-resolution solid-state cameras and high-speed data
acquisition and image processing systems.

DSC has the advantage, that its extremely simple setup is very stable, easy to adjust and less
elaborate and expensive. Interferometric measurements are usually carried out in a laboratory
under vibration isolation, or employ an expensive pulse laser and sophisticated synchronization
electronics. The new technique does not have any stringent stability requirements. Therefore,
DSC is better suited for NDT applications in harsh industrial environments.

The development and experimental verification of relationships between the parameters of
surface microstructure changes and the correlation coefficient of the scattered speckle fields
facilitates a reliable interpretation of speckle correlation measurements. Furthermore, the pos-
sibility to separate decorrelation due to out-of-plane deformation avoids the misinterpretation
of deformation as microstructure changes. For the first time, these results allow a quantitative
whole-field monitoring of surface processes by remote optical means. Possible applications
are production processes like peening, annealing, coating or laser ablation. DSC can also be
used in NDT applications in which the response of the investigated part consists in changes in
the surface microstructure. Examples are the measurement of fatigue damage or the monitor-
ing of corrosion.





Appendix

A Statistics of the speckle spectrum

In the estimation of the object tilt and in-plane displacement in Chapter 3, the statistics of the
spectrum I ����� i � of a speckle image i have to be known. Here, it will be shown that I is a
circular complex Gaussian random variable, except for zero frequency. Therefore, it has the
same point statistics as the amplitude of the speckle pattern itself. The procedure is similar to
that, which is followed to establish the statistics of the speckle amplitude [Goo75].

According to the definition of the discrete Fourier transform in Eq. (2.17), the spectral
component I � l 	 m 
 for the frequency ννν � � νl 	 νm 
 is given by

I � l 	 m 
 � 1
N2

N � 1

∑
j 3 k 4 0

i � j 	 k 
 e
� 2πi

N � j l � k m � (A.1)

where N2 is the number of pixels in the image. We assume, that the image intensity is a
wide-sense stationary process, thus  i � j 	 k 
 # �  i # , j 	 k � 0 02020 N � 1, where  �!Ò# denotes
the ensemble average. The mean intensity  i � j 	 k 
 # of a certain pixel is independent of its
position and therefore independent of the phase factor in Eq. (A.1). The mean of the spectrum
then becomes  I � l 	 m 
 # �  i # 1

N2

N � 1

∑
j 3 k 4 0

e
� 2πi

N � j l � k m � � 0 (A.2)

A similar calculation shows that  Re I � l 	 m 
 Im I � l 	 m 
 # � 0 (A.3)

where Re and Im denote the real and imaginary parts, respectively. Using Re I � 1
2 � I � I � 
 and

Im I � 1
2i � I � I � 
 , it can be seen that the average power is evenly distributed over the real and

imaginary parts:  �Re I � 2 # � 1
4  2I � I � I2 � I � 2 # � 1

2  � I � 2 # (A.4a) � Im I � 2 # � 1
4  2I � I � I2 � I � 2 # � 1

2  � I � 2 # (A.4b)

Here, it has been used that  I2 # �  I � 2 # � 0, which can be shown in a calculation similar
to that in Eq. (A.2).  � I � 2 # is the power spectral density (PSD) that has been determined in
Section 3.2.2.

If the speckle size is much smaller than the image size, I is expressed as a sum of a large
number of independent contributions from the individual speckle. It follows from the central
limit theorem that, as N x ∞, Re I and Im I are asymptotically Gaussian random variables.
Even for an image size of 32x32 pixels and a speckle size of rSp

� 2 0 5 pixels, each frequency
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(a) (b)

Figure A.1. (a) Power spectrum
�
I ; ννν = � 2 of a recorded speckle image in a linear representation.

(b)
�
Inorm ; ννν = � 2: Power spectrum in (a) normalized to the theoretical PSD and corrected for

the camera transfer function (Eq. (A.6)).

component gets contributions from about 200 independent speckle, so that a Gaussian distribu-
tion is a fairly good approximation. Combining this fact with the results of Eqs. (A.2) to (A.4),
the probability density of I for a specific frequency ννν is found to follow a circular Gaussian
density function:

p � I 
 � 1
π @NK I K 2 M e

� K I K 2@áK I K 2 M (A.5)

Accordingly, I can be described as a circular Gaussian random variable.
The experimental verification of Eq. (A.5) is complicated by the fact that I is not a station-

ary process and  � I � 2 # depends on the frequency. This is illustrated in Fig. A.1(a), where the
power spectrum of a speckle pattern, recorded with a circular aperture, is depicted. A station-
ary process can be obtained, if I is divided by the square root of the theoretical PSD and the
camera MTF:

Inorm
� I�  � I � � 2 # �H � (A.6)

where  � I � � 2 # is the PSD of the speckle pattern on the camera sensor (Eq. (3.25)) and H is
the camera transfer function. The normalized spectrum Inorm is depicted in Fig. A.1(b).

