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Abstract

Endomorphism monoids have long been of interest in universal algebra and also in the

study of particular classes of algebraic structures.

For any algebra, the set of endomorphisms is closed under composition and forms

a monoid (that is, a semigroup with identity). The endomorphism monoid is an inter-

esting structure from a given algebra.

In this thesis we study the structure and properties of the endomorphism monoid

of a strong semilattice of left simple semigroups. In such semigroup we consider mainly

that the defining homomorphisms are constant or isomorphisms. For arbitrary defining

homomorphisms the situation is in general extremely complicated, we have discussed

some of the problems at the end of the thesis.

First we consider conditions, under which the endomorphism monoids are regular,

idempotent-closed, orthodox, left inverse, completely regular and idempotent.

Later, as corollaries we obtain results for strong semilattices of groups which are

known under the name of Clifford semigroups and we also consider strong semilattices

of left or right groups as well. Both are special cases of the strong semilattices of left

simple semigroups.



Abstract

Endomorphismenmonoide schon lange von Interesse in der universellen Algebra und wer-

den für die Untersuchung bestimmter Klassen von algebraischen Strukturen eingesetzt.

Für jede Algebra ist die Menge der Endomorphismen abgeschlossen unter Kom-

position und bildet ein Monoid (das heißt, eine Halbgruppe mit einem neutralen Ele-

ment).

In dieser Arbeit untersuchen wir die Strukturen und Eigenschaften des Endo-

morphismenmonoids eines starken Halbverbands von links einfachen Halbgruppen. Für

solche Halbgruppe betrachten wir vor allem die Situation, dass die definierenden Homo-

morphismen konstant sind oder Isomorphismen. Für beliebige definierende Homomor-

phismen ist die Lage im Allgemeinen äußerst kompliziert, wir haben einige von ihnen

diskutiert, aber es bleiben viele offene Probleme.

Zunächst untersuchen wir die Bedingungen, unter denen die Endomorphismen-

monoide regulär, idempotent abgeschlossen, orthodox, linksinvers, vollständig regulär

oder idempotent sind.

Später erhalten wir als Folgerungen die entsprechenden Ergebnisse für starke Hal-

bverbände von Gruppen, die unter dem Namen Clifford Halbgruppen bekannt sind, und

ebenso für starke Halbverbände von Links- oder Rechtsgruppen. Alles sind Sonderfälle

der starken Halbverbände von links einfachen Halbgruppen.



Summary

Endomorphism monoids have long been of interest in universal algebra and also in the

study of particular classes of algebraic structures.

For any algebra, the set of endomorphisms is closed under composition and forms

a monoid (that is, a semigroup with identity). The endomorphism monoid is an inter-

esting structure from a given algebra.

In this thesis we study the structure and properties of the endomorphism monoid

of a strong semilattice of left simple semigroups. In such semigroup we consider mainly

that the defining homomorphisms are constant or bijective. For arbitrary defining ho-

momorphisms the situation is in general extremely complicated, we have discussed some

of the problems at the end of each chapters. The semigroups, which are considered are

finite.

Let Y be a semilattice and let Sξ be a semigroup for each ξ ∈ Y with Sα∩Sβ = ∅

if α ̸= β, α, β ∈ Y . For each pair α, β ∈ Y with α ≥ β, let φα,β : Sα → Sβ be a

semigroup homomorphism such that φα,α is the identity mapping, and if α > β > γ

then φα,γ = φβ,γφα,β .

Consider S =
∪

α∈Y
Sα with multiplication

a ∗ b = φα,α∧β(a)φβ,α∧β(b)

for a ∈ Sα and b ∈ Sβ . The semigroup S is called a strong semilattice Y of semigroups

Sξ. For α, β ∈ Y we call φα,β the defining homomorphisms of S also called structure

homomorphisms. We denote a strong semilattice of semigroups Sα with defining homo-

morphisms φα,β by S = [Y ;Sα, φα,β ]. A strong semilattice of groups is known under the

name a Clifford semigroup.

Since all Sα is finite, we denote an idempotent eα as a fixed element with corre-

sponding to Sα.

Now we study the endomorphism monoids of the strong semilattices of left

simple semigroups with constant defining homomorphisms cα,eβ and denoted by S =

[Y ;Sα, eα, cα,eβ ].

We obtain the following results:

Theorem: Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left

simple semigroups with ν = ∧Y .

If the monoid End(S) is regular then the following conditions hold



1) the monoid End(Y ) is regular,

2) the set Hom(Sν , Sα) consists of constant

mappings for all α ∈ Y with ν < α, and

3) the set Hom(Sα, Sβ) is hom-regular for every α, β ∈ Y .

If the following conditions hold

1) Y = Y0,n,

2) the set Hom(S0, Sα) consists of constant

mappings for all α ∈ Y with α ̸= 0,

3) the set Hom(Sα, Sβ) is hom-regular for every α, β ∈ Y0,n,

4) S0 contains one idempotent e0,

then the monoid End(S) is regular.

The monoid End(S) is idempotent-closed if and only if

1) Y = Y0,n and

2) the monoid End(Sξ) is idempotent-closed for every ξ ∈ Y0,n.

If monoid End(S) is orthodox then the following conditions hold

1) Y = Y0,n,

2) the set Hom(S0, Sα) consists of constant

mappings for all α ∈ Y0,n with α ̸= 0,

3) the monoid End(Sξ) is idempotent-closed for all ξ ∈ Y0,n, and

4) the set Hom(Sα, Sβ) is hom-regular for every α, β ∈ Y0,n.

If the following conditions hold

1) Y = Y0,n,

2) the set Hom(S0, Sα) consists of constant mappings

for all α ∈ Y0,n, α ̸= 0,

3) the monoid End(Sξ) is idempotent-closed for all ξ ∈ Y0,n,

4) the set Hom(Sα, Sβ) is hom-regular

for every ξ ∈ Y0,n, and

5) S0 contains one idempotent e0,

then the monoid End(S) is orthodox.

Then the monoid End(S) is left inverse if and only if

1) Y = Y0,n and



2)the monoid End(Sξ) is left inverse for every ξ ∈ Y0,n.

If the monoid End(S) is completely regular then the following conditions hold

1) |Y | = 2,

2) the set Hom(Sν , Sα) consists of constant

mappings for all α ∈ Y with ν < α, and

3) the monoid End(Sξ) is completely regular for every ξ ∈ Y .

If the following conditions hold

1) |Y | = 2,

2) the set Hom(Sν , Sα) consists of constant

mappings for all α ∈ Y, α ̸= ν,

3) the monoid End(Sξ) is completely regular

for every ξ ∈ Y , and

4) Sν has only one idempotent,

then the monoid End(S) is completely regular.

Then the monoid End(S) is idempotent if and only if

1) |Y | = 2,

2) the set Hom(Sν , Sα) consists of constant

mappings for all α ∈ Y with ν < α, and

3) the monoid End(Sξ) is idempotent for every ξ ∈ Y .

Moreover, if the defining homomorphisms φα,β are bijective for all α, β ∈ Y such

that β < α, we found that:

Let S = [Y ;Tα, eα, φα,β ], Tξ ∼= T be a non-trivial strong semilattice of left

simple semigroups. Then the monoid End(S) is regular (idempotent-closed, orthodox,

left inverse, completely regular, and idempotent) if and only if the monoids End(Y ) and

End(T ) have such property.

We also consider the endomorphism monoids of the strong semilattices of left

simple semigroups with surjective defining homomorphisms φα,β and Y = Y0,n.

Let Y = Y0,n and let S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong semilattice of

left simple semigroup with surjective defining homomorphisms φα,β .

Then the monoid End(S) is regular if and only if the set Hom(Sα, Sβ)) is hom-

regular for all α, β ∈ Y0,n.



Then the monoid End(S) is idempotent-closed if and only if the monoid

End(Sξ) is idempotent-closed for every ξ ∈ Y0,n.

Then the monoid End(S) is orthodox if and only if the following conditions

hold

1) the monoid End(Sξ) is idempotent-closed

for every ξ ∈ Y0,n, and

2) the set Hom(Sα, Sβ) is hom-regular

for every α, β ∈ Y0,n.

Then the monoid End(S) is left inverse if and only if the monoid End(Sξ) is

left inverse for every ξ ∈ Y0,n.

Then the monoid End(S) is completely regular if and only if |Y | = 2 and the

monoid End(Sξ) is completely regular for every ξ ∈ Y .

Then the monoid End(S) is idempotent if and only if |Y | = 2 and the monoid

End(Sξ) is idempotent for each ξ ∈ Y .



Zusammenfassung

Endomorphismenmonoide sind schon lange von Interesse in der universellen Algebra und

werden für die Untersuchung bestimmter Klassen von algebraischen Strukturen einge-

setzt.

Für jede Algebra ist die Menge der Endomorphismen abgeschlossen unter Kom-

position und bildet ein Monoid (das heißt, eine Halbgruppe mit einem neutralen Ele-

ment).

In dieser Arbeit untersuchen wir die Strukturen und Eigenschaften des Endo-

morphismenmonoids eines starken Halbverbands von links einfachen Halbgruppen. Für

solche Halbgruppe betrachten wir vor allem die Situation, dass die definierenden Homo-

morphismen konstant sind oder Isomorphismen. Für beliebige definierende Homomor-

phismen ist die Lage im Allgemeinen äußerst kompliziert, wir haben einige von ihnen

diskutiert, aber es bleiben viele offene Probleme. Die Halbgruppen, die angesehen wer-

den, sind endlich.

Sei Y ein Halbverband und sei Sξ eine Halbgruppe für jedes ξ ∈ Y mit Sα∩Sβ = ∅,

wenn α ̸= β, α, β ∈ Y . Für jedes Paar α, β ∈ Y mit α ≥ β, sei φα,β : Sα → Sβ

ein Halbgruppen Homomorphismus, so dass φα,α die Identitätsabbildung ist, und wenn

α > β > γ, dann φα,γ = φβ,γφα,β .

Wir betrachten S =
∪

α∈Y
Sα mit Multiplikation

a ∗ b = φα,α∧β(a)φβ,α∧β(b)

für a ∈ Sα und b ∈ Sβ . Die Halbgruppe S wird als stark Halbverband Y von Halbgruppen

Sξ bezeichnet. Für α, β ∈ Y nennen wir φα,β die definierenden Homomorphismen von S

oder auch Struktur Homomorphismen. Wir bezeichnen einen starken Halbverband von

Halbgruppen Sα mit definierenden Homomorphismen φα,β durch S = [Y ;Sα, φα,β ]. Ein

starker Halbverband von Gruppen ist bekannt unter dem Namen Clifford Halbgruppe.

Da alle Sα endlich sind, wählen wir eines der Idempotenten eα ∈ Sα aus.

Jetzt studieren wir die Endomorphismenmonoide der starken Halbverbände von

links einfachen Halbgruppen S = [Y ;Sα, eα, cα,eβ ] mit konstanten definierenden Homo-

morphismen cα,eβ .

Wir erhalten die folgenden Ergebnisse:

Sei S = [Y ;Sα, eα, cα,eβ ] ein nicht-trivialer starker Halbverband von links ein-

fachen Halbgruppen mit ν = ∧Y .



Wenn das Monoid End(S) regulär ist, dann gelten die folgenden Bedingungen

1) das Monoid End(Y ) ist regulär,

2) die Menge Hom(Sν , Sα) besteht aus konstanten Abbildungen

für alle α ∈ Y mit ν < α und

3) die Menge Hom(Sα, Sβ) ist hom-regulär für alle α, β ∈ Y .

Wenn die folgenden Bedingungen erfüllt sind

1) Y = Y0,n,

2) die Menge Hom(Sν , Sα) besteht aus

konstanten Abbildungen für alle α ∈ Y0,n mit α ̸= 0,

3) die Menge Hom(Sα, Sβ) ist hom-regulär für alle ξ ∈ Y0,n, und

4) S0 enthält nur ein idempotentes Element,

dann ist das Monoid End(S) regulär.

Das Monoid End(S) ist idempotent-abgeschlossen genau dann, wenn

1) Y = Y0,n und

2) das Monoid End(Sξ) ist idempotent-abgeschlossen

für jedes ξ ∈ Y0,n.

Das Monoid End(S) ist orthodox genau dann, wenn

1) Y = Y0,n,

2) die Menge Hom(S0, Sα) besteht aus

konstanten Abbildungen für alle α ∈ Y0,n mit α ̸= 0,

3) das Monoid End(Sξ) ist idempotent-abgeschlossen

für alle ξ ∈ Y0,n, und

4) die Menge Hom(Sα, Sβ) ist hom-regulär für alle α, β ∈ Y0,n.

Wenn die folgenden Bedingungen erfüllt sind

1) Y = Y0,n,

2) die Menge Hom(S0, Sα) besteht aus

konstanten Abbildungen für alle α ∈ Y0,n mit α ̸= 0,

3) das Monoid End(Sξ) ist idempotent-abgeschlossen

für alle ξ ∈ Y0,n,

4) die Menge Hom(Sα, Sβ) ist hom-regulär für alle ξ ∈ Y0,n, und

5) S0 enthält nur ein idempotentes Element,



dann ist das Monoid End(S) orthodox.

Das Monoid End(S) ist linksinvers genau dann, wenn

1) Y = Y0,n und

2) das Monoid End(Sξ) ist linksinvers

für alle ξ ∈ Y0,n.

Das Monoid End(S) ist vollständig regulär wenn die folgenden Bedingungen

erfüllt sind

1) |Y | = 2,

2) die Menge Hom(Sν , Sα) besteht aus

konstanten Abbildungen für alle α ∈ Y mit ν < α, und

3) das Monoid End(Sξ) ist vollständig regulär für alle ξ ∈ Y .

Wenn die folgenden Bedingungen erfüllt sind

1) |Y | = 2,

2) die Menge Hom(Sν , Sα) besteht aus

konstanten Abbildungen für alle α ∈ Y mit ν < α,

3) das Monoid End(Sξ) ist vollständig regulär für alle ξ ∈ Y , und

4) Sν enthält nur ein idempotentes Element,

dann ist das Monoid End(S) vollständig regulär.

Das Monoid End(S) ist idempotent genau dann, wenn

1) |Y | = 2,

2) die Menge Hom(Sν , Sα) besteht aus

konstanten Abbildungen für alle α ∈ Y mit ν < α, und

3) die Monoid End(Sξ) ist idempotent für alle ξ ∈ Y .

Außerdem, wenn φα,β für alle α, β ∈ Y bijektiv ist, so dass β < α, finden wir:

Sei S = [Y ;Tα, eα, φα,β ], Tξ ∼= T ein nicht-trivialer starker Halbverband von links

einfachen Halbgruppen. Dann ist das MonoidEnd(S) regulär (idempotent-abgeschlossen,

orthodox, linksinvers, vollständig regulär, und idempotent) genau dann, wenn die Monoiden

End(Y ) und End(T ) eine solche Eigenschaft haben.

Wir betrachten auch die Endomorphismenmonoide der starken Halverband von

links einfachen Halbgruppen mit surjektiv definierenden Homomorphismen φα,β und

Y = Y0,n.



Sei Y = Y0,n und sei S = [Y0,n;Sα, eα, φα,β ] ein nicht-trivialer starker Halbver-

band von links einfachen Halbgruppen mit surjektiv definierenden Homomorphismen

φα,β .

Dann ist das MonoidEnd(S) regulär genau dann, wenn die eingestellteHom(Sα, Sβ)

hom-regulär ist für alle α, β ∈ Y0,n.

Das Monoid End(S) ist idempotent-abgeschlossen genau dann, wenn das

Monoid End(Sξ) idempotent-abgeschlossen ist für jedes ξ ∈ Y0,n.

Das Monoid End(S) ist orthodox genau dann, wenn folgende Bedingungen

erfüllt sind

1) Das Monoid End(Sξ) ist idempotent-abgeschlossen

für jedes ξ ∈ Y0,n und

2) Die Menge Hom(Sα, Sβ) ist hom-regulär

für jedes α, β ∈ Y0,n.

Das Monoid End(S) ist linksinvers genau dann, wenn das Monoid End(Sξ)

linksinvers ist für jedes ξ ∈ Y0,n.

Das Monoid End(S) ist vollständig regulär genau dann, wenn |Y | = 2 und

das Monoid End(Sξ) vollständig regulär ist für jedes ξ ∈ Y .

Das Monoid End(S) ist idempotent genau dann, wenn |Y | = 2 und das Monoid

End(Sξ) idempotent ist für jedes ξ ∈ Y .



Introduction

Endomorphism monoids have long been of interest in universal algebra and also

in the study of particular classes of algebraic structures.

For any algebra, the set of endomorphisms is closed under composition and forms

a monoid (that is, a semigroup with identity). The endomorphism monoid is an interest-

ing structure from a given algebra. Some properties have been investigated, regular for

example. For many algebras the endomorphism monids have been studied, for example,

in [3], posets whose monoids of order-preserving maps are regular, the regularity and

substructures of Hom of modules have been in [6]. The endomorphism monoids of some

special groups were studied. Endomorphism rings of abelian groups have been studied in

[15] and endomorphism monoids of the generalized quaternion groups, dihedral 2-groups,

the alternating group A4 and symmetric groups were considered by Puusemp[16], [18],

[19]. In [20] the endomorphisms of Clifford semigroups were described.

In this thesis we study properties of the endomorphism monoids of strong semi-

lattices of left simple semigroups; namely regular endomorphisms, idempotent-closed

sets of endomorphisms, orthodox sets of endomorphisms, left inverse endomorphisms,

completely regular endomorphisms and idempotent endomorphisms.

This thesis contains 7 chapters; Chapter 1 is of an introductory nature which

provides basic definitions and reviews some of the background material which is needed

for reading the subsequent chapters. We also introduce the concept of homomorphism

regularity of two groups.

In Chapter 2 we mentioned finite semilattices whose endomorphism monoids are

regular and we investigated the above regularity properties of the endomorphism monoids

of finite semilattices and of sets.

In Chapter 3 we consider strong semilattices of left simple semigroups whose

endomorphism monoids have the above regularity properties. In this chapter we consider

strong semilattices of left simple semigroups in which the defining homomorphisms are



constant or isomorphisms.

The results in this chapter are valid for the endomorphism monoids of strong

semilattices of right simple semigroups as well.

In Chapter 4 we consider Clifford semigroups, i.e., strong semilattices of groups

whose endomorphism monoids have the above regularity properties. In this chapter

we consider Clifford semigroups in which the defining homomorphisms are constant or

bijective.

In Chapter 5 we consider strong semilattices of left groups whose endomorphism

monoids have the above regularity properties. In this chapter we consider strong semi-

lattices of left groups in which the defining homomorphisms are constant or bijective.

All results in Chapter 4 and Chapter 5 are as a consequence of Chapter 2.

In Chapter 6 we consider strong semilattices of left simple semigroups whose

endomorphism monoids have the above regularity properties. In this chapter we consider

the strong semilattice of left simple semigroups in which the defining homomorphisms

are surjective with the semilattice Y0,n.

In Chapter 7 we discuss the strong semilattices of left simple semigroups with a

two-element chain in which the defining homomorphisms are arbitrary.
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Symbol Description Page

E(S) the set of idempotents of S 4

φα,β defining homomorphisms 5

Hom(G,H) homomorphisms from G to H 5

End(G) endomorphism monoid of G 5

n,m positive integers 5

Zn group modulo n 5

V (a) the set of inverses of a 9

cx the constant map onto x 10
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Im(f) image under f 12
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Chapter 1

Preliminaries

In this chapter we shall provide some basic knowledge of semigroup theory that

will be used in this thesis. Section 1.2 contains some considerations on ordered Clifford

semigroups showing that all endomorphisms preserve order. So the original idea to study

order preserving endomorphisms of Clifford semigroups does not lead anywhere.

Section 1.3 develops some new aspects in the study of homomorphism setsHom(G,H)

where G and H are groups. With a slight generalization of endomorphism we present the

concept of hom-regularity. This section is based on semigroup theory which are found

in [5], [13] and [14].

1.1 General background for semigroups

Definition 1.1.1. Let X be a nonempty set. A binary relation ρ on X is a subset of

the cartesian product X ×X; for membership in ρ, we write xρy but occasionally also

(x, y) ∈ ρ.

A semigroup is an algebraic structure consisting of a nonempty set S together

with an associative binary operation.

Definition 1.1.2. A semigroup S is called commutative if ab = ba for any a, b ∈ S. An

element a ∈ S is called idempotent if a2 = a. Denote by E(S) the set of all idempotents

of a semigroup S.

Definition 1.1.3. A (meet)-semilattice (S,∧) is a commutative semigroup in which

each element is idempotent. A partial ordering is defined on S by a ≤ b if and only if

a ∧ b = a, with respect to this order, each pair of elements of S has a greatest lower
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bound, or meet, which coincides with the operation ∧. If each pair of elements of S also

has a least upper bound, or join (denoted ∨), then S is said to be a lattice.

Definition 1.1.4. Let S and T be semigroups and let f : S → T be a mapping, then

f is called a semigroup homomorphism if f(xy) = f(x)f(y) for all x, y ∈ S. The set of

semigroup homomorphisms is denoted by Hom(S, T ) and End(S) = Hom(S, S). The

set End(S) forms a monoid with composition as a multiplicative and mappings are

composed from right to left. For f, g ∈ End(S), the composition of f and g is written

as g ◦ f and (g ◦ f)(x) = g(f(x)) for all x ∈ S, we write gf instead of g ◦ f .

Definition 1.1.5. Let Y be a meet-semilattice and let Sξ be a semigroup for each

ξ ∈ Y with Sα ∩ Sβ = ∅ if α ̸= β, α, β ∈ Y . For each pair α, β ∈ Y with α ≥ β, let

φα,β : Sα → Sβ be a semigroup homomorphism such that φα,α is the identity mapping,

and if α > β > γ then φα,γ = φβ,γφα,β .

Consider S =
∪

α∈Y
Sα with multiplication

a ∗ b = φα,α∧β(a)φβ,α∧β(b)

for a ∈ Sα and b ∈ Sβ . The semigroup S is called a strong semilattice Y of semigroups

Sξ. For α, β ∈ Y we call φα,β the defining homomorphisms of S also called structure

homomorphisms, for example [14]. We denote a strong semilattice of semigroups Sα with

defining homomorphisms φα,β by S = [Y ;Sα, φα,β ]. If we replace ’semigroup’ by ’group’,

we call a strong semilattice of groups [14] which is known under the name Clifford

semigroup.

From now on we write αβ instead of α ∧ β.

Definition 1.1.6. A semigroup S is called idempotent-closed, if

for all a, b ∈ S and a2 = a, b2 = b, one has (ab)2 = (ab).

Example 1.1.7. If T is a commutative semigroup, then T is idempotent-closed because

for idempotents a, b ∈ T we have (ab)2 = abab = a2b2 = ab. For example, the monoid

End(Z4) is idempotent-closed since End(Z4, ◦) ∼= (Z4, ·) (see [9]) is a commutative semi-

group.



Example 1.1.8. The monoid End(Z2 ×Z2) is not idempotent-closed. To see this, take

idempotents f, g ∈ End(Z2 × Z2) as follows.

f =

 00 01 10 11

00 01 00 01


and

g =

 00 01 10 11

00 10 10 00


but

gf =

 00 01 10 11

00 10 00 10


is not idempotent.

Definition 1.1.9. An element a of a semigroup S is called regular if there exists an

element x ∈ S such that a = axa and if ax = xa, then a is called completely regular.

The semigroup S is called regular if all its elements are regular and S is called com-

pletely regular if all its elements are completely regular. A regular semigroup which is

idempotent-closed is called orthodox. A semigroup is called a Clifford semigroup if it is

completely regular and its idempotents commute. A semigroup S is called left inverse if

for any idempotents a, b ∈ S, aba = ab. A semigroup S is called right inverse if for any

idempotents a, b ∈ S, aba = ba.

According to [13], Petrich formulated the fundamental theorem for the global

structure of completely regular semigroups as follows.

Theorem 1.1.10. Let S be a semigroup. Then the following statements are equivalent:

(1) S is completely regular.

(2) S is a union of (disjoint) groups.

(3) For every a ∈ S, a ∈ aSa2.

Remark 1.1.11. We observe that

idempotent ⇒ completely regular ⇒ regular,

idempotent ⇒ idempotent-closed,



commutative ⇒ idempotent-closed,

group ⇒ inverse ⇒ left inverse (right inverse).

In some papers of Puusemp, for example in [17], idempotents of the endomor-

phism monoids of groups are investigated. That is for any group G, and for each idem-

potent f ∈ End(G). Then G can be expressed as a direct product of Im(f) and Ker(f).

The following theorem gives several alternative definitions of a Clifford semigroup

which can be found in [5] Theorem 4.2.1.

Theorem 1.1.12. Let S be a semigroup. Then the following statements are equivalent:

(1) S is a Clifford semigroup,

(2) S is a semilattice of groups,

(3) S is a strong semilattice of groups,

(4) S is regular, and the idempotents of S are central.

In [13] all homomorphisms of Clifford semigroups are described. The following

theorem is Proposition II.2.8 of [13].

Theorem 1.1.13. Let S = [Y ;Gα, φα,β ] and T = [Z;Hα, ψα,β ] be Clifford semigroups.

Let η : Y → Z be a homomorphism, for each α ∈ Y , let fα : Gα → Hη(α) be a

homomorphism, and assume that for any α ≥ β, the diagram

Gα
fα→ Hη(α)

φα,β

y yψη(α),η(β)

Gβ

fβ→ Hη(β)

commutes. Define a mapping f on S by f(a) := fα(a) if a ∈ Gα. Then f is a homomor-

phism of S into T . Moreover, f is one-to-one (respectively a bijection) if and only if η

and all fα are one-to-one (respectively bijections). Conversely, every homomorphism of

S into T can be constructed this way.

In [20] Lemma 1.3 has also described all homomorphisms of two Clifford semi-

groups which are shown as follows.



Lemma 1.1.14. Let S = [Y ;Gα, φα,β ] and T = [Z;Hα, ψα,β ] be Clifford semigroups.

Given a semilattice homomorphism fL : Y → Z and a family of group homomorphisms

{fα ∈ Hom(Gα,HfL(α)) | α ∈ Y } satisfies

fβφα,β = ψfL(α),fL(β)fα,

for all α, β ∈ Y . Then f : S → T defined by f(xα) := fα(xα) for every xα ∈ S, α ∈ Y

is a homomorphism of semigroups.

Corollary 1.1.15. Let S = [Y ;Gα, φα,β ] and T = [Z;Hα, ψα,β ] be Clifford semigroups.

Let f : S → T be a homomorphism with the set {fα ∈ Hom(Sα, Tf(α)) | α ∈ Y } of family

of semigroup homomorphisms. If α, β ∈ Y, β ≤ α then

fβ(Im(φα,β)) ⊆ Im(ψf(α),f(β))

fα(Ker(φα,β)) ⊆ Ker(ψf(α),f(β)).

Lemma 1.1.16. Let S = [Y ;Gα, φα,β ] be a Clifford semigroup. Let f, g ∈ End(S).

Write h = gf . Then

hα = gf(α)fα

for all α ∈ Y .

1.2 Partial orders on Clifford semigroups

In this section we study partial orders on Clifford semigroups and find that all

endomorphisms are order-preserving.

Definition 1.2.1. A binary relation ρ on X is

reflexive if xρx, for all x ∈ X,

symmetric if xρy implies that yρx,

antisymmetric if xρy and yρx imply that x = y, and

transitive if xρy and yρz imply that xρz.

An equivalence relation on X is a reflexive, symmetric and transitive binary

relation.

Definition 1.2.2. A partially ordered set or poset is a pair (X,≤) where ≤ is a reflexive,

antisymmetric, and transitive relation on X.



Definition 1.2.3. Let S be a regular semigroup. For a, b ∈ S, define a partial order as

follows

a ≤ b iff a = eb = bf for some e, f ∈ E(S).

A partial order is compatible if

a ≤ b implies ac ≤ bc and ca ≤ cb for all c ∈ S.

This partial order is called the natural partial order. See [5].

An ordered semigroup is a semigroup together with a partial order ≤ which is

compatible.

The partial order in Definition 1.2.3 has several equivalent definitions on a regular

semigroup which are taken from [12].

Lemma 1.2.4. For a regular semigroup (S, ·) the following are equivalent:

(i) e = eb = bf for some e, f ∈ E(S),

(ii) a = aa′b = ba′′a for some a′, a′′ ∈ V (a) = {x ∈ S | a = axa, x = xax},

(iii) a = aa0b = ba0a for some a0 ∈ V (a),

(iv) a′a = a′b and aa′ = ba′ for some a′ ∈ V (a),

(v) a = ab∗b = bb∗a, a = ab∗a for some b∗ ∈ V (b),

(vi) a = axb = bxa, a = axa, b = bxb for some x ∈ S,

(vii) a = eb for some idempotent e ∈ Ra and aS ⊆ bS,

(viii) for every idempotent f ∈ Rb there is an idempotent e ∈ Ra with e ≤ f and

a = eb,

(ix) a = ab′a for some b′ ∈ V (b), aS ⊆ bS and Sa ⊆ Sb,

(x) a = xb = by, xa = a for some x, y ∈ S,

(xi) a = eb = bx for some e ∈ E(S), x ∈ S.

Proof. See [12].

Now we consider the partial order on Clifford semigroups, we use the definition

(vi) above.

Theorem 1.2.5. Let S = [Y ;Gα, φα,β ] be a Clifford semigroup. Take a ∈ Gα, b ∈ Gβ,

α, β ∈ Y . Then a ≤ b if and only if α ≤ β and φβ,α(b) = a.



Proof. Sufficiency. Let φβ,α(b) = a and α ≤ β. Since a−1 ∈ Gα and aa−1a = a and

ba−1 = φβ,α(b)a
−1 = aa−1 and a−1b = a−1φβ,α(b) = a−1a we get a ≤ b.

Necessity. Let a ≤ b. Then an element x ∈ Gγ ⊆ S exists for some γ ∈ Y such

that axa = a, xa = xb and ax = bx. So from axa = a we get α ≤ γ and ax = bx implies

a = axa = bxa. We have α ≤ β.

From ax = bx it follows that eαaeγ = eαaxx
−1 = eαbxx

−1 = eαbeγ , thus a =

(eαφβ,α(b))φγ,α(eγ) = φβ,α(b).

To illustrate the Theorem 1.2.5 we use the following example.

Example 1.2.6. Consider the Clifford semigroup S = Z2ν ∪ Z2α ∪ Z3γ ∪ Z4β , with a

4-element semilattice Y = {ν < α < β, γ} and Zn = {0, 1, . . . , n − 1} the group with

addition modulo n, n ∈ {2, 3, 4} such that Hasse diagram is shown below. The defining

homomorphisms are according to Theorem 1.2.5, the lines indicate the images of elements

under the defining homomorphisms.
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So we have 0ν ≤ 2β since φβ,ν(2β) = 0ν . Thus 0ν ≤ 0ξ for all ξ ∈ Y , 0ν ≤ 2γ ,

1α ≤ 1β and so on.

Definition 1.2.7. A mapping f ∈ End(S) is called order-preserving homomorphism if

a ≤ b implies f(a) ≤ f(b) with respect to the partial order in Theorem 1.2.5.

We denote by OEnd(S) the monoid of order-preserving endomorphisms of S.

Definition 1.2.8. Let S be a semigroup and a ∈ E(S). A mapping ca ∈ End(S) is

defined by ca(x) = a for all x ∈ S is called a constant mapping.

The following lemma is also true for the case of strong semilattices of left simple

semigroups which will come later.

Lemma 1.2.9. Let S = [Y ;Gα, φα,β ] be a Clifford semigroup and f ∈ End(S). Then

for each α ∈ Y, f(Gα) ⊆ Gβ for some β ∈ Y .



Proof. Let x, x−1 ∈ Gα be such that f(x) ∈ Gβ , f(x
−1) ∈ Gγ and f(eα) = eδ, β, γ, δ ∈

Y . Then

eδ = f(eα) = f(xx−1) = f(x)f(x−1) ∈ Gβγ .

This implies that δ = βγ ≤ β. From f(x) = f(xeα) = f(x)f(eα) = f(x)eδ ∈ Gβδ, we

get β = βδ ≤ δ. This implies δ = β.

From β = δ = βγ ≤ γ and f(x−1) = f(x−1eα) = f(x−1)f(eα) = f(x−1)eβ ∈

Gγβ , and therefore γ = γβ ≤ β. Consequently, β = γ = δ.

Definition 1.2.10. From Lemma 1.2.9, for f ∈ End(S), the mapping f ∈ End(Y ) such

that f(Gα) ⊆ Gf(α) is called the induced index mapping.

We write the restriction fα = f |Gα of f with the usual meaning. For each

α ∈ Y, fα ∈ Hom(Gα, Gα′), we write fα(xα) which implies that xα is considered in Gα,

and f(xα) if f is defined on all of S such that f(xα) ∈ Gα′ .

We will show in the following theorem that OEnd(S) = End(S) for a Clifford

semigroup S.

Theorem 1.2.11. Let S = [Y ;Gα, φα,β ] be a Clifford semigroup. Then OEnd(S) =

End(S).

Proof. Take f ∈ End(S), aα ∈ Gα, bβ ∈ Gβ with aα ≤ bβ . By Theorem 1.2.5, we get

φβ,α(bβ) = aα and α ≤ β. Suppose that f(aα) = xα′ ∈ Gα′ and f(bβ) = yβ′ ∈ Gβ′ .

From eα = φβ,α(eβ) = φβ,α(bβbβ
−1) = φβ,α(bβ)φβ,α(bβ

−1) = aαbβ
−1 we get eα′ =

f(eα) = f(aαbβ
−1) = f(aα)f(bβ

−1) = (xα′)(yβ′)−1, so that xα′ = yβ′eα′ . We have

φβ′,α′(yβ′) = xα′ , therefore f(aα) = xα′ ≤ yβ′ = f(bβ) by Theorem 1.2.5. Therefore

f ∈ OEnd(S) and consequently End(S) = OEnd(S).

Problem 1.2.12. It would be interesting to investigate orders and order preserving

endomorphism of strong semilattices of more general semigroups.

1.3 Regular homomorphisms of groups

In many papers regular endomorphisms of various structures have been studied,

for example, the regular endomorphism monoid of groups has been considered in [11],

idempotents of endomorphism monoids of groups have been investigated in [17]. In this



section, we study homomorphisms in Hom(G,H) which have a ”semigroup inverse”,

which we will introduce. This is a relatively unusual access since Hom(G,H) is not a

semigroup (with composition) if G � H. The ideas are based on [11].

Definition 1.3.1. An element f in Hom(G,H) is called homomorphism regular if there

exists f ′ ∈ Hom(H,G) such that ff ′f = f . The set Hom(G,H) is called hom-regular

if all its elements are homomorphism regular. An element f ′ such that ff ′f = f and

f ′ = f ′ff ′ is an inverse of f .

The set Hom(Z1,Z4) is regular since there is only the constant map, but the set

Hom(Z2,Z4) is not regular since f ∈ Hom(Z2,Z4) with f(1) = 1 has no an inverse.

We recall some definitions and notations which are taken from [11].

Definition 1.3.2. Let G be a group. We say that G is a normal direct sum of N by

K, denoted by G = N nK if G = NK and N ∩K = {e} where e is the identity of G,

N E G (N is a normal subgroup of G), K is a subgroup of G. In this situation we say

that K has a normal complement in G, and N has a complement in G.

If a ∈ G = N nK, a = nk, n ∈ N, k ∈ K, then the map πK ∈ End(G) defined

by πK(a) = k is an idempotent endomorphism of G.

The following results are a generalization of Lemma 1.1 and Theorem 1.2 of [11].

Lemma 1.3.3. Let G and H be groups and let f ∈ Hom(G,H) have an inverse f ′.

Then

Ker(f) = Ker(f ′f), Im(f) = Im(ff ′)

Ker(f ′) = Ker(ff ′), Im(f ′) = Im(f ′f).

Proof. First x ∈ Ker(f) implies eG = f ′(eH) = f ′f(x), that is x ∈ Ker(f ′f) i.e.,

Ker(f) ⊆ Ker(f ′f). On the other hand, let x ∈ Ker(f ′f) implies eH = f(eG) =

f(f ′f(x)) = (ff ′f)(x) = f(x) that is x ∈ Ker(f) i.e., Ker(f ′f) ⊆ Ker(f). We get

Ker(f) = Ker(f ′f).

Let x ∈ Im(f), then x = f(y) for some y ∈ G. We have x = f(y) = (ff ′f)(y) =

ff ′(f(y)) = ff ′(x) which x ∈ Im(ff ′) i.e., Im(f) ⊆ Im(ff ′). On the other hand,

let x ∈ Im(ff ′), then x = f(f ′(y)) ∈ Im(f) for some y ∈ H and f ′(y) ∈ G i.e.,

Im(ff ′) ⊆ Im(f). We get Im(f) = Im(ff ′).



Let x ∈ Ker(f ′), then eH = f(eG) = f(f ′(x)) = (ff ′)(x), that is x ∈ Ker(ff ′)

i.e., Ker(f ′) ⊆ Ker(ff ′). On the other hand, x ∈ Ker(ff ′) implies eG = f ′(eH) =

f ′(ff ′(x)) = (f ′ff ′)(x) = f ′(x) that is x ∈ Ker(f ′) i.e., Ker(ff ′) ⊆ Ker(f ′). We get

Ker(f ′) = Ker(ff ′).

Let x ∈ Im(f ′), then x = f ′(y) for some y ∈ H. We have x = f ′(y) =

(f ′ff ′)(y) = f ′f(f ′(y)) = f ′f(x) which x ∈ Im(f ′f) i.e., Im(f ′) ⊆ Im(f ′f). On the

other hand, let x ∈ Im(f ′f), then x = f ′f(y) ∈ Im(f ′) for some y ∈ G and f(y) ∈ H

i.e., Im(f ′f) ⊆ Im(f ′). We get Im(f ′) = Im(f ′f).

Theorem 1.3.4. Let f ∈ Hom(G,H). Then f has an inverse if and only if Ker(f) has

a complement in G and Im(f) has a normal complement in H.

Proof. Necessity. Let f have an inverse, i.e., there exists f ′ ∈ Hom(H,G) such that

ff ′f = f and f ′ff ′ = f ′. We now show that Ker(f) has a complement in G that is

G = Ker(f) n Im(f ′). Let x ∈ Ker(f) ∩ Im(f ′), then f(x) = eH and x = f ′(y) for

some y ∈ H. It follows that eH = f(x) = ff ′(y) then we have y ∈ Ker(ff ′) = Ker(f ′)

by Lemma 1.3.3. Therefore x = f ′(y) = eG. Hence Ker(f) ∩ Im(f ′) = {eG}.

For all x ∈ G we have f(x) = ff ′f(x) and for x−1 ∈ G we have eH =

f(eG) = f(xx−1) = f(x)f(x−1) = f(x)(ff ′f)(x−1) = f(xf ′f(x−1)) which means

that xf ′f(x−1) ∈ Ker(f). Thus for each x ∈ G we get x = xeG = x(f ′f(x−1x)) =

(xf ′f(x−1))(f ′f(x)) ∈ Ker(f)Im(f ′). Thus G = Ker(f)Im(f ′). Hence G = Ker(f) n

Im(f ′). i.e., Ker(f) has a complement in G.

We next show that Im(f) has a normal complement in H, that is H = Im(f)n

Ker(f ′). Let x ∈ Im(f) ∩Ker(f ′), we get x = f(y) and f ′(x) = eG for some y ∈ G. It

follows that eG = f ′(x) = f ′(f(y)) which means that y ∈ Ker(f ′f) = Ker(f) by Lemma

1.3.3. Then x = f(y) = eH , so Im(f) ∩Ker(f ′) = {eH}.

For all x ∈ H we have f ′(x) = f ′ff ′(x) and for x−1 ∈ H we have eG = f ′(eH) =

f ′(xx−1) = f ′(x)f ′(x−1) = f ′(x)(f ′ff ′)(x−1) = f ′(xff ′(x−1)) implies xff ′(x−1) ∈

Ker(f ′). Thus for each x ∈ H, we get x = xeH = x(ff ′(eH)) = x(ff ′(x−1x)) =

(xff ′(x−1))(ff ′(x)) ∈ Ker(f ′)Im(f). Thus H = Ker(f ′)Im(f). Hence H = Ker(f ′)n

Im(f). i.e., Im(f) has a normal complement in H.

Sufficiency. Let G = Ker(f) nK and H = Im(f) n N where K is a subgroup

in G and N is a normal subgroup in H. We note that K ∼= G/Ker(f) ∼= Im(f). So

we can define ϕ : K → Im(f) by ϕ(k) = f(k) for every k ∈ K. Define f ′ : H → G



by f ′(h) = (ϕ−1πIm(f))(h) where πIm(f) : H → Im(f) is the projection onto Im(f).

For each x ∈ G = Ker(f) n K we have x = yz for some y ∈ Ker(f) and z ∈ K, so

ff ′f(x) = ff ′(f(yz)) = ff ′(f(z)) = fϕ−1πIm(f)(f(z)) = fϕ−1f(z) = f(z) = f(x). We

note that Im(f) = Im(ϕ) and K = Im(ϕ−1). We also have

f ′ff ′ = f ′ϕπKϕ
−1πIm(f) = f ′ϕ−1ϕ = f ′,

where πK : G→ K is the projection onto K. Hence f ′ is an inverse of f .

In the case that G is a commutative group, the direct product was mentioned as

a direct sum (see [9]).

Definition 1.3.5. A subgroup A of a group G is called a direct sum of G if there is a

subgroup B of G such that A ∩ B = {e} and A + B = G, where e is the identity in G.

We write G = A⊕B as G is a a direct sum of A and B.

In [9], they found that the endomorphism ring of an abelian group G is regular

if and only if images and kernels of all endomorphisms of G are direct sums of G and

the regularity of endomorphisms of modules can be found in [11].

The following example shows that the set Hom(Z6,Z4) is not regular and the set

Hom(Z3,Z6) is regular.

Example 1.3.6. Consider the set of homomorphisms ofHom(Z6,Z4). Take f ∈ Hom(Z6,Z4)

as follows

x ∈ Z6 0 1 2 3 4 5

f(x) ∈ Z4 0 2 0 2 0 2.

It can be seen that Im(f) = {0, 2} ⊆ Z4, which is not a direct sum of Z4 while

Ker(f) = {0, 2, 4} ⊆ Z6 is a direct sum of Z6. Then we have that f is not regular by

Theorem 1.3.4.

Now, take g ∈ Hom(Z3,Z6) as follows

x ∈ Z3 0 1 2

g(x) ∈ Z6 0 4 2.

It can be seen that Im(g) = {0, 2, 4} ⊆ Z6 such that Z6 = Im(g)×{0, 3}, and Ker(g) =

{0} ⊆ Z3 such that Z3 = Ker(g)× Z3. Then g is regular by Theorem 1.3.4.



We note that in the commutative case the direct product n is written as ×.

The next result has been proved in [11].

Corollary 1.3.7. A group G, End(G) is regular if and only if every kernel of an endo-

morphism has a complement and every image of an endomorphism has a normal com-

plement.

Example 1.3.8. The monoid End(Z6) is regular since all subgroups of Z6 are Z3 and

Z2 such that each has a complement subgroup. Let Q be the quaternion group with

Q =< a, b | a4 = e, b2 = a2, ba = a3b > .

The monoid End(Q) is not regular. To see this, take f ∈ End(Q) as follows

f =

 e a a2 a3 b ab a2b a3b

e e e e a2 a2 a2 a2

 .

We have Im(f) = {e, a2} has no complement subgroup in Q. This implies that f is not

regular by Corollary 1.3.7.

Let Zn be the cyclic group of order n. Then the endomorphism ring (End(Zn), ◦,+) ∼=

(Zn, ·). (See [9]).

We collect groups whose endomorphism monoids are regular, idempotent-closed,

and completely regular. For the finite cyclic group Zn we know from [1] that the endo-

morphism monoid of a finite cyclic group is regular if and only if the order of the group is

square-free. For the other groups, for example the symmetric group S3, the quaternion

group Q we have calculated ourselves.

End(G) regular idem-closed completely regular

Zp X X X

Z4 × X ×

Z6 X X X

Z8 × X ×

Z2 × Z2 X × ×

S3 X X X

Q × X ×



Chapter 2

Endomorphisms of semilattices

2.1 Finite semilattices with regular endomorphisms

In this section we provided all of definitions, terminology and property for finite

semilattices whose endomorphism monoids are regular which are investigated in [2].

Before we state the main result of [2], some definitions and notations are needed (see

also [2]).

Definition 2.1.1. Elements a, b of a semilattice S are comparable if a ∧ b ∈ {a, b}, if

a and b are not comparable, we write a∥b. A ∧-reducible element is one that can be

expressed as a∧ b where a∥b. If S is a lattice, then a ∨-reducible element is one that can

be written as a ∨ b for some a∥b. A subset C of S for which all a, b ∈ C are comparable

is called a chain. An antichain is a subset A of S such that a∥b for all distinct a, b ∈ A.

Definition 2.1.2. For an element a of a semilattice Y , the principal ideal generated by

a is the set (a] = {x ∈ Y | x ≤ a}, and the principal filter generated by a is the set

[a) = {x ∈ Y | x ≥ a}. If (a] is a chain for all a ∈ Y , then Y is said to be a tree. A tree

is said to be binary if for each ∧-reducible a there are precisely two elements that cover

a. An element a is said to be cover an element b, denoted a ≻ b if a > b and there is no

c satisfying a > c > b.

The following figure is an example of a binary tree that 0 is a ∧-reducible element.
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Definition 2.1.3. A semilattice Y is said to satisfying the strong meet property if a0 ∧

a1 = b0∧ b1 whenever a0, a1, b0, b1 are elements of Y such that a0∥a1 and bi ∈ [ai)\[a1−i)

for i = 0, 1.

Note that if Y is a tree, it is equivalent to assert that a0 ∧ a1 = b0 ∧ b1 whenever

a0∥a1 and bi ∈ [ai), i = 0, 1.

Lemma 2.1.4. Every tree satisfies the strong meet property.

Now definitions of the classes B and Bd are provided.

Definition 2.1.5. A capped binary tree is the lattice obtained by adjoining a unit, ie.e.,

a greatest element to a binary tree. The vertical sum of bounded lattices L0 and L1

is defined (only up to isomorphism) by first replacing each Li by an isomorphic copy

L′
i such that the unit of L′

0 is the zero, i.e., the smallest element of L′
1 and is the only

element of L′
0 ∩L′

1. A partial order is then defined on L′
0 ∪L′

1 by retaining the ordering

within each lattice and stipulating that x ≤ y whenever x ∈ L′
0 and L′

1. The resulting

lattice is denoted L0 +V L1.