Assuming that Inorm is ergodic, the point statistics can be estimated from the spatial aver-
age. Fig. A.2 shows the histograms of the real part Re Inorm, the imaginary part Im Inorm and the
squared modulus � Inorm

� 2, taken within the speckle halo in Fig. A.1(b). It can be seen, that the
distribution of the real and imaginary parts are Gaussian and that the squared modulus follows
the expected exponential distribution, see Eq. (A.5).

Next, we want to show, that different frequency components are uncorrelated. From the
definition we have I � � l 	 m 
 I � p 	 q 
 # � 1

N4

N � 1

∑
j 3 k 4 0

N � 1

∑
r3 s 4 0

 i � j 	 k 
 i � r	 s 
 # e
2πi
N � j l � pr � k m � qs � (A.7)

If the image intensity i is a stationary process, the first term in the sum depends only on the
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Figure A.2. Histograms of the normalized speckle spectrum Inorm, depicted in Fig. A.1(b).
(a) real part, (b) imaginary part and (c) squared modulus.

distance � r � j 	 s � k 
 . Substituting r � dx � j 	 s � dy � k, Eq. (A.7) becomes I � � l 	 m 
 I � p 	 q 
 # � 1
N4

N � 1

∑
j 3 k 4 0

e
2πi
N � j � l � p �Ï� k � m � q �Ï� ∑

dx �Y� j � � � N � j � 1
dy �Y� k � � � N � k � 1

 i � j 	 k 
 i � j � dx 	 k � dy 
 # e
� 2πi

N � p dx � q dy �
(A.8)

The second sum is independent of where the summation starts, i.e. is does not depend on j
and k. The first sum then vanishes except for l � p and m � q, yielding I � � l 	 m 
 I � p 	 q 
 # � δl p δmq  � I � 2 # (A.9)

where δ is the Kronecker delta. Eq. (A.9) states, that the autocorrelation of the spectrum
vanishes, except for zero displacement. This property can also be verified in the normalized
spectrum in Fig. A.1(b).

The above argument relies on the assumption, that the image intensity is a wide-sense
stationary process. This is not fulfilled if a smooth window function, for example a Hamming
window, is employed to extract the image from a larger camera frame, or, if the illumination is
not uniform within the image. The multiplication of the image with a window function leads to
a respective convolution in frequency space, and thus, to a broadening of the autocorrelation
function of the spectrum. In this case, there will be a finite correlation between different
frequency components, which is quite small in most cases and restricted to neighbouring pixels
in frequency space.

Although there is usually no correlation between different frequency components, this does
not imply that all frequency components are statistically independent. This is due to the fact,
that the spectrum I of the speckle intensity is proportional to the autocorrelation function of
the spectrum A of the speckle amplitude: I � � ACF � A � (Eq. (3.17)), see Chapter 3.3.2.

The above relations hold for the spectrum Ĩ of the deformed image, too. The correlation
ccI Ĩ � ννν 
 of the spectra I � ννν 
 and ˜I � ννν 
 has been calculated in Chapter 3.2.2. Due to the circu-
lar complex Gaussian statistics of the random variables I and Ĩ, the joint probability density
function of I and Ĩ, for a specific frequency ννν, is given by [Pap91]

p � I 	 Ĩ 
 � 1
π2 @�K I K 2M 2 � 1 � K ccI Ĩ

K 2 � e
� K I K 2 � K Ĩ K 2 � 2Re � cc ¡

I Ĩ
I ¡ Ĩ �@NK I K 2 M � 1 � K ccI Ĩ
K 2 K � (A.10)

Thus, the spectral components I � ννν 
 and Ĩ � ννν 
 follow a jointly Gaussian distribution with corre-
lation ccI Ĩ � ννν 
 .
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B Computer generated speckle patterns

In Chapter 3, diverse algorithms are described to extract information about the object defor-
mation from a pair of speckle images. In order to analyse the accuracy of different algorithms,
it is desirable to have a set of image pairs with exactly known deformation parameters. The
different algorithms are then applied to these images, and the random measuring error and
possible systematic errors are determined from the estimated deformation parameters. Here, it
will be shown, how such image pairs can be obtained in a computer simulation. The procedure
is somewhat similar to that described by Huntley [Hun89], but we will start the simulation in
the frequency plane, rather than in the image plane.