In practice, the distinction between Li and L
′
i will be suppressed and Li will be

regarded as a sublattice of L0 +V L1.

Given bounded lattices Li, i < n where n > 1, the vertical sum
∑

V (Li, i < n) is

defined to be · · ·((L0 +V L1) +V L2) +V · · ·) +V Ln−1.

The following figure is an example of elements of the class B.

Definition 2.1.6. Let B denote the class of all vertical sums of finite capped binary

trees, and let Bd denote the class of all lattices L such that the dual of L lies in B.



Definition 2.1.7. Let Y be a finite lattice. A subsemilattice of (Y ;∧) is said to be a

∧-subsemilattice of Y . A bounded ∧- subsemilattice T of Y is said to be smooth if T

does not contain elements a, b, c satisfying c∥a∨ b and c < a∨T b, where ∨T denotes join

with respect to T .

Lemma 2.1.8. Let Li, i < n, where n > 1, be finite lattices, and let Y =
∑

V (Li, i < n).

If each Li satisfies the strong meet property, then so does Y .

Proof. See [2] Lemma 4.1.

Moreover, R denote the intersection of all rectilinearly closed classes that contain

the one-element and two-element chains.

The following figure is an example of elements of the class Bd. We observe that

the figure turns the element of the class B down.

Now definitions for the class R are provided.

Definition 2.1.9. Given bounded lattices Li, i < n, where n > 1, their horizontal sum

is defined (only up to isomorphism) as follows. First replace each Li by an isomorphic

copy L′
i such that L′

i ∩ L′
j = ∅ whenever i ̸= j, and choose 0, 1 to be any objects not

elements of ∪(L′
i, i < n). A partial order is then defined on ∪(L′

i, i < n) ∪ {0, 1} by

retaining the ordering within each lattice and defining 0 < x < 1 for all x ∈ ∪(L′
i, i < n).

The resulting lattice is denoted by
∑

H(Li, i < n).

In practice, the distinction between Li and L
′
i will be suppressed, that is, the Li

will be presumed pairwise disjoint.



Definition 2.1.10. A class K of finite lattices is said to be rectilinearly closed if, for all

n > 1,
∑

V (Li, i < n) and
∑

H(Li, i < n) both belong to K whenever Li ∈ K, i < n.

Let R denote the intersection of all rectilinearly closed classes that contain the

one-element and two-element chains.

Definition 2.1.11. An antichain A in a lattice Y is said to be self-disjoint if a0 ∧ a1 =

b0 ∧ b1 whenever a0, a1, b0, b1 are elements of A with a0 ̸= a1 and b0 ̸= b1. We say that

Y satisfies strong antichain property if every antichain in Y is self-disjoint or contains

distinct elements a, b, c such that a ∧ (b ∨ c) ≤ b.

Proposition 2.1.12. For every Y ∈ R the following hold.

1) Y satisfies the strong meet property.

2) Y satisfies the strong antichain property.

3) Every smooth ∧-subsemilattice of Y is a member of R.

Proof. See [2] Lemma 5.1.

The left figure is an element of the class R, but the right figure is not because for

an antichain subset A = {a, b, d} of Y , a ∧ d = 0 but a ∧ b = c. This is a contradiction

with the property of R in Proposition 2.1.12.

The next theorem is the main results of [2].

Theorem 2.1.13. For a finite semilattice Y , End(Y ) is regular if and only if one of

the following holds

1) Y is a binary tree,

2) Y is a tree with one ∧-reducible element, or

3) Y is a bounded lattice, Y ∈ B ∪Bd ∪R.



2.2 Properties of endomorphisms of semilattices and sets

In this section we investigate the properties from Definition 1.1.2, 1.1.6 and

Definition 1.1.9, namely, idempotent-closed, orthodox, left inverse, completely regular

and idempotent, of endomorphism monoids of finite semilattices and of sets.

Lemma 2.2.1. Let Y be a finite semilattice and let s ∈ End(Y ), α, β, γ ∈ Y .

1) If α < β < γ and s(α) = s(γ) = δ for some δ ∈ Y , then s(β) = δ.

2) If α = βγ where β∥γ and s(β) = s(γ) = δ for some δ ∈ Y , then s(α) = δ.

Proof. 1) s(β) = s(βγ) = s(β)s(γ) = s(β)δ ≤ δ and

δ = s(α) = s(αβ) = s(α)s(β) = δs(β) ≤ s(β).

This implies s(β) = δ.

2) s(α) = s(βγ) = s(β)s(γ) = δδ = δ.

By Y = Y0,n denote the semilattice with minimum 0 and the graph structure of

the complete bipartite graph K1,n. See the figure of K1,3 as follows.

•

•• •

�
�
�
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@
@
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Lemma 2.2.2. Take s ∈ End(Y0,n) not constant. Then s is idempotent if and only if

s(α) ̸= α implies s(α) = 0 for α ∈ Y0,n.

Proof. Necessity. Suppose that s(α) = β for some β ̸= α. Then s(β) = s(s(α)) = s(α) =

β. Thus 0 = s(0) = s(αβ) = s(α)s(β) = ββ = β and therefore s(α) = 0.

Sufficiency. For each α ∈ Y0,n, if s(α) = α, then s(s(α)) = s(α).

If s(α) ̸= α, then s(α) = 0 by hypothesis, so that ss(α) = s(0) = 0 and s(α) = 0.

Therefore s is idempotent.

Lemma 2.2.3. Let Y be a finite semilattice. Then End(Y ) is idempotent-closed if and

only if Y = Y0,n.

Proof. Necessity. Suppose that Y contains a chain {1, 2, 3}. Take two idempotents

s, t ∈ End(Y ) such that s(1) = s(2) = 2, s(3) = 3 and t(1) = 1, t(2) = t(3) = 3 and then



(st)2(1) = 3 but (st)(1) = 2. Thus st is not an idempotent. This implies that Y does

not contain a chain. Since Y is a semilattice, we have 1 ∧ 2 = 3, so that Y = Yo,n.

Sufficiency. Take two idempotents s, t ∈ End(Y0,n). We use Lemma 2.2.2, and

consider two cases,

if s or t is constant, then (st) is constant and of course, it is idempotent,

if s and t are not constant, then for each α ∈ Y0,n, st(α) = α if s(α) = α and

t(α) = α. Further, for s(α) ̸= α or t(α) ̸= α, we have stst(α) = 0 = s(t(α)),

Thus st is idempotent, and therefore End(Y0,n) is idempotent-closed.

We now consider the monoid End(Y ) for a finite semilattice Y .

Proposition 2.2.4. Let Y be a finite semilattice. Then the monoid End(Y ) is

1) regular if and only if Y is a binary tree or a tree

with one ∧-reducible or Y ∈ B ∪Bd ∪R (see Theorem 2.1.13).

2) completely regular

3) idempotent

 if and only if |Y | ≤ 2.

4) idempotent-closed

5) orthodox

6) left inverse

 if and only if Y = Y0,n.

7) right inverse

8) inverse

9) a group

10) commutative


if and only if |Y | = 1.

Proof. Necessities.

1) is taken from [2].

4) and 5) follow from Lemma 2.2.3.

The statements 7), 8), 9) and 10) are trivial.

We verify 2) and 3). Suppose that Y contains a chain {1, 2, 3} or a semilattice

1 ∧ 2 = 3. Take s ∈ End(Y ) such that s(1) = 2, s(2) = s(3) = 3. Then any t ∈ End(Y )

such that sts = s, t must fulfill t(2) = 1 and then ts(1) = 1 but 1 /∈ Im(st), so s is not

completely regular, and therefore End(Y ) is not completely regular. It can be seen that

s is not idempotent. This follows that End(Y ) is not idempotent. Hence |Y | ≤ 2.

6) Suppose that Y contains a chain {1, 2, 3}. Take two idempotents s, t ∈ End(Y )



such that s(1) = 1, s(2) = s(3) = 3 and t(1) = t(2) = 2, t(3) = 3. Then tst(1) = tst(2) =

tst(3) = 3 but ts(1) = 2. Thus tst ̸= ts, and therefore End(Y ) is not left inverse. Since

Y is a semilattice, we have 1 ∧ 2 = 3. Hence Y = Y0,n.

Sufficiency. If |Y | = 1, then everything is obvious.

2) and 3) Take |Y | = 2. Then End(Y ) consists of two constant maps and the

identity map.

6) Take Y = Y0,n. We now show that End(Y0,n) is left inverse. Take two

idempotents s, t ∈ End(Y0,n). By using Lemma 2.2.2, we have.

If s or t is constant, then we have sts = st.

If s and t are not constant. Then

sts(α) =

 α if s(α) = α and t(α) = α,

0 otherwise.

Thus sts = st, and therefore End(Y0,n) is left inverse.

As a consequence of Proposition 2.2.4 we have:

Corollary 2.2.5. Let Y be a non-trivial finite chain. Then End(Y ) is

1) always regular.

2) completely regular

3) idempotent

4) idempotent-closed

5) orthodox

6) left inverse


if and only if |Y | ≤ 2

7) right inverse

8) inverse

9) a group

10) commutative


if and only if |Y | = 1.

Corollary 2.2.6. Any finite semilattice Y such that End(Y ) satisfies any one of the

properties of Proposition 2.2.4, does not contain a three-element chain.

As a consequence we get most of the next corollary which has also been formu-

lated in [7].



Corollary 2.2.7. Let A be a set. Consider the monoid T (A) of all mappings of A into

itself. T (A) is

1) always regular.

2) completely regular

3) idempotent-closed

4) orthodox

5) left inverse


if and only if |A| ≤ 2

6) right inverse

7) inverse

8) a group

9) commutative

10) idempotent


if and only if |A| = 1.



Chapter 3

Endomorphisms of strong

semilattices of left simple

semigroups

In this chapter we consider the strong semilattices of left simple semigroups

in which the defining homomorphisms are constant or bijective whose endomorphism

monoids are regular, idempotent-closed, orthodox, left inverse, completely regular and

idempotent.

We note that the semilattice Y which is considering, is non-trivial, i.e., |Y | > 1.

Let S = [Y ;Sα, eα, φα,β ] be a non-trivial strong semilattice of semigroups Sα

with a fixed idempotent eα for α ∈ Y and defining homomorphisms φα,β for β ≤ α.

We collect the results of this chapter as a table in the Overview.

3.1 Homomorphisms of a non-trivial strong semilattice of

semigroups

Definition 3.1.1. A semigroup S is called left simple if S = Sa for all a ∈ S. An

analogy, S is called right simple if S = aS for all a ∈ S.

We denote by

Eφ(S) = {eβ | φα,β(eα) = eβ for some idempotent eα ∈ Sα, β ≤ α ∈ Y }.

In general if f ∈ End(S), then f may not be a mapping. To see this, we show

the following example. This example is suggested by Professor Norman R. Reilly.
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Example 3.1.2. Consider the semilattice Y = {0, α, β, γ, δ} as shown below and let

S = [Y ;Sα, eα, φα,β ] be a non-trivial strong semilattice of idempotent semigroups such

that Sα = {aα, bα, cα} with aαbα = bαaα = cα, the remaining semigroups consist of one

idempotent. Take f ∈ End(S) as follows.

f =

 e0 aα bα cα eβ eγ eδ

e0 eγ eδ eβ e0 e0 e0

 .

It can be seen that f /∈ End(Y ).

Lemma 3.1.3. Let S be a simple semigroup with idempotent e. Then x = xe for all

x ∈ S.

Proof. Take any x ∈ S. Since S is a left simple semigroup, we have S = Se and x = ye

for some y ∈ S. Then

xe = yee = ye = x.

This implies that x = xe for all x, e ∈ S.

The next lemma is a generalization of Lemma 1.3 of [20].

Lemma 3.1.4. Let S = [Y ;Sα, eα, φα,β ] be a non-trivial strong semilattice of semi-

groups. Let s ∈ End(Y ) and let {fα ∈ Hom(Sα, Ss(α)) | α ∈ Y } be a family of semigroup

homomorphisms which satisfies

fβφα,β = φs(α),s(β)fα

for all α, β ∈ Y . Then f : S → S defined by f(xα) := fα(xα) for every xα ∈ Sα, is an

endomorphism on S.



Proof. It can be seen that f is well-defined. We verify now that f is a homomorphism.

Take xα, yβ ∈ S, α, β ∈ Y . Then

f(xαyβ) = f(φα,αβ(xα)φβ,αβ(yβ))

= fαβ(φα,αβ(xα))fαβ(φβ,αβ(yβ))

= φs(α),s(αβ)fα(xα)φs(β),s(αβ)fβ(yβ)

= fα(xα)fβ(yβ)

= f(xα)f(yβ).

Then f ∈ End(S).

Lemma 3.1.5. Let S = [Y ;Sα, eα, φα,β ] and T = [Z;Tα, eα, ψα,β ] be two strong semi-

lattice of left simple semigroups. Let f : S → T be a homomorphism. Then for α ∈ Y ,

f(Sα) ⊆ Tβ for some β ∈ Y . That is f ∈ Hom(Y,Z) and f(eα) ∈ E(Tβ).

Proof. Let xα, yα ∈ Sα. Suppose that f(xα) ∈ Tβ and f(yα) ∈ Tγ for some β, γ ∈ Z.

Since Sα is a left simple semigroup, we have xα ∈ Sα = Sαyα and yα ∈ Sα = Sαxα, so

that xα = aαyα and yα = bαxα for some aα, bα ∈ Sα.

Assume that f(aα) ∈ Tδ and f(bα) ∈ Tζ for some δ, ζ ∈ Z. Then

f(aαyα) = f(aα) ∈ Tβ

and

f(aα)f(yα) ∈ Tδγ .

This implies that β = δγ ≤ γ.

Now we consider

f(bαxα) = f(yα) ∈ Tγ

and

f(bα)f(xα) ∈ Tζβ .

This implies that γ = ζβ ≤ β, and therefore β = γ. Hence for each α ∈ Y , f(Sα) ⊆ Tβ

for some β ∈ Z.

Corollary 3.1.6. Let S = [Y ;Sα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups. Let f : S → S be an endomorphism of S. Then for α ∈ Y , f(Sα) ⊆

Sβ for some β ∈ Y . That is f ∈ End(Y ) and f(eα) ∈ E(Sβ).



Example 3.1.7. Let S = S3ν ∪Z3α , φα,ν = c(1)ν be a strong semilattice of groups. The

diagram is shown below.

• • • • • •
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(1)ν (123)ν (132)ν (12)ν (13)ν (23)ν

0α 1α 2α

From Lemma 3.1.4 we can construct all endomorphisms of S. On the other hand,

if f ∈ End(S) then f ∈ End(Y ) and f(Gα) ⊆ Gβ for some β ∈ Y by Corollary 3.1.6.

All endomorphisms of S are shown below.



(1)ν (123)ν (132)ν (12)ν (13)ν (23)ν 0α 1α 2α

f1 (1)ν (1)ν (1)ν (1)ν (1)ν (1)ν (1)ν (1)ν (1)ν f(α) = f(ν) = ν

f2 (1)ν (1)ν (1)ν (12)ν (12)ν (12)ν (1)ν (1)ν (1)ν ”

f3 (1)ν (1)ν (1)ν (13)ν (13)ν (13)ν (1)ν (1)ν (1)ν ”

f4 (1)ν (1)ν (1)ν (23)ν (23)ν (23)ν (1)ν (1)ν (1)ν ”

f5 (1)ν (123)ν (132)ν (12)ν (13)ν (23)ν (1)ν (1)ν (1)ν ”

f6 (1)ν (132)ν (123)ν (12)ν (23)ν (13)ν (1)ν (1)ν (1)ν ”

f7 0α 0α 0α 0α 0α 0α 0α 0α 0α f(α) = f(ν) = α

f8 (1)ν (1)ν (1)ν (1)ν (1)ν (1)ν 0α 0α 0α f(α) = α, f(ν) = ν

f9 (1)ν (1)ν (1)ν (1)ν (1)ν (1)ν 0α 1α 2α ”

f10 (1)ν (1)ν (1)ν (1)ν (1)ν (1)ν 0α 2α 1α ”

f11 (1)ν (123)ν (132)ν (12)ν (13)ν (23)ν 0α 0α 0α ”

f12 (1)ν (123)ν (132)ν (12)ν (13)ν (23)ν 0α 1α 2α ”

f13 (1)ν (123)ν (132)ν (12)ν (13)ν (23)ν 0α 2α 1α ”

f14 (1)ν (1)ν (1)ν (12)ν (12)ν (12)ν 0α 0α 0α ”

f15 (1)ν (1)ν (1)ν (12)ν (12)ν (12)ν 0α 1α 2α ”

f16 (1)ν (1)ν (1)ν (12)ν (12)ν (12)ν 0α 2α 1α ”

f17 (1)ν (1)ν (1)ν (13)ν (13)ν (13)ν 0α 0α 0α ”

f18 (1)ν (1)ν (1)ν (13)ν (13)ν (13)ν 0α 1α 2α ”

f19 (1)ν (1)ν (1)ν (13)ν (13)ν (13)ν 0α 2α 1α ”

f20 (1)ν (1)ν (1)ν (23)ν (23)ν (23)ν 0α 0α 0α ”

f21 (1)ν (1)ν (1)ν (23)ν (23)ν (23)ν 0α 1α 2α ”

f22 (1)ν (1)ν (1)ν (23)ν (23)ν (23)ν 0α 2α 1α ”

f23 (1)ν (132)ν (123)ν (12)ν (23)ν (13)ν 0α 0α 0α ”

f24 (1)ν (132)ν (123)ν (12)ν (23)ν (13)ν 0α 1α 2α ”

f25 (1)ν (132)ν (123)ν (12)ν (23)ν (13)ν 0α 2α 1α ”

From now on we use the notation S = [Y ;Sα, eα, cα,eβ ] instead of a non-trivial

strong semilattice of semigroups with constant defining homomorphisms φα,β = cα,eβ .

An endomorphism f of a non-trivial strong semilattice of left simple semigroups

with constant defining homomorphisms φα,β always satisfies the following equations,

fβφα,β = φf(α),f(β)fα

for all α, β ∈ Y , which is shown in the next lemma.



Lemma 3.1.8. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left simple

semigroups. Let f ∈ End(S). Then f ∈ End(Y ) and the set {fα ∈ Hom(Sα, Sf(α)) |

α ∈ Y } satisfies

fβφα,β = φf(α),f(β)fα

for all α, β ∈ Y .

Proof. Since f ∈ End(S), we have f ∈ End(Y ) by Corollary 3.1.6 and for β < α ∈ Y ,

take xα ∈ Sα and idempotents eβ , e
′
β ∈ Sβ , suppose that f(eβ) = e′f(β). Since Sf(β) =

Sf(β)e
′
f(β), we have ef(β) = yf(β)e

′
f(β) for some yf(β) ∈ Sf(β) and

ef(β)e
′
f(β) = yf(β)e

′
f(β)e

′
f(β) = yf(β)e

′
f(β) = ef(β).

Thus

f(xαeβ) = f(φα,β(xα)eβ) = f(eβ) = e′f(β)

and

f(xα)f(eβ) = φf(α),f(β)(f(xα))e
′
f(β) = ef(β)e

′
f(β) = ef(β).

This implies that f(eβ) = e′f(β) = ef(β). Consider xα ∈ Sα ⊆ S, α ∈ Y , we have

fβ(φα,β(xα)) = fβ(eβ) = ef(β) = φs(α),f(β)(fα(xα))

Thus fβφα,β = φf(α),f(β)fα.

The next construction is useful and often used later.

Construction 3.1.9. Let S = [Y ;Sα, eα, φα,β ], φα,β = ceβ be a non-trivial strong semi-

lattice of left simple semigroups with ν = ∧Y . Take fα ∈ Hom(Sα, Sβ), α, β ∈ Y .

Define f : S → S as follows

f(xξ) :=


fα(xα) ∈ Sβ if α = ξ,

fα(eα) ∈ Sβ if α < ξ,

eν if ξ < α or α∥ξ,

for every xξ,∈ S, ξ ∈ Y . Then f ∈ End(S).

Proof. It can be seen that f is well-defined. We check that f is a homomorphism.

Take xγ , yδ ∈ S, γ, δ ∈ Y .

The case γ = δ = α is clear as fα ∈ Hom(Sα, Sβ).



Case 1.1. γ = α, α < δ. Then α = αδ. We calculate

f(xαyδ) = f(xαφδ,α(yδ))

= f(xαeα)

= f(xα)

= fα(xα)

and

f(xα)f(yδ) = fα(xα)fα(eα)

= fα(xαeα)

= fα(xα).

Case 1.2. γ = α, δ < α or δ∥α. Then αδ < α. We calculate

f(xαyδ) = f(φα,αδ(xα)φδ,αδ(yδ))

= f(eαδ)

= eν

and

f(xα)f(yδ) = fα(xα)eν

= φβ,ν(fα(xα))eν

= eν .

Case 1.3. α < γ, δ. Then α ≤ γδ.

If α = γδ then

f(xγyδ) = f(φγ,α(xγ)φδ,α(yδ))

= f(eα)

= fα(eα)

and

f(xγ)f(yδ) = fα(eα)fα(eα)

= fα(eαeα)

= fα(eα).

If α < γδ then

f(xγyδ) = f(φγ,γδ(xγ)φδ,γδ(yδ))

= f(eγδ)

= fα(eα)



and

f(xγ)f(yδ) = fα(eα)fα(eα)

= fα(eαeα)

= fα(eα).

Case 1.4. α < γ and (δ < α or δ∥α).

If α < γ and δ < α then δ = δγ. We calculate

f(xγyδ) = f(φγ,δ(xγ)yδ)

= f(eδyδ)

= eν

and

f(xγ)f(yδ) = fα(eα)eν

= φβ,ν(fα(eα))eν

= eν .

If α < γ and δ∥α then α ̸= γδ since otherwise α = γδ < δ but α∥δ.

Moreover α ≮ γδ since otherwise α < γδ < δ but α∥δ. We have

f(xγyδ) = f(φγ,γδ(xγ)φδ,γδ(yδ))

= f(eγδ)

= eν

and

f(xγ)f(yδ) = fα(eα)eν

= φβ,ν(fα(eα))eν

= eν .

Case 1.5. (γ < α or γ∥α) and (δ < α or δ∥α).

If γ < α and δ < α then γδ < α. We calculate

f(xγyδ) = f(φγ,γδ(xγ)φδ,γδ(yδ))

= f(eγδ)

= eν

= f(xγ)f(yδ).

If γ < α and δ∥α then γδ < γ < α. We calculate



f(xγyδ) = f(φγ,γδ(xγ)φδ,γδ(yδ))

= f(eγδ)

= eν

= f(xγ)f(yδ).

If γ∥α and δ∥α then γδ ̸= α since otherwise α = γδ < γ but α∥γ.

Moreover α ≮ γδ since otherwise α < γδ < δ but α∥δ. We have

f(xγyδ) = f(φγ,γδ(xγ)φδ,γδ(yδ))

= f(eγδ)

= eν

= f(xγ)f(yδ).

Thus f ∈ End(S).

Now we consider the case that the defining homomorphisms φα,β are isomor-

phisms, some places the author write as bijective. In this case we simplify the descrip-

tion of a non-trivial strong semilattice of left simple semigroups S = [Y ;Tα, eα, φα,β ]

such that the result covers Lemma 2.2 of Gilbert and Samman [4].

For α, β ∈ Y, Tα ∼= Tβ and φα,β(eα) = eβ can be taken without loss of generality.

Lemma 3.1.10. Let S = [Y ;Tα, eα, φα,β ] be a non-trivial strong semilattice of semi-

groups with isomorphisms φα,β. For any λ ∈ Y , let Sλ = [Y ;Tλ, eα, idα,α] be the strong

semilattice of semigroups over Y in which each semigroups Tα, α ∈ Y is equal to Tλ and

all the defining homomorphisms are the identity. Then S is isomorphic to Sλ.

Proof. We define an isomorphism ϕ : S → Sλ as follows

ϕ(a) := ϕα(a) = φ−1
λ,αλφα,αλ(a)

for every a ∈ Tα ⊆ S where ϕα is the restriction to Tα. Then ϕ is clearly bijective and

we check only that ϕ is a homomorphism.

Let a ∈ Tα, b ∈ Tβ. Then ab = φα,αβ(a)φβ,αβ(b) ∈ Tαβ and

ϕ(a)ϕ(b) = ϕα(a)ϕβ(b)

= φ−1
λ,αλφα,αλ(a)φ

−1
λ,βλφβ,βλ(b)

whereas

ϕ(ab) = ϕαβ(φα,αβ(a)φβ,αβ(b))

= ϕαβ(φα,αβ(a))ϕαβ(φβ,αβ(b)).



Consider

ϕαβ(φα,αβ(a)) = φ−1
λ,αβλφαβ,αβλ(φα,αβ(a))

= (φ−1
λ,αλφ

−1
αλ,αβλ)(φαλ,αβλφα,αλ)(a)

= φ−1
λ,αλφα,αλ(a).

Similarly, ϕαβ(φβ,αβ(b)) = φ−1
λ,βλφβ,βλ(b). Thus ϕ is a homomorphism.

As we know from Lemma 3.1.10 that the results are similar for the defining

homomorphisms being isomorphisms or identity, so from now on we prove the latter

case, but we write isomorphisms instead.

We now assume that S is a non-trivial strong semilattice of left simple semigroups

over Y in which every left simple semigroup is equal to a fixed left simple semigroup

T and with each defining homomorphism equal to the identity. Hence S is the disjoint

union of copies Tα (i.e., T indexed by α ∈ Y ). If x ∈ T , then we denote by xα the copy

of the element x in Tα. Thus

xαyβ = (xy)αβ .

Construction 3.1.11. Let S = [Y ;Tα, eα, φα,β ] be a non-trivial strong semilattice of

semigroups with isomorphisms φα,β, i.e., Tα ∼= Tβ ∼= T . Any g ∈ End(T ) and s ∈

End(Y ) determine an endomorphism f ∈ End(S) defined by f(xα) := (g(x))s(α).

Proof. It can be seen that f is well-defined.

Take xα, yβ ∈ S. Then

f(xαyβ) = f(φα,αβ(xα)φβ,αβ(yβ))

= f(xαβyαβ)

= (g(xy))s(αβ)

and

f(xα)f(yβ) = (g(x))s(α)(g(y))s(β)

= φs(α),s(α)s(β)((g(x))s(α))φs(β),s(α)s(β)((g(y))s(β))

= (g(x))s(α)s(β)(g(y))s(α)s(β) ∈ Ts(αβ)

= (g(xy))s(αβ).

Since s ∈ End(Y ) and g ∈ End(T ), we have f(xαyβ) = f(xα)f(yβ). Hence f ∈ End(S).



Proposition 3.1.12. Let S = [Y ;Tα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups with isomorphisms φα,β, i.e., Tα ∼= Tβ ∼= T . Take f ∈ End(S). Then

there exists g ∈ End(T ) = End(Tα) and f ∈ End(Y ) such that f(xα) = (g(x))f(α).

Proof. Since f ∈ End(S), we have f ∈ End(Y ) by Corollary 3.1.6. For each xα ∈ S, α ∈

Y , we have fα ∈ Hom(Tα, Tf(α)), but Tα = Tf(α) = T . Then there exists g ∈ End(T )

such that fα = g and

f(xα) = (g(x))f(α).

The following theorem is a consequence of Construction 3.1.11 and Proposition

3.1.12.

Theorem 3.1.13. Let S = [Y ;Tα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups Tα with isomorphisms φα,β, i.e., Tα ∼= Tβ ∼= T . Every endomorphism

is of the forms such that f ∈ End(S) if and only if there exist g ∈ End(T ) and s ∈

End(Y ) with f(xα) = (g(x))s(α) and f(α) = s(α) for every xα ∈ S, α ∈ Y .

Proof. See Construction 3.1.11 and Proposition 3.1.12.

3.2 Regular monoids

In this section we consider strong semilattices of left simple semigroups whose

endomorphism monoids are regular.

Lemma 3.2.1. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of semi-

groups. If the monoid End(S) is regular then the set Hom(Sα, Sβ) is hom-regular for all

α ∈ Y .

Proof. Take fα ∈ Hom(Sα, Sβ), α, β ∈ Y . Using Construction 3.1.9, for every xξ,∈

S, ξ ∈ Y , take f ∈ End(S) as follows

f(xξ) :=


fα(xα) ∈ Sβ if α = ξ,

fα(eα) ∈ Sβ if α < ξ,

eν if ξ < α or α∥ξ,

By hypothesis there exists f ′ ∈ End(S) such that ff ′f = f .

For each xα ∈ S, α ∈ Y . We calculate



fα(xα) = f(xα)

= ff ′f(xα)

= ff ′(fα(xα))

= fγf
′
βfα(xα)

where f ′β ∈ Hom(Sβ , Sγ) for some γ ∈ f−1{β} and fγ ∈ Hom(Sγ , Sβ).

If α < γ then fα(xα) = fγ(f
′
βfα(xα)) = fα(eα), i.e., fα is constant, of course f is

regular.

If γ∥α or γ < α then fα(xα) = fγ(f
′
βfα(xα)) = eν , i.e., fα is constant onto eν , of

course f is regular.

If γ = α then fα(xα) = fαf
′
βfα(xα), i.e., fα is regular.

If we take α = β in Construction 3.1.9, we have the following lemma.

Lemma 3.2.2. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of semi-

groups. If the monoid End(S) is regular (idempotent-closed, orthodox, left inverse, com-

pletely regular, and idempotent), then the monoid End(Sα) is regular (idempotent-closed,

orthodox, left inverse, completely regular, and idempotent).

Lemma 3.2.3. Let S = [Y ;Sα, eα, φα,β ] be a non-trivial strong semilattice of semi-

groups. If the monoid End(S) is regular (idempotent-closed, orthodox, left inverse, com-

pletely regular, and idempotent), then the monoid End(Y ) is regular (idempotent-closed,

orthodox, left inverse, completely regular, and idempotent).

Proof. Take s ∈ End(Y ). Using Lemma 3.1.4, take f ∈ End(S) as follows

f(xα) := es(α)

for every xα ∈ S, α ∈ Y . By hypothesis there exists f ′ ∈ End(S) such that ff ′f = f .

Further we have es(α) = f(xα) = ff ′(f(xα)) = ff ′(es(α)) = esfs(α). So that s(α) =

sfs(α), and therefore s is regular. Hence the monoid End(Y ) is regular.

The remaining properties can be proved in a similar way.

Lemma 3.2.4. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of semigroups

with ν = ∧Y . If the monoid End(S) is regular, then the set Hom(Sν , Sα) consists of

constant maps for every α ∈ Y, α ̸= ν.



Proof. Take fν ∈ Hom(Sν , Sα). For each xν ∈ Sν we know that fν(xν) ∈ Sα then

fν(xν) = yα for some yα ∈ Sα. Take s ∈ End(Y ) such that s(ξ) = α for all ξ ∈ Y .

Define f ∈ End(S) as follows

f(zξ) :=

 fν(zν) ∈ Sα if ξ = ν,

fν(eν) ∈ Sα otherwise,

for every zξ ∈ S, ξ ∈ Y . For β, γ ∈ Y , consider

fβφγ,β(zγ) = fβ(eβ) = fν(eν)

and

φs(γ),s(β)(fγ(zγ)) = φα,α(fγ(zγ)) = fγ(zγ) = fν(eν).

Thus the set {fβ ∈ Hom(Sβ , Ss(β)) | β ∈ Y } satisfies the equations

fβφγ,β = φs(γ),s(β)fγ .

Then f ∈ End(S) by Lemma 3.1.4. By hypothesis there exists f ′ ∈ End(S) such that

ff ′f = f . Then

yα = fν(xν)

= f(xν)

= ff ′f(xν)

= ff ′(fν(xν))

= ff ′(yα).

Thus

f ′(yαeν) = f ′(φα,ν(yα)eν) = f ′(eνeν) = f ′(eν)

and

f ′(yα)f
′(eν) = f ′(yα).

That is f ′(yα) = f ′(eν).

Since f ′(yα) must be in Sν because ff ′(yα) = yα and by Lemma 2.2 f ′(Sα) ⊆ Sν ,

i.e., f ′(α) = ν, so that

f ′(ν) = f ′(να) = f ′(ν)f ′(α) = f ′(ν)ν = ν.

Now we claim that f ′(Sα) = {f ′(eν)}. Take any zα ∈ Sα. Since f
′ ∈ End(S), we

have

f ′ν(φα,ν(zα)) = f ′ν(eν) = f ′(eν)



and

φf ′(α),f ′(ν)(f
′
α(zα)) = φν,ν(f

′
α(zα)) = f ′α(zα) = f ′(zα).

We get that f ′(Sα) = {f ′(eν)}. Then

fν(eν) = f(eν)

= ff ′f(eν)

= ff ′(e′α) where f(eν) = e′α for some e′α ∈ Sα

= ff ′(eν) (because f
′(Sα) = {f ′(eν)})

= ff ′(yα) (because f
′(yα) = f ′(eν))

= yα

= fν(xν).

This implies that fν is constant onto fν(eν). Therefore every fν ∈ Hom(Sν , Sα) is a

constant mapping. Hence Hom(Sν , Sα) consists of constant maps for all α ∈ Y, α >

ν.

The following lemma is needed later.

Lemma 3.2.5. Let Y = Y0,n and S = [Y0,n;Sα, eα, cα,eβ ] be a non-trivial strong semi-

lattice of left simple semigroups. Take f ∈ End(S). If f(ξ) = α for all ξ ∈ Y for some

0 ̸= α ∈ Y0,n, then f(xβ) = f(e0) for all 0 ̸= β ∈ Y0,n. Moreover, f is idempotent if and

only if f(S) = f(e0). In fact, f is constant onto f(e0).

Proof. Take xβ ∈ Sβ , β ∈ Y .

Since f ∈ End(S), we have f ∈ End(Y0,n) by Corollary 3.1.6 and the set {fα ∈

Hom(Sα, Sf(α)) | α ∈ Y0,n} satisfies the equations

f0φβ,0 = φf(β),f(0)fβ

we have

f(xβ) = fβ(xβ)

= φf(β),f(0)fβ(xβ) (because f(0) = f(β))

= f0(φβ,0(xβ))

= f0(e0)

= f(e0).

Thus f(xβ) = f(e0) for xβ ∈ Sβ .



Moreover, let f be idempotent. We have shown from above that f(xβ) = f(e0)

for every 0 ̸= β ∈ Y0,n. So that we need only show that f(S0) = f(e0). Take x0 ∈ S0.

Then f(x0) = f(f(x0)) = f(yα) for some yα ∈ Sα. But f(yα) = f(e0) from above. Thus

f(x) = f(yα) = f(e0) for all x ∈ S.

On the other hand, the image f(S) = f(e0) is idempotent, and therefore f is

idempotent.

Now we proceed to a sufficient condition for the case Y = Y0,n i.e., Y has only

one ∧-reducible element. We have.
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Theorem 3.2.6. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left

simple semigroups. If the following hold

1) Y = Y0,n,

2) the set Hom(S0, Sα) consists of constant mappings for all α ∈ Y0,n, α ̸= 0,

3) the set Hom(Sα, Sβ) is hom-regular for all α, β ∈ Y0,n, and

4) S0 contains only one idempotent e0,

then the monoid End(S) is regular.

Proof. Take f ∈ End(S). Then f ∈ End(Y0,n).

Case 1. f is constant.

If f(ξ) = 0 for all ξ ∈ Y0,n, then f(Sα) = {f(e0)} for all 0 ̸= α ∈ Y0,n by Lemma

3.2.4. Thus f is determined by f0 ∈ End(S0), so that f |S0 = f0 and f |Sα = f0φα,0, that

is fα(xα) = f0(φα,0(xα)) = f0(e0) for every xα ∈ Sα. By using that End(S0) is regular,

we get that f is regular.

If f(ξ) = α for all ξ ∈ Y0,n and some 0 ̸= α ∈ Y0,n, then f is determined by f0 ∈

Hom(S0, Sα) and f |S0 = f0 and f |Sα = f0φα,0, that is fα(xα) = f0(φα,0(xα)) = f0(e0)

for every xα ∈ Sα. By using that 1) Hom(S0, Sα) consists of constant maps, we get that

f is regular.



Case 2. f is not constant.

If f(0) = α for some 0 ̸= α ∈ Y0,n then for every 0 ̸= β, γ ∈ Y0,n we have

f(β)f(γ) = f(βγ) = f(0) = α. This implies that f(β) = α and f(γ) = α which is

impossible as f is not constant, so that f(0) = 0.

Now consider any α ∈ Y0,n with f(α) ̸= 0, say f(α) = β for some 0 ̸= β ∈ Y0,n.

Then f is determined by each fα ∈ Hom(Sα, Sβ) and f0 ∈ End(S0) such that f |S0 = f0

and f0φα,0 = φf(α),0fα, i.e.,

f0(e0) = f0(φα,0(xα)) = φβ,0(fα(xα)) = e0.

If there exists γ ∈ Y0,n such that f(γ) = β then β = f(γ)f(α) = f(γα) =

f(0) = 0, but β ̸= 0. This means that f−1{β} = {α} and for any two distinct elements

0 ̸= γ, δ ∈ Y0,n such that f(γ) = f(δ) = η then η = 0, i.e., |f−1(β)| = 1 (the cardinality

of f−1(β)). By using 2) there exists f ′β ∈ Hom(Sβ , Sα) such that fαf
′
βfα = fα while

f ′0 ∈ End(S0) with f
′(e0) = e0 since S0 has only one idempotent e0 by 3).

Then f ′ ∈ End(S) can be defined by using Lemma 3.1.4

f ′(xξ) :=

 f ′ξ(xξ) if ξ ∈ Im(f),

e0 otherwise,

for every xξ ∈ S, ξ ∈ Y0,n, and

ff ′f(xα) = ff ′(fα(xα))

= ff ′β(fα(xα)) where f(α) = β

= fαf
′
βfα(xα)

= fα(xα)

= f(xα).

Thus f is regular.

The following lemma will be used later.

We recall that

[α) = {β ∈ Y | β ≥ α}.

Lemma 3.2.7. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left simple

semigroups. Take f ∈ End(S). If f(α) = f(β), then f(xβ) = f(eα) for all xβ ∈ Sβ , β ∈

[α)\{α}



Proof. Since β ∈ [α), we have φβ,α(xβ) = eα. Then

f(xβ) = fβ(xβ)

= φf(β),f(α)(fβ(xβ))

= fα(φβ,α(xβ))

= fα(eα)

= f(eα).

Therefore f(xβ) = f(eα).

From Lemma 3.2.7 we note that for β > α and both are sent to the same image,

the homomorphism from Sβ to Sf(β) will be constant onto f(eα).

Theorem 3.2.8. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left

simple semigroups with ν = ∧Y . If the monoid End(S) is regular then the following

conditions hold

1) End(Y ) is regular, i.e., Y is a binary tree or Y = Y0,n or Y ∈ B ∪ Bd ∪ R

(see Theorem 2.1.13),

2) the set Hom(Sν , Sα) consists of constant mappings for all α ∈ Y, ν < α, and

3) the set Hom(Sα, Sβ) is hom-regular for every α, β ∈ Y .

If all defining homomorphisms φα,β are isomorphisms we have.

Theorem 3.2.9. Let S = [Y ;Tα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups with isomorphisms φα,β, i.e., Tα ∼= Tβ ∼= T . Then the monoid End(S)

is regular if and only if the following assertions hold

1) the monoid End(Y ) is regular,

2) the monoid End(T ) is regular.

Proof. Necessity. 1) follows from Lemma 3.2.3.

2) We now show that End(T ) is regular. Take g ∈ End(T ). Using Construction

3.1.11, take f ∈ End(S) as follows

f(xα) := (g(x))α

for every xα ∈ S, α ∈ Y . It can be seen that f(α) = α for all α ∈ Y . By hypothesis

there exists f ′ ∈ End(S) such that ff ′f = f . We set (g′(x))α = f ′(xα) for all xα = x ∈



T, α ∈ Y such that (gg′g(x))α = gg′((g(x))α) = gg′f(xα) = g(f ′f(xα)) = (ff ′f)(xα) =

f(xα) = (g(x))α and g ∈ End(Tα) = End(T ). Therefore End(T ) is regular.

Sufficiency. Assume that End(Y ) and End(T ) are regular. Take f ∈ End(S).

Then f ∈ End(Y ) and in fact, f |Tα : Tα → Tf(α) = g for some g ∈ End(T ). By

assumption, there exist g′ ∈ End(T ) and s ∈ End(Y ) such that f s f = f and gg′g = g.

Using Construction 3.1.11, take f ′ ∈ End(S) as follows

f ′(xα) := (g′(x))s(α)

for every xα ∈ S, α ∈ Y such that ff ′f = f . Thus f is regular, and therefore End(S)

is regular.

Remark 3.2.10. All the results in this chapter hold for the strong semilattices of right

simple semigroups as well.

Example 3.2.11. left zero semigroups are left simple semigroups and the endomorphism

monoids of left zero semigroups are regular since the set of endomorphism monoids of

a left zero semigroup is isomorphic to the set of transformations of a set. For others

properties see also Corollary 2.2.7.

Problem 3.2.12. Investigate left simple semigroups S with regular endomorphism

monoid

3.3 Idempotent-closed monoids

In this section we consider the strong semilattices of left simple semigroups whose

endomorphism monoids are idempotent-closed.

Construction 3.3.1. Let S = [Y ;Sα, eα, φα,β ] be a non-trivial strong semilattice of

semigroups with ν = ∧Y . Take fν ∈ End(Sν). Define f ∈ End(S) as follows

f(xξ) :=

 fν(xν) if ξ = ν,

fν(φξ,ν(xξ)) if ξ ̸= ν,

for every xξ ∈ S, ξ ∈ Y . Then f ∈ End(S).

Proof. It can be seen that f is well-defined. Now we show that f is a homomorphism.



Take xα, yβ ∈ S, α, β ∈ Y . Then

f(xαyβ) = f(φα,αβ(xα)φβ,αβ(yβ))

= fν(φαβ,ν(φα,αβ(xα)φβ,αβ(yβ)))

= fν((φαβ,νφα,αβ(xα))(φαβ,νφβ,αβ(yβ)))

= fν(φα,ν(xα))fν(φβ,ν(yβ))

= f(xα)f(yβ).

Therefore f ∈ End(S).

Lemma 3.3.2. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of semi-

groups. If the monoid End(S) is idempotent-closed, then Y = Y0,n and the monoid

End(Sξ) is idempotent-closed for every ξ ∈ Y0,n.

Proof. From Lemma 3.2.3 we get that End(Y ) is idempotent-closed and the monoid

End(Y ) is idempotent-closed if and only if Y = Y0,n by Proposition 2.2.4.

We verify first that End(S0) is idempotent-closed. Take two idempotents f0, h0 ∈

End(S0). Using Construction 3.3.1, for every xξ ∈ S, ξ ∈ Y0,n, take f, h ∈ End(S) as

follows

f(xξ) :=

 f0(x0) if ξ = 0,

f0(φξ,0(xξ)) if ξ ̸= 0,

and

h(xξ) :=

 h0(x0) if ξ = 0,

h0(φξ,0(xξ)) if ξ ̸= 0.

Then f, h are idempotents. By hypothesis fh is idempotent. Then

f0h0f0h0(x0) = fhfh(x0)

= fh(x0)

= f0h0(x0).

Thus f0h0 is idempotent, and therefore End(S0) is idempotent-closed.

We now show that End(Sα) is idempotent-closed for each 0 ̸= α ∈ Y0,n. Take

two idempotents fα, hα ∈ End(Sα). Using Lemma 3.1.4, for every xξ ∈ S, ξ ∈ Y , take

the identity map s ∈ End(Y ) and take f, h ∈ End(S) as follows

f(xξ) :=

 fα(xα) if ξ = α,

eξ if ξ ̸= α,



and

h(xξ) :=

 hα(xα) if ξ = α,

eξ if ξ ̸= α.

Then f, h are idempotents. By hypothesis fh is idempotent. Then

fαhαfαhα(xα) = fhfh(xα)

= fh(xα) ( since fh is idempotent)

= fαhα(xα).

Thus fαhα is idempotent, and therefore End(Sα) is idempotent-closed for each α ∈

Y0,n.

The converse is also true, which is shown below.

Lemma 3.3.3. Let S = [Y0,n;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left

simple semigroups. If the monoid End(Sξ) is idempotent-closed for all ξ ∈ Y0,n, then

monoid End(S) is idempotent-closed.

Proof. Take two idempotents f, h ∈ End(S). We have f, h ∈ End(Y0,n) are also idem-

potents. We now consider f, h.

Case 1. f and h are constant maps.

If f(ξ) = 0 and h(ξ) = 0 for every ξ ∈ Y0,n, Then f0, h0 ∈ End(S0) and

f(Sα) = h(Sα) = {f0(e0)} for every 0 ̸= α ∈ Y0,n. This implies that f0h0 ∈ End(S0) is

idempotent. Thus

fhfh(x0) = f0h0f0h0(x0) = f0h0(x0) = fh(x0)

and

fhfh(xα) = e0 = fh(xα)

for every 0 ̸= α ∈ Y0,n. Therefore fh is idempotent.

If f(ξ) = α for some 0 ̸= α ∈ Y0,n, then f must be a constant map, so that

fh = f is idempotent, and therefore fh is idempotent.

Case 2. f and h are not constant. We have in this case

fh(α) :=

 α if f(α) = h(α) = α,

0 if f(α) ̸= h(α),



for each α ∈ Y0,n. In the first case we have

fhfh(xα) = fαhαfαhα(xα) = fαhα(xα) = fh(xα)

and the second case we have

fhfh(xα) = fhfh0(φα,0(xα))

= f0h0f0h0(φα,0(xα))

= f0h0(φα,0(xα))

= fh(xα).

Thus fh is idempotent, and therefore End(Sξ) is idempotent-closed.

In the next theorem, we get directly from Lemmas 3.3.2 and 3.3.3.

Theorem 3.3.4. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left

simple semigroups. Then the monoid End(S) is idempotent-closed if and only if Y = Y0,n

and the monoid End(Sξ) is idempotent-closed for every ξ ∈ Y0,n.

If all defining homomorphisms are isomorphisms, we have:

Theorem 3.3.5. Let S = [Y ;Tα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups Tα with isomorphisms φα,β. Then the monoid End(S) is idempotent-

closed if and only if Y = Y0,n and the monoid End(T ) is idempotent-closed.

Proof. Necessity follows from Lemma 3.2.3 and End(Y ) is idempotent-closed if and only

if Y = Y0,n by Proposition 2.2.4.