The simulation of speckle image pairs essentially emulates Eq. (3.8). The predetermined
parameters are the displacement ∆r in the image plane, the translation ∆ννν in the aperture
plane, and the primary correlation factor ccµ. Let U � l 	 m 
 and Ũ � l 	 m 
�	 l 	 m � 0 02020 N � 1 be
the discrete samples of the amplitudes U and Ũ in frequency space. The real and imaginary
parts of U � l 	 m 
 are filled with independent random numbers from a Gaussian distribution with
zero mean and an arbitrary standard deviation σu0 . The random numbers are obtained from
the uniformly distributed numbers of a pseudo random number generator, as it is provided
by most computer languages, by a Box-Muller algorithm [Bra99]. These initial data, which
correspond to U0 in Eq. (3.8) are copied to Ũ � l 	 m 
 . Next, random numbers from a Gaussian
distribution with zero mean are independently added to the real and imaginary parts of U and
Ũ . These numbers correspond to ∆U and ∆Ũ in Eq. (3.8). Their standard deviation σ∆u is
chosen such that ccµ

� σ4
u0
��� σ2

u0 � σ2
∆u 
 2 meets the requested value of the primary correlation,

see Eq. (3.11). Ũ is then multiplied by the phase factor exp � 2πiννν∆r to account for the image
plane displacement ∆r. The simulated amplitudes U and Ũ have the properties that their
variances do not depend on the frequency, which has been assumed in Eq. (3.9), and that their
autocorrelation vanishes except for zero translation, which has been assumed in Eqs. (3.23)
and (3.28).

The effect of the aperture is produced by multiplying U and Ũ by the pupil function P,
given in Eq. (3.35) for a rectangular aperture and in Eq. (3.43) for a circular aperture, where
P is shifted by an amount ∆ννν before the multiplication with Ũ . The products thus obtained
are the spectra A and Ã of the speckle amplitudes a and ã. The final speckle images i � and
ı̃ � are then obtained by a subsequent Fourier transform and taking the squared modulus, see
Eq. (3.2).

The computer generated speckle images do not take into account the non-ideal operation of
the camera. This could easily be done, however, by Fourier filtering i � and ı̃ � with the camera
transfer function and adding white Gaussian noise, see Eq. (2.4) and Chapter 2.4. The only
noise in the computer generated speckle patterns consists of quantization noise, because the
images are stored in an 8 Bit format. However, this noise is negligible in all cases where the
simulated speckle images have been used.

Instead of multiplying Ũ by a linear phase factor, it is also possible to shift the final image
ı̃ � as described by Eq. (2.18). There is no difference in the result. The shift operation is cyclic
in nature, i.e., speckle that disappear of one edge of the image reappear at the opposite edge.
Therefore, the generated speckle images have to be larger than those used in the calculations.

Because the assumptions, which have been made in the mathematical description, have
been reproduced in the simulation, the computer generated speckle patterns have all the prop-
erties that have been calculated in Chapter 3.2 for the speckle images in the sensor plane.
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C MVB of the in-plane displacement error

The subject of Section 3.3.3 is the calculation of the least possible random error of the in-
plane displacement measurement. Due to the fact that the single frequency components of the
intensity spectra I and Ĩ are not statistically independent, the determination of the minimum
variance bound (MVB) has to be transferred to the amplitude spectra A and Ã. The calculation
will be outlined here for the case of pure primary decorrelation. The amplitude spectra are not
known in an experiment. Yet, they are used in this theoretical treatment since they contain all
the information about the recorded speckle images.

Let ϕ � j 	 k 
 be the phase difference between the spectral components A � ν j 	 νk 
 and Ã � ν j 	 νk 
 .
It has the same expectation value ϕ0 � j 	 k 
 � 2π � ν j∆x � νk∆y 
 as the phase difference between
the intensity spectra (confer Eq. (3.8)). In case of pure primary decorrelation, the correla-
tion coefficient of A and Ã is independent of the frequency and is given by ccAÃ

� ' ccµ, see
Eq. (3.6). With the same arguments as in Appendix A, it can be shown that A and Ã follow a
circular complex Gaussian distribution. Thus, we can define the log-likelihood function lnLA

in complete analogy to Eq. (3.64) as

lnLA
� � ∑

j 3 k ln4π2 � ∑
j 3 k ln

�
0 � γA 
�� ∑

j 3 k γA cos � ϕ � j 	 k 
 � ϕ0 � j 	 k 
2
 (C.1)

where γA is now given by (confer Eq. (3.57))

γA
� 2 ' ccµ

�A � Ã �� 1 � ccµ 
  �A � 2 # (C.2)

and the sum extends over the area where the pupil function P does not vanish. Since the
frequency components of A and Ã can be assumed to be statistically independent, Eq. (C.1) is
the exact likelihood function, i.e. the logarithm of the joint probability density function of the
phases ϕ � j 	 k 
 . Inserting the likelihood function into the Rao-Cramér inequality (Eq. (3.66)),
we obtain