We verify that End(T ) is idempotent-closed. Take two idempotents g, k ∈

End(T ). Using Construction 3.1.11, take f, h ∈ End(S) by

f(xα) := (g(x))α

and

h(xα) := (k(x))α

for every xα ∈ S, α ∈ Y0,n. Then f, h are idempotents. By hypothesis, fh is idempo-

tent. Since (gk(x))α = gk(xα) for x = xα ∈ Gα, we have (gkgk(x))α = gkg((k(x))α) =

fhf(h(xα)) = fh(xα) = (gk(x))α. Therefore gk is idempotent. Hence End(T ) is

idempotent-closed.

Sufficiency. Take two idempotents f, h ∈ End(S). Then f, h ∈ End(Y ) which

are idempotents, of course End(Y0,n) is idempotent-closed implies that fhfh = fh,



and f |Tα = g, h|Tα = k for some idempotents g, k ∈ End(T ). Then gk ∈ End(T ) is

idempotent. Thus

fhfh(xξ) = (gkgk(x))fhfh(ξ) = (gk(x))fh(ξ)) = fh(xξ),

and then fh is idempotent.

Therefore End(S) is idempotent-closed.

Problem 3.3.6. Investigate left simple semigroups with idempotent-closed endomor-

phism monoid

3.4 Orthodox monoids

In this section we consider the strong semilattices of left simple semigroups whose

endomorphism monoids are orthodox.

In the next theorem we get directly from Theorems 3.2.6, and 3.2.8, 3.3.4.

Theorem 3.4.1. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left

simple semigroups. If the monoid End(S) is orthodox then the following conditions hold

1) Y = Y0,n,

2) the set Hom(S0, Sα) consists of constant mappings for all α ∈ Y0,n, α ̸= 0,

3) the monoid End(Sξ) is idempotent-closed for all ξ ∈ Y0,n, and

4) the set Hom(Sα, Sβ) is hom-regular for every α, β ∈ Y0,n.

The converse is also true if we add the condition that S0 contains only one

idempotent which is equivalent to S0 is a group since we consider only the finite case.

Theorem 3.4.2. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left

simple semigroups. If the following conditions hold

1) Y = Y0,n,

2) the set Hom(S0, Sα) consists of constant mappings for all α ∈ Y0,n, α ̸= 0,

3) the monoid End(Sξ) is idempotent-closed for all ξ ∈ Y0,n,

4) the set Hom(Sα, Sβ) is hom-regular for every α, β ∈ Y0,n, and

5) S0 contains one idempotent e0,

then the monoid End(S) is orthodox.

If all defining homomorphisms are isomorphisms, we have:



Theorem 3.4.3. Let S = [Y ;Tα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups Tα with isomorphisms φα,β. Then the monoid End(S) is orthodox if

and only Y = Y0,n and the monoid End(T ) is orthodox.

Problem 3.4.4. Investigate left simple semigroups S with orthodox endomorphism

monoid

3.5 Left inverse monoids

In this section we consider the strong semilattices of left simple semigroups whose

endomorphism semigroups are left inverse.

Lemma 3.5.1. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left simple

semigroups. If the monoid End(S) is left inverse, then Y = Y0,n and the monoid End(Sξ)

is left inverse for every ξ ∈ Y0,n.

Proof. Necessity follows from Lemma 3.2.3 and the monoid End(Y ) is left inverse if and

only if Y = Y0,n by Proposition 2.2.4.

We first show that End(S0) is left inverse. Take two idempotents f0, h0 ∈

End(T0). Using Construction 3.3.1, for every xξ ∈ S, ξ ∈ Y0,n, take f, h ∈ End(S)

as follows

f(xξ) :=

 f0(x0) if ξ = 0,

f0(φξ,0(xξ)) if ξ ̸= 0,

and

h(xξ) :=

 h0(x0) if ξ = 0,

h0(φξ,0(xξ)) if ξ ̸= 0.

Thus f, h are idempotents. By hypothesis fhf(xξ) = fh(xξ) for all xξ ∈ S, ξ ∈ Y0,n.

This implies f0h0f0(x0) = fhf(x0) = fh(x0) = f0h0(x0), and therefore End(S0) is left

inverse.

For 0 ̸= α ∈ Y0,n. We show that End(Sα) is left inverse. Take two idempotents

fα, hα ∈ End(Sα). Using Lemma 3.1.4, for every xξ ∈ S, ξ ∈ Y0,n, take f, h ∈ End(S)

as follows

f(xξ) :=

 fα(xα) if ξ = α,

eξ if ξ ̸= α,

and



h(xξ) :=

 hα(xα) if ξ = α,

eξ if ξ ̸= α.

Thus f, h are idempotents. By hypothesis fhf(xξ) = fh(xξ) for all xξ ∈ S, ξ ∈ Y0,n.

This implies

fαhαfα(xα) = fhf(xα) = fh(xα) = fαhα(xα),

and therefore End(Sα) is left inverse.

The converse is also true.

Lemma 3.5.2. Let Y = Y0,n and S = [Y0,n;Sα, eα, cα,eβ ] be a non-trivial strong semilat-

tice of left inverse semigroups. If the monoid End(Sξ) is left inverse for each ξ ∈ Y0,n,

then the monoid End(S) is left inverse.

Proof. Take two idempotents f, h ∈ End(S). We have f, h ∈ End(Y0,n) are also idem-

potents. We now consider f, h.

Case 1. f and h are constant maps.

If f(ξ) = 0 and h(ξ) = 0 for every ξ ∈ Y0,n, Then f0, h0 ∈ End(S0) and f(Sα) =

h(Sα) = {f0(e0)} for every 0 ̸= α ∈ Y0,n. Thus

fhf(x0) = f0h0f0(x0) = f0h0(x0) = fh(x0)

and

fhf(xα) = e0 = fh(xα)

for every 0 ̸= α ∈ Y0,n. Therefore fhf = fh.

If f(ξ) = α for some 0 ̸= α ∈ Y0,n, then f must be a constant map, so that

fhf = fh.

Case 2. f and h are not constant. We have in this case

fh(α) :=

 α if f(α) = h(α) = α,

0 if f(α) ̸= h(α),

for each α ∈ Y0,n. In the first case we have

fhf(xα) = fαhαfα(xα) = fαhα(xα) = fh(xα)



and the second case we have

fhf(xα) = fhf0(φα,0(xα))

= f0h0f0(φα,0(xα))

= f0h0(φα,0(xα))

= fh(xα).

Therefore End(S) is left inverse.

The following theorem follows from Lemmas 3.5.1 and 3.5.2.

Theorem 3.5.3. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left

simple semigroups. Then the monoid End(S) is left inverse if and only if Y = Y0,n and

the monoid End(Sξ) is left inverse for every ξ ∈ Y0,n.

If all defining homomorphisms are isomorphisms we have.

Theorem 3.5.4. Let S = [Y ;Tα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups Tα with isomorphisms φα,β. Then the monoid End(S) is left inverse

if and only if Y = Y0,n and the monoid End(T ) is left inverse.

Proof. Necessity follows from Lemma 3.2.3 and the monoid End(Y ) is left inverse if and

only if Y = Y0,n by Proposition 2.2.4.

We verify that End(T ) is left inverse. Take two idempotents g, k ∈ End(T ).

Using Construction 3.1.11, take f, h ∈ End(S) as follows

f(xα) := (g(x))α

and

h(xα) := (k(x))α

for every xα ∈ S, α ∈ Y0,n. Then f, h are idempotents. Then (gkg(x))α = fh(f(xα)) =

fh(xα) = (gk(x))α. Therefore gk is idempotent. Hence End(G) is left inverse.

Sufficiency. Take two idempotents f, h ∈ End(S). Then f, h ∈ End(Y ) are

idempotents and fhf = fh. In fact, fξ(x) = fα(x) = g ∈ End(T ) and hξ(x) = hα(x) =

k ∈ End(T ). This implies

fhf(xξ) = (gkg(x))fhf(ξ) = (gk(x))fh(ξ) = fh(xξ),

and therefore fhf = fh. Hence the monoid End(S) is left inverse.



Problem 3.5.5. Investigate left simple semigroups with left inverse endomorphism

monoids

3.6 Completely regular monoids

In this section we consider strong semilattices of left simple semigroups whose

endomorphism semigroups are completely regular.

Theorem 3.6.1. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left

simple semigroups with ν ∧ Y . If the monoid End(S) is completely regular, then the

following assertions hold

1) |Y | = 2,

2) the set Hom(Sν , Sα) consists of constant mappings for all α ∈ Y, ν < α, and

3) the monoid End(Sξ) is completely regular for every ξ ∈ Y .

Proof. 1) According to Lemma 3.2.3, the monoid End(Y ) is completely regular follows

and the monoid End(Y ) is completely regular if and only if |Y | ≤ 2 by Proposition 2.2.4.

2) By Lemma 3.2.4.

3) Assume Y = {ν, µ}, ν < µ.

First, we verify that End(Sν) is completely regular. Take fν ∈ End(Sν). Using

Construction 3.3.1, for every xξ ∈ S, ξ ∈ Y , take f ∈ End(S) as follows

f(xξ) :=

 fν(xν) if ξ = ν,

fν(φµ,ν(xµ)) if ξ = µ.

By hypothesis there exists f ′ ∈ End(S) such that ff ′f = f and ff ′ = f ′f . Thus

fνf
′
νfν(xν) = ff ′f(xν) = f(xν) = fν(xν) and f ′νfν(xν) = fνf

′
ν(xν) and therefore fν is

completely regular. Hence End(Sν) is completely regular.

We show that End(Sµ) is completely regular.

Take fµ ∈ End(Sµ). Using Lemma 3.1.4, for every xξ ∈ S, ξ ∈ Y , take f ∈

End(S) as follows

f(xξ) :=

 fµ(xµ) if ξ = µ,

eν if ξ = ν.

By hypothesis there exists f ′ ∈ End(S) such that ff ′f = f and ff ′ = f ′f . Thus

fµf
′
µfµ(xµ) = ff ′f(xµ) = f(xµ) = fµ(xµ) and f

′
µfµ(xµ) = fµf

′
µ(xµ) and therefore fµ is

completely regular. Hence End(Sµ) is completely regular.



The following theorem shows the converse.

Theorem 3.6.2. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left

simple semigroups and ν = ∧Y . If the following conditions hold

1) |Y | = 2,

2) the set Hom(Sν , Sα) consists of constant mappings for all ν < α ∈ Y ,

3) the monoid End(Sξ) is completely regular for every ξ ∈ Y , and

4) Sν contains one idempotent eν ,

then the monoid End(S) is completely regular.

Proof. Assume Y = {ν, µ}, ν < µ.

Take f ∈ End(S). Then f ∈ End(Y ) such that ff ′f = f and f ′f = ff ′.

Case 1. f(ν) = f(µ) = ν. Then ν = f(f ′(ν)) = f ′(f(ν)) = f ′(ν). We have

f(Sµ) = {fν(eν)} and fν ∈ End(Sν). By hypothesis, there exists f ′ν ∈ End(Sν) such

that fνf
′
νfν = fν and f ′νfν = fνf

′
ν by Lemma 3.2.1 1). Using Construction 3.3.1, for

every xξ ∈ S, ξ ∈ Y0,n, take f
′ ∈ End(S) as follows

f ′(xξ) :=

 f ′ν(xν) if ξ = ν,

f ′ν(φµ,ν(xµ)) if ξ = µ.

So that ff ′f = f and ff ′ = f ′f . Therefore f is completely regular.

Case 2. f(ν) = f(µ) = µ. Then µ = f(f ′(µ)) = f ′(f(ν)) = f ′(µ). In this case

f(Sµ) = {fν(eν)}. By 2) fν ∈ Hom(Sν , Sµ) is constant, so that f is constant, and of

course f is completely regular.

Case 3. f(ν) = ν and f(µ) = µ. By Lemma 3.1.5 fν(eν) = fνφµ,ν(xµ) = φµ,νfµ(xµ) =

eν , so take f ′ν ∈ End(Sν) with f
′
ν(eν) = eν since Sν has only one idempotent by 4). Thus

there exist f ′ν ∈ End(Sν) and f ′µ ∈ End(Sµ) such that fνf
′
νfν = fν and f ′νfν = fνf

′
ν

and fµf
′
µfµ = fµ and f ′µfµ = fµf

′
µ. Using Lemma 3.1.4, for every xξ ∈ S, ξ ∈ Y0,n, take

f ′ ∈ End(S) as follows

f ′(xξ) :=

 f ′ν(xν) if ξ = ν,

f ′µ(xµ) if ξ = µ.

Thus ff ′f = f and ff ′ = f ′f . Therefore f is completely regular. Hence End(S) is

completely regular.

If all defining homomorphisms are isomorphisms we have.



Theorem 3.6.3. Let S = [Y ;Tα, eα, φα,β ] be a non-trivial strong semilattice of semi-

groups Tα with isomorphisms φα,β and ν = ∧Y . Then the monoid End(S) is completely

regular if and only if |Y | = 2 and the monoid End(T ) is completely regular.

Proof. Necessity follows from Lemma 3.2.3 and the monoid End(Y ) is completely regular

if and only if |Y | ≤ 2 by Proposition 2.2.4.

Assume Y = {ν, µ}, ν < µ.

We show that End(T ) is completely regular. Take g ∈ End(T ). Using Construc-

tion 3.1.11, take f ∈ End(S) as follows

f(xα) := (g(x))α

for every xα ∈ S, α ∈ Y . By hypothesis f ′ ∈ End(S) exists such that ff ′f = f and

ff ′ = f ′f . It is clear that g is completely regular since fν = fµ = g. Hence End(T ) is

completely regular.

Sufficiency. Assume Y = {ν, µ}, ν < µ. Take f ∈ End(S). Then f ∈ End(Y ).

By hypothesis there exists s ∈ End(Y ) such that fsf = f and fs = sf . We have

fµ(x) = fν(x) = g(x) where g ∈ End(T ) and End(T ) is completely regular, there

exists g′ ∈ End(T ) such that gg′g = g and gg′ = g′g. Using Construction 3.1.11, take

f ′ ∈ End(S) as follows

f ′(xα) := (g′(x))s(α)

for every xα ∈ S, α ∈ Y . Then ff ′(f(xα) = ff ′((g(x))α) = (gg′g(x))fsf(α) =

(g(x))f(α)) = f(xα) and f ′f(xα) = (g′g(x))sf(α) = (gg′(x))fs(α) = ff ′(xα) for α ∈ Y .

Then f is completely regular, and therefore End(S) is completely regular.

Problem 3.6.4. Investigate left simple semigroups with completely regular endomor-

phism monoid

3.7 Idempotent monoids

In this section we consider the strong semilattices of left simple semigroups whose

endomorphism monoids are idempotent.

Lemma 3.7.1. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left simple

semigroups. If the monoid End(S) is idempotent, then the following hold

1) |Y | = 2,



2) the set Hom(Sν , Sα) consists of constant mappings for all ν < α ∈ Y , and

3) the monoid End(Sξ) is idempotent for every ξ ∈ Y .

Proof. 1) According to Lemma 3.2.3, the monoid End(Y ) is idempotent and the monoid

End(Y ) is idempotent if and only if |Y | ≤ 2 by Proposition 2.2.4. Assume Y =

{ν, µ}, ν < µ.

2) Take fν ∈ Hom(Sν , Sµ). Using Lemma 3.1.4, for every xξ ∈ S, ξ ∈ Y , take

f ∈ End(S) as follows

f(xξ) :=

 fν(xν) ∈ Sµ if ξ = ν,

fν(eν) if ξ = µ.

By hypothesis f is idempotent. Thus ff(xν) = f(xν) = fν(xν) ∈ Sµ and fν(xν) must

be equal to fν(eν). Thus fν is a constant map.

3) First, we verify that End(Sν) is idempotent. Take fν ∈ End(Sν). Using

Construction 3.3.1, for every xξ ∈ S, ξ ∈ Y , take f ∈ End(S) follows

f(xξ) :=

 fν(xν) if ξ = ν,

fν(φµ,ν(xµ)) if ξ = µ.

By hypothesis f is idempotent. Thus

fνfν(xν) = ff(xν) = f(xν) = fν(xν).

This implies that fν is idempotent. So that End(Sν) is idempotent.

We verify now that End(Sµ) is idempotent. Take fµ ∈ End(Sµ). Using Lemma

3.1.4, for every xξ ∈ S, ξ ∈ Y , take f ∈ End(S) as follows

f(xξ) :=

 fµ(xµ) if ξ = µ,

eν if ξ = ν.

By hypothesis f is idempotent. Thus

fµfµ(xµ) = ff(xµ) = f(xµ) = fµ(xµ).

This implies that fµ is idempotent. So that End(Sµ) is idempotent.

The converse is also true.

Lemma 3.7.2. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left simple

semigroups. If the following conditions hold



1) |Y | = 2,

2) the set Hom(Sν , Sα) consists of constant mappings for all ν < α ∈ Y , and

3) the monoid End(Sξ) is idempotent for each ξ ∈ Y ,

then the monoid End(S) is idempotent.

Proof. Assume Y = {ν, µ}, ν < µ. Take f ∈ End(S). Then f ∈ End(Y ) which is

idempotent because |Y | ≤ 2. We now consider three cases.

Case 1. f(ν) = f(µ) = ν. We have f(Sµ) = {fν(eν)}. Then ff(xν) = fνfν(xν) =

fν(xν) = f(xν) where fν ∈ End(Sν) and ff(xµ) = f(eν) = eν = f(xµ). Thus f is

idempotent.

Case 2. f(ν) = f(µ) = µ. By 2) fν ∈ Hom(Sν , Sµ) is constant and f(Sµ) = {fν(eν)}.

This implies f is constant and of course f is idempotent.

Case 3. f(ν) = ν and f(µ) = µ. We have fν ∈ End(Sν) and fµ ∈ End(Sµ), and

End(Sν) and End(Sµ) are idempotents, so that ff(xν) = fνfν(xν) = fν(xν) = f(xν)

and ff(xµ) = fµfµ(xµ) = fµ(xµ) = f(xµ). Therefore f is idempotent. Hence End(S) is

idempotent.

The following theorem follows from Lemmas 3.7.1 and 3.7.2.

Theorem 3.7.3. Let S = [Y ;Sα, eα, cα,eβ ] be a non-trivial strong semilattice of left

simple semigroups and ν = ∧Y . Then the monoid End(S) is idempotent if and only if

the following conditions hold

1) |Y | = 2, and

2) the set Hom(Sν , Sα) consists of constant mappings for all ν < α ∈ Y , and

3) the monoid End(Sξ) is idempotent for each ξ ∈ Y .

If all defining homomorphisms are isomorphisms we have.

Theorem 3.7.4. Let S = [Y ;Tα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups Tα with isomorphisms φα,β and ν = ∧Y . Then the monoid End(S)

is idempotent if and only if |Y | = 2 and the monoid End(T ) is idempotent.

Proof. Necessity follows from Lemma 3.2.3 and the monoid End(Y ) is idempotent if and

only if |Y | ≤ 2 by Proposition 2.2.4.

Assume that Y = {ν, µ} with ν < µ.



We show that End(T ) is idempotent. Take g ∈ End(T ). Using Construction

3.1.11, take f ∈ End(S) as follows

f(xξ) := (g(x))α

for every xα ∈ S, α ∈ Y . By hypothesis f is idempotent. Then

(gg(x))α = f(f(xα))

= f(xα) ( since f is idempotent)

= g((x))α.

Thus g is idempotent, and therefore End(T ) is idempotent.

Sufficiency. Assume Y = {ν, µ}, ν < µ. Take f ∈ End(S). Then f ∈ End(Y ) is

idempotent, implies that f f = f and f |Tα = g for some idempotent g ∈ End(T ). Then

ff(xα) = (gg(x))f f(α) = (g(x))f(α) = f(xα).

Thus f is idempotent, and therefore End(S) is idempotent.

Problem 3.7.5. Investigate left simple semigroups with idempotent endomorphism

monoids



Chapter 4

Endomorphisms of Clifford

semigroups with constant or

bijective defining homomorphisms

In this chapter, we study our usual properties of the endomorphism monoids

of Clifford semigroups such as regular, idempotent-closed, orthodox, left inverse, com-

pletely regular, and idempotent. Some results of this chapter have been in [8]. The Clif-

ford semigroups have various equivalent definitions: as completely regular semigroups

where elements of the form xx−1 commute; as regular semigroups whose idempotents

are central; as semilattices of groups; or, in the way used most in this thesis, as strong

semilattices of groups (see [14]). For the definition of a Clifford semigroup as a strong

semilattice of groups is Definition 1.1.5 and Theorem 1.1.12.

We collect the results of this chapter in the Overview.

4.1 Regular endomorphisms

In this section the endomorphism monoids of Clifford semigroups with constant

defining homomorphisms φα,β and Y as a finite chain are studied [21].

The following corollary is a consequence of Theorem 3.2.6. The Condition 3) of

Theorem 3.2.6 is deduced.

Corollary 4.1.1. Let Y = Y0,n and let S = [Y ;Gα, eα, cα,eβ ] be a Clifford semigroup. If

the following conditions hold

1) |Hom(G0, Gα)| = 1 for all α ∈ Y0,n with α ̸= 0, and
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2) the set Hom(Gα, Gβ) is hom-regular for every α, β ∈ Y0,n

then the monoid End(S) is regular.

Proof. See Theorem 3.2.6.

Corollary 4.1.2. Let S = [Y ;Gα, eα, cα,eβ ] be a Clifford semigroup with ν = ∧Y . If the

monoid End(S) is regular then the following conditions hold

1) the monoid End(Y ) is regular,

2) |Hom(Gν , Gα)| = 1 for all α ∈ Y with ν < α, and

3) the set Hom(Gα, Gβ) is hom-regular for every α, β ∈ Y .

Proof. See Theorem 3.2.8.

If all the defining homomorphisms are bijective, we have.

Corollary 4.1.3. Let S = [Y ;Gα, eα, φα,β ] be a Clifford semigroup with bijective φα,β.

Then the monoid End(S) is regular if and only if the monoids End(Y ) and End(G) are

regular.

Proof. See Theorem 3.2.9.

Problem 4.1.4. Condition 2) of Corollary 4.1.2 is easy to check, but we do not know

much about the Condition 3) nor about regularity of End(G).

4.2 Idempotent-closed monoids

In this section we investigate Clifford semigroups whose endomorphism monoids

are idempotent-closed.

Corollary 4.2.1. Let S = [Y ;Gα, eα, cα,eβ ] be a Clifford semigroup. Then the monoid

End(S) is idempotent-closed if and only if Y = Y0,n and the monoid End(Gξ) is idempotent-

closed for all ξ ∈ Y0,n.

Proof. See Theorem 3.3.4.

Corollary 4.2.2. Let S = [Y ;Gα, φα,β ] be a Clifford semigroup with bijective φα,β.

Then the monoid End(S) is idempotent-closed if and only if Y = Y0,n and the monoid

End(G) is idempotent-closed.



Proof. See Theorem 3.3.5.

Example 4.2.3. For any group G, the monoid End(G) which is idempotent-closed,

have not been found in any literature. However, we know (End(Zn), ◦) ∼= (Zn, ·) (see [9])

and (Zn, ·) is a commutative semigroup, this implies that it is idempotent-closed and the

monoid End(Z2 ×Z2) is one example which is not idempotent-closed (see also Example

1.1.8).

Problem 4.2.4. Investigate a group whose endomorphism monoid is idempotent-closed.

4.3 Orthodox monoids

In this section we characterize Clifford semigroups whose endomorphism monoids

are orthodox.

The following corollary follows from Corollaries 4.1.1 and 4.2.1.

Corollary 4.3.1. Let S = [Y ;Gα, eα, cα,eβ ] be a Clifford semigroup. Then the monoid

End(S) is orthodox if and only if the following conditions hold:

1) Y = Y0,n,

2) |Hom(G0, Gα)| = 1 for all α ∈ Y0,n with α ̸= 0,

3) the monoid End(Gξ) is idempotent-closed for all ξ ∈ Y0,n, and

4) the set Hom(Gα, Gβ) is hom-regular for all α, β ∈ Y0,n.

Proof. See Corollaries 4.1.1 and 4.2.1.

Now all the defining homomorphisms are bijective, we have.

Corollary 4.3.2. Let S = [Y ;Gα, φα,β ] be a Clifford semigroup with bijective φα,β.

Then the monoid End(S) is orthodox if and only if Y = Y0,n and the monoid End(G)

is orthodox.

Proof. See Corollaries 4.1.2 and 4.2.2.

Problem 4.3.3. Investigate a group whose endomorphism monoid is orthodox.



4.4 Left inverse monoids

In this section we study Clifford semigroups whose endomorphism monoids are

left inverse.

Corollary 4.4.1. Let S = [Y ;Gα, eα, cα,eβ ] be a Clifford semigroup. Then the monoid

End(S) is left inverse if and only if Y = Y0,n and the monoid End(Gξ) is left inverse

for all ξ ∈ Y0,n.

Proof. See Theorem 3.5.3.

Now all the defining homomorphisms are bijective, we have.

Corollary 4.4.2. Let S = [Y ;Gα, φα,β ] be a Clifford semigroup with bijective φα,β.

Then the monoid End(S) is left inverse if and only if Y = Y0,n and the monoid End(G)

is left inverse.

Proof. See Theorem 3.5.4.

Problem 4.4.3. Investigate a group whose endomorphism monoid is left inverse.

For a group G whose endomorphism monoid is inverse, has been investigated in

[10]. We collect some results also here. The proofs can be found in [10].

Definition 4.4.4. We call a group G with the property that End(G) is an inverse

semigroup, an inverse group. If End(G) = Aut(G) ∪ {0} we call G a basic group.

Proposition 4.4.5. Let G be an inverse group. Let f ∈ End(G). Then Ker(f) has a

unique complement.

Proposition 4.4.6. Let G be an inverse group. Then either G is basic or G = H ⊕K

where H and K are fully invariant subgroups of G, H and K are both inverse groups

and Hom(H,K) = 0.

Proposition 4.4.7. Let H and K be inverse groups such that Hom(H,K) = 0, Hom(K,H) =

0. Then H ⊕K is an inverse group.



4.5 Completely regular monoids

We now consider Clifford semigroups whose endomorphism monoids are com-

pletely regular.

Corollary 4.5.1. Let S = [Y ;Gα, eα, cα,eβ ] be a Clifford semigroup. Then the monoid

End(S) is completely regular if and only if

1) |Y | = 2, or Y = {ν, µ} with ν < µ,

2) |Hom(Gν , Gµ)| = 1, and

3) the monoids End(Gν) and End(Gµ) are completely regular.

Proof. See Theorems 3.6.1 and 3.6.2.

Now all the defining homomorphisms are bijective, we have.

Corollary 4.5.2. Let S = [Y ;Gα, φα,β ] be a Clifford semigroup with bijective φα,β.

Then the monoid End(S) is completely regular if and only if |Y | = 2 and the monoid

End(G) is completely regular.

Proof. See Theorem 3.6.3.

Problem 4.5.3. Investigate a group whose endomorphism monoid is completely regular.

4.6 Idempotent monoids

We discuss now Clifford semigroups whose endomorphism monoids are idempo-

tent.

The following is folklore.

Lemma 4.6.1. The endomorphism monoid of a group G is idempotent if and only if

G = Z1 or G = Z2

Proof. Sufficiency. It is obvious.

Necessity. Suppose that |G| > 2. It can be define f : G→ G as follows

f(x) := axa−1

for every x ∈ G, for some a ∈ G such that a−1 is the inverse of a. It is easily to check

that f is an isomorphism of G and f is not the identity map.



Corollary 4.6.2. Let S = [Y ;Gα, eα, cα,eβ ] be a Clifford semigroup. Then the monoid

End(S) is idempotent if and only if the following hold

1) |Y | = 2, i.e., Y = {ν, µ}, ν < µ,

2) Gν , Gµ ∈ {Z1,Z2}, and

3) |Hom(Gν , Gα)| = 1, i.e., Gν ̸= Gµ.

Proof. See Theorem 3.7.3.

Now all the defining homomorphisms are bijective, we have.

Corollary 4.6.3. Let S = [Y ;Gα, φα,β ] be a Clifford semigroup with bijective φα,β.

Then the monoid End(S) is idempotent if and only if |Y | = 2 and the monoid End(G)

is idempotent.

Proof. See Theorem 3.7.4.

Problem 4.6.4. Investigate a group whose endomorphism monoid is idempotent.



Chapter 5

Endomorphisms of strong

semilattices of left groups

In this chapter we discuss strong semilattices of left groups with constant defining

homomorphisms and isomorphisms φα,β whose endomorphism monoids are idempotent-

closed, regular, orthodox, left inverse, completely regular, and idempotent.

It is well-known that a left group S is isomorphic to a direct product of a group

G and a left zero semigroup Ln for some a positive integer n. We denote the left zero

semigroup by Ln = {l1, l2, ..., ln} such that lilj = li for i, j ∈ {1, 2, ..., n} and written

S = Ln × G as a left group. Dually we denote by T = H × Rm a right group where

H is a group and Rm = {1, 2, 3, ...,m} is a right zero semigroup such that rirj = rj for

i, j ∈ {1, 2, 3, ...,m}.

Denoted by E(Ln×G) = {(l, eG) | l ∈ Ln and eG is the identity of G} the set of

idempotents of the left group Ln ×G.

In the case of constant defining homomorphisms, we denoted by (l′β , eβ) a fixed

element in Lnβ
×Gβ such that φα,β((lα, xα)) = (l′β , eβ) for every (lα, xα) ∈ Lnα ×Gα.

We collect the results in this chapter as a table in the Overview.

5.1 Regular monoids

We first provide some auxiliary results which are needed later.

Construction 5.1.1. Let Ln×G and Lm×H be left groups. Take g ∈ Hom(G,H) and
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s ∈ Hom(Ln, Lm). Define f : Ln ×G→ Lm ×H by

f((l, x)) := (s(l), g(x))

for every (l, x) ∈ Ln ×G. Then f ∈ Hom(Ln ×G,Lm ×H).

Conversely, if f ∈ Hom(Ln × G,Lm × H), then p1fi1 ∈ Hom(Ln, Lm) and

p2fi2 ∈ Hom(G,H) where p1 : Lm×H → Lm is the first projection map, p2 : Lm×H →

H is the second projection map, and i1 : Ln → Ln × G is the first embedding map,

i2 : G→ Ln ×G is the second embedding map.

Proof. It can be seen that f is well-defined. We show that f is a homomorphism. Take

(l, x), (l′, y) ∈ Ln ×G. Then

f((l, x)(l′, y)) = f((l, xy))

= (s(l), g(xy))

= (s(l)s(l′), g(x)g(y))

= (s(l), g(x))(s(l′), g(y))

= f((l, x))f((l′, y)).

Thus f ∈ Hom(Ln ×G,Lm ×H).

Conversely, let f ∈ Hom(Ln × G,Lm × H). Then p2fi2 ∈ Hom(G,H) and

p1fi1 ∈ Hom(Ln, Lm).

Corollary 5.1.2. Let Ln×G and Lm×H be left groups. Then Hom(Ln×G,Lm×H) ∼=

Hom(Ln, Lm)×Hom(G,H).

We remark that the above Construction is also true for the right groups, so we

have the next corollary.

Construction 5.1.3. Let G × Rn and H × Rm be left groups. Take g ∈ Hom(G,H)

and s ∈ Hom(Rn, Rm). Define f : G×Rn → H ×Rm by

f((x, r)) := (g(x), s(r))

for every (x, r) ∈ G×Rn. Then f ∈ Hom(G×Rn,H ×Rm).

Conversely, if f ∈ Hom(G×Rn,H×Rm), then p1fi1 ∈ Hom(G,H) and p2fi2 ∈

Hom(Rn, Rm) where p1 : H × Rm → G is the first projection map, p2 : H × Rm → Rm

is the second projection map and i1 : G→ G×Rn is the first embedding map, i2 : Rn →

G×Rn is the second embedding map.



Corollary 5.1.4. Let G×Rn and H×Rm be right groups. Then Hom(G×Rn, H×Rm) ∼=

Hom(G,H)×Hom(Rn, Rm).

From now on we prove only the case of non-trivial left groups Ln × G, that is

n ≥ 2, but we will get the results for right groups as well.

Lemma 5.1.5. Take any left groups Ln×G and Lm×H. If the set Hom(Ln×G,Lm×H)

consists of constant mappings, then |Hom(G,H)| = 1.

Proof. Let g ∈ Hom(G,H). Using Construction 5.1.1, take f ∈ Hom(Ln ×G,Lm ×H)

as follows

f((l, x)) := (l, g(x))

for every (l, x) ∈ Ln × G. By hypothesis, Hom(Ln × G,Lm × H) consists of constant

mappings. This means (l′, g(x)) = f((l, x)) = (m, eH) for some idempotent (m, eH) ∈

E(Lm ×H). This implies l′ = m, g(x) = eH for every x ∈ G where eH is the identity in

H. Hence |Hom(G,H)| = 1.

By taking G = H, n = m in Corollary 5.1.4, we have the following.

Corollary 5.1.6. Let Ln×G be a left group. Then End(Ln×G) ∼= End(Ln)×End(G).

Lemma 5.1.7. Take a left group Ln × G. Then the monoid End(Ln × G) is regular

(idempotent-closed, orthodox, left inverse, completely regular, and idempotent) if and

only if the monoids End(G) and End(Ln) are regular (idempotent-closed, orthodox, left

inverse, completely regular, and idempotent).

Proof. This is clear since End(Ln ×G) ∼= End(Ln)×End(G) by Corollary 5.1.6.

We repeat the property of the monoid End(Ln) which is equivalent to Corollary

2.2.7.

Lemma 5.1.8. Take a left zero semigroup Ln. Then the monoid End(Ln) is



1) always regular,

2) completely regular

3) idempotent-closed

4) orthodox

5) left inverse


iff n = 2

6) right inverse

7) inverse

8) a group

9) commutative

10) idempotent


iff n = 1.

Corollary 5.1.9. Take a non trivial left group Ln ×G. Then the monoid End(Ln ×G)

is always regular if End(G) is regular.

The monoid End(Ln × G) has the properties 2)-5) if and only if n = 2 and

End(G) has the corresponding property.

The monoid End(Ln × G) has the properties 6)-10) if and only if n = 1 and

End(G) has the corresponding property.

Lemma 5.1.10. Let S = [Y ;Lnα × Gα, φα,β ] be a non-trivial strong semilattice of

left groups Lnα × Gα. If the monoid End(S) is regular (idempotent-closed, orthodox,

left inverse, completely regular, and idempotent), then the monoid End(Y ) is regular

(idempotent-closed, orthodox, left inverse, completely regular, and idempotent).

Proof. See Lemma 3.2.3.

Lemma 5.1.11. Let S = [Y ;Lnα × Gα, φα,β ] be a non-trivial strong semilattice of left

groups Lnα ×Gα with constant defining homomorphisms φα,β. If the monoid End(S) is

regular (completely regular, idempotent-closed, orthodox, idempotent, left inverse), then

the monoid End(Lnα ×Gα) is regular (completely regular, idempotent-closed, orthodox,

idempotent, left inverse).

Proof. See Lemma 3.2.2.

Lemma 5.1.12. If the set Hom(Ln ×G,Lm ×H) is hom-regular if and only if the sets

Hom(G,H) and Hom(Ln, Lm) are hom-regular.

Proof. As a consequence of Corollary 5.1.2, the setHom(Ln×G,Lm×H) ∼= Hom(G,H)×

Hom(Ln, Lm).



Lemma 5.1.13. The set Hom(Ln, Lm) is always hom-regular.

Proof. Take f ∈ Hom(Ln, Lm). Define f ′ : Lm → Ln as follows

f ′(x) :=

 l′ if x ∈ Im(f), for some l′ ∈ f−1{x}

l1 if x /∈ Im(f), l1 ∈ Ln.

for every x ∈ Lm. Then f ′ ∈ Hom(Lm, Ln) such that ff ′f = f .

We discuss the strong semilattices of left groups whose endomorphism monoids

are regular. The following corollary is a consequence of Theorem 3.2.6. The Condition

2) of Theorem 3.2.6 is deduced by Lemma 5.1.12 and the set Hom(Ln, Lm) is always

regular by Lemma 5.1.13. The Condition 3) of Theorem 3.2.6 is deduced since Ln0 ×G0

must contain only one idempotent, implies that Ln0 = L1.

Corollary 5.1.14. Let Y = Y0,m and let S = [Y ;Lnα × Gα, cα,(lβ ,eβ)] be a non-trivial

strong semilattice of left groups Lnα ×Gα. If the following conditions hold

1) |Hom(Ln0 ×G0, Lα ×Gα)| = 1 for all α ∈ Y0,m with α ̸= 0,

2) the set Hom(Gα, Gβ) is hom-regular for every α, β ∈ Y0,m and,

3) |Ln0 | = 1,

then the monoid End(S) is regular.

Proof. See Theorem 3.2.6.

The following corollary is a consequence of Theorem 3.2.8. The Condition 3) of

Theorem 3.2.8 should be the set Hom(Lnα × Gα, Lnβ
× Gβ) is hom-regular for every

α, β ∈ Y . But this condition will be deduced by Lemmas 5.1.12 and 5.1.13. We have

Corollary 5.1.15. Let S = [Y ;Lnα ×Gα, cα,(lβ ,eβ)] be a non-trivial strong semilattice of

left groups Lnα ×Gα with ν = ∧Y . If the monoid End(S) is regular then the following

conditions hold

1) the monoid End(Y ) is regular, i.e., Y is a binary tree or Y has only one

∧-reducible or Y ∈ B ∪Bd ∪R (see Theorem 2.1.13),

2) the set Hom(Lnν × Gν , Lnα × Gα) consists of constant mappings for all ν <

α ∈ Y , and

3) the set Hom(Gα, Gβ) is hom-regular for every α, β ∈ Y .

Proof. See Theorem 3.2.8.



The following example is easily to see that the Condition 3) of Corollary 5.1.14

is needed.

Example 5.1.16. Let Y = {0, α} with 0 < α and let S be a strong semilattice of left

groups T0 and Tα with constant defining homomorphism φα,0 = c(l1,0) where T0 = L2×Z1

and Tα = L2 × Z2 such that |Ln0 | = 2. Take f as follows.

f =

 (l10 , 00) (l20 , 00) (l1α , 0α) (l1α , 1α) (l2α , 0α) (l2α , 1α)

(l1α , 0α) (l2α , 0α) (l1α , 0α) (l1α , 0α) (l1α , 0α) (l1α , 0α)


Then f has no an inverse element in End(S). This implies that End(S) is not regular.

• •• •

• •�
�
�

��
��

��

@
@
@

(l1, 0) (l2, 0)

α

0

(l2, 0)(l1, 0) (l1, 1) (l2, 1)

Now the defining homomorphisms are bijective:

Corollary 5.1.17. Let S = [Y ;Lnα ×Gα, φα,β ] be a non-trivial strong semilattice of left

groups Lnα ×Gα with bijective φα,β. Then the monoid End(S) is regular if and only if

the monoids End(Y ) and End(Ln ×G) are regular.

Proof. See Theorem 3.2.9.

Since End(Ln) is always regular and End(Ln × G) ∼= End(Ln) × End(G), we

formulate Corollary 5.1.17 as follows.

Corollary 5.1.18. Let S = [Y ;Lnα ×Gα, φα,β ] be a non-trivial strong semilattice of left

groups Lnα ×Gα with bijective φα,β. Then the monoid End(S) is regular if and only if

the monoids End(Y ) and End(G) are regular.

5.2 Idempotent-closed monoids

In this section we consider the strong semilattices of left groups whose endomor-

phism monoids are idempotent-closed.



Corollary 5.2.1. Let S = [Y ;Lnα ×Gα, cα,(lβ ,eβ)] be a non-trivial strong semilattice of

left groups Lnα ×Gα with ν = ∧Y . Then the monoid End(S) is idempotent-closed if and

only if Y = Y0,m, nα = 2 and the monoid End(Gα) is idempotent-closed for all α ∈ Y0,m.

Proof. See Theorem 3.3.4 and Lemma 5.1.7.

Now the defining homomorphisms are bijective.

Corollary 5.2.2. Let S = [Y ;Lnα ×Gα, φα,β ] be a non-trivial strong semilattice of left

groups Lnα × Gα with bijective φα,β. Then the monoid End(S) is idempotent-closed if

and only if Y = Y0,m, n = 2 and the monoid End(G) is idempotent-closed.

Proof. By Theorem 3.3.5 and Lemma 5.1.7.

The following example shows positive and negative for Corollary 5.2.1.

Example 5.2.3. Let Y = {0, α} = K1,1 with 0 < α and let S be a strong semilattice

of left groups T0 = L2 × Z2 and Tα = L1 × Z3 with φα,0 = cα,(l1,0)0 such that End(Z2)

and End(Z3) are idempotent-closed (see Example 1.3.8). Then the monoid End(S) is

idempotent-closed by Corollary 5.2.1, the figure is shown as follows.

• • • •

• • •
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�

��
��
��

(l1, 0)0(l2, 0)0(l1, 1)0(l2, 1)0

(l1, 0)α (l1, 1)α(l1, 2)α

If we take T0 = L3 × Z2 and Tα = L1 × Z3, then the monoid End(S) is not

idempotent-closed since n0 = 3. To see this, we take idempotents f, g ∈ End(S) as

follows.

f =

 (l1, 0)0 (l2, 0)0 (l3, 0)0 (l1, 1)0 (l2, 1)0 (l3, 1)0 (l1, 0)α (l1, 1)α (l1, 2)α

(l1, 0)0 (l3, 0)0 (l3, 0)0 (l1, 1)0 (l3, 1)0 (l3, 1)0 (l3, 0)0 (l3, 0)0 (l3, 0)0


and

g =

 (l1, 0)0 (l2, 0)0 (l3, 0)0 (l1, 1)0 (l2, 1)0 (l3, 1)0 (l1, 0)α (l1, 1)α (l1, 2)α

(l2, 0)0 (l2, 0)0 (l3, 0)0 (l2, 1)0 (l2, 1)0 (l3, 1)0 (l2, 0)0 (l2, 0)0 (l2, 0)0


but gf is not idempotent because gfgf((l1, 0)0) = (l3, 0)0 while gf((l1, 0)0) = (l2, 0)0.



5.3 Orthodox monoids

In this section we consider the strong semilattices of left groups whose endomor-

phism monoids are orthodox.

Corollary 5.3.1. Let S = [Y ;Lnα ×Gα, cα,(lβ ,eβ)] be a non-trivial strong semilattice of

left group Lnα × Gα. Then the monoid End(S) is orthodox if and only if the following

conditions hold

1) Y = Y0,m, nξ = 2,

2) |Hom(G0, Gα)| = 1, n0 = 1 and

3) the monoid End(Gα) is idempotent-closed, and

4) the set Hom(Gα, Gβ) is hom-regular for all α, β ∈ Y .

Proof. See Corollaries 5.1.15 and 5.2.1.

Now the defining homomorphisms are bijective.

Corollary 5.3.2. Let S = [Y ;Lnα ×Gα, φα,β ] be a non-trivial strong semilattice of left

groups Lnα × Gα with bijective φα,β. Then the monoid End(S) is orthodox if and only

Y = Y0,m, nα = 2 and the End(G) is orthodox.

Proof. See Corollaries 5.1.18 and 5.2.2.

The following example shows positive and negative for Corollary 5.3.2.

Example 5.3.3. Let Y = {0, α} = K1,1 with 0 < α and let S be a strong semilattice

of left groups T0 and Tα with bijective defining homomorphism φα,0 where T0 = Tα =

L2 × Z6 and the monoid End(Z6) is regular and orthodox since (End(Z6), ◦) ∼= (Z6, ·)

(see Example 1.3.8), and the set of idempotents of End(Z6) is shown below. Then the

monoid End(S) is orthodox by Corollary 5.3.2, the figure is shown as follows.



· 0 1 2 3 4 5

0 0 0 0 0 0 0

1 0 1 2 3 4 5

2 0 2 4 0 2 4

3 0 3 0 3 0 3

4 0 4 2 0 4 2

5 0 5 4 3 2 1

• • • • • ••• •• • •

• • • • • ••• •• • •

(l1, 0) (l2, 0) (l1, 1) (l2, 1) (l1, 2) (l2, 2) (l1, 3) (l2, 3) (l1, 4) (l2, 4) (l1, 5) (l5, 5)

(l1, 0) (l2, 0) (l1, 1) (l2, 1) (l1, 2) (l2, 2) (l1, 3) (l2, 3) (l1, 4) (l2, 4) (l1, 5) (l5, 5)(L2 × Z6)α

(L2 × Z6)0

If we take L2 × Z6 by L2 × Z4, the monoid End(S) is not orthodox (see also

Example 1.3.8) since the monoid End(Z4) is not regular, so End(L2 × Z4) is also not

regular.

5.4 Left inverse endomorphisms

In this section we consider the strong semilattices of left groups whose endomor-

phism monoids are left inverse.

Corollary 5.4.1. Let S = [Y ;Lnα × Gα, cα,(lβ ,eβ)] be a non-trivial strong semilattice

of left groups Lnα × Gα. Then the monoid End(S) is left inverse if and only if Y =

Y0,m, nξ = 2 and the monoid End(Gξ) is left inverse for each ξ ∈ Y0,n.

Proof. See Theorem 3.5.3 and Lemma 5.1.7.

Now the defining homomorphisms are bijective.

Corollary 5.4.2. Let S = [Y ;Lnα ×Gα, φα,β ] be a non-trivial strong semilattice of left

groups Lnα × Gα with isomorphisms φα,β. Then the monoid End(S) is left inverse if

and only if Y = Y0,m, nα = 2 and End(G) is left inverse.

Proof. See Theorem 3.5.4 and Lemma 5.1.7.



5.5 Completely regular monoids

In this section we consider the strong semilattices of left groups whose endomor-

phism monoids are completely regular.

Corollary 5.5.1. Let S = [Y ;Lnα ×Gα, cα,(lβ ,eβ)] be a non-trivial strong semilattice of

left groups Lnα × Gα with ν = ∧Y . Then the monoid End(S) is completely regular if

and only if if the following conditions hold

1) |Y | = 2, nξ = 2,

2) |Hom(Gν , Gα)| = 1, nν = 1 and

3) the monoid End(Gξ) is completely regular for each ξ ∈ Y .

Proof. See Theorems 3.6.1, 3.6.2 and Lemma 5.1.7.

Now the defining homomorphisms are bijective.

Corollary 5.5.2. Let S = [Y ;Lnα ×Gα, φα,β ] be a non-trivial strong semilattice of left

groups Lnα×Gα with bijective φα,β and ν = ∧Y . Then the monoid End(S) is completely

regular if and only if |Y | = 2, nα = 2 and the monoid End(G) is completely regular.

Proof. See Theorem 3.6.3 and Lemma 5.1.7.

The following example shows positive and negative examples for Corollary 5.5.2.

The following example shows positive and negative examples for Corollary 5.5.2.