σ � 2
∆x O  � ∂2 lnLA

∂∆x 2 # � 4π2 ∑
j 3 k  γA cos � ϕ � j 	 k 
 � ϕ0 � j 	 k 
2
 # ν2

j (C.3)

To calculate the ensemble average  γA cos � ϕ � j 	 k 
 � ϕ0 � j 	 k 
2
 # , we use the probability density
for two jointly Gaussian random variables with correlation c : � ' ccµ (Eq. (A.10)). Applying
a variable transformation to intensities �A � 2 	 � Ã � 2 and phases ϑ 	 � ϕ � ϑ 
 (see also [Goo75]), we
obtain γA cos � ϕ � ϕ0 
 # �

∞���
0

π���� π

γA cos � ϕ � ϕ0 

4π2 � 1 � c2 
  �A � 2 # e

� KA K 2 � K Ã K 2 � 2c2 KA ¡ Ã K cos � ϕ � ϕ0 �� 1 � c2 � @�KA K 2 M d �A � 2 d � Ã � 2 dϑ dϕ

(C.4)

Performing the integrals over the phases and applying another transformation to the variables
u �V�A � Ã � �Û �A � 2 # 	 v � � �A � 2 � � Ã � 2 
 � 2 �A � Ã � yields γA cos � ϕ � ϕ0 
 # � 8c� 1 � c2 
 2 ∞�

0

u2 �
1 _ 2c

1 � c2 u ` ∞�
1

1' v2 � 1
e � 2u

1 � c2 v
dv du (C.5)
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where
�

1 is the first order modified Bessel function of the first kind. The inner integral in
Eq. (C.5) can be found in [Gra81] and is equal to a zero order modified Bessel function of the
second kind, denoted by â 0: γA cos � ϕ � ϕ0 
 # � 8c� 1 � c2 
 2 ∞�

0

u2 �
1 _ 2c

1 � c2 u ` â 0 _ 2
1 � c2 u ` du (C.6)� 8c� 1 � c2 
 2 2

2c
1 � c2

� _ 2
1 � c2 ` 2 � _ 2c

1 � c2 ` 2 � � 2
(C.7)� 2c2

1 � c2 (C.8)

The second equality has also been taken from [Gra81]. Substituting this result into Eq. (C.3),
we obtain

σ � 2
∆x O 4π2 2c2

1 � c2 ∑
j 3 k ν2

j (C.9)

If we neglect the finite image size, the sum in Eq. (C.9) can be approximated by an integral.
For a circular aperture with diameter Dν it becomes

∑
j 3 k ν2

j > N2

4ν2
Ny

2π�
0

Dν . 2�
0

cos2β ν3
r dβ dνr

� πN2D4
ν

256ν2
Ny

(C.10)

where we have used polar coordinates � νr 	 β 
 in the frequency plane. Substituting Eq. (C.10)
back into Eq. (C.9) and replacing c � ' ccµ , we obtain the final result

σ∆x
m 4 ' 2

π3 . 2 νNy

N D2
ν

B 1 � ccµ

ccµ D 1 . 2
(C.11a)> 0 0 34

r2
Sp

B
B 1 � ccµ

ccµ D 1 . 2
(C.11b)

The MVB has the same form as the theoretical error which is given by Sjödahl in [Sjö97] and
stated in Eq. (3.52), except that the constant k can now be specified to k � 0 0 34.
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DE 101 10 969 A1, 19. 9. 2002.

Conference contributions

Articles

K.D. Hinsch, T. Fricke-Begemann, G. Gülker, K. Wolff: Speckle correlation for the analysis of random
processes at rough surfaces. In: Proc. International Conference on Trends in Optical Nondestructive
Testing, 1-12, Lugano (2000).

T. Fricke-Begemann, G. Gülker, K.D. Hinsch, H. Joost: Vibration monitoring by TV-holography – a
diagnostic tool in the conservation of historical murals. In: Biomedicine and Culture in the Era of
Modern Optics and Lasers, Proc. OWLS V, Springer Verlag, Berlin (1999).

T. Fricke-Begemann, H. Joost, G. Gülker, K.D. Hinsch: Remote localization of debonded areas in
historical murals by TV-holography. In: Proc. 6th int. conference on Non-Destructive Testing and
Microanalysis for the Diagnostics and Conservation of the Cultural and Environmental Heritage, ART
99, 247-255, Rom (1999).



BIOGRAPHY 167

T. Fricke-Begemann, F. Beyrau, G. Gülker, K.D. Hinsch, P. Jäschke, K. Wolff: Analysis of microstruc-
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