Example 5.5.3. We take the Example 5.3.3. Let Y = {0, α} = K1,1 with 0 < α and

let S be a strong semilattice of left groups T0 and Tα such that T0 = Tα = L2 ×Z6 with

bijective defining homomorphism φα,0. The set of endomorphisms of End(Z6) is shown

in Example 5.3.3. Take any endomorphisms f(1) = 2 and g(1) = 5 such that fff = f

and ggg = g. The monoid End(Z6) is completely regular, and therefore the monoid

End(S) is completely regular by Corollary 5.5.2.

If we replace Z6 by Z2×Z2 such that End(Z2×Z2) is not completely regular by

calculating, and therefore the monoid End(S) is not completely regular.

5.6 Idempotent monoids

In this section we consider the strong semilattices of left groups whose endomor-

phism monoids are idempotent.



Corollary 5.6.1. Let S = [Y ;Lnα ×Gα, cα,(lβ ,eβ)] be a non-trivial strong semilattice of

left groups Lnα ×Gα with ν = ∧Y . Then the monoid End(S) is idempotent if and only

if the following conditions hold

1) Y = {ν, µ} with ν < µ, nξ = 1 for all ξ ∈ Y ,

2) Gν , Gµ ∈ {Z1,Z2}, Gν ̸= Gµ, and

Proof. See Theorem 3.7.3 and Lemma 5.1.7.

Now the defining homomorphisms are bijective.

Corollary 5.6.2. Let S = [Y ;Lnα ×Gα, φα,β ] be a non-trivial strong semilattice of left

groups Lnα×Gα with bijective φα,β and ν = ∧Y . Then the monoid End(S) is idempotent

if and only if |Y | = 2, nα = 1 and G ∈ {Z1,Z2}.

Proof. See Theorem 3.7.4 and Lemma 5.1.7.



Chapter 6

Generalization to surjective

defining homomorphisms

In Chapter 2 we presented strong semilattices of left simple semigroups with

constant defining homomorphisms and isomorphisms whose endomorphism monoids are

regular, idempotent-closed, orthodox, left inverse, completely regular and idempotent.

In this chapter we consider strong semilattices of left simple semigroups with

surjective defining homomorphisms whose endomorphism monoids have such properties.

In this chapter we mainly consider the semilattice Y = Y0,n.

6.1 Regular monoids

In this section we study strong semilattices of left simple semigroups whose en-

domorphism monoids are regular.

Construction 6.1.1. Let Y = Y0,n and S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong

semilattice of left simple semigroup with surjective defining homomorphisms φα,β. Take

α, β ∈ Y0,n, α, β ̸= 0 and take fα ∈ Hom(Sα, Sβ). Define f : S → S as follows

f(xξ) :=

 fα(xα) ∈ Sβ if ξ = α,

φβ,0(fα(yα)) ∈ S0 if ξ ̸= α, φα,0(yα) = φξ,0(xξ),

for every xξ ∈ S, ξ ∈ Y0,n. Then f ∈ End(S).

Proof. It can be checked that f is well-defined. We show that f is a homomorphism.

Take xγ , yδ ∈ S, γ, δ ∈ Y0,n.

72



Case 1. γ, δ = α. Thus

f(xαyα) = fα(xαyα) = fα(xα)fα(yα) = f(xα)f(yα).

Case 2. γ = α, δ ̸= α. Thus

f(xαyδ) = f(φα,0(xα)φδ,0(yδ))

= φβ,0(fα(zα)) where φα,0(zα) = φα,0(xα)φδ,0(yδ)

and

f(xα)f(yδ) = fα(xα)φβ,0(fα(wα)) where φα,0(wα) = φδ,0(yδ)

= φβ,0(fα(xα))φβ,0(fα(wα))

= φβ,0(fα(xαwα))

where φα,0(zα) = φα,0(xα)φδ,0(yδ) = φα,0(xα)φα,0(wα) = φα,0(xαwα).

Case 3. γ ̸= α, δ ̸= α. Thus

f(xγyδ) = f(φγ,0(xγ)φδ,0(yδ))

= φβ,0(fα(zα)) where φα,0(zα) = φγ,0(xγ)φδ,0(yδ)

and

f(xγ)f(yδ) = φβ,0(fα(tα))φβ,0(fα(wα)) where φα,0(tα) = φγ,0(xγ), φα,0(wα) = φδ,0(yδ)

= φβ,0(fα(tαwα)),

where φα,0(zα) = φγ,0(xγ)φδ,0(yδ) = φα,0(tα)φα,0(wα) = φα,0(tαwα).

Thus f ∈ End(S).

Lemma 6.1.2. Let S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroup with surjective defining homomorphisms φα,β. If the monoid End(S)

is regular, then the set Hom(Sα, Sβ)) is hom-regular for all α, β ∈ Y .

Proof. We remark first that since the defining homomorphisms φα,β are surjective, for

each yα ∈ Sα there exists xβ ∈ S, β < α ∈ Y such that φα,αβ(yα) = φβ,αβ(xβ).

Let α, β ∈ Y . We show that the set Hom(Sα, Sβ)) is regular. Take fα ∈

Hom(Sα, Sβ). We will define f which depends on α, β.

Case 1. α = 0, β ̸= 0, i.e., f0 ∈ Hom(S0, Sβ). Take s ∈ End(Y0,n) such that s(ξ) = β for

all ξ ∈ Y0,n. Using Lemma 3.1.3, for each xξ ∈ S, ξ ∈ Y , take f ∈ End(S) as follows

f(xξ) :=

 f0(x0) ∈ Sβ if ξ = 0,

f0(φξ,0(xξ)) ∈ Sβ if ξ ̸= 0,



By hypothesis there exists f ′ ∈ End(S) such that ff ′f = f . Thus

f0(x0) = f(x0) = ff ′f(x0) = fγf
′
βf0(x0)

where f ′β ∈ Hom(Sβ , Sγ) such that γ ∈ f−1{β} and fγ ∈ Hom(Sγ , Sβ). But by the

definition of f , Im(f0) = Im(fα) for all 0 ̸= α ∈ Y , so that γ may be 0.

Case 2. α ̸= 0, β = 0, i.e., fα ∈ Hom(Sα, S0). In this case we can construct f ∈ End(S)

and f(xα) = f0(φα,0(xα)), i.e., fα is determined by each f0 ∈ End(S0) and we have

End(S0) is regular.

Case 3. α, β ̸= 0, i.e., fα ∈ Hom(Sα, Sβ). Take s ∈ End(Y0,n) such that s(α) = β and

s(γ) = 0 for all α ̸= γ ∈ Y0,n. Using Construction 6.1.1, for each xξ ∈ S, ξ ∈ Y , take

f ∈ End(S) as follows

f(xξ) :=

 fα(xα) ∈ Sβ if ξ = α,

φβ,0(fα(zα)) ∈ S0 if ξ ̸= α, φα,0(zα) = φξ,0(xξ).

By hypothesis there exists f ′ ∈ End(S) such that ff ′f = f . Thus

fα(xα) = f(xα) = ff ′f(xα) = fαf
′
αfα(xα)

where f ′α ∈ Hom(Sβ , Sα) because f
−1{β} = {α} and fα ∈ Hom(Sα, Sβ).

Therefore the set Hom(Sα, Sβ) is hom-regular for α, β ∈ Y0,n.

The converse is also true.

Lemma 6.1.3. Let Y = Y0,n and let S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong

semilattice of left simple semigroup with surjective defining homomorphisms φα,β. If the

set Hom(Sα, Sβ)) is hom-regular for all α, β ∈ Y , then the monoid End(S) is regular.

Proof. Take f ∈ End(S). By Corollary 3.1.6 f ∈ End(Y0,n).

Case 1. f(ξ) = 0 for all ξ ∈ Y0,n. In this case f0 ∈ End(S0), there exists f ′0 ∈ End(S0)

such that f0f
′
0f0 = f0 and fα(xα) = φf(α),f(0)fα(xα) = f0(φα,0(xα)) for all α ∈ Yn,0, α ̸=

0. Using Construction 3.3.1, for every xξ ∈ S, ξ ∈ Y0,n, take f
′ ∈ End(S) as follows

f ′(xξ) :=

 f ′0(x0) if ξ = 0,

f ′0(φξ,0(xξ)) if ξ ̸= 0.

Thus ff ′f = f .



Case 2. f(ξ) = α for all ξ ∈ Y0,n and for some 0 ̸= α ∈ Y0,n. Thus fα ∈ End(Sα), there

exists f ′α ∈ End(Sα) such that fαf
′
αfα = fα since End(Sα) is regular by hypothesis.

Using Construction 6.1.1, for each xξ ∈ S, ξ ∈ Y0,n, take f
′ ∈ End(S) as follows

f ′(xξ) :=

 f ′α(xα) ∈ Sβ if ξ = α,

φβ,0(f
′
α(zα)) ∈ S0 if ξ ̸= α, φα,0(zα) = φξ,0(xξ).

Thus ff ′f = f .

Case 3. f is not constant. Thus f(0) = 0 and for some α ̸= 0 we have f(α) = α or

f(α) = β for some β ̸= α. Further, in this case we have fβ(xβ) = f0(φβ,0(xβ)). In this

case f0 ∈ End(S0) which is regular, there exists f ′0 ∈ End(S0) such that f0f
′
0f0 = f0. If

fα ∈ End(Sα) there exists f ′α ∈ End(Sα) such that fαf
′
αfα = fα. If fα ∈ Hom(Sα, Sβ)

there exists f ′α ∈ Hom(Sβ , Sα) such that fαf
′
αfα = fα. Using Construction 6.1.1, for

each xξ ∈ S, ξ ∈ Y0,n, take f
′ ∈ End(S) as follows

f ′(xξ) :=


f ′α(xα) if ξ = α,

f ′0(x0) if ξ = 0,

φβ,0(f
′
α(zα)) ∈ S0 if ξ ̸= α, φα,0(zα) = φξ,0(xξ).

Thus ff ′f = f .

Theorem 6.1.4. Let S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroup with surjective defining homomorphisms φα,β. Then the monoid End(S)

is regular if and only if the set Hom(Sα, Sβ) is hom-regular for all α, β ∈ Y .

Problem 6.1.5. Find the conditions when the semilattice more general than Y0,m.

6.2 Idempotent-closed monoids

In this section we consider strong semilattices of left simple semigroups whose

endomorphism monoids are idempotent-closed.

Lemma 6.2.1. Let S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups with surjective defining homomorphisms φξ,0. Let f ∈ End(S) and

let α ∈ Y0,n. Then the following hold

1) If f(ξ) = α, then f0(φα,0(xα)) = fα(xα) = fβ(yβ) = f0(φβ,0(yβ)) for all

yβ ∈ Gβ such that φβ,0(yβ) = φα,0(xα).



In particular, if f is idempotent, then fα(xα) = f0(φα,0(xα)) = (f0(φα,0))
2(xα) =

(fα)
2(xα).

2) Let xα, yβ ∈ S, α, β ∈ Y0,n be such that φα,0(xα) = φβ,0(yβ). Then φf(α),f(0)(fα(xα)) =

φf(β),f(0)(fβ(yβ)).

Proof. 1) We have f0φα,0(xα) = φf(α),f(0)fα(xα) = φα,α(fα(xα)) = fα(xα) where f0 ∈

Hom(S0, Sα) and fα ∈ End(Sα). Since φα,0 is surjective, there exists yβ ∈ Sβ , β ∈ Y0,n

with 0 ̸= α ̸= β such that φα,0(xα) = φβ,0(yβ). Then

f0(φα,0(xα)) = f0(φβ,0(yβ))

= φf(β),f(0)fβ(yβ)

= φα,αfβ(yβ)

= fβ(yβ).

Thus we have f0(φα,0(xα)) = fα(xα) = fβ(yβ) = f0(φβ,0(yβ)) for all yβ ∈ Sβ such that

φβ,0(yβ) = φα,0(xα).

If f is idempotent, we have ff(xξ) = f(xξ) for all xξ ∈ S, ξ ∈ Y0,n. Thus

f0(φα,0(xα)) = fα(xα)

= f(xα)

= ff(xα)

= fαfα(xα)

= f0φα,0(f0(φα,0(xα))

= (f0φα,0)
2(xα).

Then fα = f0φα,0 ∈ End(Sα) for every xα ∈ Sα.

2) Since f ∈ End(S), we have f(xαe0) = f(xα)f(e0). Then

f(xαe0) = f(φα,0(xα)e0)

= f0(φα,0(xα))

= f0(φβ,0(yβ)) (since φα,0(xα) = φβ,0(yβ))

= φf(β),f(0)(fβ(xβ))

and

f(xα)f(e0) = fα(xα)f0(e0)

= φf(α),f(0)(fα(xα))φf(0),f(0)(f0(e0))

= φf(α),f(0)(fα(xα)).

This implies that φf(α),f(0)(fα(xα)) = φf(β),f(0)(fβ(yβ)).



Lemma 6.2.2. Let S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups with surjective defining homomorphisms φα,β. If the monoid End(S)

is idempotent-closed, then the monoid End(Sξ) is idempotent-closed for every ξ ∈ Y0,n.

Proof. By Lemma 3.2.3 End(Y ) is idempotent-closed. This implies that Y = Y0,n by

Proposition 2.2.4.

We next show that End(Sξ) is idempotent-closed for ξ ∈ Y0,n.

Case 1. We show that End(S0) is idempotent-closed, take two idempotents f0, h0 ∈

End(S0). Using Construction 3.3.1, take f, h ∈ End(S) as follows

f(xα) :=

 f0(x0) if α = 0,

f0(φα,0(xα)) if α ̸= 0,

and

h(xα) :=

 h0(x0) if α = 0,

h0(φα,0(xα)) if α ̸= 0,

for every xα ∈ S, α ∈ Y0,n. Then f, h are idempotents. By hypothesis fh is idempotent.

For each x0 ∈ S0, we have f0h0f0h0(x0) = fhfh(x0) = fh(x0) = f0h0(x0). This implies

f0h0 is idempotent and therefore End(S0) is idempotent-closed.

Case 2. We show that End(Sα) is idempotent-closed, 0 ̸= α ∈ Y0,n, take two idempotents

fα, hα ∈ End(Sα). We note that for each x0 ∈ S0, there exists yα ∈ Sα, 0 ̸= α ∈ Yn,0

such that φα,0(yα) = x0. Using Construction 6.1.1, for every xξ ∈ S, ξ ∈ Y0,n, take

f, h ∈ End(S) as follows

f(xξ) :=

 fα(xα) if ξ = α,

φβ,0(fα(zα)) if ξ ̸= α and φα,0(zα) = φξ,0(xξ),

h(xξ) :=

 hα(xα) if ξ = α,

φβ,0(hα(zα)) if ξ ̸= α and φα,0(zα) = φξ,0(xξ).

Then f, h are idempotents. By hypothesis fh is idempotent. Thus

fαhαfαhα(xα) = fhfh(xα)

= fh(xα)

= fα(hα(xα)).

Thus fαhα is idempotent. Hence End(Sξ) is idempotent-closed for all ξ ∈ Y0,n.



Lemma 6.2.3. Let S = [Y ;Sα, eα, φα,β ] be a non-trivial strong semilattice of left simple

semigroups with surjective defining homomorphisms φα,β. If the monoid End(Sξ) is

idempotent-closed for all ξ ∈ Y0,n, then the monoid End(S) is idempotent-closed.

Proof. Take two idempotents f, h ∈ End(S). Then f, h ∈ End(Y0,n).

Case 1. If f (or h) is constant. Suppose that f(ξ) = α and h(ξ) = β for all ξ ∈ Y0,n.

Then f h(ξ) = α. For every xξ ∈ S, ξ ∈ Y0,n, we have

fhfh(xξ) = fhfhξ(xξ)

= fhf(h0(φξ,0(xξ)))

= fhf(h0(φα,0(yα))) where (φξ,0(xξ) = φα,0(yα))

= fβhαfβ(h0(φα,0(yα)))

= f0φβ,0h0φα,0f0φβ,0(h0(φα,0(yα)))

= (f0φβ,0h0φα,0)
2(yα)))

= f0φβ,0h0φα,0(yα)))

= fh(xξ)

where f0φβ,0h0φα,0 ∈ End(Sα). Thus fh is idempotent.

Case 2. If f and h are not constants. Thus f h(α) = α if f(α) = α and h(α) = α.

Further, in this case we have fα(xα) = f(xα) = ff(xα) = fαfα(xα) and hα(xα) =

h(xα) = hh(xα) = hαhα(xα), i.e., fα, hα are idempotents. This implies that fαhα ∈

End(Sα) which is also idempotent, since End(Sα) is idempotent-closed. Thus

fhfh(xα) = fαhαfαhα(xα) = fαhα(xα) = fh(xα).

In other case, we have f h(α) = 0 where f(0) = h(0) = 0. Thus f0(x0) = f(x0) =

ff(x0) = f0f0(x0) and h0(x0) = h(x0) = hh(x0) = h0h0(x0). Then f0, h0 are idem-

potents. This implies that f0h0 ∈ End(S0) which is also idempotent, since End(S0) is

idempotent-closed. Then

fhfh(xα) = fhfhα(xα) = f0h0f0h0(φα,0(xα)) = f0h0(φα,0(xα)) = fh(xα).

In the next theorem we get from Lemmas 6.2.2 and 6.2.3.

Theorem 6.2.4. Let S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups with surjective defining homomorphisms φα,β. Then the monoid



End(S) is idempotent-closed if and only if the monoid End(Sξ) is idempotent-closed

for every ξ ∈ Y0,n.

Since groups are left simple semigroups, we have the next example to illustrate

Theorem 6.2.4.

Example 6.2.5. Consider a three-element semilattice Y0,2 = {0 < α, β}. Let G0 =

Z2, Gα = S3 and Gβ = Z4 where Z4,Z2 are the additive groups modulo 4 and 2, re-

spectively and S3 is the symmetric group order 6. Their monoids End(Z2), End(Z4)

and End(S3) are idempotent-closed (see Example 1.3.8). Take the strong semilattice of

groups S = G0

∪
Gα

∪
Gβ with the defining homomorphisms as shown below.
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0β 1β 2β 3β(1)α (123)α(132)α(12)α (13)α (23)α

Take the two idempotents fα =

 (1)α (123)α (132)α (12)α (13)α (23)α

(1)α (1)α (1)α (12)α (12)α (12)α

 and

hα =

 (1)α (123)α (132)α (12)α (13)α (23)α

(1)α (1)α (1)α (23)α (23)α (23)α

 ∈ End(Gα).

Take the idempotent s =

 0 α β

0 α 0

 ∈ End(Y ) and for 0, α ∈ Im(s), and let f0 = h0

be the identity map onG0 = Z2. Then we can construct f, h ∈ End(S) as in Construction

6.1.1, so we have

f =

 00 10 (1)α (123)α (132)α (12)α (13)α (23)α 0β 1β 2β 3β

00 10 (1)α (123)α (132)α (12)α (12)α (12)α 00 10 00 10


and

h =

 00 10 (1)α (123)α (132)α (12)α (13)α (23)α 0β 1β 2β 3β

00 10 (1)α (123)α (132)α (23)α (23)α (23)α 00 10 00 10

 .

Thus f and h are idempotents. It is clear that

fh =

 00 10 (1)α (123)α (132)α (12)α (13)α (23)α 0β 1β 2β 3β

00 10 (1)α (123)α (132)α (12)α (12)α (12)α 00 10 00 10


is idempotent such that fh(xα) = fαhα(xα) for every xα ∈ Gα.



6.3 Orthodox monoids

Now we consider strong semilattices of left simple semigroups whose endomor-

phism monoids are orthodox.

The following theorem follows from Theorems 6.1.4 and 6.2.4.

Theorem 6.3.1. Let S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups with surjective defining homomorphisms φα,β. Then the monoid

End(S) is orthodox if and only if the following conditions hold

1) the monoid End(Sξ) is idempotent-closed for every ξ ∈ Y0,n, and

2) the set Hom(Sα, Sβ) is hom-regular for every α, β ∈ Y0,n.

6.4 Left inverse monoids

In this section we consider strong semilattices of left simple semigroups with

surjective defining homomorphisms whose endomorphism monoids are left inverse.

Lemma 6.4.1. Let S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups with surjective defining homomorphisms φα,β. If the monoid End(S)

is left inverse, then the monoid End(Sξ) is left inverse for each ξ ∈ Y0,n.

Proof. By Lemma 3.2.3, the monoid End(Y ) is left inverse. This implies Y = Y0,n by

Proposition 2.2.4.

We show that End(Sξ) is left inverse for ξ ∈ Y0,n.

Case 1. We show that End(S0) is left inverse. Take two idempotents f0, h0 ∈ End(S0).

Using Construction 3.3.1, take f, h ∈ End(S) as follows

f(xξ) =

 f0(x0) if ξ = 0

f0(φξ,0(xξ)) if ξ ̸= 0,

and

h(xξ) =

 h0(x0) if ξ = 0

h0(φξ,0(xξ)) if ξ ̸= 0,

for every xξ ∈ S, ξ ∈ Y0,n. By hypothesis fhf = fh. For each x0 ∈ S0, we have

f0h0f0(x0) = fhf(x0) = fh(x0) = f0h0(x0). This implies f0h0f0 = f0h0, and therefore

End(S0) is left inverse.



Case 2. We show that End(Sα) is left inverse, 0 ̸= α ∈ Y0,n. Take two idempotents

fα, hα ∈ End(Sα). For each x0 ∈ S0, there exists yα ∈ Sα such that φα,0(yα) = x0

since φα,0 is surjective. Using Construction 6.1.1, for every xξ ∈ S, ξ ∈ Y0,n, take

f, h ∈ End(S) as follows

f(xξ) =

 fα(xα) if ξ = α,

φα,0(fα(yα))) if ξ ̸= α and φα,0(yα) = φξ,0(xξ),

and

h(xξ) =

 hα(xα) if ξ = α,

φα,0(hα(yα))) if ξ ̸= α and φα,0(yα) = φξ,0(xξ).

Then f, h are idempotents. By hypothesis, fh is idempotent. Then

fαhαfα(xα) = fhf(xα)

= fh(xα)

= fα(hα(xα)).

Thus fαhα is left inverse. Hence End(Sξ) is left inverse for all ξ ∈ Y0,n.

Lemma 6.4.2. Let S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups with surjective defining homomorphisms φα,β. If the monoid End(Sξ)

is left inverse for each ξ ∈ Y0,n, then the monoid End(S) is left inverse.

Proof. Take two idempotents f, h ∈ End(S). Then f, h ∈ End(S) which are idempo-

tents.

Case 1. If f and h) are constant.

1.1 f(ξ) = 0 and h(ξ) = 0. Then f0, h0 ∈ End(S0) and fα, hα are determined by

f0 and h0 respectively for 0 ̸= α ∈ Y0,n. That is

f0(φα,0(xα)) = φf(α),f(0)(fα(xα))

= φ0,0(fα(xα))

= fα(xα)

and

h0(φα,0(xα)) = φh(α),h(0)(hα(xα))

= φ0,0(hα(xα))

= hα(xα).



By using that End(S0) is left inverse, so that f0h0f0 = f0h0. Thus

fhf(xξ) = f0h0f0(φξ,0(xξ))

= f0h0(φξ,0(xξ))

= fh(xξ)

1.2 f(ξ) = 0 and h(ξ) = α for some 0 ̸= α ∈ Y0,n. Then f0, h0 ∈ End(S0) and

fα, hα are determined by f0 and h0 respectively for 0 ̸= α ∈ Y0,n. That is

f0(φα,0(xα)) = φf(α),f(0)(fα(xα))

= φ0,0(fα(xα))

= fα(xα)

and

h0(φα,0(xα)) = φh(α),h(0)(hα(xα))

= φ0,0(hα(xα))

= hα(xα).

By using that End(S0) is left inverse, so that f0(φα,0h0)f0 = f0(φα,0h0) where φα,0h0 ∈

End(S0). Thus

fhf(xξ) = fhf0(φξ,0(xξ))

= fh0f0(φξ,0(xξ))

= f0(φα,0(h0f0(φξ,0(xξ))))

= f0(φα,0h0)f0(φξ,0(xξ))

= f0(φα,0h0)(φξ,0(xξ))

= f0(φα,0(h(xξ)))

= fh(xξ)

1.3 f(ξ) = α and h(ξ) = β for some 0 ̸= α, β ∈ Y0,n. Then fhf = fh and we

have φα,0f0, φβ,0h0 ∈ End(S0). Thus (φα,0f0)(φβ,0h0)(φα,0f0) = (φα,0f0)(φβ,0h0). Thus

fhf(xξ) = fhf0(φξ,0(xξ))

= fh0φα,0f0(φξ,0(xξ))

= f0φβ,0h0φα,0f0(φξ,0(xξ))

= (φα,0f0)(φβ,0h0)(φα,0f0)(φξ,0(xξ))

= (φα,0f0)(φβ,0h0)(φξ,0(xξ))

= f0(φα,0h0)h(xξ)

= f0(φα,0h0)(φξ,0(xξ))

= f0(φα,0(h(xξ)))

= fh(xξ)



Suppose that f(ξ) = α for all ξ ∈ Y0,n. Then f h(ξ) = α. In fact, for every

xξ ∈ S, ξ ∈ Y0,n fhf(xξ) = f(xξ) = fh(xξ).

Case 2. If f and h are not constant. Then for each α ∈ Y0,n, f h(α) = α if f(α) = α and

h(α) = α. Thus fα(xα) = f(xα) = ff(xα) = fαfα(xα) and hα(xα) = h(xα) = hh(xα) =

hαhα(xα), i.e., fα, hα are idempotents. This implies that fαhαfα = fαhα which is also

idempotent, since End(Sα) is left inverse. Thus

fhf(xα) = fαhαfα(xα) = fαhα(xα) = fh(xα).

In other cases, we have f h(α) = 0 where f(0) = h(0) = 0. Thus f0(x0) = f(x0) =

ff(x0) = f0f0(x0) and h0(x0) = h(x0) = hh(x0) = h0h0(x0). Then f0, h0 are idempo-

tents. This implies that f0h0f0 = f0h0 which is also idempotent, since End(S0) is left

inverse. Then

fhf(xα) = fhfα(xα) = f0h0f0(φα,0(xα)) = f0h0(φα,0(xα)) = fh(xα).

In the next theorem we get from Lemmas 6.4.1 and 6.4.2.

Theorem 6.4.3. Let S = [Y0,n;Sα, eα, φα,β ] be a non-trivial strong semilattice of left

simple semigroups with surjective defining homomorphisms φα,β. Then the monoid

End(S) is left inverse if and only if the monoid End(Sξ) is left inverse for every ξ ∈ Y0,n.

6.5 Completely regular monoids

We now consider strong semilattices of left simple semigroups whose endomor-

phism monoids are completely regular.

Lemma 6.5.1. Let Y = {µ, ν} with ν < µ and let S = [Y ;Sα, eα, φα,β ] be a non-trivial

strong semilattice of left simple semigroups with surjective defining homomorphisms φα,β.

Let f ∈ End(S). If f(µ) = f(ν), then Im(fν) = Im(fµ).

Proof. We have Im(fµ) ⊆ Im(fν). Let x ∈ Im(fν). There exists yν ∈ Sν such that

x = fν(yν). Since φµ,ν is surjective, there exists zµ ∈ Sµ such that φµ,ν(zµ) = yν . Thus

x = fν(yν) = fν(φµ,ν(zµ)) = φf(µ),f(ν) = fµ(zµ). This implies x ∈ Im(fµ), and therefore

Im(fµ) = Im(fν).



Lemma 6.5.2. Let S = [Y ;Sα, eα, φα,β ] be a non-trivial strong semilattice of left sim-

ple semigroups with surjective defining homomorphisms φα,β. If the monoid End(S) is

completely regular, then |Y | = 2 and the monoid End(Sξ) is completely regular for each

ξ ∈ Y .

Proof. By Lemma 3.2.3, the monoid End(Y ) is completely regular. This implies |Y | = 2

by Proposition 2.2.4. Assume Y = {ν, µ}, ν < µ.

We show that End(Sξ) is completely regular for ξ ∈ Y .

Case 1. We show that End(Sν) is completely regular. Take fν ∈ End(Sν).

Take s ∈ End(Y ) with s(µ) = s(ν) = ν. Using Construction 3.3.1, for every

xξ ∈ S, ξ ∈ Y , take f ∈ End(S) as follows

f(xξ) :=

 fν(xν) if ξ = ν,

fν(φµ,ν(xµ)) if ξ = µ.

By hypothesis, there exists f ′ ∈ End(S) such that ff ′f = f and ff ′ = f ′f . That is

f ′(fν(xν)) = f ′f(xν) = ff ′(xν) for each xν ∈ Sν . This implies f ′|Sν ∈ End(Sν). Thus

fνf
′
νfν(xν) = ff ′f(xν) = f(xν) = fν(xν) and f ′νfν(xν) = fνf

′
ν(xν) for each xν ∈ Sν .

This implies fν is completely regular and therefore End(Sν) is completely regular.

Case 2. We show that End(Sµ) is completely regular, take fµ ∈ End(Sµ) and take

s ∈ End(Y ) such that s(µ) = µ, s(ν) = ν. Let xν ∈ Sν , there exists yµ ∈ Sµ such that

φµ,ν(yµ) = xν , since φµ,ν is surjective. Using Construction 6.1.1, for every xξ ∈ S, ξ ∈ Y ,

take f ∈ End(S) as follows

f(xξ) :=

 fµ(xµ) if ξ = µ,

φµ,ν(fµ(yµ)) if ξ = ν and φµ,ν(yµ) = xν ,

By hypothesis, there exists f ′ ∈ End(S) such that ff ′f = f and ff ′ = f ′f . In this

case f ′|Sµ ∈ End(Sµ). Thus fµf
′
µfµ(xµ) = ff ′f(xµ) = f(xµ) = fµ(xµ) and f

′
µfµ(xµ) =

fµf
′
µ(xµ) for each xµ ∈ Sµ. This implies fµ is completely regular and therefore End(Sµ)

is completely regular.

The converse is also true.

Lemma 6.5.3. Let Y = {µ, ν} with ν < µ and let S = [Y ;Sα, eα, φα,β ] be a non-trivial

strong semilattice of left simple semigroups with surjective defining homomorphisms φα,β.

If the monoid End(Sξ) is completely regular for each ξ ∈ Y , then the monoid End(S) is

completely regular.



Proof. Take f ∈ End(S). Then f ∈ End(Y ) which is completely regular. Then there

exists s ∈ End(Y ) such that fsf = f and fs = sf . Let xν ∈ Sν , there exists yµ ∈ Sµ

such that φµ,ν(yµ) = xν since φµ,ν is surjective.

Case 1. f(µ) = f(ν) = ν, then we have ν = fs(ν)) = s(f(ν)) = s(ν). Then fνφµ,ν = fµ

where fν ∈ End(Sν) and End(Sν) is completely regular, there exists f ′ν ∈ End(Sν) such

that fνf
′
νfν = fν and fνf

′
ν = f ′νfν . Using Construction 3.3.1, for every xξ ∈ S, ξ ∈ Y ,

take f ′ ∈ End(S) as follows

f ′(xξ) :=

 f ′ν(xν) if ξ = ν,

f ′ν(φµ,ν(xµ)) if ξ = µ.

Then ff ′f = f and

ff ′(xν) = fνf
′
ν(xν)

= f ′νfν(xν) (End(Sν) is completely regular)

= f ′f(xν)

and

f ′f(xµ) = f ′(fν(φµ,ν(xµ)))

= f ′ν(fν(φµ,ν(xµ)))

= fν(f
′
ν(φµ,ν(xµ))) (End(Sν) is completely regular)

= ff ′(xµ).

Case 2. f(µ) = f(ν) = µ, then µ = f(s(ν)) = s(f(ν)) = s(µ). Then fνφµ,ν = fµ where

fµ ∈ End(Sµ) and End(Sµ) is completely regular, there exists f ′µ ∈ End(Sµ) such that

fµf
′
µfµ = fµ and fµf

′
µ = f ′µfµ. Using Construction 6.1.1, for every xξ ∈ S, ξ ∈ Y , take

f ′ ∈ End(S) as follows

f ′(xξ) :=

 f ′µ(xµ) if ξ = µ,

φµ,ν(f
′
µ(yµ))) if ξ = ν and φµ,ν(yµ) = xν .

Then ff ′f = f and

ff ′(xµ) = fµf
′
µ(xµ)

= f ′µfµ(xµ) (End(Sµ) is completely regular)

= f ′f(xµ)



and

ff ′(xν) = f(φµ,ν(f
′
µ(yµ))) ( where φµ,ν(yµ) = xν)

= fν(φµ,ν(f
′
µ(yµ)))

= (fν(φµ,ν))(f
′
µ(yµ))

= fµ(f
′
µ(yµ))

= f ′µ(fµ(yµ)) (End(Sµ) is completely regular)

= ff ′ν(φµ,ν(yµ))

= ff ′ν(xν)

= ff ′(xν).

Case 3. f(µ) = µ, f(ν) = ν. Let s ∈ End(Y ) with s(ν) = ν, s(µ) = µ such that fs = sf .

Since fµ ∈ End(Sµ) and End(Sµ) is completely regular, there exists f ′µ ∈ End(Sµ) such

that fµf
′
µfµ = fµ and fµf

′
µ = f ′µfµ. Using Construction 6.1.1, for every xξ ∈ S, ξ ∈ Y ,

take f ′ ∈ End(S) as follows

f ′(xξ) :=

 f ′µ(xµ) if ξ = µ,

φµ,ν(f
′
µ(yµ))) if ξ = ν and φµ,ν(yµ) = xν ,

Then ff ′f = f and

ff ′(xµ) = fµf
′
µ(xµ)

= f ′µfµ(xµ) (End(Sµ) is completely regular)

= f ′f(xµ)

and

f ′f(xν) = f ′(fν(φµ,ν(yµ))) ( where φµ,ν(yµ) = xν)

= f ′ν(φµ,ν(fµ(yµ))

= f ′ν(φµ,ν(fµ(yµ)))

= φµ,ν(f
′
µfµ(yµ))

= φµ,ν(fµf
′
µ(yµ))

= fν(φµ,ν(f
′
µ(yµ)))

= fνf
′
ν(φµ,ν(yµ))

= ff ′(xν).

Therefore f is completely regular. Hence End(S) is completely regular.

In the next theorem we get from Lemmas 6.5.2 and 6.5.3.

Theorem 6.5.4. Let S = [Y ;Sα, eα, φα,β ] be a non-trivial strong semilattice of left sim-

ple semigroups with surjective defining homomorphisms φα,β. Then the monoid End(S)



is completely regular if and only if |Y | = 2 and the monoid End(Sξ) is completely regular

for every ξ ∈ Y .

6.6 Idempotent monoids

In this section we consider strong semilattices of left simple semigroups with

surjective defining homomorphisms whose endomorphism monoids are idempotent.

Lemma 6.6.1. Let S = [Y ;Sα, eα, φα,β ] be a non-trivial strong semilattice of left sim-

ple semigroups with surjective defining homomorphisms φα,β. If the monoid End(S) is

idempotent, then |Y | = 2 and the monoid End(Sξ) is idempotent for every ξ ∈ Y .

Proof. By Lemma 3.2.3, the monoid End(Y ) is idempotent. This implies |Y | = 2 by

Proposition 2.2.4. Assume Y = {ν, µ}, ν < µ. We next show that End(Sξ) is idempotent

for every ξ ∈ Y .

Case 1. We show that End(Sν) is idempotent, take fν ∈ End(Sν). Using Construction

3.3.1, for every xξ ∈ S, ξ ∈ Y , take f ∈ End(S) as follows

f(xξ) =

 fν(xν) if ξ = ν,

fν(φµ,ν(xµ)) if ξ = µ.

By hypothesis f is idempotent. Thus fνfν(xν) = ff(xν) = f(xν) = fν(xν). This implies

that fν is idempotent and therefore End(Sν) is idempotent.

Case 2. We show that End(Sµ) is idempotent. Take fµ ∈ End(Sµ). Let xν ∈ Sν ,

there exists yµ ∈ Sµ such that φµ,ν(yµ) = xν since φα,ν is surjective. Let fν ∈ End(Sν)

with fν(xν) := φµ,ν(fµ(yµ)) where φµ,ν(yµ) = xν . Using Construction 6.1.1, for every

xξ ∈ S, ξ ∈ Y , take f ∈ End(S) as follows

f(xξ) =

 fµ(xµ) if ξ = µ,

φµ,ν(fµ(yµ)) if ξ = ν where φµ,ν(yµ) = xν .

By hypothesis f is idempotent. Then

fµ(fµ(xµ)) = ff(xµ)

= f(xµ)

= fµ(xµ).

Thus fµ is idempotent, and therefore End(Sµ) is idempotent.

The converse is also true.



Lemma 6.6.2. Let Y = {ν, µ} with ν < µ and let S = [Y ;Sα, eα, φα,β ] be a non-trivial

strong semilattice of left simple semigroups with surjective defining homomorphisms φα,β.

If the monoids End(Sµ) and End(Sν) are idempotent, then the monoid End(S) is idem-

potent.

Proof. Take f ∈ End(S). Then f ∈ End(Y ) is a semilattice endomorphism on Y .

Case 1. f(µ) = f(ν) = ν. Then

fν(φµ,ν(xν)) = φf(µ),f(ν)(fµ(xµ)) = fµ(xµ)

where fµ ∈ Hom(Sµ, Sν) and fν ∈ End(Sν) in this case. By hypothesis, End(Sν) is

idempotent, so that fν is idempotent.

We now consider

ff(xν)) = fν(fν(xν)) = fν(xν) = f(xν)

and

ff(xµ)) = f(fµ(xµ)) = fν(fν(φµ,ν(xν))) = fν(φµ,ν(xν)) = fµ(xµ) = f(xµ).

Thus f is idempotent.

Case 2. f(µ) = f(ν) = µ. Then

fν(φµ,ν(xν)) = φf(µ),f(ν)(fµ(xµ)) = fµ(xµ)

where fν ∈ Hom(Sν , Sµ) and fµ ∈ End(Sµ) in this case. ff(xµ)) = fµ(fµ(xµ)) =

fµ(xµ) = f(xµ) and

f(f(xν)) = f(fν(xν))

= f(fν(φµ,ν(yµ))) where φµ,ν(yµ) = xν

= f(fµ(yµ))

= fµ(fµ(yµ))

= fµ(yµ)

= fν(φµ,ν(yµ))

= fν(xν)

= f(xν).

Thus f is idempotent.

Case 3. f(µ) = µ, f(ν) = ν. Then fν ∈ End(Sν) and fµ ∈ End(Sµ) with both are

idempotents by hypothesis, and therefore f is idempotent. Thus End(S) is idempotent.



The following theorem follows directly from Lemmas 6.6.1 and 6.6.2.

Theorem 6.6.3. Let S = [Y ;Sα, eα, φα,β ] be a non-trivial strong semilattice of left sim-

ple semigroups with surjective defining homomorphisms φα,β. Then the monoid End(S)

is idempotent if and only if Y = {ν, µ} and the monoids End(Sν) and End(Sµ) are

idempotent for each ξ ∈ Y .



Chapter 7

Arbitrary defining

homomorphisms

Now we consider strong semilattices of semigroups in which the defining homo-

morphisms are arbitrary and Y = {ν, µ}, ν < µ.

7.1 Regular monoids

If the defining homomorphisms φα,β are not isomorphisms or constant, then

further complications arise. Take the following example (see also [4]), consider strong

semilattices of semigroups with the two-element chain Y = {ν, µ}, ν < µ. There are

three endomorphisms of the chain ν < µ. They give three types of endomorphisms of S.

(1) f(ν) = f(µ) = ν then fν ∈ End(Sν) and fµ ∈ Hom(Sµ, Sν) such that

fµ(xµ) = fνφµ,ν(xµ) for every xµ ∈ Sµ,

(2) f(ν) = f(µ) = µ then fν ∈ Hom(Sν , Sµ) and fµ ∈ End(Sµ) such that

fµ(xµ) = fνφµ,ν(xµ) for every xµ ∈ Sµ,

(3) f(ν) = ν and f(µ) = µ then fν ∈ End(Sν) and fµ ∈ End(Sµ) such that

φµ,νfµ(xµ) = fνφµ,ν(xµ) for every xµ ∈ Sµ. We rewrite

Θ = {(fν , fµ) ∈ End(Sν)× End(Sµ) | fνφµ,ν = φµ,νfµ}.

It is clear that for (fν , fµ) ∈ Θ then fν(Im(φµ,ν)) ⊆ Im(φµ,ν) and fµ(Ker(φµ,ν)) ⊆

Ker(φµ,ν) where

Ker(φµ,ν) = {(x, y) ∈ Sµ | φµ,ν(x) = φµ,ν(y)}.
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If φµ,ν is surjective, then the condition fµ(Ker(φµ,ν)) ⊆ Ker(φµ,ν) implies that

fµ determines fν , so we simplify the description of Θ to

Θ = {f ∈ End(Sµ) | fµ(Ker(φµ,ν)) ⊆ Ker(φµ,ν)}.

If φµ,ν is injective, then fν determines fµ, so we simplify the description of Θ to

Θ = {f ∈ End(Sν) | fν(Im(φµ,ν)) ⊆ Im(φµ,ν)}.

Lemma 7.1.1. Let Y = {ν, µ} with ν < µ and let S = [Y ;Sα, eα, φα,β ], φµ,ν ̸= ceν be

a non-trivial strong semilattice of semigroups with ν = ∧Y . Then End(S) is regular if

and only if the following conditions are satisfied:

(R1) End(Sν) is regular,

(R2) for every fν ∈ Hom(Sν , Sµ), there exists f ′ν ∈ End(Sν) such that fνf
′
νφµ,νfν = fν ,

(R3) for every (fν , fµ) ∈ Θ, there exists (f ′ν , f
′
µ) ∈ Θ, such that fνf

′
νfν = fν , and

fµf
′
µfµ = fµ.

Proof. Necessity. 1) Take fν ∈ End(Sν). Using Construction 3.3.1, for every xξ ∈ S, ξ ∈

Y , take f ∈ End(S) as follows

f(xξ) :=

 fν(xν) if ξ = ν,

fν(φµ,ν(xµ)) if ξ = µ.

By hypothesis there exists f ′ ∈ End(S) such that ff ′f = f . Then fνf
′
νf

′
ν = fν where

f ′ν ∈ End(Sν), so that fν is regular and therefore End(Sν) is regular.

2) Take fν ∈ Hom(Sν , Sµ). Using Construction 3.3.1, for every xξ ∈ S, ξ ∈ Y ,

take f ∈ End(S) as follows

f(xξ) :=

 fν(xν) ∈ Sµ if ξ = ν,

fν(φµ,ν(xµ)) if ξ = µ.

By hypothesis there exists f ′ ∈ End(S) such that ff ′f = f . In this case f ′ must be

of the type (2), i.e., f ′µ ∈ Hom(Sµ, Sν) and f ′ν ∈ End(Sν). Since f ′ ∈ End(S) we have

f ′ν(φµ,ν(xµ)) = f ′µ(xµ). Therefore

fν(xν) = fνf
′
µfν(xν) = fνf

′
νφµ,νfν(xν)

for every xν ∈ S.



3) For every (fν , fµ) ∈ (End(Sν)) × (End(Sµ)) with fνφµ,ν = φµ,νfµ. Define

f ∈ End(S) as follows f(xν) := fν(xν) and f(xµ) := fµ(xµ) such that fνφµ,ν = φµ,νfµ.

By hypothesis there exists f ′ ∈ End(S) such that ff ′f = f and f ′νφµ,ν = φµ,νf
′
ν where

f ′ν ∈ End(Sν), f
′
µ ∈ End(Sµ) such that fνf

′
νfν = fν , fµf

′
µfµ = fµ.

Sufficiency. Take f ∈ End(S). Then f ∈ End(Y ) consists of three types.

(1) If f(ν) = f(µ) = ν then fν ∈ End(Sν) and fµ ∈ Hom(Sµ, Sν) such that

fµ(xµ) = fνφµ,ν(xµ) for every xµ ∈ Sµ, by Condition 1) there exists f ′ν ∈ End(Sν) such

that fνf
′
νfν = fν . Using Construction 3.3.1, for every xξ ∈ S, ξ ∈ Y , take f ′ ∈ End(S)

as follows

f ′(xξ) :=

 f ′ν(xν) if ξ = ν,

f ′ν(φµ,ν(xµ)) if ξ = µ.

(2) If f(ν) = f(µ) = µ then fν ∈ Hom(Sν , Sµ) and fµ ∈ End(Sµ) such that

fµ(xµ) = fνφµ,ν(xµ) for every xµ ∈ Sµ, by Condition 2) there exist f ′ν ∈ End(Sν)

such that fν = fνf
′
νφµ,νfν . Using Construction 3.3.1, for every xξ ∈ S, ξ ∈ Y , take

f ∈ End(S) as follows

f ′(xξ) :=

 f ′ν(xν) if ξ = ν,

f ′ν(φµ,ν(xµ)) if ξ = µ.

(3) If f(ν) = ν and f(µ) = µ, by Condition 3) we define f ′ ∈ End(S) with

f ′(xν) = f ′ν(xν) and f
′(xµ) = f ′µ(xµ) with f

′
νφµ,ν = φµ,νf

′
µ.

Thus we get ff ′f = f , and therefore f is regular.

Example 7.1.2. Consider a two-element semilattice Y = {ν, µ}, ν < µ. Let Gν =

Gµ = Z6 where Z6 is the additive groups modulo 6. Take the strong semilattice of

groups S = Gν

∪
Gµ with the defining homomorphisms as shown below.

• • • • • •

• • • • • •

@
@
@

��
��

��
���

HH
HH

HH

��
��

��

�
�
�

0ν 1ν 2ν 3ν 4ν 5ν

0µ 1µ 2µ 3µ 4µ 5µ

Take fν =

 0ν 1ν 2ν 3ν 4ν 5ν

0µ 3µ 0µ 3µ 0µ 3µ

 ∈ Hom(Gν , Gµ)

Thus φµ,νfν =

 0ν 1ν 2ν 3ν 4ν 5ν

0ν 0ν 0ν 0ν 0ν 0ν

 does not exist f ′ν ∈ End(Gν) such that

fνf
′
νφµ,νfν = fν . This implies that End(S) is not regular since there exists



f =

 0ν 1ν 2ν 3ν 4ν 5ν 0µ 1µ 2µ 3µ 4µ 5µ

0µ 3µ 0µ 3µ 0µ 3µ 0µ 0µ 0µ 0µ 0µ 0µ


such that f has no an inverse element in End(S).



Overview

The following table concludes all the results of this thesis. We observe that we

do not know that for which groups G, the monoid End(G) is left inverse or completely

regular or other properties except for the monoid End(G) is idempotent if and only if

G ∈ {Z1,Z2}.
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semigroup homomorphism, 5
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